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Z ¥ -actions fixing RP2UR P ¥

ROGERIO DE OLIVEIRA
PEDRO L Q PERGHER
ADRIANA RAMOS

This paper determines, up to equivariant cobordism, all manifolds with Z é‘ —action
whose fixed point set is RP2URP”, where 1 > 2 is even.

57R85; 57R75

1 Introduction

Suppose M is a smooth, closed manifold and 7: M — M is a smooth involution
defined on M . It is well known that the fixed point set F' of T'is a finite and disjoint
union of closed submanifolds of M . For a given F', a basic problem in this context is
the classification, up to equivariant cobordism, of the pairs (M, T') for which the fixed
point set is F. For related results, see for example Royster [16], Hou and Torrence
[6; 7], Pergher [11], Stong [17; 18], Conner and Floyd [4, Theorem 27.6], Kosniowski
and Stong [8, page 309] and Lii [9; 10].

For F = RP", the classification was established in [4] and [17]. D C Royster [16]
then studied this problem with F the disjoint union of two real projective spaces,
F = RP™ U RP". He established the results via a case-by-case method depending
on the parity of m and n, with special arguments when one of the components is
RP° = {point}, but his methods were not sufficient to handle the case when m and n
are even and positive. If m and n are even and m = n, one knows from [8] that (M, T')
is an equivariant boundary when dim(M) > 2n; it was later shown in [7] that (M, T')
also is a boundary when n < dim(M) < 2n. To understand the case (m, n) = (0, even)
and also the goal of this paper, consider the involution (RP"*"*1 T, ), for any m
and 7, defined in homogeneous coordinates by

Tm,n[xo,xh ce ,Xm+n+1] = [—Xo, Xl = Xms Xm415- - ,Xm+n+1]-

The fixed set of T}, , is RP” URP”. From T, ,, it may be possible to obtain other
involutions fixing RP” U RP”: in general, for a given involution (W, T') with fixed
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set F' and W a boundary, the involution

Stxw )

F(W, T) = (—Id—)(T, T

is equivariantly cobordant to an involution fixing F'; here, S'! is the 1-sphere, Id is the
identity map and t is the involution induced by ¢ x1Id, where ¢ is complex conjugation
(see Conner and Floyd [5]). If (S! x W)/(—1d xT) is a boundary, we can repeat the
process taking ['2(W, T'), and so on. If F is nonbounding, this process finishes, that
is, there exists a smallest natural number r > 1 for which the underlying manifold
of I'" (W, T) is nonbounding; this follows from the (5/2)—theorem of J Boardman in
[1] and its strengthened version in [8]. In particular, if m and n are even and m < n,
RP™ URP” does not bound and RP™*"+! bounds, so this number r makes sense for
(RpmHA+L Tm,n), and we denote r by h,, ,. In [16], Royster proved the following
theorem:

Theorem Let (M, T) be an involution fixing {point} U RP", where n is even. Then
(M, T) is equivariantly cobordant to T/ (RP"*1, To,n) forsome 0 < j < hg .

Later, in [15], R E Stong and P Pergher determined the value of / , , thus answering
the question posed by Royster in [16, page 271]: writing n = 2Pg with p > 1 and
g > 1 odd, they showed that /19, =2 if p=1and ho, =27 —1if p> 1.

In this paper, we contribute to this problem by solving the case (m,n) = (2,even).
Specifically, we will prove the following:

Theorem 1 Let (M,T) be an involution fixing RP?> U RP", where M is con-
nected and n > 4 is even. If n > 4, then (M, T) is equivariantly cobordant to
I/ (Rp"+3, T, p) forsome 0 < j <hy,.If n=4, then (M, T) is either equivariantly
cobordant to T/ (RP7, T, 4) for some 0 < j < hj 4, or equivariantly cobordant to
['2(RP3, Ty2) U (RP3, T 4).

In addition, we generalize the result of Stong and Pergher of [15], calculating the
general value of A, , (Which, in particular, makes numerically precise the statement

of Theorem 1).

Theorem 2 For m,n even, 0 <m <n, write n —m = 2Pq with p > 1 and g > 1
odd. Then hy, =2 if p=1,and hyp =27 —11if p > 1.

