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Configuration space integral for long n—knots and the
Alexander polynomial

TADAYUKI WATANABE

There is a higher dimensional analogue of the perturbative Chern—Simons theory in
the sense that a similar perturbative series as in 3 dimensions, which is computed via
configuration space integral, yields an invariant of higher dimensional knots (Bott—
Cattaneo—Rossi invariant). This invariant was constructed by Bott for degree 2 and by
Cattaneo—Rossi for higher degrees. However, its feature is yet unknown. In this paper
we restrict the study to long ribbon n—knots and characterize the Bott—Cattaneo—Rossi
invariant as a finite type invariant of long ribbon n—knots introduced by Habiro—
Kanenobu—Shima [10]. As a consequence, we obtain a nontrivial description of the
Bott—Cattaneo—Rossi invariant in terms of the Alexander polynomial.

57Q45; 5TM25

1 Introduction

Witten [18] gave a path integral formulation of the Chern—Simons field theory which
gives a framework for understanding many invariants of knots in a 3—manifold. But the
path integral is not yet well defined mathematically. Though, the perturbative expansion
method for the path integral gives a mathematical definition of knot invariants. It is
defined by configuration space integral with certain uni-trivalent graphs called Jacobi
diagrams. This construction of invariants has been studied by Axelrod—Singer [2],
Bar-Natan [3], Guadagnini—Martellini-Mintchev [9], Kohno [12], Kontsevich [13],
Bott-Taubes [5], Dylan Thurston [16] and others. It is known that the configuration
space integral invariant of knots in S is a universal finite type (or Vassiliev) invariant
(see Altschuler—Freidel [1] and Thurston [16]).

There is a higher dimensional analogue of these theories with a certain variant of
Jacobi diagrams, that is, isotopy invariants of long higher dimensional embeddings
R"” — R"*2 (long n—knots). The suitable diagrams for higher dimensions are graphs
with two kinds of edges corresponding to the “angular forms” in R”*2 and in R”
respectively. The diagrams have degrees given by half the number of vertices. In his
seminal paper, Bott [4] constructed an invariant for higher dimensional knots associated
to degree 2 diagrams. After that Cattaneo and Rossi [7; 15] gave a path integral formula
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for invariants of higher dimensional embedded manifolds into a manifold and, as a
perturbative expansion, they obtained invariants for higher dimensional knots, which
will be denoted by zj in this paper, associated to degree—k diagrams. It may be an
analogue of the 3—dimensional perturbative Chern—Simons theory and Bott’s invariant is
the degree 2 part of Cattaneo—Rossi’s invariant. So we call z; the Bott—Cattaneo—Rossi
invariant, or the BCR invariant for short. More precisely, Cattaneo and Rossi proved
that z; (or its framing correction) is an isotopy invariant if » is odd (or (n, k) = (2, 3)).
The BCR invariant currently seems to be a new invariant of long n—knots. However, it
has not been known whether zj is nontrivial or not. We try to understand its features,
in particular, whether there is some connection with known invariants.

In this paper we study the invariant zj restricting to a certain class of long n—knots
called long ribbon n—knots. The class of long ribbon n—knots is a rather familiar class
known to have similarities to the classical knot theory in 3—dimension. In particular,
Habiro, Kanenobu and Shima [10] introduced the notion of finite type invariant of
ribbon 2—knots, which is straightforwardly generalizable to long ribbon n—knots, and
showed that the coefficients of the Alexander polynomial expanded as a power series
in ¢ — 1, are finite type invariants. Finite type invariant of type k is defined by the
condition that a given invariant vanishes at any ‘ (k+1)th order differential’ of a ribbon
2—knot. Moreover, Habiro and Shima [11] obtained a remarkable result saying that
the set of all finite type invariants is isomorphic as a graded algebra to the polynomial
algebra in the coefficients of the Alexander polynomial.

Restricting to long ribbon n—knots, we characterize the BCR invariant z; as a finite
type invariant (Theorem 4.1). In particular, we determine its ‘highest order term’
explicitly. As a consequence, we obtain a description in terms of the coefficients of
the logarithm of the Alexander polynomial at = e’ with an explicit highest order
term. In particular, it shows that the BCR invariant is nontrivial. The proof is done
by choosing an embedding for a long ribbon n—knot in some extreme situation and
then computing z; explicitly at the k th order differentials of long ribbon n—knots. In
the limiting situation, the computation of the integral is highly reduced and we can
compute explicitly. The presence of two kinds of edges in the diagrams appearing in
the definition of the BCR invariant makes the computation slightly complicated. But
the spirit in the computation is similar to that of Altschuler and Friedel [1], and of
Thurston [16].

This paper is organized as follows. In Section 2, the definition of the BCR invariant zj
is given and the Cattaneo—Rossi’s result concerning the invariance of their invariant is
stated. The BCR invariant is defined as a linear combination of the integrals over the
configuration spaces associated with certain graphs. In Section 3, we will explain the
generality on the space of graphs from which each coefficient in z; at a configuration
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space integral of a graph are determined. This section is somewhat digressive but
needed in the invariance proof of z; in Appendix A. In Section 4, we restrict the
study to long ribbon n—knots. The notion of Habiro, Kanenobu and Shima’s finite type
invariant is recalled and the main theorem (Theorem 4.1) about the characterization
of z; as a finite type invariant is stated and proved. The relation between z; and the
Alexander polynomial is explained at the end of Section 4. Appendix A is devoted to
the self-contained proof of invariance of the BCR invariant z, filling in the details not
explicitly described by Rossi [15].
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author would also like to thank Professors Alberto Cattaneo, Kazuo Habiro, Toshitake
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2 Invariants of long n—knots

A long n—knot is the image of a smooth long embedding ¥ of R” into R"*?2 that is
standard near oo, that is, we assume that there exists an n—ball D C R” such that
V|(R"\ D) =i|(R"\ D) where i: R” < R"*2 is the natural inclusion.

In this section, we shall review the definition of the BCR invariant, which is an isotopy
invariant of long n—knots. We review the definitions of

¢ Jacobi diagrams and weights wy of them, and

¢ configuration space integral associated to a Jacobi diagram,

and define the BCR invariant as a linear combination of configuration space integrals
for diagrams whose coefficients are their weights.

2.1 Jacobi diagrams

A Jacobi diagram is an oriented graph I' valence at most 3 with two kinds of edges,
0 —edges (depicted by directed dashed lines) and n—edges (depicted by directed solid
lines) such that:

¢ The admissible combinations of incident oriented edges to a vertex are:
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\v, T/ ‘I . .
; Py

We will call a trivalent vertex with three incident 8 —edges an external vertex and
in pictures we depict such a vertex by a white dot. We will call a non-external
vertex an internal vertex and in pictures we denote it by a black dot.

e [ does not have a subgraph that looks like one of the following forms:

P 0 Pe
(1 S |
\ QL>

where no other edges are ingoing to both P and Q.

If T does not have subgraphs as in (1) and if I" is connected, then the form of T" is
rather restricted: it must be a cyclic alternating sequence of the following two paths
with 6—edges stuck into:

(2) .—)!_>I i—» —)!-)I . &————y:g————y-lg—---)- ----i"""
(a) (b)

Here we allow a path to be cyclic. We will call a 6 edge stuck into the path a hair. In
particular, any such diagram includes just one cycle. The following picture is a typical
example of this observation:

A vertex orientation of a Jacobi diagram I' is a choice of orderings of two ingoing
6 —edges incident to each external vertex modulo even number of swappings. In order
to represent vertex orientations, we assume that diagrams may be depicted so that the
three incident 0—edges

(the outgoing edge of v, first incident §—edge, second incident §—edge)

are arranged in the anti-clockwise order in a plane diagram.
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Figure 1: All degree—2 connected Jacobi diagrams up to automorphism

The degree of a Jacobi diagram is defined to be half the number of vertices. The
complete list of connected Jacobi diagrams of degree 2 up to automorphism is shown
in Figure 1.

An automorphism of a Jacobi diagram is an automorphism ¢ on the set of vertices
sending internal vertices to internal vertices (and thus external vertices to external
vertices) and inducing a bijection on the set of edges which sends each oriented edge
e = (i, j) to an oriented edge (¢(i), ¢(j)). We call a —edge connecting two internal
vertices a chord. We denote the group of automorphisms of I' by AutT".

2.1.1 The weight function w; on Jacobi diagrams Let gg denote the set of all
degree—k connected Jacobi diagrams up to automorphism. We will define the invariants
of higher dimensional knots in Section 2.3 whose values are R—linear combinations of
the weight function wy on Jacobi diagrams, namely, a certain map wy: g,‘j — R, so
that their values are in R. This map wy, is defined as follows.

We associate a sign with each trivalent vertex (not only external vertices) by the
following rule:

sgn . sgn sgn |
‘_"_W"- — +1 E 5 1 Be S N

! S A :

) ()
and set

weM) =[] senv)
v trivalent

for any I.
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2.2 Configuration space

Let y: R” — R"*2 be a smooth embedding for a long n—knot which is standard near
oo. We consider that R"*2 is the complement of a fixed point co in S”*2.

Let I" be a Jacobi diagram with ¢ internal and s external vertices. The configuration
space associated with (I', ¥) denoted by C19 (¥) is defined by

CR(Y) := (X1, ..  Xg5 Xgt1s -+ - Xgts) |
X1yooonXg €R" Xgq1,. .., Xgs €
xi#xj ifi,j>q+1,1#j;
Vx) #Y(xj) ifi,j<q.i# ]
V(X)) # x;j ififq,qu—i—l}.

Rn+2.

To see the convergence of the integral over Clg, we use the compactification Cr (V)
of CIQ (¥) used by Axelrod—Singer [2] and Bott—Taubes [5], in analogy of Fulton—
MacPherson [8], which is a smooth manifold with corners. Namely, Ct is obtained
by a sequence of blow-ups along all the diagonals (see Section A.1) and along the
infinity, in the way described in [5]. Detailed descriptions of the compactification used
in this paper are found in Rossi [15]. We remark that there is a natural diffeomorphism
between int(Cr) and C19 .

2.3 Integral over configuration space

Let Eg(T") be the set of 8—edges that

(1) are included in the cycle of I', or

(2) end at an internal vertex.

