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Natural transformations of tensor algebras
and representations of combinatorial groups

JELENA GRBIC
JIE WU

Natural linear and coalgebra transformations of tensor algebras are studied. The
representations of certain combinatorial groups are given. These representations
are connected to natural transformations of tensor algebras and to the groups of the
homotopy classes of maps from the James construction to loop spaces. Applications
to homotopy theory appear in a sequel [4].

16W30; 20F38, 55P35

1 Introduction

This paper has as its motivation a problem coming from classical homotopy theory,
namely, the study of the natural maps from loop suspensions to loop spaces. The method
we propose for analyzing properties of certain unstable maps departs from classical
unstable homotopy theoretical constructions. We apply the homology functor to natural
maps from loop suspensions, and obtain certain functorial coalgebra transformations.
This approach justifies the primarily goal of the paper, which is the study of the algebra
of natural linear transformations of tensor algebra and related groups of natural coalgebra
transformations. These algebras and groups are studied by means of combinatorial
group theory. We start with an analogue of a non-commutative exterior algebra defined
by Cohen [1] and define several new combinatorial algebras as its generalizations.
These algebras are then identified with the corresponding algebras of natural linear
transformations of tensor algebras. On the other hand, looking at certain subgroups of
the group of units of these combinatorial algebras, we recover the Cohen group K, and
obtain its generalizations (see Section 2 for the definitions). We proceed by establishing
group isomorphisms between these combinatorial groups and the corresponding groups
of natural coalgebra transformations.

Combinatorial groups, on their own, are closely related to the motivating problem,
that is, to the group of natural maps from loop suspensions to loop spaces. This
connection is explained in more detail in the sequel to this paper [4]. There we present
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2190 Jelena Grbi¢ and Jie Wu

solutions to some problems in classical homotopy theory concerning natural maps
from loop suspensions to loop spaces obtained by applying the algebraic machinery
developed in this paper. Related calculations are done by exploiting the rich structure
in combinatorial groups.

Before outlining the main results achieved in the paper, let us explaining the geometrical
motivation behind doing the algebra by quoting the main results of the successive paper.

Recall that for any pointed space X, the James—Hopf map Hj: J(X) — J(X ®)) is
combinatorially defined by

Hi(x1x2...xp) = l_[ (Xiy Xiy - - Xiy)

1<i|<ip<-<ip=<n

with right lexicographical order in the product. The 7n-th fold Samelson product Wn
on X is given by the composite

~ EAn..ANE sy
WX n ax 2t osy a aasx losy

where E: X — QXX is the canonical inclusion and the second map [[, ],...,] is
the n—fold commutator. The n—fold Whitehead product W, on X is defined as the
adjoint of the n—fold Samelson product W,,.

Theorem A Let X be a pointed space with the null homotopic reduced diagonal
A: X — X AX. Then forn >k,

QW, H,
JX ™)== J(x) = J(x®)
is null homotopic if k does not divide n.

The result concerning the Barratt Conjecture can be formulated as follows.

Theorem B Let X = XX’ be a suspension and let f: X —> QY be a map such
that p"[f] = 0 in the group [X,QY]. Let J(f): J(X) — QY be the canonical
multiplicative extension of f . Then the following hold.

(1) The map JNNi,x): In(X) — QY
has order p" 1 in [J,(X), QY] ifn < p*T1.
O 10 prt
(2) The composite Jpr+1(X) — QY — QY

is homotopic to the composite

Algebraic € Geometric Topology, Volume 6 (2006)



Natural transformations of tensor algebras and combinatorial groups 2191

r—1
p (Ztezpt""]—] 1AT)

inch
pinc 0% »

Wit J
S (0™ 50 ey Tt 0

“h J(X) =5 av,

where p’t': QY —> QY is the p"*! -th power map, Wy, is the n—fold Samel-

son product and

t+1) t+l)

LAT(X] A AXprt1) =X AXg) Aree AXg ety XPT) — X7
is the map which permutes positions.

(3) Letg=J(f)oWyt10 (Cres,py, 1ADOP " X@'D 5 QY. Then
g is an equivariant map with respect to the symmetric group action, that is,

goox~g foranyo € Xpit1.

Now we are ready to outline the main results in this paper.

Through the course of the paper R will be a commutative ring with identity unless
specified differently. By Homz(C, 4) we denote the algebra of natural linear trans-
formations from a coalgebra C to an algebra A, with the multiplication given by the
convolution product. The convolution product f = g of f,g: C —> A is defined by

ccec’™® 404 4

where ¥: C — C ® C is the comultiplication and u: A ® A —> A is the multipli-
cation.

Let V be a free R—module. The James (coalgebra) filtration {J,(V)},>¢ of the tensor
algebra T' (V') is defined by

(1-1) L) =P T)

j=<n

for n >0, where T;(V) = V®/  the j th stage of the tensor length filtration for T'(V').
Let C(V) = J1 (V).

A non-commutative analogue of an exterior algebra is given by ARy, ya.- -, yu) the
quotient algebra of the tensor algebra 7'(yy,---, y») over R modulo the two sided
ideal generated by the monomials y;, --- y;, with i, =i, forsome 1 < p <g =t.

Proposition 1.1 There is an isomorphism of algebras

On: AR(y1,-++, yn) — Homp(C(—)®", T(-)).

Algebraic € Geometric Topology, Volume 6 (2006)



2192 Jelena Grbi¢ and Jie Wu

Furthermore, the James filtration {J,(V)},>0 induces a cofiltration of algebras
Homg (T (=), T(-)) —---— Hompg(Jn(-), T'(-)) — ---— Homg(Jo(-), T'(-))
where the algebra Homg (7'(—), T(—)) is given by the inverse limit
Homg(7' (=), T(-)) = limHomg (Ju (=), T'(=))-

Let L ,If be the equalizer of the projection maps

s ARG, yn) — AR yee)

for 1 < j <n. Then we have the following result.

Proposition 1.2 The map
On = 6n | r: Ly —> Homg(Ju(=), T(-))
is an algebra isomorphism for n > 0.

For two R—-modules C and D, define their smash product C A D to be the quotient
module

CAD=(C®D)/(C®rR®RRg D).

Proposition 1.3 There are combinatorial algebras A,If [k], R Lf,l) and RLy) (k) (for
their definitions see Section 3) such that there are algebra isomorphisms

(1) Hompg(C(—)®"). T(=")) = AFK]

(2) Homg(Ju(~®"), T(=) = RL;)

(3) Hompg(Jn(=®), T(~®k)) = R [D®
forl <n < o0.
Let Coalg(C, D) denote the group of natural coalgebra transformations from a coal-
gebra C to a Hopf algebra D with the multiplication given by the convolution

product. The James filtration {J,(—)},>¢ induces a cofiltration of the progroup
Coalg(T(—), T(—)). Recall that C(—) = J1(—).

In [6], Selick and Wu described some properties of the groups Coalg(7(—), 7'(—)) and
Coalg(C(—)®", T(-)). By the following theorems, we extend their results identifying
the groups of natural coalgebra transformations of the James filtration {J,(—)},>0 and
their new generalizations with combinatorial groups introduced in Section 1.

Algebraic € Geometric Topology, Volume 6 (2006)



Natural transformations of tensor algebras and combinatorial groups 2193

Theorem 1.4 There is an isomorphism of groups

e: K,f —> Coalg(C(—)®", T(-)) forn>0.

Define H,f to be the equalizer of the projection homomorphisms

Dj: Kf—>Kf_1 for1 <j <n.

Theorem 1.5 There is an isomorphism of groups

e: HR — Coalg(J,(—), T(-)) forl <n<oo.

Having in mind the problem solved in Theorem A, we define a generalisation K ,f (k) of
K. We set an algebraic notation which is motivated by geometry. Let {x;, |xj,| - [x;, }
be a notation for a word of length k, in letters x;,, X;,, ..., X;j, . In a successive paper
these words will be related to the composite
Diy i E
xn S x® = p(x ),

Let G be a set consisting of all the words {x;, |xj,|---[x;, } with 1 <i; <n for
1 <j<ksuchthat ig #i; forall 1 <s <t =<k.

The group K,f (k) is defined combinatorially for any commutative ring R so that the
generators are elements of G and a certain set of relations, which will be discussed in
detail later on in the paper. For k = 1, we denote K,f(l) by K,If. We will call K,f (k)
a Cohen group as it is a generalization of the combinatorial group K, = KZ(1) defined
by Cohen [1].

Theorem 1.6 There are combinatorial groups K,f k), RH;,I) and R’H,(,l)’(k) (see
Section 1 for their definitions) such that there are group isomorphisms

(1) Coalg(C(—)®"), T(="%)) = KR (k)

2) Coalg(Jn(~®). T(-) = F1)

(3) Coalg(J(—81), T(~®k)) = Ry ®)

forl1 <n <o0.