Finally, we also extend the results for Z ’2‘ —actions. This extension is automatic from
the combination of the above results and the case F = RP" with a recent paper of the
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first two authors [13]. The details concerning this extension will be given in Section 4.
Section 2 and Section 3 will be devoted, respectively, to the proofs of Theorem 1 and
Theorem 2.

Acknowledgements The authors would like to thank Professor Robert E Stong of the
University of Virginia for suggestions and techniques. The second author was partially
supported by CNPq and FAPESP, and the third was supported by CAPES.

2 Involutions fixing RP? U RP¢Ven

We start with an involution (M, T) fixing RP?> U RP”, where M is connected and
n > 4 is even, and first establish some notations. We will always use A, — RP”
to denote the canonical line bundle over RP”. Denote by « € H'(RP?, Z,) and
B € H'(RP", Z,) the generators of the 1—dimensional Z,-cohomology. The model
involution (RP"*3, T, ) fixes RP? URP” with normal bundles (n 4+ 1)A, — RP?
and 3X, — RP". The total Stiefel-Whitney classes are W((n + 1)A5) = (1 +a)" 1,
W(3A,) = (14 B)3. Denote by n — RP? and & — RP" the normal bundles of RP?
and RP” in M . To prove Theorem 1, it suffices to prove the following:

Lemma3 Ifn >4, then W(n) = (1+a)"t! and W(§) = (1 + B)>. If n = 4, then
either W(n) = (1 4+a)’ and W(E) = (14+B)>,or W(n) =1+« and W(£) =1+ B.

In fact, suppose Lemma 3 is true, and denote by R the trivial one-dimensional vector
bundle over any base space. Set k = dim(n) and / = dim(§), that is, k = dim(M ) —2
and / =dim(M)—n>1.

First consider n > 4. By [5], for 0 < j < h; ,, the involution I/ (RP"F3, T, ) is
equivariantly cobordant to an involution with fixed data

(n+ DA, ® jR — RP?)U (3%, @ jR — RP").

Using the notations W =1+ w; + wj, + ... for Stiefel-Whitney classes and (Z) for
binomial coefficients mod 2, note that w3 (&) = (3)8> = B # 0 and thus / > 3. Then

nUE and ((n+ DA ®( —3)R)UBhy ® (I —3)R)

are cobordant because they have the same characteristic numbers. If / <3 + /5 ,, one
then has from [4] that (M, T) and T'/=3(RP"13, T, ) are equivariantly cobordant,
proving the result. By contradiction, suppose then / > 3 + /5 ,,. Again from [4],

(1 + 1)@ —3)R)UGA ® (I —3)R)
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is the fixed data of an involution (W, S), and by removing sections if necessary we can
suppose, with no loss, that dim(W) = n + h, , + 4 [4, Theorem 26.4]. Let (N, T”)
be an involution cobordant to ['#2.n (RP™F3, T, ») and with fixed data

((}’l + 1))‘2 ® hz,nR) U (3)\n 7 h2,nR)-

One knows that N is not a boundary. Then I'(N, T’) U (W, S) is cobordant to an
involution with fixed data R — N, and from [4] R — N then is a boundary, which is
impossible.

Now suppose n = 4. The case W(n) = (1 +«)> and W(§) = (1 4+ B)? is included in
the above approach, hence suppose W(n) =1+« and W(§) =1+ B. Since hgr =2,
the involution ['2(RP3, Ty ,) is cobordant to an involution with fixed data

(5R — {point}) U (A, & 2R — RP?).

Then the involution T'2(RP3, Ty 2)U(RP?, Tp 4) is cobordant to an involution (W3, T')
with fixed data (A, @ 2R — RP?)U (A4 — RP#), and the total Stiefel-Whitney classes
are W(A, ®2R) =1+ o and W(A4) = 1 + B. Because /o> = 2, the underlying
manifold of FZ(IRP3, Ty,2) does not bound; since RP> bounds, W3 does not bound.
By contradiction, suppose / > 2. Using the hypothesis, [4] and removing sections if
necessary, we can suppose with no loss that (M, T') has fixed data

(A2 ®3R — RP*) U (A4 ® R — RP%).

Using the same above argument for I'(W?>, T)U (M, T'), we conclude R — W isa
boundary, which is false. Then / = 1 and (M, T') and (W?>, T) (and hence the union
['2(RP3, Ty2) U (RP°, T 4)) have fixed data with same characteristic numbers.

