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Abstract Let Maps (K, X) denote the mapping space of continuous based
functions between two based spaces K and X. If K is a fixed finite
complex, Greg Arone has recently given an explicit model for the Good-
willie tower of the functor sending a space X to the suspension spectrum
¥ Mapr (K, X).

Applying a generalized homology theory h, to this tower yields a spectral
sequence, and this will converge strongly to h.(Mapz (K, X)) under suit-
able conditions, e.g. if h, is connective and X is at least dim K connected.
Even when the convergence is more problematic, it appears the spectral
sequence can still shed considerable light on h.(Maps(K,X)). Similar
comments hold when a cohomology theory is applied.

In this paper we study how various important natural constructions on
mapping spaces induce extra structure on the towers. This leads to useful
interesting additional structure in the associated spectral sequences. For
example, the diagonal on Mapz (K, X) induces a ‘diagonal’ on the associ-
ated tower. After applying any cohomology theory with products h*, the
resulting spectral sequence is then a spectral sequence of differential graded
algebras. The product on the E.,—term corresponds to the cup product
in h*(Map7 (K, X)) in the usual way, and the product on the Ej—term is
described in terms of group theoretic transfers.

We use explicit equivariant S—duality maps to show that, when K is the
sphere S™, our constructions at the fiber level have descriptions in terms
of the Boardman—Vogt little n—cubes spaces. We are then able to identify,
in a computationally useful way, the Goodwillie tower of the functor from
spectra to spectra sending a spectrum X to X*°Q>°X.
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592 Stephen T. Ahearn and Nicholas J. Kuhn

1 Introduction

Let Map7 (K, X) denote the mapping space of continuous based maps between
two based spaces K and X. To compute its homology or cohomology with
respect to any generalized theory, it suffices to consider the suspension spectrum
Y Mapr (K, X )4, where Z; denotes the union of a space Z with a disjoint
basepoint.

If one fixes K and lets X vary, one gets a functor from spaces to spectra.
Assuming, as we will also do from now on, that K is a finite CW complex,
G. Arone [Ar] has recently studied this functor from the point of T. Goodwillie’s
calculus of functors [G1, G2, G3]. He defines a very explicit natural tower
PE(X) of fibrations of spectra under X Maps (K, X),

Y% Mapr (K, X)+ P (X)),
and shows that the connectivity of the maps
el (X) : 2 Mapr (K, X)y — PE(X)

increases linearly with k£ as long as the dimension of K is no more than the
connectivity of X. The k' fiber FX(X) of the tower is shown to be naturally
weakly equivalent to a homotopy orbit spectrum:

FE(X) ~ Maps(K®, XY 5. (1.1)

Here K(*) = K" /AL(K), the quotient of the k—fold smash product K"¥ by
the fat diagonal Ay(K), and Maps(K®*), X ¥) denotes the spectrum of stable
maps from K*) to X¥ a spectrum with an action of the k" symmetric group

Y. Since this is a homogeneous polynomial functor of degree k, Arone has
identified the Goodwillie tower of ¥°° Mapy (K, X) .

Applying a generalized homology theory h, to this tower yields a (left half
plane) spectral sequence, and this will converge strongly to h.(Maps (K, X))
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Structure in resolutions of mapping spaces 593

under suitable conditions, e.g. if h, is connective and X is at least dim K
connected. Even when the convergence is more problematic, it appears the
spectral sequence can still shed considerable light on h,(Map7 (K, X)). Similar
comments hold when a cohomology theory is applied.

When K is the circle S, and the homology theory is ordinary, one can show
that the resulting spectral sequence is the classical Eilenberg—Moore spectral se-
quence. For other K, it appears that the Arone spectral sequences are organized
more usefully than the older Anderson spectral sequence [An] for computing the
homology and cohomology of Mapr(K, X).!

For the deepest applications of essentially any interesting spectral sequence,
one uses additional structure that the spectral sequences carries. It is the
purpose of this paper to study various geometric properties of the towers PX (X)
which lead to such interesting additional structure in their associated spectral
sequences. For example, we construct a ‘diagonal’ on PX(X). After applying
any cohomology theory with products h*, the resulting spectral sequence will
then be a spectral sequence of differential graded algebras. The product on
the Eo—term will correspond to the cup product in h*(Mapz (K, X)) in the
usual way, and the product on the E1—term will be described in terms of group
theoretic transfers.

Perhaps the towers of greatest interest are those when K = S™, the n—sphere.
We combine (1.1) with an explicit unstable ¥j—equivariant S—duality map

5(n, k) : C(n, k)p A SR — g7k,
to construct an explicit natural weak homotopy equivalence
FP"(X) =~ (C(n, k) AMaps(S™, X"))ps, . (1.2)

Here C(n, k) is the Boardman—Vogt space of k disjoint little n—cubes in a big
n—cube [M].

In terms of the extended power constructions of [LMMS], this last equivalence
yields a weak equivalence

FPM(X) ~C(n, k)1 As, (B7"X)N (1.3)
Here "X denotes the n'"* desuspension of the suspension spectrum of X .

Using either (1.2) or (1.3), our general structure theorems for P (X) simplify in
nice ways when specialized to P5"(X). This leads to the spectral sequences for
computing h,(Q2"X) having lots of extra algebraic structure that can be related

'"We note that [BG] suggests that the two spectral sequences are related.
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594 Stephen T. Ahearn and Nicholas J. Kuhn

to classical calculations, together with statements about how these spectral
sequences are related as n varies.

We will not give applications in this paper. However, in work that will appear
elsewhere, the second author has used just a small part of the structure in
the spectral sequences for computing H*(2"X;7Z/2) to simplify the proof of
some topological nonrealization results of L.Schwartz [Sc|. This structure also
appears to be a reflection of structure in spectral sequences for calculating
versions of higher Topological Hochschild Homology (see [K3]).

1.1 The Smashing Theorem
Our first result is our simplest and most expected. It arises from the natural
map between function spaces

n: Mapr (L, X) — Mapr (K AL, K N X)

that one gets by smashing with the identity map of K.

Theorem 1.1 There are natural maps of towers
n: PH(X) — PEM(K A X)
with the following properties.

(1) There is a commutative diagram of spectra:

I(x
5 Mapr (L, X)4 . PL(X)
lEOOm_ lﬂ
KAL KAX
% Mapr (K A L K A X )y S pRAL (R A X0,

(2) The induced map on k' fibers
Fi(X) — FEHE A X)
is naturally equivalent to the composite
Mapg(L®, X"¥)p5, -5 Mapg (K™% A L*) KM A XY
2 Mapg (K A L)W (K A X)),

where p: (K A L)%) — K" A LK) js the ¥, ~equivariant projection.
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Structure in resolutions of mapping spaces 595

Corollary 1.2 There is a natural map of towers
n: P (X) = PSSR X)
under
B4 BO(QMX) L — EX(QTTENX) 4,
such that the associated map on k" fibers is equivalent to the map
C(m, k)4 Ay, (Z7mX) — Clm +n, k) As, (B7TX)M

induced by the ¥y —equivariant inclusion C(m,k) — C(m + n, k).

We have listed this theorem and corollary first because it allows us to extend the
definition of our towers for X*°0" X | with X a space, to towers for Q> X,
with X a spectrum. Let the spaces {X,,}, n > 0, be the spaces in the spectrum
X, so that Q"X,, = Q>®X for all n. Then define P°” (X) to be the hocolimit

over n of the maps of towers
PY(X,) — P (EX,) = P5T (Xpyh)

where the first map is given by the theorem and the second by the spectrum
structure maps. Recalling that hocolim X7 "X X, is naturally equivalent to
n

X, the maps ¥°Q"X,,, — P5"(X,) induce maps
YO0® X, — PIT(X).

We deduce the following.

Corollary 1.3 The k' fiber of the tower P~ (X) is naturally equivalent to
the k" extended power

C(00, k)4 Asy XM o~ (XYs, .

If X is O—connected, then the connectivity of the maps S°0Q®°X, — P7™ (X)
increases linearly with k.

This identification of both the fibers and convergence of the Goodwillie tower
of 3°°Q*° : Spectra — Spectra has been observed previously by other people,
e.g. Goodwillie, Arone, and R.McCarthy (see the comments at the beginning of
[McC]). However, by constructing it in this way, our later structure theorems
for P5"(X) will immediately imply analogous results about P~ (X), and thus
results about spectral sequences for computing h,(Q2>*X).
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596 Stephen T. Ahearn and Nicholas J. Kuhn

1.2 The Product and Diagonal Theorems

Our next results are consequences of our study of the map of towers associated
to the natural homeomorphisms of function spaces

Map7 (K V L, X) = Mapr (K, X) x Map7 (L, X).

To state these, we need to introduce a bit of the language one would use in
defining the homotopy category of functors, and also describe an appropriate
sort of completed smash product of towers of spectra.

For the former, given two functors F' and G from pointed spaces to spectra,
a weak natural transformation h : FF — G will be a triple (H, f,g), with H
a functor from spaces to spectra, g : H — G a natural transformation, and
f + H — F a natural transformation such that f(X) : H(X) — F(X) is
a weak homotopy equivalence for all X. If g(X) is also a weak homotopy
equivalence for all X, then we say that h is a weak natural equivalence. Note
that, if F and G are homotopy functors, then a weak natural transformation
h: F — G induces a well defined natural transformation in the homotopy cat-
egory: h(X) = g(X)o f(X)™! € [F(X),G(X)]. Furthermore, using homotopy
pullbacks, one can define the composition of weak natural transformations.
Now we need to define the smash product of two towers of spectra. If P and
@ are two towers of spectra, let P A @ be the tower with

(PAQ)y = holim P; A Q.

Let Fj(P) denote the homotopy fiber of P, — Pr_1. As will be noted in §5.2,
there is a weak natural equivalence

F(PAQ) =~ [] F(P)AF(Q).

itj=k
Theorem 1.4 There are natural weak homotopy equivalences of towers
p: PEVE(X) & PE(X) A PE(X)
with the following properties.
(1) There is a commutative diagram of weak natural transformations:

eK\/L(X)

¥ Map7 (K V L, X) 4 PEVL(X)

‘)

PE(X) A PL(X).

K(X)nel (X
3% Mapr (K, X )+ A Mapr (L, X) 4 00 )
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(2) The induced weak equivalence on k' fibers

FEYRx) & [T FROO A FFX)
i+j=k
is naturally equivalent to the product, over i + j = k, of the weak natural
transformations

Tr
Mapg((K v L)®, X )5, =5 Mapg((K v L), XM) 505
“ Mapg(K® A LW, X psixs;)
o MapS(K(i),X/\i)hZi AN MapS(L(j), X/\j)hgj,

where T'r is the transfer associated to ¥; x ¥; C X, and
L KO ALY — (K v L)®
is the 3J; X X —equivariant inclusion.