The compositions of the group isomorphisms in Theorems 1.4, 1.5 and 1.6, with the
canonical inclusion of the natural coalgebra transformations Coalg(C, D) of tensor
algebras into the natural linear transformations Hom g (C, D) of tensor algebras give rise
to faithful representations of the introduced combinatorial groups to the corresponding
algebras of natural linear transformations of tensor algebras.
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2194 Jelena Grbi¢ and Jie Wu

In the sequel to this paper [4] we establish a connection between the combinatorial
groups H,f , RH,(Z) and RH,(f)(k) and the groups of the homotopy classes of maps
from the topological James construction J(X') of spaces X with the null homotopic
reduced diagonal. We do that by first restricting the ring R to Z or Z/p” and then
constructing injective maps:

ex: HE — [7,(X), J(X)]
ex: RHD — [7,(x Dy, J(x)]
ex: RHD® 5 17,(x D), 7(x ®)]

The disposition of the paper is as follows. Section 2 catalogues all the combinatorial
groups of our study and states various properties they satisfy. Section 3 relates combina-
torial algebras to natural linear transformations of tensor algebras. Section 4 builds up to
and deals with the primary focus of the paper, that is, establishing group isomorphisms
between the combinatorial groups defined in Section 2 and the corresponding groups of
functorial coalgebra transformations of tensor algebras. Section 5 gives a representation
of the combinatorial group K,f (k) and relates that group to the group of certain
functorial coalgebra transformations.

Acknowledgements The authors would like to thank Professors Fred Cohen, John
Berrick and Paul Selick for their helpful suggestions and kind encouragement. The
first author would also like to thank Professor John Berrick and the second author for
making it possible for her to visit the National University of Singapore for a term and
providing her with such a friendly working atmosphere.

2 Cohen groups and their generalizations

In [2; 1], Cohen defined the combinatorial group K,If (x1,x2,...,xp) for R=17 or
Z/ p" . Following his approach we define the Cohen group K,If (x1,x2,...,xp) for any
commutative ring R with identity. Let R, denote a copy of R labeled by x. Write
x” for the element r € Ry = R, and just x for x!.

Definition 2.1 The Cohen group K,f (x1,Xx2,...,xp) is the quotient group of the free

product FR =[[7_, Ry, modulo the relations
r 14 r ¥, . . .
€)) [[xill,xizz],xi; e ’xi,l] =1if iy =1i; forsome 1 <s,7 <I;
ryora1 I3 o FLThy TS r/
(2) [[le ’xiz ]v-xi3 ]7"' "xi]] - [[xll 7xl'2]axl’3 ]7"' ’xi[
Pl I =T Ty 1],

] if there is an equality
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1

where [x, y] = x7 'y~ !xy and [y, y2]. ¥3],--- . »] is an iterated commutator.

For brevity of notation, we write K ,f for the Cohen group K,f (x1,x2,...,x,) when
the generators are assumed, and for K2 we use Cohen’s notation K. As we will show
in the sequel, the Cohen group K, is closely related to the group [X™”, J(X)] for any
space X such that its reduced diagonal A: X — X A X is null homotopic.

Define group homomorphisms p;: FnR — Ff_l and s;: FnR_1 — FnR by

Xp fori<j xi fori<j
pi(x\)=41 fori=j sj(xl-’):{x", for i > f
x[_, fori>j i+1 -

. . R Dj R R
for 1 = j < n. It follows that the composites F;* — F,* | — K;* /= and

FR SN FR —s KR factor through KX and KX

41 - respectively, inducing the

homomorphisms of the Cohen groups p;: Kf — K 5_1 and sj: K 5—1 — Kf .

The next objective is to generalise the Cohen groups K, by defining new combinatorial
groups related to the group [X”, J(X ©))].

Definition 2.2 The group Kf (k) is defined combinatorially as the quotient group of

the free product
[1 Rex, iyt

1 <ij<n
1<j=<k
modulo the relations given by the following identities:
() Axiy|xip| -+ |xi 4" =1 if ig =i, forsome 1 <s <t =<k;
(2) [[{le |xi2| Tt |xik}rl ’ {Xik_H |xik+2| te |xi2k}r27' e
Ay Xigoprea L X 31 =1
if iy =i; forsome 1 <s <t <kl,where [[ay,as,--- ,a;]=[[a1,a3],as], -+, a;]

with [x, ] =x"1y~Ixy;

() [y iy | == i 37 Ay [ X |- X 72000
ANy Xigonrea | X S =
[y [ xip | - |xik }r{ ) {xik+1 |xik+2| T |xi2k}réa T
s A Xig el X }r;]
if ry-rye.orp=rpry 1y
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Remark In a similar way as for the Cohen group K,f , whenever R = Z we will
denote K,f (k) by Ky (k). It is obvious that for k = 1, K, (1) is the Cohen group K.

Let ¢ be an integer. Notice that the group K,%/ (k) is the quotient group of K, (k)
modulo the following additional relations:

{oxiy i [+ g} =1
for each generator {x;, |x;,|---|x;,}.

Selick and Wu [6] defined combinatorial groups H,f in order to study the group
[Jn(X), J(X)] with the main goal of obtaining information on the group [J(X), J(X)].
It should be remarked that the concept (and notation) of H,If was invented by Cohen.
Here we recall their definition.

Definition 2.3 The group H,If is defined to be the equalizer of the projections
Dj: K,f(xl,xz,...,xn)—> Kf_l(xl,xz,...,xn_l) for1<j<n.

By definition, as p; |Hr’f: Dj |H}f for 1 <i,j < n, there is a homomorphism
dy: Hf — Hf_l such that the diagram

i K
l dy l Di
H > K
commutes for each 1 <i <n.
The following lemma was proved by Selick and Wu [6]. As the proof is illustrative
and will be used later on in the paper, we include it here.

Lemma 2.4 The homomorphism dy: ’H,If — 'Hf_l is an epimorphism for each n.

Proof By induction on k, we show that dy , = dg10...0dy: H,If — Hf is an
epimorphism for k < n. Clearly, d; , is an epimorphism. Suppose that dj_; , is an
epimorphism with k£ > 1 and let o € H]f. Since dy—1 p: Hf — ’H,f_l is onto, we
assume that « lies in the kernel of dj: H,f — Hf_l . Let

— . . . R
QA = 1_[ Sty Sin_je—y ---Si;00 € K
1<ij<iz<..<ip—k=<n

with lexicographic order from the right. Then it is routine to check that oy , € H,If
with dy_, (o ,) = o and hence the result. m]
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Lemma 2.4 results in a progroup (a tower of group epimorphisms)

HR HR H’If_li»...*»ﬁf?

where H® is the group defined by the inverse limit

HE =1limHE.
We recall an important description of the kernel of d;: H,If — H,If_l that will be used
later on in the paper.

Let R be a commutative ring and V the free R-module with basis {x1, ..., x,}. Then
Lie®(n) denotes the R—submodule of V®” generated by the n—fold commutators
[[Xo(1): Xo2)]: - - - » Xo ()] for o a permutation in the symmetric group X, on 7 letters.

Theorem 2.5 (Cohen [1]) Let A(n) be the kernel of the group homomorphism
dp: HR — ’H}If_l . Then A(n) is isomorphic to Lie®(n) for R=7 or 7/ p" .

In this paper we go a step further by defining new combinatorial groups and algebras in
order to study natural transformations of tensor algebras. In a sequel we translate this

algebraic setting into geometry which aims at solutions of certain problems of classical

(O]
n

homotopy theory. With this in mind we first define two families of groups ®H,;’ and

RHS,I)’(k) that can be seen as generalizations of ’Hf and which will shed some light

on the study of the groups [J,(X ), J(X)] and [J,(X D), J(X ©))].
The projection p;: K,f(xl,xz, cey Xp) — K,If_l(xl,xz, ..., Xu—1) is given by

, .
x;  for i<

pi(x[)=11 for i =j

xj_, for i>j

for 1 <j<I.
Define the projective homomorphism
(2-1) Dj+{1,..,1}: Kll;(xl,xz, cea X)) — K,’fn_l)(xl,xz, e X(n—1))
by

x; fori<j+1

pi+0,..n(xj)=11 for j+1=<i=<j+I
xj_, fori>j+1

for0<j<n-—1.
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Definition 2.6 Define RH(I) to be the equalizer of the projections

Kllfl(xl,xz, e xm ) (ﬂy;}) (ﬂ§=1 Kerpj1+,-)>

—2 I
K,Ifn_l)(xl,XZ» e X1—1)) ) (ﬂ’}:o (mi=1 KeerH-i))
for0<j<n-1,
As the group RHg) is given by the equalizer of the projections pj ¢, . for 0 <

Jj <n—1,thatis, piyq,..1 |RH(I): Dj+{1,...0} |RH<1) for 0 <i,j <n—1, there is

a homomorphism dj;: RH,SI) R H(l)l such that the diagram

[ R
RHS: )— Kln

commutes foreach 1 < j <n—1.

