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Chevalley p-local finite groups

CARLES BROTO
JESPER M M@LLER

We describe the spaces of homotopy fixed points of unstable Adams operations acting
on p—compact groups and also of unstable Adams operations twisted with a finite
order automorphism of the p—compact group. We obtain new exotic p—local finite
groups.

55R35, 55P15, 55P10; 55R40, 20D20

1 Introduction

The main purpose of this paper is the description of the structure of the spaces of
homotopy fixed points of unstable Adams operations ¢ acting on p—compact groups
and also of unstable Adams operations twisted by automorphisms of p—compact groups

AV

In the classical case, for a prime number p, a prime power ¢, prime to p, a compact
connected Lie group G, and a finite order automorphism 7 of G, Friedlander showed
that there is a homotopy pullback diagram

f

BG(q)) BG)
/| |
BGy — ) BGA X BG)

where *G(g) is the twisted Chevalley group over F, of type G, A is the diagonal map,
and ¥ an unstable Adams operation of exponent ¢ [33; 34]. Here and throughout,
p—completion is understood in the sense of Bousfield and Kan [11].

The concept of a p—compact group was introduced by Dwyer and Wilkerson in [25] as
a p-local homotopy theoretic analogue of a compact Lie group. A p—compact group
is a triple (X, BX,e), where H*(X;[F,) is finite, BX is a pointed p—complete space,
and e : X — QBX is a homotopy equivalence. We will usually refer to a p—compact
group simply as X'. BX is then understood as its classifying space, a concrete loop
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space structure imposed in the underlying space X . If G is a compact connected Lie
group, then the p—completion of its classifying space BG ;,\ is a p—compact group. A
p—compact group that cannot be obtained in this way is called exotic. We postpone till
Section 2 a more detailed description of the theory of p—compact groups.

Unstable Adams operations ¢, for any p-adic unit ¢, can be defined for any connected
p—compact group X (see Section 2). Following the above pattern, if ty? a twisted
Adams operation, then the space B “X(q) is defined by the homotopy pullback square

(1) B*X(q) BX

4 2
(1.799)
Bx — ™ gy« Bx.

Thus if X is obtained as the p—completion of a compact Lie group G, and 7 is a
finite order automorphism of G, B X (g) is homotopy equivalent to the p—completed
classifying space of the twisted Chevalley group *G(g).

The concept of p—local finite group has been recently introduced by Broto, Levi and
Oliver [14] as algebraic objects that are modeled on the p-local structure of finite
groups and as such they have classifying spaces which are p—complete spaces. In turn,
the classifying space of a p—local finite group determines its algebraic structure. Every
finite group G determines a p—local finite group at a prime p with classifying space
BG 9' Like in the case of p—compact groups, p—local finite groups that do not arise in
this way for any finite group G are called exotic. We refer to Section 3 for the precise
definition and main properties of p—local finite groups. Our main result shows that
B ™X(q) is the classifying space of a p-local finite group. We will also determine the
cases in which they are exotic p-local finite groups.

Theorem A Let p be an odd prime. If X is a I-connected p—compact group, ¢
is a prime power, prime to p, and t is an automorphism of X of finite order prime
to p, then the space of homotopy fixed points of BX by the action of T4, denoted
B™X(q), is the classifying space of a p—local finite group.

By analogy with the classical case, we will call the p—local finite group X (¢q) (*X(g))
with classifying space BX(q) (B "X (q)) obtained in Theorem A a (twisted) Chevalley
p—local finite group of type X .

Our arguments concentrate on the exotic p—compact groups at odd primes and break
into two separate steps. One deals with actions of finite groups of order not divisible
by p on p—compact groups and the results obtained have an independent interest. The
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other step deals with the action of unstable Adams operations ¥4 where ¢ = 1 mod p
and it is the one leading to the new exotic examples of p—local finite groups.

Group actions will be understood in the weak sense of proxy actions; that is, we will
say that an action of a group G on a space M is a fibration

i pr
M — My — BG
(see Dwyer [25]). The total space M} is referred to as the homotopy quotient space.
The space of homotopy fixed points is the space
M"® = {BG 5 Mg |pros =idpg}

of sections. Two actions will be considered equivalent if they are defined by fiber
homotopy equivalent fibrations. If M is a G—space in the usual sense then My is
the Borel construction and M " is homeomorphic to the space Mapg (EG, M) of
equivariant maps where E G is a contractible free G—space. When we specialize to
p—compact groups X, an outer action of G is a homomorphism p: G — Out(X),
where Out(X) is the group of outer automorphisms of the p—compact group X, in
other words, unpointed homotopy classes of self-equivalences of BX . By obstruction
theory, it turns out that if G has finite order prime to p, then an outer action on a
connected p—compact group X determines a unique action, up to equivalence, and the
space of homotopy fixed points is again a connected p—compact group.

The space B *X(¢q) defined by pullback square (1) can also be viewed as a homotopy
fixed point space BX h(z¥?) for the action of the infinite cyclic group generated by
7y € Out(X). More details are given in Section 6.

Theorem B Let X be a connected p—compact group. If G is a finite group of order
prime to p and p: G — Out(X) an outer action, then the following holds:

(1) p lifts to a unique action of G on X, up to equivalence.

(2) X"G s a connected p —compact group with
H*(BX"C;Q,) =~ S[OH*(BX; Q,)q).
the symmetric algebra generated on the coinvariants QH*(BX; Q)¢ .

(3) (Harper splitting) X"G 5 X isa p—compact group monomorphism, there is a
homotopy equivalence

X ~ X" x x/ xhC

and X /X"C is an H —space.
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(4) Assume that p is odd. If H*(BX;F,) is a polynomial ring, then H*(BX"C [ )
is also a polynomial ring.

Here and throughout, H*(—;Q),) stands for H*(—;Z,) ® Q, and QH*(BX;Q))
denotes the module of the indecomposables in H*(BX;Q)).

Some interesting cases to which Theorem B applies are F at the prime 3 and Eg at the
prime 5, where the p—compact groups Xj,, respectively, X3, split off (see Section 2
for notation). In the first case, Friedlander’s exceptional isogeny ¢ of Fy at the prime
3 gives rise to an automorphism of order 2 and the homotopy fixed point p—compact
group F4hc2 is the p—compact group X1, = DI, whose cohomology realizes the rank
2 Dickson algebra H*(BX1,:[F3) = F3[x12, x16] (subscripts of cohomology classes
indicate degrees) over [F3. This case was already considered in our previous work [16].
In the second case, a cyclic group of order 4 generated by the unstable Adams operation
Wi, i =+/—1,acts on Eg. The homotopy fixed point p—compact group E gc4 is the
p—compact group X3; corresponding to the reflection group number 31 on the Clark—
Ewing list, and its mod 5 cohomology ring is H*(BX31;Fs) = Fs5[x16. X24, X40, X48]
(see Section A.12).

It turns out that X1, and X3; are the two exotic p—compact groups originally con-
structed by Zabrodsky [71], and later included in the Aguadé family [2]. Zabrodsky
used the actions of these same automorphisms, ¢ and ¥, on the homotopy groups of
BF, and BEjg, respectively, and realized the invariant subgroups as homotopy groups
of new spaces, BX;, and BXj3;.

The corresponding splittings are F4 >~ DI, x F4/ DI, at the prime 3, first discovered
by Harper [36], and Eg ~ X31 x Eg/ X351 at the prime 5, which was obtained by
Wilkerson [68]. Other examples appear in Example 5.4.

Our second step deals with the action of unstable Adams operations ¢ of exponent
g =1mod p, g # 1, on connected p—compact groups X . These automorphisms have
infinite order and the effect now is opposite in some sense to the case of finite groups of
order prime to p. The spaces of homotopy fixed points BX(g) have the same p-rank
as the original p—compact groups X, but the maximal tori 7" ~ ((S 1)")1’; are cut
down to finite maximal tori 7" = (Z/ Y L= vp(1 —q), keeping the same Weyl
group (see Proposition 7.5 and Proposition 7.6).

We restrict our calculations in this part to p—compact groups for which the mod p
cohomology ring H*(BX;[F,) is a polynomial ring. For simplicity, we will refer to
them as polynomial p—compact groups. At odd primes, these include all irreducible
exotic examples and will therefore suffice for our purposes.
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Theorem C Let ¢ be a p-adic unit such that ¢ = 1 mod p, g # 1. If X is an
irreducible 1-connected polynomial p—compact group, then BX (q) is the classitying
space of a p—local finite group.

The proof is based on the classification theorem for p—compact groups at odd primes [7];
see Section 2. The irreducible polynomial p—compact groups are

(1) BSU (n)g (family 1 in the Clark—Ewing list),

(2) the generalized Grassmannians (family 2a in the Clark—Ewing list),

(3) the Clark—Ewing p—compact groups ( p—compact groups with Weyl group of
order prime to p), and

(4) the Aguadé family X, X59, X371, X34 at primes p = 3, 5, 5, and 7, respec-
tively, and of rank p — 1. (The subscripts indicate the number of the Weyl group
in the Clark—Ewing list.)

Theorem C is proved by considering separately these four cases in Remark 11.1,
Theorem 11.4, Theorem 9.8, and Theorem 10.3, respectively.

In cases (1) and (3) we always obtain that BX (g) is the p—completed classifying space
of a finite group. The other two families contain the new exotic examples of p—local
finite groups.

A complete description of the structure of the p-local finite groups X;(q¢), i =
12,29, 31, 34, is obtained in Section 10. Fix ¢ = 1 mod p and let v3(1 4 22"+1) =
v3(l —¢q). For Xi3(q), p = 3, we obtain that BX,(¢) ~ B(2F4(22”+1))g\ (see
Example 10.7). For X31(g), p = 5, it turns out that if vs(1 4+ 24" %2) = v5(1 —¢q),
then BX3(q) > BEg(2*" 1) (see Example 10.8). In particular, we can obtain
the p—compact groups X;, and X3; as telescopes of a sequence of p—completed
classifying spaces of finite groups (see Remark 10.9):

BXi; = hocolim B(*Fy 235,
BX3; = hocolim BEg(2>")%.

The cases BX,9(¢) and BX34(q) at primes 5 and 7, respectively, are classifying
spaces of exotic p—local finite groups (Example 10.6).

Family 2a in the Clark—Ewing list consists of the reflection groups G(m, r, n) with
rlm|(p — 1) generated in GL(n,Z,) by the permutation matrices together with the
diagonal matrices diag(a;,as, ..., a,) with ¢; =1 and (aqas ...a,)™" =1. We
denote X(m, r,n) the p—compact group of rank n with Weyl group G(m, r,n). We
also prove that BX(m, r,n)(q) is the classifying space of an exotic p-local finite
group provided n» > p and r > 2 (Proposition 11.5).
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Theorem D For ¢ =1 mod p, g # 1, the following are classifying spaces of exotic
p—local finite groups:

e BX59(q) and BX34(q) at primes p =5 and p = 7, respectively, and
e BX(m,r,n)(q) forn>p andr > 2.

Our next theorem provides the necessary arguments in order to deduce the general case
of Theorem A from the two steps.

Theorem E Let p be an odd prime and X a 1—connected p—compact group, T an
automorphism of X of order prime to p, and ¥4 an unstable Adams operation of
exponent a p—adic unit.

(1) Ifg=1mod p, q #1, then B™X(q) ~ BX"7)(¢).

(2) If ¢’ is another p-adic unit such that ¢ and q' have the same multiplicative
order mod p and such that v,(1 —¢") = v,(1 —q'"), where r is the order of ¢
and ¢’ mod p, then BX(q) ~ BX(q').

Since we can decompose a p—adic unit ¢ as ¢ = {qo where ¢ is a (p — 1)—st root of
unity and gg = 1 mod p, part (1) of Theorem E will reduce the question of computing
BX(g) to the case where ¢ = 1 mod p which turns out to be easier to handle in abstract
calculations and concrete examples. The second part of the theorem tells us that BX (¢)
does only depend on the order r of ¢ mod p and the p-adic valuation v,(1 —¢"), so
we can change the exact value of ¢ at our convenience if we keep those parameters
fixed.

Part (2) of Theorem E also explains the often observed fact that finite Chevalley groups
G(q) and G(g’) have same cohomology ring or identical p—local structure when ¢
and ¢’ are prime powers, with ¢" = ¢’" = 1 mod p and v,(1 —¢") = v,(1—¢""),
for some r, 1 <r < p—1. We plan to investigate this phenomenon closer in a future
paper.

Proof of Theorem A Consider B "X (q) as the homotopy fixed point space BX h(zy®)
for the action on BX of the group generated by tv9.

If we write ¢ = {qo, where { isa (p — 1)—th root of unity and go = 1 mod p, g¢ # 1,
so that Ty = ty¢90, then we have

B™X(q) = BXM¥) ~ BYMe¥9) (g)

according to Theorem E.
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XY s a 1-connected p—compact group by Theorem B, hence it splits as a product
of irreducible 1—connected p—compact groups [27; 59]

BXMTV) ~ BX| x-.-x BX;,

and then also, BX* ™) (g0) ~ BX,(qo) x - - x BXs(qo). It remains to show that
each BXj(qo) is the classifying space of a p—local finite group.

If X; is polynomial, Theorem C applies and BX;(g¢) is the classifying space of a
p—local finite group.

If X; is the p—completion of a compact Lie group G, then we can find a prime
number g, with gy =¢go=1 mod p and v, (1—go) =v,(1—¢g;), and then BX;(qo) =
BX;(qy) by Theorem E (cf Remark 6.6), and this last is the p—completed classifying
space of a finite Chevalley group of type G, by the classical result of Friedlander [34].

By the classification theorem of p—compact groups at odd primes [7] (see Section 2),
every irreducible, simply connected p—compact group is either polynomial or the
p—completion of a compact Lie group, hence the proof is complete. |

Many authors have been interested in the cohomology rings of finite Chevalley groups
at primes different from the defining characteristic. Quillen [61, Theorem 4] shows that
for an odd prime p and a prime power ¢ prime to p, if m is the order of ¢ mod p
and £ =v,(1—¢™), then

H*(BGL(n,q); Fp) = Plxq,... ,x[%]] ® E[yi,..., y[%]]
where deg(x;) = 2mi and deg(y;) =2mi —1.

Fiedorowicz and Priddy [31; 30] computed the cohomology rings of Chevalley groups
of classical type. Kleinerman [39] has computed the cohomology of Chevalley groups
of exceptional Lie type at large primes. M Mimura, M Tezuka and S Tsukuda [45] have
recently approached the cohomology rings of finite Chevalley groups at torsion primes,
by newly constructing a spectral sequence of Eilenberg—Moore type.

The result that we include here is essentially due to L Smith; at least part (1) already
appears in [64]. We include it here for the convenience of the reader, as it is an important
step in our arguments.

Theorem F Let X be a polynomial p—compact group with
H*(BX;Fp) = Plxy,...,xn]

and g a p-adic unit with ¢ = 1 mod p, g # 1. Then:
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(1) H*(BX(q):Fp) = P[x1,....,xs]® E[y1,....yu] with higher Bockstein rela-
tions B,y(vi) = xi, Li = vp(l —qdi), 2d; = degx;, 2d; — 1 = deg y;, and

(2) the inclusion of the maximal finite torus i: BT, — BX(q), £ = vp(l —q),
induces a monomorphism i*: H*(BX(q); Fp) — H*(BT};F,)"x .

The inclusion i*: H*(BX(q);F,) - H*(BT}"; I]:p)WX is an isomorphism in many
cases. This is checked by direct calculation of the relevant invariant rings. In cases in
which X is a Clark—Ewing p—compact group or a generalized Grassmannian, i * is
an isomorphism (see Section 9). It is also an isomorphism in the case of the Aguadé
p—compact groups X;(q), i = 29,31, 34. However, i * is not an epimorphism in case
of X1,(¢), for which we obtain H*(BX1(q);F3) = P[x12,X16]® E[¥11, y15], While

H*(BTEZ;[F3)WX12
= P[x12,x16] ® E[y10. Y11, Y151/ (Y1115 — X16 Y10 V10V11> Y10Y15)
(see Example 9.7).

We have restricted our calculations at odd primes, although some of the results are also
valid at the prime two. The classification of 2—compact groups [54; 6] implies that the
Dwyer—Wilkerson 2—compact group D14 is the only irreducible exotic 2—compact
group. The Chevalley 2-local finite groups of type D14, named BSol(q), for odd
prime powers ¢, have been first considered by Benson [9] and then by Levi and Oliver
[40] who proved that they are classifying spaces of 2—local finite groups and their
2-local structure is in fact a system of fusion relations studied by Solomon [65] and
defined over the Sylow 2—subgroup of Spin(7, g).

The paper is organized as follows. In Section 2 and Section 3 we review the definitions
and main results from the theory of p—compact groups and p—local finite groups.
In Section 4 we further develop some aspects of the theory of p—local finite groups
concerning the homotopy characterization of classifying spaces of p—local finite groups.
The main results in Sections 10 and 11 state that BX(g) is the classifying space of a
p-local finite group if X is a p—compact group in the Aguadé family or a generalized
Grassmannian are based in this homotopy characterization of classifying spaces.

Section 5 deals with what we have called first step. We discuss different ways in which
we can understand an action of a group on a p—compact group and prove Theorem B.
This theorem states that a homotopy fixed point space X hG s again a p—compact
group if X was a connected p—compact group and G is a finite group of order prime
to p. Identifying X*¢ with a p—compact group in the classification list requires a
close look at the restriction of the action to the maximal torus normalizer. This will
be considered in Appendix A. In particular, Corollary A.6 contains a criterion for the
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recognition of the homotopy fixed point p—compact group by action of unstable Adams
operations of finite order. This is applied to many examples through the Clark—-Ewing
list at the end of this appendix in Section A.7 through Section A.12.

Section 6 is devoted to the proof of Theorem E. It reduces the analysis of the structure
of a general homotopy fixed point space B *X(g) to first analyzing a homotopy fixed
point p—compact group and then a homotopy fixed point space by the action of an
unstable Adams operation 1/fq/ of exponent ¢’ = 1 mod p. This allows us to complete
the argument for the proof of Theorem A from steps one and two.

The second step starts in Sections 7, 8, and 9, where we analyze the general subgroup
structure of spaces BX(q), where ¢ = 1 mod p, ¢ # 1, and their cohomological
properties. Theorem F is proved in Section 8. Some technical results concerning
the Bousfield—Kan spectral sequence for the cohomology of a homotopy colimit are
postponed to Appendix B.

Finally, Section 10 and Section 11 are devoted to the more specific properties of the p—
compact groups in the Aguadé family and the generalized Grassmannians, respectively.
With them, we complete the proof of Theorem C and Theorem D.
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2 p-compact groups

A p—compact group is a triple (X, BX,e) where X is a space, BX is a p—complete
connected pointed space, H*(X;[F,) is finite, and e: X — QBX is a homotopy
equivalence from X to the space 2BX of based loops in BX .

Throughout the paper, and when no confusion is possible, we will simply denote a
p—compact group (X, BX,e) as X . We shall say that X is connected if mo(X) is a
point and simply connected if also 71 (X) is trivial. These spaces were introduced by
Dwyer and Wilkerson in 1994 as p-local homotopy theoretic versions of compact Lie
groups [25]. We present here a short summary of the theory of p—compact groups and
refer to the surveys of the second author [48], Notbohm [57] and Dwyer [21] for more
information. Examples of p—compact groups include all simply connected p—complete
spaces with polynomial [,—cohomology, and the p—completed classifying spaces of
all compact Lie groups G such that ¢(G) is a finite p—group. The p—compact group
obtained in this way from a torus is called a p—compact torus. Thus a p—compact torus
BT of rank n is simply a K(Zp,2)" and we have that H(BT';Zp) = Z}, is a finitely
generated free Z,—module. A maximal torus of a p—compact group BX is a pointed
map BT — BX, satisfying an injectivity and a maximality condition, of a p—compact
torus into BX . The Weyl group W of the maximal torus BT — BX, which we
may assume is a fibration, is the monoid of fiber homotopy classes BT — BT over
BX . It turns out that all elements of W are invertible so that W is actually a group.
Equivalently, the Weyl group is the group of components of the Weyl space which is the
associative topological monoid of self-maps of BT over BX . The Borel construction,
BN , for the action of the Weyl space on BT is called the normalizer of the maximal
torus. The monomorphism BT — BX extends to a monomorphism BN — BX [25,
9.2,9.8].

Theorem 2.1 (Existence of maximal tori [25, 9.7]) Any p-—compact group X admits
a maximal torus BTy — BX and a Weyl group Wx. When X is connected, the
Weyl group Wy acts faithfully on the finitely generated free Z,—module Ly =
Hy(BTyx;Zp), the pair (Wy, L) is a Z ,—reflection group, and

H*(BX:Z,)®Q — (H*(BTx:Z,) ® Q)"*
is an isomorphism.
This theorem introduces a relationship between p—compact groups and Z,-reflection
groups as defined below.

An automorphism of a finitely generated free Z,—module is a reflection if it acts as
the identity on a hyperplane. A Z,—reflection group is a pair (W, L) where L is a
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finitely generated free Z,-module and W' a subgroup of Autz, (L) = GL(L) that is
generated by the reflections that it contains. A morphism between two Z,—reflection
groups, (Wy, Ly) and (W, L,), is a pair («, ) consisting of a group homomorphism
a: Wi — W, and an a—linear Z,—module homomorphism 6: L; — L, [53, 4.1]. The
Z p—reflection group (W, L) is irreducible if L ®z,Q) is an irreducible Q, W -module.
Using the Shephard-Todd classification of irreducible complex reflection groups [63],
Clark and Ewing [19] produced the list of all finite irreducible Z,-reflection groups
[53, 11.18]. At odd primes the list is as follows:

e Family 1: (¥,41,S (ZZ"’I)) where the symmetric group ¥,4; permutes the
n+ 1 factors of ZZ"'I and S(ZZ'H) ={(X1,...,Xp+1) € ZZ“ | Y x; =0}.

e Family 2a: Let » > 1 and m > 2 natural numbers such that » | m | p — 1.
The cyclic group Cp, of order m is contained in the group of units Z;,‘ for Z,.
The Zp-reflection group (G(m,r,n),Z}), n = 2, is the group generated by the
subgroup X, of all permutations of the # coordinates and the subgroup

A(m,r.n) = {diag(6;.....0,) € C" | (01 ---6)™" =1}

consisting of diagonal matrices.
e Family 2b: (Dyp.Z%), m>2, when m = +1mod p or m =3,6if p=3is
the dihedral group of order 2m, generated by matrices
0 -1
(5 0+6—1 ) and (9).

where 0 is a primitive m—th root of unity. It is also usual to call them G(m, m, 2),
following the notation of Shephard and Todd [63].

e Family 3: (Cy,Zp) when m | p—1 and C,, is the order m cyclic subgroup of
z5.
P

 Sporadic groups: 34 sporadic Z,-reflection groups G;, 4 <i < 37.

See Andersen [5] for a more detailed description of this list of all irreducible Z,—
reflection groups.

The automorphism group of the Z,-reflection group (W, L) is isomorphic to the
group Ngr(r)(W). There is an obvious homomorphism from this group to the group
of trace preserving automorphisms of W. The kernel is the group Autz,p (L) of
automorphisms of the Z, W —module L. Using this we get an exact sequence of groups
[53, 3.14-16]

2) 1 — Autz,w (L)/Z(W) — Ngr)(W)/W — Oute(W)
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where the group to the right is the group
Outy (W) ={a € Out(W) | Vw € W:tr(a(w)) = tr(w)}

of trace preserving outer automorphisms of W < GL(L). Observe that there is a group
homomorphism

Vi Z; — NerLwy(W)/ W
that takes the p—adic unit u € Z; to scalar multiplication, ¥%: L — L, by u on L.
The kernel of i is the finite subgroup Z; NZW) of W <GL(L).

If (W, L) is irreducible, Autz,p (L) = ZI’,( consists only of the scalar matrices %
according to Schur’s lemma so that (2) takes the form

3) L= Z3/Z(W) % Norwy(W)/ W — Oute(W).

Moreover, an explicit case-by-case computation shows that the group Outy (W) is
trivial for all irreducible Z,-reflection groups except for a few of the dihedral groups
G(m,m,2) and for the sporadic Z,—reflection groups Gs, G7, and G3 = W(Fy),
and in these cases it consists of elements that lift to finite order elements 7 in
Ngry(W)/W . We conclude that if (W, L) is irreducible then Ngr(r)(W)/W
consists only of elements of the form ty* where t has finite order.

Theorem 2.2 (Classification of p—compact groups at odd primes [53; 7]) Let p
be an odd prime. The assignment X ~ (Wyx, Lx) gives a bijective correspondence
between isomorphism classes of connected p—compact groups X and isomorphism
classes of Z ,—reflection groups (W, L). We have

Out(X) = NerL)(W)/W

where (W, L) is the Z, —reflection group assigned to the connected p—compact group
X.

The irreducible p—compact groups, which are the p—compact groups corresponding
to the irreducible Z,-reflection groups of the Clark—Ewing classification table [19]
(see also Dwyer, Miller and Wilkerson [23, 1.5]) are as follows:

e Family 1: BSU(n + 1);,\ (the special unitary groups)

e Family 2a: BX(m, r,n), (m,r,n)# (m,m,?2), (the generalized Grassmannians)

e Family 2b: BX(m,m,2), m>3

o Family 3: ng’”_l (the Sullivan spheres)

e Sporadic groups: 34 sporadic p—compact groups BX;, 4 <i < 37.
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Among the generalized Grassmannians we find
BX(2,1,n) = BSO(2n +1),, BX(2,2,n) = BSO(2n);,
in family 2b
BX(3,3,2) = BPU(3),, BX(6,6,2) = (BG2),,
and among the sporadic cases we find
BXyg = (BFy),. BX3s=(BEe),., BXss=(BE7),. BX3;=(BEjy),.

Any simply connected p—compact group splits as a product of irreducible p—compact
groups [27; 59], and, in general, any connected p—compact group is locally isomorphic
to the product of finitely many irreducible simply connected p—compact groups and a
p—compact torus [50, 2.8].

If H*(BX;F,) is a polynomial [,-algebra, we say that BX is a polynomial p—
compact group. Observe that all the irreducible p—compact groups are either polynomial
or of the form B GI’,\ where G is an irreducible compact connected Lie group [53, 7.4].

The polynomial irreducible p—compact groups, which include all irreducible p—
compact groups that are exotic, can be constructed as homotopy colimits of diagrams
whose nodes are the p—subgroups of the Weyl group [53, 7.8]. We mention these
special cases for later reference:

e Clark-Ewing p—compact groups: The p—compact groups corresponding to the
Zp—reflection groups (W, L) where the order of W is prime to p [19]. They
have the form

BX = (B(T xW)))

where 7 x W is the semidirect product for the action of the Weyl group on the
discrete maximal torus 7' = (L ®z, Qp)/L = (Z/p>°)" where r is the rank.
The Sullivan spheres (family 3)

BS)" ! = B(Z/p™® xCn)p .
where m|(p—1), are special cases of this construction. Also family 2b for p >3
is included here.

e Aguadé p-—compact groups: The four p—compact groups, Xi, at p = 3, Xy9
at p =95, X351 at p =5, and X34 at p = 7 constructed by Aguadé [2] in a
uniform way as homotopy colimits of diagrams

=)0 \ WP
Z(W)er CBSU(r +1) BT )ww
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with two nodes where r = 2,4,4, 6, respectively, is the rank and Z(W), cyclic
of order 2, 4,4, 6, respectively, is the center of the Weyl group W. In all four
cases p divides the order of the Weyl group exactly once. The two cases X,
X3¢ had been constructed by Zabrodsky using different methods [71].