Let V: KV K — K be the fold map. Since the diagonal map A is the
composite

Map7 (K, X) v, Map7 (K V K, X) = Mapr (K, X) x Mapr (K, X),
our Product Theorem has consequences for A.

Let ¥ : PK(X) — PK(X) A PK(X) be the weak natural transformation
PE(x) Y5 PEVE (x) & PK(X) A PE(X).
Theorem 1.5 The weak natural transformation ¥ has the following proper-
ties.
(1) There is a commutative diagram of weak natural transformations:

e (X)

¥°° Mapr (K, X)+ PR(X)

s

PE(X) A PE(X).

lzm

K(xneX (X
¥ Mapr (K, X ) A Mapr (K, X); “02 )

(2) The induced weak natural transformation on k' fibers

FEX) — [ B A FfAX)
it+j=k
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is naturally equivalent to the product, over i + j = k, of the composites of the
weak natural transformations

Maps (K®), X )5, 17 Maps(K®, X"¥), 505y
T Maps (K@ A KW, X)) psixs,)
< Maps (K@, X5, AMaps (KW, X" )5
where 7 : KO A KW — K®) jg the projection.

A typical computational consequence of this would be the following.

Corollary 1.6 Let h* be a generalized cohomology theory with products.
Then the associated spectral sequence for computing h*(Mapz (K, X)) is a
spectral sequence of bigraded differential graded h*—algebras. The product on
E%" corresponds to the cup product in h*(Mapz (K, X)) in the usual way, and

the product El_” ®E1_j’* — E;(iﬂ)’* is induced by the maps on fibers as given
in the theorem.

Specializing to K = S", we have some simplification.

Corollary 1.7 There is a natural map of towers
¥ : PY"(X) — P¥"(X) A PY(X)
under
EOOA+ : ZOO(QnX)+ — ZOO(QTLX X QTLX)+,
such that the associated map on k'" fibers is equivalent to the product, over
i+ j = k, of the composites
Cny k)1 Asy (77X I8 Cn, k)4 Asyus, (27" X)N
— (C(n,1) X C(n,5))4 Ag,xx,; (E7"X)",
where the second map is induced by the ¥; x ¥;—equivariant inclusion
C(n,k) — C(n,i) x C(n,j).
In this corollary, the second map is an equivalence if n = co. When n =1, the
(1, 7)*" component of the map on k" fibers is easily seen to be homotopic to

the ‘shuffle coproduct’
X/\k N X/\i /\X/\j,
the sum of the k!/ilj! permutations that preserve the order of the first ¢ and

last j terms. Note that this induces the usual product on F; in the classic
Eilenberg—Moore spectral sequence.
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1.3 The Evaluation Theorem

Our next theorem is a consequence of our study of the map of towers associated
to the evaluation maps

e: K AN\Mapr(K AL, X) — Mapr (L, X).

It is convenient to use reduced towers. Let PK (X)) be the fiber of the projec-
tion PE(X) — PK(x). Then, for all k, PX(X) is isomorphic to the product
of PE(X) with the sphere spectrum S, and e’ (X) induces a natural transfor-
mation

eX(X) : ©° Mapr (K, X) — PE(X).
Theorem 1.8 There are natural maps of towers
e: K A PEM(X) — PL(X)
with the following properties.
(1) There is a commutative diagram of spectra:

1x NeBAL(X)

Y*®°K AMapr(K AL, X) K A PEMN(X)

lZ‘x’e le
ek (X)

¥ Map7 (L, X) PL(X).

(2) The induced map on k' fibers is naturally equivalent to the composite

K AMapg((K AL)® XM),0 25 KA Mapg(K A L®, XMW),0
= Mapg(L®), X\ |

where the first map is induced by the ¥ —equivariant map of spaces
d: KANL® — (K AL)®
which arises by embedding K diagonally in K"*.
In the 1982 paper [K1]|, which studied how the Snaith stable decomposition
of Q"¥™Y interacted with evaluation maps, the second author made use of

certain Thom—Pontryagin collapse maps essentially introduced in [M]. These
are explicit Xj;—equivariant maps of spaces

B(m,n, k) : S"AC(m +n,k)y — S AC(n, k).
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600 Stephen T. Ahearn and Nicholas J. Kuhn

Corollary 1.9 There is a natural map of towers e : X" P (X) — P5" (X))
under the evaluation X*e; : °(XMQMT X)), — 3°°(Q"X),, such that the
associated map on k' fibers is equivalent to the map

S™AC(m A4 n, k)1 As, (BTTX)MN s C(n, k)4 Ay, (BTX)M
induced by B(m,n, k).

We note that the effect in mod p homology of this map on fibers is known, so
this theorem can be used computationally.

1.4 The C(n) operad stucture on P°"(X).

Our final theorem shows that the little n—cubes operad action on Q"X induces
an action on our towers in the expected way.

Recall [M] that this action is given by suitably compatible maps
O(r): C(n,r) xxn, (A"X)" - Q"X.
Note that (Q"X)" = Map7(V, S™, X). We have the following theorem, which

will be made more precise in §8.

Theorem 1.10 For all n and r, there is a natural map of towers
0(r): C(n,r)4 Ay, PV+5"(X) — P%"(X)
with the following properties.
(1) There is a commutative diagram of spectra:

1AeVrS™(X)

S((Cln,r) x5, (X)7)) Cln,r)4 As, PV-S"(X)

lEOOG(rM_ lG(r)
esn n
YOO X) ¢ Sl P (X).

(2) The associated map on k" fibers is induced by the operad structure maps
C(n,r) x C(n,ky) x -+ xC(n, k) — C(n, k),
with kv +---+ k. = k.

Computationally, this implies that the associated spectral sequences for com-
puting mod p homology admit Dyer-Lashof operations.?

2Exactly what this statement means is still a matter of investigation by the authors.

Algebraic €& Geometric Topology, Volume 2 (2002)



Structure in resolutions of mapping spaces 601

1.5 Organization of the paper.

The organization of the paper is as follows. In section 2, we discuss the cate-
gories of spectra we work in, and various ‘naive’ constructions including versions
of transfer and norm maps. In section 3, we recall the construction of the Arone
tower for ¥°° Map7 (K, X )4, and its homotopical analysis. We use this in sec-
tion 4 to prove our Smashing and Evaluation Theorems. The Product and
Diagonal Theorems are proved section 5, after a brief analysis of the smash
product of towers. In section 6 we describe the compatibility among the var-
ious transformations of towers defined in our main theorems. In section 7, we
deduce our various corollaries for the towers P°", using our explicit equivariant
S—duality maps. Using related constructions with little cubes, Theorem 1.10 is
proved in section 8, and, in an appendix, a simplified proof of Arone’s conver-
gence theorem is given in the case when K = S".

This paper includes results from the first author’s Ph.D. thesis [Ah]. The au-
thors wish to thank Greg Arone, Bill Dwyer, and Gaunce Lewis for enlightening
mathematical discussions on aspects of this project.

This research was partially supported by the National Science Foundation.

2 Background material on spectra

Here we define and discuss various general constructions with spectra that we
will later need. By introducing a small amount of fussiness concerning different
universes, all constructions are of a ‘naive’ nature. The material is essentially
background, and certainly variations of everything we prove here are already
known.

2.1 Spectra and universes

Firstly, we need to specify what we mean by spectra. We find it easiest to
work with coordinate free spectra (as in the first pages of [LMMS]). We briefly
review the definitions that we need.

Let 7 denote the category of compactly generated based spaces. Fixing an infi-
nite dimensional real inner product space U, one defines an associated category
of spectra SU.

An object X € SU assigns a space X (V') to every finite dimensional subspace
V C U, and assigns a structure map X (V) — QW =V X (W) to every inclusion
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602 Stephen T. Ahearn and Nicholas J. Kuhn

V C W. Here W — V is the orthogonal complement of V in W, and QUK =
Map7(SY, K) where SY is the one point compactification of U. The structure
maps are required to be homeomorphisms.

A map of spectra f : X — Y is a collection of maps f(V) : X(V) — Y (V)
compatible with the structure maps in the usual way. This makes SU into a
topological category.

If one deletes the requirement that the structure maps be homeomorphisms,
one obtains the category of prespectra PSU, and there is a ‘spectrification’
functor [ : PSU — SU, left adjoint to the inclusion of SU in PSU. The
category SU has limits and colimits, with limits being formed in PSU, and
colimits being formed by applying [ to the colimit in PSU. When the universe
U is understood and the meaning is clear, we will abbreviate SU to S.

With the elementary constructions to be reviewed later in this section, one
does homotopy in the usual way. The stable category hSU is then the category
obtained from SU by inverting the weak homotopy equivalences. A key obser-
vation in this approach to spectra is that any linear isometry U — U’ induces
the same equivalence hSU ~ hSU’ on passage to homotopy. We note also
that these canonical equivalences are compatible with the various constructions
given below. See [LMMS, chapter II] for more detail.

2.2 Suspension spectra

There is an adjoint pair
ZOO

s
T . Su
QOO
defined by Q®°X = X(0) and (X*°K)(V) = colimy QVEWHV K. Here YUK
denotes SU A K, as usual. We let Q = Q®X>®: T — T, and S = 250,

When it is necessary to remember U, we will use the notation Y77, etc. (This
follows our general rule with all constructions involving spectra: we will be
notationally pedantic when it seems prudent.)

2.3 Stablization, elementary smash products and function spec-
tra

Given K € 7 and X € SU, we define spectra K A X and Mapg, (K, X) in
SU as follows: K A X is the spectrification of the prespectrum with V* space
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KAX(V), and Mapg,,(K, X)(V) = Mapr (K, X(V)). These constructions are
adjoint to each other,

Homgy (K A X,Y) = Homgy (X, Mapg,(K,Y)),
and one can deduce various useful isomorphisms in SU [LMMS, p.17, p.20]:
Map sy (K A L, X) = Mapg, (K, Map s (L, X)),
(KANL)ANX =K AN (LANX),

and
KANYX®L=%%(KAL).

When clear from context, we will write Mapg;,(K,X) as Maps(K,X), and
then Maps(K,X*°L) as Maps(K, L).

A ‘stabilization’ map
s: X*°Mapy (K, L) — Maps(K, L)
can now be defined as the adjoint to

Map (K,n)
—_—

Mapr (K, L) Mapz (K, QL) = Q> Maps (K, L)

where 1 : L — QL is adjoint to the identity on X°°L. Also arising from
adjunctions are evaluation maps

er : K NMapr(K,L) — L

and
es: K ANMaps(K, X) — X.

The next lemma is proved with formal categorical arguments.

Lemma 2.1 For any spaces K and X, there is a commutative diagram

K A Mapr(K, X) —2%> K A Maps(K, X)

Y ®er

Y X.