Lemma 2.7 The homomorphism dy: RH,(,I) — RH,(Ql is an epimorphism for
each n.

Proof Noticing that the homomorphism
l

n—1 —
Kin (V[ OV () Ker it e Kty ﬂ ﬂKerp,HZ

j=0 \i=1 i=1

is an epimorphism for each 0 < j <n — 1, the proof follows along the lines of the
proof of Lemma 2.4. |

Lemma 2.7 results in a progroup
RH(I) —_—— e — RH(I) —>> RH(I) s e —— > R’]—((l)

where BH® is the group defined by the inverse limit
R = ltiim RH,(II).
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Definition 2.8 The group R#>®)

of the projections

is the subgroup of K lI; (k) given as the equalizer

KRN (ﬂ'};B (ﬂf:l Ker le+i))

Kllfn—l)(k) N (m’}’;% (ﬂf=1 Kerpjl+i))

for 0 < j < n—1, where the homomorphisms p; and p; ¢ . ;3 are induced on

.....

by (2-1).

In an analogous fashion as for H® and ®H"  using the fact that RHS,I)’(k) is given

as the equalizer of the projections p;y(i,... 1}, there are group epimorphisms
1),k
dy: R’H,(,l)’(k) . RHSzll( )
such that the diagram

RH’(j),(k)(_> Kllfz (k)

idﬂ \Lpi-i-{l ,,,,, 13

1),(k R
Ry (DO K,y ()
commutes for each 1 < j < n — 1. Thus there is a progroup

dn
RH(l)a(k) —_— s —>> RH,(,I)’(k) E—— R’]—(flll’l(k) —_— s ——> RHEI)’(k)

where BH®-() s the group defined by the inverse limit
R (D), (k) — I(izm RHg)’(k).

This introduces all the combinatorial groups we will consider in the paper.

3 Combinatorial algebras and natural linear
transformations of tensor algebras

In this section the ground ring is assumed to be a commutative ring R with identity.
For a Hopf algebra H over R, denote the comultiplication by ¥: H — H ® H;
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the multiplication by pu: H ® H — H ; the augmentation by €: H — R and the
coaugmentation by n: R — H.

Let V be a free R—module. The James (coalgebra) filtration {J,(V)},>o of the tensor
algebra T (V) is defined as an R—module by

(V) =@ 1)

Jj=<n

for n > 0, where 7; (V) is the j th stage of the tensor word length filtration of T'(V).
An coalgebra structure on the filtration is given by requiring that the elements of V
are primitive and then multiplicatively extend to all of J,(V). With this coalgebra
structure J, (V') is a subcoalgebra of the primitively generated Hopf algebra T'(V').

Let C be a (graded) coalgebra and let A be a (graded) algebra. The convolution product
fxgof f,g: C —> A is defined by

®
cVcoc’® a4t 4
where : C — C ® C is the comultiplication and u: A ® A —> A is the multipli-
cation.

Let Homg(T (), T(=)) denote the set of all functorial R-linear maps from 7'(V') to
itself. The convolution product induces a multiplication in Homg (7' (), T'(~)) under
which Homg(7'(—), T(—)) becomes an algebra over R. Furthermore, the James
filtration

Jo(V)SJi(V)C---CTu(V)CS---CT(V)

induces a cofiltration of algebras
Homg(T (). T¢)) = -+ = Homg(Jn(-). T()) = --- = Homg (Jo(-). T ).

The purpose of this section is on the one hand to describe connections between combi-
natorial algebras and natural linear transformations of tensor algebras, and on the other
hand to establish the context in which an already developed machinery can be utilized
to study connections between the combinatorial groups Kf , H,If , RH,(j) and RH,SI)(k)
with certain groups of functorial coalgebra transformations of 7'(—) and J,(—). We
start by recalling Cohen’s definition [1] of a non-commutative analogue of the exterior
algebra on {y1, ¥2,** , Vn}.

Definition 3.1 The Cohen algebra AR(y;, y5,--- | y,) is defined as the quotient alge-

bra of the tensor algebra 7'(yy,--- , yn) over R modulo the two sided ideal generated
by the monomials y;, ---y;, with i, =iy forsome 1 < p <gq =<t.

Algebraic € Geometric Topology, Volume 6 (2006)



Natural transformations of tensor algebras and combinatorial groups 2201

Remark As in the case of the Cohen group K,f , Cohen [1] gave the definition of
AR(yy,--- . yn) for R=7 or Z/p”, while in our case R can be any commutative
ring with identity.

The following result, which Cohen stated for R =7 or Z/p” in [1, Theorem 1.3.2],
also holds for an arbitrary commutative ring R.

Proposition 3.2 The algebra AR(yy,--- . y,) is a graded algebra over R and in

degree t, A(y1,--- . yn)¢ is a free R—module with basis i, *** Vi, Where o € ¥;
actson {1,2,--- ,t}and 1 <i; <ip <---<i; <n.
Proof The proof follows directly from the definition of AR (yq,---, yn). a

Recall that C (V) is defined as J{ (V).

Definition 3.3 Let V be a free R—module. The algebra A,(V') is defined to be
the subalgebra (under convolution) of Homz(C(V)®”", T'(V)) generated by the ele-
ments y; given by the composites
yireaner o) v Lo 1),
for 1 < j <n, where pj: C(V)®" — C(V) is given by
Pi(X1®@x2® - Qxp) =€(x1) - €(xj—1)xj€(xj41) - €(Xn),

q: C(V) — V is the projection and E: V — T (V) is the inclusion.

Lemma 3.4 Let V be a connected graded free R—module. Then, in the algebra
An(V), the following equation holds for the generators y; :

Yiy Vip = Vip = 0
ifij =iy forsome j # k.

Proof The lemma can be easily proved by looking at its geometrical realisation.
There exists a space X = vS"* with nyg > 1 such that Hy(X; R) = V. Thus
Hi(X; R) = C(V) as coalgebras and p;: C(V)®" — C(V) is given by

(pj)+: He(X"; R) — Hx(X: R),

where pj: X" — X is the j-th projection. Thus y;, --- y;, is represented by the
composite

il“'it)*

(p ~
Ho(X":R) X7 H (X';R) L H (XD, R) = yor—~ T(V).
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where pj i, (X1,-+ , Xn) = (xi,,-+- ,x;,) and y: X' — X @ is the quotient map.
Notice that if i; = iy for some j # k, then there exists amap f: X" — X =1
such that

Zof:yopil...it: Xt — x®
where A: XD 5 x® i5 some reduced diagonal map. Notice that
(A)s: Ho (XD, Ry — H (XY: R)

is zero since X is a suspension. The assertion of the lemma follows. |

Corollary 3.5 Let V be a connected graded free R—module. Then the map
On: AR(y1,-++ , yn) — An(V) S Homg(C(V)®", T(V)
given by 0,(y;) = yj is a well-defined morphism of algebras.

Now we show that there exists a certain connected graded free R—module V' such that
0p: AR(p1,++, yn) — An(V) is a monomorphism.

Lemma 3.6 Let V be a free R—module with dim(V) = m. Suppose that m > n.
Then the homomorphism

On: AR()’layz, o yn) —> An(V)
is a monomorphism.

Proof Let X = V"S? be the wedge of m copies of the 2—sphere S2. Suppose that
m>n.Let V=H,(X;R). A basis for the R—algebra AR(yy,--, yu)x is given by

Yigay " Vi

where (iy,---,iy) is taken over 1 <i; <.-- <iy <n and o runs over all elements in
¥ . Notice that 0, (i, *** Vigu) 18 represented by the composite

io (1) o (k)
—

D ~
Ho (X" R) Ho(X* R) L Hy(X®; Ry — yokC—~ T(V).

Let {x{,---,Xm} beabasis for V= Hy(X;R). Let | < j; < j, <---< jr <n and
let zy,---,z, € C(V) be such that

() zp=1if pg{ji.- . ji}s

2) zj, = xj,.
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Then

O for(i],"'yl.k) # (jl""’ jk)
0 o))" Viewy )2 ®z2Q--Qz ={ . : : P
n(yl ) Yi (k))( 1 2 ") Xy "'xjn(k)for (lli.”7lk) — (]1’..-,]k)

The assertion follows. O

Lemma 3.7 ((Lemma 2.1 in [6])) Let ¢y : V®n s VO™ pe a functorial R-linear
map for any free R—module V and let x1,--- ,x, be n homogeneous elements in V .

