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Cosmetic surgeries on genus one knots

JIAJUN WANG

In this paper, we prove that there are no truly cosmetic surgeries on genus one classical
knots. If the two surgery slopes have the same sign, we give the only possibilities of
reflectively cosmetic surgeries. The result is an application of Heegaard Floer theory
and number theory.

57M27, 57R58; 53D40

1 Introduction

Let Y be a closed oriented three-manifold and K be a framed knot in Y . For a rational
number 7, let Y, (K) be the resulting manifold obtained by Dehn surgery along K
with slope r with respect to the given framing. For a knot K in S*, we will always
use the Seifert framing. Two surgeries along K with distinct slopes r and s are
called cosmetic if Y, (K) and Y(K) are homeomorphic. The two surgeries are truly
cosmetic if the homeomorphism is orientation preserving and reflectively cosmetic if
the homeomorphism is orientation reversing. Cosmetic surgeries Y;(K) and Y (K)
are mundane if there is a homeomorphism of the knot exterior taking r to s and exotic
otherwise.

Surprisingly, (reflectively) cosmetic surgeries are not rare at all. For an amphichiral
knot K in S, we always have S?(K) = —S>, (K). Interesting examples are given by
Mathieu [18]. He constructed a series of cosmetic surgeries on the trefoil 7', namely,
for any nonnegative integer k, we have

3 ~ 3
S(1sk+9)/Gk+1)T) = =S(1sk+9),k+2)(T)-

The resulting manifold Mj is the Seifert fibred space which has Seifert invariant
S(0;k-3/2;(2,1),(3,1),(3,2)) in the notation of Jankins and Neumann [14]. By
results in Seifert fibred spaces, M}y admits no orientation-reversing homeomorphisms.
So they are not truly cosmetic. As pointed out in [3], the existence of Seifert fibred
cosmetic surgeries highly depends on the existence of an exceptional fibre of index 2,
which could be recovered by Rolfsen twist after orientation reversal.

An even more striking example is given by Bleiler, Hodgson and Weeks [3]. They give
an oriented 1—cusped hyperbolic 3—manifold X with a pair of slopes r; and r, such
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that the two surgered manifolds X(r;) and X (r,) are oppositely oriented copies of the
lens space (49, 18) (and there is no homeomorphism % of X such that i(ry) = ry).
However, it is still unknown whether there are hyperbolic manifolds that could be
obtained via exotic (truly or reflectively) cosmetic surgeries. A result in [3] indicates
that such examples would be unexpected.

There are truly cosmetic surgery on the unknot: S 13; 1q(U) = S; /p+q(U) (mundane)
and S131/q1 U) = S;/QZ(U) (exotic) where g1¢; =1 (mod p). However, so far, there
are no known truly cosmetic surgeries on a nontrivial knot. In fact, recall the following

conjecture, Problem 1.81(A) in Kirby’s problem list:

Conjecture 1.1 (Cosmetic Surgery Conjecture [1]) There are no truly cosmetic
surgeries on a knot K in a closed three-manifold Y provided that the knot complement
is not homeomorphic to the solid torus. In particular, for any classical nontrivial knot
K in S3, S}(K) = S}(K) ifand only if r = 5.

One approach to this conjecture is to get restrictions on manifolds that could arise as
the resulting manifold of cosmetic surgeries. For example, the three-sphere (Gordon
and Luecke [12]) and the manifold S2 x S! (Gabai [10]) could not be obtained via
cosmetic surgeries (truly or reflectively). In [29], Rong classified all Seifert fibered
spaces that could be obtained by cosmetic surgeries on a knot whose complement is
Seifert fibered and boundary incompressible. One remarkable consequence of Rong’s
classification is that if a knot K with Seifert fibered complement admits a pair of
cosmetic surgeries yielding a Seifert fibered space, then it admits infinitely many such
cosmetic surgeries. All these cosmetic surgeries are reflectively cosmetic.

Another approach is to get restrictions on knots in manifolds that admit cosmetic
surgeries. In [17], Lackenby showed that for two surgered manifolds Y,/,(K;) and
Yy (K2), if Y and Y’ are distinct, or Ky and K, are distinct, or p/q # p'/q’,
then we have Y,/,(K;) % YI/)/ /q'(K2) provided that |¢’| is sufficiently large. This
implies that truly cosmetic surgeries are really rare.

Heegaard Floer theory was introduced by Ozsvath and Szabé in [27] and other sequels;
see [26] for an overview. Heegaard Floer theory assigns invariants to closed three-
manifolds (called Heegaard Floer homologies) and four-manifolds. And there are also
numerous other invariants, such as knot Floer homologies and Ozsvath—Szabé contact
invariants. Heegaard Floer theory (especially the rational surgery formula [23]) gives
strong restrictions on (classical) knots that admit cosmetic surgeries. Roughly speaking,
an L-space is a closed 3—manifold having the same Heegaard Floer homology as some
lens space. In particular, we have the following theorem.

Algebraic € Geometric Topology, Volume 6 (2006)



Cosmetic surgeries on genus one knots 1493

Theorem 1.2 (Ozsvith-Szabé [23]) Let K C S3 be a knot. If r,s are distinct
rational numbers and S7 (K) = :I:SS3 (K), then either S} (K) is an L—space or r and
s have opposite signs. If K is of Seifert genus one, and S} (K) = S3(K) with r # s,
then S3(K) is an L—space and K has the same knot Floer homology (and hence the
same Alexander polynomial) as the trefoil knot T .

In this paper, based on the above theorem, we prove Conjecture 1.1 for genus one
classical knots. Specifically, our main result is the following theorem.

Theorem 1.3 For two Dehn surgeries with slopes p/q and p/q’ on a Seifert genus
one knot K in S3, let S;/q (K) and Sg/q/ be the resulting manifolds. Then

(1) S;,,(K)=S;,/(K) ifandonly if g = ¢’

Q) If S;/q(K) ~ —S;,/q/(K) and the slopes p/q and p/q’ have the same sign,
then either K has the same knot Floer homology as the right-handed trefoil
knot and p = 18k+9, {q,q'} = {3k+1,3k~+2} for some nonnegative integer
k, or K has the same knot Floer homology as the left-handed trefoil knot and

p =18k+9,{q.q'} = {—Bk+1),—(3k+2)} for some nonnegative integer k .

