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Tropicalization of group representations

DANIELE ALESSANDRINI

In this paper we give an interpretation to the boundary points of the compactification
of the parameter space of convex projective structures on an n—manifold M . These
spaces are closed semi-algebraic subsets of the variety of characters of representations
of (M) in SLy+1(R). The boundary was constructed as the “tropicalization” of
this semi-algebraic set. Here we show that the geometric interpretation for the points
of the boundary can be constructed searching for a tropical analogue to an action of
71 (M) on a projective space. To do this we need to construct a tropical projective
space with many invertible projective maps. We achieve this using a generalization of
the Bruhat-Tits buildings for SL,+; to nonarchimedean fields with real surjective
valuation. In the case n = | these objects are the real trees used by Morgan and
Shalen to describe the boundary points for the Teichmiiller spaces. In the general
case they are contractible metric spaces with a structure of tropical projective spaces.

57M60, 57M50, 51E24, 57N16

1 Introduction

Let M be a closed oriented n—manifold such that w{(M) is virtually centerless,
Gromov-hyperbolic and torsion-free. We denote by 7gp, (M) the parameter space of
marked convex projective structures on M . If S is an orientable hyperbolic surface of
finite type, we denote by TIE?IJ; (S) the Teichmiiller space of S.

In [1] we showed that the space Tlépn (M) can be identified with a closed semi-
algebraic subset of the character variety Char(w;(M), SLy+1(R)). Then we applied
the Maslov dequantization to this semi-algebraic set (see also our paper [2]) and, using
an inverse limit of logarithmic limit sets of this space, we constructed the tropical
counterpart of 7gp, (M ). The spherical quotient of this tropical counterpart, denoted
by 0Tgpn (M), can be glued to Tgp, (M) “at infinity”, defining a compactification
Tgpn (M) U 0Tgp, (M) of the parameter space. The same construction applied to the
Teichmiiller space Tlljlé (S) gives back the Thurston boundary 87&{ (S).

The aim of this paper is to give a geometric interpretation of the points of these tropical
counterparts. We are guided by the idea that the points of the tropicalization of a
parameter space should be related with the tropical counterparts of the parametrized
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objects. Every point of Tgp, (M) corresponds to a conjugacy class of representations
of 1 (M) in SLy41(R). Geometrically such a representation corresponds to an action
of (M) on a vector space R”*!, or, equivalently, on a projective space RP". In
this paper we introduce the tropical counterparts of these actions, ie actions of a group
on tropical modules and tropical projective spaces. This is the notion we propose of
tropicalization of a group representation.

There is a naive notion of tropical projective space, the projective quotient of a free
module T”, but these spaces have few invertible projective maps, hence they have few
group actions. We give a more general notion of tropical modules and, correspondingly,
of tropical projective spaces. We show that these objects have an intrinsic metric, the
tropical version of the Hilbert metric, that is invariant for tropical projective maps,
and that the topology induced by this metric is contractible. Then we construct a
special class of tropical projective spaces, denoted by P”, by using a generalization of
the Bruhat-Tits buildings for S'L,; to nonarchimedean fields with a surjective real
valuation.

In the usual case of a field ' with discrete valuation, Bruhat and Tits constructed a
polyhedral complex of dimension » with an action of SL;1(F). In the case n =1,
Morgan and Shalen generalized this construction to a field with a general valuation,
and they studied these objects using the theory of real trees [6]. We extend this to
general n, and we think that the proper structure to study these objects is the structure
of tropical projective spaces. The paper by Joswig, Sturmfels and Yu [4], developed
independently from this work, contains a similar approach to Bruhat—Tits buildings.
Tropical geometry is used there to study the convexity properties of the Bruhat-Tits
buildings for SL,(IF), for a field ' with discrete valuation.