(1) If dimg(V) = n = m, then the element ¢y (x; ® --- ® Xx,) belongs to the
R-submodule of V®" spanned by the elements

Xo(1) ® @ Xg(n)>

where o runs through all elements in X,,.

(2) Ifn # m, then ¢y is the zero map.

Let Homz(C(—)®", T(—)) be the set of all functorial R—linear maps from C(V)®”
to T(V') with the convolution product. The same object we will be sometimes denoted
by Hom'y™'(C(V)®", T(V)).

Proposition 3.8 The homomorphism
On: AR (y1.++ . yn) —> Homg(C(—)®". T(-))

is an isomorphism of algebras.

Proof By Lemma 3.6, there is a free R—module V such that
On: AR(y1.++ . yn) —> An(V) S Homg(C(V)®". T(V))

is a monomorphism. Therefore from the following diagram

ARy . yw) — Homg(C(—)®", T(-))

iev

Hompg(C(V)®", T(V))
we have that the homomorphism

On: AR(1,-++, yn) —> Hompg(C(—)®", T(-))

Algebraic € Geometric Topology, Volume 6 (2006)



2204 Jelena Grbi¢ and Jie Wu

is a monomorphism. To show that 6, is an epimorphism notice that for any V',

cV®=VeR® -aVeR= E Vv

o0
and T(V) = ven
m=0
By Lemma 3.7,
Homg(C(-)®".T(-)= @ HomPv® v®)= H RE).
1<iy<-<if=<n 1<ij<-<i;<n
Now the assertion follows from Proposition 3.2. |

Definition 3.9 The algebra L,If is defined to be the equalizer of the homomorphisms
wj: AR(p1,eee yn) — AR, )
for 1 < j <n, where the projection map 7; is given by

Vi for k<j
wi(yk)=140 Sfor k=j
Vi—1 for k> j.

By definition of L,If, as 1; |L§: T |Lff for 1 <i,j < n, the homomorphisms

7 ARy, -+ yn) — AR(y1,---, yp—1) induce a homomorphism d,: L,If —
L ,If_l such that the diagram

Ly AR(y1. - yn)
P |-
LY ARy yn)
commutes for 1 < j <n. The algebra Lfo is defined by the inverse limit
LR —1im LR
dn
The next objective is to find a connection between the combinatorial algebra LR for
each n > 0 and related algebras of natural transformations of the tensor algebra 7'(—).

Consider the homomorphism

On: AR(y1,+ . yn) — Aa(V) S Hompg(C(V)®", T(V)),
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of Lemma 3.4, where V is a free R—module. Notice that J, (V') is the coequalizer of
the homomorphisms

i C(V)®U=D s o (v)®n

for 1 < j <n, where (; is the composite
C(v)®n-1 =, %D g R® C(V)®n=NC—s con
Let the i -th projection p;: C(V)®" — C(V) be given by

Pi(xX1 @+ ®@xp) = €(x1) - €(xi—1)xi€(Xi1) -+ €(xn).

Then
pi for i <j;
pioti =14 Ncw)°€ecyyen-n for i=j;
Pi—1 for i>j.

Thus there is a commutative diagram

ARy ) — 2 Homg(C(V)®", T(V))

- ;

O
AR(p1. -+ yus1) == Homg(C(V)®0=D_T(V)),

where 7; is defined in Definition 3.9. Hence there exists a unique homomorphism of
algebras

(3-1) On: LR — Homp(Ju(-), T(-))

such that the diagram

LR Homg(Ju(—). T'(-)

| |

AR(p1. -, yn) — = Homg (C(—)®". T(-))

- ;

60—
ARy, yus1) == Hompg(C(—)®@=D T (-))
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commutes for every 1 < j < n. Furthermore, the homomorphism (3—1) preserves the
projection homomorphisms, that is, there is a commutative diagram of algebras over R

LR % Homg(Ju(-). T(-))

n

e
LR "L Homg(Jy_1(=). T(=)).

In the limit, this gives a homomorphism of co-filtered algebras

fo: LR —s Homp(T'(-), T(-)).

Theorem 3.10 The algebra Lfo is isomorphic to Homg (T (=), T'(—)) as cofiltered
algebras, that is, the homomorphism

Qn: L,{f — HOmR(Jn (_)’ T(_))

is an isomorphism of algebras for each n > 0.

Proof The proof is given by induction on 7. The assertion holds trivially in the cases
n =0, 1. Suppose that the assertion holds for » — 1 with » > 2. By Lemma 3.6, the
map

On: A®(y1.++ . yn) — Homg(C(—)®". T (-))
is a monomorphism. Thus the homomorphism
On: LE — Homp(J,(—), T(-))
is a monomorphism. Let I';, be the kernel of the homomorphism
sz - Lrlf—l
and let f‘n be the kernel of the homomorphism
Hompg (Jn (=), T'(=)) — Hompg(Jp—1 (=), T'(-)).

Then
Fn = mlsjsn ker(ﬂj) = Fn(yl, ,yn) = R(En),

where 'y (y1,---, yn) is the R-submodule of 7, (yy,--- , yn) spanned by the monomi-
als yg(1) *** Yo (n) as o tuns through all elements in X, and R(XZj) is a group ring. Let
J €Ty, thatis, fy: Ju(V)— T(V) issuchthat fy|; _ 3): Ju—1(V)— T (V)
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is zero. By assertion (2) of Lemma 3.7, there exists a natural map of R-modules
¢y: V" — VO guch that the diagram

. 2 1w

L, ]

V®n L V®n
commutes for each V. By assertion (1) of Lemma 3.7, we have
Py (xy---xp) = Z koXg(1) " Xo(n)
oeX,

for some coefficients ky € R. Let

2= koVo(t)"**Yom) €¥a S LY.

oex,

Then it is routine to check that
On(2) = 1.
Thus the map
On: Yn —> ¥n

is an epimorphism. The assertion follows from the 5-Lemma. |
By Lemma 3.6, we have

Corollary 3.11 Let V be a free R—module with dim gV > n. Then the homomor-
phism
On: LR — Homg(J,(V), T(V))

is a monomorphism.
The algebra Lfo is called the universal convolution algebra.

Definition 3.12 The algebra A,f [£] is defined as the quotient algebra of the tensor
algebra generated by the words {y;, |Vi,|...|yi,} with 1 <ij <n for 1 < j <k over
R modulo the two sided ideal generated by the monomials

{yil |yi2| o |yik}{yik+1 |yik+2| v |yi2k} s {yi(lfl)kJrl |yi(171)k+2| s |yi1k}

with iy = i; forsome 1 <s <t <k.

Algebraic € Geometric Topology, Volume 6 (2006)



2208 Jelena Grbi¢ and Jie Wu

For two R-modules C and D, define their smash product C A D to be the quotient
module

CAD=(C®D)/(C®rR®RRg D).

Definition 3.13 Let V be a free R—module. The algebra A,If[k](V) is defined to
be the subalgebra (under convolution) of Homg(C(V)®”, T (V1kY) generated by the
elements {yi, |yi,|...|vi,} with 1 <ij <n for 1 < j <k given by the composites

Loeees

Dinlyisl Ly COnyen S cny®k L yrk B grnk),
where p;,.. i.: C(V)®" — C(V) is induced by
Pi(x1 @ X2 ® -+ ®@xp) = €(x1) - €(xj—1)Xj€(xj41) - €(xn),
g: C(V) —> V is the projection and E: VK — T(V"¥) is the inclusion.

Lemma 3.14 Let V be a connected graded free R—module. Then, in the algebra
A,f[k](V), the following equation holds for the generators {y;, | Vi, | ... |Viy}:

{yil |yi2| s |yik}{yik+1 |yik+2| s |yi2k} o {yi(l—l)k-i-l |yi(1_1)k+2| cee |yi1k} =0
ifij =iy for some j # k.

Proof The proof follows along the lines of the proof of Lemma 3.4. |

Corollary 3.15 Let V be a connected graded free R—module. Then the map

bn: A k] —> AfKI(V) S Homg(C(V)®". T(V9))
given by 6,({yi,|yis|---|vip ) = i, |Viy| - - - 1yi} is a well-defined morphism of
algebras.
Lemma 3.16 Let V be a free R—module with dim(V') = m. Suppose that m > n.
Then the homomorphism

On: A k] —> AV

is a monomorphism.