The embedding v: R” — R"*2 determines an embedding of a configuration of points
on R” into that of points on R"*2 in Cr by setting ¥ (x4+i) = Xg+i (i > 1). For
each 6—edge e = (i, j) of I' (and each n—edge f = (k,) of I'), let O := u(Y(x;)—
V(xi))*wpt1 (and 1y = u'(xx — x7)*wy—1) be the (n+1)—form on the 2—point
configuration space Ce (resp. the (n—1)—form on Cy), where w, is the SO(p + 1)—
invariant unit volume form on S”, and the Gauss map u: R**2\ {0} — S"*! (and
u': R"\ {0} — S"~ 1) is defined by

u() = W)=

x| lxll”
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We define a differential form on Cr(y) by

o) = /\ w(e),
ecEq (D)
e Any if the n—edge f goes out from the target of e
e A Of if the 0—edge f (a hair) ends at the target of e
w(e) = with the vertex orientation determined by (e, f)
0 A 0. if the 0—edge / (a hair) ends at the target of e
with the vertex orientation determined by ( f, e)

Note that w(I") is of the form £+ [], O—cdges of T De [l n-edges of T 11f - When 7 is odd,
the sign of the form is always + because all 6— and n—forms have even degree. When
n is even, both signs may occur.

Let Q be an orientation of Cr(y). We define

I(T,Q):= /C " o),

in which the orientation of Cr is given by €2. Note that if # is even, the configuration
space can be canonically oriented as a local product of even—dimensional oriented
manifolds. Let

I(T) := I(T", Q(T)),
where Q(I") is defined in Lemma 2.1 below if # is odd.
Lemma 2.1 Letn be an odd integer > 3. Let I' be a vertex oriented Jacobi diagram

and let T be T with its vertex orientation at one vertex reversed. Then there exists a
choice of orientation Q2 = Q(I") on Cr(y) such that

(3) Q(I) = -Q(I).
Proof Let (X',..., X"*2) e R"*2 be the coordinate of an external vertex of I" and
let (X!,..., X") e R" be the coordinate of an internal vertex of I". Decompose each

f—edge into two half edges. To each half edge e, we associate an odd form Qg which
are combined into an orientation of Ct as follows.

If e is one of three half edges meeting at an external vertex v with the vertex orientation
given by a bijection 0y: {the two ingoing half edges} — {1, 2}, set

Q- = dxy” if e is ingoing and oy(e) = 1,2
T\ dX2 A...AdX!T? if € is outgoing
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If e is a half edge meeting an internal vertex, then set
Qz:=dX, A...AdX].

In terms of this, we define €2, := Qz, A Qz_ for each 6—edge e with e = (e—, e4)
and define

oM := A Q.
ecEy (F)
Then the property (3) is because both 2z and 2z are of odd degrees, and

dX) AQe) A dXEA Q) = —(dX) A Qz) AdXEA Q)

for some half-edges e and e'. O

Further, o(T) = (—1)"T1o(I") because

O AOr = (—1)" 10, A O,.
This together with Lemma 2.1 implies

I(T,(T)) = —1(T, ()
for any n.

It follows from the definition of wy that wy(T') = —wy(T"). Therefore the product
I(T")wg (") does not depend on the vertex orientation of I'. But it is still sensitive
under a reversion of the orientation of an edge. This is the reason why we fix the
edge-orientation.

2.4 Invariants of long n—knots

For k > 2 and an embedding ¥: R” — R"*2 let

1 3 I(I) () wi ()

“4) zx(Y) = 3 AutT| €R

reg

where |AutI'| denotes the order of the group AutI". Recall that g,‘g is the set of all
connected Jacobi diagrams of degree & up to automorphism. Here we assume that
each term I(T")(y¥)wg (') is given with any choice of vertex orientation of I".

The tangent of the embedding ¥ defines the map
dyr: R" — I,(R"12),

where I,,(R"*2) is the space of all linear injective maps R” — R"*2. Namely, dy(x)
for x € R" is defined by the linear part of the local embedding near x.
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Cattaneo and Rossi [7; 15] remark that they proved the following theorem.

Theorem 2.2 If n is an odd integer > 3 and k > 2, then zj. is an isotopy invariant of
long n—knots.

If n = 2, then there exists a certain 2—form p on I,(R*) (defined in Proposition A.12)
such that

230) = 1Y) + /C (dy)*p

is an isotopy invariant of long 2—knots, where Cy := BI(S?, {c0}) denotes the blow-up
of % along oo € S2.

We give a self-contained proof of Theorem 2.2 in Appendix A. For n = 2, the vanishing
of z, is proved by Rossi [15] (see also Proposition 2.5). So Zz3 is the first possibly
nontrivial invariant.

By Theorem 2.2, we may write z; (K) (or Z3(K)) instead of z; () (resp. Z3(v)) if
K =1Imvy . We will call zx the kth BCR invariant.

Example 2.3 From Figure 1 and the weights,

wa(I') = —wa(I) = wa(I'3) = wa(I'y) = wa(I's) = 1,
the degree 2 term z, may be given as follows:
(5) 2 = 31(T1) = 51(T2) 4 3 1(T3).

Here, I(I'y) = I(I's) =0 because I(I'4) is the integral of 4(n+ 1)—form over 3(n+1)—
dimensional submanifold of the target manifold of the Gauss maps (since the targets of
two edges by the map u coincide) and similarly for 7(I's). We will see here that (5) is
equal to (% times) the second invariant in Cattaneo—Rossi [7], which, in this degree,
was first obtained by Bott [4]:

1 1 1
6) zp= —/ 9149249347712——/ 91392477127734+—/ 0136024n12123
2 Cs3 1 2 Cs.0 4 Cs.0

2.5 Vanishing of some terms of z

By the following proposition, most terms of z; in lower odd degrees vanish in the case
n is odd. More precisely, for degrees up to three, the direct proof of Proposition 2.4
is given by Rossi [15] for all individual diagrams. Proposition 2.4 is in some sense a
generalization of the arguments in [15]. Let k& be the degree of a Jacobi diagram I" and
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ki,ky, k3 (k =k +ky+k3) be the numbers of the following three parts respectively:

T f
7 . ”// : B .

e (i) (i)

Proposition 2.4 Suppose that I is a vertex oriented Jacobi diagram of degree k . Then

(—DRI(TYwi(T)  ifn is odd

(8) I(TH)we(TT) = {(_l)k—ll(p)wk(r) ifn is even

where T'* denotes I" with the orientations of all edges involved in its cycle reversed.

Proof If n is odd, then one can show that

(1) wi(T*) = (=D*we(I).
2) QI*) = (-HktkQT).
(3) o) = (-DktkgyT).

(1) follows from the definition. (2) follows because the number of 6—edges involved in
the cycle of I' is k; + k3. (3) follows because the number of edges involved in the
cycle of T is 2k + k, + k3. Hence (8) holds.

If n is even, then (8) follows from

(1) wi(T*) = (=H*3we (D).
2) QI*) =QM).
(3) o(*) = (-Hktk=lyT).

Here, the changing of the orientations in the cycle permutes the integrand form, which
is a product of symmetric odd—degree forms. In the case (iii) in (7), let @, b, ¢ denote
the three edges in the middle, left, right respectively in the picture. In I', the integrand
form locally defined as 6,00, = (6,6p)0., and in I'*, the integrand form locally
defined as 6.60,0p = 6.(6,6p). Hence in a path as in (2)(b), the change of the sign
of the integrand form, under the change of the orientations in the cycle, is equal to
the change of the sign when the intermediate hairs are removed. Since the part as
in (ii) may be read equally as (i) in the integrand form, it is enough to show the
identity (3) for the diagram with only the case (i) k1 + k, times. In this restricted case,
the integrand form is of the form 6017 ... 0k, 4k, Nk, +k,- Then the reversed form is

91 77k1+k29k1 +ky - m = (_l)kl +k2_191’71 .. 9k1+k2r’k1 +ko - O
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Proposition 2.4 implies the following proposition.

Proposition 2.5 If n is odd, then z; = 0 for k odd. If n is even, then z;, = 0 for k
even.*

3 The space of Jacobi diagrams

We shall see that the weight function wy: g}g — R satisfies some axioms, which are
needed in the proof of Theorem 2.2 and see that w; may arise naturally from the
generality on some space of Jacobi diagrams in which the axioms are satisfied. In three
dimensions, the graph valued perturbative invariant is very strong in the sense that it
yields a lot of scalar valued invariants by composing some weight functions on graphs.
But in higher dimensions, the graph valued one is not so strong than a scalar valued
one, as observed in this section.

Let IRQ,? denote the vector space spanned by elements of g}g. We define ST, SU, ST2,
C relations on IRQ]? as follows':

)
>, A : A " A
ST b = su
Pe Pe :
stz Y = Lo C
4 Yo ¥

Here the graphs in (9) are subgraphs of Jacobi diagrams and P be a univalent vertex.
Other edges may incident to vertices in the subgraphs. Let

Ap = RQ,? /relations in (9).

This quotient is the minimal in the sense that the span of the relations in (9) is the
minimal one required to prove Theorem 2.2. Then as in the 3—dimensional perturbative

*Proposition 2.4, which is a generalization of that in the previous version of this paper, and Proposition
2.5 were pointed out by C Lescop.

TIf the internal paths are replaced by 1-handles and the 6 —part is replaced by “oriented tree claspers”
[17], then these relations are essentially those appeared in Habiro—Shima [11].
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Chern—Simons theory, one could define a graph valued series

sy L 1) ()IT]
e (Y) = 5 Z W € Ay

reg)

Since the dimension of Ay is one as proved in Proposition 3.1 below, any linear map
Ay — R is a scalar multiple of wy, linearly extended to .4; (well-definedness of this
extension is proved also in Proposition 3.1). Thus, we obtain the identity

k() = 2k WIT], zic(¥) = wi 0 2 (W)
for some [I'] € Ay . Therefore, the BCR invariant is equivalent to the graph valued one.

The vector space structure on .4y is determined as in the following propositions.

Proposition 3.1 (1) The 6 part of a Jacobi diagram forms a disjoint union of chords,
trees and wheels. Here wheels are Jacobi diagrams of the following forms:

V :' (I :I :I \|
?\‘___,q: , \?\*o—’j? , ‘?\o—o’ql o
¢ T T
(2) Extend wy linearly to a map wy: Rg,‘g — R. Then the map wy: Rgg - R
descends to a well defined R—linear map wy: Ay — R which spans Ay .