In order to prove Lemma 3, we will intensively use the following basic fact from [4]: the
projective space bundles RP() and RP(§) with the standard line bundles A — RP(n)
and v — RP(&) are cobordant as elements of the bordism group Ny 1(BO(1)). Then
any class of dimension k + 1, given by a product of the classes w; (RP(n)) and w(4),
evaluated on the fundamental homology class [RP(n)], gives the same characteristic
number as the one obtained by the corresponding product of the classes w; (RP(§))
and wj(v), evaluated on [RP(£)]. To evaluate characteristic numbers, the following
formula of Conner will be useful [2, Lemma 3.1]: if w: @ — N is any r—dimensional
vector bundle, ¢ is the first Stiefel-Whitney class of the standard line bundle over
RP(u), W(n) =14 w; (1) + wa () + . .. is the dual Stiefel-Whitney class defined
by W(u)W (i) =1 and @ € H*(N, Z5), then

ey ! ¥ (@)[RP(w)] = Wj—r41()a[N] when j =r—1.
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In this context, our numerical arguments will always be considered modulo 2. Write
W(A) =14c and W(v) = 1 +d for the Stiefel-Whitney classes of A and v. The
structure of the Grothendieck ring of orthogonal bundles over real projective spaces
says that W(n) = (1 +«)? and W(&) = (1 + B)? for some p,q > 0. From [4, 23.3],
one then has

2
WRP() = (1 +0)*( 301+ 0k (7)o

i=0
l
and WRPE) = (1 + A" (D1 + )~ ()B).
i=0

where here we are suppressing bundle maps.
Fact1 The numbers p and ¢ are odd; in particular, w;(n) = o and w;(§) = 8.

Proof One has

w RP(M) = ()e+a+ (P)a and  w (RPE) = (})d + B+ (9)B.

Since k +2 =1/ +n and n is even, (If) = (i), and thus

wi(RPM) + (f)e = ((7) + Do and  wi(RPE)) + (1)d = () + DB
are corresponding characteristic classes. Because n > 2, it follows that
0= ((2) + 1)a"c " RP(m)] = ((9) +1)p"d' T [RP()]
() + DB IRP"] = () + 1,

which gives that ¢ is odd. Also
() +1=(()) + e’ RPa] = ((§) + DA RP(E)] = 0,

and p is odd. a
Fact2 If /=1,thenn=4, W(n)=14oa and W(¢) =1+ 8.

Proof Since / =1 and w;(§) = B, we have W(§) = 1 4+ 8. Then the involution
(M, T)U (RP"! Ty ) is cobordant to an involution with fixed data

(n — RP?) U ((n + 1)R — {point}).

From [16] and the fact that /19, = 2, we have W(n) =1+« and n = 4. O
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Fact 2 reduces Lemma 3 to the following assertion: if / > 1, then W(n) = (1 +a)"*!
and W(£) = (1 + B)3; so we assume throughout the remainder of this section that
I >1. Note that (1+a)"™ =(1+a)?if (5)=1and (1+a)"t!' =1+aif (5)=0.
Denote by r the greatest power of 2 that appears in the 2—adic expansion of »n, that
is, 4 <2" <n <2"t1. We can assume g < 2”1 and p < 4. Then Fact 3 and Fact 4
show that W(n) = (1 + )" T1:

Fact3 If (3) =1, then p =3.
Fact4 If (3) =0, then p=1.

Set p’ =4—p, ¢’ =2"T!1 —¢. Then the dual Stiefel-Whitney classes of 1 and & are
given by W(n) = (1 +)?", W) = (1+B)7 . Since p and ¢ are odd, p’ and ¢’
are odd; further, () + () =1and (;}) + (%) =1 foreach 1 <u <r.
Proof of Fact 3 We will use several times the fact that a binomial coefficient (g) is
nonzero modulo 2 if and only if the 2—adic expansion of b is a subset of the 2—adic
expansion of . We have n =4, + 2, with j > 1, and want to show that p = 3; since
p <4 is odd, it suffices to show that (é’) =1, or equivalently that (1;) = 0. Suppose
by contradiction that (1;) = 1. By Conner’s formula (1),
k+1 — (P \y2 21 _ (P —_ gk+1 _ !
THIRP(D] = (5 )’ [RPT] = (5) = " T RPE)] = (,/},)-

’

Then (, A ) = 1 and consequently (‘12/) = 1. We formally introduce the class (with
[I—1>1)
= W(RP())
W(RP()) = —-
(I+¢)

Since k =1 +4;j and p and ¢ are odd, on RP? this class is
WRPm) = (1 + @)’ +cH/ (I +etat 1+ (B)a?).
and on RP” it is

WRPE) =(1+BYPPU+d+B+0+d) (A2 +0+d) 2B +...).