* Generalized Grassmannians: The p—compact groups X(m, r, n) corresponding
to the Z,-reflection groups G(m,r,n) where r|m|(p —1). The cases r =1
where constructed by Quillen as p—completed classifying spaces of general
linear groups over suitable infinite fields for characteristic prime to p. The cases
with r > 1 were later obtained by Oliver; see Notbohm [58]. See also Mgller
[53, 7.10].

Theorem 2.2 describes Out(X), the group of invertible elements of the monoid
[BX, BX] of unpointed homotopy classes of self-maps of BX, in purely algebraic
terms as the “Weyl group of the Weyl group”, Ngr(ry(W)/W . In particular, we may
regard the automorphism ¥* of (W, L) as the homotopy class of a self-homotopy
equivalence of BX . The map ¥*: BX — BX is called an unstable Adams operation
of exponent u € 7,

Classically, unstable Adams operations were first defined by Sullivan [67] on BU(n),
for g e Z, (p,q) =1, g > n, as restrictions of Adams operations defined on BU .
Then extended by Wilkerson to all compact Lie groups [68]. In [38] the second author
showed that p—completed classifying spaces of compact connected Lie groups admit
unstable Adams operations ¥4 of exponent a p—adic unit g € Z;. This is extended to
p—compact groups for odd primes p in [53].

3 p-local finite groups

The concept of p—local finite group has been introduced by Broto, Levi and Oliver [14]
(see also their survey [15]). A p-local finite group is a triple (S, F, £) where S is a
finite p—group, F a saturated fusion system over S, and £ a centric linking system
associated to . We will state here again all necessary definitions for the convenience
of the reader.

A fusion system over a finite group S consists of a set Homz (P, Q) of monomor-
phisms for every pair of subgroups P, Q of S, such that it contains at least those
monomorphisms induced by conjugation by elements of S and all together form a
category where every morphism factors as an isomorphism followed by an inclusion. A
fusion system is saturated if it satisfies certain additional axioms formulated by L Puig
[60] (see also Broto, Levi and Oliver [14, Section 1]). Two subgroups P, P’ of S are
called F—conjugate if there is an isomorphism between them in F.
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Definition 3.1 Let F be a fusion system over a p—group S.

(1) A subgroup P < S is fully centralized in F if |Cs(P)| > |Cs(P’)| for all
P’ < S which is F—conjugate to P.

(2) A subgroup P < S is fully normalized in F if |[Ng(P)| > |Ns(P')| for all
P’ < S which is F—conjugate to P.

(3) F is a saturated fusion system if the following two conditions hold:
(i) Foreach P <S§ which is fully normalized in F, P is fully centralized in
F and Autg(P) is a Sylow p—subgroup of Autr(P).

(i) If P <S8 and ¢ € Homg(P, S) are such that ¢ P is fully centralized, and
if we set

Ny ={g € Ns(P)|¢cep™" € Auts(p P)},

then there is ¢ € Homx (N, S) such that ¢|p = ¢.

A subgroup P of S is F—centric if Cg(P’") < P’ for every subgroup P’ < S which is
JF—conjugate to P. F°¢ denotes the full subcategory whose objects are the F—centric
subgroups of S.

A subgroup P < S is F-radical if Outx(P) = Autg(P)/Inn(P) is p-reduced,
namely, it does not contain nontrivial normal p—subgroups.

Definition 3.2 Let F be a fusion system over the p—group S. A centric linking
system associated to F is a category £ whose objects are the F —centric subgroups of
S, together with a functor

w L— F€,
and distinguished monomorphisms dp: P —> Aut,(P) for each F—centric subgroup
P < S, which satisfy the following conditions.

(A) m is the identity on objects and surjective on morphisms. More precisely, for
each pair of objects P, Q € L, Z(P) acts freely on Mor, (P, Q) by composition
(upon identifying Z(P) with 6p(Z(P)) < Autg(P)), and 7 induces a bijection

Morz(P, 0)/ Z(P) —> Homz(P, 0).
(B) For each F—centric subgroup P <.S andeach g € P, 7 sends 6p(g) € Autz(P)

to cg € Autr(P).
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(C) Foreach f € Morg(P, Q) and each g € P, the following square commutes in
L:

N

&)

8o(m(f)(g))

B —

P
5P(g)l
P

.,

S

The classifying space of the p—local finite group (S, F, L) is defined as the p—
completion |£|$ of the nerve of the category £. The classifying space determines
the p—local finite group in the sense that two p—local finite groups are isomorphic if
and only if they have homotopy equivalent classifying spaces. Actually, the complete
structure of a p—local finite group can be recovered from its classifying space by
homotopy theoretic methods.

Finite groups are the main source of examples and motivation for p—local finite group
theory.

Example 3.3 (The p-local finite group (S, Fs(G), LS(G)) of a finite group G) 1If
G is a finite group and S a Sylow p-—subgroup, the monomorphisms from P < §
to Q@ < .S induced by conjugation in G, Homg (P, Q) = Ng(P, Q)/Cg(P), where
Ng(P,Q)={xeG|xPx~! < Q}, form a saturated fusion system over S, Fs(G).
The Fg(G)—centric subgroups of S are the subgroups P < .S which are p—centric in
G. A p-subgroup P < G is p—centric if its center, Z(P), is the Sylow p-—subgroup
of Cg(P), or, equivalently, if the centralizer splits as the product of the center of P
and a group C;(P) of order prime to p, C(P) = Z(P)x C;(P).

Now, we define £$(G) as the category with objects all subgroups of S which are
p—centric in G, and morphisms Mor(P, Q) = Ng(P, Q)/C(P), where C/(P)
is the p’—complement in Cg(P) of the center of P, which is well defined be-
cause P is p—centric. £G(G) is a centric linking system associated to Fg(G), and
(S, Fs(G), LS(G)) isa p-local finite group with classifying space |[L(G)|, ~ BG)
[13; 14].

A p-subgroup P of G is called p-radical if it is the maximal normal p—subgroup of
NgG(P), P = 0p(Ng(P)), or, equivalently, if Ng(P)/P is p-reduced [35], whereas
being Fg(G)-radical means that Outrg(G)(P) = Ng(P)/PCg(P) = Outg(P) is
p-reduced. However, if P < S is Fg(G)—centric and Fg(G)-radical, then it is
p—centric and p-radical in G: Assume that P is not p-radical in G, then there is
another p—subgroup Q with P < Q < Ng(P) and Q # P. Since P is p—centric,
Cg(P) = Z(P) x C/(P), where C(,(P) is a p’—group, hence C;(P)N Q = 1.
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Therefore P<Q<Ng(P)/Cj(P) and Q/P<Ng(P)/PCj(P)= Ng(P)/PCs(P),
hence Outg (P) is not p—reduced. The converse it is not always true.

Alperin’s fusion theorem for saturated fusion systems [14, A.10] establishes that
morphisms in a saturated fusion system F are composites of automorphisms of fully
normalized, F—centric, and F—radical subgroups of the system, or restrictions of those.
Hence in order to describe a saturated fusion system JF over a finite p—group S it is
enough to describe Autr(Q;) foraset Qq,..., Q, of fully normalized representatives
of F—conjugacy classes of F—centric, F—radical subgroups of S in F. This motivates
the next construction.

If Fy is a fusion system over S, and Q1,..., O, are subgroups of S, and A; a group
of automorphisms such that Inn(Q;) < A; < Aut(Q;), for each i, then we denote by
Fo,(A;) the fusion system over Q; whose morphisms are restrictions of elements of
A;, and define

F=(Fo:Fg,(A1),....Fo,(Ar))

the fusion system over .S whose morphisms are composites of morphisms belonging
to any of the generating fusion systems (cf [14, Section 9]).

Thus, in particular, if JF is a saturated fusion system over a finite p—group S and
01,..., 0, is a set of fully normalized representatives of F—conjugacy classes of
F—centric, F—radical subgroups of S in F, then

F = (Fs(Autx(S)); Fo, (Autr(Q1)). ..., Fo, (Autx(Qr))) .

We now describe the fusion systems of GL,(¢g) and SL,(g) over the respective Sylow
p—subgroups, where p is a prime number and ¢ is a prime power ¢ = 1 mod p. This
will be useful in later sections.

Example 3.4 (The fusion system of GL,(g), p odd) We will describe the fusion
system of GL,(q) over a Sylow p—subgroup, for p a prime and ¢ a prime power such
that ¢ = 1 mod p. We can use the Alperin—Fong description of p-radical subgroups
of general linear groups [4]. The elements

00 . 1
10 0
B =diag(1,¢,22,...,¢77Y), c=|01 0
00...10

where ¢ be a primitive p—th root of unity in F}, generate an extraspecial subgroup
I't =(B,C) < GL,(q) of order p3 and exponent p.
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R NGL,(g)(R) OutGr,(g)(R)

Zy GL) (@) 1

17 ()P x 2, )

S PP xZ/pxz/p-1)  Z/p—1

Ty (F7)-T¢-SLy(p) SLy(p)
Ur41 Fyp XZ/p Z/p

Table 1: p-radical subgroups of GL,(g) for ¢ =1 mod p

R OutGLp(q) (R)

TZ T,
S Z/p—1
Iy SLy(p)

Table 2: F—centric, F—radical subgroups in the fusion system of GL,(q)

The p—primary part of the multiplicative group of units I]:;< is isomorphic to Z/ pe
where £ = v,(1 —¢q). Let Tep >~ (Z/p*)?, the maximal finite torus, be the group of
diagonal matrices of p—power order. Then S = Tep x(C)=7/p*27/p is a Sylow
p-subgroup of GL,(q).

Define the subgroup I'y = Z, oI'1 < GL,(q) to be the central product over the center
of 'y of the center Z; =~ 7/ p* of GL,(g) and I'y.

There is an standard inclusion I]:Z » © GLy(q), obtained by letting [F; p acton Fgp by
multiplication and considering F4» as Fy—vector space. We define Uy as the image
in GL,(g) of the cyclic group Z/ pe+1 < [F; » of all roots of unity of p—power order
in Fgr.

With this notation and according to Alperin and Fong [4], if R is a p-radical subgroup
of GL,(q) then R is conjugate to one of the subgroups displayed in Table 1.

It is now easy to extract from Table 1 the F—centric, F—radical subgroups of S in the
fusion system F = Fg(GLp(q)) of GLp(q) over S. Notice that Z; is clearly not
F —centric and Uy, clearly not F-radical. This leads to Table 2.

Example 3.5 (The fusion system of SL,(g), p odd) We proceed now by describing

the fusion system of SL,(¢g) over a Sylow p—subgroup, for p a prime and ¢ a prime
power such that ¢ = 1 mod p. Let £ = v,(1 —¢) as in the previous example.
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P Outgr,()(P) Conditions
7Y =) p>3
S Z/p—1

(") SL>(p) r=0ifl=1,p=3;
r=0,1,..., p—Llif{>1or p>3,

Table 3: F—centric F-radical subgroups in the fusion system of SL,(q)

We first show that every p-radical subgroup of SL,(g) is the intersection QNSL,(q)
of a p-radical subgroup Q of GL,(q) with SL,(q). For a given p-radical p—
subgroup P of SLp(g) define Q = Op(NgL,(q)(P)). O NSLp(g) is a normal sub-
group of Ngr,(¢)(P) and since P is the maximal normal p-subgroup of Ngr,(4)(P),
we have Q N SLy(g) < P. Same argument with NG ,(4)(P) shows that P < Q and
therefore QN SLy(q) < P.

Every element g € GL,(gq) normalizes SL,(q), so if g normalizes Q it also nor-
malizes QN SLy(q) = P, 30 Ngr,(g)(Q) = NgL,(g)(P)- But, by definition of O,
this is normal in Ngr ,(4)(P), hence we actually have Ngr,(q)(Q)=NgL,)(P)- So,
therefore, Q= 0,(NgL,(g)(Q)) is p-radical.

Fix the Sylow p—subgroup S = SN SLy(q) of SLp(q),andlet F = Fs(SLy(q)) be
the fusion system of SL,(g) over S. Assume that P < .S is F—centric and F—radical.
Then P is p—centric and p-radical in SLy(g). In particular P = Q N SL,(q)
where Q is p-radical in GL,(q), hence conjugate by an element g € GL,(g) to
a (p—subgroup in the Table 1. Among those intersections, only S = SN SLy(q),
T, P~ —gn sz ,and 'y = S NIy are also p—centric. Hence, the complete list
of conjugacy classes of p—centric and p-radical subgroups of SL,(q), is obtained
by conjugating these three subgroups by elements g € GL,(q): where I';(§"), r =
0,1,...,(p—1) are subgroups of SL,(q), defined as the conjugates of I'; in GL,(q),
[ (§7) = x,Tyx,; !, where x, = diag(§”,1,...,1) € GLy(q), £ a (¢ — 1)—st root of
unity. Notice that for g € GLf’ (q), gSg~! lies in S if and only if it is exactly S and
the same happens with T E(p =D In the case of I'1 we just need to check which of the
subgroups I';(§") are conjugate in SL,(g). In fact, Alperin’s fusion theorem [14,
A.10], together with the list of p-radical p—centric subgroups that we have obtained
so far, tells us that if two subgroups I'i (§”) and I'; (§°) are conjugate in SL,(q) they
are already conjugate in Ngr,(4)(S), hence we obtain the Table 3 by direct calculation
as a list of p—centric and p-radical subgroups but, by inspection, this coincides with
the list of F—centric F-radical subgroups.
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An p-local finite group that is not of the form (S, Fs(G), LS (G)) for any finite group
G is called exotic. Examples of exotic p—local finite groups are already shown in
[14]. Recently, Levi and Oliver have obtained a family of exotic 2—local finite groups,
B Sol(q) [40], based on fusion systems originally described by Solomon [65].

Definition 3.6  (a) For any saturated fusion system JF over a p—group S, and
any P < S, fully centralized in F, the centralizer fusion system Cz(P) over
Cs(P) is defined by setting

Home, (p)(Q, Q') = {(¢]0) | ¢ € Homz(PQ, PQ'), ¢(Q) < Q' ¢|p =1dp}
for all Q, Q' < Cs(P).

(b) Fora p-local finite group (S, F, £) and P < .S fully centralized in F, we define
the category C,(P) whose objects are Cr(P)—centric subgroups Q < Cg(P)
and where

Morc,.(p)(Q. Q") = {¢ € Hom.(PQ, PQ") | n(p)|p =1dp, 7()(Q) < 0'}.

It is proved in [14, Section 2] that if (S, F, £) is a p—local finite group and P < S is
fully centralized in F, then (Cg(P), Cr(P),Cr(P)) is a p-local finite group.

In [40] Levi and Oliver have obtained necessary and sufficient conditions for a fusion
system to be saturated. We reproduce here their result for the convenience of the reader.
We will write Cr(x) = Cx({x)) for x € S.

Proposition 3.7 [40] Let F be any fusion system over a p—group S. Then F is
saturated if and only if there is a set X of elements of order p in S such that the
following conditions hold:

(a) Each x € S of order p is F —conjugate to some element of X.

(b) If x and y are F—conjugate and y € X, then there is some homomorphism
Y € Homz(Cg(x), Cs(y)) such that ¥ (x) = y.

(¢) Foreach x € X, Cr(x) is a saturated fusion system over Cg(x).

4 Recognition of classifying spaces of p-local finite groups

In [14] it is shown that a p—local finite group can be completely recovered from its
classifying space by homotopy theoretic methods. Also, a recognition principle for
classifying spaces of p—local finite groups is provided in [14, Theorem 7.5]. We will
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briefly describe these methods and derive an inductive method that will be useful in
our situation.

We will first recall how a fusion system F(g, r)(X) and a linking system Lg r)(X)
are attached to a space X equipped with a map f: BS — X, where S is a finite

p—group.
If (S, f) is a p—subgroup of a space X we can define a fusion system over S,
Fs.r)(X), by declaring

Homyz s ., (x)(P. Q) = {(,0 € Hom(P, Q) | SlBp =~ flBo o B‘P}

Bi
forall P, Q <, where f|pp denotes the composition BP 2P BS i) X . Next,
we define the category Lg, r)(X) that has objects the subgroups of S and

Morg s 0 (P, Q) ={(¢.[H])| ¢ € Hom(P, Q) and
[H] is the homotopy class of a homotopy

from f|gp to f|pp o By},

and the full subcategory EES ) (X) whose objects are F(g, r)(X)—centric subgroups
pP=<S.

The important question and the aim of the rest of this section is to find sufficient
conditions on a space X and a p-subgroup (S, /) under which

(S, Fs,n(X), Lig 5y (X))
is a p—local finite group and X is its classifying space |E€S’ P X)|5~X.

One first important case is that of X = |£|2, the classifying space itself of a given
p-local finite group (S, F, £). The distinguished homomorphism dg: S — Aut,(S)
provides a functor BS — £, where BS denotes the category that has one object and
its group of automorphisms is §. In turn, this functor induces a map between the
respective nerves |BS| — |L£]|. Finally, composing with the p—completion of |L| we
obtain a canonical map for (S, F, £):

Os: IBS| — L1},

where we can identify [BS|~ BS. It turns out that (S, F(s,65)(I£]}). Lig GS)(|£|2))
is isomorphic to the original (S, F, £) [14, 7.3]. This is how a p-local finite group is
completely recovered from its classifying space.

The basic tool in order to show that these systems define a p—local finite group with
classifying space X is [14, Theorem 7.5]. In order to apply this theorem in our
situation we face two main difficulties, namely, to show that the p—completed nerve of
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Ls, r)(X) is homotopy equivalent to X and to show that Fg r)(X) is a saturated
fusion system. In order to overcome these difficulties, we develop in this section an
inductive method mainly based on the centralizer decomposition of p—local finite
groups.

Definition 4.1 Given spaces X and Y, we say that a map o: X — Y is a homotopy
monomorphism at p if the homotopy fiber of «, F, over any connected component of
Y, is p—quasifinite; that is, the inclusion F — Map(BZ/ p, F) as constant maps is a
weak homotopy equivalence.

Given twomaps f: X — Y and g: Y — Z, where g is a homotopy monomorphism
at p, it is not hard to prove f is also a homotopy monomorphism at p if and only if
the composition g o f is so.

Definition 4.2 Let X be a space. A finite p—subgroup of X is a pair (P, f), where
P is a finite p—group and f: BP — X is a homotopy monomorphism at p. A p—
subgroup (S, f) of X iscalled a Sylow p—subgroup of X if for any other p—subgroup
(0,¢g) of X, g: BQO — X factors through f: BS — X, up to homotopy. If (P, )
is a p—subgroup of X, then we denote BCx (P, f) = Map(BP, X)r.

Our basic example comes from p-local finite groups. If (S, F, £) is a p-local finite
group, then (S, 6g) is a Sylow p—subgroup of |£|2. The map 6g: |BS| — |E|2
satisfies the required conditions by [14, Theorem 4.4].

We will need later the next technical lemma.

Lemma 4.3 Assume that X and Y are spaces for which Map(BZ/p, X )¢ ~ X and
Map(BZ/p,Y)er >~ Y. Let f: X — Y be a homotopy monomorphism at p and
u: BP — X a finite p—subgroup of X , then each map in the diagram

4) BCx(P,p) ——= X

fﬁl lf

BCy(P, fou) ——>7Y

is a homotopy monomorphism at p.

Proof Let F be the homotopy fiber of the evaluation map

BCx (P, 1) =Map(BP, X),, — X .
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There is an induced fibration
Map(BZ/p, F) — Map(BZ/p,Map(BP, X))z — Map(BZ/p, X )c:

where ¢t stands for all components mapping down to the component of the constant
map in Map(BZ/p, X). Since Map(BZ/p, X)¢cs >~ X, also

Map(BZ/p,Map(BP, X))z ~ Map(BP,Map(BZ/p, X)ct)g =~ Map(BP, X ), ,

and therefore Map(BZ/ p, F) ~ F; thatis, F is p—quasifinite and ev: Cy (P, u) > X
is a homotopy monomorphism at p. Similarly, ev: BCy (P, fou) — Y is a homotopy
monomorphism at p. Finally, since all other maps in diagram (4) are homotopy
monomorphisms at p, then also fy is a homotopy monomorphism at p. O

The next is a useful result that provides conditions on the space X and a Sylow p—
subgroup (S, /) under which the fusion system Fg r)(X) is saturated. An element
x € § of order p determines a homomorphism iy: Z/p — S an then a map f o
Biyx: BZ/p — X . We write BCy(x) = Map(BZ/p, X)x, the connected component
that contains the map f o Biy, and fx: BCg(x) — BCx(x) the map induced by f.

Proposition 4.4 Let X be a space, (S, [) a Sylow p—subgroup of X, and X a set of
elements of order p in S. Assume that:

(1) Map(BZ/p, X)er >~ X.

(2) Forall x € X, the natural map fx: BCg(x) — BCx (x) is a Sylow p—subgroup
for BCx(x).

(3) Forall x € X, F(cy(x),f)(BCx(x)) is a saturated fusion system over Cg(x).
(4) Forall x € S of order p, there is ¢ € Homg ¢ . (x)({x), S) such that p(x) € X.

Then F(s, r)(X) is a saturated fusion system over S and Cr ,,(x)(x) coincides with
F(Csx), fr)(BCx (x)) as fusion systems over Cg(x), forall x € X.

Proof Write 7 = F(g r)(X) for short. Clearly, F is a fusion system over S.
Condition (a) of Proposition 3.7 holds by (4); and it remains to show that conditions
(b) and (c) of Proposition 3.7 hold.

Condition (b) of Proposition 3.7 Fix x, y € S of order p such that y € X, and such
that there is Yo € Homz({x), (y)) with ¥o(x) = y. We must show that ¥, extends
to some ¥ € Homz(Cs(x), Cs(1)).

Since x and y are F—conjugate,

[f o Bix]=[f o Biy] € [BZ/p, X],
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so Map(BZ/p, X)x = Map(BZ/p, X),. Since Cg(y) is a Sylow p—subgroup of
Map(BZ/p, X ), by (2), the natural map BCg(x) —Map(BZ/p, X) factors through
BCg(y). In other words, there is some v € Hom(Cg(x), Cs(y)) such that the
following square commutes up to homotopy

foB(incl Xiy)

(5) BCs(x)x BZ/p
waml

oB(incl Xi,
BCs(y) x Bz/p 220Dy

Thus ¥ € Homz(Cs(x), Cs(»)). If p, o’ € Hom(Cgs(x) x Z/ p, S) denote the homo-
morphisms p(g,7) = gx’ and p'(g,t) = ¥ (g)y’, then f o Bp~ f o Bp' by (5), and
hence Ker(p) = Ker(p') by [14, Proposition 5.4(d)] (and point (1)). And this implies
that ¢ (x) = y.

Condition (c) of Proposition 3.7 Fix some x € X; we must show that Cr(x) is

a saturated fusion system. By (3), the fusion system F’ déf]-'(cs(x),fx)(BCX (x)) is
saturated, so it suffices to show that these two fusion systems over Cg(x) are equal.

To see this, fix P, Q < Cg(x), and let ¢ € Hom(P, Q) be any monomorphism. Set
P=P-(x)and Q= Q- (x). Let pe Hom(P xZ/p, S) and p' € Hom(Q xZ/ p, S)
be defined by p(g,7) = gx’ and p'(g,t) = gx’. Then ¢ € Homz (P, Q) if and only
if the following square commutes up to homotopy

foBp

(6) BPxBZ/p —1% . x
B(pxldl

oBp’
BOxBZ/p 1% . x.

This holds if and only if K &ef Ker(p) = Ker(p' o (¢ x Id)) by (1) and [14, Proposition
5.4(d)], and the induced maps from B((P xZ/p)/K) to X are homotopic. The kernels
are equal if and only if ¢ extends to a monomorphism @ from P to Q which sends x
to itself. And in this case, the induced maps on B((P x Z/p)/K) are homotopic if
and only if f|p5 =~ f|BQ o By, if and only if ¢ € Homc,(x)(P, Q).

Now, Proposition 3.7 implies that F(g, r)(X) is a saturated fusion system over S and
the argument for condition (c) already contains the proof that Cx(x) coincides with
F' = F(cs(x), f)(BCx (x)) as fusion systems over Cg(x). a

We derive now another characterization that will be useful in the specific cases in which
we are interested or more generally in cases in which there is a good knowledge of
elementary abelian p—subgroups of X and of their centralizers.
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Theorem 4.5 Let X be a p—complete space and (S, f) a p—subgroup of X . Assume
the following conditions hold:

(1) Map(BZ/p, X)er >~ X.

(2) For each nontrivial element x € S of order p

(a) BCyx(x) is the classifying space of a p—local finite group, and
(b) if (H,g) is a Sylow p-subgroup for BCx (x), there is a group homomor-
phism p: H — S that makes the diagram

BH BS

gi lf

BCx(x) ——= X

commutative up to homotopy,

Then (S, f) is a Sylow p—subgroup for X and

(S, f(S,f)(X)’ E‘(:S,f)(X))
is a p—local finite group.
Furthermore, X ~ |Ls, £)(X) |§ if and only if the natural map induced by evaluation

hocolim Map(BE, X — X
Fis.pX)? P Mlaz
is a mod p homology equivalence. Here .7-" (X ) denotes the full subcategory of
Fs, r)(X) consisting of nontrivial fully centrahzed (Definition 3.1) elementary abelian
p—subgroups of S'.

Proof The proof is divided in five steps. First, we prove that (S, f) is a Sylow
p—subgroup of X . Next, that the fusion system of X over (S, f), F(s, f)(X) is
saturated. In the third step we show that for each F (g, r)(X)—centric subgroup P < §
the map f|pp is centric. A map g: BP — X is called centric if the induced map
J4: Map(BP, BP)1q — Map(BP, X)g is a weak homotopy equivalence.

These two last steps are the hypothesis (a) and (c) of [14, Theorem 7.5]. According to
the remarks after the proof of this theorem in [14], this suffices in order to conclude
that (S, F(s, f)(X), E(S P (X)) is a p-local finite group. This is the first part of the
theorem.
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The second part states that X ~ |L(s, r)(X)|/, if and only if the natural map induced
by evaluation
hocolim Map(BE, X) — X
f(eS,f) (X)op fIBE
is a mod p homology equivalence. This is proved in steps 4 and 5. Notice that

X ~|Ls,r) (X)|§ is condition (b) in [14, Theorem 7.5].

Step1 ((S, f) is a Sylow p—subgroup for X'.) Let (P, i) be a finite p—subgroup
of X. Choose a central element x of order p in P. It determines a homomorphism
ix: Z/p— P forwhich Cp(Z/p)= P,andamap poBiy: BZ/p— X . According to
our hypothesis, BCy (x) is the classifying space of a p—local finite group, and if (H, g)
is its Sylow p-—subgroup, there are homomorphisms p: H — S and ¢: Cp(Z/p) —> H
that make the diagram

By

w
BCp(Z/p) ——=> BCx(Z/p, wo Bix) <—— BH

:lev \Lev in
u f

BP X BS

commutative up to homotopy. Hence, po¢: P = Cp(Z/p) — S provides the factor-
ization of (P, u) through (S, f).

Step 2 (The fusion system of X over (S, f), F(s, s)(X) is saturated.) This part of
the proof will be based on Proposition 4.4. Define

X ={xeS|xoforder pand fx: BCg(x) > BCy(x)
is a Sylow p—subgroup for BCy (x) } .

Notice now that conditions (1) and (2) of Proposition 4.4 are satisfied by our hypothesis
and by definition of the class X. Condition (3) is easily verified, too. In fact, by
hypothesis, for each x € X, BCy (x) is the classifying space of a p—local finite group
and since fx: BCg(x) = BCx(x) is a Sylow p-subgroup for BCx (x), the fusion
system F(cg¢(x), f,) (BCx (X)) is saturated.