With every point of the boundary we can associate a class of representations of 7y (M)
in SL,4+1(F), where F is real closed nonarchimedean field with a surjective real
valuation. Every representation of 71 (M) in SL, 41 (F) induces an action by tropical
projective maps on our tropical projective spaces P". We compute the length spectra
of these actions on P", and we show that the length spectrum of an action identifies a
boundary point in d7gp, (M ). Then we use the fact that tropical projective spaces are
contractible to show that for every action of the fundamental group of the manifold on
a tropical projective space there exists an equivariant map from the universal covering
of the manifold to the tropical projective space.

This theorem can hopefully lead to interesting consequences about the interpretation
of the boundary points. For example in the case n = 1, where P! is a real tree, the
equivariant map induces a duality between actions of the fundamental group on P!
and measured laminations on the surface (see Morgan—Shalen [6; 7; 8]). It would
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be very interesting to extend this result to the general case. For example, an action
of the fundamental group of the surface on a tropical projective space P” induces a
degenerate metric on the surface, and this metric can be used to associate a length with
each curve. Anyway it is not clear up to now how to classify these induced structures.
This is closely related to a problem raised by J Roberts (see Ohtsuki [9, Problem 12.19]):
how to extend the theory of measured laminations to higher rank groups, such as, for
example, SL,(R).

We briefly describe of the sections of the paper. In Section 2 we give elementary
definitions of semifields, semimodules and projective spaces over a semifield, and we
give some examples of semimodules.

In Section 3 we discuss invertibility of linear maps in T” and the tropicalizations of
linear maps on a vector space F” over a non archimedean field IF. With every such
map [ we associate a linear map f° on T”, and we discuss the relations between
fT and ( f_l)T: globally they are not inverse one of the other, but this happens on a
specific “inversion domain”.

In Section 4 we define the structure of tropical projective space we put on the general-
ization of the Bruhat-Tits buildings, and we give a description of this space. Tropical
modules T” can be seen as the tropicalization of a vector space F” over a nonar-
chimedean field F, but this tropicalization depends on the choice of a basis of F”.
Our description with tropical charts, one for each basis of F”, can be interpreted by
thinking about the Bruhat-Tits buildings as a tropicalization of F” with reference to
all possible bases.

In Section 5 we define in a canonical way a metric on tropical projective spaces making
tropical segments geodesics and tropical projective maps 1-Lipschitz. This metric is
the transposition to tropical geometry of the Hilbert metric on convex subsets of RIP”.
The topology induced by this metric is shown to be contractible.

Finally, in Section 6 we consider a representation of a group I" in SL,41(F), and we
study the induced action by tropical projective maps on our Bruhat-Tits building. First
we compute the length spectrum of the action with reference to the canonical metric,
and, if ' = w{ (M), we show how we can recover the information characterizing a
boundary point. Then by using the fact that tropical projective spaces are contractible,
we show that every action of 71 (M) on a tropical projective space has an equivariant
map from the universal cover of M to the tropical projective space.
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2 First definitions

2.1 Tropical semifields

We need some linear algebra over the tropical semifield. By a semifield we mean a
quintuple (S, @, ©,0, 1), where S is a set, @ and © are associative and commutative
operations S x §—>§ satisfying the distributivity law, 0, 1 € S are, respectively, the
neutral elements for @ and ©. Moreover we require that every element of S* = S\ {0}
has a multiplicative inverse. We will denote the inverse of @ by a®~!. Given an
element b # 0 we can write a @ b = a © b®~!. Note that 0 is never invertible and
VseS:00s=0.

A semifield is called idempotent if Vs € S : s @ s = s. In this case a partial order
relation is defined by

a<b&adb=0b.
We will restrict our attention to the idempotent semifields such that this partial order
is total. In this case (S \ {0}, ®, <) is an abelian ordered group. Vice versa, given an
abelian ordered group (A, 4+, <), we add to it an extra element —oo with the property
VA e A :—oo < A, and we define a semifield

T =Tp=(AU{—00}, P, O,—00,0)
with the tropical operations @, © defined as:

a® b = max(a,b)

a+b ifa,beA
—o00 fa=-o0corb=-00

a@bz{

We will use the notation 1T = 0, as the zero of the ordered group is the one of the
semifield, and Oy = —oco. If ¢ € T and a # O, then a ® (—a) = lT. Hence
—a = a®71, the tropical inverse of a. The order on A U{—o0} induces a topology on
T that makes the operations continuous.