Proof The proof is analogous to that of Lemma 3.6, just with much clumsier notation.
O
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Proposition 3.17 The homomorphism
6n: A (k] —> Homg(C(=)®", T(="%))

is an isomorphism of algebras.

Proof By Lemma 3.16, the homomorphism 6,,: A,If[k] — Hompg(C(V)®",
T(V"k)) is monomorphism for a certain choice of a free R—module V. To prove that
0 is an epimorphism, notice that

c®=rVeRe -aVeR= 0.

1<i|<-<i;<n

Now, the assertion follows by looking at the homomorphism 6 in each degree and
applying Lemma 3.7. O

Notice that the homomorphisms

given by
x; fori<j+1

nxi)=4q1 for j+1<i<j+I
xj—q1 for i > j+1

(3-2) Tj4(1

.....

for 0 < j <n—1 induce homomorphisms

Ti+{1,..0}" Allf,[k](xl X2y, X ) —> A,’in_l)[k](xl X2, X(n—1))-

Definition 3.18 The algebra Lg,l)(k) is defined to be the subgroup of AIIZ [k] given
by the equalizer of the projections

ARBIN (M50 (Niz1 Kermjias))

Af oI (Y% (s Kermrr)

for0<j<n-—1.
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As RL;,I)(k) is the equalizer of the projections 7; (1, 13: Allfl[k] — Allin_l)[k], they

induce a projective homomorphism d,: RLﬁ,l)(k) — R L’(Q(lk) such that the diagram

RL,(,I)(k)C—> Aﬁ[k]

\Ldn i”i+{l ..... I

RLOOaf,

Ry O®

commutes for each 1 < j <n—1. The algebra is defined by the inverse limit

RL((Q(k) _ lizm RLl(ll)(k)_

n

The following theorem is the analogue of Theorem 3.10.

Theorem 3.19 The algebra RLﬁQ"‘) is isomorphic to Hom g(T (=", T(="%)) as
cofiltered algebras, that is, the homomorphism

On: RLD® s Hompg(J, ("), T(="F))

is an isomorphism of algebras for each n > 0.

Proof For each n > 1, there is a commutative diagram

AR ) —2— Homp(C(—)®", T(— )

l””“ ~~~~~ Iy l‘ﬁ{l ..... I

6,—
Allin—l)[k] *L HOmR(C(—)®(’l—1)’ T(_/\k))’

where ;4 ¢, ;3 is induced by projections (3-2). Hence there exists a unique homo-
morphism of algebras

On: RLD® s Homp (J, ("), T(="F))
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such that the diagram

On
Rpp® Hom g (Jn (=), T(="%))

ARBIN (N2h (M=) Kermjr41)) —— Homg(C(—)®", T(~"k))

AR KN (23 (N2 Kermjigs ) ) = Hom g(C(—)®@=D, T/(~M))

commutes forevery 0 < j <n—1.

As the homomorphisms 6, and 6,_; in the bottom two rows are isomorphisms of

Ry (D)

algebras, it follows that 6,,: —>Hompg(J (=", T(="k)) isan isomorphism

of algebras as well.

Furthermore, there is a commutative diagram of algebras over R

97‘!
RLD® = Hompg (/o ("), T(~"4))

DKy In—1
RLE == Homg (-1 (="1), T(="%)).
This gives an isomorphism of co-filtered algebras

Ooo: RLD® — Homp(T (=), T(-"F)).

The assertion follows. O

Remark In the case when & = 1 we will drop the superscript k in the above

constructions. For example, RL,(,I)(I) will be denoted by RL,(,I), and the algebra

Homg (J, (=), T(="")) will be denoted by Homg (J,, (=), T'(-)).

4 Combinatorial groups and natural coalgebra transforma-
tions of tensor algebras

In this section a relation between combinatorial groups and natural coalgebra transfor-
mations of tensor algebras is established. As a consequence, there are representations
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of the combinatorial groups into algebras of natural linear transformations of tensor
algebras.

In the algebra AR(yy,---, yn), since yj2 = 0, we have (1 +ry;)(1—=ry;) =1 for
r € Rand 1 < j <n. Thus the element 1 + ry; is a unit element for r € R and
1<j=n.

Definition 4.1 Let R be a commutative ring with identity. Define the group
G(AR(y1,---, yn)) to be the subgroup of the group of units in AR(py,---, yy)
generated by the elements 1 +ry; forr €e Rand 1 < j <n.

Remark Cohen [1] proved that if R = Z or Z/p”, then G(AR(yl,--- , Vn)) is
isomorphic to the group K,f .

Let G be a group and let x, y € G. We write [x, y] for the commutator x 'y~ !xy.

The notation [[xy, x2,--- , X;] represents the iterated commutator from left to right,
that is [[x1, X2, -+, x¢] = [[x1,x2], -+, x¢].
Lemmad4.2 Letl<,,---,j;<nandletrg€ R for1 <s=<t. Let x;=1+rsyj, €

G(AR(y1,-++ . yn)). Then
(M) (x1,x2,xd =Vt rra e relVigs Yigs o5 il
(2) Letm =my-my---my. Then
[x7 x5, x =14 mryry 1y Vi Vil

where [[x1, X2, -, X;] is the iterated commutator in the group G(AR(y;, -+, yn)) and
[[¥j Viss -+ ¥j,] is the iterated commutator in the algebra ARy, L)

Proof The proof of part (1) is given by induction on ¢. The assertion holds obviously
for t =1. Suppose that the assertion holds for t— 1. Then [[x{, X2, -5 x;—1] =1+
riry - 1i—1{[Vjy» Yjao o+ » Vj,_, |- Notice that

( +7172"'rt—l[[yjl’yjz"" ,yj,,l])(l —7'17'2"'Vt—l[[J/jl,yjz,"' ’yjtfl]) =1.
Thus [[x1, %2, o X—1]70 = 1= rira << ra [V, Voo - » ¥,y ] and so

[[xlwaa"' ,X[] = [[xl’x2"" axt—l]_lxt_l[[xl7x2"" vxt—l]xt

= =rirp-ri @) =reyi ) A+ im0 ri@) (L4 11 yj,)
=14rira-rdlyj, vin o Vil
where & = [[yj,, ¥j,.*** , ¥j,_,]. The induction is finished and the assertion of part (1)
follows.

The proof of part (2) is similar calculation to that in part (1) and is done by induction
onft. O
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Proposition 4.3 For any commutative ring with identity, there is a group isomorphism
exp: Kif — G(AR(y1.-++ . yn))
given by exp(x]) =1+ry;.

Proof As the proof is similar to the proof given by Cohen [1] in the case R =Z or
Z/p", we just outline the general idea. By inspection of Lemma 4.2, the exponent map
preserves the defining relations of K,f and thus induces a group homomorphism. It
is by definition obviously an epimorphism. That exp is a monomorphism follows by
induction on the descending central series filtration of KX and noticing that KR is a
nilpotent group of class 7. O

Let V= (x1, -+, xp) be the free R—module generated by xy,---, x,. Let ynR be the
R-submodule of V®” generated by the homogenous elements X (1) Xg ) * *Xg @) for
o €Sp. Let LieR (n) be the R—submodule of )/nR generated by the n—fold commutators
[[Xo(1): Xo(2)» *** Xo(n)] for 0 € Sy, Let P, (T(V')) be the set of primitive elements of
T(V) of tensor length 7.

Lemma 4.4 RN P,(T(V)) = Lie®(n).

Proof If R = Z,_then P(T(V)) = L(V) is the free Lie algebra generated by V.
Thus yZ N Pu(T(V)) = y2 N Ly(V) = LieZ(n).

Let p be a prime. If R =Z/p, then P(T(V)) = L™ (V) is the free restricted Lie
algebra generated by V. Selick and Wu [6] proved that y,,Z /P Lﬁfs(V) C L(V).
Thus

yEP O P(T(V)) =y P 0 LI(V) = 2P 0 Ly(V) = Lie?/ P (n).