It remains to verify condition (4); that is, that every element x € S of order p is
F(s, r)(X)—conjugate to an element of the class X.

Assume that x € S has order p. It gives a homomorphism ix: Z/p — S and a map
foBix: BZ/p — X. There is an evaluation map ev: BZ/p x BCx(x) — X . Let
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(H, g) be a Sylow p-subgroup of BCx (x). Since (S, f) is a Sylow p-subgroup of
X, there is a homomorphism p: Z/p x H — S making the diagram

Bp

BZ/px BH BS

o k

BZ/px BCx(x) —— X
commutative up to homotopy.

Let ¢ = p|z/p the restriction of p to the first component Z/ p. From the above diagram
we deduce that ¢ € Homg g , (x)(Z/p. S). Let y = ¢(x).

Then, p induces
Bp Sy ev
BH — BCs(y) — BCx(y) — X

where all maps are homotopy monomorphisms at p. The first one because p is a
monomorphism, the others by Lemma 4.3.

Now, ¢ induces a homotopy equivalence BCx (y) >~ BCx(x), hence also an iso-
morphism between the respective Sylow p-subgroups. Since (H, g) is a Sylow
p-subgroup for Cy (x), it follows from the above sequence of maps that (Cs(y). fy)
is a Sylow p—subgroup for Cx (). Hence y = ¢(x) € X.

Step 3 (f|pp is a p—centric map for each F(g, r)(X)—centric subgroup P < §.)
Suppose that P < § is F(g, r)(X)—centric. Choose a central element x € S or order
p. Since P is Fg, r)(X)—centric, x € P and we have a sequence of homotopy
monomorphisms at p

Bi x
BP 2™ Bs I Boy () S x .

By hypothesis, BCx (x) is the classifying space of a p—local finite group, and from
the above sequence of maps we easily obtain that (S, fy) is a Sylow p—subgroup
for BCx (x). Furthermore, P is also Fs, r,)(BCx (x))—centric, and then fx|gp isa
p—centric map. There is a sequence of equivalences

(7) Map(BP. BP)ig = Map(BP. BCx (x)) 5
~Map(BP X BZ/p,X) | gpoBm = Map(BP, X) r|.p

where m: P xZ/p — P denotes multiplication by x, the generator of Z/p = (x).
The last equivalence is implied by the Zabrodsky’s lemma (cf [20, Proposition 3.5])
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B
applied to the fibration BZ/p — BP x BZ/p ~" BP. The homotopy equivalence
(7) shows that f'|gp is a p—centric map.

Step 4 (There is a map «: [Ls, r)(X )|§ — X that induces homotopy equivalences

kp: Map(BP. |Ls, ) (X)|p)ssl15p — Map(BP. X)s|,, .

for each nontrivial subgroup P < S.) The construction of the map «: |£2’S f)(X )| —
X requires some technical constructions and will be explained in Proposition 4.6.
Indeed, it will be shown that there is a homotopy commutative diagram

®) BS

|£fs,f)(X)| u X

where we have identified BS ~ |BS].

We will show that the induced map

(9) Kp: Map(BPv |£((:S,f)(X)|$)OS|BP - MaP(BP’ X)f|BP .
is a homotopy equivalence by induction on the order of the group P.

If P = (x), for some x € S of order p, then BCx(x) = Map(BP, X) |, is
the classifying space of a finite p—local group, by hypothesis. According to Step
2 above, we can assume without loss of generality that x € X, and so, the induced
map fx: BCs(x) = BCx(x) is the inclusion of a Sylow p-subgroup, and the fusion
system F(cg(x), f,) (BCx (x)) coincides with Cr g , (x)(x) by Proposition 4.4.

Now, diagram (8) induces the new homotopy commutative diagram
(10) BCs(x)
O/ X

Map(BP’ |£2‘S,f)(X)|S)9|BP BCX(X)

Kkp

where, according to [14, 6.3], the map 6y is the inclusion of a Sylow p—subgroup of
the mapping space Map(BP, |£ES, P (X)| 2)9| zp Which is the classifying space of a
centralizer p—local finite group with fusion system Cr ,, (x)(x). Furthermore, «p
induces an equivalence of fusion systems, and therefore a homotopy equivalence.
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For an arbitrary nontrivial subgroup P < S, we fix an element x of order p in the
center of P. Again, we can assume that x belongs to X. There is a diagram

Map(BP, |‘CES,f)(Xv)l)(ﬂBP I Map(BP X B(X) ’ |['E5,f)(X)|)9\BPOBm —

Map(BP,X)f|BP —_— Map(BP X B(x) »X)f\BpoBm _

— Map(BP. Map(B{x) . |£5s (X)) Binct)6l

lMap(l,qu))
- Map(BP’ Map(B(x) ’ X)x)f|Bp

where horizontal arrows are homotopy equivalences, by adjunction and by Zabrodsky’s
lemma (cf [20, Proposition 3.5]) applied to the fibration

B
BZ/p — BP x B(x) —> BP,

where we identify Z/p with the kernel of multiplication m: P x (x) — P. Also,
Map(1, k(y)) is a homotopy equivalence. That concludes the proof that kp in Equation
(9) is a natural mod p homology equivalence for subgroups P < S.

Step5 (X =~ [L(s,r)(X)|} if and only if the natural map

hocolim Map(BE, X) — X
Fis.n X e
induced by evaluation is a mod p homology equivalence.) Diagram (8) induces an
isomorphism of fusion systems over S': .7-"(5,9)(|EES f)(X)|) = F(s,)(X). We will
consider the full subcategories of nontrivial fully centralized elementary abelian p—
subgroups E < S. In order to simplify the notation, we will write F¢ in place of

f(eg,g)uﬁf‘g’f)(X)l) = f(essf)(X)-

For every elementary abelian subgroup £ < S, the map kg, as defined in step 4, fits
in a commutative diagram

Map(BE’ |[’((:S,f)(X)|)9|BE £> Map(BEa X)f|BE

| |o

|'Cf5,f)(X)| £ X

where vertical maps are induced by evaluation at the base point. As a consequence, we
obtain a map between the corresponding homotopy colimits together with compatible
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maps induced by evaluation:

. A K .
(11) h(()jg_g)l(}gn Map(BE. |L{s r(X)|p)0| 5z — h?]ctg)l(gnMap(BE, X) flae

ev | iev

|£fs’f)(X)|$ ud X

where K = hocolim(reyo kg is the induced map between the respective homotopy
colimits. It turns out that k¥ is a homotopy equivalence because all kg are homo-
topy equivalences according to step 4. Also, the left vertical map of is a homotopy
equivalence by [14, 2.6 and 6.3].

Hence, the right vertical map ev in (11) is a homotopy equivalence if and only if « is
a homotopy equivalence. This proves step 5. |

Notice also, that, reciprocally, if X is the classifying space of a p—local finite group
with Sylow p-subgroup (S, f), then all conditions of Theorem 4.5 are satisfied
according to [14, Section 7].

There seems to be no natural way to construct a map between X and |EES, f)(X )| in
either direction. This problem was solved by Broto, Levi and Oliver [13] by means of
some auxiliary constructions. For the convenience of the reader we shall reproduce the
argument here. For this aim we will introduce a variation of the categories Fg, r)(X)
and Lg, )(X), independent of the choice of a Sylow p—subgroup.

For a space X', we denote F,(X) the category in which the objects are finite p—
subgroups (P, f) of X, and the morphisms are defined

Motz,(x) (P, /). (Q.8)) = {¢ €eHom(P, Q) | f ~goBy}.

Similarly, £,(X) is the category in which the objects are the p—subgroups (P, /) of
X and morphisms are defined as

Morz,(x)((P, /),(Q.8)) = {(¢,[H])| ¢ €Hom(P, Q) and
[H] is the homotopy class of

a homotopy from f to g o B(p} .

Note thatif (S, /) isa p—subgroup of X', then there are obvious functors F(g, r)(X)—
Fp(X) and Ls, 5)(X) — L,(X), sending and sending an object P of Fg, r)(X)
(resp. L(s, )(X)) tothe map f|gp: BP — X considered as an object of F,(X) (resp.
L,(X)). Furthermore, if (S, /) is a Sylow p-subgroup, then these are equivalences
of categories.
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Proposition 4.6 Let X be a space, S a finite p—group, and f: BS — X a map.
Assume that (S, f) is a Sylow p—subgroup of X and that for each F g, ry(X)—centric
subgroup P < S, f|pp is a centric map, then there is a homotopy equivalence
ks: |BS|— BS and amap kx: |£fs,f)(X)| — X such that the diagram

Ks

IBS]| = BS
esl lf
|£€S’f)(X)| = X.

is homotopy commutative.

Proof We will sketch here the necessary constructions in order to obtain the map
Kx: |£fS n&x )| = X . We refer to Broto, Levi and Oliver [13, Section 4] for full
details.

We denote £, (X) the full subcategory of £,(X) whose objects are the p—subgroups
(P, f) of X where f is a centric map. The hypothesis on (S, f) and on F(g, r)(X)-
centric subgroups imply that the functor L(g, )(X) — L,(X) defined above restricts
to an equivalence of categories

Lég (X)) = L5(X).

In order to connect the nerve of £7,(X) and X, in [13], it is defined the simplicial
space ME(X) where n—simplices are maps n: A(P) — X, where

P=P AP %...%p)

is a sequence of p—subgroups of S and monomorphisms, and A(P) can be regarded
as the homotopy colimit of the sequence

B B Bon
BPy 22 Bp, 2% ... 2% P,

with the condition that the restriction of 1 to any BP; is a centric map.

The inclusion of base points in BP; provides a map tp: A" — A(P), and then an
evaluation map
evy: |IMS(X)|— X,

where evy (¢, n) = n(p(2)).

For each i, the mapping cylinder of BP;_ 4N BP; embeds naturally in A(P)

and the restriction of 7 to this mapping cylinder can be interpreted as a homotopy

between n|pp,_, and 7|gp; o By;, thus, a morphism of £9(X) from n|gp,_, > X

—1 1
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to n|pp; — X . In this way, the n—simplex 1: A(P) — X determines an n-simplex in
No(L5(X)) and gives rise to a simplicial map from M (X) to the nerve of £%,(X),
and therefore a map between the respective geometric realizations:

oy [MJ(X)| — |£5(X)].

Each object a: BP — X of L4, (X) is a centric map. In particular, Map(BP, X)q =
Map(BP, BP)g >~ BZ(P) is aspherical, and so, according to [13, Lemma 4.2] (see
its proof), tx: |[Mg(X)| — |L£5(X)] is a homotopy equivalence. Then, choosing a
homotopy inverse of txy we can define «x: |£( 5.0) (X)| = X as the composition

evy

(12) LG5, 1y (O] === L5, (X)) <2 |MEX)| 5 x

Incase X = BS, Proposition 2.7, Lemma 4.2 and Lemma 4.3 of [13] provide homotopy
equivalences

(13) 1£5(S)| —== |L5(BS)| <= |M$(BS)| —= BS

hence, the key to finish the proof of the proposition lies in the naturality properties
of this construction with respect to f: BS — X . However, in general, a subgroup
P < § which is centric in .S, need not be centric when regarded as a p—subgroup of
X by considering the restriction f|pp : BP —> X of f to BP. For this reason, we
will have to restrict ME(BS) to the subspace MS (BS) of simplices : A(P) — BS
of M{(BS) where every group in the sequence P is S itself. Accordingly, we call
L,‘S (BS) the full subcategory of L%, (BS) with objects the homotopy equivalences
g: BS — BS'. With this notation we have a diagram of homotopy equivalences

(14) IBS| |L5(BS)| ~— |MS(BS)|
1£5(S)] — |LS(BS)| <= |MC(BS)| 88 Bs

where same arguments as in [13] for the sequence (13) are used.

Now, for every equivalence g: BSS — BS, the composition B.S £ BS i) X defines a
centric p—subgroup of X, and then f induces a well defined map of simplicial spaces
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MZS(BS) — ME(X), that makes commutative the diagram

~

(15) IBS| L5 (BS)| <= |MS(BS)| “2% BS

e e

evy

L5, ) (O] —== L5, (0] <—=— [ME(X)] — > X .

Then kg: |BS]| =, BS is the composite homotopy equivalence in the top row of the
above diagram, and this finishes proof. |

S Homotopy fixed point p—compact groups

Let M be a space and G a discrete group. An action of the group G on the space M
is group homomorphism
p: G — aut(M)

where aut(M) is the topological monoid of self-homotopy equivalences of M .

Dwyer and Wilkerson introduced [25, Section 10] the homotopy theoretic notion of
proxy actions. A proxy action of G on M is defined as a fibration

(16) M Myc—L~BG.

Now, this is classified up to fiber homotopy equivalence by a map
BG — Baut(M).

Any action p: G — aut(M) of G on M determines a proxy action by taking Myg =
M xg EG to be the Borel construction and the classifying map is Bp: BG —
Baut(M). Conversely, the proxy action (16) produces a rigid action of G on a
space homotopy equivalent to M by turning M — My, into a covering space.

We will adopt the more flexible notion of proxy actions throughout this paper and by
abuse of language will call just an action to a proxy action. In this setting, the total
space My of (16) is called the homotopy quotient space and the homotopy fixed point
space is defined as the space M"Y of sections of fibration (16). In this section we
use obstruction theory to develop some basic structure results for M hG "and we apply
them in the case where M = BX is the classifying space of a p—compact group and
to the proof of Theorem B.

We will show conditions under which M9 is nonempty, and if this is the case, a way
to describe the set of path-components. Fibration (16) induces an action of G on the
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set of path-components of M and (M )C denotes the set of path-components of
M that remain fixed under this action. Then, evaluation of a section at the base point
b € BG induces a map

o (ev)

(17) 7o (M"%) = (M)
Thus, a necessary condition for M hG being nonempty is that 7o(M)C is nonempty.

Fix now a point 1 € M which represents a G —invariant path-component of M , then
there is a short exact sequence

(18) 1 > m(M,m) - my(Myg,m) — n1(BG,b) — 1

of fundamental groups, where b = p(m). If m € mwo(M ) happens to be in the image
of the evaluation map (17), then s(b) = m for some homotopy fixed point s € M€
and then the exact sequence (18) does have a section, namely 7 (s).

Define H'(G; (M, m)) [62] to be the set (possibly empty) of 7 (M, m)—conjugacy
classes of sections w1 (BG,b) — w1 (Mg, m) of the exact sequence (18). Then, the
argument in the previous paragraph produces a well defined map ¢ (ev) ™! ([m]) —
H'(G; (M, m)). In next Lemma it will be shown that, under certain conditions, this
is a bijection for every [m] € mo(M)© .

Since 1 (Mpg, m) acts on the homotopy groups m; (M, m) of the fiber, also G =
71(BG, b) acts on 7;(M, m) through 7, (s), for a given element s € M"Y . We let
7i (M, m)%*9 i > 1, denote the fixed point group for this action.

Lemma 5.1 Suppose that G is a finite group of order prime to p and that w; (M, m)
is @ module over the ring Z,) of p-local integers for all i > 2 and all base points
m € wo(M)C . Then the following hold:

(1) A class [m] € mo(M)C is in the image of the evaluation map (17) if and only if
the exact sequence (18) splits.

(2) If [m] € mo(M)C is in the image of the evaluation map (17), then there is an
exact sequence of pointed sets

o (ev)

x — H'(G; 1 (M, m)) = no(M"%) =5 7o (M)©

where [m] is the base point of 7o(M)C .
(3) Ifs € M"Y is a homotopy fixed point with s(b) = m then

i (M"C ) = i (M, m)*C

foralli > 1.
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Proof The Postnikov functors P, , defined as nullification with respect to S”~! (see
Farjoun [29]), determine a tower of fibrations

Myg — - = PrMyg - Pr—1Mpg — -+ = Pi1Mpg — BG
so that M"C is the homotopy inverse limit of a sequence
v (P MG — (P MY — o (P M)C
of Postnikov homotopy fixed point spaces.

Note that 7o (P; Mpg) = mo(M}) and that each path-component of Py My, is aspher-
ical with fundamental group m{ (P Mpg, m) = w1 (Myg,m) forall m € Py M . Itis
now easy to see that H' (G w1 (M,m)) is the fiber over [m] € wo(P; M)® = mo(M)©
of the evaluation map wo(PyM"G) — 7o(M)Y and also that JT](PthG,S) =
7 (M, m)*9 for any s € PyM"Y with s(b) = m; cf [47, Section 6]. Obstruction
theory implies that 7o(M %) = 7o(Py M"Y). This proves the first two items.

For the third item, suppose that the homotopy fixed point space is nonempty and let
s € M"Y be a homotopy fixed point. Then the component (M"¥s) containing s is
the homotopy inverse limits of the corresponding components

RN (PrMhG,sr) — (P,_thG,sr_l) - (P]MhG,sl)

of the Postnikov homotopy fixed point spaces. To finish the proof, observe [47, 3.1]
that the fiber of (P, M hG sr) = (ProaM hG Sr—1) is the Eilenberg-Mac Lane space
K(”T(M’m)s*G7r)‘ O

Theorem 5.2 Let M be any simply connected p—complete space, G a finite group
of order prime to p, and

M—)MhG—>BG

an action of G on M . Then the homotopy fixed point space M hG g nonempty,
i (M"G) = 7;(M)C forall i >0, and there is a homotopy equivalence

QM = Q(M"S) x Fib(M"® — M).

In particular, the fiber Fib(M"® — M) of the evaluation map M"® — M is an
H —space.

Proof The space of sections M"Y is nonempty, connected, and 74 (M "9) = 7, (M)C
according to Lemma 5.1 since M is simply connected and p—complete. We will show
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first how to turn this action with a homotopy fixed point into an honest action of G on
a space homotopy equivalent to M and with a fixed point. The pullback diagram

M _—=EG
My — BG

realizes M — My as a regular covering space with G acting on M . Liftings
of sections BG — My provide G—equivariant maps EG — M. Let M/EG =
M U C(EG) be the homotopy cofibre of any such G—map. Then M — M/EG is a
G —equivariant homotopy equivalence and the G —action on M/ EG has a fixed point.

Now, we can assume that there is an honest G —action on M with a fixed point. Let
QM denote the loop space based at any G —fixed point. There is a fibration sequence

o> QM6 5 QM > Fib(M"C > M) > M"C > M
and it suffices to construct a homotopy left inverse for QM hG . QM .

Define tr: QM — QM to be the map that takes any loop w to the product [[ gw of
the loops gw where g runs through the elements of G in some fixed order. The image
of the induced map try: m«(QM) — m(2M), which takes a homotopy class « to
> geG &+, is contained in the fixed group 74 (QM)Y and the composition

T (QM)C = 1 (QM) s 1 (QM)C

is an isomorphism. This implies that the composition QM hG _» QM — T, where T
is the mapping telescope of

omSom S ...

is a (weak) homotopy equivalence and we have the left inverse we were looking for. O
Let (X, BX,e) be a p—compact group or, more generally, a loop space. The above
arguments suggest the following definition of a (proxy) action of a discrete group G

on X.

Definition 5.3 Let (X, BX, ¢) be aloop space and G a group. A proxy action of G
on (X, BX,e) is a fibration

; D
(19) BX —'>BX;,c—=BG
S

with a section, fixed up to vertical homotopy.
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When it is clear from the context that we refer to an action in the sense of this definition,
we will simply say that G acts on the loop space X . The section in (19) guarantees an
induced action of G on the space X, compatible with the loop structure. In fact, the
homotopy quotient for this action on X is defined as the pullback space in the diagram

(20) Xp¢ —— BG

7| |

This diagram turns out to be a diagram of spaces over BG . The homotopy fiber of p
is X, and it has a canonical section s defined by the pullback diagram (20) that we
can interpret as the homotopy constant loop

7 P
X——X6<—=BG.
s
The action of G on X depends on the section s: BG — BXj, and for this action
we obtain that the homotopy fixed point space X*C is a loop space with classifying
space B(X"%) ~ (BX )?G, the connected component of (BX )" with base point the
section s. Furthermore, the evaluation map X hG _ X is seen to be the loop map of
the evaluation map (BX )ﬁ'G — BX, thus we have a sequence of fibrations

XhG LXHX/X}’GH(BX)?G Y. BX
where we write X/ X "9 for the homotopy fiber of the evaluation map (BX )?G — BX.

In Section 2 we have introduced Out(X) as the group of invertible elements of the
monoid [BX, BX] of unbased homotopy classes of unbased self-maps of BX. By
analogy with discrete group theory, we call outer action of G on X to a homomorphism
of groups p: G — Out(X). Since Out(X) is well understood (see Theorem 2.2), outer
actions will be a source for group actions on p—compact groups provided we can lift
outer actions to actions in the sense of Definition 5.3. Theorem B solves the problem
in case of finite groups of order prime to p.

Proof of Theorem B Fix a finite group G of order prime to p and p: G — Out(X)
an outer action of G on a connected p—compact group X . Recall that we have a
fibration sequence

B%*Z(X) — Baut(BX) — BOut(X)
and that the center of X', Z(X), is p—local. By obstruction theory we obtain a unique
lifting of p to amap ¢: BG — B aut(BX), that determines an action BX — BXg —
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BG . Furthermore, since 71 (BX) = 1, Lemma 5.1.(2) implies that 7o(BX hG) = %,
that is, there is a unique section

Q1) BX —>BX,g=—=BG

up to fiber homotopy equivalence; in other words, p lifts to a unique action of G on
X.

This is part (1) of the theorem. Theorem 5.2 provides the splitting X ~ X hG  x /X hG
It follows that X/ X"C is an [Fp—finite H —space, X hG s a loop space with classifying
space BX"Y and it is also [, —finite. Furthermore, BX hG is p—complete because
BX is p—complete [25, 11.13], hence X hG s a connected p—compact group.

The rational cohomology algebra H*(BY;Q)) is polynomial for any connected
p—compact group Y and it follows that the Hurewicz homomorphism induces an
isomorphism

QH*(BY;Qp) — n«(BY)" ® Q
between the indecomposables and the rationalized dual (7" = Homg, (1, Z,)) of the
homotopy groups of the simply connected space BY [8, Theorem 3.2.3]. For the
connected fixed point p—compact group BX hG in particular, we have

QH*(BX"®:Qp) = n,(BX"%)¥ @ Q = (1.(BX)" ® Q) ; = (QH*(BX;Qp)),,
for m«(BX hG) = 714(BX)Y as the order of G is prime to p. This proves points (2)
and (3).

We finish by proving point (4). Assume p is odd. If X is a polynomial p—compact
group

H*(X:Fp) =~ H*(X"C.F,) @ H*(X/X"%F,)
is an exterior algebra, hence H*(X hG; Fp) is an exterior algebra, too. Therefore,
H*(BX"Y:F,) is a polynomial algebra. |

Example 5.4 At any odd prime, let C; act on Eg¢ through the unstable Adams
operation ¥~ !. Since the fixed point p—compact group BEgC2 is the p—compact

group B F4 (Section A.12), there is a splitting
E6 >~ F4 X E6/F4

of homogeneous spaces. This splitting is due to Harris [37]. Also, BPE ZCZ ~ BFy,
where PEg is the adjoint form of E¢ (Section A.12) thus there is also a splitting
PE6 ~ F4 X PE6/F4

Let p be an odd prime and m a divisor of p —1 so that the cyclic group C,;, of order m
acts on BSU (mn +s), 0 <5 < m, through unstable Adams operations. Since the
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fixed point p—compact group BSU (mn + s)hc’" is (Proposition A.9) the generalized
Grassmannian BX(m, 1,n) with polynomial cohomology H*(BX(m,1,n);F,) =
FplXm, ..., Xuml, |Xim| = 2im, there is a splitting

SUmn+s)~ X(m,1,n)x SU(mn+s)/X(m, 1,n)

of homogeneous spaces. This splitting is originally due to Mimura, Nishida and Toda
[44]), although the recognition of X (m, 1,n) as a loop space is due to Quillen [61]
(see also Stasheff [66], Zabrodsky [71] and Castellana [18]). The case m = 2 is the
classical splitting SU(2n) >~ Sp(n) x SU(2n)/Sp(n). Similar splittings for central
quotients of SU(n) can be worked out.

Similarly, at p = 5, let C4 act on BEg through unstable Adams operations. The
fixed point p—compact group BEg €4 is the p—compact group BX3; correspond-
ing to Zp,-reflection group number 31 on the Clark—-Ewing list (see Section A.12),
H*(BX31:Fp) = Fp[x16. X24, X40. X48] Where subscripts indicate degrees, there is a
splitting

Eg ~X31 x Eg/X31
of homogeneous spaces, that was obtained in [68].

At p = 3, BF, admits an exceptional isogeny of order 2 and (see [16]) the fixed
point group BF4hC2 is the p—compact group BDI, whose cohomology realizes the
Dickson algebra [F3[x15, x16]. The corresponding splitting

F4 ~ DIZ X F4/D12

was first obtained by Harper [36]. Later proofs of this splitting were obtained inde-
pendently by Wilkerson and by Kono, using Friedlander’s exceptional isogeny of Fy
localized away from two.

In these last two cases, it was Zabrodsky [71, 4.3], who first recognized the factors
X1, = DI, and X3 as loop spaces. Later, Aguadé gave a nice uniform construction
of a family of modular p—compact groups including these cases [2].

6 Homotopy fixed point spaces of twisted unstable Adams op-
erations

In this section we prove Theorem E. Part (1) of follows from Proposition 6.2 and
Remark 6.3, while Part (2) is Proposition 6.5.
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Let X be a connected p—compact group and set «: X — X a p—compact group
automorphism. The homotopy pullback diagram

L

(22) BXhe BX

| e
(1,)

BX —— BX x BX

serves as the definition of the space BX he If o is homotopic to «’, then BX ho ~
BX"

In the special case where o = /7 is a twisted unstable Adams operation with ¢ € Z,,
q#1,and ¢ # 0 mod p, we also write B°X(q) = BX"™" orjust BX(q),if t =1.
For ¢ = 1 we trivially obtain BX (1) >~ A(BX), the free loop space.

Assume that « represents an element of finite order r in Out(X), with r prime to
p,and X is a connected p—compact group. According to Theorem B, it defines an
action of the cyclic group C, on X . The next proposition shows that the natural map
A(BX"Cry - BXh® is a homotopy equivalence.

Proposition 6.1 Assume that X is a connected p—compact group. If f: BX — BX
represents an element of Out(X') of finite order r, prime to p, then BX hB g homotopy
equivalent to the space of free loops on BX hCr | where the action of the cyclic group
C, on BX is given by B.

Proof According to Theorem B, 8 defines an action of C, on X,
i P
BX ——BXc, —=BC,.
N

Evaluation at the base point of BC, induces a map ev: BX hCr _ BX, nc, that makes
the triangle
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commutative up to homotopy. Therefore, we can form a homotopy commutative
diagram

(23) A(BX"Cr) BXHCr
\ K
. |
BX"Cr l BX"Cr x BXhCr
BxhB BX
\
(1.8)

BX x BX .

We will show that A(BX hC’) — BX"P is a homotopy equivalence. According to
Theorem 5.2, BX"Cr is the classifying space of a connected p—compact group and
by Lemma 5.1 the map ev: BX hCr s BX induces an identification of the homotopy
groups of BX hCr with the invariant elements in the homotopy groups of BX by the
action of Cy: 7;(BX"¢r) = 7;(BX)¢ < 7;(BX). There is a Mayer—Vietoris long
exact sequence for the homotopy groups of BX "8

> m(BX"™) > mi(BX) 255 mi(BX) = i (BXM) =

and for the homotopy groups of the free loop space:

0
oo 1 (ANBX"Cr)) > i (BXCr) S 1 (BX"Cr) > i (N(BX ) —> ..
Both long exact sequences together give

00— mip1(BX)S —— m(A(BX"Cr)) —— m;(BX)S —=0

| | |

0 — Coker{l — B4} —— 7;(BX"P) ——— Ker{l — B+} — 0.