Our theorem guarantees that Mathieu’s examples are the only cosmetic surgeries on the
right-handed trefoil. In fact in their survey paper [26], Ozsvath and Szab6 implicitly
conjectured that knot Floer homologies detect fibered of knots in S3, namely, a knot K
in S is fibred if and only its knot Floer homology in the topmost nontrivial filtration is
isomorphic in Z. Several classes of knots have been verified for this conjecture: pretzel
knots in Ozsvath and Szabd [28], some cable knots in Hedden [13], Whitehead double
knots in Eftekhary [6], closed 3—braids in Ni [20], etc. See Ni [22] for theoretical
evidence. So by Theorem 1.2, we expect that the reflectively cosmetic surgeries on the
trefoil knot are the only cosmetic surgeries on genus one knots if the slopes have the
same sign. (Of course on amphichiral knots, such as the figure eight knot, there are
many reflectively cosmetic surgeries with slopes in opposite signs by letting r = —s.)

The ingredients in our proof of Theorem 1.3 are Heegaard Floer theory, Reidemeister
torsion, the Casson—Walker invariant and number theory on cyclotomic numbers. Truly
cosmetic surgeries of slopes with opposite signs on genus one knots are ruled out by
Theorem 1.2. For cosmetic surgeries (truly or reflectively) with slopes of the same sign,
Theorem 1.2 says that such genus one knots must have the same knot Floer homology
as the trefoil knot. Then we use Reidemeister torsion together with number theory
to get restrictions on the slopes that might appear as cosmetic surgeries. Finally, we
use Heegaard Floer theory and the Casson—Walker invariant to rule out the remaining
possibilities.
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The paper is organized as follows. In Section 2, we recall some preliminaries on
Heegaard Floer homology. In Section 3, we establish a number theoretic result regarding
cyclotomic numbers which is useful in Section 4. In Section 4, we use number theory
and Heegaard Floer homology to prove Theorem 1.3.

Remark After the submission of this paper, P Ghiggini [11] proved the fibred knot
conjecture for genus one knots and Y Ni [21] proved the general case. Hence our
theorem could be obtained using their results without number theory.

Acknowledgements The paper was completed while the author was an exchange
student at Columbia University. The author is grateful to Robion Kirby and Peter
Ozsvéth for their support and many helpful discussions. We thank Elisenda Grigsby,
Ming-Lun Hsieh, Walter Neumann, Bjorn Poonen, Eric Urban and Shaffiq Welji for
interesting discussions. Also, we would like to thank the referee for suggestions and
comments on the first draft.

2 Preliminaries in Heegaard Floer theory

We review some of the materials and notation in Heegaard Floer theory which will be
used in this article.

2.1 Correction terms and Spin® structures

For a rational homology three-sphere Y with Spin® structure s, the minimal absolute
Q grading of torsion-free elements in the image of HF*®(Y,s) in HF*(Y,s) is an
invariant of (Y, s), called the correction term of (Y, s) and denoted by d(Y,s). See
Ozsvath and Szabé [24] for details. One basic property of the correction terms is

(D d(Y,s)=d(Y,s), d,s)=—-d(-Y,s).

The correct term contains information of the intersection forms of four-manifolds which
bound Y. Specifically, if X is an oriented four-manifold whose intersection form is
negative-definite, and t is any Spin® structure on X whose restriction to ¥ = 0X is s,
then we have the inequality

()2 +1k H* (X 2)

2) ) <d(Y,s).

In [25], Ozsvéth and Szab6 showed that if X is a plumbed four-manifold with a
negative-definite graph G having at most two “bad vertices,” then the correction term
is a sharp bound in the above inequality. (A vertex v is bad if the number of edges
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containing v is bigger than minus the Euler number of the corresponding disk bundle.)
Specifically, for each Spin® structure s of Y, the correction term d (Y, s) satisfies
K*+|G
d(Y,s) = max ﬁ,
K eChar(X,s) 4

where |G| is the number of vertices of G, and Char(X,s) is the set of first Chern
classes of those Spin® structures of X whose restriction to Y is s. This gives a
practical way to compute the correction terms for a three-manifold ¥ which could be
realized as the boundary of such a plumbed four-manifold.

In particular, a linear plumbing with all self-intersections at most —2 has no bad
vertices. In what follows, we just consider such linearly plumbed four-manifolds.
A linearly plumbed four-manifold could be denoted by (ag,ay, - ,an) (a; < —2),
where [S;]-[Si] = a; and [S;]-[Si+1] =1 (we denote by [S;] the homology class of
the 7 —th exceptional sphere). Let ¢; denotes the Poincaré dual of S;. Note that if
(ag,ay,--- ,ap) gives the continued fraction expansion of p/q, ie,

p
= =lag,ay, - ,ay] =a; —

an

then the boundary of the corresponding linearly plumbed four-manifold is the lens
space —L(p,q) = S;/q(U).

Let X be linearly plumbed four-manifold (ag,a1,--- ,a,) with @¢; < —2 and Y be
the boundary three-manifold of X . Y is a rational homology sphere. The set of first
Chern classes of Spin® structures on X is exactly the set of characteristic classes of X .
Let 5 be a Spin® structure on Y and t be a Spin® structure on X whose restriction on
Y is s, then

Char(X,s) = {c1(t) + Copg + - - - + Crpn } C;’s are even integers}.

If the first homology group of Y is cyclic of an odd order, there is a unique spin Spin©
structure on Y, ie, the one whose first Chern class is zero. We denote this spin Spin®
structure by so. The set Char(X, s¢) contains those characteristic classes which could
be written as a linear combination of the ¢;’s.

2.2 Rational surgery formulas

Fix a nullhomologous knot K in a closed three-manifold Y. Knot Floer homology
associates to K a Z @ Z-filtered chain complex C = CFK*°(Y, K) which is a Z[U]-
module generated over Z by a set X . The filtration function F: X — Z @ Z satisfies
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that, if F(x) = (i, j), then F(U-x)=({—1, j—1) and F(y) < F(x) for all y having
nonzero coefficient in dx.