2%°(K A Mapz (K, X))

A variation on these constructions goes as follows. (Compare with [LMMS,
pp.68,69].) Given two universes U and U’, there is an external smash product

A SUXSU — SUSU)
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defined by letting X A'Y be the spectrification of the prespectrum with (V' @
W) space X(V) AY(W).3 Dually, there is an external mapping spectrum
functor:

Mapgy : SUP x SU D U') — SU'
defined by Mapgy, (X, Z)(W) = Homsy (X, Zw ), where Zy (V) = Z(V & W).
Again these constructions are adjoint:
Homgs gy (X AY, Z) = Homgy (X, Map g (Y, Z)).

Again one can formally deduce useful properties, e.g. there are isomorphisms
inSUdU'):
YUK ANEGL = Y (KAL),

Another useful property, which follows by a check of the definitions, is that, for
all K € 7 and Z € S(U @ U'"), there are isomorphisms in S(U’):

Mapsy (37 K, Z) = Map sy (K, i Z),
where i : U' — U & U’ is the inclusion.
Given X € SU and Z € S(UDU’), there is an evaluation map
e: X NMapgy(X,Z) — Z.

Precomposing this with € : K AMapg;,(K, X) — X and then adjointing defines
a composition map

o: Mapgy, (K, X) ANMapgy (X, Z) — Maps(u@u/)(K, 7Z)

for all K € 7. We will use this construction when defining norm maps in §2.5
below.

Given spaces K, L, and spectra X € SU, Y € SU’', we define
A+ Map gy, (K, X) A Mapg(L,Y) — Mapggeun (K AL, X NY)
to be adjoint to the composite of the natural isomorphism
(K ANL)AMapgy, (K, X)AMapg,(L,Y) = (K ANMapgy, (K, X)) A (L AMapg,(L,Y))
with es Aes: (K AMapgy, (K, X)) A (LAMapg,(L,Y)) - X AY.
This is analogous to the usual pairing between mapping spaces
A :Mapr (K, X) AMapr(L,Y) = Mapr (K AL, X ANY),

and the next lemma records that these constructions are compatible under
stabilization.

3This formula suffices because subspaces of U ® U’ of the form V @& W are cofinal
among all finite dimensional subspaces.
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Lemma 2.2 For any spaces K, L, X, Y, and universes U, U', there is a
commutative diagram in S(U & U’)

Y57 Mapr (K, X) A X35 Mapr (L, Y) =——= X5, (Map7 (K, X) A Mapr(L,Y))
ls/\s lE‘”/\

% ls

Maps(u@u/) (K A\ l/7 ZZ?{OX A\ Zi’ﬁY) _ Maps(u@ul) (K A\ l/7 ZZ?{OGBM' (X A Y))

Once again, this is proved with formal categorical arguments.

The next lemma is standard.

Lemma 2.3 If K and L are finite CW complexes, then
N Mapsu(K,X) AN Mapsu/(L, Y) — Maps(u®u/)(K AN L,X N Y)

is a weak homotopy equivalence.

2.4 Spaces and spectra of natural transformations

If J is a small category, and K : 7 — 7 and X : J — S are two functors of
the same variance, we will write Mapg (K, X) for the spectrum constructed as
the categorical equalizer in & of the two evident maps

[T Maps(K().XG) — J]  Mans(K(), X(").
JeoNT) a:j'—j"eMor(J)

Similarly, if K, X : J — 7 are two functors of the same variance, one gets a
space Mapg (K, X), which can be interpreted as the space of natural transfor-
mations from K to X. The stable and unstable constructions are related by
Map¥ (K, X)(V) = Maps (K, X(V)), for any V € U.

It is useful to observe that if J = G, a finite group viewed as a category with
one object, then Mapg(K ,X) is the categorical fixed point spectrum of the
naive G—spectrum Mapgs (K, X) with conjugation G—action. In this case, we
also write X/G for the categorical orbit spectrum.
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2.5 Norm maps, transfers, and Adams isomorphisms

In this subsection, we give quick definitions of transfer and norm maps suit-
able for our later homotopical identification of natural transformations between
fibers in the Arone towers. These definitions are adapted to our setting, but
are intended to agree in the homotopy category with anyone else’s transfer
and norm maps. As far as the authors can tell, constructions of norm maps
using only “naive” constructions first appeared in the literature in the 1989
paper of Weiss and Williams [WW, §2]. (Those authors credit Dwyer with
some of these ideas, and, of course, Adams’ paper [Ad] was influential.) Our
definitions are small perturbations of those in the recent preprint of John Klein
[K1]. Proposition 2.9, which relates transfer and norm maps, appears to be new
in the literature, and a desire for a transparent proof of this has guided our
constructions.

Let G be a finite group, and call a spectrum with G-action a G—spectrum.
Fix two universes i and U’, and let 7 : U’ — U ® U’ be the inclusion.
Definitions 2.4 Given a subgroup H < GG, and a G—spectrum X € SUaU"),
we define the homotopy fixed point and homotopy orbit spectra as follows.

1) X" = Mapg(u@u')(EG+vX)'

(2) Xpw = (EG4 ANMaph (BG4, 5°GL) Ni*X)/G.
The first definition is, we trust, expected. The corollary of the next lemma says
that the second has the correct homotopy type.
Lemma 2.5 There is a weak equivalence of G-spectra in SU

Y*°G/H, ~ MapZ (EG,,G.).

Proof There are weak equivalences and isomorphisms of G'—spectra:
Y*°G/H, = Maps(G/H,, S)
= Map{ (G, 5)
= MapZ (EG . NG, S)
= Map§ (EG, Mapg(G, 5))
& MapZ (EG,,Gy).
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Here the first and last maps arise in the same manner. If K < G is any
subgroup, there is a commutative diagram of G—spectra

Vykea/k S ———=3*G/K,

3 |
[jkec/x S =—=Maps(G/K,S)

where the left vertical map is the inclusion of the wedge into the product, a
weak homotopy equivalence. O

Corollary 2.6 There is a weak natural equivalence in S(U & U’)
Xny ~ (EG+ /\X)/H

Proof There are weak natural equivalences

Here the first equivalence is a consequence of the lemma, and the second follows
from the fact that, very generally, there is a natural weak equivalence X7 K A
X = KAX. O

Our transfer maps are defined as follows.

Definitions 2.7 Let K < H < G, and let X be a G—spectrum in S(U dU").

(1) Let trif : Map4,(FG.,G}) — Maph,(EG,,G) be the inclusion of
fixed point spectra.

(2) Let TT%(X) : Xng — Xpi be the natural map induced by trf(l.

We sketch a proof that Tri(X), viewed as a natural transformation of functors
on the homotopy category of spectra with G—action, agrees with other standard
constructions of the transfer, in particular, the transfer arising from [LMMS].
Both of these transfers behave well with respect to pushouts and weak equiv-
alences in the X variable, and with respect to forgetful functors arising from
subgroup inclusions. Using these facts one can reduce to just needing to show
that the two definitions of Tr%(G ) agree up to weak equivariant homotopy.
For us, this map is equivalent to the map

5= Maps(G/G+,S) - Maps(G/H+,S)
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induced by the projection 7 : G/H, — G /G4 . Now one checks that this agrees
with the composite

S 5 ¥®°G/Hy = Maps(G/H, S)
where 7 is the pretransfer of [LMMS, p.181].

We now define our norm maps.

Definition 2.8 Given H < G, and a G-spectrum X in S(USU’), let
Py(X): Xpg — X
be defined as follows. First note that
"X = Map$(Gy,i* X) = Map$§y, (S5 G, X).
Now consider composition
o : Mapgy (EG, 55 G1) A Mapgy, (357 G+, X) — Mapsaur)(EG+, X).

This is G—equivariant with respect to the usual conjugation G—-action on the
two terms Mapg,(EG+, Y77 G+) and Mapgqgur)(EG+, X). Taking H fixed
points then yields a map of spectra

Mapd, (BEG1,5g,G4) Ai* X — X",

Now one notes that this map is invariant with respect to the diagonal G—action
on the domain, where G acts on (Map%,(EG,Y%,G4) by acting on the right
on G4. Thus one has an induced map

(Map§,(EG,,$3,Gy) Ni*X)/G — XM,
& (X) is then obtained by precomposing this map with the map
X — (Mapgy (EG+, 2,G+) ANi*X)/G
induced by EG, — S°.

By construction, the following proposition is self evident.

Proposition 2.9 Given K < H < G, and X € SUDU'"), there is a commu-
tative diagram of spectra

XhH w XhH

lwfzm |
XhK thK

where the unlabelled vertical arrow is the inclusion of fixed point spectra.
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Norm maps should be equivalences under suitable freeness and finiteness condi-
tions. In homotopy, such equivalences have been termed ‘Adams isomorphisms’
[LMMS]. The version we need goes as follows.

Proposition 2.10 If X = Maps(K,Y), where Y is any G-spectrum and K
is any finite free G-CW complex, then the norm map

Op(X): Xpy — XM

is a weak homotopy equivalence for all H < G.

Proof We show that ®5(X) is an equivalence in various cases. When X =
Yiiww G+ via the weak equivalences of Lemma 2.5, @ 5(X) corresponds to the
isomorphism

(S0 G/Hy NE5G)/G = iy G H.

Now we note that both the domain and range of ®y(X) preserve equivariant
weak homotopy equivalences and homotopy cofiber sequences. Thus, by induc-
tion on cells, (X)) is an equivalence if Y is any G—spectrum equivalent to a
finite G-CW spectrum, and K is any finite free G-CW complex. Now we note
that, if K is a finite free G-CW complex, then both the domain and range
of @y (Maps(K,Y)) commute with homotopy colimits in the Y variable. The
proposition follows. O

An application of this that we will need later goes as follows.

Corollary 2.11 Let G and H be two finite groups. If X is a G—spectrum,
K a finite free G-CW complex, Y an H —spectrum, and L a finite free H-CW
spectrum, then

A : Map$, (K, X) AMapX, (L, Y) — Mapgéféu,)(f( AL XNY)

is a weak homotopy equivalence.

Proof Let A= Mapg(K,X), B = Mapg(L,Y), and C = Mapg(K AL, X A
Y). We wish to show that the G x H—equivariant weak equivalence A A B —
C induces an equivalence A® A BH — C®*H _ Since there are equivalences
AG 5 APG = Ape, and similarly for B and C, it suffices to show that
Anc N Bor — Chgxm) 1s an equivalence. But this is clear, as easy formal

arguments show that Axg A Brg = (A A B)paxm) - 0

Finally we note:
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Corollary 2.12 Let G be a finite group. If K is a finite free G-CW complex,
then for all G-spectra Y € S(U®U'), there is a weak natural equivalence

(Mapgy (K, S) A i*Y )na =~ Mapg g (K, Y)

Proof This arises from the equivalences

(Maps (K, S) ANY g — Maps(K, Y)hG — Mapg(K,Y) 0.