Now, Ker(1 — B+) = m;(BX)S and Coker(l — B4) = mi+1(BX)c,. Since r is
prime to p, and the homotopy groups 7;(BX) are Z(,)—modules for every i > 2, the
composition ;41 (BX) — w11 (BX) — miy1(BX )c, is an isomorphism. Hence
also the middle vertical map ; (A(BX hCryy — wi(BX hﬂ) is an isomorphism. a

Our next result contains Proposition 6.1 as a special case and it will reduce, in many
cases, the question of describing BX he 6 two separate steps. The computation of the
homotopy fixed point space BX"Cr | for elements o of order r prime to p, and the
case in which o = ¥4 is an unstable Adams operation of exponent ¢ = 1 mod p (see
Theorem 2.2 and formula (3) in Section 2). It is one of the two claims of Theorem E.
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Proposition 6.2 Let X be a connected p—compact group. Suppose « is an automor-
phism of X that factors @ = W4 satisfying

(1) g=1mod p, and (y9)*: H*(X;F,) - H*(X;[Fp) is the identity, and
(2) B is an automorphism of X that represents an element of finite order r, prime
to p, in Out(X).

Then BX"® ~ BX"Cr (¢) where C, = (B) C Out(X) is the cyclic group of order r
generated by the homotopy class of f3.

Proof Let BY = BX"Cr denote the homotopy fixed point p—compact group for the
action of the cyclic group C, = (8) C Out(X) and i: BY — BX the evaluation map.
Now, B restricts trivially to BY , an in the proof of Proposition 6.1, and then since ¥4
commutes with 8, up to homotopy, we have a homotopy commutative diagram

v

BY BY
il l,-
By V" gy
that extends to
BY(q) BY K
\BY Sl BY x BY
i
BXhe BX
T By \BX x BX

where the top and bottom faces are homotopy pullback diagrams, and the front face
commutes up to homotopy. Consequently, the homotopy fibres of the vertical maps
form another homotopy pullback diagram:

(X/Y)he XY

| s
(1,)

XYy —2 - X/)YxX/Y

with (X/Y)"® ~ hofib(BY (q) — BX"®), and where we still denote by o the self-
equivalence of X/Y induced by «: BX — BX. Theorem B says that X/Y is a

Algebraic € Geometric Topology, Volume 7 (2007)



Chevalley p—local finite groups 1851

connected H —space and then we can also describe (X/ Y)he as the homotopy fiber
of l —a: X/Y — X/Y. It also implies that the map (y9)*: H*(X/Y;F,) —
H*(X/Y;Fp) can be read off the map (¥?)* defined on H*(X;[F,), which by
hypothesis is the identity. This fact easily implies that (1 — a)* = (1 — 8)* on
H*(X/Y;Fp).

According to Proposition 6.1, the homotopy fiber, (X/Y)"#, of 1 — 8 is contractible,
hence (1 — B)* is an automorphism of H*(X/Y;[F,). Thus, a spectral sequence
argument shows that (X/Y)® ismod p acyclic. Finally, it is easy to see that (X /Y )"®
is p—complete, hence contractible, and therefore BY (¢) ~ BX ha, O

Remark 6.3 If X polynomial, the effect of Qiy?, ¢ =1 mod p, on mod p coho-
mology of X is determined by the effect of ¥4 on H*(BX,[F,) and this is in turn
determined by the effect of ¢ on H*(BTy;F,) which is multiplication by ¢, hence
the identity. For X = F4, E¢, E7, Eg at the prime 3 or X = Eg at the prime
5, we also obtain that Q¥?, ¢ = 1 mod p, acts trivially on H*(X;[F,). In order
to check this, we can look at the Serre spectral sequence for the path—loop fibration
X — PBX — BX. It turns out that the generators for H*(X;[F,) either transgress
to elements detected in the maximal torus of BX, or are linked to such elements by
Steenrod operations (cf [46, Chapter 7]). In particular, Proposition 6.2 applies to all
1—connected p—compact groups, p odd, according to the classification theorem [7].

In particular, BX(¢q) = BX"¢)(¢) when ¢ is a (p — 1)—th root of unity and ¢ =

1 mod p satisfies the conditions of Proposition 6.2. If ¢ = 1 we obtain Proposition
6.1, BX(2) = BX"8) (1) = A(BX"®)), as a special case.

For the next result, we need to interpret BX he g homotopy fixed point set by the
action of Z generated by o € Out(X). In fact, given @ € Out(X), we denote again by
o arepresentative homotopy equivalence «: BX — BX . The mapping torus is defined
BXp, = BX xI/~,where I =0, 1] is the unit interval and (x, 0) ~ («(x), 1). There
is a fibration, up to homotopy,

BX — BXjy — S!

given by projection onto the second component. This fibration is classified by a loop
wq: S — Baut(BX) that represents o € 71 (B aut(BX)) = Out(X).

The space of sections for this fibration clearly coincides with BX he a5 defined in
diagram (22), so we can interpret BX}, and BX he a5 the homotopy quotient space
BX},7 and the homotopy fixed point space BX hz. respectively, for the action of Z on
BX determined by @ € Out(X). Notice that since X is connected, sois BX he ~ g xhZ
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and therefore, there is a unique lifting, up to equivalence, of the action of Z on BX to
an action of Z on X, in the sense of Definition 5.3.

We will use this point of view in order to proof the second claim of Theorem E. We
will see that an action of Z on BX generated by an unstable Adams operation {7 of
exponent ¢ = 1 mod p, extends to an action of Z, on BX, and that this implies that
the homotopy type of the homotopy fixed point space BX(¢) = BX hz depends only
on the p—adic valuation v, (1 —g¢q).

Lemma 6.4 Suppose that BXyz, — BZ) is a fibration over BZ,, with fiber BX . The
p—completion map {: BZ — BZ, induces a homotopy equivalence BX hzy _ pxhz
of spaces of sections.

Proof The maps BZ BZ, BX}z, determine a commutative diagram

Map(BZ», BXjz,) Map(BZ, BXjz,)

i l

Map(BZ,, BZ ) Map(BZ, BZ )

~

which is a pullback diagram since {: BZ — BZ, is an F,—equivalence [10, 12.2].
(To see that BXyz, — BZp is an H,[Fp—fibration observe that the action of Z, on
H;(BX;[Fp), i = 0, is nilpotent because it factors through a finite quotient of Z,.)
Thus the fiber of the left fibration over the identity map of BZ,, BX hzp s homotopy
equivalent to the fiber of the right fibration over the p—completion map ¢: BZ — BZ,,
BXhZ. O

Using the description of Out(.X) in Section 2 we will see that actions of Z on connected
p—compact groups given by Adams operations ¢ extend to the p—adics precisely
when ¢ = 1 mod p. The inclusion of Adams operations in Out(X), described as
qe Z; — Y7 € Out(X) induces a diagram of group homomorphisms

Hom(Z,, 77,) e Hom(Z, Z7)
Hom(Z p, Out(X)) —> Hom(Z, Out(X))
where the horizontal homomorphisms are given by restriction.

Recall that, for an odd prime p, Z; ~/7/p—1xZp, where Z/p —1 corresponds
to the subgroup of Z; of roots of unity and Z is identified with the subgroup of
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elements ¢ € 7’5, with ¢ = 1 mod p, via the exponential map:
a€Zp+>exp(pa) € 2,

(exp defined by the usual expansion exp(pa) = 1 + pa + ...). Since there are no
nontrivial homomorphisms Z, — Z/p —1, an action of Z on BX determined by an
Adams operation ¢ can only be the restriction of an action of Z, if ¢ = 1 mod p.
On the other hand, if ¢ =1 mod p, then we can write ¢ = 1 + pmy (my = %log(q)),
and the homomorphism wy: Z — Z; that maps 1 to g is clearly the restriction to Z
of the homomorphism wy: Z, — Z;j defined wgy(x) = exp(xpmy).

Now, we can prove the second claim of Theorem E.

Proposition 6.5 If ¢,q' € Z;, both are of multiplicative order r mod p, and v, (1 —
q") =v,(1—q'"), then BX(q) ~ BX(q'), for any 1-connected p—compact group X.

Proof The proofis divided in two steps. First, we will consider the case ¢ =¢’ =1 mod
p (r =1). In these cases, the actions of Z given by ¥? and wq/, respectively, extend
to actions of the p—adics described by mg = (1/p)log(g) and my = (1/p)log(q’),
respectively. The homotopy fixed point space BX hzp depends only of the image of
the action Z, — Out(X). The image of the two actions are clearly the same if and
only if my and mg differ by a p—adic unit; that is, if and only if v, (mg) = vp(my),
if and only if v, (1 —¢) = v,(1 —¢’), in which case, we have

BX(q) ~ BX"" ~ Bx""» ~ BX"" ~ BX(¢)).

In the general case, we can decompose ¢ = {-qo and ¢’ = ¢’ - g, where ¢ and ¢ are
primitive r—th roots of unity and g9 = ‘16 = 1 mod p. Since ¢ and ¢’ generate the
same subgroup of Z; we have that

BX(q) =~ BX"(qo) =~ BX"®" (qo) = BX"® (¢p) ~ BX(¢). O
Remark 6.6 If ¢ is a p—adic unit, we can find a prime number ¢y such that g =
¢o mod p and vy (1 —¢") = vp(1 —¢qg), where r is the order of ¢ mod p, and then
BX(q) ~ BX(qo)
by Proposition 6.5.

In fact, we can assume that ¢ is an integer, otherwise change it by the sum of enough
first terms in its p—adic expansion. Then, by Dirichlet’s theorem there is a prime
number ¢q of the form go = pNc + ¢, with N > vp(1 —¢q"), satisfying the above
conditions.
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7 General structure of Chevalley p-local finite groups

In this section we will study some general properties of the spaces BX(g), obtained as
homotopy fixed point spaces for the action of unstable Adams operations on classifying
spaces of connected p—compact groups. The main results being the identification of
the maximal finite torus, the Weyl group, and the fusion category of elementary abelian
p—subgroups of BX(q).

Proposition 7.1 Let X be a connected p—compact group and o a self homotopy
equivalence of X . Then we have the following:

(1) BX" js connected and p—complete.
(2) © BX" - BX isa homotopy monomorphism at p.
(3) For any finite p—group P, Map(BP, BX"®). ~ Bxhe.

Proof From the definition we obtain a fibration X — BX"* = BX where X and
BX are p—complete, X is connected and BX is simply connected. It follows that
BX"® is connected and p—complete.

For any finite p—group P, Map(BP, BX). ~ BX, and Map,(BP, X)) >~ X for any
choice of base point. It then follows that (: BX he _, BX isa homotopy monomorphism
at p, and from the induced fibration

Map(BP, X) — Map(BP, BXh“)c — Map(BP, BX),
it follows that Map(BP, BX"®). ~ Bx"e O
Lemma 7.2 Let X be a p—compact group, o a self homotopy equivalence of BX ,
and (P,v) an object of F,(BX) fixed by o up to homotopy; thatis, v >~ aov. If

Cx (P, v) is connected, then there is a unique lifting of v: BP — BX to a homotopy
monomorphism g: BP — BX"®  and

Map(BP, BX"®), Map(BP, BX),

l |

1
Map(BP, BX)y — '~ Map(BP, BX)» x Map(BP, BX),

is a homotopy pullback diagram.
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Proof Since (22) is a homotopy pullback diagram, there is at least a lifting of v,
g: BP — Bx",

The homotopy fiber of

A
Map(BP, BX), — Map(BP, BX), x Map(BP, BX),

isCy (P,v)=Q Map(BP, BX),, hence pulling back along 1xay we obtain a fibration,
up to homotopy,

Cx (P, v) — Map(BP, BX"*)5 % Map(BP, BX),

where Map(BP, BX h“)g consists of all possible liftings of v up to homotopy. The
base space consists of just one connected component, hence if we assume that the fiber
Cx (P, v) is also connected, then the total space must be connected, and therefore any
other lifting of v is homotopic to g. |

The following lemma will help us determine the restriction of « to the centralizers.

Lemma 7.3 Let X be a connected p—compact group and « a self-equivalence of BX.
Let T(x) be a given restriction of « to the maximal torus T = Ty, and (P,v) an
object of F(BX).

Suppose that v: BP — BX admits a factorization u: BP — BT through the maximal
torus j: BT — BX . Then, the object (P, v) is fixed by « if and only if T (o)t = wu
for an element w of the Weyl group. If this is the case, the restriction to the maximal
torus of the induced self homotopy equivalence o|c, (p,v) of the centralizer Cx (P, v)

is T(@|cy(pwy) =w ' o T(a).

Proof (P,v) is fixed by @ means that v >~ « o Bv, and if v factors as j o u, that is
tosay, joBu~aojou~joT(x)ou,and according to [55, 4.1; 50, 3.4] this is
equivalent to the existence of w, in the Weyl group of X', such that wou >~ BT (o) o .

Now assuming the existence of such element w, we read from the commutative diagram

T(@)
BT * BT w BT

:Tev :TCV :Tev
T(a)y wy

Map(BP, BT),, ———— Map(BP, BT )y Map(BP, BT),,

:ijn zljﬁ A
ag Ju

Map(BP, BX), Map(BP, BX),

1R
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that the restriction of a|cy (p,v) = ay to the maximal torus of the centralizer Cy (V, v)
is w™l o T(a). O

If the centralizer Cy (V, v) is connected, this determines the restriction a|c, (v,,) (see
Section 2).

Corollary 7.4 Let X be a p—compact group and v: BV — BX a toral elementary
abelian p-subgroup such that its centralizer Cx(V,v) is connected. If ¥4 is an
unstable Adams operation of exponent ¢ = 1 mod p, g # 1, then

(a) thereis a unique lift of v to g: BV — BX(q),
(b) ¥9|cyv,v) is an unstable Adams operation of exponent ¢, and

(c) the centralizer of (V, g) in X(q) is Cxg)(V,g) = Cx(V,v)(q).

Proof In particular, when v: BV — BX is a toral elementary abelian p—group in
X and o = ¥7 is an Adams operation of exponent ¢ = 1 mod p, then we can write
T(y9) = 1, the g—th power map in the maximal torus 7= Ty and ¥?ou >~ u,
where u: BV — BT isaliftto BT of v: BV — BX, so, by Lemma 7.3, there is a
commutative diagram

Ty )=y

BT BT
J’ Vilcy v l
BCx(V,v) BCx(V,v)
.
BX d BX .

This proves (b), namely, ¥9|pcy (v,v) is, as well, an unstable Adams map 4.

Now, (a) and (c) follow from Lemma 7.2. O
We will now restrict our attention to cases with ¢ = 1 mod p, ¢ # 1. According to
Proposition 6.2, the general case can be reduced to this one, in the cases that are of

interest to us (see Remark 6.3). Hence, essentially, there will be no loss of generality
in our assumption.

Proposition 7.5 Let X be a connected p—compact group, p an odd prime, and 4
an unstable Adams operation of exponent g € 7%, with ¢ = 1 mod p, g # 1. Then the

Algebraic € Geometric Topology, Volume 7 (2007)



Chevalley p—local finite groups 1857

inclusion v: Bty — BX of the subgroup of elements of order p in the maximal torus
Tx has a unique lift to g: Bty — BX(q) and its centralizer is

Cxg)(tx,8) =Tx(q).

Proof Since Cy (ty,v) =Ty [50,3.2] and ¥¥|1, =T (¥?) = this follows from
Lemma 7.3 (see Corollary 7.4). O

The group Tx(q) = T = (Z] p“)", where n is the rank of X and £ = vplqg—1),
established in Proposition 7.5, embeds in BX(q)

i: BT - BX(q)

as a subgroup (7/},i) that will be referred to as the maximal finite torus of X(q).
When no confusion is possible we will simply write 7' for the maximal finite torus
of BX(g). Notice that T} is self-centralizing in BX(g). Then, we define the Weyl
group of BX(q) as the automorphism group

Wx (T} i) = Autr, (gx(g)(T]) = { ¢ € aut(T}") | i ~io By}

of (T}, ) in the category F,(BX(q)). The group T affords a faithful representation
Wx@)(T{.i) = GLn(Z/ pY).

The Weyl group of BX(g) can also be interpreted as the set of connected components
of Map, (BT[', BT}') that lie over the connected component of i: BT;' — BX(q)
through the map Map, (BT}, BT;') — Map(BT}', BX(q)). The normalizer of the
maximal finite torus of BX(q), BNx(q)(T}'), is defined by its classifying space, the
Borel construction for the action of Wy ) (T};') on Map(BT}', BX(q));, together with
the inclusion

it BNxg)(T}") = (Map(BT}', BX(q))i) — BX(q)

hWx a)(T¢")
induced by evaluation at the base point of BT}'.
Proposition 7.6 Let X be a connected p—compact group, p an odd prime, and 4

an unstable Adams operation of exponent g € 7%, withq =1 mod p, g # 1. If (T]",i)
is the maximal finite torus of BX(q), then its Weyl group is

Wxg)(T]') = Wy,
the Weyl group of X, with action on T;' given by the mod pe reduction of the p—

adic representation of Wy . The normalizer of the maximal finite torus is the split
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extension Ny q)(T;") = T} x Wx(g)(T}'), and its classifying space fits in a homotopy
commutative diagram

(24) BNx()(T]) ——> BN
S
BX(q) ———~ BX

where j: BN — BX is the inclusion of the maximal torus normalizer of X .

Proof We will first see that the automorphism in 7, (BX) of T, as a subgroup of
BX via the composition toi: BT — BX, Wx(T}'), coincides with the Weyl group
Wyx . In fact, an element w € Wy is a homotopy equivalence of BT over BX . Its
restriction to BT}, factors again to give a homotopy equivalence w of BT} and a
homotopy commutative diagram

(25) BT} — BT
| | N
w w
BT} BT —~ Bx

where BT ~ K(Z',,2) and the map BT, — BT classifies the extension class of the

4

exact sequence (Zp)" AN Zp)t—(z/ pe)”. Hence, if w is represented by a certain
matrix in GL,(Zp), then w is represented by its mod pt reduction in GL,(Z/ pY).
We have produced a homomorphism Wy (7}') — Wy which is injective because Wy
is finite and mod p¢ reduction has torsion free kernel in GL,(Z p). Furthermore,
since Map(BT}', BX),0; = BT, it turns out that every homotopy equivalence of BT}
over BX can be extended to a diagram like (25) and therefore we actually have an
isomorphism Wx (7}') = Wx .

Next, we compare Wy (4)(7;') and Wx (7). By composition with «: BX(q) - BX,
every homotopy equivalence w of B7;' over BX(g) can also be considered over BX

BT}
_i \
w
BT} —'~ BX(q) > BX
which gives an inclusion Wy (4)(7}") < Wx (T}"). Now, Lemma 7.2 implies that this

is actually an isomorphism.
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Finally, the natural maps
Map(BT!", BX(q))i — > Map(BT?, BX(q))i0i <=— Map(BT?, BX(q));

induced by composition with ¢: BX(q) — BX and with the inclusion BT, — BT,
respectively, are equivariant for the respective actions of Wy 4)(7}'), Wx (T}') and
Wy , respectively, induced by the natural actions on the first component. Applying the
Borel construction, we obtain a map

BN () (TI") —— (Map(BT}, BX(q))“’i)hWX(T;’) ~ BN

and diagram (24) is induced by evaluation at base points. Moreover this maps extends
the map between classifying spaces of tori to give a diagram of fibrations

~

T T

i i

BT} — = BNy(g(T]) —= BWx(g)(T])

| F Ok

BT BN BWx

where T~ QBT ~ K((Zp)",1). By [5, 1.2] the bottom row fibration has a section
and by [5, 3.3] this section lifts to a section of the fibration in the middle row. It follows
that Ny (7)) is a split extension. |

For X a p—compact group and o a self equivalence, the inclusion 1. BX he _, Bx
induces a functor between the respective fusion categories

w: Fp(BXM) — F,(BX)

and Lemma 7.2 above gives some useful information in order to compare the morphism
sets. Thus, for instance,

(26) Mor}'p(BXha)((P’ 2), (0, h)) — MOI']:p(BX)((P, Lo g)’ (Q’ t Oh))

is a bijection provided Cy (P, tog) is connected. It rarely happens that those centralizers
are connected for a general p—group P, but it is not so unusual if we restrict to some
particular classes of small groups. For a space Y, we denote .7-'; (Y) the full subcategory
of F,(Y) whose objects are the elementary abelian subgroups of Y .
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Corollary 7.7 Let p be an odd prime. If X is a connected polynomial p—compact
group and o a self homotopy equivalence, then the functor

w: Fo(BX"™) — F¢(BX)

is both full and faithful.

Proof If X is a connected polynomial p—compact group, then centralizers of el-
ementary abelian p—subgroups are connected and Lemma 7.2 applies. In fact, if
(E,v) is an elementary abelian p—subgroup of X, then the centralizer Cy (E, v) is
also a polynomial p-compact group, hence H'(BCx (E,v);F,) =0 and therefore
Cx (E,v) is connected (see Dwyer and Wilkerson [28, 1.3]) and the map (26) is a
bijection for every elementary abelian p—subgroups (P, g) and (Q,h) of BX"*. o

Corollary 7.8 Let p be an odd prime. If X is a connected polynomial p—compact
group and ¥4 an unstable Adams operation of exponent ¢ € 7%, with ¢ =1 mod p,
then

Ly f;(BX(q)) — .7-"1",(BX)

is an equivalence of categories.

Proof By Corollary 7.7 we only have to check that ¢4 induces in this case a bijection
between isomorphism classes of objects, and this follows from Proposition 7.5, because
in a polynomial p-—compact group every elementary abelian subgroup is toral. a

Let X be a polynomial p—compact group with trivial center and ¢ € Z’I", a p-adic unit
with ¢ =1 mod p, g # 1. Putting BCx4)(V, g) =Map(BV, BX(q))g for any object
(V,g) of Fy(BX(q)) we get a functor from F7(BX(¢))° to topological spaces.
There is natural map

hocolim BCyx,) — BX(q)
FoBX@y D

from the homotopy colimit of this functor. When Cy (V, g) is connected, we have
BCx(q)(V.g) = BCx(V.t0g)(q)
according to Lemma 7.3 and Corollary 7.4.

Let Ty be the maximal torus and Wy the Weyl group of a p—compact group X, p
odd. As usually, we denote by ¢x the group of all elements of order p in Ty, and
g: Bty — X(q) the inclusion. For any nontrivial elementary abelian p-subgroup
E < T, write Wy (E) for the pointwise stabilizer subgroup of E.
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Proposition 7.9 Let X be a polynomial p—compact group with trivial center, p odd,
and q € Z’I", a p-adic unit with ¢ = 1 mod p, ¢ # 1. Assume that

H*(BX(q);Fp) = H*(BTx(q); Fp)"
and that H*(BCx () (E.g|BE); Fp) = H*(BTx(q); Fp)"xE)

for any nontrivial, subgroup E of ty . Then, the natural map

27) hocolim BC — BX(q)
FBX@yw D 1

is an [, —equivalence.

A similar statement holds with F7,(BX(q)) replaced by the full subcategory generated
by all objects of the form (tx)¥ where P runs through the subgroups of a Sylow
p—subgroup of Wy .

Proof The functor from F7(BX(q)) = F,(BX) to the category of F,—vector spaces
that takes an object E to H*(BCyxq)(E):Fp) = H*(BTx(q); Fp)"xE) is acyclic
in the sense that lim® = H*(BTyx(q);F,)"* and the higher limits vanish [24, 8.1].
Therefore, the Bousfield—Kan spectral sequence for the cohomology of the homotopy
colimit
hocolim  BCyx ()
Fp(BX(q))°P

[11, XIL.4.5] collapses at E,—term, and then it shows that (27) is an [, —equivalence.
The same conclusion holds if we replace the category F7,(BX(¢)) by its full subcate-
gory generated by all objects of the form (¢x)¥ where P runs through the subgroups
of a Sylow p—subgroup of Wy [53, 2.16]. |

This result motivates the research on the cohomology rings H*(BX(¢);[F,) and on
the invariant rings H*(BTx(q); I]:p)WX , in the next two sections.

8 Cohomology rings

This section is devoted to the proof of Theorem F. The Eilenberg—Moore spectral
sequence is used in order to get a hold of the cohomology rings of the spaces BX(q)
of fixed points of unstable Adams operations acting on polynomial p—compact groups
BX . We follow the arguments of Smith [64] that already contain the first part of the
theorem.
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Proof of Theorem F Part (1) is due to L Smith [64]. We will sketch his arguments
here and then will continue with the proof of the second part of the theorem.

There is an Eilenberg—Moore spectral sequence associated to the pullback diagram

L

(28) BX(q) BX
e b
1xyrq
BX BX x BX .

This is a second quadrant spectral sequence with

ES" = Tory, (BX 5,)® (H*(BX;F,), H*(BX;F,) = H*(BX(q);Fp)

converging to a graded ring associated of H*(BX(q);[F,).

For simplicity, we will write P[x;] = P[xy,...,x,] = H*(BX;[F,). The Koszul
complex

E(xi) = Plxi]® P[xi]® E[sx1,...5Xy]
with bideg(sx;) = (—1,2d;) and d(sx;) = x; ®  —1 ® X;, is a free resolution of

P[x;] as (P[x;]® P[x;])-module, with module structure given by the multiplication
m = A*. Then, Tor}‘,"fxi]@,P[xi](P[xi], P[x;]) is the homology of the complex

P[xi] ®plx;1@ Plxi1 € (Xi) = Pxi] ® E[sxy, ... sxn]

where now the action of P[x;]® P[x;] on the left hand side term P[x;] in given by the
algebra map (1 x ¥9)*, hence one obtains the expression d(sx;) = x; —q% x; for the
differential, but since ¢ = 1 mod p, we actually have d(sx;) =0 forall i =1,...,n.
This yields

E}* ~ TOf}Tx,-]@P[x,-](P[xi]’ Plxi]) = P[x1,...,xn| ® E[sxq,...,5Xxy]

and, since the algebra generators appear in filtration degrees 0 and —1, the spectral
sequence collapses at the E,—page and then we can find elements y; in H*(BX(q);[Fp)
representing sx; in the graded associated ring, with

H*(BX(q);Fp) = Plx1,....xn] ® E[¥1,... n].

Let Ty be the maximal torus of X and Wy the Weyl group. Since X is polynomial,
the mod p cohomology ring of BX coincides with the invariants by the action of the
Weyl group on the mod p cohomology of BTy, H*(BTyx;F,)"* =~ H*(BX;F,) =
Plxq,...,xz].
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According to Corollary 7.4 and Proposition 7.5, the classifying space of maximal finite
torus of X(g) is BT (¢) = BT, and it is obtained from a pullback diagram

(29) BT} —— BT
e e
1xyrd
BT —— BT x BT
Furthermore, the Weyl group is Wy by Proposition 7.6. Hence, the restriction map
i*: H*(BX(q):Fp) — H*(BT}';Fp)

has image in the invariant subring by the action of the Weyl group, Wy . It remains to
show that this restriction map is injective.

The pullback diagram (29) yields another Eilenberg—Moore spectral sequence:

8,1 N
ES' >~ Tor’

2 H*(BT;[FP)@(H*(BT; Fp), H*(BT;Fp)) = H*T'(BT};F,).

We will pay special attention to the map between the two spectral sequences i *: E}* —
E ** induced by the natural map from diagram (29) to diagram (28) given by inclusion
of the maximal torus. In order to describe the induced map at the level of E,—pages,
we need some elementary algebraic considerations.