For a subset S of Z&7Z with the property (i, j) €S implies (i +1, j), (i, j+1) € S, let
C{S'} be the quotient complex of C by the subcomplex generated by x with F(x) € S.
For an integer s, let A (K) = Cx{max(i, j —s) >0} and BT (K) = C{i > 0}. There
is a canonical chain homotopy equivalence (up to sign) between Bt and C{;j > 0},
denoted by T'. Also, there are two chain maps vt #f: A} — BT. The map v i
the projection of A7 onto B, and /" is the composition map:

S 5. T
A;‘ projection C{] > S} U C{J > 0} B+

We will simply write as v and 4™ when there is no confusion.
Now fix a surgery slope p/q and we suppose ¢ > 0. Consider the two chain complexes
+_ +
=D 4f,). B =D BN,
tez tez
where |x | is the greatest integer not bigger than x. An element of A could be written

as {(t,a;)}tez with a; € ALI/ |- Define a chain map D} o AT — BT by

p/q{(t an)y ={.b)}, br=vV(a) +ht(a—p).

Let X}/, (K) be the mapping cone of D}/, . Note that since both 4 and B are
relatively Z-graded, and the two chain maps 42T and v™ respect this relative grading,
the chain complex X+ »/q can be relatively Z-graded with the convention that the
differential D7 /g lowers the grading by one.

4 Naturally splits into the direction sum of p subcomplexes

@X i,p/q’

where X;,Lp /q 18 the subcomplex of Xp /4 containing all AF and B with t =i
(mod p).

Xp/

Ozsvith and Szabé showed that the Heegaard Floer homology of a p/q surgered
manifold is determined by the mapping cone X} 2/q

Theorem 2.1 (Ozsvéth and Szab6 [23]) Let K € Y be a nullhomologous knot and
p.q be two coprime integers. Then there are relatively graded isomorphisms

HF*(Ypq(K)) = Ho (). HF*(Ypya(K).50) = Ho(X], ).
where s; is the Spin® structure corresponding to i € 7/ pZ .
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In fact, the absolute grading on HF +(Yp /q(K)) is also determined. The absolute
grading on X';/q is specified by fixing an absolute grading on B [t Jal for any ¢. The
absolute grading on B f; /q) 1s determined by a grading on its homology H*(BL“; /q)) =
T+, where 7% is the Z[U]-module Z[U,U~!]/(U - Z[U]). The absolute grading
on Hy(B[f/,)) =TT = H«(X;",),) is determined so that its bottom-most nontrivial
element is supported in dimension d(S;’,/q(U), i)=d(—L(p,q),i). These correction

terms d(—L(p,q),i) are computed by the recursive formula [24, Proposition 4.8]

1 Qi+1-—p—¢q)?
4 4pq

(3) d(—L(p,q),i) = ( ) —d(—L(q,r), )),

where r = p, j =i (mod ¢) and 0 <r, j <gq. See [23] for details.

2.3 L -space surgeries on knots

A rational homology three-sphere Y is called an L-space if HF'(Y) has no torsion
and the map HF®(Y) — HFT(Y) is surjective, or equivalently, if HF (Y,s)=Z
for each Spin® structure s on Y. The Heegaard Floer homology of an L—space is
determined by its correction terms. The following proposition is implied in [23] (see
[16] for results in the Seiberg—Witten gauge theory).

Proposition 2.2 Suppose K is a nontrivial knot in S3 and S} (K) is an L—space
with r > 0. Then SS3 (K) is an L —space for any rational number s > r .

In particular, this implies that there will be no L—space surgeries on a nontrivial
amphichiral knot in S3. This proposition is an ingredient to get Theorem 1.2.

3 An equation in cyclotomic numbers

We will need the following result regarding cyclotomic numbers in Section 4. Note
that the meaning of letters in this section are different from other sections because of
different conventions in number theory and topology.

Theorem 3.1 Let m be an integer at least 3 and let r and r’ be integers such that
(r,m) = (r',m) = 1. Then there exists an integer k such that (k,m) =1 and

E—1+¢7 =‘ (E —14+675)
E-DE DI TEk-DE*-1)
for any m—th root of unity & # 1 if and only if one of the following holds.

“)
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(1) r==r" (mod m).
(2) m=12 and {£r, +r'} = {£1,+£5} (mod 12).

(3) m = 18¢ 4+ 9 and {£r, £r'} = {£(6e + 1), £(6e + 5)} (mod m) for some
nonnegative integer e.

Let & =&y = e2™/M For x =1,2,--- ,m—1, write Ax = In|¢* —1|. Then when
£° £ 1, we can translate equation (4) into the following multiplicative relation of
cyclotomic units:

(€ -1 | (E%* -1
E-DE-DE -DITEF-DEF-DEF-1)

In particular, when & = ¢, in Ennola’s notation, by taking the logarithm this becomes

(&)

(6) R:=A¢—Ay— A3 — Ay — (Agk — Aok — A3 — Aprg) = 0.

The “if” part of the proof is easy and left to the reader. The machinery in the proof
of the other direction are from Franz [9] and Dvornicich [5]. Also, when m < 8,
we may compute the torsion directly to prove the theorem. So in what follows, we
assume m > 8. Since for m = 2 (mod 4) there are no primitive characters, we will
deal separately with the case m % 2 (mod 4) in Section 3.2 and with the case m = 2
(mod 4) in Section 3.3.

3.1 Preliminaries in number theory

We refer to Washington [34] or Apostol [2] (which is more fundamental) for basic
notation.

In 1935, Franz used the following lemma to classify lens spaces (in any dimension).
Theorem 3.2 (Franz Independence Lemma [9]) Fix a natural number m and let

S={jeZ/mZ| (j,m)=1}. Suppose that {ay; | k € S} is a set of integers satisfying
the following.

(@) Y pesak =0.
(b) aj=a—j forall j €S.
(c) ]_[jes(éj —1)% =1 for every m—th root of unity £ # 1.

Then aj =0 forall j € S.
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This lemma says that there are no multiplicative relations for the set {E,jn | j €S}
where &, = ¢2™/™ For a proof for topologists, we refer to the lecture notes of de
Rham [4, Chapter 1].