Semifields of the form T = T will be called tropical semifields. The semifield that
in literature is called the tropical semifield is, in our notation, T .

We are interested in tropical semifields because they are the images of valuations. Let ¥
be a field, A an ordered group, and v : F—>A U {400} a surjective valuation. Instead
of using the valuation, we prefer the tropicalization map:

TFsz——v(z)eT =Tp =AU{—o0}
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The tropicalization map satisfies the properties of a norm:
1) 1z)=0r < z=0
2) t(zw) =1(2) © (W)
B z4+w) Zt@@)dt(w)

(4) t is surjective.

For every element A € T we choose an element ¢) € [F such that 7(¢y) = A.

We will denote the valuation ring by O = {z € F | 7(z) < I}, its unique maximal
ideal by m = {z € F | 7(z) < 1T}, its residue field by D = O/m and the projection
by 7 : O—D.

Proposition 2.1 The map t “often” sends + to @, ie:

(1) t(wy) # t(w2) = (w1 + wz) = t(w1) & (w2).
2) If t(wy) =t(wy) =A, thent_jwq,t_jwy € O\ m. In this case

n(tpwy) +w(l—yw2) #0€ D = t(wy +wz) = t(wy) & (w2).
Proof It follows from elementary properties of valuations. |

2.2 Tropical semimodules and projective spaces

Definition 2.2 Given a semifield S, an S —semimodule is a triple (M, &, ©, 0), where
M is aset, @ and © are operations:

A MxM—M O:SXxM—M

@ is associative and commutative and © satisfies the usual associative and distributive
properties of the product by a scalar. We will also require that

YVveM:10v=v YVveM :00v=0.

Note that the following properties also holds:

VaeS:a®0=0
YaeS* : VveM:a@v=0=>v=0

The first follows as a©0®b =aO0®ad (a~ ©b) =a®(0®a"'Ob)=aGa~'Ob=b.
And then the second followsas 0 =a¢ Qv=0=a"100=10v=".
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Most definitions of linear algebra can be given as usual. Let S be a semifield and
M a S—semimodule. A submodule of M 1is a subset closed for the operations. If
Vi,...,Uy € M, alinear combination of them is an element of the form ¢; ® v{ &
@, Ouy. If A C M is a set, it is possible to define its spanned submodule
Spang(A) as the smallest submodule containing A or, equivalently, as the set of all
linear combinations of elements in A. A linear map between two S —semimodules is
a map preserving the operations. The image of a linear map is a submodule, but (in
general) there is not a good notion of kernel.

If S is an idempotent semifield, then M is an idempotent semigroup for @. In this
case a partial order relation is defined by:

v=weovbw=w
Linear maps are monotone with reference to this order.

Let S be a semifield and M be an S—module. The projective equivalence relation on
M 1is defined as:

X~y&IeS* ix=10y

This is an equivalence relation. The projective space associated with M may be defined
as the quotient by this relation:

P(M) = (M \{0})/ ~
The quotient map will be denoted by 7: M \ {0}—P(M).
The image by m of a submodule is a projective subspace.

If f: M— N is alinear map, we note that v ~ w = f(v) ~ f(w). The linear map
induces a map between the associated projective spaces provided that the following
condition holds:
tveM | f(v)=0;C{0}

We will denote the induced map as f : P(M)—P(N). Maps of this kind will be
called projective maps. The condition does not imply in general that the map is injective.
Actually a projective map ]7 :P(M)—P (M) may be not injective nor surjective in
general.