3 The Arone model

In this section we review the Greg Arone’s explicit construction of the tower
PX(X) of fibrations of spectra under ¥*° Maps (K, X ), , tweaked a bit to lend
itself to the homotopical analysis we are interested in.*

3.1 Definition of the tower
We introduce a small category central to our work.

Definition 3.1 Let £ denote the category with objects the finite sets 0 = ()
and n = {1,2,...,n}, n > 1, and morphisms the surjective functions. This
has full subcategories € whose objects are n with n > 1, &, whose objects are
n with n <k, and E=ENELD

Fundamental £—-spaces are the following.

Definition 3.2 If X is a pointed space, let X" : £ — T be the following
functor. On objects, it assigns to n, X\, the n—fold smash product of X
with itself, where we use the convention that XY = S%. On morphisms, it
assigns to a surjective function « : n — m, the associated ‘diagonal’ map
o : XN — XM sending @1 A ... ATy t0 Za) A ... AZg(n). Note that this is
well defined precisely because « is surjective.

Armed with these £—spaces, we can define Arone’s towers in our setting.

“For example, Arone works with the functors from (based) spaces to spaces which
send a space X to Q@ Mapz (K, X). It seems more natural to regard the basic functors
as going from spaces to a suitable category of spectra.

®This category £ of epimorphisms was called M by Arone in [Ar] and M°P by
McCarthy in [McC]. The senior author objects.
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Definitions 3.3 Given two spaces K and X in 7, define spectra PE(X),
PE(X), PE(X), and PK(X), by the formulae

PE(X) = Map% (K", X"),
PkK(X) = Mapgk(K/\vx/\)a
PE(X) = Map§ (K", X7,

BE(X) = Map (K", X™).

There are evident restriction maps
P P (X) — P (X)),
defining a tower P (X), compatible with restrictions maps
ar s P (X) = P& (X),
and PE (X) = limy PX(X). As we will discuss below, the maps py, are fibrations
in S; thus PX(X) is also equivalent to the homotopy limit of the tower.

Notation 3.4 Let FX(X) be the fiber of py, : PE(X) — PE ,(X).

The reduced functors are related to the unreduced functors by
PE(X) = BE(X) x 5,
(with the product in &), and they similarly form a tower with limit (and holimit)
PL(X).
Now we define natural transformations > Mapr (K, X), — PX(X).
For n > 0, let
e®(X,n) : B° Mapr(K, X)), — Mapg(K"\", X\")
be the composite
27

¥ MapT(K7X)+ — % MapT(K/\n7X/\n) LMapS(K/\”’X/\”)’

where
én : MapT(K7X)+ - MapT(K/\n7X/\n)

sends a function f to f". (When n = 0, this means the evident projection
Mapr (K, X)1 — S°.)
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Lemma 3.5 Let o :n — m be a surjective function. Then, for all K and X
there is a commutative diagram in S

X (X n)
5% Mapr (K, X )1+ —— Maps (K", X™)

leK(X,m) la*

Mapg (K™, X"™) —%> Maps (K™, X",

Proof The analogous diagram in 7,

Mapr (K, X); — > Maps (K", X"

- -

MapT(K/\m,X/\m) LMapT(KAm,X/\n),

clearly commutes, and the lemma follows, using the naturality of s. m|

This lemma says that the maps

[[e"(X.n): & Mapr(K, X); — ][ Maps(K"", X ")
n n

are equalized by the maps defining PX (X) = Map&(K”, X). Thus they define
eK(X) D MapT(KaX)Jr - Po[o((X)7

o0

and then
e (X) = qpoel (X): ¥ Mapr(K, X), — PE(X).

The main theorem of [Ar] is a convergence result. In our context, it reads as
follows.

Theorem 3.6 Let K be a finite CW complex and X a space with connec-
tivity at least as large as the dimension of K. Then e (X) is (14 conn X —
dim K)(1+ k) — 1 connected. In particular, eX (X) is a weak homotopy equiv-
alence and the tower is strongly convergent.

In Appendix A, we will outline how the proof of this theorem goes in the case
when K is a sphere. Needed first in any proof, however, is an analysis of
the homotopical behavior of the tower PX(X). We now proceed to make this
analysis, as these results are also needed to prove our main theorems.
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3.2 Homotopical analysis of the tower

The key to understanding P¥(X) homotopically is to take advantage of two
observations. Firstly, the filtration of £ by the subcategories & induces a
natural filtration on contravariant functors from &£ to 7 or S§. Secondly, this
filtration on the particular functors K’ is particularly nice, and essentially
exhibits them as cofibrant £°?—objects in the functor categories.

We should say immediately that these sorts of observations have been made
before. See, for example, [McC, Appendix A], [L, §3], as well as Arone’s own
paper [Ar]|. These are all modern references, but, slightly disguised, these ideas
are certainly much older.

With C either 7 or S, let C¢ denote the category of contravariant functors
X : £ — C. The inclusion i, : £ — & induces the restriction iy, : ct — Cé
with left adjoint iy, : C% — C€, and we let X, = ik«1,X . Formally, one sees
that, for all X € 7¢ and Y € C¢, there are natural isomorphisms in C

Map (X, Y) = MapZ* (X, Y).
Explicitly,
X, = colim X
k(1) colim X,

where n | & denotes the usual category under n with objects n — j in £ with
j <k, and X(n—j)=X(j).

The X assemble into a filtration of X,
X0—>X1—>X2—>...,

and, noting that Xi(n) = X(n) for all £k > n, one sees that X is realized as
the colimit.

In the next lemma, 3; denotes the symmetric group on k letters, viewed as
the morphisms k — k in £.

Lemma 3.7 For all X € T¢, there is a pushout in T¢

g( ,k)+ /\Zk kal(k) —>Xk;_1

l |

E(L,k)y Ax, X (k) — X
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Proof It is very easy to check that the diagram of small categories
Em,k) xz, (k| &E-—1) —=(n | E-1)
5(n, k) X3y (k l gk) —_— (Il l gk)
specializes to a pushout diagram of finite sets on both objects and morphisms.

It follows that there is a pushout diagram in 7°

colimg(n,k)XEk (K|Ex_1) X colim(nlgk_l) X

| l

colimg(n,k)XEk (k1E) X— - colimyg,) X.
This last diagram rewrites as the diagram of the lemma, evaluated at n. |
Corollary 3.8 For all X € 7€ and Y € C¢ there is a pullback diagram in C
Map§ (X, Y) Mapy* (Xx(k), Y (K))

l |

Map§ (Xj_1,Y) — Mapy* (Xj,_1 (k), Y (k).

Now suppose that X = K”. Observe that K}(k) = K", and that K} (k)
is the fat diagonal A(K) inside K"¥. If K is a CW complex, then K"*
can be obtained from Ay(K) by attaching only free ¥j—cells. The fact that
(K™ Ap(K)) is an equivariant CW pair implies that the inclusion Ay(K) —
K" is an equivariant cofibration. Recalling that K*) denotes K*/A,(K)
(as in [Ar]), we conclude:

Proposition 3.9 Mapg* (K", X)) — Mapgt(Ag(K), X"*) is a fibration
with fiber Mapg* (K™ X"¥). Thus py, : PK(X) — PX (X) is a fibration
with fiber FE(X) = Mapg’“(K(k), X"¥). Furthermore, there are natural weak
equivalences

FE(X) 5 Mapg(K®, X )20 2 (Mapg(K®), S) A X™) s, .

The last statement here makes it clear that the Arone tower has the form of a
Goodwillie tower. In the language of [G3], we conclude:

Corollary 3.10 The k" Taylor coefficient of the functor sending a space X
to the spectrum % Maps (K, X) is the ¥, -spectrum Mapg(K*), S).
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4 The Smashing and Evaluation Theorems

4.1 The Smashing Theorem
The first of our general theorems studying additional structure in the Arone
tower involves smashing with a constant space K.
There is an unstable map
n : Mapr (L, X) — Mapr (K AL, K N X)

which sends a function f: L — X to 1x A f: K AL — K A X. Note that this
map can be written as the composite

Mapz (L, X) — Mapz(K A L, K A L AMapr(L, X)) — Mapz (K A L, K A X)

where the first map is a unit of an adjunction, and the second map is induced by
er : LAMapy(L,X) — X. Replacing 7 by S in this composite then similarly
defines

n : Maps(L, X) — Maps(K AL, K N X),

and the unstable and stable maps will be compatible under stabilization in the

evident way.

Theorem 4.1 There are natural maps of towers
n: PY(X) — PEM(K A X)
with the following properties.
(1) There is a commutative diagram in S:

eh(X)

%% Mapr (L, X) PH(X)
ln J{n
K/\LK X
% Mapz (K A L, K A X)y S pEAL(R A X,

(2) The induced map on k' fibers is the composite
Mapgt (L™, X)L Mapgh (K™ A LK) KM A X
P MapE (K A L)®, (K A X)),

where p: (K A L)%) — K" A LK) js the ¥, -equivariant projection.
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Corollary 4.2 The natural transformation of functors of X,
¥°n : ¥ Mapy (L, X) — X Mapr (K A L, K A X)
induces, on k" Taylor coefficients, the ¥, —equivariant map of spectra

Maps(L®, ) 2 Maps(K™ A LW, K™Y 25 Mapg (K A L)®, KF).

Proof of Theorem 4.1 Given a surjection « : n — m, we define
N : Maps (L™, X™) — Maps((K A L)N™, (K A X))
to be the composite
Maps (L™, X"") - Maps (K™ A LN K™ A XA
2% Mapg (K™ A LM KA A XY,
Note that 7, is natural in all variables.

. C . B8 @ . . . .
Given surjections n — m — 1, one easily verifies that there is a commutative
diagram

Mapg (L™, X\™) e Maps((K A L), (K A X)M™) (4.1)

- -
Maps (LN, X" —2> Maps (K A LY, (K A X)M)
I &
Maps (LN, XAm) > Mapgs (K A L), (K A X)N™).

Recall that PL(X) is defined as an equalizer. A first consequence of (4.1) is
that there is a commutative diagram

[T Maps (L', x"") [1 Maps(£™, x")
n

«
m—1

Lnnn lna N

T[] Maps((& A D), (5 A X)) 2 ] Maps(( A L)Y, (K A X)N).

«
n m—1
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By taking equalizers, this then induces a filtration preserving natural map
0t PY(X) — PM(K A X),

and thus a map on the associated towers.
To identify the induced map on fibers, we first note that

No : Maps (L™, X"") — Maps((K A L), (K A X))
also equals the composite

Mapg (L™, X"") - Mapg (K" A L™, K" A X"7)

25 Maps (K™ A LN, KN A XA,

This makes it clear that the »j—equivariant map

lim 7, : Maps(Ag(L), X"*) — Maps(Ag(K A L), (K A X))
acklEy1)

can be identified as the composite
Mapg(Ax(L), X"*) & Mapg (K" A Ag(L), K" A X7F)
— Maps(Ap(K A L), (K A X)),
and the last part of the theorem follows.