For an integer m > 2. Let £ = &, = 2™/™ and A, = In|Z* — 1| for x € Z/mZ \ {0}.
Let R = Z?;ll Cx Ax be a linear combination of A, with integer coefficients. A
mod 7 character is a multiplicative homomorphism y: (Z/nZ)* — C* and we let
x(@) =0 if (i,n) > 1. If n|m, then a mod n character induces a mod m character
by composing the homomorphism (Z/nZ)* — (Z/mZ)*. The conductor of a mod
m character x is the smallest # such that x is induced by a mod » character. For a
character ¥ (mod m) with conductor f > 1 and integer d > 1 such that f | d and
d | m, we denote

d—1
T(td, R = Y x()Cinja)x
(x),cd=)1=1
1
and Y(.R) = > (N—d)l"[a—z(p)mx,d,m.
d pld
fld,d|m

For p | m, define y, by p” |m and p¥*! } m and denote

pP—1
Yp(R)= Y (X, p"")Cimypro)x-

x=1

Ennola gave the following characterization of relations in cyclotomic numbers:
Theorem 3.3 (Ennola [7]) With all notation as above, R = 0 if and only if the
following two conditions hold:
@) Y(x, R) =0 forevery even character y # ¥

Y,(R) =0 forevery prime number p dividing m
where x is the principle character defined by x1(x)=1 for (x,m)=1 (and x;(x)=0
if (x,m)>1).

In our application of this theorem, the second relations that Y,(R) = 0 for every
prime number p dividing m are automatically satisfied. We shall prove our results as
consequence of the relations (7).

Dvornicich gave the following propositions about characters (in order to solve his
equation in cyclotomic numbers):
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Proposition 3.4 (Dvornicich [5, Corollary 1]) Let m > 2. If k satisfies x(k) =1
for all even primitive characters of a maximal conductor C, where C =m/2 ifm =2
(mod 4) and C = m otherwise, then

(@) k==+1,4i (mod m) if m =2%-3,a>3, wherei =1—2%"1 ifa is even and
i =1+2%"1 when a is odd.
(b) k==£1 (mod m/2) if m=2 (mod 4).
(¢) k=41 (mod m) otherwise.
Proposition 3.5 (Dvornicich [5, Lemma 3]) If m > 3 is odd. Let G be the group
of all even Dirichlet characters mod m. Then the set of Dirichlet even characters of

maximal conductor is not contained in the union of two maximal subgroups of G,
unless m = 3mymy with my,my > 1 and (3,my) = (3,my) = (my,my) =1.

The following lemma is told to me by Bjorn Poonen in private communication. This
lemma says that if four roots of unity add up to zero, then they must cancel in pairs.

Lemma 3.6 Suppose &;,1 <i <4, are all roots of unity and £ + &, = &3 + &4. Then
E1+6=0,8 =& or§ =64.

Proof Suppose that &; + &, # 0. Considering the angle and norm of &; + &, and
&3 + &4 will give the lemma. a

3.2 Proof of theorem when m # 2 (mod 4)

Pick an integer k&’ such that ' = rk’ (mod m).
Casel (m,6)=1.

In this case, we have £° # 1 for all m—th roots of unity £ # 1. Hence equation (5)
holds for all m—th roots of unity £ # 1 and is nonzero. So the Franz Independence
Lemma applies and we get

{£6, £2k, 3k, £r'k} = {£6k,£2, £3, £r} (mod m).
By congruence arguments, we can show that r = £’ (mod m).
Case2 (m,12)=4.

Let b be the mod m solution of the congruence equation r = 3bk (mod m). Consider
all relations (7) relative to characters of maximal conductor. They have the form

x(3) + x(r)— x(3k) — x(rk'k) = 0.

(All other terms are zero since they are even and not coprime to m.) By Lemma 3.6
we have the following three possibilities.
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(1) x(3)+ x(r) = x(Bk) + x(rk’k) = 0. Since x(k) # 0, it follows that x(r) =
x(rk’) and hence y(k') =1.

(2) x(3)— x(Bk) = x(r)— x(rk’k) = 0. We get x(k) =1 and hence x(k’) =1.
3) x(B)— x(rk’k) = x(r) — x(3k) = 0. So x(3bk) — x(3k) =0 and x(b) =1.
In all cases, we get
(x(K") = 1D)(x(b) = 1) =0.
Suppose k" #% +1,b # £1 (mod m). Let Gy, G, be the subgroup of G defined by
x(k")y =1 and x(b) = 1. By Proposition 3.4, Gy, G, are proper subgroups of G.
Now by Proposition 3.5, we have the equalities m = 3mm, with m{,m, > 1 and

(3,my) = (3,my) = (my,my) = 1, which is impossible since (m,3) = 1. Therefore
either k' = +1 (mod m) or b = +1 (mod m).

If X/ = +1 (mod m), we then have r = £r’ (mod m).
If b= =£1 (mod m), then r = £3k (mod m) and our equation (6) is reduced to
(®) A¢— Az — A3z — Agk + Aok + Apg = 0.
Now for any even character of maximal conductor, (7) becomes
—x(3)+ x(r'k) = 0.

Again by Proposition 3.4, we get r’k = £3 (mod m). This reduces our equation
further to
Ag— Ay — Agi + A2, = 0.

Rewrite this equation to get

1241+ =% + 142K and |1 +2cos(dn/m)| = |1 + 2 cos(dkm/m)|.

Note that since m > 8, we have cos(4x/m) > 0; hence cos(4km/m) > 0 and we have
24142 =2k g2k,

By Lemma 3.6, 2k = +2 (mod m). So either k = +1 (mod m) or k =m + 1
(mod m), where my =m/2. If k =41 (mod m), we get r = +3,r' = +3 (mod m).
If k=m;£1 (mod m), then r =+(m+3) and r’ = +(m+3) (mod m). Therefore
r=4r’ (mod m).

Case3 (m,6) =3.

Let b be the mod m solution of the congruence equation » =2bk (mod m). Consider
all relations (7) relative to characters of maximal conductor. They have the form

X(2) + x(r) — x(2k) — x(rk’k) = 0.
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By Lemma 3.6, we have the following three possibilities.
(1) x(2) + x(r) = x(2k) + x(rk'k) = 0. Hence x(k) (x(2) + x(rk’)) = 0 and it
follows that x(r) = x(rk’) and therefore y(k') =1.
(2) x(2)— x2k) = x(r)— x(rk’k) = 0. We get x(k) =1 and hence (k') =1.
3) x(2)— x(rk’'k) = x(r) — x(2k) = 0. So x(2bk) — x(2k) =0 and x(b) = 1.

In all three cases, we get

©) (x() =D (x(d) -1 =0.