(3) The dimension of Ay, is 1 foreach k > 2.

Proof (1)immediately follows from the edge-orientation condition of external vertices.
(2) follows from a direct check of the fact that wy, satisfies the relations in (9).

For (3), observe first that any Jacobi diagram can be transformed into a Jacobi diagram
without n—edges by ST, SU, C relations. The resulting graph must be a wheel-like graph.
So the dimension of 4y is at most one. By (2), wy descends to a nontrivial linear map
wi: Ar — R, so the dimension of Ay, is at least one. Therefore (3) follows. O

4 BCR invariant for long ribbon n—-knots

We restrict our study to a certain class of long n—knots called long ribbon n—knots
and characterize the BCR invariant as a finite type invariant in the sense of Habiro—
Kanenobu—Shima [10]. By this characterization, we obtain a description of the BCR
invariant in terms of the Alexander polynomial.
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C | )

Figure 2: A ribbon presentation

4.1 Long ribbon n—knots and ribbon presentations

4.1.1 Longribbon n-knots A long ribbon (n+1)—disk is the image of an immersion
f of a lower half (n41)—plane D"t = {(x;,...,x,11) € R""!|x,.; <0} into
R”+2 such that the singularity of f consists of finitely many ribbon singularities and
such that f is standard outside a sufficiently large (1 + 2)-ball in R”*! whose center
is the origin. Here a ribbon singularity is an n—disk consisting of transverse double
points and whose pre-image consists of a proper n—disk in D”*! and an n—disk in
the interior of D1, A long ribbon n—knot is a long n—knot bounding a long ribbon
(n+1)—disk.

4.1.2 Ribbon presentations We use ribbon presentations to present long ribbon n—
knots. A ribbon presentation P =D U B in R? is an immersed oriented 2—disk into
R3 with a base point on its boundary having a decomposition consists of p + 1 disjoint
embedded 2—disks D = Do U Dy U D, U...U Dy and p disjoint embedded bands
B = B;UB,U...U B, satisfying the following conditions.

(1) The base point is on the boundary of Dy.

(2) Each band B; transversely intersects the interiors of the disks in D as in Figure
3(3i).
(3) Each end of a band is attached to the boundary of some disk in D.

An example of a ribbon presentation is depicted in Figure 2.

4.1.3 Associating a long ribbon n—knot to a ribbon presentation We can con-
struct a ribbon (n+1)—disk Vp associated to each ribbon presentation P by

Vp=NDx[-2,2" TUBx[-1,1]""1) c R} x R" 1,
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U U U ~
[] B n [ ] B /PI\AJ
Jdi )

6 (i1) (iii)
Figure 3: Crossing, unclasping

where N () denotes a smoothing of corners. Then we obtain a long ribbon n—knot
associated to P by taking the boundary of Vp followed by connect summing the
standardly embedded plane R” at the point associated with the base point (the base
point may be thickened to form an (n—1)—disk. Then define the base point of the
n-knot to be its center). Note that the connect summing of R” is not unique even up
to isotopy, depending on the position of the base point. We denote by Kp the long
ribbon n—knot associated to a (based) ribbon presentation P and by [K p] its isotopy
class. It is known that any (long) ribbon n—knot is isotopic to the one associated to
some ribbon presentation.

4.1.4 Crossings Now we give a definition of crossings of both ribbon presentations
and long ribbon n—knots. For crossings of ribbon presentations, consider a regular
neighborhood U of a disk Dj C D (of P =D U B) including a ribbon singularity
inside so that U N P consists of

e the disk Dj,

* apart of some band By intersecting D; .

We call the triple [U, U N D;, U N By] a crossing of P (see Figure 3(i)).

In the associating process of P ~» Kp above, U may also be thickened by taking
a direct product with [—3,3]*~! to include the associated pieces thickened from
UND; and UNBy. We call the triple (U, Dj, Aj) a crossing of Kp associated
to [U,UNDj,UNBy] where

o U=Ux[-33]" cRrI,

« D j is one of the components of Unk p associated to U N Dy,

« A j is one of the components of U N Kp associated to U N By
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Observe that Dj = D" and A; = S" ' x 1. (U, D, A;) looks like Figure 3(iii).
A crossing of a long ribbon 7—knot isotopic to K p is a triple ((7, 5j , Zj), (5j U Z, C
U') which is obtained from an associated crossing (U, Dj, Aj) on Kp as above by
an isotopy deforming Kp U U such that

e it induces an isotopy deforming the trivial link Kp N 39U in 0U ,

¢ the number of the components in Kp N0 U is preserved during the isotopy,

o itsends D j and A j into D j and /T] respectively.

4.1.5 Unclasping of a crossing An unclasping of a crossing on a ribbon presentation
is defined as a replacement of a crossing [U, U N Dj, U N By] in Figure 3(i) with
another triple [U,U N D}, U N By] in Figure 3(ii) keeping near dU unchanged. It
is easy to see that any ribbon presentation can be made into the one without ribbon
singularities by a sequence of unclaspings. We can also define an unclasping of a
crossing on a long ribbon n—knot by applying the associating procedure to both (i) and
(i1) in Figure 3 keeping near the boundary unchanged.

4.1.6 Connected sum A connected sum of two long n—knots K#L is defined up to
isotopy by arranging K and L along the standard plane R” C R"+2.

4.2 Finite type invariants of long ribbon n—knots

First we recall the notion of k—schemes defined by Habiro—Kanenobu—Shima [10]
which is in some sense a higher dimensional analogue of singular knots in Vassiliev’s
theory of knot invariants.

Let P = BUD be a based ribbon presentation and let {cy, ..., cx} be a set of disjoint
crossings on P. A k—scheme [P;cy,...,ci] is defined by

[Picr,..oad= > (=DIS[Kps]

Sc{ci,..., i}

where |S| is the size of S and PS is the ribbon presentation obtained from P by
unclasping at all the crossings whose labels are in S'.

Let Jj be the subspace of
L" := spang{isotopy classes of long ribbon n—knots}

spanned by all k—schemes. It is easy to check that this constitutes a descending filtration
on L":

(10) L'=TDT1DTD DTk D
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with the product given by the connected sum. Let g be an R—valued invariant of long
ribbon n—knots. Then we can extend g naturally to £" by linearity. We say that g is
of type k if it vanishes on Jj 1, or equivalently, if g is an element of (L"/Jr41)*.

There is a filtration
(11) Ivchyclc---ClpC---=1

on the set Z of all R—valued finite type invariants, with Z; being the set of all type k
invariants. The two filtrations (10) and (11) are dual to each other in the sense of the
following isomorphism, proved by Habiro—Shima [11]:

(12) Tie/Tk—1 = (Ti/ Tie+1)*
In [11], it is also proved that the elements of the following form constitute a basis
B(kl,...,kr) = [Wk1 TClyenns Ckl]#[WkZ; Cly---, Ckz]#' . '#[Wkr TCLyenns Ckr],

of Ji/Tk+1, where [Wj;cq,...,c;] is defined in Figure 4(a), for possible sequences
(k1,...,ky) of positive integers with k1 +---+ k, =k,2 <k <--- <k,. We will
call the scheme of this form a wheel-like scheme. For g € 7, we call its projected
image in 7y /Zy_1 a principal term of g, which is in some sense an analogue of highest
order term of a polynomial. Then (12) says that the principal term is determined by a
linear functional on Jy / Jg+1 -

We set Zj = z when n is odd and let Z3 be as in Theorem 2.2 when n = 2. The main
theorem of this paper is stated as follows.

Theorem 4.1 Let n is an odd integer > 3 and k > 2, or (n,k) = (2,3). Then

(1) Zy is a finite type invariant of type k of long ribbon n—knots,

(2) If n # k mod 2, the principal term of Zj, corresponds to the linear functional f
on Ji/Jk+1 suchthat f(B)) =1 and f(other basis element) = 0,

(3) Ifn =k mod 2, the principal term of Z, is zero.

Remark 4.2 Here, although the set of ribbon n—knots and the set of long ribbon
n—knots are different, it can be shown that the filtrations of finite type invariants of
both are the same?.

For instance, any “long" k—scheme may be reduced modulo long (k 4 1)—schemes to “wheel-like"
ones (see Figure 4). So the graded piece spang{long k—schemes}/spang{long (k + 1)—schemes} may
be isomorphic to that of usual (non-long) & —schemes.
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w
C1 2 €3

(a) (b)

Figure 4: {Wg;cy,..., ¢y and Ty

4.3 Proof of Theorem 4.1

Let {P;cy,...,cr} denote a combination of a ribbon presentation P = D U BB and
a set of crossings {cq,...,cr} on it. We will call such a combination a k—marked
ribbon presentation.

4.3.1 Convenient choices of embeddings Assume that # is an odd integer > 3 and
k>2or (n,k)=(2,3). Theorem 4.1 will be proved by computing the values of Z
for m—schemes [P;c¢q,...,cm] with m > k. Let

US(Pict,....em): RFP > R'7T2 (S C{1,....,m})

be a choice of an embedding for each [K ps] which is standard near co. We will often
write Y5 for S (P:ci, ..., cm) when the marked ribbon presentation { P;cy, ..., ¢m}
considered is understood from the context.

Now we fix some choices of embeddings in the proof, which do not lose the gen-
erality because Zj is an isotopy invariant, to make the computation simpler. Let
[(7i, D;, ffi] (i =1,...,m) denote the crossings on P corresponding to cy,...,cm
and (U;, D;, A;) (i =1,...,m) denote the corresponding crossings on Im <. We
choose the embeddings satisfying the following condition, which is made depending
on small parameters ¢ >0, &; >0 (i =1,...,m) with g; <e.