Then w3(RP(n)) = o’c + (D)a*c = (Z/)oﬂc =o’c,

and since (%) + (%) = 0 because ¢ is odd, w3(RP(§)) = (qz/),Bzd = B2d. Now we
observe that, if ¢ and b are one-dimensional cohomology classes, then by the Cartan
formula one has quu (@*'b) = a2"+lb, where Sq is the Steenrod operation and u > 1.
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Also one has, by the Wu and Cartan formulae, that Sqi evaluated on a product of
characteristic classes gives a polynomial in the characteristic classes. Then

S (... (Sq* (SR (@2c))) .. ) =a? ¢
and Sq? (... (Sq* (S (B2d))) ..y = ¥ d

are corresponding classes on RP? and RP”. Using Conner’s formula (1) and the fact
that 2" > 4, one then has

/

0= (Oler)C4j+l_2r+l_l[RP(U)] — (,leﬁd)d4j+1_2r+l_l[[RP(S)] — ( q )

4j +2-2"
Since ( 4].‘1;2) =1 and 2" belongs to the 2-adic expansion of 4 +2, also ( 4 +‘12’_2r) =1,
which is impossible. Hence Fact 3 is proved. |

Proof of Fact 4 We consider n = 4 with j > 1; in this case, to show that p =1, it
suffices to show that (g) = 1, and again by contradiction we suppose (1;) = 0. Then
(6)=1and k =/ +4j —2 gives

W (RP() = (1 +a)* (1 + )Y + (1 + )% 2a+ (1 + )Y *a?)
and W, (RP(1)) = ¢ 4+ a? + ca. Also
W(RPE) =(1+AY A +d+p+0+d) A2+ U +d) 2 (DB +..)

and w,(RP(§)) = (g)ﬂz + Bd + B2. Let 2! be the lesser power of 2 of the 2—adic
expansion of n =4;j (2’ > 4). For t < x <r and with the same preceding tools, we
then get

Sq2" (... (Sq* (S (@a(RP(n)c))) . . )/ T2 2 [RP(y)]
= (¥ c+a¥ e+ a) e T2 RP(p)

—(5)+0+ (%)

=Sq> (... (Sq* (S (@2 (RP(§))d))) . . )d ¥ H =2 2 [RP(£))]
= (B> d + Bd* + B> d)d* = 2 RP(£)]

’ ’ 4 4 /7

= (g) (4j‘12X) + (4;{1) + (4j€2X) = (‘12)(4;'(1%) + (4;1—1)’

0=(4) = [RP()] = d* T RPE)] = (§))
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and ﬁz(RP(n))c4j+l_3[RP(T))] = (1;,) +1+ (1{) =0
= WL (RP(E)dY T3 [RP()]

= (g) (4]'{2) + (4;{1) + (4;{2)

4 / ’

= ((12)(4_;1—2) + (4]{1—1)'

That is, we get the equations:

(2)
(3) )(4;1—2) + (4;1—1)

2
4) I = (qz)(uq 2x) + (4jq )

By using equations (3) and (4), we conclude that (% ) =1 and (7 2 2x) # (4 ;’_2).
Suppose ¢ < r. If (,; i 2,) = 1, equation (2) and the fact that 2" belongs to the 2—adic
expansion of 4 imply that 2" is the only power of 2 of the 2— adlc expansion of 4;
that does not belong to the 2—adic/ expansion of ¢’. Hence ( 4j— 2,) =0, Wthh is a
contradiction. Then (4 - 2,) (4 ]q 2,) = 0. In this case, equation (2) and ( 4j— 2) 1
give that 2’ is the only power of 2 of the 2—adic expansion of 4; that does not belong
to the 2—adic expansion of ¢’, giving the contradiction ( = 1. Now suppose
t =r,thatis, n =4 =2". One has

(@, (RP(n)) 22 HS[RP(Y]) = (B) + 0+ 1
1 = (W2 (RP())%d* T [RP(#)]

’

D)+ ) + ()
4

7 ’

o) =

’ 4 ’ 7

)(2r 4) (2'q—2) = (2rq—4) + (2rq—2)'

Since (qz/) =1, we have (Z,ql 4) = (»_,), which gives a contradiction. Thus Fact 4 is
proved. a

~

Now we prove that ¢ = 3. To do this, first we prove:

Fact5 (%) = 1; in particular, ¢ > 3.