Suppose k" #% +1,b # £1 (mod m). Let Gy, G, be the subgroup of G defined by
x(k")y=1 and x(b) = 1. By Proposition 3.4, G, G, are proper subgroups of G . Thus
we have m = 3mymy with mqy,my > 1 and (3,my) = (3,my) = (my,my) =1 by
Proposition 3.5.

So there are three possibilities.
(1) If K’ ==+1 (mod m), we get r = +r’ (mod m).
2) If b= =1 (mod m), ie, r = +2k (mod m), equation (6) is reduced to
Ae— Az — A3 — Aek + A3k + Ak = 0.
Now for any even character of maximal conductor, (7) becomes
—x(2) + x(r'k) = 0.

Again by Proposition 3.4, we get r’k = +2 (mod m). This reduces our equation
further to
A¢— Az — Aex + A3 = 0.

This gives [¢3 + 1| = |¢3k +1|. Hence 3k = +3 (mod m) and we get the congruence
system

(10) 3k=43, r=42k, r'k=42 (mod m).

Using congruence arguments, we can show that either r = £r’ (mod m), or, for some
nonnegative integer e,

m=18¢+9 and {£r,r'} ={£(6e+1),%(6e+5)}.

3) If m =3mymy with my,m, > 1 and (3,m;) = (3,my) = (m,my) =1. In
equation (5), let & = ¢3¢ with mm, } a, and we find that equation (5) holds for all
m1my—th root of unity & # 1 and (mm,,6) = 1. So by case 1, we get r = +r’
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(mod m1my) and k = +1 (mod mm;). This implies 3k = 43, 6k = +6 (mod m).
So equation (5) reduces to
(€% = DE ~ DI =E* - DE™ - D).
Now the Franz Independence Lemma applies and we get
{£2,4r} ={£2k, +r'k} and 3k =43 (mod m).

If 2k = £2 (mod m), then we have k = +1,+5 (mod m). If k = +5 (mod m),
we get 10 = 42,15 = £3 (mod m), which implies m = 12 and which is impossible
since m is odd. So we have k = +1 (mod m) and r = £7’ (mod m).

If 2k = £r (mod m), then we get the same congruence system (10). So r = £r/
(mod m) since m can not be of the form 18¢ + 9.

This ends the proof of the theorem in Case 3.
Cased4 (m,12) =12.

For all characters of maximal conductor, Ennola’s relations (7) have the form
x(r)=x(r'k) =0, e, x(r)—x(rk'k)=0.
So we get y(k’k) = 1. Now by Proposition 3.4, we have one of the following.
(1) k'k = %1 if m is not of the form 2¢-3, a > 3.
(@) k'k=+1,%i (modm)if m=2%-3,a>3.Herei =1-2%"1if 2|a and
i=14+21if24a.
Subcase 4.1 m # 2% -3 for any a > 3.
In this subcase, we will get r = +r'k (mod m). So our equation (6) reduces to
(11) R':= Ag— Ay — A3 — (Agr — Az — A3x) = 0.
Write m = 12m . Consider even characters y of conductor f; =4m;.

Let d be an integer such that fi|d|m. Since m/f1 =3, m/d =1,3. Let d| = 12m,
and d, = 4m. For dy = 12m, we have

m—1

T(x.di.R)= Y  x(x)Cx=0
x=1
(x,m)=1

since (x,m) > 1 for every Cyx # 0. For d,, we get

T(x.dy, R') = —x(1) + x(k) = x(k)—1.
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So (7) for such characters becomes

1
m(X(k) —1)=0.

So x(k) =1 and by Proposition 3.4 we get k = +1 mod f;,or k = £i (mod f})
if f1 =2%-3,a >3 (equivalently m = 2%-.9).
If Kk =4i (mod f1),then m =2%-9, a > 3, and we have
k=4+(1-21 (mod2%) if2]|a
(12 k=+0+2"" (mod2%) if2}a.

For any even character y of conductor f = 2%, we have m/f =9 and d could be
dy =m, d, =m/3 and d3 = m/9. For our equation (11), we have

m—1 dz—1
T(x.di.R)= Y  x(x)Cx=0, T(x.d3.R)= Y x(x)Cox=0,
x=1 x=1
(x,m)=0 (x,29)=0
dr—1

T(x.dp. )= Y x(x)Cax =—x(1) + x(k).
=1
(x,;“~3)=0

So Y(x, R') = 0 gives —x(1) + x(k) = 0. By Proposition 3.4, we get k = +1
(mod 2%). This is a contradiction to (12) since a¢ > 3. So we must have k = +1

(mod f1).

If k=41 (mod f7), then we have 6k = +6,3k = £3 (mod m). And equation (11)
implies A, = A, . So we have the system

2k =42 (mod m),
3k =43 (mod m).

So k = 41,45 (mod m). If k =41 (mod m), then k" = +1 (mod m) and hence
r==r" (mod m). If k = +5 (mod m), then 10 = +2 (mod m) and hence m = 12
since 12|m. By an easy computation, we can conclude {+r, £r'} = {£1, £5}.

This ends the proof of theorem in subcase 4.1.
Subcase4.2 m =2%.3, a>3.

Let us first suppose k'k = &i (mod m). If a is even, then we get k'k = +(1—2%71)
(mod m). If a is odd, then K’k = £(1 +2~1) (mod m).
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Let xo be a generator of the even characters mod 2¢; we have yo(+k’k) = —1 and
the relation Y (o, R) = 0 becomes

29-1 24.3-1
1 -
ot 2 X0WCht o (1=%0B) D) Xo()Cx =0.
x=1 x=1

(x,29)=1 (x,24:3)=1

And for our relation R, we read
2(=1+ xo(k)) + (1 = X0 (3)(—xo(r) + xo(rk'k)) = 0.
Since xo(k'k) = —1, we get
xo(k) =1 = xo(r)(1—x0(3)).

This gives a 4—term relation among roots of unity. By Lemma 3.6, since x¢(3) # 1,
we have the following two possibilities.

(1) xo(k) = xo(r), 1 = xo(r)xo(3). Hence we have xo(k) = xo(r) = xo(3).

(2) xo(k) = —x0(r)X0(3), xo(r) = —1. Let k,k' be integers where k'k’ = 1
and kk =1 (mod m). Using xo (ki k) = —1, we may conclude that these two
equations will be equivalent to yo(k) = xo(k’) = x0(3).

By symmetry, we may just consider one possibility. Suppose xo(k) = xo(r) = x0(3).