(Emb-0) Forany S andi € {l,...,m}\S, ¢S and ¥SY} is chosen so that they
coincide outside an (1 4 2)—ball in U; with radius &; < . Indeed, such ¥ and
¥SYY may be obtained by contracting around the center {%} xS"c IxSm1
of A; into a very thin cylinder with small S”~! component and let them approach
near D;.
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Figure 5: Change of a crossing preserving d

This assumption is explained in the lower right of Figure 6. In addition to this assump-
tion, we make another assumption in the following lemma in the case n = 2 to make
the correction term uniformly over the terms of a k—scheme. From the procedure of
framing correction in this case (see Section A.6.1), the correction term depends only
on the map

f=dy: R* = I,(R*)

giving the tangent 2—framing in R* of ¥ (x) € R* (x € R?) where I,(R*) is the space
of all linear injective maps R?> — R*, or the set of 2—framings in R*. The choice of
the embeddings in the following lemma can be made compatible with (Emb-0).

Lemma 4.3 Let Py and P, be two ribbon presentations which differ only by one
unclasping of a crossing. For long ribbon 2—knots, we can choose certain embeddings
vi: R? — R4, i = 1,2 for the isotopy classes [K p,]| and [K p,] respectively, so that
their tangent 2—frames f; coincide.

Proof We can assume without losing generality that there exist some positive real
numbers 7 and @ with 0 <7 < a such that f;(x) is equal to a constant g € I>(R*) in
r < ||x|| <a and such that f7(x) is not a constant function in ||x|| < . Then we can
take o as

M 7x) x| < Ar

Yi(x) [lxl[ > Ar

for some constant A with 0 < A < a/r. See Figure 5(a) for an explanation of this
condition. The naturally induced framing f; for ¥, from f; is

Ya(x) = {

[T x|l =ar
Six) x> Ar

After some change of parametrization in the disk ||x|| < a, f, becomes equal to f}
without changing the image of ;. a

o) = {
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We define the formal alternating sum

Y(Picr..am)i= Y (=DSlYS,

Sc{l,...,m}

Then its configuration space integral /(I") is given by

IO (Picr.....cm)= > (=DSI@)@5).

Proof of Theorem 4.1(1), finiteness of Z; Assume that n is an odd integer > 3
and k > 2 or (n,k) = (2,3). We will show that Zx (¥ (P;cq,...,cm)) = 0 for
any m-scheme [P;c,...,cm] wWith m > k, with the choices of embeddings ¥
(S C{1,...,m}) satisfying (Emb-0) and the condition of Lemma 4.3 if n = 2.

Let 75: Cr(y%) — Cy4(R™) be the natural projection where C,(R") denotes the
configuration space for internal vertices in I'. Then 5 can be considered as a bundle
and we can rewrite the integral by the pushforward:

10w = [

Cr(y

o) (Y5) = / S oTS)
S) )

Cy(R

for some gn—form 72 w(I')(¥S) on Cy4(R™). By using this expression, we can rewrite
the alternating sum I(T")(y(P;cq,...,cm)) as an integral of an alternating sum of
forms over the common space C,(R"):

OGP )= [ Y ) afem )

Let V1(D;) be the subset of C;(R") consisting of configurations such that no points
are mapped into D; C U; by ¥ (and thus by %) and V;(4;) is similarly defined
for A; C U;. Then we have

(13) /V S D)o (¥S) = 0.

DDUVIAD) g1 m

Here ¢; < ¢ is the number taken in (Emb-0) and O(g;) denotes a term which vanishes
at the limit ¢; — 0. (13) is because the integral of the LHS is equal to

Z (_1)|S| /V v (A)(ﬂfw(F)(wS) _ J'[;S‘U{I}O)(F)(V/SU{I}))

Sc{l,....q,...,m}

and this contributes as O(g;) by (Emb-0).

Algebraic € Geometric Topology, Volume 7 (2007)



66 Tadayuki Watanabe

By (13), the computation reduces to the one for configurations such that both D; and
Aj includes at least one internal vertices. If m > k, this is impossible. So we have
Zr(W(P;cq,...,cm)) = O(e) and this must be zero because Zj is an invariant by
Theorem 2.2. Hence Theorem 4.1(1) is proved. O

Proof of Theorem 4.1(2), (3), the principal term of Z; Assume that # is an odd
integer > 3 and k > 2 or (n,k) = (2,3). By Theorem 4.1(1) and by the fact that
Jk/ Tk+1 1s generated by wheel-like schemes, we may restrict the computation to
wheel-like ones and we assume that {P;cq,...,cn} is such one. We will call the disk
13j U Bj, where Dj is the disk of P in the crossing ¢j = [U;,Dj,zéfj] and Bj is
the band connecting the based disk and D i, a branch of a marked wheel-like ribbon
presentation. Then label the branches of {P;cy,..., ¢} by integers in {1,...,m}.
We choose embeddings ¥ (P; ¢y, ..., cm) satisfying the following conditions, which
are compatible with (Emb-0) and Lemma 4.3. ¢ > 0 is the same as in (Emb-0).

There are disjoint subsets D; and A; (j =1,...,m) of R" each diffeo-
morphic to D" and S™~! x I respectively such that:

(Emb-1) y5 =y on R"\ (UJ; D; UU; Aj).
(Emb-2) U; NImyS = yS(D; UA)).
(Emb-3) If the intersection of the jth branch of P and U 1U...U Um
is I‘Ijl U Dj, then
Aj, UD; CS;

where
Sj={(x1,....xn) €R"[|x1 — j|* + Ix2[® + -+ Ixal* < £*} CR".

(Emb—4) The distance between the crossings U; and U; for i # j is
very large relative to the diameters of both U; and U; . More precisely,
the distance is assumed larger than 1 max{diam Uj;, diam U }.

Figure 6 is a picture explaining these assumptions. One may check that these assump-
tions are compatible. Note that (Emb—1) and (Emb—4) are the assumptions concerning
the image of embeddings and (Emb-2) and (Emb-3) are those concerning the choice
of parameterization of R”. Note also that we can not define a limit of the embedding
at ¢ = 0 while we can define for the limit &; = 0 (in (Emb-0)).

We prove the following claims with the choices of embeddings ¥ (S C {1,...,k})
satisfying (Emb—0)—(Emb—4) and the condition of Lemma 4.3 if n = 2.

Claim1 Zp (Y (Wiicy,....co)#ty(Wjicq,...,¢j)) =0 withi+j =k, i,j >0.
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1eS

1¢S

Figure 6: (Emb-0)—-(Emb—4)

Claim 2 Ifn =k mod2, Zi (Y (Wi ct,...,cx)) = wi(T'y) where Ty is defined
in Figure 4(b).

Claim3 Ifn=k mod2, Z; (W (Wy;cy1,...,c;)) = 0.

The reason for Claim 1-3 to be sufficient to determine the principal term of z
is as follows. Claim 1 implies that Z; can be non trivial only on the subspace
P(Tk/ Tk+1) = spang{B(x)}. So the principal term of Z; reduces to P(Jx/Tk+1)".
Thus Claim 2 and 3 characterize the element of P(Jx/Jr+1)* for Zg .

By the proof of Theorem 4.1(1), we may assume m = k to prove Claim 1-3. Proofs of

the claims are done by explicit computations of I(I')(y(P;cy,...,ci)) fordegl' =k
and a wheel-like kK —marked ribbon presentation {P;cy, ..., }.

Proof of Claim 1 According to the observations in the proof of Theorem 4.1(1), the
Jacobi diagrams giving non-zero contribution of I(T")(y(P;cy,...,cx)) are those
without external vertices and so we restrict to such Jacobi diagrams in the following.
Note that Cr = C4(R") for such I". Let Cé([RR”) = Cq(RM\U; (V1(D;) U Vi(4;)).

Lemma 4.4 Let V,(e), for e a 6 —edge of T, be the set of configurations for I" such
that the two ends of e are mapped by the embeddings into some pair of two different
balls U; and Uj; respectively. Then

/V < DSl S) = 0(e).

(e Sc{l
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Proof of Lemma 4.4 By the assumption (Emb—4), the locus of the image of the
relative vector connecting a point in U; and another point in U; (i # j) via the Gauss
map u: R"T2\ {0} — S"T1 (defined in Section 2.3) for the f—edge e, is included
in an arbitrarily small ball embedded into S”*!, as ¢ tends to 0. So the integral is
O(e). |

According to Lemma 4.4, only the Jacobi diagrams, each 6 —edge of which is entirely
mapped into some Uj;, contribute. Since [ is of degree &, it follows that such diagrams
can not have external vertices.

Lemma 4.5 Let V3(e), for e an n—edge of I, be the subset of Cq/ (R™) consisting of
configurations for I' such that two successive internal vertices connected by e split into
Si and Sj (i # j). Then

[ 3 cSemus) =oe.

V3@ scqi,....m}

Proof of Lemma 4.5 By (Emb-3), the locus of the image of the relative vector
connecting the point in S; and another point in some S; (i # j) via the Gauss map
u': R"\ {0} — S"1 (defined in Section 2.3) for the n—edge e, is included in an
arbitrarily small ball in S”~! as ¢ tends to 0, by the definition of S;’s. So the integral
is O(e). |

For k—schemes of the form of connected sum K;#K; of i— and j—schemes with
i+ j=k, i, j>1,any configurations not in V,(e)’s associated to a connected Jacobi
diagram, that is, each 6—edge is mapped entirely into some U;, must be in some V3(e)
because the image of any ¢ —edge cannot connect K; and K; and then some n—edge
must connect them. Hence Claim 1 is proved. |

Proof of Claim 2 Now we compute the precise value of Zy (W (Wg;c1,...,¢k)). By
Lemma 4.4 and 4.5, the only contributing term in the sum (4) is the term

LI Wi ens - - - c))wie (Tk)
2 |Aut ' | '
By Lemma 4.6 below, this equals
| Aut’ T |wy (T'x) 0(e) 2|Aut Ty [w (T)
E) =
2|Aut I'x| 2|Aut I'g|

+ 0(e) = wi(Tk) + O(e),

where Aut’' I denotes the group of automorphisms of I' considered as an unoriented
graph. Roughly, by the above observations, the computation reduces in Lemma 4.6 to
the integral over a direct product of some simple spaces and then it is computed as a
product of ‘linking numbers’. This completes the proof of Claim 2. |
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Proof of Claim 3 In the case n = k mod 2, Claim 3 follows directly from Proposition
2.5. m|

This completes the proof of Theorem 4.1(2), (3). O

Lemma 4.6 Suppose that n &= k mod 2. Under the assumptions (Emb—0)—(Emb—
4), we have I(Ty) (Y (Wi ct, ..., ck)) = |Aut’ Ty | + O(e) where Aut’ T’ denotes the
group of automorphisms of I considered as an unoriented graph.