Now assume R is a commutative ring with identity. Let

Y T(V)—T(V)RT(V)
be the reduced comultiplication, that is, @(x) =¢Y(x)—x®1—-1®x. Then P(T(V))
is the kernel of ¥: T(V) — T(V) Q@ T(V). Let 5: VO — VO @ ®1=5 pe
defined by

V(araz---an) = Z Aiy Ay~ Aiy @ AjyAjy = Ajpy_ys
.0

where I = (i{,ip, - ,is) with i1 < i, < --- <y, J = (1, J2, "+, Ju—s) With
J1 < jo <-++ < jy—s and (I, J) runs over all (s,n — s)—shuffles. Then 1;|V®n =
S Y VO S DI VS Q VOIS CT(V) Q@ T(V) forany V and so y,R N
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P,(T(V)) is the kernel of the map 1;|ynR = Z?;i Vsl R R — @;’;i Ve @

V®n—=s et V' be the free Z—module generated by x1,x5,--+,X5. Then
n—1 n—1 ® ®

- - = = — — S — n—s

VI g =Y,z QzR: v, =y, @2 R~>P V&V =P V'™ &, V""" "®@zR.
s=1 s=1

Notice that Ker(i/_/lyg) = LieZ(n). Thus @|y’§ factors through 2/ Lie?(n) and the
resulting map j: y7/ Lie? (n) —> @;’;i e Rz V' B s a monomorphism. Notice
that Ker(lﬁ|yz/p) = Lie?/? (n) for any prime p. Thus

J ®22/p: (vE/Lie?(n) ®22/p = yF'? /| Lie?’ P (n)
n—1
— PV @ 7" ®22/p

s=1
is a monomorphism for any prime p and so the cokernel of
n—1 _ _
j: )/,,Z/Liez(n) — ED e Rz e
s=1
is a torsion free finitely generated Z-module. Thus

n—1
j ®2 R: (7 /Lie” () @2 R — PV @, V" @, R

s=1

is a monomorphism for any ring R and so the image of

n—1
lﬂynR: ynR — EB Ve Qg VES

s=1

is isomorphic to (yZ/ LieZ(n)) ®7 R. Notice that v/ Lie” (n) is a free Z—module.
From the short exact sequence

Lie” (n) = y,, — v/ Lie”(n),
we get the short exact sequence
Lie®(n) = Lie?(n) 7 R~ ynR =y ®; R —> yZ/ Lie?(n) ®z7 R.

The assertion follows. O
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The group of natural coalgebra transformations of {J,(—)},>0

Now we determine the set of functorial coalgebra maps from C(V)®" to T(V). Let
Coalg(C(—)®", T(—)) be the set of all functorial maps of coalgebras from C(V)®"
to T(V), with the multiplication given by the convolution product. Notice that
Coalg(C(—)®", T(—)) is a group with the convolution product.

Theorem 4.5 There is an isomorphism of groups

e: KR — Coalg(C(—)®", T(-)) foreachn > 0.

Proof Let 6,: AR(yy, -+, yu) — Hompg(C(—)®", T(—)) be the algebra homomor-
phism in Proposition 3.8. Notice that

On(1+1y;): CON®" — T(V)
is a functorial map of coalgebras for r € R and 1 < j <n. Thus

On(G(AR(p1,-++, yn))) S Coalg(C(—)®", T(-))

and so

€ = OnlGAR (yy.mpy): GAR1. . yn)) —> Coalg(C(—)®", T(-))

is a well-defined monomorphism of groups. We need to show that e is an epimorphism.
By Proposition 4.3, we can identify K,f with G(AR(yy,--- . yn)).

By assuming that V is a connected module, C (V) is a connected graded coalgebra.
Let sk; C(V)®" = @jszz(c(v)®n)j~ Then {sk, C(V)®"} is a (finite) coalgebra
filtration of C(V)®". Let {I' K,f } be the descending central series of K,f starting

with T'' KR = KR Notice that by Lemma 4.2,
TR A+ 1 AR (v, y2,-+ . vn)

for each ¢ > 1, where I* AR(yy, y5, -+, yn) is the t—fold product of the augmentation
ideal TAR(y1, y2.--+, yn). Let sk; denote sk; C(—)®". Then the composite

s KR KR —> Coalg(C(—)®", T(~)) — Coalg(sk;, T(-))

is the trivial map if s > ¢ and so there is a commutative diagram

KR —%— Coalg(C(—)®", T(-))
KR
I‘f+1nKnR Coalg(sks, T'(—))
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foreacht > 1.

Let E; be the kernel of the map Coalg(sk;, T(—)) —> Coalg(sk;—;, T(—)). Then
there is a commutative diagram

Ft/rt+1( S K,f/FH-l K,f/F’,

\Le \Le \Le
E,——— Coalg(sk;, T (—)) — Coalg(sk;—1, T(-))
where I'" = ' KR Notice that
"' =E,.;={1} and KR/I'!=Coalg(ske. T(-)) = {1}.

It suffices to show that e: I/ I'¥*1 — E, is an epimorphism for each ¢ > 1.

Notice that f € E; C Homg(sk,, T(—)) if and only if f: sk, C(V)®" — T(V) is
a functorial R-linear map such that

D) fleca)en, =0: (C(V)®"); — T(V); for 0 < j <2t;
Q) SUCV)®)2) S P(T(V)2) = P(T(V)).
Now let f € E; and let f : C(V)®" — T (V) be the functorial R—linear map such

that f|sk, = f and f|(C(V)®n)j =0for j>2t.Letl <ij<ip<---<i;<nbea
sequence of length 7. Let

@i1) (Gr)
A CON® =R®--- R C(V) ®R---® R® C(V) ®R---® R —> C(V)®"

be the inclusion of iy,i,,--- ,i; coordinates and let

- @) @) on ot
T =€®---Qidcy)®---Qidec) ®---®e: C(V)™" — C(V)

be the projection of iy,i,,--- ,i; coordinates. Let g;: C(V)® — T (V) be the
composite

N ~
cwyer ey L)
and let f; =gromy: C(V)® — T (V). Notice that

J1(C)®)20) = fi(C(V)®)20) € P(T(V)).

Thus g7 ((C(V)®)y) = g1 (V®) € P(T(V)). Let V, pX and Lie®(r) be defined
as in Lemma 4.4. By Lemmas 3.7 and 4.4, we have

g cykn P(V)=LieR(@n).
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Thus
gr(xixa---x;) = Z rellX1, Xz @), o0 Xe@))
T€SH—1
for some r; € R for each t € ¥,,_, where X,_; acts on {2, 3,---,n}. Notice that

g1 is a functorial map. Thus

gr(ayaz---a;) = Z rellan, acay. -+ aen)

T€SH—1

for any free R—module V' and any a; € V. Let

wy = l_[ (1 +rT[[yil’yir(2)"" ’yiz(z)]) € AR()/I»J’Z,"' ’yn)’

te€SH—1

where the product is taken in an arbitrary order. Then it is routine to check that
On(wD)lsk, = 81 071l = Jrlsk: sk C(V)®" — T(V).
By Lemma 4.2, w; € KX and so
f1ls, €Im(e: T/ T — E,).

Notice that

CO®= @ v =Pve.

1<ii<ip<-<i;<n (’;)
Thus
/= Flw =[] filse
I

is in the convolution algebra Homg(sk; C(—)®", T'(—)), where I = (i1,iz-- i)
runs over all sequences 1 <7y <i; <---<i; <n of length 7 and the product is taken
in an arbitrary order. Hence

felm(e: T/ — Ey)

and the assertion follows. O

The James filtration of the tensor algebra 7' (V')
Jo(V) S i (V) S-S y(V) S-S T(V)
induces a cofiltration of the progroup Coalg(7' (—), T'(—))

- —= Coalg(Jp(—), T(=)) —= -+ —= Coalg(Jo(-), T(-)),
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where the group Coalg(T(—), T(—)) can be identify with the inverse limit
Coalg(T (—), T(-)) = lim Coalg(J,(—), T(-)).
n
Selick and Wu [6] proved that there is an isomorphisms of groups

Ker [Coalg(Jy(—), T(~)) — Coalg(Jn_1 (=), T(-))] — LieR®Z/P ().

Definition 4.6 Define the group Zf to be the equalizer of the projection maps
wj: GAR (1, yn) —= G(AR (1, )

Lemma 4.7 The group Z,If is isomorphic to the combinatorial group Hf.

Proof Recall that the isomorphism K, 2 G(AR(y1,... yx)) preserves the projection
maps, that is, expomr; = m; o exp. Therefore the assertion of the lemma follows
immediately as both groups are given by the equalizer of the same maps. O
Theorem 4.8 There is an isomorphism of groups

e: H,If —> Coalg(J,(—), T (—))
for 1 <n <oo.
Proof Let 6,: L,If —> Hompg (J, (=), T(—)) be homomorphism (3-1). As the fol-

lowing diagram
Hy > Ly

| |

KRC—— AR(y1, -+, yn)
K}f—l = AR(p1, - yus1),

commutes for every 1 < j < n and the bottom two rows are given by inclusions,
there is an inclusion HE —> LR between the equalizers. Notice that 6,(HE) C
Coalg(J,(—), T(-)) and so

¢ = Olyy: HF —> Coalg(Jn(-). T(-))

is a well-defined monomorphism of groups. We need to show that e is an epimorphism.
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Recall that there is an isomorphisms of groups
Ker [Coalg(J(-), T(=)) —= Coalg(Jy—1(-), T(=))] —= LieR®Z/? ().

and that the kernel A (n) of the homomorphism d,;: Hf — Hf_l is by Theorem 2.5
isomorphic to Lie®(n) as a group. Thus there is a commutative diagram

Lie® (n) LieR®Z/P (1)

| |
HR Coalg(Ju(-). T(-))
- i

HR | —5— Coalg(Ju—1(-). T(-)).

n

for 1 <n < co. Therefore, we have that the map e: A(n) = Lie® (n) —> Lie®®Z/? (n)
is onto. Now by induction, the homomorphism

e: HE — Coalg(Ju(-). T(-))

is onto for 0 <n < oo. The assertion follows. O

Corollary 4.9 There is an isomorphism of groups

e: Hg; — Coalg(T'(-), T(-)).