Again for simplicity, we will write P[t;] = P[t;,...,ty) = H*(BTx:[Fp). The kernel
of the multiplication m: P[t;] ® P[t;] — P][t;] is a Borel ideal

Kerm=(tH®1—-1Q¢,....t, 1 —-1®1,)
and then we can define derivations
0i: Plt;] — P[ti]

fori =1,...,n, in the following way. For any homogeneous polynomial f € P[t],
S ®1-1® f € Kerm, hence we can find an expression fQ@1—-1® f =) ; c;(f)(t:®1—
1®¢t;), with coefficients ¢; (/) € P[t;]® P|t;], and then define 9; (/) =m(c;(f)) € Pt;].
A routine calculation shows:

(1) 0; is well defined and does not depend on the choice of coefficients c;(f),...,
Cn (f) ’

(2) 9; is a derivation of P[t;], and
(3) di(tj)=1 and ai(lj) =0if j #1i.
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These properties show that these are the partial derivatives:

0
ai<f)=8—j:.

After these considerations we can easily describe the map between the respective
E,—pages and show that it is injective. In order to compute the EX*, we define now
the Koszul complex

E(t) = Plt;]® Plt;]® E[sty, ... sty]
with bideg(st;) = (—1,2) and d(st;) =t ®  — 1 ® t;. As before, we obtain that

EJ* = Torpy, 1 ppi (Pltil, Plt)) = Plti] @ ppsy e Pl € (1)

(30)
~ P[t;]® E[sty,...Sty]

since the differential in this complex turns out to be trivial, again, because ¢ =1 mod p.
Also as before, the algebra generators of £3* appear in filtration degree 0 and —1 and
therefore the spectral sequence E}* collapses at the E,—page.

Now, the inclusion i *: P[x;] — P[t;] extends to a map of Koszul complexes
i*: E(x;) — E(t)
which is a P[x;]® P[x;]-module map defined by

i*(sxi) = Z ci(x;i) ® stj
J
on generators. Then the induced map

i Tor;Tx,-]®P[x,-](P[xi]’ Plxi]) = P[xi]® E[sx1,...sxp]

— Tor;"[‘ti]®P[ti](P[ti], Plti]) = P[t;]® E[sty, ... sty]
. . . 0x;
is determined by i*(sx;) = Z 0j (xi) ® stj = Z E ® st; .

J J
Now, i * is injective because the Jacobian determinant is nontrivial,

0x;
J =det| — 0,
) (afj ) #

by [69]. Since both spectral sequences collapse at the E,—page, it follows that the
induced homomorphism i*: H*(BX(q):[F,) — H*(BT];[Fp) is also injective. O
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Remark 8.1 The argument with the Eilenberg—Moore spectral sequence used in the
proof of part (1) of Theorem F applies more generally to the case of any unstable Adams
operation ¥4 of arbitrary exponent g € Z;‘, acting on a polynomial p—compact group
[64]. Under these more general hypothesis we obtain that if H*(BX) = P[x1,...,Xn]
then the cohomology of BX(g) is

H*(BX(q);Fp) = Plxiy,....xi | ® E[yiy.- .-, Vig]

where the polynomial generators x;; correspond to those x; with degree 2d; = deg x;
where m|d;, if m is the order of ¢ mod p, and 2d; — 1 = deg y;.

Notice that we can write ¢ = (¢’ where ¢ is an m—th root of one in Z, and ¢’ =
1 mod p. Hence y? = wq/ o wf, and w& has finite order m as automorphism of
the p—compact group X . It follows from Proposition 6.2 and Remark 6.3, that
BY(¢') ~ BX(q) if BY = BXM*© Moreover, by Theorem B, Y = XM s again a
polynomial p—compact group. According to Theorem F the cohomology of BY must
be

H*(BY; [Fp) = P[x,-l,...,xik].

9 Invariant theory

Let X be a polynomial p—compact group of rank n and let ¢ be a p—adic unit,
g=1mod p,q#1,and £ =v,(1—g). In the second part of Theorem F we obtained
amonomorphism i *: H*(BX(q);Fp) < H*(BT}";F,)"X , where T} is the maximal
finite torus of BX(q) and Wy the Weyl group (see Proposition 7.5 and Proposition
7.6). Whether or not i* is an isomorphism, H*(BX(q);Fp) = H*(BT}; I]:p)WX , 18
now a question of invariant theory and this is the subject of this section.

We recollect the necessary results from invariant theory and apply that in a case by
case discussion, based on the Clark—Ewing list, and restricted to our cases of interest,
namely:

(1) Nonmodular groups: This consists of groups represented in a characteristic p
that does not divide the order of the group. (Example 9.2.)

(2) Family 1 in the Clark—Ewing list: These are the symmetric groups X, repre-
sented as Weyl groups of SU(n + 1). (Examples 9.3 and 9.4.)

(3) Family 2a en the Clark—-Ewing list: The groups G(m, r,n), rlm|(p—1), m > 1,
(m,r,n) # (m,m,2). (Example 9.5.)

(4) Family 2b en the Clark—Ewing list: Dihedral groups D,,, = G(m,m,2), m > 3.
(Example 9.6.)
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(5) The Aguadé family: These are the groups G, Ga9, G31, and G34 in the
Clark—Ewing list (see Aguadé [2]). (Example 9.7.)

We obtain that i*: H*(BX(q);F,)— H*(BT}"; [Fp)WX is an isomorphism in all cases
except for X3 at the prime 3 (included in class (2) above) and W, , the Weyl group
of G, and Gq,, at the prime 3. It is also excluded the case 2b with m =3 and p = 3,
that corresponds to PU(3) at prime 3.

From here one easily derives the structure of BX(g) for Clark—-Ewing p-compact
groups and this is done in Theorem 9.8. The Aguadé family and 2a family are our
cases of main interest and the discussion is postponed to Section 10 and Section 11,
respectively. All of the other cases correspond to compact Lie groups.

At the end of the section we illustrate this methods with some examples going from
Example 9.9 to Example 9.13.

Continuing with the notation of the preceding section we write V' =ty for the elements
of order p in the maximal finite torus and identify the dual vector space with the two
dimensional primitive elements in the cohomology of BT})', V* =~ PH 2 (BT}, Fp).
The Bockstein operations provide a vector space isomorphism PH?(BT}; Fp) =
HY(BT}';Fp), that we will denote as d: V* — dV*, of degree (—1). If P(V*)
is the symmetric algebra on V* and E(d V™) the exterior algebra on dV*, we can
describe the algebra structure of H*(BT}';F,) as

K(V*) = P(V*)® E(dV*) = Plxy,...,xn] ® E[dx1, ..., dxd],

and d extends to an algebra derivation on K(V*). Moreover, any subgroup G <GL(V)
of linear substitutions acts on K(V*) in a natural way that commutes with the derivation
d, hence K(V*)Y is still a differential algebra.

Assume that the ring of invariants, P(V*)? = P[py, ..., pa] is a polynomial algebra;
in particular, G is a reflection group. Then dpy,...,dp, are also invariant under
the action of G. The purpose of the next theorem is to establish the cases in which
{P1.....pn.dpy,....dpp} is a free system of generators for K(V*)C.

An element f of P(V*) is invariant relative to det™! if g- f = det™!(g) f for all
g€ G <GL(V). The subspace of relative invariant elements, P(V*)git—l ,is a module
over the invariant ring P(V*)C . In fact, P(V*)§,—1 = fye—1-P(V*)C is a free module
on one generator fge—! € P(V™), unique up to an invertible of F, [17]. For instance,
if we write dp; = Y 7_; ajjdx;, then the Jacobian J = det(a;;) € P(V*), of degree
deg J = Y_7_ (deg p; —2), is invariant relative to det™!. In particular, fge—! divides
J in P(V*) and deg foer=! <> j—,(deg pi —2).
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Theorem 9.1 [12] Let V be a vector space of dimension n over a field of charac-
teristic p # 2. Assume that G < GL(V) is a group of linear substitutions such that
P(V*)Y = Plpy, ..., pa] is a polynomial algebra, then

K(V*)% = Plo1,..., pa)® Eldpy,. ... dpa]
if and only if fge—! has degree deg faer—! = Y ;- (deg p; —2).

Proof Since P(V*)® = P[py, ..., pu] is a polynomial ring of invariants, the Jacobian
is nonzero, J # 0 [69], and this implies that the homomorphism P[pq,...,0n] ®
Eldpy,....dpy)—K(V*) defined from the free anticommutative algebra to the subal-
gebra of K(V*)% by mapping the variable p; to the polynomial p; of P(V*)? and
dp; to the differential of p; in K(V'*) is injective.

If I = (iy,...,ir) is an ordered sequence of integers 1 < iy < --- < i < n, we
write dpy = dpi,dpi, ...dp;, and also dx; = dx; dx;,...dx;, . Let FP(V*) be
the graded field of fractions of P(V*). Then, FK(V*) = FP(V*)®p+ K(V*) is
a vector space over FP (V™) spanned by {dx;};. And then {dp;}; is also a base of
FK((V™).

Assume that deg fae=! = Y ;—;(deg p; —2). This is the degree of the Jacobian J,
hence J = fye—1, up to an invertible of F,. Let w € K( V*)C be an arbitrary element.
We can write w = ) ; wigpr, with wy € FP(V™) and then we will show that actually,
for each index 7, wy € P(V*). We choose I of minimal length such that wy, # 0.
Let [ 6 be the complementary sequence, then

wd,ol(/) = wIOdPIOdPI(’) =twy,dpy ...dpy = Twy Jdxy ... dx,

is an element of K (V*)G, and, since dx; ...dx, is invariant relative to det, wy,J €
P(V*$,~1 = fae—' P(V*)?. So, our assumption implies that wy, € P(V*)?. Now
we can repeat the argument with w —wy,dpjy, € K (V*)G . 1t follows that each wy
belongs to P(V*)? and then w € Plpy, ..., pnl ® Eldpy.....dps].

Assume otherwise that deg fae—! # Y 1, (deg p; —2); that is, J = (fge—! for some
element ¢ € P(V*)C of positive degree, then

dpy...d
w = apr.--4pn = faer-1dxy...dxp
L

is an element of the algebra K(V*)¢ which does not belong to P[p1,. .., pn] ®
Eldpy,...,dpn]. a

In the examples below, we explore the invariants K (¥ *)C for all groups G in the Clark—
Ewing list that have polynomial invariants. We proceed by looking at the different
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families, as they are listed at the beginning of this section, and we isolate the cases
G where K(V*)? is not a free graded anticommutative algebra; namely, X3 (from
Family 1 in the Clark—Ewing list), D1, (from Family 2b in the Clark—-Ewing list), and
G13, all of them at p = 3.

Example 9.2 (G a nonmodular group [3]) If G < GL(V) is a reflection group of
order not divisible by p, then it is known that P(V*)% = P[py, ..., pp] is a polynomial
algebra and also that the degree of fye—! is twice the number of reflections in G.
On the other hand, the number of reflections in G is ) ;—,(deg p;/2 — 1). Hence
deg faer=! = Y ;—;(deg p; —2) and then Theorem 9.1 implies

K(V*C = Plpy..... pa)® Eldp1, ....dpn).

For a group G < GL(V) we denote [x] = {gx|g € G} the orbit of an element
x € V*. The coefficients ¢; of the polynomial ]_[ye[x](X — ) =X" 4 X 4
-+ Cm—1X + ¢ are the Chern classes of the orbit [x] and belong to P(V*)?. The
element ¢, = ]_[ye[x] y is also called the Euler element of [x]. If we choose just one
element z;, € L N[x] for each 1-dimensional vector subspace L of V* that intersects
the orbit [x] nontrivially, E[x]=]]zr is the pre-Euler element of the orbit [x], defined
up to a nonzero scalar. This is a relative invariant respect a linear character y of G that
we can associate to the orbit [x] by the equation g(E[x]) = x(g)- E[x], forall g€ G.
(See the articles by the first author [12] and the first author, Smith and Stong [17].)

Example 9.3 (Family 1 in the Clark—Ewing list: X, ;, except X3 at p =3) The
symmetric group ¥, acts on the integral lattice of SU(n + 1) that we can describe

as V =Z{(t; —tys1). (ta —tys1)s ..., (tn —tyy1)} where X, permutes the letters
.. .f,,+1. Dually, V* is generated by classes #;,1,,...,t;, and X,+1 permutes
t,ty, ...ty tyy1 with the relation t; +#, + -+t + 1,41 = 0.

The orbit of #; is [t1] = {t1,%2,-..,tn, ty+1}, and the Chern classes of this orbit,
obtained as the coefficients of the polynomial ]_[:’;r 11 (X —1t;), are, up to a sign, the
generators ¢; of the invariant ring P(V*)Zn+1 = Plcy, ..., cpt1].

The orbit of ¢ — 1, is
[ —t]l={t—-t)|1=i,j=n+1i#j}
:{:lz(li—tj)|1§i_,<,_jfl’l+l}
={xt;,—tj)|1<izsj=<njU{E(ty+---+2ti +--+1tn) |1 =i <nj},

thus the pre-Euler element associated to this orbit is

E=Eh-nl= [] G-t [[ G+-+2ti++10).

1<igj<n 1<i<n
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Notice here the exception n =2 at p = 3, in which case E[t; —t,] = (t; —t2). With this
exception, we can check that the linear character associated to the pre-Euler element
is precisely the determinant (det = det™! in this case) and also that the degree of E,
n? +n, coincides with the degree of the Jacobian J . Thus for (1, p) # (2, 3), we have

K(V*)E+1 = Pley, ..., cuy1) ® Eldes, ... denyr].

Example 9.4 (X3 at the prime 3) The integral lattice of SU(3) is m2(Tsy(3)) =
Z{(ty — 13), (f — 3)} with the action of X that permutes 7,, 7, and 73. If X3 is
generated by the 3—cycle o and the transposition t, the representation afforded by
72(BTsy(3)) is determined by
. (0 1)
10)°

o -1l
1 0)°
The dual action in mod 3 cohomology V* = HZ(BTSU@); F3) = F3{t1, 52} gives

P(V*)Z3 >~ P[x4,x¢], where x4 = Z12 + 11 +122 and xg = t1t,(t; + ). This is
the particular case of Example 9.3 with n = 2 at the prime 3.

The action extends to K(V*) = P[t;,1,] ® E[dt,,dt,] where we obtain invariant
elements

V3 =dxq = (I —t1)dt; + (11 — 12)d1y
ys = dxe = (> — tita)dty + (12 — t1t2)dts
V4 = (t —t1)dt1dt,

so that Y35 = (l‘]2 + 11ty + 122)(t2 —t1)dtidty = X4)4 .

These elements together with the polynomial invariants generate the invariant ring
K(V*)E3:

P 9 E 9 9
31) K% = [¥4. X6]® E[y3. ya. 5]
(V35 —Xaya, y3ya, yays)
The proof follows the method of Theorem 9.1. In this particular case 1, dt1, dt,, dt1dt,
is a basis of K(V*) as a free P(V*)—module, while 1, y3, ys, y3ys5 or 1, 3, y4. ys
are basis of FK(V™*) as graded FP(V*) vector spaces.

Assume that w is an element of K(V*)>3 of even degree. We can write w = wq +
w1 Y4, With wo, w; € FP(V*). First, multiply the equality by y4: wys € K(V*)=3
and wys = woys = wo(ty —t1)dt1dt,. Then

wolta —t1) € P(V¥) 51 = (ta — 1)) P(V*)™3,
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hence wo € P(V*)%3. Now, we also have w; y4 € K(V*)¥3, hence the same argument
implies that w; € P(V*)¥3.

Next, assume that w is an element of K(V*)*3 of odd degree. In this case, w =
W, 3 + w3 ys with wy, wy € FP(V*). If we multiply this equality by ys € K(V*)*3
we get wys € K(V*)Z3 and wys = wyy3 Vs = wyX4 Vs, and then again the equality
WaX4ys = Waxa(ty —t1)dt1dt, € K(V*)Z3 implies that woxs € P(V*)¥3. Since
P(V*)E3 = P[x4, xg], we can write wy = g5 + AMxg/x4), q2 € P(V*)E3 and
A € F3, r > 0. A similar argument, in which we multiply w by y3, implies that
w3 = q3 + 1(xg/x4), q3 € P(V*)®s and p € F3, s > 0. If we substitute these
expressions in w = w,y3 + w3 ys we can easily check that this element can only
belong to K(V*) provided A = p = 0. It follows that w, = g, € P(V*)*? and
w3 = g3 € P(V*)%3. This proves the isomorphism (31).

Example 9.5 (Family 2a in the Clark—-Ewing list: G = G(m, r,n), r|m|p —1 [12])

G(m,r,n) is the subgroup of GL,(Z,) generated by the permutation matrices and
the diagonal matrices diag(0,...,0,), where 6/ =1 and (6, ..0)"MT =1. In
particular, G(m, 1, n) is isomorphic to the semidirect product (Z/m)" x %, . In this case
we clearly have P(V*)G0:1.1) = Plp, .. p,], where 1+ p; +-- 4 pp = Mo, 1+
x™),if we write P(V*) = P[x1,..., Xn]. Now, pp = (X1 ...X,)" is the Euler element
associated to the orbit of xy, [x{]. The pre-Euler elementis £1 = E[x1]=x1...x,. It
carries an associated linear character x, defined by y;(diag(6;,...,60,)) =01...60,
and xq(0) =1 if o € X, is a permutation matrix. Notice that G(m, r,n) = Ker X’I"/’
and

PO = Py pyy EV).

The orbit of (x1 —x3) is [x; —x2] = {01x; — Opx; [0 = 0" =1,i < j} and its
pre-Euler element is E; = [[; (= xj’."). In this case the associated character
is xp defined by yx,(diag(6y,...,6,)) = 1 and x2(0) = sg(o) is the sign of the
permutation. We clearly have det = x; x» and then det™! = X'ln/ -l X2 . It follows that
Jaer=! = E’In/r_1 E,. Counting degrees, we obtain Z;:ll (deg pi —2) + deg(E;”/r) —
2= Z;:ll 2im—=2)+2n(m/r)—2=n(n—1)m+2n(m/r—1) =deg fir—! . Hence,
Theorem 9.1 implies

KD = Plpi......pper. BV @ Eldp....dpyr. d(E])].

Example 9.6 (D, at the prime 3) In family 2b there are two modular cases at odd
primes, namely, Dg and D, at p = 3. The first one is the Weyl group of PU(3)
which is not polynomial at p = 3, the second case corresponds to the Weyl group of
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the exceptional Lie group G, . The action of Dy, on m2(BTg,) gives a representation

. 0 —1 . 01
=\ 1) 10)
The dual action in mod 3 cohomology V* = H2(BTG2;[F3) = F3{t, 5} gives
P(V*)Dl2 = P[X4,X12], where x4 = Z12 + 11> +122 and xy, = (lllz(ll +12))2.

The extension of this action to K(V*) gives now

P 9’ E b 9,
(32) KV P12 o [x4, X12] ® E[y3. 10, Y11]
(¥3¥11 —X4Y10, Y3V10. Y10V11)

with elements y3 = dx4 and y1; = dx;2, so that y3y1; = (112 + 1ty —I-lzz)lllz(llz —
t,2)dt1dty = X419, which serves as definition for y;o. The isomorphism (32) is
proved with same arguments of Example 9.4.

Actually, the inclusion of SU(3) as maximal subgroup of G5, induces an inclusion
Y3 < Dj,, identifying the generator r and o with w?. The induced inclusion
K(V*)P12 s K(V*)®3 identifies the generators x4 and y3 and maps xi, to xg2,
Y10 10 —X¢y4 and y11 t0 —Xg)s.

Example 9.7 (G132, Ga9, G371, and G34 in the Clark—Ewing list at modular primes)
The groups G, (rank 2, p=3), Gy9 (rank 4, p=5), G3; (rank 4, p=5), and G34
(rank 6, p=T7), of the Clark—-Ewing list have polynomial invariants [2; 1; 70].

We obtain by direct calculation that the generator of the det™! —relative invariants fje—!
has the same degree as the corresponding Jacobian in cases G,9, G31, and G34, and
then Theorem 9.1 applies.

The case G, = GL(2,3) is special. Notice that all those groups contain a copy of
the symmetric group of the same rank affording the representation of Example 9.3.
G, contains X3 as described in Example 9.4. The invariant ring K (V*)GL(2’3) was

computed by Mui [56] (alternatively, use the arguments in Example 9.4):

6L23) o Plx12.x16]® E[y10. y11. V15]

K(V*) ~
(¥Y11Y15 —X16Y10, Y10V11,> V10V15)

(1’ —nn°) (11°n° —1,°1%))
2 — 7T 2 . . a<>
(1123 —t2t13) (tit2® —t311%)

y11 = dx12, y15 = dx16, and yqg is defined by the relation y11y15 = X16¥10-

where X1 x16 = Pl(x12) =

We can easily obtain the description of the inclusion

GL(2,3)

K(V*) s K(V*)*3
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Plxiz. x16]1® Elyio. yur. yisl  Plva. X6]® E[y3. ya. ys]
(Y1115 —X16Y10, Y10V11, Y10V15) (V3Y5 —X4Y4, V3Va, Y4Ys)

mapping X12 > X4° + X6,

X16 '—>X62X4,

2
Y15 > X6~ Y3 — X4X6)5,
Yi1 > —X6)s,

Yio—> X6)4 .

Let X be a Clark—-Ewing p—compact group; that is, a connected p—compact group for
which p does not divide the order of the Weyl group. Models for these p—compact
groups were constructed by Clark and Ewing [19]. If Wy is the Weyl group of X', the
action of Wy on the maximal torus 7y is determined by the induced representation
p: Wx — GLy(Zp), where n is the rank of X . This representation gives Wy the
structure of a Z,—reflection group, thus product of irreducibles listed in [19]. It turns
out that BX >~ (BT, 2, where the action of Wx on BT is given by p [23]. Our
next result is a similar description of X(g), for g =1 mod p.

Theorem 9.8 Let X be a Clark—Ewing p—compact group and g = 1 mod p, g # 1,
then

BX(q) = ((BTx(@)awy ), ~ B(T{ x Wx)}
with T = (Z] p*)", where n is the rank of X and { = vp(g—1).

Proof In Proposition 7.5 we have obtained a map BT}’ = Map(BV, BX(q))gi —
BX(g) and according to Proposition 7.6 we have a factorization

BT} ~Map(BV, BX(q)) pi — (Map(BV. BX(9)) i)y, —> BX(q) .
The induced maps in cohomology are
H*(BX(q):Fp) — H*(BT{)wwy) — H*(BT})"x

where the second arrow is an isomorphism because the order of Wy is prime to p and
the composition is a monomorphism by Theorem F.

According to Theorems F and 9.1, H*(BX(q);F,) and H* (BTZ’)WX has the same
Poincaré series, hence H*(BX(q);Fp) = H*((BT}')nwy) and the result follows. O
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Example 9.9 (SU(2) at odd primes) The Weyl group of SU(2) is Z/2 acting on
the maximal torus S C C by sign change, that is, as ¥~ . Then, Theorem 9.8 applies.
All spaces will be considered completed at p > 2.

Let ¥4 be an Adams map of exponent ¢ € Z*, ¢ # 1. We have that BSU(2)(¢) =
BSU(Q2)(—q) as 9 =y~ loy9 =9 because ¥ ! is the identity. For g =1 mod p,
define £ =v,(1 —¢q), and then BSU(2)(q) has maximal finite torus Z/ pe and Weyl
group Z/2, acting by sign change, so

BSUQ2)(q) = (BZ/ p“)nz)2
is an equivalence at the prime p.

Notice that if ¢ % 41 mod p, then we can write ¥4 = ¥ o ¥4, where isa
(p — 1)—th root of 1, different than &1, and ¢’ = 1 mod p. Then by Proposition 6.2,
BSU(2)(q) ~ BSU(2)’“”Z(q’), and according to Proposition A.5 (see Proposition
A.8), BSU(2)I“/’z is trivial, hence BSU(2) (q)g is also trivial.

For ¢ a prime power, prime to p, SU(2)(g) is equivalent at p to the finite Chevalley
group SL,(q) and SU(2)(—¢q) to SU,(q). This agrees with the above calculations,
for in any case £ = v, (1 —¢?).

Example 9.10 (Sullivan spheres S>”~!, m | p—1) This generalizes the previous
example. When m > 2 divides p — 1, the cyclic group C,, of order m acts on Z/ p°°.
The Sullivan sphere BS?"~! is the p—completion of the classifying space of the
semidirect product Z/ p x Cy, for this action and H*(BS?""1,F,) = P[xy]. If u
is any p-adic unit then

A(BS?™M=1y  ym =1
BS* Y u)y={ B(Z/p* xCp) u™#1,u™=1mod p, L =v,u"—1)
* u™ % 1 mod p.
All spaces are understood to be completed at p. To see this, note that BS2"~1(u)
is contractible if ¥ % 1 mod p by Theorem B. Otherwise, if ™ = 1 mod p, then
u=2¢q with { € Gy CCp_1, g =1mod p and BS*" () = (BS2m—1)hi&) (4) =

BS2"=1(q) = B(Z/ p* x Cp) by Proposition 6.2, Proposition A.8, and Theorem 9.8,
because v, (g —1) =vp(@" — 1) = vp(u™ —1).

Example 9.11 (SU(3)(g) at the prime 3) Fix ¢ a 3-adic integer with 0 < £ =
v3(l —¢q) < 00. According to Theorem F

H*(SU3)(q): F3) = P[x4.x6]® E[y3, ys].
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with Bg)(y3) = x4 and By (ys) = xs.

According to Propositions 7.5 and 7.6, Te2 ~ (7/3%)? is the maximal finite torus of
SU(3)(g) with Weyl group X 3. Now, the invariant ring

H*(TZ [’:3)23 ~ P[X4,X6] ® E[y37 Y4, y5]
¢ (V35 —X4Y4, Y3V4, Yays)

computed in Example 9.4 turns out to differ from H*(SU(3)(¢);F3). The natural
map H*(SU(3)(¢q); F3) — H*(Tez; F3)%3 (see Theorem F) has cokernel isomorphic
to Plxe]ya.

Example 9.12 (G, at the prime 3) The exceptional Lie group G, has rank two and
the Weyl group is dihedral D1, = X3 x (3, listed in family 2b for m = 6 in the
Clark-Ewing list. The category F73 (G2) of nontrivial elementary abelian 3—subgroups
of G, has an isomorphism class of rank two elementary abelian 3—subgroups with
automorphism group D1,, the Weyl group of G, and two classes of elementary abelian
3—subgroups of rank one, with automorphism group of order two. It is equivalent
to the category [(2) of Appendix B, with G = Dy,, Hy = ¥3, and Hy = X,. The
centralizer diagram for elementary abelian 3—subgroups is

(23)°P\(D12)?
¢ ( BSUQG 2 BU(2) V¢ .

(D12)°

By Corollary 7.8 the categories of nontrivial elementary abelian 3—subgroups of G, and
G2(q) coincide: F75(G2(q)) = F3(G2), and furthermore, for every object (E, v) of
Fp(Ga), BCg,(g)(E,v)~ BCq,(E,v)(q), thus the centralizer diagram of elementary
abelian subgroups of G;(g) is
(33)

(Z3)P\(D12)®

Cs C BSU®3)(q) 1@2

(D12)®

BUQ)(g) )¢

_—
(Z2)°P\(D12)?

and there is a natural map hocolimge (G, (g))» BCa,(q) = BGa(g) which is a sharp
homology decomposition [22]; that is, the Bousfield—Kan spectral sequence for the
homotopy colimit collapses at the E,—term and gives

H*(Gy(q):F3) = QIEO H*(BCg,(q); F3) = Plx4,x12]® E[y3, y11].
F5(G2(q))
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This result can also be obtained by direct calculation from Proposition B.1 using the
invariant theory calculations in Examples 9.4 and 9.6. Notice that Proposition 7.9 does
not apply to BG,(g) at the prime 3 (see Example 9.11).