Consider the character x; = X(Z). It is a character of conductor 24~ ! = m /6. There
are only four possibilities: dy = m, dy = m/2 =3-2971, d3 = m/3 = 2% and
dy =m/6 =291 Since xo(k’k) =—1 and xo(k) = x(3), we have

T(x1,d1, R) = —x1(r) + x1(rk’k) = x1(r) (X(z)(k/k) - 1) =0,
dr—1
T.do. R)= Y x1(0)Cox =—x1(D)+x1(k) = 53— 1,

x=1
(x,3:2a-1)=1

T(x1.d5. R) = xg(3) =1 and T(x1.da. R) =1-x503).
Therefore, since x1(2) = 0, the relation (7) for the character x; becomes

iz (1= TEONOEE = D+ 2 0BG = D+ 25 (- 36D

_(xg®-0 X33 —1)
T oa-—1 na—1 :

Y(x1.R) =

((1—)70(3))+1—2) —

Algebraic € Geometric Topology, Volume 6 (2006)



1506 Jiajun Wang

For a = 3, we may prove the theorem by direct computation. And when X(z)(3) #1,
this is a contradiction. Hence k'k = £1 (mod m).

When k’k = +1 (mod m), we reduce our equation to
R':=Ag— Ay — A3 — (Agx — Agk — A3x) = 0.
For the character xo, we get
1
a—1

and hence x¢(k) = 1. Therefore k = £1 (mod 29). This implies 3k = 3, 6k = +6
(mod m) and R’ = 0 will reduce to Ay = A,. So we get 2k = +2, +(m/2 + 2)
(mod m). Combining k = 1 (mod 2?), we get k = +1 (mod m). Hence k' = +1
(mod m), which implies r = £7’ (mod m). This ends the proof of the theorem in
subcase 4.2.

Y(XO? R,) =

(=14 xo0(k)) =0,

3.3 Proof of theorem when m = 2 (mod 4)

There is no primitive character with modulus m. Write m = 2m, where m; = 2a+ 1
is odd. For any m—th root of unity &, —& is a m—th root of unity, hence we have

E+ 1471 =‘ S B
E+DE+1) E+nEF+ Dl
When & # 1, this could be transformed into
E-DE -1 | E*-nE* -1 |
E-DEr =Dl gk -—DErrF—nl

In particular, this holds for & = {;,, . So in Ennola’s notation, we have the mod m
relation

(13)

(14)

Ry :=A3+ Ay — Az — Aoy — (A3k + Aprk — Aog — A2pri) = 0.
Note that r, k, 7" are all coprime to 2 and m;.
Casel (m,3)=1.
In this case, equation (14) is

E-DE -1 - E*-DE* -1

0,
E>-DE¥ —Dl 1E*R -DE>rF-1) 7
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and holds for any m;—th root of unity £ # 1. So the Franz Independence Lemma
implies that

{£3, &7, £2k, £2r'k} = {£3k, £r'k, £2, £2r}  (mod m,).

By a congruence argument, we get r = &’ (mod m) or

I’}’l]+3

r=42 k=421 =+ (mod m)

or a symmetric case. In the first case, we get r = +r’ (mod m) since r = +r’
(mod 2). In the second case, we get r = +k and r’k = +3 (mod m). Note that
equation (4) also holds for any m;—th root &, so we have

)$—1+E‘1’_’$2—1+E‘2
g-1 L g1 T
When £ £ —1, this could be simplified as |£2+14+&2| = |£2—1+£72|, or equivalently,

|2Re(£2) + 1| = |2Re(£2) — 1|. We hence get Re(£2) = 0 for any 11 —th root of unity
other than +1, which is a contradiction. So we must have r = +r’ (mod m).

Case2 (m,3)=3.
For any even character xy of maximal conductor, (7) has the form
(15) x(r) = x(2) = x2r) = x(r'k) + x(2k) + x(2r'k) = 0.

In equation (5), let £ = {2, = &, . Then no term in equation (5) will be zero (note that
we suppose m > 8). And we will get equation (6) as a mod m; relation. So for any
even character y of maximal conductor, we get

—x(2) = x(r) + x(2k) + x(r'k) = 0.
Substitute y(r’'k) in (15) by x(2) + x(r) — x(2k) to get
X2)2—=x2)(x(k)—1)=0.

Hence (k) =1 and by Proposition 3.4, we get k = +1 (mod m). Since (m,k) =1,
we conclude that k = +1 (mod m). Now equation (13) reduces to

€+ 1 =€ + 1],
and we get r = £r’ (mod m).

This ends the proof of our theorem.
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4 Cosmetic surgeries on genus one knots

In this section, we prove Theorem 1.3.

Our focus will be on knots having the same knot Floer homology as the right-handed
trefoil. For a knot K in S, we call any knot having the same knot Floer homology as
K afake K knot. In particular, K is itself a fake K knot.

Using the notation of Section 2, for any fake right-handed trefoil knot K, we have
Hy(AF) = Ho(B+) = T+, where T+ is the Z[U]-module Z[U, U~]/(U - Z[U)).
The two maps on homology (still denoted by 4+ and v™) induced by ht: A} — BT
and v*: A}F — BT are identified with multiplication by powers of U as follows.

1. ifs<0 l- ifs>0
(16) hi =qU- ifs=0 v ={U.  ifs=0
Us- ifs>0 U™ ifs<0
Observe that 4} = v, and we get a symmetry of the chain complex X;;/q given by

(17) (t,x)<«—>(q—t—1,x), xeTT.

As a motivational application of the rational surgery (to our propositions), we give the
chain complex X;L/ 5 (K) illustrated as follows.

+
TLOTh Th Th LT
/
N N 7
U \(U/\
AN 7N

7t 7t Tt Tt TT

In this diagram, the one with a star subscript corresponds to (0, A(’)L) , while the number
in the subscript means that ’Z;Jr corresponds to A;L. Also the right arrows denote /2™
while the left arrows denote v . The label at the middle of an arrow gives the map in
the sense of (16), and those unlabeled ones are identities.
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Similarly, the chain complex X;r/ 4(K) could be illustrated as follows.

T+

o e Y i Y Y i i e e
SR S S SR A R A AT A A &

/
N

e

AR
7Tt 71t 71t Tt Tt Tt T+t T+ T+ T+t T°F
Here we omit the illustration of homomorphisms, but one could identify them using

formula (16).