Proof As before, first consider n = 4 4 2, with j > 1. In this case, we know that

0= (g) = (4jq+2) WL (RP(n) = (5)a? +ac =a*+ac and WL(RP(E)) = (1) B>+ Bd.
Then
(@2 (RP(n)))2c* T3 [RP(n)] = 1

= (@2 (RP(§))2d* T3 RPE)] = () (,/,) + ().
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Since the sum (g) + (qz/) equals 1 and 2 belongs to the 2—adic expansion of 4 — 2,

one has that (%) (4;{2) =0, and thus (Zj/) = 1. Now (4].‘1_;_2) =0 and (Zj/) =1 imply

that (‘12/) =0, and thus (%) = 1. Since ¢ is odd, this means that ¢ > 3.
Now suppose 7 =4, with j > 1. One then has (g/) =1, w3(RP(n)=c3+ (’;/)azc =
¢* +a?c and W3(RP(§)) = (4)B2d. Then
Sa (... (Sq* (Sa> @3 (RP())) ... e+~ 2 [RP(n)]
= (¥ ¢ +a? )T 2 RP())
- ()=
= Sq”" (... (Sa*(Sq* (D) B2 .. )d Y T2 2 RP(E)]
= ()Y D+ RPE)] = () (,,%y)-
Thus (g) =1, and Fact 5 is proved. O
To end our task, we will show that ¢ < 3. The strategy will consist in finding nonzero

characteristic numbers coming from characteristic classes involving 9~ !. To do this,
we need the following:

Fact6 n+[—1>2(g—1).

Proof First suppose 7 =4/ +2, j > 1. From the proof of Fact 5, (ZJ/) =1, and thus
(4,)=1and (1) =0. Since ¢ <2"*!, g <2" <4 +2. In particular, wy(§) =a? #0
and g </.Thenn+[!—1=4j4+2+1—1>2g—1>2(q—1). Now suppose n =47,
j > 1. In this case, (1;,) =1= (f{]/.), so the argument is the same. |

Fact 6 says that we can consider characteristic numbers coming from classes involving

@77 in this direction, first consider 7 = 4 +2, j > 1. In this case,

W2(RP() = (B)e* +ac=a(a+c) and W2(RPE)) = (})p2+pd =B(B+d).
Thus
(@7 (o + )7 120 RP(y)] = (B (B + d)T 1 d Y T24F3)[RP(£))].

The last term is the coefficient of 42 in f49=1(1 4 B)4-1(1 + B)4', by Conner’s
formula (1). If n =4j, j > 1, similarly one has

W2 (RP()) +¢* = (¢* + (§)a® + ac) + * = ac,
Wy (RP(E)) +d? = (4)B* + Bd +d* = (B +d)d,
(@711 H 20D [RP(n)] = (B + d)d)1 ™ d*T H 20T [RP(%)),
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and the last term is the coefficient of 8% in (1 + B)4~'(1 + B)? . These numbers
have value 1, since (1 + )97 1(1 + ﬁ)q/ = (1 + B)~', which means that o9~! #£ 0
and ¢ — 1 <2, thus ending the proof of Lemma 3.

3 Calculation of 4, ,

Denote by W, the underlying manifold of T'" (RP”*"*1 T, ) and by P, the total
space of the iterated fibration

RP((m + D, ® (n+1)R) - RP(A; & (r — 1)R) — RP!,

where (1, is the standard line bundle over RP(A; & (r — 1) R).
Lemma4 W, is cobordant to P, .