Example 9.13 (G, at primes p > 3) Let p be a prime > 3. The compact Lie
group G, at the prime p, is a Clark—-Ewing p—compact group and H*(BG,;F,) =
P[x4,x12]. The Weyl group has order |W(G,)| = 12 and the center is cyclic of order
two. Let u # +1 be a p-adic unit, and let r denote the order of # mod p. Then

BGy(u?) = B(TF xW(Gy)) re{l.2}, L=vyu*—1)
BGy(u) = BS" (u®) = B(Z/p* xCs) re{3,6}, L=v,(ub—1)

* otherwise,

where it is understood that all spaces are completed at p. To see this, write # = {q where
¢ is a (p — 1)—th root of unity and ¢ = 1 mod p. Note first that BG,(u) = BG,(Fu)
as the Weyl group of G, contains —1. In case u?> =1 mod p (u? # 1), we have that
u = =£q so that BG,(u) = BG,(+u) = BG,(u*) = B(T} xW(G,)) by Theorem 9.8
and Proposition 6.5. If u% % 1 mod p,u® =1 mod p, then u = +o0q where 03 =1
and BG,(u) = BGy(+0q) = BGy(oq) = BGM7'(q) = BS''(q) = BS" (u®)
by Proposition 6.2 and Proposition A.10; the last equality follows from Proposition
6.5 since vp(u6 -1 = vp(q6 —1)=vp(g—1). If u® # 1 mod p then BG,(u) is
contractible by Theorem B. It follows that

Plx4,x12]® E(y3,y11) 1 €4{1,2}
H*(BG,(u):Fp) = § Plx12]® E(y11) r€{3,6}

Fp otherwise

with higher order Bocksteins as explained in Theorem F. This provides the geometric
explanation of Kleinerman’s computation [39, Theorem 1-1] of cohomology rings of
finite Chevalley groups of type G5.

10 Chevalley p-local finite groups from Aguadé p-compact
groups

In [2], Aguadé constructed the exotic p—compact groups X;, i = 12,29, 31, 34, with
Weyl groups the groups G, (rank 2, p = 3), Gy9 (rank 4, p = 5), G3; (rank 4,
p =5), and G34 (rank 6, p = 7), on the Sheppard—Todd and Clark—Ewing lists,
respectively. All four of them are obtained as the homotopy colimit of a diagram that
we proceed by describing.
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Write G; to denote one of the groups Gy, Ga9, G31, or G34, and Z its center,
namely, Z = 7/2 for Gy,, Z = 7/4 for Gy, Z = 7/4 for G31, Z = 7/6 for G34,
in all cases represented by diagonal matrices with entries p — 1 roots of unity. In all
four cases we also fix a subgroup isomorphic to X, . Then, the index category is the
opposite category of (1), with two objects 0 and 1, and

Auty(1)(0) = G;,

Autyy)(1) = Ng;(2p)/ Xp = Z ,
Mory(1y(1,0) = Zp\Gi
MOI‘U(I)(O, )=92.

The functor assigns BT?~! to 0 and BSU(p) to 1, up to homotopy, where the center
of G;, Z, acts on BSU(p) via unstable Adams operations. The diagram is described
in the following picture:

(Zp)P\(G)P

z (_BSU(p) BT P! Q (Gi)® .

Each X; is a p—compact group with maximal torus Tx;, = T7~1 and Weyl group
Wx, = G;. The respective cohomology rings coincide with the isomorphic invariant
rings H*(BX;;Fp) = H*(BTx;; [FP)G" , and these are the polynomial rings [2; 1; 70]:

H*(BX2;F3) = Plx12,x16],

H*(BXy9; Fs) = Plxg, X16, X24, X40] ,

H*(BX31;Fs) = Plxi6, X24, X40, X43) ,

H*(BX34:F7) = P[X12.X24. X36. X48. X60. Xg4] -
Throughout this section we fix an unstable Adams operation ¥4 of exponent g € Z;
with ¢ =1 mod p, g # 1. We will describe the p-local structure of the spaces BX;(q)

and will show that they are classifying spaces of p-local finite groups. In particular,
cases i = 29, 34 provide new exotic examples of p—local finite groups.

The first results on the p—local structure of BX;(g) are given by Propositions 7.5
and 7.6. Set £ = v,(1 —¢q). The maximal elementary abelian p—subgroup of X;,
(x;,v), factors as a p—subgroup (#x;, g) of X;(q), and the centralizer of this group

_1 _
Cxi(g) (1x;. 8) = sz = (Z/Pe)p !

is the maximal finite torus of X;(g). All elementary abelian p—subgroups of X;(q)
factor through this one. Moreover, the Weyl group is Wy, (q)(Tep _1) = G;, and the
normalizer Ny, (q)(Tf _1) =T, Zp ~! % G; sits in the maximal torus normalizer of X; (9),
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making homotopy commutative the diagram

BNx,g)(T™") —— BNy, (TP~1)

| |

BX;(q) BX; .

Now, we fix the Sylow p—subgroup S = (Z/p* )P~V x7/p of in(q)(sz_l),
generated by sz “landa p—cycle of £, < G;. We will denote by f: BS — BX;(q)
the homotopy monomorphism obtained as the composition BS — BNy, (q)(Tep ) -
BX;(g). Then (S, f) isa p—subgroup of BX;(g), and it will play the role of a Sylow
p—subgroup.

Since X;, i =12,29, 31, 34, are polynomial p—compact groups, according to Corollary
7.8, t: BX;(g) — BX; induces an equivalence of categories

w: FS(BXi(q)) — Fo(BX;).

Thus, we obtain that every elementary abelian p—subgroup (£, ) of BX;(q) factors
as a subgroup of tx;: E <tx; and u ~ v|gg. There is a distinguished subgroup
Z/p=Z =tx, suchthat, Z <tx, <Tx, <SU(p) = Cx,;(Z,v|pz). If E <tx, isnot
conjugate to Z in X, then the centralizer Cx, (E,v|pg) is a p—compact group whose
Weyl group, the pointwise stabilizer of £ < Tx;, Wx; (E), has order not divisible by
p. In X;(g), we obtain:

Proposition 10.1 There is one conjugacy class of elements of order p in X;(g),
(Z, g|Bz), such that the centralizer is

Cx;)(Z.glBz) = SU(p)(q)

and contains (S, f):
BS

|
Bincl

BSU(p)(q) — BXi(q)

as Sylow p—subgroup of SU(p)(q).

If E < 1x; represents another conjugacy class of elementary abelian p—subgroups, then

-1
Cxi)(E. glBE) ~ T x Wy, (E)
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where the order of Wx; (E) is not divisible by p. Furthermore, the diagram

BTZ(p_l) Bincl BS

Bincll lf

J
BCx, (g (E, glBE) —— BXi(q)

is commutative up to homotopy, where j: BCx, ) (E, g|pe) — BXi(q) is the natural
map induced by evaluation.

Proof For Z <1x,, we have Cx,(4)(Z.glpz) = SU(p)(g) by Corollary 7.4.

If E < tx,; be another subgroup, not conjugate to Z, then the centralizer in X; is the
Clark-Ewing p—compact group BCx; (E,v|pg) >~ B(Tx; x Wx, (E))’,, and then first,
Corollary 7.4 implies that BCx,4)(E. g|pe) ~ BCx,(E,v|pg)(q), and secondly,
Theorem 9.8 gives BCx, (E,v|pg)(q) ~ B(Tep_1 x W, (E))-

Finally, we use the inclusions BE — Btx, — BS i> BX;(g) in order to compare
the centralizers of £ and tx; in S and X;(g):

BT}™' ~ BCs(rx,) = BCs(E) BS
Zifn Ja f
BCx,(g)(tx;.8) — BCx,;(¢)(E. glBE) — BXi(q).

The proof follows. O

Proposition 10.2 Fori = 12,29, 31, 34, the natural map

(34) hocolim  BCx, () = BXi(q)
F5(BXi (@)

is amod p homology equivalence.

Proof According to Theorem F the cohomology rings of BX;(g) are:
H*(BXi2(q): F3) = Plx12.x16] ® E[y11, y15],
H*(BX39(q); Fs) = P[xg, X16, X24, X40] ® E[¥7, V15, V23, V39],
H*(BX31(q); Fs) = P[x16, X24, X40, X48] ® E[V15, Y23, V39, Va7],
H*(BX34(q): F7) = P[X12.X24, X36, X438, X60, X34]

® E[y11. Y23, V35, V47, V59, V83l
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and they embed in the invariant rings H*(BX;(q):F,) € H*(B Tep_l; [Fp)G" . These
invariant rings are described in the Example 9.7. It turns out that the above inclusion is
an isomorphism if i = 29, 31, 34, but it is not surjective when i = 12.

The centralizers of elementary abelian p—subgroups of BX;(g) are described in Propo-
sition 10.1. The centralizer, Cx; (4)(E, g|BE), of an elementary abelian p—subgroup
E <tx; in X;(g) is either SU(p)(gq) or C(g) where C is a Clark-Ewing p—compact
group.

In cases i =29,31,34, H*(Cx,(q)(E. g|BE):Fp) = H*(BTx;: [FP)W(E) is satisfied
by Theorem F and Examples 9.2 and 9.3, hence we meet the conditions of Proposition
7.9 and the map (34) is a mod p homology equivalence.

In the case i = 12, Proposition 7.9 does not apply, so we will need a separate analysis.
The p-compact group X;,, p = 3, is also denoted DI,, because G, = GL(2,3)
and H*(BDI,;F3) = H*(BT?;F3)9L(23) ~ F3]x;,, x16] is the rank two Dickson
algebra at p = 3. It admits two conjugacy classes of elementary abelian p—subgroups,
one of rank one and another of rank two, hence so does BDI,(q), as well. We have
equivalences of categories

F¢(BDI) = F4(BDI(q)) = (1)

with Auty1)(0) = GL(2,3), Auty1)(1) = Ngr(2,3)(X3)/ X3 = Z/2, where the group
NGL(2,3)(X3) = X3x7Z/2, and Mory1)(1,0) = ¥3\GL(2, 3) and Mory;)(0,1) = @.
The centralizers diagram BCpp,(4) is described in the picture

ZP\GL(2,3)®

(35) z/2 CBSU(S)(q) BT} D GL(2,3)% .

The Bousfield—Kan spectral sequence
Jo 1(1_9!' HI (BCpr(g):F3) = HitJ (h(ﬁg:&l)%m BCpr,(g): F3)
1(1)
computes the cohomology of the homotopy colimit hocolimy(ye BCpp,(g)-
The computation of the £, —term follows from Proposition B.1. Since NG (2,3)(23) =

Y3 xZ/2 and H*(GL(2,3);: A) = H*(NgL(2,3)(X3); A) = H*(X3: A), for any
GL(2,3)-module A, there is an exact sequence

z/2 GL(2,3)

(36) 0— lim’H*(BCpr,(q): F3) = H*(BSU(3)(9): F3)
1(1)

@H*(BTZ; F3)

2. \EIXA/2 .
— H*(BT};F3) —lim' H*(BCp(q):F3) > 0,
1(1)
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and 1}211”(1) BCDIz(q) =0ifi7 = 2.

GL(2,3)

The invariant rings H*(BT?;F3) and H*(BT?; [F3)E3 as well as the restric-

tion

R: H*(BT2 F3) PP o o (BT ;)™

have been described in Examples 9.4 and 9.7. The cohomology of BSU(3)(g) is
identified with the subalgebra P[x4, x¢]® E[y3, ys] of H*(B Tez; F3)>3. The cokernel
of the inclusion is isomorphic to P[x¢]y4, and then the exact sequence (36) is simplified
to

P , E V11,
0 — Lim® H*(BCpp,(q):F3) — [xX12, X16] ® E[y10, Y11, V15]
<ﬂ‘(‘1) (11215 — X16Y10- Y10Y11-> Y10)15)

R z/2 .
N (P[x6]y4) / — 1<£n1 H*(BCDIZ(q); F3) — 0,
1(1)

and (P[)CG])/4)Z/2 = P[x6%](x6y4) which is in the image of R. It follows that
lg_no H*(BCpr,(q):F3) = Plx12,X16] ® E[y11. y15]
1(1)

and 1<iLni i BCpr,(g) =0if i =1, so, therefore the Bousfield-Kan spectral sequence
collapses to an isomorphism

H*(h‘ﬁ(cggm BCpr,(q):F3) = ligo H*(BCpr,(g): F3) = Plx12, X16]® E[y11. y15]:
(1)

that is, hocolimy(jy» BCpr,(q) — BG2(q) is a sharp homology decomposition at the
prime 3 and

H*(DI5(q):F3) = 1(1310 H*(BCpr,(g):F3) = P[x12,X16]® E[y11,y15]. O
(1)

Theorem 10.3 Fix g€ Z,,1# g =1mod p. Then, (S, f) is a Sylow p—subgroup
for BX;(q), the fusion system F(s ry(BX;(q)) of the space BX;(q) over the p—
subgroup (S, f) is saturated, and

(S, Fs,n(BXi(q), L¢s, 1) (BXi(q)))

is a p—local finite group with classifying space
|Ls, p)(BXi ()| ~ BXi(q) .

Proof It is a consequence of Theorem 4.5, using the Propositions 10.1 and 10.2. O

Algebraic € Geometric Topology, Volume 7 (2007)



Chevalley p—local finite groups 1881

Now, we will go deeper into the structure of the fusion system F = F(g, 1) (BX;(q)).
According to Remark 6.6 we may assume that ¢ is an integer and a prime power. We
have seen that the fusion category of elementary abelian p—subgroups is equivalent to
that of the p—compact group Xj; in particular, every elementary abelian p—subgroup
is toral; that is, F—conjugate to a subgroup of 7 K(P D If we denote Z = Z (S) the
center of S, then 10.1 BCx, (¢)(Z) = BSU(p)(q)}, = BSLp(q)’, s0, the centralizer
fusion system Cz(Z) over Cs(Z) = S coincides with the fusion system of SL,(q)
over S. Hence, we can identify S with the Sylow p—subgroup of SL,(¢g) and then
use the notation of Example 3.5. Recall from Example 3.5 that any centric radical
subgroup of S in Cr(Z) is conjugate to either S, Te(p_l)
ry¢),r=0,...,p—1.

, Or an extraspecial group

Proposition 10.4 Any centric radical subgroup of S in F = F(s r)(BX(q)) is
conjugate to one of the groups in the table:

0 Outz(Q) Conditions
T((P—l) Gi
(37) S Z/(p—DxZ/(p—-1)
I GL(p)
¢ SLy(p) if £ >1orp>3.

Proof The proof is divided in four steps, where we first determine a set of representa-
tives for centric radical subgroups of S in F, and then refine it to a minimal set of
representatives and compute their automorphisms groups in F.

Step 1 (Toral and nontoral centric radical subgroups) Tep ~! is centric in F and
Out]:(T{p _1) =~ G; is p-reduced, hence 7 ep ~! s also radical in F. No other subgroup
of Tf ~ is centric, so for any other centric and radical subgroup Q < S in F, there
is a morphism of extensions

(38) Q()HQHZ/p
7 ——>S——=12/p

where Q¢ = Tep_1 no.

We are assuming that Q is centric, hence the center Z = Z/p of S should be contained
in Qg. Butif Qo= Z,then Q=7/px7Z/p is elementary abelian and then toral in F,
hence it would not be centric. Thus Z # Qy and the center of Q is Z(Q) = Qg/ rP=z.

Algebraic € Geometric Topology, Volume 7 (2007)



1882 Carles Broto and Jesper M Mgller

In particular, every automorphism of Q restricts to an automorphism of Z, so we obtain
a homomorphism Autr(Q) — Autr(Z). The kernel is composed of automorphisms
of Q that restrict to the identity in Z; that is, automorphisms of Q in the centralizer
fusion system Cr(Z), hence we have an exact sequence

(39) 1 — Autc,(2)(Q) — Autr(Q) — Autr(Z)

where Autr(Z) <Z/p—1 lifts to Aut]:(Te(P _1)) and Autz(S) as unstable Adams
operations (the center of G;). Thus, if Q is radical in Cx(Z), then it is radical in F.

Step 2 (Nonabelian centric radical subgroups, all of which abelian characteristic
subgroups are cyclic) Assume that all abelian characteristic subgroups of Q are cyclic,
then a theorem of Hall implies that Q is the central product of an extraspecial group
I' of exponent p and a cyclic group C, where the elements or order p in C, 21(C),
coincide with the center Z(I") of I' (cf Gorenstein [35, Chapter 5, 4.9, 5.3]).

The faithful irreducible representations of the central product of an extraspecial group
I' of order p'*2” and a cyclic group of order pe over the algebraic closure of a
field of ¢ elements, (¢, p) = 1, have degree p”, and there are exactly pt~!(p —1)
inequivalent representations in this degree.

Hence, only the case r =1 can appearin GL,(g). We denote I'; the extraspecial group
of order p* and exponent p, and T the central product Z/ pk o I';. The different
irreducible faithful representations of I'y in GL,(gq) are obtained by composing with
the extension to I'; of the automorphisms of Z/p*, (Z/p¥)*. Thus, there is at most
one subgroup isomorphic to I'y in GL,(q), up to conjugation. A subgroup of GL,(q)
isomorphic to T'y is described in Example 3.4. Since Cgp,(g)(I'1) = Z(GLp(q)) =
GL(q), I'x is a subgroup of GL,(q) if and only if 7/ p¥ < GL1(q). Hence T,
{ =v,(1 —q), is the biggest one that can occur in GL,(g) (see Example 3.4).

Finally, the intersection of I'; with SL,(g), and hence, of any conjugate of I'y, is
isomorphic to 'y, and there are exactly p conjugacy classes of such subgroups I"y (§7)
(see Example 3.5). These are radical in Cx(Z), and so, therefore, they are also radical
in F.

Step 3 (Nonabelian centric radical subgroups having noncyclic abelian characteristic
subgroups) Assume now that Q contains a noncyclic abelian characteristic group. If
Q is radical in Cx(Z), then it is radical in F. Now, we assume also that Q is not
radical in Cr(Z).

We can view Q < S as subgroups of SL,(q) and GL,(q), for an appropriate prime
power ¢ such that S is the Sylow p—subgroup of SL,(g): £ =v,(1 —¢q). Write
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N = Ng Lp(q)(Q). The arguments of [4, (4A)] show that (up to conjugacy in GL,(g))
Q<NNZ/p*:z/p)< N
for some k < ¢, or, taking the intersection with SL,(q)
O<NNS,<N
where Sy = (Z/kaZ/p)ﬂSLp(q) <Sand N = NNSLp(q) = NsL,(g)(Q)- Then

Inn Q < (N N Sx)/Z(Q) < Autc,(z)(Q)

where N /Csr,(g)(Q) = Autc,(z)(Q). We will see that (N N Sg)/Z(Q) is still
normal in Autz(Q).

Assume that ¢ € Autr(Q) restricts to Z as the unstable Adams operation V%, ¢
a (p — 1)=st root of unity. If ¥/4(Q) = Q' < S, then ¥y /¥ 0¢p: 0 - Q' isa
morphism of F, that restricted to Z is trivial, hence a morphism of Cx(Z). Since,
we have assumed that Q is not radical in Cx(Z), ¥!/¢ o ¢ should be obtained as
composition of restrictions of automorphisms of centric radical subgroups of Cr(Z),
by Alperin fusion theorem [14, A.10]. This is the fusion system of SL,(q), and
the Sylow p—subgroup S itself is the only centric radical that contains Q, hence,
there is x € Autc,(z)(S) with x|g = y1/¢ 6@, hence ¢ = Y& o x| o extends to an
automorphism ¢ o x of Autz(S). Notice that Y% (S) = Sk and also x(Sk) = Sk,
hence, if g € Sy normalizes Q, we have pocgop™! = Co(g)» With @(g) € N N Sk.
This proves that we have

Inn Q < (N NSx)/Z(Q) < Autz(Q)
and since Q isradical in F, Q = Sg.

We claim that only the case S; = S is radical. First we compute the normal-
izer of Z/pk 27/p in GLy(q). The subgroup (Z/ p¥)P is a characteristic sub-
group of 7/ pk 0 Z/p, for it is the only abelian subgroup of index p, hence we
have NG, () (Z/pk27/p) < N, (q)((Z/pk)p). It is not difficult to compute that
NeL,q)((Z/ P¥)P) = GL,(¢): = p. the group of invertible matrices with only one
nontrivial entry in each line and column. By direct computation one can obtain that
NGLp(q)(Z/pk 27/ p) = GL,(q)-(Z) p* Nx,(Z/p)), where GL1(g) is identified
with the subgroup of all diagonal matrices of GL,(q); that is, the center of GL,(q).

Call Ny = NGLp(q)(Z/pk 0Z/p)NSLp(q). We have Ny = By x Ny, (Z/ p), with

B ={(z-x1,....2-xp) € GL1(q)" | xi e Z/pk, 2Pxi. xp=1}
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and Ngr,(q)(Sk) = Ni. Notice that, when k < £, S has index p in the Sylow
p—subgroup Bj xZ/p, and this is normal in Ng, hence only S = S, is radical in

SLp(q)-

The centralizer of S in SLp(q) is Csr,(q)(Sk) = Z = Z/p. So Autc,(z)(Sk) =
Autsy (q)(Sk) = Ni/Z. (Br/Z) xZ/ p is normal in Ny /Z, and, since the Adams
operations %, ¢ a (p — 1)—st root of unity, act internally in By, (By/Z)XZ/p is
also normal in Autz(Sy)

Inn Sg = Si/Z/p < (B /Z/p) X Z]p < Autg(Sk)

thus, Sy is radical in the fusion system F if and only if k = £; that is, only the case
S = S isradical. In this case we have obtained Autr(S) = Ny/Z xZ/(p—1), where
Z/(p —1) on the right is generated by the Adams operations of exponent a primitive
(p — 1)—st root of unity, and Out(S) =Z/(p—1)xZ/(p —1), given by the Adams
operations and Nx,(Z/p)/Z/p.

Step 4 (Minimal set of representatives and automorphism groups) It remains to check
which of those are F—conjugate to one of the others in the list and also to compute
their F—automorphisms.

For Q = S the restriction Auty(Q) — Autg(Z) is split because unstable Adams
operations extend to S. Moreover, since they are realized by the center of G;, the
JF —automorphisms of S are given by conjugation in the normalizer Ny ; of the maximal

finite torus T, e(p ~D We have seen already that the same is true for Q = Tz(p -,

Finally, we analyze the case Q =T"1(§7), r =0,..., p—1. Assume that ¢ € Autx(Q)
and that the restriction to the center Z is the unstable Adams operation Z . This extends
to an F—automorphism of S. Write Q' = ¥?(Q). Then x = yZoe: 0 — ¢’
is a homomorphism of F that restricts to the identity in Z, hence it belongs to the
centralizer fusion system Cz(Z). In other words, every automorphism ¢ € Autr(Q)
is the composite of an isomorphism x: Q — Q' of Cx(Z) and a unstable Adams
operation .

It is then enough to compute the effect of unstable Adams operations on the family of
subgroups I'; (7). Tt turns out that unstable Adams operations restrict to automorphisms
of I'; = T'1(£°) so that Outz(I'y) = GL,(q), while, for p >3 or £ > 1, they conjugate
I'1(§") forr =1,..., p—1 to each other and Outr(I";(§) = SLy(q). |

Corollary 10.5 The fusion system of BX;(q) is
Fs,n(BXi(q) = (Fn,;(S); Fr(GL2(p)), Fr ) (SL2(p)) ) ,
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for p>3orf>1,and Fs, ) (BX12(9)) = (FN“.(S); Fr,(GL2(p))), for p =3
and { =1, where Ny ; = in(q)(Te(p_l)) >~ Tz(p_l) xG;.

Proof It is a consequence of Proposition 10.4 and Alperin’s fusion theorem for
saturated fusion systems (see Section 3). O

We end this section with a case by case study in order to determine which spaces BX;(q)
are p—completed classifying spaces of finite groups and which cases correspond to
exotic examples of p—local finite groups.

As we shall see, S contains no proper strongly closed subgroups in = F g, r)(BX;(q))
and so, according to [14, 9.2], if F is the p—completed classifying space of a finite
group, this group is almost simple.

In fact, a strongly closed subgroup of S in F is a normal subgroup P of S such that
no element of P is F—conjugate to any element in S\ P. Now, if P is nontrivial
it contains at least an element of order p, and this is F—conjugate to an element of
order p in T E(p -, Now, the maximal elementary abelian p—subgroup ¢ of 7/ e(p -
turns out to be an irreducible G;—module, hence ¢ C P and since the cycle of order p
generating S/ 7, e(p AT conjugate to an element of ¢, the extension of 7 by this cycle

isin P. Thus we have a diagram of extensions

Pr P Z/p

|

TZ(P_I) SEEN S Z/p

where t < Pr = PNT.Now S/P =T, L,(p - / Pt is abelian. The abelianization of
S isseentobe Z/p x7Z/p, and then we obtain that Te(p -b / Pr is either trivial or
has order p. It follows that all elements of order up to pé_1 of T e(p - belong to Pr.
Taking the quotient by this subgroup we obtain an inclusion of G;—modules

Pr=1Y,

but again, this last is an irreducible G;-module, hence
Pr=17",

and then P = S.

Example 10.6 BXj,9(g) at p = 5 and BX34(q) at p = 7 are classifying spaces
of exotic p-local finite groups. We have seen that the Sylow subgroup does not
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contain any proper strongly closed subgroup in F (g, r)(BX;(q)), hence if this is the p—
completed classifying space of a finite group G, then G is almost simple [14, Lemma
9.2]. A complete list of almost simple groups with a Sylow subgroup isomorphic to
S is provided by [14, Proposition 9.5]. No group in the list contains G,9 or G34 as
) induced by conjugation in the group. Hence X,9(g) at
p =5 and X34(q) at p =7 are exotic.

automorphisms of Te(p -

Example 10.7 BXj,(q) at p = 3 is the 3—completed classifying space of a twisted
Chevalley group of type F4. More precisely, BXi1,(q) = B(2F4(23£_1))§\ where
L=vi(g*—1).

The 3—completed classifying space of the twisted Chevalley group 2F4(22"*1) can
be described at p = 3 as B(3F4(22"T1)) ~ BF%, for a = ¢ o Y, where ¢ is
the Friedlander’s exceptional isogeny of F4 [32]. ¢ has the effect of reflecting the
Dynkin diagram of F, by sending the short roots to the long roots and the long
roots to 2 times short roots. Furthermore, ¢2 ~ 12, and then we can choose ¢ a
square root of —2 in Z3 such that § = ¢ o wl/ ¢ is a self equivalence of BF, at
p =3 of order two and 2"¢ = 1 mod 3. We can write & = o 2", and then by
Proposition 6.2, BF® ~ (BF,)"#(2"¢). In [16] it is shown that (BF4)"? ~ BX,,
hence BX15(2"¢) =~ B(*F4(2*"*1))}. Since ¥~' belongs to the Weyl group of
X12, BX12(q) ~ BX12(—¢q), and then according to Theorem E, the homotopy type
of BX;,(£q) does only depend on £ = v3(¢% — 1), thus, if we choose n with £ =
v3(g% — 1) = v3(1 = 2"¢) = v3(1 + 22" *1), then we have

BX12(q) ~ BX15(2"¢) = BCF,(2*"1))% .