Finally, statement (1) of the theorem is a consequence of the following commu-
tative diagram:

n

2% Mapz (L, X) 2% Mapz (K A L, K A X)

lz‘”ék lﬁwfk

5% Mapy (L, X ) —L> 5190 Mapr (K A L), (K A X))

| )

Mapg (L, X)) —" > Maps((K A L), (K A X)M).

4.2 The evaluation theorem

The next of our general theorems concerns the compatiblity of the Arone tower
with generalized evaluation maps.

We have maps

e: K AN\Mapr(K AL, X) — Mapr(L, X)
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defined as the adjoint to the evaluation map
er : KANLANMapr(KANL,X)— X
already discussed in §2.3.
Using the stable evaluation eg, we similarly have maps
€: K N\Maps(K A L, X) — Maps(L, X).
These unstable and stable generalized evaluation maps are compatible under
stablization, courtesy of Lemma 2.1.
Theorem 4.3 There are natural maps of towers
e: K A PEM(X) — PL(X)

with the following properties.

(1) There is a commutative diagram in S:

1x NeBAL(X)

Y*®°K AMapr(K AL, X) K A PEAL(X)

PP

¥ Map7(L, X) PL(X).

(2) The induced map on k' fibers is the composite

K AMapzt((K A L)®, XMy L KA Mapgk (K A LW, XMWY
< Mapzk (L®), X1\k),
where the first map is induced by the Y, —equivariant map of spaces
d: KAL® — (K AL)®

which arises by embedding K diagonally in K\

Corollary 4.4 The natural transformation of functors of X,
Y% : XK AMapr(K AL, X) — ¥ Mapr (L, X)
induces, on k' Taylor coefficients, the ¥, —equivariant map of spectra

K AMaps((K A L)®,S) L5 K AMaps(K A L® S) S Maps(L®, S).
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Proof of Theorem 4.3 Given a surjection « : n — m, we define
€ 1 K AMaps((K A L), X)) — Maps (L™, X\™)
to be the composite
K AMapg(K"™ A LM X ) L5 A Mapg(K A L™, X
= Mapg (L™, X""),

where the first map is induced by the diagonal d : K — K’"™. Note that €, is
natural in all variables.

. .. B8 « . . . .
Given surjections n — m — 1, one easily verifies that there is a commutative
diagram

K AMaps((K A LN, XA — 25 Mapg (LA™, XA
la* la*
K AMaps((K A LM, XA —25 Mapg (LN, XA7)
Tﬂ* .
K AMaps((K A LM, XAy —“ s Mapg (LM, X ™).
As in the proof of Theorem 4.1, there is thus an induced natural map of towers
e: K N PEM(X) - PE(X).

The induced map on fibers is easy to identify. Note that the ¥j;—equivariant
map

lim e, : K AMaps(Ar(K A L), X"*) — Maps(Ag(L), X*)
ackl&y1)

can be identified as the composite
K AMapg(Ap(K A L), X""*) — K A Mapg(K A Ag(L), X*)
= Mapg(Ar(L), X"*),
where the first map is induced by the equivariant inclusion
K NAR(L) — Ag(K A L).
The last part of the theorem follows.

Statement (1) of the theorem follows by juxtaposing the two commutative dia-
grams
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Y*®K AMapr (K AL X) YK A Mapr((K A L), X1\k)
\Al\ék\\
AN1
€ YO KN A Mapr ((K A L), XMF)

2% Map7 (L, X) )"

3% Map7((K A (KA X)),

and

2K A Mapr((K A L)Me, XMy —2% o | A Maps((K A L), X7k

ANl lA/\l

A5 AR A Maps (K A L), X1)

le

¥ Map7 ((K A L), (K A X)) —2> Maps((K A L), (K A X)"F),

YO KN A Mapr((K A L), X/k) ==

5 The Product and Diagonal Theorems

The goal of this section is to prove a general result about how the unstable
homeomorphisms

Mapz (K V L, X) = Mapz (K, X) x Mapz (L, X)

lead to pairings among the associated Arone towers. One thus gets pairings
among the spectral sequences which arise after applying any multiplicative co-
homology theory to the towers.

In discussing and proving our result, it seems necessary to first say a little
about the general theory of the smash product of towers. The results here are
unsurprising and presumably known, but we have been unable to find them
explicitly in the literature.
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5.1 Homotopy limits of spectra

If J is a small category, EJy : J — T is defined by letting
EJ )+ =B(T L j)+.
Given a functor Y : J — &, its homotopy limit is the spectrum defined by the
formula
holim Y = Mapy (EJ,Y).
This construction is natural with respect to both the functor and the category.

We will make use of the following construction. Given X € Sand Y : J — S
there is a natural map

XA ho}imY — ho}im(X NY) (5.1)

defined as the adjoint to the composite
Mapy (EJ.,Y) — MapZ (X A EJ4, X AY) = Maps(X,MapZ (EJ4, X AY)).
Similarly, there is a natural map

(ho\l7im Y)VANX — h0\17im(Y A X) (5.2)

Y
The notation X xz Y will denote the homotopy pullback holim ( y ) .
X—>Z
The homotopy fiber of a map Y — Z is then defined as * xz Y.

5.2 Smash products of towers of spectra

If we let N denote the poset 0 < 1 < 2 < ..., then a tower of spectra can
be regarded as a functor P : N — §. Given towers P and @, respectively
taking values in SU and SU’, the external smash product yields a bi-tower
PAQ: (NxN)? — SU xU"). When the context is clear, we will repress
explicit notation for universes, and thus just write PA Q : (N x N)?? — S.

Now suppose given a general bi-tower C' : (N x N)? — §. One then has an
associated tower (which we still call C') with k" term given by

Cir = holim C; ;.
M ik

This tower can be understood homotopically via the next lemma.
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Lemma 5.1 Given a bi-tower C : (N x N)°? — S| the diagram
Ck [isj=r Cij

| |

Cp-1 —ILisjor Cim1j Xcioryo1 Cija

naturally homotopy commutes, and induces a natural homotopy equivalence on
homotopy fibers.

Sketch proof Let N; C N be the poset 0 <1 < --- <, and let (N x N), C
N x N be the poset {(4,7) | i+ j < k}. There is a pushout of posets:

Hi+j:k N; x Nj - {(17])} - (N X N)k—l
[y Ni X N (N x N)g.
This induces a pullback of spectra

| |

Cr—1 — [ ;4 j=x holimy, xrv, —{(i.5); C

in which the two vertical maps are fibrations. Now note that
holim C — C'(i, 5
holi (4,7)

is an equivalence, as (4, ) is the terminal object in N; x N;, and

holim C — C: 1% .. C:.
NiXNji(ihj) =L Cl—l,]—l 2,—1
(i=1,4)
is an equivalence, as A is cofinal in N; x N; — {(i,5)}. O

(i=1,j=1) = (i,j—1)

As in the introduction, if P is a tower, we let Fy(P) denote the homotopy
fiber of P, — P,_;. Similarly, if C is a bi-tower, we let F; ;(C) denote the
homotopy fiber of C;; — Ci—1,; X¢;,_, ;_; Cij—1. This is the same thing as the
iterated homotopy fiber of the square

Cij Cij—1

L

Cic1j —=Ci_1j-1.
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(See [G2, 1.1b].) Specializing to the case when C'= P A @, use of construction
(5.2), and then (5.1), thus yields the composite

Fi(P) A F3(Q) — Fi(P AFy(Q)) — Fiyj(P A Q). (5.3)

Lemma 5.2 F;(P) A F;(Q) — F,j(P A Q) is a natural weak equivalence of
spectra.

Sketch proof As a fibration sequence in spectra is homotopy equivalent to a
cofibration sequence, smashing a fibration sequence with a spectrum yields a
sequence equivalent to a fibration sequence. Applying this principle to each of
the two maps in (5.3) shows each to be an equivalence. O

The two lemmas together have the following corollary.

Corollary 5.3 If P and ) are towers of spectra, the natural maps

Fe(PAQ)— [ Fij(PAQ) — [] Fi(P)AF;(Q)

itj=k it+j=k
are weak equivalences.
We now turn to a discussion of spectral sequences. Suppose h is a spectrum.

Applying h, and h* to a tower P yields left half plane homology and cohomol-
ogy spectral sequences {E} ,(P)} and {E;"(P)} with

El]ﬁ*(P) = h*fk(Fk(P))
and

E M (P) = iR (Fu(P).

Now suppose h is a ring spectrum. Then the last corollary implies that, given
towers P and @, there are natural pairings

One then has:

Theorem 5.4 The pairings extend to pairings of spectral sequences.
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The pairings have the expected properties. For example, in the cohomology
spectral sequence, the pairings are related to the pairing of filtered groups

colim h*(P;) ® colim h*(Q;) — coEm R*((P A Q)g)
i J

at the level of F.

A careful proof of this theorem seems to not appear in the literature. However, a
proof can be constructed in a straightforward manner by carefully mimicking the
discussion on pages 660668 of G.W.Whitehead’s book [Wh] where he discusses
pairings in spectral sequences associated to products of filtered spaces. The
translation into our setting involves arguments of the sort given in the proofs
of our two lemmas, but no other new ideas.

5.3 The Product Theorem

The homeomorphism
Mapr (K V L, X)+ = Mapr (K, X)+ A Mapr (L, X)+

suggests that there should be a compatible weak equivalence between the two
towers PEVE(X) and PX(X) A P¥(X). We will shortly see that this is the
case.

To be computationally useful, we will need to also identify the induced weak
equivalence on fibers. By Corollary 5.3, we have homotopy equivalences
Fu(PR(X) A PH(X)) = [] Fig(PR(X) A PH(X))
itj=k
S T Maps (K9, XA A Mapy? (L©, X7),
i+j=k
Meanwhile, the Y;—equivariant homeomorphism
\/ Shy Asixs; (K(i) /\L(j)) = (K \/L)(k)
itj=k
induces an isomorphism
FEVE(X) = [] Mapg™™ (K@ A LW, X%,
itj=k
To state our main product theorem it is convenient to define a bi-tower P*(X)

by the formula
K,L EixE;
B (X) = Mapg ™7 (KN ALY, a" XM).

Here a* X" : (€ x £)°? — T is defined by a*X"\(i,j) = X ),
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Theorem 5.5 There are natural homotopy equivalences of towers
PEVL(X) & pRE(Xx) & PE(X) A PL(X)
with the following properties.

(1) There is a commutative diagram in S:

SKVL(X)

5% Mapr (K V L, X) 4 PEVL(X)

eX(X)nel (X)
_—

2% Mapr (K, X)4 A Mapz (L, X)+ PE(X) A PL(X).

(2) The induced equivalences on k" fibers
FH(X) & F(PR(X)) < Fp(PR(X) A PEH(X))
fits into a commutative diagram for each i+ j = k:

~

Fh(X) Fi (P! (X)) <—— Fe(PH(X) A PE(X))

o i i

Mapg' ™™ (K@ A LW, X) —— F, ;(P*F(X)) <—— F;,j(P*(X) A PH(X)

1§

~ Mapy (K@, X"
AMapg? (LD, X",

Mapg' i (KD A LW, X1F)

where the bottom map is the evident smash product map.