Proof There are exactly |Aut’ I'y| connected components in the reduced configura-
tion space Cg(R")\ (U, Vale) U Usr Vs (f)) for Ty each of which is equal up to
permutations to

Mk IIAI XD1 XA2XD2X---XAkXDk

By symmetry, all |Aut’ T'x| components contribute as a common value up to sign.
Note that in the computation of I(I'y)(y (Wg;cq,...,ck)), the integration domain My
may be assumed to be common for all S because of (Emb—1) and (Emb-2) while the
integrand form varies depending on 5.

After a suitable Diff (R”) action on R” fixing outside S; U...US; C R"”, we may
assume in addition to (Emb—0)—(Emb—4) that
(Emb-5)
A; =B"((i +1,0,...,0);2¢/3) \int B"((i +1,0,...,0);¢/2) for 1 <i <k,
A, = B"((1,0,...,0);2¢/3) \int B"((1,0,...,0);¢/2),
D; = B"((i,0,...,0);&?),

where B"(a;r) C R" denotes the n—ball with radius r whose center is a € R”.

This additional assumption can be made so as not to affect the assumptions (Emb-0)—
(Emb—4) by deforming all ¥S’s for S C {1,...,k} simultaneously. In the case of
n=2,S;,D;,A; look like the following picture.

Sj Sj+1 Sj+2
4] o

| N

Aj
RZ
dj+1

0

aj
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Let (ay,dy,...,ax,d;) (a; € A;j,di € D;) be the coordinate of My. The explicit
expression for the LHS integral restricted to My is

(14) ( 1)|S|/ u(vSa; —ySd;) wppr A (digr —ai) onr).
Sc{ 1,....k M~

It suffices to show that this quantity equals 14 O(e) because in the case n % k& mod

2, any automorphism on My induced from an automorphism of I';, does not change

the orientation of the configuration space and the integrand form. So all |Aut’ T'|

connected components contribute as a common value modulo O(e).

From the fact that
varying d; fixing all other points only affects (modulo O(g)) to u(ySa; —
VSd;)*wpy1 in w(Ty) because the other form u/(d; — aj—1)*wp—1,

which may also depend on d;, contributes as O(g) by (Emb-5),

we can write (14) as

- 1)'S'/ w(WSas =S di) onir A (00, — i) wne1) + O(E)
SC{I, a .
where d? | = (i +1,0,...,0) e R" for 1 <i <k, dp = (1,0,...,0). We will

i+1
write ®; (V) ;= u(Ya; — Wd) Wp+1 AU (dz+1 a;)*wy—1 for simplicity bearing in
mind that it depends on a; and d;. We have

/Mk /,\ b (WS) - /M,, /\ i (wSU{f})

B - o;(y° ®; (¢S = ®; (¢vSUU?
/Mk(j)i{é\j v7) ijDj( i (V°) =@ (¥>)

(SC{I,...,]A',...,k}) where My (j) := Ay x Dy x---xA/j,;\Dj X -+ X A X Dy,
because ®;(¥S) = @; (ySU4H) on My (/) for i # j. Thus (14) equals

S oS [ A [ (@) oy ) + 0

SC{l,Fo k) Mi(7) 2 j Aj XD;
- U (®,(0%) -2 (v" }))} > 1>'S‘ f A\ ®:0) + 0Ge)
AjXDj Mk(]
SC{l,eeesf ok i#j

/ (@; (v2) — @; (1)) + O(e).
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Here the fact that ®; () — ®; (ySY}) = &; () — @, (yU}) on A; x D is used.
Then by using Lemma 4.7 below k times, we conclude that (14) is 1 + O(e). m|

Lemma 4.7

| @) -aw) =1
Aj XDj
Roughly, Lemma 4.7 says that the ‘linking number’ of D; and the axis of A4; is I.

Proof For each crossing (U;, D;, A;), consider the three unclaspings of it defined as
follows.

(Ui, le, A;) The result of an unclasping of (U;, D;, A;) keeping A; fixed.
(Ui, D;, A}) The result of an unclasping of (U;, D;, A;) keeping D; fixed.
(Ui, Dj, A}) Obtained by mixing the D] and A/ in the previous two.

1

Note that these three are isotopic each other and that (U;, D;, A}) and (U;, Dj, A})
fail to satisfy the condition of Lemma 4.3. However, such replacements do not change
the integral, as observed below.

Denote by W(DJ/.), 1//(/1}), v (D', A}) the corresponding embeddings for the three

which are all isotopic to w{j }. Since the three are all isotopic relative to d(D; x 4;)
and the integrand form is closed,

j )= ; 1)) = - A o
/Aj XD/’(D] WD = /Aj xD,-q)J W)= fAj xD,-CDJ WD A1) = /Aj XD].CDJ W),

Thus the LHS of the lemma is rewritten as
/ (@5 (¥2) = ; (¥ (D)) — ; (¥ (4))) + @; (¥ (D}, 4)))) = / i),
Aj XDj A]- XDj

Here X° denotes XUy (—X) and wj‘.m is the embedding of A}’ U D;.’ into U; Uy (—Uj) =
S7*2 obtained by gluing v (x)’s along boundaries.

The computation of the last expression decomposes with respect to the splitting A}? >
S~ x ST as follows:

/ U (0, 1) = Y2 (d)) o A (A0 = (0,1) 0ney
(v,l,dj)eSn—1xS1 XD;?

B /uesn—l (/L‘?(v)xD‘? u(yyv.1) - wl?o(df))*“’nﬂ) A wp—1(v).

J

where we use the fact that
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varying a; along the line
(15) Li(w):={G+1,0,....00+tv|t>0'NA; CR", ves"!

fixing all other points only affects (modulo O(¢)) to the form u(y%a; —
wgdj)*a),H_l by (Emb—S)

To compute the last integral, we choose an orientation of L; (v) given by the direction of
t (in the definition of L; (v)) increases. Then the induced orientation of S "=1 from that
of S"~1 xL;j(-) = A; and from that of L;(-) differs by (—1)" from the one naturally
induced from the orientation of R” by the outward-normal first convention.

We consider first the integral along L;.’(v) X D;.’. Here the induced orientation of

S"*1 by mapping (orientation of L ;) A (orientation of D;) via u coincides with the
one naturally induced from R"*2. To see this, consider the orientation at a point
(/j(v),dj) € Lj(v) x Dj, identified with a point on the image of the embedding

L) =(p.y1. 2. .. yue1) €R x [-1, 1] C R"F2,
di = (@, ¥}, Vs yh ) e R x[=2,2]" 1 c R"F2

where (p,q) are points on the boundary of the two components in a crossing of a
ribbon presentation such that the orientation for the factor of p corresponds to the
orientation on the band, represented by an oriented arc going forward to the based disk
(depicted in Figure 4(a)), and such that the orientation for the factor of ¢ corresponds
to the induced orientation on the boundary from the orientation of the ribbon disk. By
the definition of the ribbon presentation W (Figure 4(a)) and the orientation of L; (v),
dp A dq is mapped by the Gauss map into the natural orientation of S? C R* because
the linking number of the two arcs is 1. The orientation of L;(v) x D; corresponding
to varying p fixing yi,..., y,—1 (varying along the orientation of L;(v)) and varying
dj,is dp Ndg Ady] A...Ady,_,. This is mapped by the map u into the natural
orientation of S”*! c R"*2. Further, the linking number of Im 1/f}’°|L}’ (v) and D]‘? is
=+1 because it is equal to the intersection number of Im 1/f}’°|L}’ (v) and an (n+1)—disk
bounded by DJ‘?. Thus the integral along L;.’ (v) x D;.’ contributes by 1.

For the integral along S"~!, since the direction of vector from /; (v) to d 19 1 coincides
with the ingoing normal vector on S”~1, the integral contributes by (—1)" x (=1)" =1
and the result follows. |

4.4 Relation with the Alexander polynomial

The Alexander polynomial Ag (¢) € Z[t,t~'] for a (long) n—knot K is defined by
using the Fox calculus for the knot group. See Habiro—Kanenobu—Shima [10] for
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detailed definition. The Alexander polynomial is uniquely determined by the conditions:
Ag(1)=1 and (dAg/dt)(1) = 0, and we use such a normalized one. Then a series
of invariants o5, @3, ... of (long) n—knots are defined by

log Ag ()|, —pn = @2 (K)h? + a3 (K)h? +--- € QA].
The following result gives a complete correspondence between finite type invariant of
ribbon 2—knots and «; —invariants.
Proposition 4.8 Let k > 1 and n > 1. Then

(1) (Habiro—Kanenobu—-Shima) o, is a primitive (= additive) invariant of type k of
ribbon n—knots.

(2) (Habiro—Shima) We have the identification:
{Q-valued finite type invariants} = Q[a,, a3, .. .]
of graded Hopf algebras.
In Habiro—Shima [11], the results are stated for » = 2 and it is remarked there that their
result is generalized to ribbon n—knots. Kazuo Habiro says that the proof for n > 2 is

exactly the same as for n = 2 and we have checked it. By Remark 4.2, Proposition 4.8
also holds for long ribbon n—knots.

Corollary 4.9 Let n be an odd integer > 3. For long ribbon n—knots, Zj, is equal to a
polynomial in a3, a3, ..., o (dego; = j) of degree < k and we have

~ —oy inZy [Ty ifk is even,
7 = . o
0 inZy /Iy, ifk is odd.

For long ribbon 2-knots, Z3 = a3 + Ay for some constant A € R.
In particular, Corollary 4.9 implies

Corollary 4.10 The BCR invariant is nontrivial for (n,k) = (odd > 3, even > 2) or
(2,3).

Proof of Corollary 4.9 Since Z is an invariant of type k by Theorem 4.1(1), Zj is
a degree at most k polynomial in a5, ..., o by Proposition 4.8.

The principal term of Zj is determined by Theorem 4.1(2) and Lemma 4.11 below. O

Lemma 4.11 The type k invariant o, satisfies the following conditions.
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(1) a(Ji#Tp) =0 fori+j=k. i.j>0.