Recall that by Theorem 3.10, the combinatorial algebra L,If is isomorphic to
Hompg(J, (=), T(—)). Therefore we have the following statement.

Corollary 4.10 There is a faithful representation
e:HR LR for1<n<oo.
Theorem 4.11 There is an isomorphism of groups

e: RHf,l) — Coalg(Jn(—®l), T(-)) forl<n<oo.

Proof The homomorphism e: RH;,I) —> Coalg(J, (—®Coalg(J,(—%"), T(—)) is the
homomorphism of the group isomorphisms

e: K,f — Coalg(C(—)®", T(-)),

and thus it is a group isomorphism. a
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Recall that by Theorem 3.19 the combinatorial algebra RLS,I)

Hompz(C(—)®", T(—)); hence we have the following corollary.

is isomorphic to

Corollary 4.12 There is a faithful representation

e: RH,(IZ) — RL,({) for1 <n <oo.

5 A representation for the group K, (k)

In this section, we give a representation for the group K (k).

The algebra A(yy,---, yn) gives a representation for the group K, = K, (1) (see
Section 2). We will use this algebra to give a representation for K, (k) for general &,
where the representation map into A(yy,--- , ¥») depends on k.

Recall that the algebra A(yq, -+, yn) is a graded algebra over Z and A(yq, -+, Yn)¢ is
a free Z—module with basis Yigy " Vigw s where o € ¥; actson {1,2,---,¢} and
1<ii<ip<---<iy<n.

The (ungraded) commutator in the algebra A(y1,--- , y,) is defined by

[x.y]=xy—pyx
for x,y € A(y1,---, yn) and the iterated commutator is defined inductively by
(o, xe ] = [lxr, - xe—1])s Xl
Now consider the homogeneous monomial y;, --- yi, € A(y1,-++, yn). Notice that

(Viy -+ yip)* = 0. Thus

(1+yi1 "')’ik)(l—J/il "'J’ik)zl

and so 1+ y;, --- yi, is a unit element in A(yy,---, yn). Let F(k) be the free group
generated by the words {x;,|---|x; } with 1 <ig <n for 1 <s <k and let

e: F(k) — A(y1.--+ . yn), given by e({xj |-~ [xj }) = (1 + i, -+ yiy),

be a homomorphism from F(k) into the group of units in A(yy, -+, yy). Let I =
(i1,--- ,ix) be a sequence of integers. Write xy for {x;|---|x; } and yy for the
monomial y;, -+ pi, .

Theorem 5.1 The representation map e: F(k) — A(y1,--- , yn) factors through the
quotient group K, (k). Furthermore, the resulting representation map

e Kn(k) _>A(y17 7yi’l)
is faithful.
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The proof requires the following lemma.

Lemma 5.2
(1) Letw = x}'ll -~-x;'[’ be a word in F(k). Then

e(w)=+nyyr) (1 +nyg,).

() e([[x?ll,--~ ,x}’[’]) =1+ny---n¢lyr,,--+ . yr,], where the first bracket [[---] is
the commutator in the group F(k) and the second bracket [[- - -] is the commuta-
tor in the algebra A(y1,--- , ¥n).

Proof Notice that (1 +ny;)(1 —ny;) =1—n?*(y;)?2 =1 for n € Z. Thus
e(x;™) = 1—nys
and so assertion (1) follows.
The proof of assertion (2) is given by induction on the length #. Let
w = [[x}’ll,... ,x;ltt]
with # > 2 and let w' =[xy
Notice that w = (w’ )_lxl_t"’ w’ x?t’ . By induction, one has
e(w =1+ny-ny[lyr,, -, y1,_,]
and so e(w)™y=1—ny-—-nallyr,, -+ v,y
because [[yr,,-, yr,_,]* = 0 in the algebra A(y1,-+-, yn). Thus
e(w) =
(A=ny-neallyre - yr, DA=neyr ) A+ ng - neallyry -y, DA+ neyry).
It is routine to check that the right side in the above equation is equal to
L+ny-ndlyr, -y,
in the algebra A(yy,---, ¥n). Assertion (2) follows. |
Proof of Theorem 5.1 Let / = (iy,--- ,ix). Then e(xy) =14+ yi, - yi, . fip =iy

for some p < ¢, then y;, ---y;, = 0 and so the representation map e preserves
relation (1) in the definition of K (k).

Let I; = (ijy,--- ,ijx) with 1 < j <. Then

e([xy, -+ xr,D=1+1[yr.--- . yrl
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Notice that s ]= Z EV1,0) " Vi
o

where o runs over certain elements in >;.

Suppose that ipg = ipg for some (p,q) # (p’,q’). Then

[[y]lﬁ"' 9y1t]:O

and so e([[x7,,--+,xp,]) = 1. That is, the representation map e preserves relation (2)
in the definition of K (k).

Now it is easy to check that

I+ v =1+allyr. - o]
Thus  e(([x7',--- . x7'D=1+ny-nillyr, -y,
=+ v D" =ellxry, -+ x ")
and so the representation map e preserves relation (3) in the definition of K, (k). Thus

the representation map e: F(k) — A(y1,---, yn) factors through K (k), which is
the first statement in the theorem.

Now we need to show that the representation map e: K, (k) — A(y1, -+, yn) is
faithful. Let A(k) be the graded subalgebra of A(y1,---, y,) generated by all the ele-
ments o € A(y1,--+ , Yn)x of dimension k. Notice that the image of the representation
map e is contained in the subalgebra A (k). That is,

e: Ky(k)y— Ak)

is a representation map. Let I(A(k)) be the augmentation ideal of the algebra A (k)
and let 6: K, (k) —> I(A(k)) be the function O(w) = e(w) — 1 for w € K, (k). Let
{I'"(G)} be the lower central series of a group G and let I?(A4) = (I(A4))" be the
t—fold product of the augmentation ideal /(A) of an augmented algebra A. To finish
the proof the following two lemmas are required.

Lemma 5.3 Let G be a group and let e: G —> A be a representation of G into an
augmented algebra A over Z such that e(e(g)) =1 for g € G, where €: A — Z is
the augmentation map. Let 6: G — I(A) be the function 6(g) = g—1 forall g € G.
Then

(1) O(T*(G)) CI'(A) foreacht>1.
(2) 0 induces a homomorphism of abelian groups

6: T(G)/ T THG) — I'(A)/I"T1(A4)
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such that the diagram

I (G) I'(4)
[H(G)/ TH(G) — = ()11 (4)
commutes.
(3) The map

6: ZI‘ZI ]—'t(G)/ FH—I(G) - ZIZO It(A)/It'H(A)

is a representation map of the Lie algebra )_,>, T'*(G)/ I'+1(G) into the
algebra )50 I'(A)/I"T1(4).

Lemma 5.4 The map
0: T"(Kn(k))/ T"H (Ku(k)) — 1" (A(k))/ I" T (A(k))

is a monomorphism foreach t > 1.