Proof If (W,T) is a free involution and A — W/T is the usual line bundle, the
sphere bundle S(A @ R) with the antipodal involution in the fibers can be identified to
the free involution
W x S!
(T )

T xc

where ¢ is complex conjugation and 7 is induced by Id x —Id. Starting with (S, —Id)
and by iteratively applying this fact, we can see that WV, is diffeomorphic to the total
space of the iterated fibration

RP((m+1)& @®(n+1)R) —RP(E,_1®R) — ...~ RP(£,®R) - RP(§; & R) — RP!,

where £, = A and &; is the standard line bundle over RP(§;—; & R), foreach i > 1.
From [4], one knows that N (BO(1)) is a free Nx—module, where N is the unoriented
cobordism ring, with one generator X; in each dimension j > 0; these generators are
characterized by the fact that ¢/[V/] =1, where A — V/ is a representative of X ; and
¢ is the first Whitney class of A. Further, it was shown by Conner in [3, Theorem 24.5]
that there is a unique basis {X; }J?io for N« (BO(1)) which satisfies two conditions:

i) AXj) = Xj—1, j =1, where A: N;(BO(1)) - N;—;1(BO(1)) is the Smith
homomorphism.

(ii) If A — V7 is a representative of X j for j > 1, then V7 bounds.
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Theorem 24.5 of [3] also showed that X7 =[£; — RP!] and X; =[§; — RP(§,_1 ® R)]
for j >2. For j > 1,set Y; =[u; — RP(A; & (j —1)R)]. One has
¢/[RP(L & (j = DR)] =51 (A)[S'] = 1.
Y1 =X
and A([uj > RP(A; & (j —DR)])) =[pnj—1 > RP(A1 & (j —2)R)] for j > 2.

Further, every projective space bundle over S' bounds [5, Lemma 2.2]. By the
uniqueness, Y; = X; for j > 1, and the result follows. a

With the Lemma 4 in hand, Theorem 2 can now be rephrased:

Theorem 2’ For m,n even, 0 <m <n, writt n —m = 2Pq with p > 1 and ¢ > 1
odd.

(a) If p=1, Py bounds and P, does not bound.

(b) If p>1, P, bounds foreach 1 <r <2P —2 and P,r_; does not bound.
Denote by « € H!(RP!, Z,) the generator and by 6, — P, the standard line bundle;

set W(u,) =14c and W(6;) =1 + d. The following lemma, which follows from
Conner’s formula (1), will be useful in our computations:

Lemma5 (i) For f+g+h=m+n+1+r, ¢/ (c+d)d"[P,] is the coefficient
of ¢’ in (¢ (1+¢)%)/((1 4 c)"th).

(i) For f+g+h=m+n+r, acl(c+ d)%d"[P,] is the coefficient of ¢" in
(T A+ ) /(1 + )™,

If M is aclosed manifold and (1+¢;)(14%,) ... (14¢) is the factored form of W (M),
one has the s—class s; given by the polynomial in the classes of M corresponding to
the symmetric function tlj + tzj +...+ Zl] . Since

W(P)=(1+c+a)l+o) "1 +c+d)" T (1 +d)" T,
¢t =0ifi >r and o =0 if i > 1, the s—class Sy 4nt14r of P, then is

Smantitr = (c+a)m+n+1+r +(r_1)cm+n+l+r

+(m+1)(C+d)m+n+l+r+(n_|_1)dm+n+1+r
— (C+d)m+n+l+r +dm+n+1+r'

Using part (i) of Lemma 5 and the fact that

1 d i
(1 +cym+1 — I+ Z (")’

i=1
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in H*(Py, Z,), one then has

1

)n+r
(1+cym+l

Sm4n+1+r|Pr] = coefficient of ¢” in (1 + ¢ + coefficient of ¢ in

— (n+r) + (m—i—r)'

r r

Because n = 2Pg + m and ¢ is odd, one then gets

smint1420[Por] = ("32) + (") = 1.

It follows that PP,» does not bound. Because P; is a projective space bundle over S'!
and hence a boundary, this in particular proves part (a) of Theorem 2’. So we can
assume from now that p > 1 and » < 2P. Using again n = 2Pg + m, we rewrite
W(P,) as