Q) o ((Wiscer, ... cx]) = (=DF1,
where W, and the crossings ci, ...,y on it are defined in Figure 4(a).

Proof (1) is because oy, is additive.

For (2), it suffices to compute the value of a at [Kp; ]—1 (1: the class of the trivial
knot) because [KWij] = 1. Since [chl] =1 and any other unclasping at ¢; (j # 1)

on it yields again the trivial knot, we have [W';¢c,,...,cx] =0, and
(Wiier,....cil =W eaies, .o cil =W tiea esn k]

=[Wiica.c3,....ci ]l =[Wik.c3,....c ] —[WSies, ... ekl
=[Wkics,....cx] = = Wi ex]l = [Kw ] - 1.

The fundamental group of [Kyy, | is generated by meridians of the part from the based

disk and of the parts from the disks D; in the crossing ¢;. We denote the former

one by xo and the latter ones by x;...,x;. Then by the procedure described by

Habiro—Kanenobu—Shima [10], the fundamental group of [Kyy, | is presented as

(x0, X1, ..., Xk |x1_1x2x0x2_1,x2_1x3x0x3_1, . ,x,?lxlxoxl_l).

The Alexander polynomial of [Kyy, ] is computed by using Fox differential as follows:

T -1 0 0 7]
0 — 1 =11 0
det| O e N ) A G VY (RS )L
I 0 0 i

After the normalization, A[ KWk](Z) =1—(1—1)*. From this we have
log Ak, 1(e") = log (1= (1 —"Y*) = —(=m)¥ + o(h).
Hence oy ([Kw, ]) = (=D =1 and

a((Wiser, ..o cr]) = o (K ] = 1) = ax ((Kw, ) — o (1) = (-1 —0. O

Appendix A Invariance proof

In Cattaneo—Rossi [7] and Rossi [15], the invariance of the higher degree z; is claimed
and in some part idea of the proof is given, while explicit proofs are given in the other
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parts even for higher degrees. The explicit descriptions of zj for higher degrees are
not given there, while the complete definitions and proofs are given for degrees up to
3. In this section, we give a proof of Theorem 2.2 filling the details in their idea with
our definition of zj, conventions on the diagrams and the orientations on configuration
spaces. We also see that z; can be obtained naturally from a general framework of
diagrams and of the geometry of configuration spaces.

The proof of Theorem 2.2 is described in Section A.2. The proof splits into the four
cases described in Section A.1.2. More detailed checks corresponding to the four cases,
referred in the proof are described in the subsequent subsections starting from Section
A3.

A.1 Descriptions of faces in dCy

A.1.1 Codimension one faces It is known that CT is a smooth manifold with corners
and 0Cr admits a stratification (see Fulton—-MacPherson [8] and Bott—Taubes [5]). We
will need only to consider the codimension one faces in dCr for our purpose. So we
review here how each codimension one face can be described.

As observed in [8] and Axelrod—Singer [2], the set of codimension one faces in dCr is
in bijective correspondence with the set of all subsets of the vertices of I'", which are
obtained by blowing-up along the corresponding diagonals. Let A 4 denote the diagonal
set consisting of configurations such that all points in 4 coincide, and let Ay, 4 be
the diagonal set consisting of configurations such that all points in A coincide at co.
Denote by Sr, 4 and Sr,s0,4 the codimension one faces corresponding to blow-ups
along A4 and A 4 respectively.

Let us briefly see how Sr, 4 is presented. Details are found in Rossi [15]. (This is
somewhat analogous to the case of knots in 3—dimension. This case is described by
Poirier [14] very explicitly.) Let V(I") denote the set of vertices of I". There are two
cases:

Casel If A C V(I') does not have internal vertices, then St 4 is the pullback bundle
¢*B4 = B4 x Cr/ 4 in the following commutative diagram.

7
SF,A —> By

(16) ;Tal lﬂa

CF/A —Lp——> k

Here
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e By is the space of configurations of points on R”*2, modulo overall translations
and dilations.

e Cr/4 is the space of configurations obtained from configurations in Cr by
collapsing points in A4,

e 7% and ¢ are the maps to a point.

We consider each piece in (16) as a fiber over a point in Emb(R”, R**2).

Case2 If A C V(I') has internal vertices, then St 4 is the pullback bundle ¢* B A
in the following commutative diagram.

~

(p o~
Sr,a —— By

a7 ﬁal lna

Cr/a — LR
Here

e ¢ is the composition of the embedding and the generalized Gauss map (the
tangent map together with an assignment of the n—frame in R”2 determined
by the embedding) at the point where the points in A coincide,

« B is the space of configurations of points on (R"2,/R"), (1 € I,,(R"+2) is an
n—frame in R”*2) modulo translations and dilations, together with ¢ € I,,(R"12),

o 7% is the map giving the underlying n—frame in R”*+2,

For the face Sr o, 4, the fiber By, 4 of the unit normal bundle SNA,, 4 over a
point in Ao 4 C (S”F2)K where the points in 4 coincide at oo € §” C S"+2, is
identified with the set of points in Too S” (resp. TooS "+2) modulo overall translations
and dilations along T, S™. Thus St o, 4 may be identified with Cp\ 4 X Boo, 4. We
will call a point in B4, B A, Boo, 4 a relative configuration.

The forms on C19 defined in Section 2.3 extend smoothly to Cr as the naturally defined
forms by Gauss maps via the coordinates determined by the infinitesimal embedding ¢.

A.1.2 Classification of codimension one faces Theorem 2.2 will be proved by look-
ing at the integrals restricted to the codimension one faces classified as follows.

Principal faces The faces corresponding to the diagonal where exactly two of the
|V(I")| points coincide in S”*2\ {oo}.
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Hidden faces The faces corresponding to the diagonal where at least 3 (but not
all) of the |V/(I")| points coincide in $”*2\ {oo}.

Infinite faces The faces corresponding to the diagonal where some of |V(I")|
points coincide at co € S”.

Anomalous faces The faces corresponding to the diagonal where all the |V(T")]
points coincide in S” \ {oc0}.

A.2 Proof of Theorem 2.2

Let m: E — B be a bundle with n dimensional fiber F. Then the push-forward (or
integral along the fiber) myw of an (n 4+ p)—form w on E is a p—form on B defined

by
/n*a) =/ w,
c a~1(c)

where ¢ is a p—dimensional chain in B.

Let 7% 9 FE — B be the restriction of 7 to dF—-bundle with the orientation induced
from int(F), that is, Q(dF) = i, 2(F) where n is the in-going normal vector field
over dF. Then the generalized Stokes theorem for the pushforward is

(18) drsw =7r*da)—|—(—1)deg”£“’nf2w.

The derivation of (18) is, for example, in Bott—Taubes [5, Appendix].

Proof of Theorem 2.2 Let vy and ¥, be two embeddings R” — R"*2 that are
standard near co. The formula (18) is used to prove the invariance of zj (or Z3) as
follows. For each I', consider

(19) {C]" (w)}l/IGEmb(R’1,R”+2) —> Emb(R", Rn+2)

as a bundle over the space Emb(R”, R"*2) of embeddings with fiber the configuration
space Cr and consider z; as a 0—form on Emb(R”, R"*2), which is defined as a sum
of pushforwards of the form % on the Cr—fiber of the bundle (19). Then the
invariance of zj relies on the closedness of it because if two embeddings ¢ and ¢
are connected by a smoothly parametrized embeddings ¥, (¢ € [0, 1]), then by Stokes’

theorem,

1
) =) = [ dzeo).
Since w(I") is closed,

dI(T) = /3 oM
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by (18) where the integral of the RHS is the pushforward restricted to dCr in (19).
In particular, only the codimension one faces in dCt contribute to the above integral.
Therefore the obstruction to the closedness of zj is

(20) dz =Y =k (@) 3 / o(T).

AutIl
r | ut |SC3CF:c0diml s

Recall from A.1.2, there are four types of codimension one faces in dCr : principal
faces, hidden faces, infinite faces, anomalous faces.

By Proposition A.1 below, all the principal face contributions cancel each other in the

sum. Namely,
wi () /
Ir'=0.
Xr: [AutT| 2 ()

S CICr: principal

Here the rules of the canceling are given by the ST, ST2 and C relations.

The vanishing of the integral restricted to the hidden and the infinite faces will be
discussed in Section A.5 and Section A.6. About the contributions for the anomalous
faces will be discussed in Proposition A.12 and A.13. |

A.3 Configuration space integral restricted to the faces

Now we shall see the explicit form of the integral /(I") extended to the codimension
one faces.

In the diagram (16), the form w(I") extended to Sr, 4 can be written as
@1 o(T) = §*A1(Ta) AR 4y(T/A)

for some A;(I4) € R*(B4) and A,(I'/A) € 2*(Cr,4) both determined by graphs
and the Gauss maps. Therefore 79w (I") = #2* A1 (Ty) AA2(T/A) = o* 701 (TH) A
A2(I'/A) by commutativity of (16).

Similarly, in the diagram (17), the form w(I") extended to Sr, 4 has the decomposition
(21) too for some A;(I4) € Q*(B4) and A,(I'/A) € Q*(Cr, 4) both determined by
graphs. 72w(Ty) = ¢* 7211 (Ty) AL2(I'/A) also holds.

In other words, in both cases the integral
1T A= [ i) Adar/A)
Cr/a

along the fiber Cr, 4, with the orientation induced from int(Cr), is precisely the integral
of w(I") along the fiber Sr_4, as a fiber over the space of embeddings Emb(R”, R"*2).
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A.4 Principal faces
In this subsection, we will prove the following proposition.
Proposition A.1 For A C V(') with |A]| =2,
[T, Awi(T) _
rzgo ; |Aut [

This proposition shows that the configuration space integrals restricted to principal
faces cancel each other.

A.4.1 Quasi Jacobi diagrams Since each principal face corresponds to a collapsing
of an edge in a Jacobi diagram, it is represented by using the following graphs obtained
by collapsing an edge. We will call such a graph a quasi Jacobi diagram. We say that
the vertex where an edge of I" has been collapsed is exceptional. Vertex orientation of
a quasi Jacobi diagram is also defined. It is defined as a choice of a bijection

0y: {two ingoing 6—edges incident to v} — {1, 2}
for each non-exceptional external vertices v and a bijection

0y {three ingoing f—edges incident to v} — {1,2,3}  if v is 4—valent
0y: {two ingoing 6—edges incident to v} — {1,2} otherwise
for the exceptional vertex v having incident 6—edges.