2.3 Examples

From now on we will consider only semimodules over a tropical semifield T = Ty .
The simplest example of T —semimodule is the free T —semimodule of rank n, ie the
set T" where the semigroup operation is the component wise sum, and the product
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by a scalar is applied to every component. If x € T” we will write by x!, ..., x" its

components:
1
X
X = :
XN

These modules inherit a topology from the order topology of the tropical semifields: the

product topology on the free modules and the subspace topology on their submodules.

The partial order on these semimodules can be expressed in coordinates as:
Vx,yeT":x <y& Vi:xi <y

Other examples are the submodules:

FT" = Spang (T*)") = (T*)" U{0r} C T"

The projective space associated with T” is P(T”) = TP"~!, and the projective
space associated with FT" is P(FT") = FTP"!. We will denote its points with
homogeneous coordinates:

a(x) =[x x?: 0 x"]
These projective spaces inherit the quotient topology, and projective maps are continuous

for this topology.
TP! = P(T?) can be identified with A U {—o0, +00} via the map:

TP! s [x!: x?]—x! —x%? € A U{—o0, +00}

With this identification TPP! inherits an order: given a = [a' : a?],b =[b! :b*] € TP!,
we define a < b < a! —a? <b' —b?. All tropical projective maps TP!'—TP! are
never increasing or never decreasing with reference to this order. We give a name to
three special points: O =[O0 : I7]=—o00, I =[lT:17]=0,00T =[IT:07]=+00.
When A =R, TrP”~! may be described as an (n— 1)—simplex, whose set of vertices
is {m(e1),...,m(ey)} (e; being the elements of the canonical basis of T"). Given a
set of vertices A, the face with vertices in A is the projective subspace 7 (Spany (4)).
FTP"! is naturally identified with the interior of the simplex TP”~1.

3 Linear maps between free semimodules

3.1 Tropical matrices

As before let T = Ty be a tropical semifield. Let ¢; be the element of T” having 1
as the i —th coefficient and 0 otherwise. These elements form the canonical basis of
T”.

Algebraic € Geometric Topology, Volume 8 (2008)



286 Daniele Alessandrini

Let S+ T"—T™ be a linear map. Then we can define the matrix 4 =[f]= (aj.) as
a} = (f(ej))". The usual properties of matrices and linear maps hold in this case:
(1) f(ej) is the j—th column of [f]: f(e;) = €D; aj. Oe;.
@) IfveT", (f) =@;d ov/, o f(v) =@, d 01/ Oe.
(3) f is surjective < the columns of [ f] span T™.

(4) There is a binary correspondence between linear maps and matrices with entries
inS.
(5) The matrix of the composition of two maps is the product matrix, ie [f o g] =

[/10[g], where (4 © B); = @y 4}, © Bf.

The identity matrix, corresponding to the identity map Idy: T"—T", will be also
denoted by Idt = ((d1);), where

; It ifi=j
Or); = e
O ifi #j:
A linear map f: T"—T" induces a linear map f: FT"— FT™ by restriction,

provided that no element in FT” is mapped outside FT™, ie if every row of the
matrix [ f] contains a nonzero element.

Projective maps f: TP"~!—TP”! are induced by matrices mapping no nonzero
vector to zero. These are precisely the matrices such that every column contains a
nonzero element.

Tropical linear maps are very seldom surjective. This depends on the following property:
Spang (vy,..., ) =T" & Vi=1,....m:JacT*:a®e; €{vy,...,Um}

Hence a tropical linear map is surjective if and only if it has, among its columns, all
the elements of the canonical basis of the codomain.