In particular, BX;,(q) >~ B(2F4(23£_1))g\. The local structure of 2F,(22"+1), also

called Ree groups of characteristic two, was studied by Malle [43].

Example 10.8 For any 5-adic unit, ¢ € Z%, BX31(q) at p =5 is the 5S—completed
classifying space of a Chevalley group of type Eg, namely, BX31(q) ~ BEjg (22m+1)g‘
if vs(g* —1) = vs(1 4 24mF2).

Let i = +/—1 be a primitive 4th root of unity. Since ¥ belongs to the Weyl group
of X31, we can assume that ¢ = 1 mod 5 for otherwise we can multiply ¢ by an
appropriate power of i and still have BX3(q) ~ BX31(i"¢). Moreover, according to
Theorem E, the homotopy type of BX3;(g) will only depend on £ = vs(g* —1).

We fix a prime power go with go =42 mod 5 and £ = vs(Figo—1) = vs(go*—1) =
vs5(qo2 + 1), where we choose +i or —i in order that the equality makes sense.
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We can write qo =i-(—i-qq), where now —i-go = =41 mod p. Since ¥ ~! belongs to the
Weyl group of Eg, we can apply Proposition 6.2 and get BEg(qo) >~ (BE 8)}”/" (—iqo).
Now we have seen in Section A.12(2), that (BE 8)}””’ ~ BXj31, so, therefore

BEg(q0) >~ BX31(—iqo) =~ BX31(qo) .
and this last is homotopy equivalent to BX3(g) by our choice of ¢o with vs(go*—1) =
vs(g*—1).
Similar considerations can be made, more generally, at any prime p such that p =1 mod

4; that is, any prime at which X3; can be defined, and then obtain that BEg(qo) =~
BX31(qo) for a prime power go with o2 +1=0mod p.

The local structure of Eg(q) was described in [41].

Remark 10.9 One can easily obtain natural maps BX;(¢?") — BX; (qP"+l), that at

the level of maximal finite tori induce inclusions Te f;l < Tz(f:;il , and then obtain

that the p—compact group X; can be reconstructed by means of a telescope construction
BX; ~ hocolim BX;(¢”").
n

In particular, we may obtain the p—compact groups BX;, (at p = 3) and BX3; (at
p = 5) as telescopes

BX, = hocolim BX;,(4>") = hocolim B(2F4(2*"))

BX3; = hocolim BX3;(16%") = hocolim BE5(2%")

of p—completed classifying spaces of finite Chevalley groups.

11 Chevalley p-local finite groups from generalized Grass-
mannians

We discuss here the Chevalley p-local finite groups of type X(m,r,n). Let p be
an odd prime, m > 1, r > 1, and n > 1 with r|m|(p — 1). The simply connected
polynomial irreducible p—compact group X(m, r, n) has Weyl group G(m, r,n) (see
Section 2) and its cohomology is the invariant ring

H*(BX(m,r,n);Fp) = H*(BT (X(m,r,n)); [Fp)G(m’r’”) >~ P[X1,...,Xp—1,€]
with deg(x;) = 2mi and deg(e) = 2% See Quillen [61], Notbohm [58] and Mgller

r
[53] for the construction of these spaces. We are here interested in the associated
spaces BX(m, r,n)(q) defined by the pullback diagram (22) with a = ¥4 where ¢ is

a p-adic unit.
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Remark 11.1 Many cases already appear in the literature; see Fiedorowicz and Priddy
[31], Friedlander [34] and Quillen [61]. We can extract the following equivalences, up
to p—completion, for a prime power ¢, prime to p:

(1) BSUm+1)(q) ~ BSLu+1(q).

(2) BU(n)(q) ~ BX(1,1,n)(¢q) ~ BGLx(q).

(3) BX(m,1,n)(q) ~ BGLyux(q).

4) BX(2.2,n)(q) ~ BSO(2n)(q) ~ BSO; (¢).

By Remark 6.6, we have that, also for any p-adic unit ¢, the spaces BSU(n + 1)(gq),
BX(m, 1,n)(q) and BX(2,2,n)(q) are homotopy equivalent to classifying spaces of
finite groups, up to p—completion.

These also include the cases BX(m,2,n)(q), that can be reduced to BX(2,2,n)(q’)
using Propositions A.10 and 6.2, so they are also equivalent, up to p—completion, to
classifying spaces of orthogonal groups over finite fields.

The above observations will be used as the starting point of the induction arguments
that we will develop in the rest of this section in order to study the structure of
BX(m,r,n)(q), for ¢ =1 mod p, g # 1, and general values of m, r, and n.

Fix ¢ =1 mod p, g # 1. The p—compact groups X(m, r, n) are polynomial, hence
Proposition 7.5 and Proposition 7.6 apply. The maximal elementary abelian p—subgroup
of X(m,r,n), (tx,v), factors as a p—subgroup, (tx, g), of X(m,r,n)(q), and the
maximal finite torus of X(m, r,n)(q) is

BT} ~ BCx(m,rn)(q)(tx - &)

where £ = vy(g — 1). The Weyl group is Wxgm,rn)(q)(T}') = G(m,r,n), and the
extension Nx(m,r,n)(q)(T}') = T} x G(m, r,n) sits in the maximal torus normalizer of
X(m, r, n), making the following diagram homotopy commutative:

BNX(mrran)(q)(TKn) - BNX(m,r,n)(Tn)

| |

L

BX(m,r,n)(q) BX(m,r,n).
Corollary 7.7 implies that the functor
(40) : Fo(X(m, r.n)(q)) = Fo(X(m, r.n))

is an equivalence of categories. The next result is a description of the centralizers of
elementary abelian p—subgroups.

Algebraic € Geometric Topology, Volume 7 (2007)



Chevalley p—local finite groups 1889

Proposition 11.2 [53, 7.11] Let p be an odd prime, m > 1, r > 1, n > 1 with
rlm|(p—1),and g =1 mod p, g # 1. Then

(1) any elementary abelian p—subgroup h: BE — BX(m, r,n)(q), factors through
the maximal finite torus, and

(2) for any subgroup E <1ix < T/, the centralizer of (E, g|gg) in X(m, r,n)(q),

BCx(m,rn)q)(E. glBE) = BX(m,r,ng)(q) x BU(n)(gq) x---x BU(ns)(q) ,

n=ng+ny +---+ng, is determined by the pointwise stabilizer of E < T/ in
the Weyl group G(m,r,n), G(m,r,n)(E) = G(m,r,ng) X Xp, X+ X Xy, .

Proof All elementary abelian p-subgroups of X(m, r, n) are toral, hence the same
is true for X(m, r,n)(q) by the equivalence (40). If E < tx, by Corollary 7.4, the
restriction of ¥/ to the centralizer of (E, g|pE),is ¥ again, ¥¥|cy o) (E.glpE) =
¥4, and
BCX(m,r,n)(q)(E7 glBE) >~ BCX(m,r,n) (E,v|Be)(q) -

The centralizers Cx(m,r,n)(E, V| BE) are known to be connected p—compact groups of
maximal rank, with Weyl group G(m, r,ng) x X, x---x X, the pointwise stabilizer
of E in T" by the action of the Weyl group G(m, r,n):

BCx(n,rm(E,v|BE) = BX(m,r,n9) x BU(ny) X ---x BU(ny) ,

thus, BCx(m,rm) (E.v|BE)(q) = BX(m,r.n0)(q) x BU(n1)(q) x---x BU(ns)(q)

contains the same maximal finite torus 7' as X(m,r,n)(q), £ = vp(g — 1), n =
no+ny+---+ng and the Weyl group is G(m, r,ng) X Xy, X---x X, (see Proposition
7.5 and Proposition 7.6). O

Proposition 11.3 Let p be an odd prime, m > 1, r > 1, n>1 with r|m|(p—1), and
g =1 mod p, g # 1. The natural map

hocolim BC — s BX(m.r.n
F§(X(m,r,n)(g))°P X(m,r,n)(q) ( )(Q)

is amod p homology equivalence.

Proof According to Theorem F and Example 9.5,

H*(BX(m, r,n)(q); Fp) = H*(BT]'; F,)C0mr:m
>~ Plxy,....xp—1.¢] E[y1, ..., Yu—1,u]

2mn
r

2mn
mn |,

with deg(x;) = 2mi, deg(e) = , deg(yi) =2mi — 1, and deg(u) =
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Since this is true for all values of m, r, n, we obtain from Proposition 11.2 that also,
for every elementary abelian p—subgroup E < tx,

H*(BCx(m,rn)q)(E. g BE): Fp) = H* (BT} ) mrmE)

where G(m, r,n)(E) is the pointwise stabilizer of E in T}, by the action of the Weyl
group G(m, r,n). So, then the result follows from Proposition 7.9. a

Fix a Sylow p-subgroup of Nx(m,rn)(q)(T})s Sne = Z/pt Sy, where S, is the
Sylow p—subgroup of the symmetric group X,. Call f the composition BS, ; —
BNx(m,rn)q)(T}') — BX(m, r,n)(q). Thus the group (Sy,¢, /) is a p—subgroup of
BX(m,r,n)(q).

We will denote by

F(m,r.n.q) = Fs, ) BX(m,r.n)(q))

the fusion system of BX(m,r,n)(q) over (S, ¢, /) and by

C(m, ron,q)= [’(Sn!g,f)(BX(m’ r, n)(q)) ’

the associated centric linking system. Recall that the underlying category of the system
F(m,r,n,q) is equivalent to F,(BX(m,n,r)(q)).

Theorem 11.4 If g is a p—adic unit such thatq=1mod p, q #1,and L =v,(1—q),
then (Sp ¢, /) is a Sylow p—subgroup for BX(m,r,n)(q) and

(Spe. F(m,r,n,q), L(m,r,n,q))
is a p—local finite group with classifying space

|L(m,r,n,q)|y ~ BX(m,r,n)(q).

Proof We proceed by induction on 7, the p-rank of X(m,r,n)(q). For n < p,
X(m,r,n) is a Clark-Ewing p-compact group, and then X(m,r,n)(gq) is the p—
completed classifying space of a finite group (see Theorem 9.8). Also, for BX (1, 1,n) >~
BU(n)’;, Remark 11.1 characterizes BX(1,1,n)(q) as p—completed classifying
spaces of finite groups. In all that cases, the conclusion of the theorem is clearly
satisfied (see Section 3).

Assume that 7 is large and that the theorem holds for every ny < n. That is, for every
ng < n, the space BX(m, r,ng)(q) is the classifying space of the p—local finite group
(Sno,e- F(m,r,ng,q), L(m,r,ng,q)). The result about BX(m,r,n)(q) will follow
from Theorem 4.5. We will show that the space BX(m, r,n)(¢) and its p—subgroup
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(Sn,¢, /') meet the conditions of Theorem 4.5. Condition (1) of Theorem 4.5 is satisfied
by Proposition 7.1.

Condition (2a) of Theorem 4.5 amounts to show that if £ < ¢y, then the centralizer
BCx(m,r.n)(q)(E. g BE) is the classifying space of a p—local finite group. This follows
by the induction hypothesis. In fact, by Proposition 11.2, there is a homotopy equiv-
alence BCx(n,r.ny(q) (E- &|E) = BX(m.r.n0)(q) x BU(n1)(q) % -+ x BU(n,)(q).
for n =nog+n1 +...ns, anontrivial decomposition of # into positive summands, and
by the induction hypothesis and [14, 1.4] this is the classifying space of the p—local
finite group defined as the product

(Sno,e»]:(ma’”,”0’61)»5(””»”’”0,51))
X(Snl’g,]-"(l,l,nl,q),ﬁ(l,l,nl,q))x~--><(S,,“g,]:(l,l,ns,q),ﬁ(l,l,ns,q)).

Condition (2b) of Theorem 4.5 establishes that Sylow p—subgroups of centralizers
of elementary abelian subgroups of BX(m,r,n)(q) factor through (S, ¢, f). This is
proved by reducing the question to unitary groups, obtained as centralizers of the center
of Sn, l-

Let Z = 7/ p denote the diagonal elements of order p in T} = (Z/ pHn < Sp,¢- Then,
the pointwise stabilizer of Z in Te” by the action of G(m, r,n) is ¥, and therefore,
according to Proposition 11.2, BCex(m,rn)(q)(Z.&|lBz) = BU(n)(q).

By naturality of the construction of the normalizer of the maximal finite torus, we
obtain a diagram

BNy(my(g) (1)) —= BNx(m,r.m)(q)(T¢")

L

BUm)(g) — " BX(m.r.n)(q)
hence a factorization of (S, ¢, f):
41 BS, ¢
Bjn

Choose any other subgroup E <1y < S, . Assume that the pointwise stabilizer of £
in 7} by the action of G(m, r,n) is G(m,r,n)(E) = G(m,r,ng) X Xp, X -+ X Xy
Define E' = Z - E < ty, then the pointwise stabilizer of E’ will be G(m,r,n)(E’) =
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Ypo X Xpy X+--x Xy . The inclusions £ < E > Z induce a commutative diagram of
centralizers

Bj;
(42) BCx(m.rnyq)(E’. gl BE") —= BCx(m,r.n)(q)(E. &|BE)

| |

Bj”l
BCxn,rnyq)(Z.8lBZ) BX(m,r,n)(q) .

Now,

BCx(m,rn)(q)(E. &l BE) =~ BX(m.r.n0)(q) x BU(n1)(q) x---x BU(ns)(q)

with Sylow p-subgroup S, ¢ x---Xx S, ¢ while

BCx(m.ryq)(E'. gl BE") >~ BU(no)(q) x BU(n1)(q) % ---x BU(ns5)(q),
and from the above discussion we have a factorization
(43)
B(Sng,e X+ X Sp,.0) BU(no)(q) x BU(n1)(q) x---x BU(ns)(q)

\ lBj,f:Bjnoxlx-nxl

BX(m,r.no)(q) x BU(n1)(q) x---x BU(ns)(q) -

Diagrams (41), (42), and (43) provide a homotopy commutative diagram

/“—\%
B(Spg,e X+ xS, ) —> BCx(m,rn)(q)(E'. 81BE") —= BCx(m,r,n)(q)(E. €| BE)

| o

Jn
BSy. BCx(m,rnyq)(Z.21BZ) BX(m,r,n)(q)

where the existence of the homomorphism p: S, ¢ X -+ x Sy, ¢ — S, ¢ making
homotopy commutative the left square is obtained because S, ¢ is a Sylow p—subgroup

of U(n)(q)-

We have proved that BX(m, r,n)(¢q) and (S, ¢, /) satisfy the conditions (1) and (2) of
Theorem 4.5, and therefore, that (S, ¢, /) is a Sylow p-subgroup of BX(m,r,n)(q)
and (S, ¢, F(m,r,n,q), L(m,r,n,q)) isa p-local finite group.

Finally, BX(m, r,n)(q) is the classifying space |L(m,r,n, q)|1§ according to Proposi-
tion 11.3 and Theorem 4.5. |

Algebraic € Geometric Topology, Volume 7 (2007)



Chevalley p—local finite groups 1893

Proposition 11.5 For g = 1 mod p, g # 1, X(m, r,n)(q) is a exotic p—local finite
groupifr>2,n>p.

Notice that in the above hypothesis r|(p — 1), thus r > 2 can only occur with p > 5,
so that we are implicitly assuming also that p > 5.

Proof We will first reduce the question to the rank p—case. Then we classify the
centric radical subgroups in the fusion system of BX(m, r, p)(¢) and show that they
coincide with the p—local finite groups of [14, Example 9.4].

There is an elementary abelian p—subgroup E <ty , in X(m,r,n)(q), of rank n — p
such that

Cx(m,rm)(q) (E g1BE) = X(m, 1, p)(q) x U() ()"
(see Proposition 11.2). If we assume that there is a finite group G such that BG;\ i~
BX(m,r,n)(q), then the map Bg|gg: BE — BX(m,r,n)(q) ~ BGI’)\ is induced by
a homomorphism ¢: £ — G, and

BCg(p(E)), ~ BX(m.r, p)(q) x BU(1) ()" 7.

Since BU(1))(q) ~ B7Z/ p*, the projection BCg (p(E)), — BU(1);(g)" P is the
p—completion of the map induced by a homomorphism p: Cg(@(E)) — (Z/p*)"~P.
It has a section, also induced by a homomorphisms o: (Z/ p%)"~? — Cg(¢(E)), hence
p is an epimorphism. Therefore, we have a short exact sequence Ker p — Cg(¢(E)) —
(Z/ p“)"~P and an induced fibration B(Ker p)p = BCG(p(E))y — B(Z/ptHr—>,
from which we obtain an equivalence B(Ker ,0); ~ BX(m,r, p)(q). This reduces the
question to showing that X(m, r, p)(g) is an exotic p-local finite group.

We will show now that X(m, r, p)(gq) coincide with the p-local finite groups con-
structed in [14, Example 9.4] in purely algebraic terms. For this aim we will need to
describe the centric and radical p—subgroups of X(m, r, p)(q).

Recall that Tep ~ (Z/ pe)p is the maximal finite torus of X(m,r, p)(gq) with Weyl
group G(m,r, p) and they form a split extension

Tep — NX(m,r,p)(q)(Tep) — G(m,r, p)

that contains S, ¢ = T, Zp XZ/p < Nxgn,r, p)(q)(Tf ), which is a Sylow p—subgroup
of X(m,r, p)(q). For simplicity we will denote F = F(m,r, p,q), the fusion system
of BX(m, r, p)(q) over (Spz, f).

The center of the Sylow p—subgroup is Z(S,¢) = Z/ pt embedded diagonally in
Tep , and, if we write Z(tx) for the elements of order p in Z(S, ¢), then we obtain
BCX(m,r,p)(q) (Z(Sp’g) ~ BCX(m,r,p)(q) (Z([X)) ~ BU(p)g(q) (see PI”OpOSitiOIl 11.2).
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We also know (see Remark 11.1) that BU( p)g(q) ~ BGL, (6]0)2 for a prime power
go with £ = v,(1 —q) = vp(1 —qp), hence we conclude that the centralizer fusion
system Cr(Z(S,¢)) coincides with the fusion system of GLy(qo), that has been
described in Example 3.4.

The Sylow p-subgroup S, ¢ is clearly centric and radical. T, ep is centric and we have
Out]:(sz ) = G(m,r, p) hence it is also radical (p > 5). Proper subgroups of sz
are not centric, so we will look at subgroups Q < S, ¢ not contained in Tep .such a
subgroup fits in an extension

Qo 0 Z/p

L

T/} Sp.e Z/p

where Qo = Q N T}, and since Q is centric, Z(S, ¢) < Qo. It turns out that this is
actually a characteristic subgroup of Q, Hence there is an exact sequence of groups:

1 = Autc,(z(s,.0))(Q) = Autr(Q) — Autz(Z(Sy0))

where Autr(Z(S) ¢)) = Z/(m/r) is given by the action of the Adams operations of
exponents a (m/r)—th root of unity.

Assume that Q is abelian. Then Q¢ = Z(S, ) and Q is either Z/p x Z(S,4) or
cyclic Z/ ptt1. In the first case, Q is F —conjugate to a subgroup of 77, hence it is
not centric while in the second case, it is conjugate to the group Uy described in
Example 3.4. Adams operations do not act internally in Uy 1, hence Outr(Upyq) =
Outc,(z(S,.¢)(Ue+1) = Z/ p and then Uy is not radical in F.

Assume that Q is nonabelian. The same arguments as in Corollary 10.5 show that Q
is either S, ¢ or I'y, and both are radical in Cx(Z(S) ¢)). Thus we obtain that they
complete the list of conjugacy classes of centric radical subgroups of S, ¢ in F.

In order to complete the picture it remains to compute the F—automorphisms of ['y.
We have Outc,(z(s, ,))(I'e) = SLa(p). Now, the Adams operations act internally in
I’y and we get Outr(I'y) = SLo(p).(m/7).

By Alperin’s fusion theorem, a fusion system over .S is generated by the automorphisms
of its fully normalized centric radical subgroups in S. Since in our case all the
automorphisms of 7’ ep are induced by conjugation in Nx(.r, p)(g) (7 ep ), we can write

Fm. 1, 0. 0) = F Ny v mriar @) (Sp,0): FT, (SLa(p).(m/ 1))

(see Section 3) but this is precisely the definition of the fusion systems in [14, Exam-
ple 9.4]. a
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The cases BX(m,r,n)(g) with r = 1,2 or n < p, are homotopy equivalent to p—
completed classifying spaces of finite groups according to Theorem 9.8 and Remark
11.1.

Appendix A Recognition of homotopy fixed point p-
compact groups

The objective of this appendix is to obtain a recognition principle for the homotopy fixed
point p—compact group BX hG where p is an odd prime, X a connected p-—compact
group, G a finite group of order prime to p, and p: G — Out(X) and outer action.

Let N — X be the maximal torus normalizer for the p—compact group X . The short
exact sequence of topological monoids

BZ(N) =aut(BN); — aut(BN) — Out(N)
induces a fibration sequence
B?Z(N) — Baut(BN) — BOut(N)

which shows that equivalence classes of fibrations over BG with fiber BN is in
one-to-one correspondence with

[BG, BOut(N)] = Hom(G, Out(N)).

Also, we know from Theorem B that equivalence classes of fibrations over BG with
fiber BX is in one-to-one correspondence with

[BG, BOut(X)] = Hom(G, Out(X)) .

However, Out(X) = Out(N) [53; 7] and therefore there is a bijective correspondence
between fibrations with fiber BX over BG and fibrations with fiber BN over BG.
We shall now make this correspondence more explicit.

Define the group-like topological monoid aut(B;) to be the submonoid of aut(BN) x
aut(BX) consisting of all pairs (a, b) € aut(BN) x aut(BX) such that the following
diagram commutes.

BN —~= BN

w| |m

BXT>BX
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Lemma A.1 Assume that p is odd. The forgetful homomorphisms
aut(BN)<——aut(Bj)——aut(BX)

are homotopy equivalences.

Proof The group homomorphisms g aut(BN) < mgaut(Bj) — mgaut(BX) are
injective because X has N —determined automorphisms [53; 7]. The group homomor-
phism to the left is surjective because X is N —determined and the one to the right
is surjective because any self-homotopy equivalence of BX lifts to a self-homotopy
equivalence of BN [51, Section 3]. The identity components fit into a map of fibrations
[26, 11.10]

autgy (Bj); — aut(Bj); aut(BX),

| h

autpy (Bj); — aut(BN); — Map(BN, BX) p;

where the right vertical map, defined by composition with Bj, is a homotopy equiv-
alence [26, 7.5, 1.3; 25, 9.1; 51, 3.4]. The fiber, consisting of the space of maps
BN — BN over BX and vertically homotopic to the identity map of BN, is (one
component) of the space (X/N )"V which is contractible [50, 5.1]. |

Thus we have bijections
[B, Baut(BN)] =[B, Baut(Bj)] = [B, Baut(BX)]
for any space B and this means BN —fibrations and BX —fibrations over B are in

bijective correspondence.

Proposition A.2 Let X be a connected p—compact group with maximal torus nor-
malizer N — X . If G is a finite group of order prime to p, then any outer action
p: G — Out(X), lifts to a unique G —action on BX and unique G —action on BN .
Moreover, these actions make the map BN — BX G —equivariant; that is, the diagram

BN —— BNy — BG

|

BX — BXy¢ — BG

is homotopy commutative.
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Proof Let us say that our input is an outer action
(44) p: G — Out(X) = W\Ngr ) (W) = Out(N)

of the finite group G on X and N. By Theorem B, p lifts to a unique action of G
on BX, and by Lemma A.1 the same is true for BN . In particular, p determines a
unique map, up to homotopy,

Bp: BG —> Baut(Bj)
inducing p on fundamental groups.

Over Baut(Bj) there are two related fibrations

BNp aw(Bj) BXpau(B))

o~

Baut(Bj)

with fiber BN and BX, respectively. Pull back these two related fibrations along the
map Bp to obtain the commutative diagram of the proposition. a

Next, we need to lift the action of G on BN and BX to an action on the loop spaces
N and X (see Definition 5.3), such that the inclusion N — X is still equivariant.

Lemma 5.1 applies to show that the fibration BX — BXjg — BG admits a section,
unique up to vertical homotopy, when X is connected; that is, there is a unique lifting
of the action on BX to an action on X. However, BN is not simply connected as
w1 (BN) = W and then Lemma 5.1 ensures neither the existence nor the uniqueness
of a lifting of the action of G on BN to an action of G on N . Instead, it leads to the
next description of the possible actions.

Proposition A.3 If a finite group G of order prime to p acts on BN with outer action
p: G— WA\Ngrr)(W)=Out(N), then there are natural one-to-one correspondences
between the sets:

(1) 7o(BN"Y),
(2) W —conjugacy classes of lifts in the diagram

Ner)(W)

.

G —p> WANGLw)(W).
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If these sets are nonempty, then they are also in one-to-one correspondence with
HY (G W).

Proof An action of G on BN is by definition a fibration

(45) BN — BNyg — BG ,

and according to Proposition A.2 this action of G on BN is uniquely determined by
p.

Next, we map 7o(BN"%) directly to the set (2). Let ¢: BG — Baut(BN) be a
classifying map for the fibration (45). Thus, ¢ extends to a map of fibrations

BNy BG

| lB”

BN —— Bauty(BN) —— Baut(BN)

BN

into the universal BN —fibration. Here, aut«(BN) is the topological monoid of based
self-homotopy equivalences of BN . On the level of fundamental groups we get an
induced morphism

(46) W —— 70(Npg) G

| |

W — NgorL)y(W) — W\Ngr)(W)

of group extensions. Here we use the short exact sequence from [49, 5.2] in combination
with the vanishing results from [5, 3.3].

We have seen (Lemma 5.1) that the existence of an action of G on N lifting the action
on BN is equivalent to the existence of a section of the exact sequence on the top row
of (46), and the diagram shows that this is equivalent to the existence of a lifting of p to
a homomorphism o: G — Ngp,(r)(W). This gives the bijection between o(BN hG)
and the set (2).

Finally, if these sets are nonempty, then obstruction theory as in Lemma 5.1 shows that
they are in one-to-one correspondence with the set H!(G; W)= H'(G;n;(BN)). O

Proposition A.4 Let X be a connected p—compact group with Weyl group W and
maximal torus normalizer N — X . If G is a finite group of order prime to p and

p: G = Out(X) =~ W\NGL(L)(W)
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is an outer action, then p lifts to a unique action of G on X, and each lift
0. G— NGL(L)(W)

determines a unique action of G on N such that the inclusion N — X is G —equivariant.

Proof The first part was proved in Proposition A.2. According to Proposition A.3, the
actions of G on N that lift the given outer action are in one-to-one correspondence
with lifts of p to Ngp(r)(W). If we view one of these actions as a sectioned fibration

BN —— BN —= BG

it clearly induces an action on X that makes N — X equivariant:

BNy BXjq

\BG./7

The proposition follows because there is only one action of G on X inducing p. O

Proposition A.5 Let p be an odd prime and G a finite group of order prime to p.
Assume that G acts on the connected p—compact group X and that

p: G — Ngr)(W)

is a lift of the given outer action. Suppose Y is a connected p—compact group that
satisfies the following conditions:

(1) wre contains a subgroup W, complementary to the kernel of the map wro
GL(LPY), such that (W,L(X)P%) is a Zp-reflection group isomorphic to
(W), L(Y)).