Let I' be a Jacobi diagram R” and e be a 6 —edge of I'. The operator §, of I" giving
a quasi Jacobi diagram is defined as follows:

u v u v u v u v
oy A ’ r e >
(1) eiﬁ = ‘ 2 P
‘w wV jeEaw Yw
u v I/é v u v T/é lo)
(3) e“f} = @ P L
(22) w w¥ J 3w Yw
a, x b a, b
AQ‘ N \./ i
5) e pid © .
Ex. - @ : e —
YN o ‘40 — >
¢ d ¢ d J i
™ \;w -
>
J i
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A.4.2 Compactified configuration space for §,I"  We define the configuration space
CSOE r(¥) so that a point in C éper,(w) represents a position on the diagonal Ay;;y in
(S"T2)k where e = (i, j). Let Cs,r(¥) be its closure in Cr (). Let

Cor(W) :={(X1... .. Xg: Xg 1.+ - > Xg+s) |
xl,...,xqGR",xq+1,...,xq+seR"+2,
xi#Fxj ifi,j>q+1,i#],
V) #F V() ifij=<q,i#],
V(xi)#x; ifi<q,j=q+1}.

Then the principal faces corresponding to the contractions in (22) are identified with
the following spaces.

type space type space

(1) | S" x Cs,r || (5) | S"t!1 x Cs,
(23) (2) | S" 1 xCs,r|| (6) | S" ' xCs,
(3) [S"tIx Cs,r|| (7) | S" ! xCs,
(4) | S" ! xCs,r

Note that if 7 is even, Cs,r can be canonically oriented. If n is odd, we have the
following lemma.

Lemma A.2 Suppose n is odd. Let I'y be a vertex oriented quasi Jacobi diagram
with one exceptional vertex x and ' be 'y with its vertex orientation at one external
vertex reversed. Then there exists a choice of an orientation Q = Q(I'x) on Cr, (V)
such that

(24) Q(Tx) = —Q(Tx).

Proof If the 6 part of 'y is uni-trivalent except for one external tetravalent vertex
x, where four edges e1, e;, e3,e4 with de; = (v;, x) for i =1,2,3, deg = (x,v4),
ox(e;) =i meet, set

Q= dX; /\.../\dX;'+2/\QEI, ANQg, AQg AQ
Q) = A J\ Qe

e€Eg(M\
{6‘1 .62,63,84}

e
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If the 6 part of 'y is uni-trivalent except for one internal bivalent vertex x, where two
edges eq, e with de; = (vj, x), ox(e;) =i meet, set

Qui=dXi A . AdXIAQz_ AQ0G,
QTy) :=Qx A /\ Qe.

ecEg(D\
{e1.ep}

The cases of other edge orientations are similar.
If I'x has an exceptional vertex x having 2 or 3 incident n—edges, we define
Qui=dX!A...AndX",

QT = A N\ Qe
L’GE@(F)

Then the property (24) follows from the definition. O
A.4.3 Canceling of the integral along principal faces

Lemma A.3 Suppose n is odd. Let I' be a vertex oriented Jacobi diagram and e be
an edge of I'. Then the orientation of the principal face induced from the orientation
Q(T) is as follows.

type space induced orientation || type space induced orientation
(D) | S" 1 x Cs,r Onr1 AT | (5) | S"T!x Cs,r | —on+1 ARG8T
2) | S" P xCs,r| —wn—1 AQT)| 6) |S" 1 xCs,1 Wp—1 A 28T
3) |S"M X Cs,r|  Onp1 AQEGD) || (7) | S 1 xCs,r | wp—1 AR(ST)
4 | S 1x Cs,T wp—1 N Q2(8.T)

Proof Let I'y be as in the LHS of case (1) and we consider the orientation induced
on the principal face Sr, ., corresponding to the contraction of the edge ¢; = (w, y).
The orientation of Cr, is

Q) = (dX,; d" Xyp) A (dX]Qz,) A (R, dX;) ... dX])H?) A(the rest)
=dX, ...dX]T? Ad" Xy Qe,Q, A (the rest).

Let n; be the outgoing unit normal vector field on S”*1. Then the ingoing normal
vector field on the principal face is given by 7. The induced orientation of Sr, ,, is
then

in; 2Ty = wpy1(0) Ad" Xy Qz,Qz, A (the rest) = wyp1(c) AQ(Se, ')
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where o = éﬁ:—f‘{zl For cases (3) and (5), the results follow from the following:

in, 2T3) = wpy1d" Xz, Qg, A (the rest)
in) QTs) = —wp41d" T X5 Qz, Rz, 0z.Qz, A (the rest)
Let T'; be as in the LHS of case (2) and we consider the orientation induced on the

principal face Sr, ¢, corresponding to the contraction of the edge e, = (w, j). The
orientation of Cr, is

Q) =d" Xy Qz,Q2¢e,d" Xj A (the rest) = d" Xy, d" X Qz,Qg, A (the rest).

Let 1, be the outgoing unit normal vector field on S”~!. Then the induced orientation
of 8r, e, 18
in, UI2) = —wn—1(B) A d" X0, g, A (the rest) = —wp—1(B) A Q2(8e,T2)

where f = % For case (4) the result follows similarly from the following:

in, 2T 4) = wp—1Rz, Rz, Rz, A (the rest)

Let I'¢ be as in the LHS of case (6) and we consider the orientation induced on the
principal face Sr ., corresponding to the contraction of the edge e¢ = (i, j). The
orientation of Cr is

Q(T¢) = d" Xjd" X; A (the rest).
The induced orientation of St ¢ is
iny2(L's) = wp—1(y)d" Xi A (the rest) = @1 (¥) A Q(SeTs)

X —X;
where y = |Xj~— -
J

. Case (7) is similar. O

il

Lemma A4 Let (I'j,e;), fori =1,...,7, be the pair of the Jacobi diagram and the
edge to be contracted on it, as in the LHS of case (i) in (22). Then we have

I(Ty,e1) =—1(T2,e2), I(I'3,e3) =—1(T's,eq), 1(I's,e6) =1(I'7,e7).

Proof By definition,

1(F1,€1)=/L; Oey AN A2(8e, 1)

n+1 Xcﬁel r,

=y .
Sn+1 Cs
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where 6., denotes the pullback form of w,; via the Gauss map u with respect to e;.
Similarly we have
I(I'y,e2) = / A2(8e,12).
Cse, 1y
When 7 is even, the induced orientations on Cgel r, = Cgez r, are the same, and when
n is odd, the induced orientations on Cgel r = Cgez r, are opposite by Lemma A.3. So

it suffices to prove A2(8¢, 1) = (=1)""115(8¢,T2). In terms of the labels of vertices
in (22), we have

w(I'1) = Owy A byy Ao ((y,u)) A (the rest).

On the principal face corresponding to the contraction of e; = (w, ), this form becomes
e, N Oywo((w, u)) A (the rest) and thus A, (8¢, 1) = Oyw((w, u)) A (the rest). On
the other hand, we have
®(F2) = Oywuwj@((, 1)) = (=1)"" 0w Gpua((J, 1)) A (the rest).

Thus A3(8¢,T2) = (=1)"" 10y ((w, u)) A (the rest) = (—1)" 11, (8¢, T'1).
The second and the third identity may be similarly proved from the facts:

(1) induced orientations on C3631"3 o~ C5€4 r, are the same,

(2) A2(8e53) = (—1)" Wyt 100w Ouw (rest),

() 12(8e,T4) = (—1)" L wy—1 Oy Oy (rest),

(4) induced orientations on C5€6 r, = C;;e6 r, are the same,

(5) 22(8¢T6) = A2(8e,T7) m

Proof of Proposition A.1 First we show that if the two vertices in A are not connected
by an edge, then I(I', A) = 0. By (16) or (17), St 4 is a sphere bundle over Cr, 4
and from Section A.3, w(I") is basic in this bundle, namely a pullback of some form
on Cr;4 with less dimension. Hence I(I", A) = 0.

Then it is enough to prove for the faces corresponding to the collapse of an edge of T".
The proof is divided according to the cases in the definition of &,.

Cases (1) and (2) (Appearance of the ST relation) For cases (1) and (2), we will see
that the contributions of the faces corresponding to the following pair of contractions
of graphs cancel each other:

A Cw

N .
Al v
A v
| ! S
(
Ve
\ :
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which we denote by (I'?, e), (I'®, f) respectively.

From (23), the face of (I'?, ¢) is identified with $"~! x Cs, =, where the factor Sl s
the relative configuration space of 2 points on Tx[R". The face of (I'°, f) is identified
with S"+1 x Cs,rv, where the factor S7™+1 s the relative configuration space of 2
points on R"*2,

Let n, be the number of n—edges ¢’ on I'* such that §,I'* = §,/T". ny, is similarly
defined to be the number of n—edges f’ on I'® such that § be =4 f/Fb. Then we have

|AutT?|  |AutI®|

= |Aut$,T?| = |Aut§,T"|.
Ny Ny

We assume that each automorphism in Aut I'* preserves the orientation of Cra since
if not 1(I'?, e) = 0. The case of I'® is similar. Since the integration along the sphere
factors contributes by 1, z; restricted to these faces is

n J(C* )wg (T mpI(T°, Hwe(T®) _ I(Te)

- 'Y —wi (') =0,
|Aut[?| |Aut | A, e k() —we )

where I(T'®, /) = —I(T', ¢) by Lemma A.4 and by the ST relation.

Cases (3) and (4) (Appearance of the ST2 relation) For cases (3) and (4), we will see
that the contributions of the faces corresponding to the following pair of graphs cancel
each other:

.
. .
! ! N ’
\ ;
e
e f
L

which we denote by (I'C, ), (I'Y, /) respectively. From (23), the faces corresponding
to (T'°, e), (T'Y, ) can be identified with the spaces

(T e): 8" 1 x Cs, 1,

(T ) : 8" x C,ra.