We will use the notation u: PXVL(X) = PX(X)A PE(X) to denote the weak
natural equivalence of the theorem.

Remark 5.6 In stating this theorem, we have continued to repress notation
for universes. However, we hope it is understood that, if P¥(X) is a tower in
SU, and PL(X) is a tower in SU’, then the maps and objects in the theorem
are living in SU e U').

The key to our product theorem is the following observation, hinted at in (5.3)
above. Let a : £ x £ — £ be the functor defined by a(i,j) = (i+j). This
induces a functor

a* - TE N T£><£
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by pullback. This has a left adjoint a, : T7¢*¢ — T¢ explicitly given by
a, X (k) = colim X
k|EXE

where k | £ x £ is the category with objects all triples (i,j, o) where «:k —
(i+j) is a surjection. Then one has

Lemma 5.7 The inclusions K" AL C (KV L) ™™ induce an isomorphism
in T¢,

a,(K"ANL") = (K Vv L)",
and this restricts to give isomorphisms for all k

. A AYY — A
a*(gf}lgr%(KZ ANL7)) = (KVL).
We also record the following fact.

Lemma 5.8 hocolim (K" /\L;-\) — colim (K} /\Lg»\) is an equivalence in T¢*€.
i+j<k i+j<k

Proof Let (NxN); denote the full subcategory of Nx N with objects all (4, 5)
such that i + 7 < k. It is easy to see that, for all n, K, and L, the functor
on N x N sending (4, ) to the space K/(n) A L?(n) is a cofibrant object in

the model category structure on 7™Mk described in [DS, §10.13]. The lemma
follows. O

The maps in the theorem are now easy to define. A natural equivalence
PEVE(X) — PEH(X)
is defined by
PEVH(X) = Map§ (K V L), X
= Map§ (a.(colim(K}* A 7)), X")
= Map§*¢ (Zgg}igr%(f(f ALY, X")
= Mapgxg(hgf%ign(K{\ ALY}),a*X")
— hf}g% Map%5*¢(K] AL}, a* X ")
= holim P*(X) = PIH(X).

itj<k 7
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The map of towers PX(X) A PX(X) — PXL(X) is even more evident. It is
the map on towers induced by the map of bi—towers

A s MapZ (K7, X™) A MapZ (L, X) — Mape "% (K" A L, a* X").
(This is not so evidently a homotopy equivalence, but, we will learn that it is.)

The theorem is now easily proved.

First, we check that the diagram in (1) commutes. This will follow if we verify
that, for all ¢ + j = k, the diagram

K VL (k)

»°° Map7 (K V L, X)+ Maps ((K Vv L)E, X )

|

Maps (K A LN, X1F)

eE (iynel (5 . . T . .
2% Mapz (K, X)+ A Mapz (L, X)5 —— 22D\ raps (K™, XA A Maps (LM, X))

commutes, where we have written e’ (i) for e®(X,i), etc. But this diagram
commutes, as one easily checks that the diagram of spaces

Mapz (K V L, X) e Mapz (K V L), X%
Mapz (K" A LN XNF)
§iX&; T

Mapr (K, X) x Mapr(L, X) Mapz (K", X)) x Mapz (L™, X/V)

commutes, and then Lemma 2.2 implies that the diagram

$°° Map7((K V L)"F, X"\k) ° Maps((K Vv L)'k, XF)
¥ Mapg (K A LN, XF) . Maps (K" A LN XF)

| |

2%° Mapz (K, X) A Mapz (LN, X)) =22 Maps (K, X)) A Mapg (L, X))

commutes.
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The lower rectangle in (2) commutes by inspection, the top left square commutes
by definition, and the top right square commutes by naturality. In this diagram,
the two downward arrows are equivalences arising from Lemma 5.1, the top
rightward arrow is an equivalence as it is induced by an equivalence of towers,
and the lower leftward arrow is an equivalence by Corollary 2.11. It follows
that all the other arrows here are equivalences, as asserted. In particular, the
map of towers PX(X) A PX(X) — PEL(X) induces equivalences on all fibers,
thus (inducting up the tower) is itself a homotopy equivalence.

5.4 The Diagonal Theorem

Let V: KV K — K be the fold map. Since the diagonal on Map7 (K, X) has
a factorization

Mapr (K, X) = Mapr (K, X) x Mapz (K, X),

Mapz (K V K, X)

our Product Theorem has consequences for the diagonal map.

Let ¥ : PE(X) — PE(X) A PE(X) be the weak natural transformation
PE(x) Y5 pEVE (x) & pE(x) A PE(X).
Theorem 5.9 The weak natural transformation ¥ has the following proper-
ties.
(1) There is a commutative diagram of weak natural transformations:

e (X)

¥°° Mapr (K, X)+ PR(X)

lA l\p
eK(X)neK (X
5% Mapr (K, X)+ A Mapr (K, X); — X pr(x) o pE(x).

(2) Via the natural weak equivalences F)f (X) ~ Maps(K®, X"\*);5, and

F(PKX)APR (X))~ ] Maps(E®, X"),5, AMaps(KY, XN,
it+j=k
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the map induced by ¥ on k' fibers is the product, over i+ j = k, of the

composites of the weak natural transformations

b
k
TTEixEj

Maps(K®, X )5, ——5 Maps(K®, X™) 5. 5,)
T Maps(K@ A KO, XY sixss)
< Maps (K@, X")5, A Maps (KW, X" )5

where 7 : KO A KU — K®) js the projection.

Property (1) follows immediately from property (1) of Theorem 5.5. To see that
(2) follows from Theorem 5.5(2), we first observe that there is a factorization

K®)

™

KO A KG)

(K v K)®*)

and thus a commutative diagram

Map?“ (K(k), X Map?xzj (K(k), X

y -
Mapgk((K v K)®) X 1k) _,Mapgixzj(K(i) A KO, XN,

Thus Theorem 5.5(2) implies that the map on fibers can be identified with the
product, over i + j = k, of the right vertical composites in the commutative
diagrams of weak natural transformations

MapS(K(k)7XAk)hEk f Mapgk(K(k)’X/\k)
Tr
Mapg(K®, X )55y — Map” ™ (K (), XNk
* *

Mapg (K@ A KU, X)L 0wy f—>Map§iX2j (KO A KW XNk

l l

Maps(K®, X s, oAD Mapy' (K@, X
. . —_—
AMaps (KW, XN)s, ~ AMapg (KU), XAF),
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6 Compatibility results

The following propositions and corollaries state that our various natural trans-
formations are compatible in the expected ways. The three propositions are
easily verified by directly checking their definitions.

Proposition 6.1 Forall J, K, and L, the diagram of natural transformations
of towers

~ 1 ~ ~
K A PEMN(X) =25 K A PIAKAL(J A X) —> K A PEAAL(J A X)

; :

PE(X) P/ A X)

commutes, where T is the isomorphism induced by the twist map JAK — KAJ.

Proposition 6.2 For all J, K, and L, the diagram of weak natural transfor-
mations of towers

PEVL(X) i PJ/\(K\/L)(J ANX) =——— P(J/\K)V(J/\L)(J A X)

Jr |

PE(X) A PE(X) nnn PINE(J A X) A PIAL(T A X)

commutes.

Corollary 6.3 For all J and K, the diagram of weak natural transformations
of towers
PE(X) PINE(J A X)
| |

PE(X) A PE(X) —2 s pIAK(J A X) A PIAE(J A X)

commutes.

Example 6.4 A consequence of this corollary is that the truth of Corol-
lary 1.7, for all n < oo, implies that Corollary 1.7 is true when n = co.
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Proposition 6.5 For all J, K, and L, the diagram of weak natural transfor-
mations of towers

JA f)J/\(K\/L)(X) ¢ f)K\/L(X)
lm
JIANJTA p(JAK)v(J/\L) m

zllm
IATAL

JNJ N PINK g PINLZETS g PINK AT g PINE S PR(X) A PE(X)

commutes, where A is the diagonal and T is the twist isomorphism.

Corollary 6.6 For all J and K, the diagram of weak natural transformations
of towers

J A PIME(X) PE(X)

lw v

J/\J/\PJ/\K/\f)J/\Kl/\—:/\iJ/\f)J/\K/\J/\f)J/\K%PK(X)/\I}K(X)

commutes, where A is the diagonal and T is the twist isomorphism.

Example 6.7 With J = S', a typical consequence of this would be the fol-
lowing. Let {F,*(K,X)} be the spectral sequence obtained from PX(X) by
applying a cohomology theory with products. Then, because the reduced diag-
onal A: St — S A St is null, one deduces that
E.(¢): EF*TY(K, X) — EM* (2K, X)

is zero on the algebra decomposables in E;"*(K, X). If the cohomology theory
satisfies a Kunneth theorem (e.g. it is ordinary cohomology with field coeffi-
cients), the pinch map on S' shows that E,*(XK, X) is a Hopf algebra, and
formal manipulations then also imply that the image of E,(€) is contained in
the primitives.

7 Little cubes and an explicit S—duality map

7.1 Basic constructions with little cubes

Let I be the interval [—1,1], and let C(n,1) be the space of ‘little n—cubes’,
the space of embeddings I™ — I"™ which are products of n affine orientation
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preserving maps from I to itself. Then C(n,k) is defined to be the subspace
of C(n,1)* consisting of k—tuples of little n—cubes whose images have disjoint

interiors. Thus a point ¢ € C(n, k) can be viewed an embedding c : Hle Im—Jm
of a special form.

Given a space Z, let F(Z, k) C Z* denote the configuration space of k distinct
points in Z:
F(Z, k) ={(z1,...,2) | z: # zj if i # j}.

It is well known and easy to prove that the map

C(n,k) — F(I", k),
sending a k—tuple of little n—cubes,

(c1y..yCh),

to their centers,

(c1(0),...,ck(0)),
is a Xi—equivariant homotopy equivalence.
A point in C(n, k) provides a tubular neighborhood around the 0-dimensional
submanifold of I"™, consisting of the k center points. This suggests the following

construction. Given a point in C(n, k), c: Hle I"—1", let
2
8" — \/ S"
i=1
be the associated Thom—Pontryagin collapse map. Then define
k
Cl(n, k) : C(”? k)Jr - MapT(Sn7 \/ Sn)
i=1
by «a(n,k)(c) = c¢*. Note that this is ¥;—equivariant.

The maps «(n, k) are the starting points for two other families of maps.