Continuation of the Proof of Theorem 5.1 (given Lemma 5.3 and Lemma 5.4)

By relation (2) in the definition of the group K, (k), the group K, (k) is nilpotent
and so I'S (K, (k)) is trivial for some s. Suppose that e: I T1(K,(k)) — A(k) is
faithful. That is, w = 1 if e(w) = 1 and w € I T1(K,(k)). Let w € I''(K,(k))
be such that e(w) = 1. Then 6(w) = 0 and so A(w) = 0 where W is the image
of w in I'(K,(k))/ "t (K, (k)). By Lemma 5.4, @ is zero in the abelian group
I (Ku(k))/ T (K, (k)) and so w € T'T1(K,(k)). By induction, w = 1 and the
assertion follows. |

Proof of Lemma 5.3 Let ¢: Z(G) —> A be the map of algebras such that e(g) =
e(g), where Z(G) is the group ring of G' over Z. Notice that €(e(g)) =1 for g € G.
The map €: Z(G) —> A is a morphism of augmented algebras. Let 0”: G —> I(Z(G))
be the function #’(g) =g —1 for g € G. Then § =¢06’: G —> A. Notice that the
assertions hold for the function 6': G — Z(G), (see, for example, [3, Proposition 10.5,
page 187]), and e is a morphism of augmented algebras. The assertion follows. 0O

We need two more lemmas to prove Lemma 5.4.
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Lemma 5.5 [5] Let A be an (ungraded) algebra over Z and let xy,--- ,Xx, be
elements in A. Then

[[xl,... ’xn]: Z (_l)pxip...xille...xjn_p’
0<p=<n—1

where the sum is taken over 0 < p <n —1 and all shuffles (i1, ,ip: j1,**s Ju—p)
such that:

(1) 1=si1<ip<---<ip=n;
@) 1=j1<j2<-<jn—p=n;

@) v ipi N1 Jn—pt = 2.

Proof The proof is given by induction on the length 7. The assertion holds trivially
for the case n = 2. Suppose that the assertion holds for n» — 1. Then

X1 xn] =[x1.- - Xp—1]Xn — XnllX1, 0, Xp—1]

= E (—1)pxip-. .inle .. .xjn—p—lxn —_ E (_l)pxnxip . ..xille .o .xjn—p—l

0<p=<n-2 0<p=<n-2
— E (=) P, Xy Xjy o+ X py X+ E (=) Pxi, - Xiy Xy oo X,
0<p=<n—2;ip<n 1<p=<n—1l;ip=n

Notice that x;, -+ Xj; Xj; *+*Xj,_, = X1+ Xy OF Xp---x1 if p =0 or n—1, respec-
tively. The assertion follows. |

A sequence of integers I = (i, --- ,iy) is called n—admissible if i, # iy for all p <gq
and 1 <i; <n for 1 < j <s. The length s of the sequence I = (iy,--- ,iy) will be
denoted by /(1). Let I; = (ij1. - ,ijk;) be sequences of integers with 1 < j <¢.
The sequence (of sequences) (Iq,---,1;) is called n—admissible if the sequence
(11,77 5Q1ky» " »is1,** izk,) i n—admissible. Now consider the graded algebra
A(k). Let T(yr) be the tensor algebra over Z generated by the words yy, where
I =(i,--- ,ix) isasequence such that 1 <i; <nmn for 1 < j <k.Letq: T(y;) —
A(k) be the quotient map of algebras, where ¢(yr) = yr. Let L(y;) € T (yr) be the
associated Lie algebra of T'(yy). Let A;(k) denote the image ¢(T;(yr)), let L(A(k))
denote ¢(L(yr)) and let L;(A(k)) denote ¢(L;(yr)) where L;(yy) is spanned by
the Lie elements of tensor length ¢ in the Lie algebra L(y;). Let S be the set of the
n—admissible sequences of length & with some chosen order <.
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Lemma 5.6

(1) A basis for the free Z-module A;(k) = A(y1,--- , Yn)ks 1S given by the mono-
mials yy, -+ y1,, where Ij € Sy for 1 < j <t and the sequence (I1,--- ,I;) is
admissible.

(2) A basis for the free Z—module L;(A(k)) is given by the Lie elements
[[yll s VIgy) """ s ylg(t)]’
where I; € S for 1 < j <t suchthat Iy <1, <---<1I; and where (I,---, I )
is admissible and o € X;_1 actson {2,--- ,t}.
Proof It is easy to check that the set of the monomials
{vr, - yr, | 1j €Sk for1 < j <tand (Iy,---,I;)is admissible}
is the same as that of monomials
{Viy Vi, | (i1, -+ ,ik,) is admissible}.
Now the latter is a basis for 4(y1,--- , yn)kr = A (k). Assertion (1) follows.

For assertion (2), it suffices to show that the Lie elements given in assertion (2) are
linearly independent because every element in L;(A(k)) is a linear combination of
such elements.

Let Ij,Jj € Sk for 1 < j <t such that:
D Li<-o<Iy, Jy <o < Jy;
(2) both ({y,---,1;) and (Jy,--- ,J;) are admissible.
Let 0,7 € X;_;. By assertion (1), Homz(A;(k), Z) has a dual basis. Consider

([[le’ny(z)v"' 9er(,)]v (yllylg(z) "'yla(,))*)-
If the set {Jy{,---,Js} # {11, -+, I;}, then it is easy to check that

<[[y11 ’ er(zy to vny([)]’ (y11 ylg(z) o ')’Ig(,))*) =0.

If {Jy,--- . Jey={11,--- ,I;} asaset, then J; = I; forall 1 < j <¢. By Lemma
5.5,

[[y.]]?y.]r(z)"" ’yJT(t)] =VnVIre Ve +ZiyK1yK2”'thv
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where ) +yg, VK, -+ Yk, is the sum of the other terms in Lemma 5.5. Notice that
Yk, # yJ, in each term of the sum ) yk, Vk, - -+ Yk, - Thus the scalar product

1 for (Ji,--,J¢) = U1, -+ 1),

(yr Vi Voo On VIpoy  View) )= andT=0
0 otherwise.

Assertion (2) now follows easily. O

Proof of Lemma 5.4 By Lemma 5.2, the Z—map
0: T/ (Kn(k))/ T (Kn(k)) —> 17 (A(K)) /T (A(K)) = A, (k)

maps onto the Z—submodule L;(A(k)). By relation (2) in the definition of the group
K, (k), every element in the abelian group I'*(K,(k))/ T'T1(K,(k)) is a linear
combination of the elements [[xIl,xla(z),--- ,xlg([)], where I; € §p for 1 < j <t,
(I; <--- < I;) is admissible and 0 € X;_; acts on {2,---,¢}. Thus the Z—map
¢: Li(A(k)) —> T*(Kn(k))/ T+ (Ky(k)) defined by

¢([[y11’ ylg(z)v R yla(,)]) = [[xll’xla(z) c ’xla(t)]

is an epimorphism. Notice that the composite

Li(A(K)) 2 T (K (k) T (K (k) —= L(A(K)

is an isomorphism. Thus

¢: Li(A(k)) — T"(Kn(k))/ T (Kn (k)
is a monomorphism and hence it is an isomorphism. The same argument proves that

0: T (Kn(k))/ T (Kn(k)) — Li(A(K))
is an isomorphism . The assertion follows. |
Consider the composite

&t Kn(k) —> A(y1.- . yn) —> AP (1. ).

Notice that, in the algebra AZ/P" (yy,--- , yn), we have

(Lt iy yi)? =14 p iy ooy = 1.
Thus the representation map &: K, (k) —> A%/P"(y;,--- , y,) factors through the

quotient group KZ/ P’ k).
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Proposition 5.7 The representation map e: Kf/pr (k) —> AZ/P"(yy,---, yn) is faith-
ful.

Proof Let AZ/P" (k)= A(k)® Z/p" . 1t suffices to show that
0: TH(KEP" (k) / T (KEP (k)
— I'(AY 7" (o)) 14T (k)= A (k) @ 2/ p”
is a monomorphism. Notice that
0: UKL/ P (k) ) TN KL P () —> 11 (APP" (k) /17 (AP P (k)

maps onto the submodule L;(A(k)) ® Z/p”. Observe that L;(A(k)) @ Z/p" is a
free Z/ p” -module with a basis [y, VI,)> " s VIl Where I; € S for 1 < j <1,
where (I; <--- < I;) is admissible and where o € ¥,_; acts on {2,--- ,¢}. By the
definition of K,%/ P’ (k), the map

¢: Le(A(k)®2Z/p" —> TH(KZ/P" (k))/ T U (KEP" (k)

given by

Sy Vigey s Vo) = X115 X1g )+ 5 XI )]
is a well-defined epimorphism. The assertion follows from the fact that the composite
6o ¢ is an isomorphism. o

Theorem 5.8 There is an isomorphism of groups

e: KR (k) — Coalg(C(—)®", T(="¥)) for1<n < oo.
Proof The proof follows along the lines of the proof of Theorem 4.8. |

Theorem 5.9 There is an isomorphism of groups

e: RH,SI)’(k) —> Coalg(J, (—/\l), T(—Ak)) for1 <n < o0.

Proof The homomorphism e: RH;I)(k) — Coalg(J, (=" Coalg(Jn (), T(="K)) is
the by the group isomorphisms

e: KR (k) — Coalg(C(—)®", T(-"*)),

and thus it is a group isomorphism. a

Corollary 5.10 There is a faithful representation

e: R RpD.0) - for | <p < o0,
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