We now establish some propositions on the Heegaard Floer homology of a surgered
manifold on a fake right-handed trefoil knot.

Proposition 4.1 Suppose K is a fake right-handed trefoil knot, then no negative
surgery on K yields an L—space. And symmetrically, there are no positive surgeries
on fake left-handed trefoil knots yielding L —spaces.

Proof This is an application of the rational surgery formula (Theorem 2.1). |

Proposition 4.2 For any nontrivial knot K in S3, if S}(K) is an L—space, then
|r| > 1.

Proof This is a direct consequence of the rank formula of HF (S?(K)) [23, Proposi-
tion 9.5]. O

Proposition 4.3 Let p and g be a pair of positive coprime integers. Suppose that p
isodd and g < p. Let U be the unknot and K be a fake right-handed trefoil knot, then,
for the spin Spin® structure sq, we have

3 . .
d(S314(K).50) = {d(Sé’/ (Do) seven
d(Sp/4(U),50) =2, ifq isodd.

Proof We apply the rational surgery formula for Heegaard Floer homology (Theorem
2.1) here.

In view of the property of the correction terms (1), the symmetry mentioned above
implies that the central subcomplex which is preserved under the symmetry (17) has the
same homology as that corresponding to the spin Spin® structure sg. (In the diagrams
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illustrating the chain complexes for S 53 /3 (T) and S 53 ) 4(T), the two central complexes
are represented by solid lines.)

When ¢ is odd (see the complex for S53 /3 (K) as an example), this central subcomplex
has the following form:

J’_
T+ 7, Tt
NN Y
T+ T+
From the absolute grading determination, we see immediately that

d(S;,4(K).50) = d(S;,(U),50) -2,
since the lowest degree term in %Jr ~ H, (A(J)r) is killed by multiplication with U and

whose degree is 2 lower than that of the element mapping to the lowest degree element
in 7t~ H,(B™").

When ¢ is even (see the complex for S g / 4(K) as an example), the central subcomplex
has the form

T4 Tt
N Y
’T+

where s = | (p +¢ + 1)/(2g)|. Note that here we need the condition ¢ < p so that
the two maps above are identities. So by the absolute grading determination, we obtain

d(S;’)/q(K)vEO) :d(S;/q(U)’SO) O

Remark Proposition 4.3 could also be obtained by a surgery formula on correction
terms given by Rustamov [30, Proposition 3.1]. Note that the spin Spin® structure
5o corresponds to / = (p—1)(1 —x)/2 (mod p), where gx = —1 (mod p) in his
identification of the Spin® structures of 513, /q(K) with Z/pZ.
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Proposition 4.4 For a fake right-handed trefoil knot K, we have the following com-
putation of correction terms:

d(S{iskc49)/ k1)K 50) = {.(4)_% ;ii jz Z‘c/ii:’
d(S(318k+9)/(3k+2)(K)’50) - {(i% jﬁlli i Z:E.L
d(S{isk+9)/(15k+7 (K- 50) = {:g ZZ’; z Z:ZIH
d(S{iskr0)/(15k+8)(K)-50) = {:2% j;]li Z Z;H

Here s is the unique spin Spin® structure of the surgered three-manifold. And further,
except for possibly S(318k+9)/(3k+1)(K) ~ _S(318k+9)/(3k+2)(K) , there are no other
homeomorphisms between these manifolds.

Proof To compute the correction terms, we first compute that of the corresponding
surgered manifolds on the unknot U . We use notation as in Section 2. For a linearly
plumbed four-manifold, let [S;] be the homology class of the i —th exceptional sphere
and ¢; = PD([S;]). Since p = 18k + 9 is odd, there is a unique spin Spin® structure,
which, by abuse of notation, we always denote by s .

The lens space Si9(U ) is the boundary of the linearly plumbed four-manifold X =
(—9). The Spin® structure to on X with ¢q(tg) = ¢ restricts to the spin Spin®
structure 59 on Y. Hence Char(X, s¢) contains all cohomology classes of the form
(2n 4 1)¢pg. We have

(2n+ Do) = 2n+ 1)?*¢2 = —92n +1)* < -9,

K? + 1k H>(X —9)+1
hence d(SiQ(U),50)= max +T ( )=( ) + _

2.
K eChar(X,s() 4 4

The lens space Si(lsk+9)/(3k+1)(U) (k = 1) can be thought of the boundary of the
linearly plumbed four-manifold

X =(=7,-2,--+,—2,-4),
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where the number of —2 spheres is k — 1. If k is even, ¢g + ¢ + -+ + Py is
characteristic and

k
Char(X, s¢) = {ZC,-¢,~ Co, Cy, -+ Cy are odd while Cy,C3,--- Cp_; are even.}
i=0

For K = Copg + - - - + Cr ¢y € Char(X, s¢), we have

K? =Ci¢g +2CoCrgod1 + C7d7 +2C1Cagpiha+ -+ +2Ck 1 Cudr1 6 + CL b3
=—7C¢ +2CoCy —2C} +2C,Cy —2CF + -+ + 2C— Cy — 4C}
=—6C5 —(Co—C1)> = (C1 = C2)* =+ = (Chmy = o) =3CF.

Now Cy, Cy and all C; — Cj4; are odd numbers, so we get

K*<—6—1—-.—1-3=-9—k,
and the equality can be obtained by setting the constants Cy = C, =--- = C; =1 and
Ci=C;=---=Cr_1 =0. Hence for k even, we get

K2+ 1k HA(X) (=9-k)+(k+1)
3 B _ _
d(S_(1sk+9)/(3k+1)(U)’50) _Kecgrai)},so) 4 B 4 -

—2.

If k is odd, then ¢; + ¢3 + - -+ + ¢ is characteristic and

k
Char(X, s9) = {Zci¢i Co, Cy, -+ C—q are even while Cy, C3,---Cy, are odd.}
i=0

As in the case where k is even, for K = Cy¢pg + - - - + Cr.¢p € Char(X, 5¢), we get

K?=—6C; —(Co—C1)? = (C1 = C)* =+ = (Chy — Cp)* = 3C}
<-1--=1-3=—-k-3.
Note that here we have Cy is even and Cg, C; — C;4; are odd, and the equality is

obtained by letting Co =Cy, =---Cp_; =0and C; =C3 =---=C;, = 1. And the
correction term

K2+ 1k H*(X) _ (B3R 4 k4D 1

3 f—
d(SZ 18k 49y, 3k +1)(U)-%0) = pecnax S J y ~

Altogether, we have

-2, if k is even,

d(s? U).so)=1
(SZ(18k+9)/3k+1) (U)- %0) {_% if k is odd.
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By the properties of the corrections terms (1), we get

2, 1if k is even,

3 —_
d(S(i8k19)/Gk+1)(U):50) = { if k is odd.