WP)=0+c+a)1+¢) "A+c+dc+d)" 1 +d*> ).
Then a general characteristic number of P, is a sum of terms of the form
ol (d(c+d))sd* P,

where e + f +2g +2’h =m+n+ 1+ r and either e = 0 or e = 1. Since by
Lemma 5,

acl (dc+d)Ed* P =S T d(c + d)Ed* P,

we can assume ¢ = 0. Thus, to prove the first statement of part (b) of Theorem 2/, it
suffices to show that ¢/ (d(c +d))8d?*""[P,]=0 when f+2g+2Ph=m+n+1+r
and r <2P—1. Since ¢/ =0 if f>r,weassume /' <r andthus 0 <r— f <27 —1.
Take s > p with 2° > m + 1; in particular, 2° > 27 > r and 1/((1 + ¢)"*!) =
(1+¢)?~™=1_ Then

e (d(c +d))8d?*" [ P,] = coefficient of ¢” in ¢/ (14 ¢)¢ /(14 ¢)™ !
= coefficient of ¢” in ¢/ (1 + ¢)8(1 +¢)? !
— (2s+g—m—1)
="

= (2”‘1(25"’+1+q—h)+(r—f+1)/2—1).

r—

Write r — f + 1 = 2'a, where a is odd. Since r — f + 1 =2g +2Ph—m —n is
evenand r — f +1 < 2”7, one has 1 <t < p—1. Then 2/~! belongs to the 2—adic
expansion of r — f* and does not belong to the 2—adic expansion of

PSP L+ (r— f 4+ 1)/2—1,

which means, as required, that the above number is zero.
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Finally, we must to show that P,»_; does not bound. One has
wa(Par—y) = ac + ("I Ne? +d(c + ).

We have seen above that ¢/ (d(c+d))8d* " "[P,]=0 for f4+2g+2Ph=m+n+1+r
and 0 <r — f < 2P —1; in particular, this is true for r =27 —1 and f > 0. In this
way,

m+n+2P m+n+2P

wy(Par—1) 2 [Par—1] =(d(c+d)) 2 [Par—1]
m+n+2P
— coefficient of 2"~ Vin (1 +¢)™27) /(1 4 c)"+1
= coefficient of ¢2”~1in (1 +¢) 2" +2"7'=1

=TT =1

and P,»_; does not bound.

4 Z¥-actions fixing RP* U RPe*"

Let F" be a connected, smooth and closed n—dimensional manifold satisfying the
following property, which we call property H: if N is any smooth and closed m—
dimensional manifold with m > n and T: N™ — N™ is a smooth involution whose
fixed point set is F", then m = 2n. From [8], this implies that (N, T) is cobordant
to the twist involution (F" x F",t), given by t(x, y) = (¥, x). This concept was intro-
duced and studied in Pergher and Oliveira [14], inspired by Conner and Floyd [4, 27.6]
(or Conner [3, 29.2]), where it was shown that RP®*" has this property.

In [13], we studied the equivariant cobordism classification of smooth actions (M ; ®) of
the group Z ]2‘ on closed and smooth manifolds M for which the fixed point set F of the
action is the union ' = KU L, where K and L are submanifolds of M with property
‘H and with dim(K) < dim(L). We showed that, for this F, the Zé‘ —classification
is completely determined by the corresponding Z,—classification. Specifically, the
equivariant cobordism classes of Z é‘ —actions fixing K U L can be represented by a
special set of Z ’2‘ —actions which are explicitly obtained from involutions fixing KU L,
K and L. Together with the results of Section 2 and Section 3 and the case F' = RP®*",
this gives a precise cobordism description of the Z é‘ —actions fixing RP? U RP”, where
n > 2 is even; next we give this description.

Here, Z 12‘ is the group generated by k commuting involutions 77, T3,..., Ty . The
fixed data of a Z% —action (M: ®), @ = (T\.Ts.....Ty).is n =P, &y — F. where
F={xeM /Ti(x)=xforall 1 <i <k} is the fixed point set of ® and n:@pep
is the normal bundle of F in M , decomposed into eigenbundles ¢, with p running
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through the 2% — 1 nontrivial irreducible representations of Z é‘ A collection of Z é‘ -
actions fixing F can be obtained from an involution fixing F through the following
procedure: let (W, T) be any involution. For each r with 1 <r < k, consider the
Zé‘ —action Ff(W, T), defined on the cartesian product W2 =Wx.. . xW (2r—1
factors) and described in the following inductive way: first set Fll W, T)=W,T).
Taking k > 2 and supposing by inductive hypothesis one has constructed F,’;:ll (w,T),
define

k—1
Thw, Ty =W ;T\, Ta,..., T)),

Zk_l 21(—2 2k—2

where w T, Ty, .. Tie—) = (W x W T, Tay oo, Tr—1)

=T w, Ty x Tk (W, T),

and T}, acts switching W2“" x W2 > This defines TK(W.T) forany k > 1. Next,
define

r—1
TEW.T)=W?» T\, Ty..... Tx)
setting W2 T, Ts,....T,) =TI (W.T)
and letting 71, ..., T} act trivially.