Let 6(n,1) : C(n,1)4+ A S™ — S™ be the adjoint of a(n,1). Then notice that
the subspace C(n, k) A Ax(S™) C C(n, k)4 A S™ is sent to the basepoint by

the map
S(n, ) C(n, k)1 A S™ C C(n, 1)k A S™F — Sk,

Thus 6(n, 1)"* induces a X —equivariant map

§(n, k) : C(n, k)p A S™R) — gnk,
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A second family of ¥p—equivariant maps
B(m,n, k) : ST AC(m +n,k)y — S™AC(n, k)4
is then defined by the following diagram:

m,n,k
S AC(m 4 n k) — T gmk & o(n, k).
Y
mk ((m’l)Ak TIAL mk
Sk A C(m, 1) A C(n, 1)k QDD gmk p e,

where 7 : S™F AC(m, 1)k ~ C(m, 1)k A S™F is the switch map, A : §™ « §mF
is the diagonal, and i : C(m + n,k) — C(m,1)* x C(n,1)¥ is the map which
regards each little (m + n)—cube as the product of a little m—cube with a little
n—cube.

7.2 The duality theorem and consequences
The following duality theorem will be proved in §7.3.

Theorem 7.1 The map 6(n,k) : C(n,k)y A S**®) — S" is an equivariant
S—duality pairing.
In other words, the stable adjoint
5(n, k) : £°C(n, k)4 — Mapg(S™*), §7F)

is a homotopy equivalence of ¥p—spectra.
Given a space X, the map d(n, k) induces a natural map

Maps(S™, X"\¥) — Maps(C(n, k) A SR X R,
A consequence of the duality theorem is that the adjoint of this,

C(n, k). A Mapgs(S™, X"\F) — Mapg(S"(k),X/\k), (7.1)

is a weak equivalence of Xp—spectra. Passing to homotopy orbits, we have
constructed the natural weak equivalence (1.2) of the introduction:

FP"(X) = (C(n, k)4 A Maps(S™, X))y,
Using [LMMS, Thm.I.7.9 and Prop.VI1.5.3], we then deduce (1.3):
FP"(X) ~C(n, k)1 As, (B7"X)NE.

Assuming the duality theorem, we now deduce the corollaries of the introduction
from the corresponding theorems.
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Proof of Corollary 1.2 We specialize the Smashing Theorem to the case
when K = S™ and L = S™. We need to show that, under the equivalence
(7.1), the description of the map on fibers given in the theorem, corresponds to
the description given in the corollary.

By formal manipulation of adjunctions, we are asserting that there is a com-
mutative diagram of ¥j—spectra:

5(m,k)

~

C(m, k)4 Mapg (S™(k), §mk)

ln
i Maps(sm(k) A Snk’Smk A Snk)

| r

d(m+n.k
C(m—l—n,k)+ (m4n,k) Maps((sm-i-n)(k)’(Sm-i-n)/\k)'

Here 7 is the inclusion induced by multiplying all little m—cubes by the identity
n—cube.

Again adjointing, we just need to check that there is a commutative diagram
of Yj—spaces:
Clm, k)4 A (S B — 2 o 4, k)4 A (SR,

1Ap d(m+n,k)

d(m,k)A1
C(m, k)+ A Sm(k) A Snkz %Smk A Snk — (Sm+”)/\k

This diagram, in turn, is a quotient of smash products of the diagram in the
case when k = 1. This is the diagram

o(m
C(m’ 1)+ A Sgmtn % gmtn

\ Té(m—i—n,l)

C(m + n)+7

which is easily verified to be commutative. O

Proof of Corollary 1.7 The corollary follows from the Diagonal Theorem,
once we verify that, for all ¢ + j = k, there is a commutative diagram of
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2; X Xj-spectra:

6(n,k
Cln, k)s () Mapg (S™(®), §nk)
i Mapg (S™() A §7) gnk)

5 n,t 5 n,t . . T . .
(Cni) x C(n, 7))~ s (570, §71) A Map(57G), §79)

Here 7 is the inclusion which sends a k—tuple of little cubes to the first ¢ cubes
and the last j cubes.

This diagram of spectra commutes because there is a commutative diagram of
2; X Xj—spaces:

Cln, k)4 A S A S — L s e i), AC(n, §)4 A SPD A 70
ll/\’r/\l
AT C(n,i)4 A S™ AC(n,j). A S™)
l(s(n,i)m(n,j)
C(n, k)4 A S™K) o) Sk — §ni g gnd,
Here 7 is the twist map. m]

Proof of Corollary 1.9 The corollary follows from the Evaluation Theorem,
once we verify that there is a commutative diagram of >p—spectra:

1AS(m n,k
Sm/\C(m+n’k)+ N (N+ ) Sm/\Mapg((sm+n)(k),(Sm+”)/\k)

Jine

B(m,n,k) S™ A MapS(Sm A Sn(k), (Sm-l—n)/\k)
Sk AC(n,5)) s, = Mapg (5™, gmk A grk)

where the unlabelled horizontal arrow is adjoint to

LAd(n, k) : S™ AC(n, k) A SR — gmk A grk,
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This diagram of spectra commutes because there is a diagram of Xj—spaces:

d(m—+n,k
C(m—l—n,k)+ A (Sm-i-n)(k) (mAn.k) S (Sm-l—n)/\k: = gmk a gnk

fina

C(m +n,k)y AS™A SUFK) 1AS(n.k)
TTAI
m,n,k)A1
S A C(m 41, )y A §70) 2N ey o0 1y A gm0,

easily checked to be commutative. O

7.3 Proof of the duality theorem
Our strategy in proving Theorem 7.1 is to show our map is equivariantly ho-
motopic to a duality map constructed in a standard way.

We begin with a general equivariant duality construction. Let V be a real repre-
sentation of a finite group G, and let SV denote the one point compactification
V U {oo}, regarded as a based G—space with basepoint co.

Let u: Ve ASY — SV be defined by

r—y ifzyeV
pu(z,y) =

00 otherwise.
This is a well-defined continuous G—map.

Let K C SV be a based G-subspace such that (SV, K) is an equivariant NDR
pair. (Equivalently, the inclusion of K into S" is an equivariant cofibration.)
The map p induces a map of pairs:

e (S —K)y ASY,K)— (SV,58V —0).

The following is presumably well known.

Proposition 7.2 p is an S—duality map, in the sense that
(8Y = K)4 A(SY,K) 2 (8Y,8Y —0) < (Y, 00)

induces a duality map fi: (SV — K), ASY /K — SV.
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Sketch Proof In the nonequivariant case, this can be read off of Spanier’s
original paper [Sp]. For the equivariant case, apply [LMMS, Construction
I11.4.5] to the following situation: let N C SV be a G-neighborhood of K such
that K C N is an equivariant homotopy equivalence, then let X = SY — N and
A = (). Via the equivalences C(V,V — X) ~ SV /K and O(X,0) ~ (SV - K),
the map this construction yields corresponds to f. m|

Example 7.3 This construction gives us ¥; — duality maps

pw(n, k) : F(R™, k)4 A (8™, Ap(S™)) — (S, 8" — 0).

Now consider the following situation. Suppose given
g:RYANS" — 8"
satisfying the condition
O(xz,y) =0only if z = y. (7.2)
Then 6/ : R’}f A 8™ — S restricts to define a Y, —equivariant map

0(k) : F(R™, k)4 A (S™, Ap(S™)) — (8™, 5"% — 0).

Example 7.4 If u(n): R} A S™ — S™ is defined by
x—y ifz,yeR”
p(n)(z,y) = { .
o0 otherwise,
the resulting map
p(n, k) : F(R™ k)4 A (8™, Ap(S™)) — (S™* 8™ — 0)

is precisely the duality map of Example 7.3.

A little variation on this last construction goes as follows. Suppose given
0:C(n, 1)y NS™ — S"
satisfying the condition
0(c,y) = 0 only if ¢(0) = y. (7.3)
(Recall that ¢(0) is the center of the little cube ¢.) Then
0™ - C(n, 1)k A S™F — gnF
restricts to define a ¥;—equivariant map

0(k) : C(n, k)4 A (S™F, Ap(S™)) — (S"F S™F —0).
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Example 7.5 Choose a homeomorphism h :I"—=s R™. Then define
d(n) : C(n,1)yx ANS™ — S"

to be the composite

C(n7 1)+ A S™ _>In+ AS™ M R:L_ A ST _M(n) Sn’

where the first map sends a little cube to its center, and u(n) is as in Exam-
ple 7.4. The resulting family of maps,

d(n, k) : C(n, k)4 A (8™, Arp(S™)) — (S™*, 8" — 0),
will be duality maps, as the maps u(n, k) were.
Example 7.6 Let §(n): C(n,1); AS™ — S™ be defined by d(n)(c,y) = c*(y).
Then (7.3) holds, and the resulting maps
S(n,k) : C(n, k)4 A (S™, Ap(S™)) — (S, 00) — (S, S™F — 0)
are the maps of §7.1.

Let id € C(n,1) denote the identity cube.

Lemma 7.7 Suppose 6 :C(n,1)y A S™ — S™ satisfies (7.3) and also
0(id,y) =y for all y in S™. (7.4)
Then 0(k) is equivariantly homotopic to the map d(n, k) of Example 7.5.

Momentarily assuming this, Theorem 7.1 follows: since the map d(n) of the
Example 7.6 satisfies the hypotheses of the lemma, we conclude that d(n, k) is
homotopic to the known duality map d(n, k).

Proof of Lemma 7.7 A map 6 satisfying (7.3) can be regarded as a map of
pairs

(C(n, 1)+ A S™,C(n, )4 AS™ = {(c,y) | ¢(0) = y}) L (57, 5" — 0).

Now we observe that the inclusion S™ — C(n,1); A S™ sending y to (id,y)
induces a homotopy equivalence of pairs

~

i1 (5", = 0) = (Cln, 1)y AS™,Cn, 1)1 AS™ — {(.y) | (0) = y}):

Thus maps 6 satisfying (7.3) are classified up to homotopy by the homotopy
class of foi: (S™, S™ —0) — (5™, S™ —0). But condition (7.4) precisely says
that foi is the identity map, as is d(n)oi. Thus 6 is homotopic to d(n) through
maps satisfying (7.3), and so #(k) is homotopic to d(n, k) for all k. O
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8 The operad action theorem

In this section we use some of the ideas from the previous section to state and
prove a more precise version of Theorem 1.10.

Firstly, the structure map
O(r): C(n,r) xxn, (A"X)" — Q"X,
is easy to define. Since (Q"X)" = MapT(\/ S™ X), 6(r) is the map induced

by
a(n,r) : C(n,r);+ — Mapr(S", \/S”)

Next we observe that contravariant functor from spaces to towers of spectra
sending K to P¥(X) is continuous, and that e’ (X) is a natural transformation
of continuous functors. Thus one gets maps

Mapr (K, L) — Mapgs(P*(X), P* (X)),
natural in all variables, and compatible with
MapT(K7 L) - MapT(MapT(La X)7 MapT(Ku X))
Adjointing the Y,—equivariant composite
)y 2 Mapr (57, \/ §7) — Mapg(PV+5" (X), P (X))
T
yields a natural maps of towers
0(r): C(n,r)4 As, PV-5"(X) — P5"(X).
This is the map of Theorem 1.10, and property (1) listed there clearly holds.