(2) QH*(BY:Qp) = QH*(BX: Q).
Then BY = BXhC

Proof By the classification theorem for p—compact groups at odd primes [53; 7],
it suffices [52, 1.2] to find an map BN (Y) — BX hG that induces an isomorphism
on H*(—;Qp) and restricts to monomorphism on the p—normalizer N,(Y),isa p—
monomorphism. The homomorphism p corresponds (Proposition A.4) to compatible
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G-actions BG — BN(X)pg — BXpg on N(X) and X. Taking homotopy fixed
points we obtain a commutative diagram of loop space morphisms

N(X)hG —> yhG

L

N(X) X

which shows that NV (X )hG — Xh0 s a p—monomorphism. Since the discrete ap-
proximation to N(X), N(X )2G and N(Y) are semidirect products [5], there is a
p-monomorphism N(Y) — N(X)"G for W(Y) is a subgroup WPC = 7o N(X)"C
by the first condition. By the second condition, H*(BY;Q,) = H*(BN(Y); Q,) and
H*(BXhY; Qp) are abstractly isomorphic graded vector spaces. Therefore, ¥ and
X "G have the same rank [25, 5.9] so that T(Y)— N(X)hG — X "9 is a maximal torus
and H*(BX"%;Q,) — H*(BN(Y);Q,) is injective [25, 9.7], hence bijective. O

A special case arises when G acts through unstable Adams operations so that the
action mpp: G — Out(N) — Out(W) is trivial. Then the image of G in Out(N) =
WANGL)(W) is contained in the subgroup Z(W)\Cgr(r)(W) [53, 3.16] and we
have a morphism

7o (NiG) G

| pr

W —— W.Cory(W) ——= Z(W)\Cqrr)(W)

w

of group extensions. The possible extensions occurring in the upper line, realizing the
trivial action G — Out(W), are classified by H?(G; Z(W)); they are all isomorphic
to

W—>ZWN\DxW)—>G

for some central extension Z(W) — D — G [42, IV.Section 8]. If Z(W) is trivial,
7o(Npg) = G x W and HY(G; W) = Rep(G, W).

Assume that G = C, is a cyclic group of order r, and the outer action of G on X,
p: C, — Out(X), is given by an Adams operation p(1) = ¥*, where A € Z; is a
p—adic unit of order r|(p —1). We can lift y* € Z(W)\CqL(r)(W) to an element
¢ € Cor(r)(W), such that " € Z(W). If there is a choice of { with {" =1, then
pA = ¢ provides a lifting of p.

Assume, otherwise, that {” has order s in Z(W). Since p is odd, Z(W) has order
prime to p, hence s is prime to p. Now, even if there is no lift of the action of C,
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on X to an action on N, we can reduce the problem by extending the action of C, to
an action of Cs, on X determined by p/(A) = y* € Z(W)\CqL(r)(W) C Out(X),
that now admits the lift p’(A) = ¢. Notice that Cs = (A") acts trivially on X, so that
BXhCs ~ Bx , and then BX hCsr ~ BxhCr , so we can still determine BX hCy by
analyzing the equivariant action of Cg, on N and X .

Notice also, that if W is irreducible, then Cgr,(r)(W) consists of diagonal matrices
and therefore ¢ is an Adams operation.

Corollary A.6 Let A € Z; be a p-adic unit of order r|(p —1). Consider the outer
action p: C, = (L) — W\ Ngr(r)(W) through unstable Adams operations given by
p(A) = ¥*. Then, if p admits a lift p: C, — NGr(r)(W), then all possible lifts are
parameterized by H'(C,; W) = Rep(C,, W), the set of conjugacy classes of order r
elements w of W, and

(WPCr [ LPCry = (Cpr(w), L))

for the lift p(A) = Aw corresponding to w .

Proof The lifts
W.Cer( L)(W)
7

C, = (A)/—p> ZWN\CgL)(W)

are given by p(A) = wy* where w € W is any element of order r. O

We next apply the recognition principle Corollary A.6 in some concrete cases.

A.7 The three infinite families

We identify the fixed point p—compact groups for the actions of finite cyclic groups
of order prime to p through unstable Adams operations on the p—compact groups of
the three infinite families of irreducible p—compact groups, namely the projective or
special unitary groups, the generalized Grassmannians, and the Sullivan spheres (as
defined in Section 2).

Proposition A.8 (Sullivan spheres) Let p be an odd prime. Suppose that m and
r > 1 divide p — 1. Consider the outer action through unstable Adams operations
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V: Cp — Out(S2" 1) = Z, | Cm of the cyclic group C, < Z,; on the Sullivan sphere
S2m=1_ Then the homotopy fixed point group is

§2m=1 | m

(S2m—l)hcr — {

* otherwise,

Proof Let A be a primitive r—th root of unity, so that C, = (A) < Z7,. According
to Theorem B, (S$2"~1)"() i a connected polynomial p—compact group. If r does
not divide m, H?™(y*) = A™ is nontrivial, so that the vector space of covariants
QH*(BS*m—1: @Qp) () vanishes in positive degrees, and the fixed point p—compact
group is trivial. If r does divide m, w)‘ acts trivially on S2”~!, because the kernel of
¥ is Gy, which contains C,, and the fixed point p—compact group is again S2"~!. 0

Proposition A.9 (Special unitary groups) Let p be an odd prime. Suppose that
m > 1 divides p — 1, and let G, = () C Z; be the cyclic group generated by a
primitive m—th root of unity acting through unstable Adams operations. Then

X(m,1,n) n>0

X(mn +s)hc"’ =U(mn +s)hCm = {
* n=20

for any p—compact group X (mn + s) locally isomorphic to SU (mn+5),0=<s <m.

Proof In the rational cohomology algebras

H*(BU(mn + s); Qp) = Qplets - - -, Cmnts]
and H*(BX(mn +5);Qp) = Qplca, .. ., Cmnts)

we have ¢; is preserved by H2i(1/f)‘) = mli
and therefore

OH*(BU (mn + s); Qp)c,, = Qpicm,....Cmn} = OQH™(BX(m, 1.n): Qp)
= QH*(BX(mn +5);Qp)c,, -

The Weyl group W = X4 is the symmetric group in its natural representation on
L= ZZ”’"‘S . Let eq, ..., emn+s be the canonical basis vectors of L. The permutation

w=0--my(m+1---2m)---(mn—1)+1---mn) € Zpnts
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has order m and

(C g (), L)
= (Cn iy X Z5, Zpiher + A 2ey + -+ M, ..., hemn_t1)+1 + -+ A" emn})

contains the Z,—reflection group G(m, 1,n) = Cp, 2 Xy, as a subgroup complementary
to the kernel, Xy, of the action of (Cyg,,,,, (w) on L%®)  This means by Corollary
A.6 that the fixed point p—compact group U(mn + s)"Cm = X(m, 1, n).

From the two short exact sequences of Z, X, 4s—modules [53, Section 10]

A
0—-72,—L—LPU(mn+s)—0, 0—LX(mn+s)— LPU(mn+s)—>mx—0

where A is the diagonal and 7 a subgroup of 7 (PU(mn+5s)) = Z,/Zy(mn + s)
(with trivial X,,,4s—action), we get that

L% = L PU@mn + )™ = LX(mn + 5)*®)

as ZpCs,,, ., (w)—modules. |

The proof of Proposition A.10 will make use of the following elementary facts:

¢ For arbitrary natural numbers m and n we write m,, for m/ gcd(m, n). Then
myn = lem(m, n) and myn,, = lem(m, n)/ gcd(m, n).

* Ciemgm) = (A pA =1 0" =1, A = ph, A4m = p™a).

e Let A(a,t) € GL(Zp,t) denote the linear automorphism

A(a, ) (x1,...,xs) = (@xs, X1, ..., X¢—1)

where a € Z;,‘ is a unit. The i —th power A(a, )" has characteristic polynomial
(x%i —al)!/t and A(a,1)! =aE.

e IfAe Z;,( has order ¢, then A(A™9™, q,,) also has order ¢ for A(A™9", g,,)9" =
A~9m E has order gcd(g,m). The A~! eigenspace of A(A™9", ¢,,) has rank
one and A(A™9", ¢q,,)~! acts on it as multiplication by A.

o In the exact sequence 1 — A8} — Cyug(a, g) — Cg(g) the image in Cg(g)
consists of those h € Cg(g) thatfix ae A/(1—g)A.

Proposition A.10 (Generalized Grassmannians) Let X(m,r,n),m>2,r>1,n>2,

r|m| p—1, be the irreducible polynomial p—compact group corresponding to the
imprimitive Z,-reflection group G(m, r, n). Suppose that the natural number £ divides
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p—1 and let the cyclic group Cy C Ciem(e,m) C Z,, act on X(m, r,n) through unstable
Adams operations. The homotopy fixed point group for this action is

X(em(£, m), r,n/ly) r{|mn
X(m, r, )" = IX(em(€, m), 1,n/lm —1) 1€} mn €|mn,
X(lem(€, m), 1, [n/Zm]) Ltmn

where £, = £/ gcd({, m) and [n/{,,] is the biggest integer < n/{,,. (By convention,
G(m,r,1) is cyclic of order m/r and G(m,r,0) is the trivial group.)

Proof Let A€ Z;j be a primitive £—th root of unity. In the rational cohomology algebra
H*(BX(m,r,n): Qp) = Qp[x1,...,Xp_1,e] the degrees |x;| = 2im and |e| =2%n
so that
x;i is preserved by H> ™ (y*) = A" & | im < by | i
e is preserved by H>7"(y*) =A7" & 0| nm/r < Lnyr |1
and thus QH*(BX(m, r,n); Qp)c, is isomorphic to the indecomposables of the ra-

tional cohomology algebra of the p—compact group on the right hand side of the
equation.

We have rl |mn < £, |n, £|mn < Ly |n,and €y | Ly, | €|p—1.
€y | n: The element

w = diag (A()L_E’",Em), s A(X_g’”,lfm)) e G(m,r,n)
n/lm

has order £. Since ((A~tm)n/tmym/r — ) =mn/r — | pecause £|(mn/r) by assumption,
w does indeed belong to the index » subgroup G(m,r,n) of G(m,1,n) = CplZ,.
Let {e,..., e} be the canonical basis for the free Z,-module L = Z}; on which
G(m,r,n) acts. The free Z,—module

LY —(ey 4 hey+ - + A7 Vey ety 1
+Ae(nty)+2+ - +kem_len)

has rank n/¢,,. We shall now compute the centralizer of w. Let { be a generator of
the cyclic group Ciem(e,my C Z,, so that G = (1) and Cp = (1) with u = ¢bm and
A = ¢™¢. The homomorphisms AL, 1,n/€n)—=CGm,1,0)(W)<—A(m, 1,n/ly)
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defined by

hi —>diag (E,...,E, A0 £,)™' E,... E),
i—1
dlag(E,:..l,E,l,LE,E,...,E)(—/,L,
i

combine to a homomorphism defined on A(lem(€, m), 1,n/4,,) since they agree on
their common domain A(ged({,m), 1,n/ly) = (,umf)”/em = (Abm)n/tm  Observe
that (A%1,... A%/tm) e A(L,1,n/ly) lies in the subgroup A(lem({, m),r,n/ly,) if
and only if its image lies in G(m, r,n) and that (u%1,..., u%/tm) e A(m,1,n/ly,)
lies in the subgroup A(m, r,n/{,,) if and only if its image lies in G(m, r, n). Together
with the diagonal A: ¥, /, — X, givenby A(0)((i — 1)l +j) = (0()—1)lm+ ],
1<¥li<n/ly,1=<j=<{,,weobtain a group isomorphism

G(lem(€,m), 1,n/lm) = CGm,1,m) (W)

that restricts to a group isomorphism G(Ilem(€, m), r,n/{m) = CGn,rn)(w) between
index r subgroups. This isomorphism identifies the pair (Cg(n,n) (W), LAw)y and
the imprimitive Z,-reflection group (G(lem(¢, m), r,n/tm), Z,' ™).

Case {,,,/, + n, £y, | n It will suffice to consider the case of G(m,m,n) where £ { n
and £, | n. The element

w = diag (AR L), ..., AMTE L), AT 0,) 17 ) € G(m, m,n)

n/lm—1

has order £. Note that A~ is not an eigenvalue for A(A =t £,,,)!="/4m because

AT 4,,) 17 b has eigenvalue A1 < A(A T4, £,,)" 471 has eigenvalue A
PN )\‘(em)n/ﬁm—l — )\_em(n/zm_l)ém

<L (Km)n/ﬁm—l +lm(n/lm — 1)y,
sl n/gedm,n/lym—1)
=>Llln=4Uy|n

which is not the case. Therefore the A ~! —eigenspace
GAw)

(el eyt A ey ettt + Aeoaty 2 o )\e'"_len—em>

Algebraic € Geometric Topology, Volume 7 (2007)



1906 Carles Broto and Jesper M Mgller

has rank n/€,, — 1. The two monomorphisms A({, 1,n/€y —1) = Cgn,m,n)(w) and
Commmn)(w) < A(m, 1,n/ly —1) given by
hi—>diag (E,...,E,AQT" L) VL E, . E, AMT L)
——
i—1
diag (E,....,E,nE,E,....,E,u 'E) < 1
————
i—1
agree on their common domain A(ged({, m), 1,n/¢,, —1) and together with the mono-
morphism

A
En/Zm—lc—>En—ﬁm(—>2m
they define a homomorphism on the group A(lem(¢{,m), 1,n/€y, —1)x Xy, 1 such
that the composition
A(lem(€,m), 1,n/lpy —1) x 2:n/ém—l — CG(m,m,n)(w)
— Im (Cgmmny(w) — GL(L*P)))

is an isomorphism whose image is isomorphic to G(lcm({,m),1,n/€, — 1) as a
Z p—reflection group.

Case {,, + n Tt will suffice to consider the case of G(m, m,n). The element

w = diag (AT ), ..., AQTEm L), Momt/Emd 100 1) € G(m,m,n)
[n/€m] n—{m[n/lm]

has order £. Note that A~! is not an eigenvalue for A¢m["/¢m] pecause
Aomlnem] — 3 =1 o 0| L[/ lm] + 1 & Ly ged(€,m) | €[/ lm] +1 = Ly | 1

which is not the case as £,,, > 1. Therefore the A~! eigenspace L*®) has rank [1/£,,].
The two monomorphisms A (¢, 1,[n/4m])—=CGn,mn)(W)<—A(m, 1,[n/L,]) given
by

hi—>diag (E,....E,AQ" L) L E, . E AT 1)
~—— ~———
()™ n—Lmn/lm]
diag (E,...,E,uE E,...,E, 0w m 1, 1) <
—— ——————
(i_l)em n—ém[n/ém]

agree on their common domain A(ged({, m), 1,[n/€,]) and together with the inclusion
of permutation groups

A
/] 2l uln/ ] —Zm ,
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they define a homomorphism on the group A(lem(£, m), 1, [n/€p]) % [y /¢,,] such that
the composition

A(lem(€,m), 1,[n/;]) x E[n/Em] — CG(m,m,n)(w)
—> Im (Cg(m,m,my(w) — GL(L*))
is an isomorphism with image isomorphic to G(lem({, m), 1, [n/{;,]) as Z ,-reflection

group. m|

The outer automorphism group of X(m1, r, n) is isomorphic to 4 (m, r, n)\Z;A(m, 1,n)
except in the cases (m,r,n) € {(2,1,2),(4,2,2),(3,3,3),(2,2,4)} [58, Section 6; 53,
7.14]. The (exotic) homotopy action

p: Cm = () = Out(X(m, r,n)) = A(m,r,n)\Z; A(m, 1, n)

that takes the generator  of Cy, to A(m,r,n)(w, 1, ..., 1) is distinct from the actions
through unstable Adams operations of Proposition A.10 when gcd(r,n) > 1 [53, 7.14].

Proposition A.11 (Exotic actions on generalized Grassmannians) Assume that m=>2,
r>1,n>2,and (m,r,n)¢{(2,1,2),(4,2,2),(3,3,3), (2,2,4)}. Then the homotopy
fixed point p—compact group

X(m, r,n)hc’" =X(m,1,n—1)
for the above exotic homotopy action on X(m, r,n).
Proof The second assumption of Proposition A.5 is clearly satisfied as the action
preserves the generators X1, ..., X,—; but does not preserve the generator e. To verify

the first assumption, take p: Cy — Ngr(r)(G(m,r,n)) = Z;G(m, 1,n) to be the
obvious choice p() = (u,1,...,1). Then

G(m, r,n)ﬁc’" =A(m,r,n)x3,_q, LPCm — ZZ_I
and the composition
A(m, 1,n=1) % Sy_—=G(m, r,n)PCm —s=Im (G(m, r,n)PCm — GL(LPCm))

where the first morphism is (f2, ..., itm) = (2 )"V s oo s i), Spe1 =
X, , identifies the group to the right as the Z,-reflection group G(m,1,n—1). |

The results of Proposition A.9 and Proposition A.11 were obtained by Castellana [18]
using different methods.
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A.12 The sporadic p—compact groups

As in Section 2 we write G;, 4 < i < 37, for the sporadic irreducible and simply
connected Z,-reflection group with number i in the Clark—Ewing classification table,
and X; for the corresponding simply connected p—compact group. When X; is defined
at the odd prime p and r divides p — 1, Xl}.'C’ denotes the fixed point p—compact
group for the homotopy action ¥: C, — Out(X;) through unstable Adams operations
on the p—compact group X;. We identify the fixed point p—compact groups for actions
through unstable Adams operations on the 34 sporadic irreducible p—compact groups.
We may summarize our results in the following diagrams:

//\\T

Xj5 < X37 Xi0 X34 583
S39 <; X3 S47 S59
A
3
Xy
§35 < Xa6 — §9 < X35 —> g7
18 10
4
26 St Xs <~ Xo3 Xos
\ / i \ / J/lz
23 g15 X — 523
Here, for instance, X3, i) X means that X = Xj0 (Wwhen p =1 mod 12) and

X32—>S 3% means that XhCs S3° (when p = 1 mod 30). The relevant primes are

mentioned in the more detalled explanations below but not displayed in the above
diagrams. We use Corollary A.6 to identify the homotopy fixed point groups. With a
computer algebra program it is quite easy to find eigenspaces for the elements of these
Z p—reflection groups. We used the program MAGMA.
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)]

2

3)

“)

&)

(6)

(N

(G537 = W(Eg),(C3,G32, p =1 mod 3) There is an element w € G37 of order
3 and a primitive 3rd root of unity A € Z; such that

(Cy(w), L)) = (G3z, Laz)

meaning that Egc3 = X}3'7C* =X3,.

(G37 = W(Eg),C4,G31, p =1 mod 4) There is an element w € G37 of order
4 such that

(Coy,(w), L)) = (G3y, Lay)

hCy _ ~hCy
s = X377 =Xa1.

(G37=WI(Eyg),Cs,G1g, p=1mod 15) There is an element w € G37 of order
5 and a primitive 5—th root of unity A € Z; such that

meaning that £

(Cy,(w), L)) = (Gyg, L)

meaning that Egcs = X}3'7C5 =Xjs.

(G34,C4,G1g, p =1 mod 12). There exists an element w € G34 of order 4, a
(index 4) subgroup G of Cg,,(w), and a primitive 4—th root of unity A € Z;
such that

A
(G, L(34w)) = (G10, L10)
meaning that X;’f“ =Xjo.

(G332,C4,G1g, p =1 mod 12) There is an element w € G5, of order 4 and a
primitive 4—th root of unity 7 € Z; such that

(C,(w), L) = (Gyo, L1o)

which means that X};g“ = Xjo.

(G332, C30,Cs, p = 1 mod 30) There is an element w € G3, of order 5 and a
primitive 5-th root of unity A € Z; such that

A
(Coyp(w), LAYy = (C30, 7))

hCs _ ¢59

which means that X3 5

(G31,C3,G19, p = 1 mod 12). There exists an element w € G3; of order 3
and a primitive 3rd root of unity A € Z; such that

(Cgyy (w), L™y = (Gyo, L) -
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(®)

€)

(10)

an

12)

13)
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This means that thlCz = Xj¢. (The group that the computer finds is G¢ and
not G5 (of the same rank and the same degrees) because the elements of order
8 square to central elements [63, p 281].)

(G31,Cs, Gg, p =1 mod 24). There exists an element w € G3; of order 8 and
a primitive 8—th root of unity A € Z;,‘ such that the Z,-reflection group

A
(Cgyy (w), L)) = (Gy, Lo)

hCs

which means that X31

= Xo.

(G190, Cs, Ca4, p = 1 mod 24) There is an element w € G1g of order § and a
primitive 8—th root of unity A € Z; such that

A
(Cgro(w), LYYy = (Ca4, 7))

hCg _ §47

which means that X10

(Gy, C3,C4, p = 1 mod 24) There is an element w € Gg of order 3 and a
primitive 3rd root of unity A € Z; such that
(Aw)y _
(Cay(w), Ly ") = (Caa,Zp)
which means that ch3 = S47.

(G34,Cy,Crg, p =1 mod 18) There is an element w € G34 of order 9 and a
primitive 9—th root of unity A € Z; such that

A
(Coy(w), L) = (C15, 7))

hCy _ 37
3q =957

(G36 = W(E7),Cs,Gy6, p =1 mod 6) There is an element w € G3¢ of order
6 and a primitive 6—th root of unity A € Z;,( such that

which means that X

(Cye(w), L)) = (Gag, L)

which means that E é’ Co — X};g6 = X>6.

(G36 = W(E7),Cy4,Gg, p=1mod 8). There is an element w € G3¢ of order
— . . N

4, a subgroup W < Cg,¢(w) of index 8, faithfully represented in L3, and a

primitive 4—th root of unity i € Z; such that

(W. LY = (Gs. Ly)
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(14)

5)

(16)

)

(18)

19)

which means that E;7% = = Gg. (The Z,-reflection group W contains
elements of order 8 with central square so it is not isomorphic to Gz [63, p.

281].)

(G3¢ =W(E7),Ci4,Cr4, p=1 mod 14) There is an element w € G3¢4 of order
14 and a primitive 14—th root of unity A € Z;,( such that

hCy XhC4
36

A
(Cgse(w), L§6w)) = (Ci14,2Zp)

which means that Eé’c“‘ = Xg’g“‘ =827,

(Gz6=WI(E7),Cig,Crg, p=1mod 18) There is an element w € G3¢ of order
18 and a primitive 18—th root of unity A € Z; such that

A
(Cass(w), LYY = (Ci13.2,)

which means that E?Cls = Xg’gls =833,

(Gy6,C18,C1g, p =1 mod 18) There is an element w € G,¢ of order 18 and
a primitive 18—th root of unity A € Z; such that

A
(CG26 (U}), L(26w)) = (C187 Zp)

hCig _ 35

which means that X2 6

(Gg,C12,C12, p =1 mod 12) There is an element w € Gg of order 12 and a
primitive 12—th root of unity A € Z; such that
A

(Cayw). LY = (C12.2,)
which means that Xg’clz =523,
(Gg,Cg,Cg, p = 1 mod 8) There is an element w € Gg of order 8 and a
primitive 8—th root of unity A € Z;; such that

(Casw). LY = (Cs.2,)

which means that chs =S5,
(G35 =W(Eg), Cy, Gog = W(Fy4), p=1mod 2) There is an element w € G35
of order 2 such that

(Cays (), L") = (Gas. Lag)

which means that Egcz = X};SCZ = Fy.
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(20)

2y

(22)

(23)

(24)

(25)

(26)
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(G35 = W(Eg),C3,Gy5, p =1 mod 3) There is an element w € G35 of order
3 and a primitive 3rd root of unity A € Z; such that

(Cys(w), L)) = (Gas, Las)

which means that E hCs _ th3 Gss.

(G35 = W(Eg),Cs,Gy5, p =1 mod 5) There is an element w € G35 of order
5 and a primitive 5—th root of unity A € Z; such that

(Cgys(w), LYy = (Cs,2,)

which means that E hCs _ hCS =57,

(G35 = W(Eg),Cq,Gg, p = 1 mod 4) There is an element w € G35 of order
4 and a primitive 4—th root of unity i € Z; such that
(Coss(w), L) = (G, Ly)

which means that E hCa _ hC4 = Gyg.

(Gy5,C5,Gs, p=1mod 6) There is an element w € G55 of order 2 such that

(Cps(w), L") = (Gs, Ls)

which means that th2 Xs.

(Gpg = W(F4),C5,Gs, p=1mod 6) There is an element w € G,g of order
3 and a primitive 3rd root of unity A € Zl),( such that

(Cgas(w), L") = (G5, Ls)

which means that F4"€3 = Xg8C3 =Xs.
(Grg = W(F4),Cy, Gy, p=1mod 4) There is an element w € G,g of order
4 and a primitive 4—th root of unity i € Zl),( such that

(Cgas(w), L)) = (Gg, Lyg)

which means that F"¢* = ngc“ =Xg.
(G35, C12,Cq2, p = 1 mod 12) There is an element w € G,5 of order 12 and
a primitive 12—th root of unity A € ZX such that
A
(Cons(w), LYy = (C12,2,)

which means that thlz S§23.
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27) (Gys,C12,Cra, p =1 mod 12) There is an element w € G5 of order 12 and
a primitive 12—th root of unity A € Z;,‘ such that

(Cgs(w), L™y = (C12,2,)

hCiz _ 523

which means that X2 p

Appendix B Derived functors of inverse limit functor

In this appendix we discuss higher limits over some finite categories of a special type.
Given a finite group G and subgroups H;, H,, ..., Hy < G, we define a finite cate-
gory [(k) with objects {0,1,2,...,k}, where G is the group of automorphisms of 0
and for each i > 0, H;\G = Homy)(i,0) as G—sets and Autyy)(i) = Ng(H;)/H;,
and other morphism sets are empty. Those categories appear in the context of the
Aguadé p-—compact groups and other compact Lie groups, as categories of elementary
abelian subgroups. The next result is essentially contained in [2; 53].

Proposition B.1 Let M be a given diagram of Z,—-modules index by the category
[(k). Assume that

(a) restriction gives an isomorphism H’(G; A) =~ H’(Hy; A), for any Z(pG -
module A and j > 1, and
(b) p 4 |Ng(H;)| and M; = M()H",foreveryi >2.

Then there is an exact sequence

0 — im® M — MNoHHE g Gy No™D)  jim! M — 0,

<~ <~
1(k) 1(k)
andl(ﬁl [I(k)M_OIfJ >2.

Proof We consider a star-shaped category (k) with k + 1 objects {0, 1,2,...,k}.
There is an exact sequence of the following form [53]:

0 —>lim® M — M x [ mNoE/Hi T mle o
i>0 i>0
SlHm!'M — HI(G;MO)XHHl(NG(Hi)/Hi;Mi)_) HHI(NG(Hi);Mo)
i>0 i>0
—lim? M — H?(G: Mo) x [ | H? (N (H))/Hi: Mi) — [ ] H*(Ne(Hy): Mo)
i>0 i>0

—lim’M — ...
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Under condition (b) this exact sequence reduces to the exact sequence:

0 —lim*M — ME x MING (H)/Hy _ MéVg(Hl)

—lim! M — HY(G; My) x H'(Ng(H,)/H;; M) — H'(Ng(H,); My)
—lim®> M — H*(G; Mo) x H*(Ng(Hy)/Hy: My) — H*(Ng(Hy): M)
—lim*M — -

Condition (a) implies that H; and G have the same Sylow p—subgroup. Hence p does
not divide | Ng (H;)/Hi| and so therefore H*(Ng (H;); A) =~ H*(Hy; A)Nc(H)/Hy
Now, in the diagram given by restrictions

H'(G; A) — H/ (Ng(Hy); A) — HI (Hy; A), j>1,

the composition is an isomorphism and the second arrow is a monomorphism, hence
both arrows are isomorphisms

H/(G; A) = H/ (Ng(H,); A) = H’/ (H;; A), j=>1,

and the proposition follows. a
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