If (W, T) fixes F andif n — F is the normal bundle of F in W, then Ff(W, T) fixes
F and its fixed data consists of 2"~ copies of 1, 2”1 —1 copies of the tangent bundle
of F and 2k —27 copies of the zero-dimensional bundle over F. In particular, for
the twist involution (F x F,t), we have TK(Fx F,t) = (F?" ;T\, T,...., T}), where
(Ty, Ty, ..., Ty) is the usual twist ZJ —action on F 2" which interchanges factors and
Ty41,..., Ty act trivially, with the fixed data having in this case 2" — 1 copies of the
tangent bundle of F and 2% — 2" zero bundles. In this special case, we allow r to
be zero, setting Fé‘(F x F,t) = (F;T1,T,,...,Ty), where each T; is the identity
involution.

Now, from a given Z é‘ —action (M ; ®), = (T}, ..., Ty), we can obtain a collection of
new Z é‘ —actions, described as follows: first, each automorphism o: Z ’ZC - Z ’2‘ yields
a new action given by (M;o(Ty),...,0(T})); we denote this action by o (M ; D).
The fixed data of o (M ; ®) is obtained from the fixed data of (M ; ®) by a permutation
of eigenbundles, obviously depending on o . Next, it was shown in [12] that if (M ; )
has fixed data p €p — F and one of the eigenbundles &y is isomorphic to 8/0 @ R,
then there is an action (N; W) with fixed data B, up — F, where pp = ¢, if p # 6
and pg = 8/9. We say in this case that (V; W) is obtained from (M ; ®) by removing
one section. Thus, the iterative process of removing sections may possibly enlarge the
set {o(M; D), 0 € Aut(Z ]2‘)}. Summarizing, from a given involution (W, T') that fixes
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F, we obtain a collection of Z ’ZC —actions fixing F by applying the operations aFf on
(W, T) and next by removing the (possible) sections from the resultant eigenbundles.
The results of [13] say that when F' = K U L, where K and L have property H
and dim(K) < dim(L), then up to equivariant cobordism, all Z é‘ —actions fixing F
are obtained, with the above procedure, from involutions fixing K U L, K and L.
Together with the Z,—classification obtained in Section 2 and Section 3 and the case
F = RP°", this gives the following Z’zc —classification for F = RP? U RP", where
n > 2 is even (in our terminology, we agree that the set obtained from (M ; ®) by
removing sections includes (M ; ®)):

Theorem 6 Let (M; P) be a Zé‘ —action fixing RP?> U RP", where n > 2 is even.
Then (M ; ®) is equivariantly cobordant to an action belonging to the set AU B, where
the sets A and B are described below in terms of n.

(i) n—2=2Pg, withq oddand p > 1:
A = = the empty set;

B = the set obtained from {UFszp_l([RP”H, Ty ), 0€ Aut(Zé‘), 1 <r=<k}by
removing sections.

(i) n—2=2q, with q odd, and n is not a power of 2:
A=0;

B = the set obtained trom {UFfFZ(IRP”H, T, ,), 0 € Aut(Zé‘), 1 <r =<k} by
removing sections;

(iii) n=2" isapowerof2 witht > 3:

A = {oTF(RP? x RP?, twist) Uo'TX_, | (RP* x RP?', twist),
0,0 € Aut(Zé‘), t—1<r=<k}:

B = the set obtained from {oT¥T2(RP¥+3, T, 51), 0 € Aut(Z¥), 1 <r <k} by
removing sections (by dimensional reasons, in this case A = @ if t — 1 > k);

(iv) n=4: for (W3 T)=T%RP3, Ty,) U(RP> Tp4),

A= {oTk

K (RP? x RP?, twist) Uo'TF (RP* x RP*, twist),

0,0 eAut(Zé‘), 0<r §k—1}
U{oTEW>.T), 0 e Aut(Z5), 1 <r <k};

B = the set obtained from {GFf‘FZ(IRW, Ty4), 0€ Aut(Zé‘), 1 <r <k} by removing
sections.
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