Let f: T"—T™ be a linear map, with matrix [ /] = (a;.). Suppose that every column
of [ f] contains a nonzero element. Denote by f7%: T™—T" the map defined by:

(/7' () = min(y' —af)

(in the previous formula, by —O we mean an element greater than every other element
in T . This value is never the minimum, thanks to the condition on the columns). In
Cohen—Gaubert—Quadrat [3] this map is called residuated map.
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Theorem 3.1 Let y € T™. Then y € Im f if and only if there exists a sequence
€:{l,...,m}—>{1,...,n} such that
. ex
Vi=1,....om:y*—a* = (fP ()"
Moreover we have:

o= U {xeT"

€ as before

X = fP(y) }
Vk=1,....m:x% = (fPi(y)*

This implies that f~'(y) is a single point if and only if every function € as before is
surjective.

The function f P plays the role of a pseudo-inverse function, as it sends every point of
the image in one of its pre-images, in a continuous way. It has the following properties:

(1) VxeT":VyeT™: (x < fP(y) & f(x)=<).
2 VxeT":x= fP(f(x)

(3) VyeT™: f(fP(») =y

@) Vyelmf:f(fP(y) =y

(5) Vxelm [P fPI(f(x))=x

(6)  flim fri: Im fPi—s1m f is bijective, with inverse fP*.

Proof The point y is in the image if and only if exists x € T” such that f(x) = y.
Then we have the following:

fx)=y & Vi:@(a;-@xj)=yi &

{Vi,j :aj.—i-xj Syi
J

Vi:EIj:a;-i—xj:y"

PN i i Vi x/ <min(y' —dt
{Vz,].x =y —a; N J x_rnl_ln(y aj)

Vi:djix) =y —a Vi:3j:x) =y —d
So y€elm f @Ele:‘v’k:yk—afk :mjn(yi—aik).
1
In this case x* = y¥ —a’gk . All the claims of the theorem follows from the calculations
above. O

Algebraic € Geometric Topology, Volume 8 (2008)



288 Daniele Alessandrini

3.2 Simple tropicalization of linear maps

Let I be a valued field, with tropicalization map t: F—T . An F—vector space "
may be tropicalized through the componentwise tropicalization map, again denoted by
. F"—T".

Let f: F"—TF" be a linear map, expressed by a matrix [ f] = (aj.). Its tropicalization
is the map f*: T"—T™ defined by the matrix [/*] = («}) = (v(4})).

Proposition 3.2 The following properties hold:

(1) VzeF":1(f(2)) 2 [T (x(2)).
2) VxeT":3zeF":1(z) =x and 1(f(2)) = f*(x).

Let A € GL,(IF) be an invertible matrix. Its tropicalization o« = A®: T"—T"
(ie a = (a;) = (r(a;:))) is, in general, not invertible. Anyway it has the property
that every column and every row contains a nonzero element, hence it has a pseudo-
inverse function, and it induces a linear map FT"— FT", and projective maps
TP"'—TP" ! and FTP" !—FTP" !

Now let B = A™!, the inverse of A. We will write B = B¥. We would like to see f8
as an inverse of «, but this is impossible, as « is not always invertible.

Proposition 3.3 The following statements hold:

(D Vi, j:(@op);=@r); and (BO); = (1)
() VxeT":x <a(B(x)) and y < ().

(3) VxeT":aPi(x) =< B(x).

@) VxeT":a(B(x)) =x & B(x)=aP(x)

Proof
(1) It follows from: AB =1d, BA =1d, t(z1 + z3) < 1(21) ® 1(22).

(2) It follows from the previous statement.

(3) This is equivalent to Vi : max; (,BJ". +x7) > min; (x; —ocl.j), ie Vi:3k, h: [3;; +
xk > xh alf’. This always holds as, from the first statement, we know that

maxk(ﬁ;{ +alk) = (ﬁ@a)f > 1T, hence Vi :EIk:,B;c + xk > xk —alk.

(4) From Theorem 3.1, part 1, we know that a(B(x)) < x < B(x) < aPi(x). The
reversed inequalities always holds. a
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If o and B are tropicalizations of two maps A4, B € GL,(F) such that A~! = B, we
will call inversion domain the set Dyg = {x € T" | a(B(x)) = x}.