Let n. be the number of n—edges ¢’ on I'° such that §,I' = §,/I"°. nq is similarly
defined. Then we have

|AutT¢|  |AutI|
ne  ng

= |Aut§.I"°| = |Aut§ T

We assume that each automorphism in Aut I'® preserves the orientation of Cr. since
if not I(I'°,e) = 0. The case of I'Y is similar. Note that some of them may not be
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(a) (@) (b) (b”) ()
Figure 7: Possible graphs contracted into (c)

Jacobi diagrams. Since the integration along the sphere factors contributes by 1, zj
restricted to these faces is

nI(T¢ e)wi(T¢)  ngI(TY, fHwe(TY)  I(TC,e)
|Aut T¢| |Aut I'd| "~ |Aut8 I¢|

where I(T'Y, /) = —I(T", e) by Lemma A.4, and by the ST2 relation.

(wi (7€) —wy (T'Y)) =0,

Cases (6) and (7) (Appearance of the C relation) Then z; can be written without

using |AutI'| as
1

* = o > I (D),

I':labeled

since there are (2k)!/|Aut I'| ways of labeling the 2k vertices with distinguished labels
in {1,2,...,2k}. There are possibly 4 labeled graphs rk, F%, FF, Fg as in Figure
7(a), (a’), (b) and (b’) respectively, which are mapped by §, to the graph as in Figure
7(c). From (23), the corresponding principal faces can be identified with the following
spaces via the tangent framing:

n—1 n—1 n—1 n—1
S X C(ser'%, S X C(ser'%, S X C(sel"'%{, S X Cser‘lzi
Since the integration along S”~! fiber contributes by some common 2—form s on
I,,(R"+2) the integrals restricted to these faces are
1
(2k)!

= @(wk(r%) + w (TF) + wie (TF) + we (TF)) / Q¥ ALy (8. TE) =0,

L
5eF1

(1(Ty, e)we (Ty) + 1 (T3, e)w (T3) + (T, e)wg (TF) + 1 (17, e)wie (T5))

where I (TL, e) = I(T'R,¢) by Lemma A.4 and by the C relation.
i i y y

Case (5) There are just 6 labeled graphs i I‘;, FIH, I';I, Ff(, Ig( as in Figure 8(a),
(@), (b), (b"), (c) and (c’) respectively, which are mapped by &, to the graph I'd asin
Figure 8(d) (the — signs of (b) and (b’) denote the reversion of the vertex orientation at
one vertex, and are because the cyclic permutation of 4 edges is an odd permutation).
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[} @ o ] [} o 5} o
\\AO‘,’ S \ //’

Ao R AR R
AP A4 “ ¢
T Ty T TN R
(@) @) (b) (b7

.

Figure 8: Possible graphs contracted into (d)

Since two of the three edges incident to the tetra-valent vertex of I'¢ are always hairs on
a subgraph as in (2)(b), the involution exchanging the two hairs preserves the integrand
form and reverses the orientation of the configuration space if 7 is odd, or reverses the
sign of the integrand form and preserves the orientation of the configuration space if »
is even. Hence the integral over such faces are self-cancelling. O

A.5 Hidden faces

Now we briefly review the proof of the vanishing of /(I")wy (I") restricted to the hidden
faces, where the proof is explicitly given by Rossi [15]. Let A C V(I'), |A| > 3 be a
set of points to be collapsed having external 6—edges (6 —edges connecting points in A
and points not in 4) and let I'4 be the subgraph of I' consisting of edges connecting
two vertices in A. The goal of this subsection is to prove the following proposition.

Proposition A.5 The term I(I")wy (") restricted to any face corresponding to the
diagonal where the points in A C V(') with A # V(I'), |A| > 3 coincide, vanishes.

The proof of Proposition A.5 is done by using the Vanishing Lemmata A.8, A.9 and
A.10 below, proved in [15] and by Cattaneo, Cotta-Ramusino and Longoni [6].

Lemma A.6 If|A| >3 and A has external 6 —edges, then the integral restricted to the
corresponding face vanishes.

Proof By Lemma A.7 below, we need only to consider the cases in which I'y4 is
connected.

Algebraic € Geometric Topology, Volume 7 (2007)



Configuration space integral for long n—knots and the Alexander polynomial 87

Let a be a vertex in ['4 which is an end of an external 6—edge. The possible cases in
which I'4 are connected are as in the following picture:

4 @ 4 8 4 @ |4

®) (6) @) ®)
The reasons for the vanishing of the integral /(I") along St 4 are as follows.
Cases (1) and (2) By Lemma A.8 below.
Cases (3)-(8) By Lemma A.9 below. O

Lemma A.7 If I'4 is not connected, then the integral restricted to Sr, 4 vanishes.

Proof By the observations in Section A.1, the face Sr, 4 is a bundle Sy, — Cr, 4 with
fiber F4 the configuration space associated to the subgraph I'y modulo translations
and dilations. Since I'4 is not connected, the action 7', acting on F4 as translations
of one connected component in [y fixing all other components, is defined. The
condition |4| > 3 implies that this action is non trivial on F4 (hence independent
of the overall translations acting on F4) and the quotient map F4q — F4/T gives a
bundle 77 Sp . —~>8r,/T with n or (n+2) dimensional fiber, depending on whether
the translated component has internal vertices or not. Since the 7"—action does not
affect the integrand form w(I") extended to Sr 4, namely the integrand form can be
written as (777 )*w(I")T for some form o(I")7 on Sr,4/T . Thus

/S o= /S ()T = /S e

where the integration is the fiber integration. The last integral is over the space with
codimension at least (n + 1) and so it vanishes. a

Proof of Proposition A.5 By Lemma A.6 and Proposition 3.1, for a non vanishing
face the 0 part of 'y must form a disjoint union of chords, trees and wheels entirely
included in I'y. So we assume this condition in the rest of the proof.
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Figure 9: (xg4,...,X¢, Xq, Xp,..) > (Xg + (Xp —Xg), ..., Xc + (Xp — Xg), Xp, Xq, - - )

We may assume that there exists an n—edge going from a point in 4 to a point not in
A. Then I'4 consists of a sequence of subgraphs as in (2)(b) joined by n—edges. If I'y4
has a tree component with at least one external vertex, then we define the following
involution on B 4 as in Figure 9: let us write the points in the relative configuration
as (xg,...,Xc, Xa, Xp,...), where the ‘...” between x; and x. are all points which
belong to the snake-like piece c~d in the graph, and all other ‘... denote other points.
Then the involution takes the form

Xe > Xe + (Xp —X4) if e is a vertex on the piece c~d of the graph,
or Xg > Xp,
Xp = Xq,

and xy — xy otherwise.

This involution reverses (resp. preserves) the orientation of the fiber of B 4 and preserves
(resp. reverses) the sign of the form if # is odd (resp. even). (Here, the path ¢ ~ d in
Figure 9 is disjoint from the depicted tree component and from the invisible part, by the
definition of Jacobi diagrams and by the above assumptions, and » may be assumed to
be univalent.) Hence the integral vanishes. If " has only chords in its 6 part, then by
the assumption, there has to be at least two chords connected by an n—edge. Hence
there must be a subgraph of one of Lemma A.10. a

The following lemma is an analogue of a lemma of Kontsevich [13], which is proved
by Rossi [15].
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Lemma A.8 If 'y has a subgraph of one of the following forms:

.
h h
h \
) i

o’ e

where the gray vertices may both be internal and external, then the integral restricted to

Sr, 4 vanishes.

Lemma A.8 is proved by using the central symmetry with center the middle of the two
gray vertices acting on the white vertex in the first case, and a similar one in the second
case. By these symmetries, the integral restricted to St 4 is self-cancelling.

The following two lemmas are proved explicitly in [15].

Lemma A.9 If|A| > 3 and I'4 has a subgraph of one of the following forms:

viaw 7 \f s e

no more edges

A

N
o S
®----q

then the integral restricted to St, 4 vanishes.

Lemma A.9 is proved by showing that the quotient space of Sr_4 by the action rescaling
the central edge in the box, which does not affect the integrand form, has strictly less
dimension than Sr 4.

Lemma A.10 If I'4 has a subgraph of one of the forms

then the integral restricted to St 4 vanishes.
Lemma A.10 is proved by using the symmetry as in Lemma A.8, carrying the vectors

(u,v,w) to (w, v, u), cancelling the integral with itself. More precisely, the symmetry
for the first case is given as a composition of the reversion of the two boundary vertices
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of v and the involution in Lemma A.8 for the two vertices with respect to the remaining
vertices. The symmetry for the second case is given as a composition of the central
symmetry for the vector v with respect to the target of v, and the involution in Lemma
A.8 for the two boundary vertices of the image of v.

A.6 Infinite and anomalous faces

For the infinite faces, the following proposition is proved in [15].
Proposition A.11 The integral I(I") restricted to the infinite faces St 0,4 Vvanishes.
This is proved by checking that the infinite faces have codimension at least 2.

A.6.1 Anomaly correction in the case » = 2 In the case n = 2 and k = 3, the
following proposition is proved in [7; 15], which is rather difficult part in the proof
of the invariance, involving the analysis on invariant forms on the Stiefel and the
Grassmann manifolds.

Proposition A.12 If n = 2, then there exists a 2—form p(I") on I,(R*) such that
d /C ¢*A(T) = —I(I. V(T)).
1

Hence the addition of the correction term to z3:

O () (¥)ws(T)
|Aut I'|

BW) =)+ )

regd

where @(F) = fC] @*p(I"), is proved to be d —closed.

A.6.2 Anomaly vanishing in the case » odd We show the following proposition as
already announced in [15]. Recall that

(T, V() = / o (1),

Cy

Proposition A.13 nf A1(T") vanishes for any T' in the case n is odd.
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Proof Note first that each I" has even number of vertices and even number of edges.

Let xy,...,x; be internal vertices of I" mapped into an underlying n dimensional
plane with a tangent frame f € I,,(R"*?) and y,,..., yx be external vertices of T" in
the ambient space R”2 so that (f;Xy1,...,Xj, V1,..., V) € By ). Then consider

the involution

S (X1, X2, 0 X Vs Vi)
= (X1, 2x — X2, .00, 2x =X, 2/ () =y, 20 (X)) — i)

on the fiber. Since j + k — 1 is odd if n is odd, S reverses the orientation of the fiber
of By ) and preserves the form A(I"). Therefore the integration along the fiber
vanishes as in the proof of Lemma A.8. a
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