1
2 b
The correction term d (S(318 k+9)/(3k+2)(U), 80) could be computed by thinking of the
lens space Si(18k+9)/(3k+2)(U) as the boundary of X = (—5,-2) if k =0 and of
X =(-6,—k—1,-3)if k > 0. We get

0, if k iseven,

3 J—
d(S¢i8k+9)/k+2)(U): 50) = { if k is odd.

3
2
The correction term d (S(31 8k+9)/(15k+7)(U). 50) is computed by thinking of the lens
space Si(18k+9)/(15k+7)(U) as the boundary of

(=2,-2,-2,-3), if k =0,
yo JC22-2.-2.4.-2), ifk =1,
(=2,-2,-2,-2,-3,-3,-2), if k =2,
(=2,-2,-2,-2,-3,-2,--+ ,—2,-3,-2), ifk >3,

where when k > 3, the number of (—2)’s between each —3 is &k — 2. We get

0, if k is even,

3 J—
d(S¢isk+9)/(15x+7)(U):50) = {_% if k is odd.

The correction term d(S(318k+9)/(15k+8)(U)»50) is computed by viewing the lens
space S3(18k+9)/(15k+8)(U) as the boundary of

X =(=2,-2,-2,-2,-2,—(k +2), =2, -2).

if k is even,

-2

We have d(S}? (U), s0) = { ’
(18k+9)/ (15K +8) (Y ) 1 e

—5, if kis odd.

Now the correction term for S3 »/ q(K ) follows from Proposition 4.3.

By the properties of the correction terms (1), the only possible homeomorphisms are

3 ~ 3
S(18k+9)/Gk+1) K) == S0k 1+9) 3k +2) (KD, for k =0,
3 ~ C3
S(18k+9)/Gl+1) K) =S(15149)/ i 42) (K- for k even,
3 ~ C3
S(18k+9)/(15k+7) KD =S sk 18)/(15k+8) (K- for k even.

The last two possibilities can easily be ruled out by their Casson—Walker invariants. O
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Our proof of Theorem 1.3 will use the Reidemeister torsion of a three-manifold. Refer
to Milnor [19] or Turaev [33] for introductions on torsions. Turaev [32] and indepen-
dently Sakai [31] computed the Reidemeister torsion of S; /q(K). The corresponding
Reidemeister torsion of S ; /q(K) for any p—th root of unity & # 1 is given by

(18) ©(Sp(K). &) = Ag(§)-E-D7THE =D,

where a is defined by ga = 1 (mod p) and Ak (¢) is the Alexander polynomial of
K. In fact, this result is true for a knot in any homology sphere.

Proof of Theorem 1.3 Let K be a genus one knot. Suppose S, (K) = £S5, ,/(K),
where g # ¢’. By Theorem 1.2, we have
Ag()=t—141"",

By a theorem of Turaev [33, Theorem 9.1], for any p—th root of unity £ # 1, we have
(for some d € 7/ pZ)

(83 ),(K).&) = (S35 (K).&9).

Here the equality is up to multiplication of p—th root of unity and sign. We have
(d, p) =1, and by (18), we then get

E-lgh) | 1 -1+67
E-DE - lE-nEw7-1

for any p—th root of unity ¢ # 1, where a, a’ are defined by ga=1,¢'a’=1 (mod p).

19)

By Theorem 3.1, we have a = +d’ (mod p),
p=12 and {+a,+ad’} ={£1,£5} (mod 12),
or p=18k+9 and {+a,+d'} = {£(6k +1),£(6k +5)} (mod p)
for some nonnegative integer k. Equivalently, we have ¢ = +¢4’ (mod p),
p=12 and {+q,+q} ={£1,£5} (mod 12),
or p=18k+9 and {+q,+q¢'} ={+Bk +1),£(3k +2)} (mod p).

The p = 12 case can be ruled out by direct computation of Casson—Walker invariants
and Proposition 4.2.

By Theorem 1.2, Proposition 4.1 and Proposition 4.2, for p = 18k + 9, we only need
to consider the surgeries on fake right-handed trefoil knots with ¢ taking the four
values: 3k + 1, 3k +2, 15k + 7 and 15k + 8, and the surgeries on fake left-handed
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trefoil knots with ¢ taking the four values: —(3k + 1), —(3k +2), —(15k 4+ 7) and
—(15k +8).

Note that the (p/q)—surgery on a fake left-handed trefoil knot K could be thought of
as the (—p/q)—surgery on the mirror of K, which is a fake right-handed trefoil knot.
Now the theorem follows from Proposition 4.4. O

Remark Note that in the genus one case, we rule out cosmetic surgeries of slopes with
opposite signs by Theorem 1.2. However, for the genus two knot K =944, S }rl (K) and
S3 (K) have the same Heegaard Floer homology, though the two surgered manifolds
are distinguished by their hyperbolic volumes [23]. Thus, Theorem 1.2 can not be
established for genus two knots (just using Heegaard Floer theory). So for genus two
knots, our method might be applied to rule out truly cosmetic surgeries of slopes with
the same sign, but there still might be truly cosmetic surgeries of slopes with opposite
signs.

For knots in higher Seifert genus, our method might not work (even to rule out truly
cosmetic surgeries with same sign slopes). Our method is to write the Reidemeister
torsions of surgered manifolds on a knot admitting L —space surgeries as products of
cyclotomic numbers and use number theoretic results to get restrictions on possible
cosmetic surgery slopes (in favor of Theorem 1.2). As is pointed out in Kadokami [15],
the (-2, 3, 7)—pretzel knot K has Alexander polynomial

Ag@) =t =2 +17 =8+ -+ 13—+ 1,

which is not a product of cyclotomic polynomials. And Fintushel and Stern [8] showed
that 18 and 19 surgeries along K yield lens spaces. So we might need more machinery.
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