It remains to identify the map on k** fibers in terms of the little n—cubes operad
structure.

One approach to the operad structure is as follows. Let C(n,r, k) be the space
of all embeddings

° T

C:HI”HHIOH
2 J

=1 =1

=

such that each nontrivial component is a little n—cube. This is a X,. X ¥ —space.
Then the operad structure is given by the Yj—equivariant maps

orr : C(n,r) Xy, C(n,r, k) — C(n, k)
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sending (¢, d) to the composition c o d.

To see that this agrees with the definition given in [M], note that C(n,r, k)
decomposes as the product, over all maps A : k — r, of the spaces

C(n7 kl) X X C(n7 kT’)v

where k; = |[A71(j)|, and the corresponding component of o, is the usual
structure map.

The k' fiber of PV+5"(X) is naturally equivalent to
MapS((\/ Sn)(k) ’ X/\k)hzka
s

and, by construction, the map 6(r, k) induced by 6(r) on k" fibers is induced
in the apparent way by a(n,r).

Generalizing definitions in §7, let

8(n,r,1) : C(n,r, 1) 4 A(\/ S™) — 8"

be the map sending (c,t) to ¢*(t), where ¢* : \/, 8™ — S™ is the Thom-
Pontryagin collapse map associated to c. As before, §(n,r,1)"* induces maps

3(n,r k) : Cln,r k)4 A (\/ SM®) — S,

Using Theorem 7.1, one can deduce that the stable adjoint of d(n,r, k),
d(n,r,k) : B°C(n, 1, k)1 — Maps((\/ S"®, ™)

is an equivalence. There results a natural weak equivalence of X,.—spectra:

C(n,r k)4 A, (57" X)M =~ Maps((\/ 5")®), X ")ux,,.
T
We note that it is easy to see that this equivalence is compatible with the
decomposition of Maps((V/, Smy (k) X"F),s, arising in our product theorems.

Property (2) of Theorem 1.10 can now be more precisely stated.
Proposition 8.1 There is a commutative diagram of weak natural transfor-

mations:
o, kA1

C(n,7)+ A, C(n,r, k)4 As, (B7X)NF C(n, k)4 A, (Z7nX)NE

] i

0(r,k)(X
Cn ) As, Maps((V, ST)®), X7)e — 2O b (570, XY,
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Proof It suffices to show that there is a commutative diagram of Y;—spaces

Or k

C(na T) X%, C(na r, k)

C(n,k)
llxg(n,r,k) ‘LS(HJC)
C(n,r) xz, Mapz((V, S™)®), §F) ————= Map7 (S"*), S

where « is induced by a(n,r). That this diagram commutes is easily checked:
given ¢ € C(n,r) and d = (dy,...,dx) € C(n,r k), we have that

(o (1x6(n,mk)))(e,d) = (dfoc®)A...A(dfoc*),

while

(0(n, k) o (opk))(e,d) = (codi)* A... A(cody)".
These agree because the Thom—Pontryagin collapse is a contravariant functor:

(cod)" =d*oc". O

A A proof of Arone’s theorem when K is a sphere

In this appendix, we give a proof of Theorem 3.6 in the case when K is a
sphere. The first reductions follow along the lines of Arone’s proof in [Ar], but
we use Theorem 7.1 to simplify the proof of the last key step: proving that a
certain ‘cross effect’ map is an equivalence. It seems likely that some variant of
our proof can be used to prove the theorem in general. As does Arone, we use
ideas from Goodwillie calculus at a couple of points.

The theorem we are trying to prove says that

e (X) : B Mapz (5™, X); — P (X)

o0

is a weak homotopy equivalence if the connectivity of X is greater than n.

To explain why this is equivalent to Theorem 3.6, and to effect our first reduc-
tion, let F(X) and G(X) respectively denote the domain and range of e3. (X).
[G2, Example 4.5] says that F(X) is n—analytic: this means that F' behaves
well (in a precise sense defined in [G2]) on n-connected spaces. Consideration
of the fibers of the Arone tower, identified in Proposition 3.9, shows that the
projection maps

4t G(X) = P (X) = P (X)

are (1+conn X —n)(1+ k) —1 connected, and then that G(X) is n-analytic.
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Goodwillie’s argument proving [G2, Prop.5.1] then shows that e3 (X) will be
a weak equivalence for all n—connected X if it is an equivalence for all X of
the form X"Y, with Y connected.

At this point, we use the classical model C,,(Y") for Map7(S™, X"Y) built from
the spaces C(n, k).

For a space Y with basepoint *, let
Cu(Y) = ([T Cn. k) x5, YH)/(~),
k=1

where (c1,...,Ck, Y1y s Yk—1,%) ~ (C1,...,Ck—1,Y1,...,Yk—1) generates the
equivalence relation. Cy,(Y") is filtered, with

k

FCu(Y) = ([T C(n,5) x5, YI)/(~),

j=1
and there are cofibration sequences
Fp 1C,(Y) — FCo(Y) — C(n, k)4 Ax, Y'*.
A natural map o, (Y) : Cp(Y) — Map7(S™, £"Y) is defined to be the map

induced by the composites

Cln k) x Y& 2 Nap (57, \/ S7) x Mapz(\/ S7, 5"Y) 2 Mapz (S™, £7Y).
k k

Explicitly, if we regard ¢ € C(n,k) as an embedding c : [[, I"—I", and
y € Y* as a based map y : V. S% — Y, then

an(Y)([c,y]) = (X"y) o ™.

The classical theorem, [M, Thm.2.7], then states that «,(Y) is a weak homo-
topy equivalence if Y is connected.

It follows that, to show eJ (X"Y) is an equivalence, it suffices to show that
O(n,k,Y) : S°F,C(Y), — P (S"Y)
is an equivalence, where 0(n, k,Y’) is the composite

S0 Cn(Y )4 o 50 (V)5 222 590 Mapr (87, 57Y)

S™ (yn
e () P (5mY).
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This we proceed to show by induction on k, using ideas from [G3]. f G: 7 — S
is a functor, we let ppG : 7 — S be its universal k—excisive quotient, and
kG : TF — S its k" cross effect.

It is quite easy to see that pi preserves fibration sequences of functors, and,
since our functors take values in spectra, also cofibration sequences. Also, the
functor C(n, k)+ Ax, Y/ ¥ is an example of a homogeneous functor of degree k,
i.e. a functor G with G ~ p;.G and pp_1G ~ .

Such considerations show that both X°°F,.C,, and P,fn are k—excisive, and both
i: Fr_1C, — F.C, and p : P,fn — P,f_nl induce equivalences after applying
Pr—_1. Then the inductive hypothesis, combined with the commutativity of the
diagram

O(n n
Y FLCh(Y)+ (nkY) P (SMY)
Ti |
0(n,k—1,Y) n
YOFe-1Cn(Y)+ P (2MY)

shows that py_16(n,k,Y") is an equivalence for all Y .

[G3, Proposition 3.4] implies that a natural map 6 between k—excisive functors
will be an equivalence if both pp_160 and xi0 are equivalences. Thus, our
inductive proof that (n, k,Y") is an equivalence will be complete if we establish
that

Xe0(n, k) (Y1, ..., Y3) : \a 2 FCn (Y1, ..., Y3) — xu PP (Z"Y4, ..., 2"Y})
is an equivalence.

Cross effects are defined as iterated fibers of certain cubical diagrams. But if
a functor G takes values in spectra (where finite coproducts are equivalent to
finite products), xxG(Y1,...,Y)) is naturally equivalent to the iterated cofiber
of the k—dimensional cube with entries G(Z; V---V Z;) with Z; € {*,Y}}, and
the canonical map G(Y1 V-V Yy) — xxG(Y1,...,Ys) is a retraction.

It is immediate from the definitions that, when G = X*°F},C,,, this retraction
is the map

YCFCL (Y1 V- VYR — E°C(n, k) AN(Y1 AL YE)
induced by the evident map
C(n,yk)y xs, (Y1 V- VY = C(nyk)y AV A...AYY).
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Now note that the functor p : S — S™k which sends a functor X to the
Yp-spectrum Xj/Xj_1(k), induces a natural map

p: Mapg (K", X") — Mapg*(K*), x(1)
such that
MapZn (K®)| Xy ;Mapgk(KmXA) L Map 8™k (K®) | x (*))

is induced by 7 : X" — X®) Tt follows that, when G = PJ" o ¥", the
retraction is equivalent to the composite

Mapgk (SA, DR TRVEY, E”Yk)A) LN Map?“ (S”(k), E"Y1V--- Vv EnYk)(k))
— Maps(S™®) $"Y] A L. E"Y,).

If Y is a space, let 6(n, k,Y) : C(n, k) NY — Maps(S™*), S"¢ AY) be the map
adjoint to d(n, k) A ly. By Theorem 7.1, d(n, k,Y") will be a weak equivalence.

Lemma A.1 The diagram

0(n,k)(Y1V---VYy)
£2C(n, k)4 X5, (Y1 V---VY;)F > MapZ (S, (2"Y1 V -+ V 2" Y)Y

l 5(n,k, Y1 A...AYY) l

¥2C(n,k)+ A (Y1 A...AYE) Maps(S™™ SV AL .. AE"YR)

commutes.

Assuming this, our proof of Theorem 3.6 is done, as we can identify the map
xx0(n,k)(Y1,...,Yy) with the weak equivalence 0(n,k, Y1 A ... AYy).

The functor 7 — 7 sending Y to Y®) is continuous. Thus it induces natural
maps &F) . Mapr(K,Y) — MapT(K(k),Y(k)). Recalling the definition of the
maps el (X), one sees that the commutativity of the diagram in the lemma

will follow from the commutativity of the following diagram of spaces, when
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Y=YV VY

a(n,k)xn

C(n, k), x Yk Map7(S™,\/, S™) x Mapr(\, S™, X"Y)

Map7(S™, X"Y)
g(k)

Map7(S™#) (xny)()

o(n,k, YiA...AY})

Cn,k)y AN(YIA...AY) Map7(S™F) 27V) A ... E2"Y).

The commutativity of this diagram is verified easily. That the two maps agree
on an element (c1,...,¢k,y1,...,Yx), with ¢; € C(n,1) and y; € Y; (viewed as
amap y; : S — Y;), amounts to the observation that the diagram

- e (V) 7 (S (yaVe-vy)NF (ZY] V-V BN
i l
e ZrgiA AS g YY1 A LA EY
commutes.

Remark A.2 The argument here shows that the natural transformations
e (E"Y) : B (Q"E"Y), — PO (YY)

and
pi (B"Y): BY(E"Y) — P (SY)

admit compatible natural weak right inverses
s PP (EMY) — 2°(QUEY) 4

and
ty: P2 (E"Y) — PYT(BMY).

This is a form of the Snaith splitting theorem, and the splitting obtained this
way is equivalent to other classical constructions [K2, Appendix B.
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