Proposition 3.4 The inversion domains have this name because of the following
property: Dgy = B(Dqyp), Dog = a(Dga) and B|p,, : Deg—> Dpgy is bijective with
inverse o|pg, : Dgg—>Dqyp.

The set Dyg is a tropical submodule, and we can write explicit equations for it:
Dop={x € T" | Vi, k :x" —xk > (@0 p)1}

As a consequence if A € GL,(O), then Dyg # &. Note that the matrices e and 8 are
not one the inverse of the other, but, in the hypothesis Dog # &, then Vi : (¢ © p); =
IT.

The map B|p,, is the composition of a permutation of coordinates and a tropical
dilatation: there exists a diagonal matrix d and a permutation of coordinates ¢ such
that (0 od o B)|p,, = Id|p,g : Dap—> Dyp-

4 Tropical projective structure on Bruhat-Tits buildings

4.1 Definition

Given a nonarchimedean field F with a surjective real valuation, we are going to
construct a family of tropical projective spaces we will call P*~!(F), or simply P"~!
when the field is well understood. This family arises as a generalization of the Bruhat—
Tits buildings for SL, to nonarchimedean fields with surjective real valuation. In the
usual case of a field with integral valuation, Bruhat and Tits constructed a polyhedral
complex of dimension n — 1 with an action of SL,(IF). In the case n = 2, Morgan
and Shalen generalized this construction to a field with a general valuation, and they
studied these objects using the theory of real trees. We want to extend this to general 7,
and we think that the proper structure to study these objects is the structure of tropical
projective spaces.

Let V =F", an F—vector space of dimension 7 and an infinitely generated O—module.
We consider the natural action GL,(F) x V—V.

Definition 4.1 An O-lattice of V is an O—finitely generated O—submodule of V.

Proposition 4.2 Let L be an O —finitely generated O —submodule of V. Then every
minimal set of generators is IF —linearly independent, hence L is free.
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Proof Let {eq,...,en} be a minimal set of generators of L. Suppose they are not F —
independent. Then there exist ay, ...,a, € F such that > a;e; = 0. We may suppose
(a1) <---<t(ap). There exist elements by, ..., by € O such that a; = b;a,,. Hence
am(Y_bie;) =0 = ep = Y 1 bie; with by,...,by_1 € O. They can’t be minimal.

An element of L is an O-linear combination of {eq,..., e} because they are genera-
tors, and the linear combination is unique because they are I —independent. Hence L
is free. |

If L is a finitely generated O—submodule of V', its rank is a number from 0 to 7.
Definition 4.3 A maximal O-lattice is an O-lattice of rank 7.
Denote by U" () (or simply U") the set of all O-lattices of V =F", andby FU"(IF)
(or simply FU") the subset of all maximal O-lattices and the O-lattice {0}.
U" and FU" can be turned in T —semimodules by means of the following operations:
@®:U"xU"—U" L& M = Span, (LU M)
o: TxU"—U" XOL=zL,wherezeF,7(z)=x

The associated tropical projective spaces will be denoted by P(U"(F)) = P*~1(F)
and P(FU™(F)) = FP" 1(F). We will simply write P"~! and FP"~! when the
field ' is understood.

As we said there is a natural action GL,(IF) x V—V . Every element A € GL,(IF)
sends O-lattices in O-lattices, hence we have an induced action GL,(F)xU"—U".
This action preserves the rank of a lattice, and in particular it sends FU" in itself.
Among the O-lattices with the same rank this action is transitive, for example there
existan 4 € GL,(F) sending every maximal O-lattice of V in the standard lattice
o"cv.

Hence the group SL,(F) acts naturally on U” and FU" by tropical linear maps and
on P"~! and FP"~! by tropical projective maps.

4.2 Description

Let £ =(eq,...,en) be abasis of V. We denote by ¢g: T"—U" the map:

os(V) = el 9" = Iyey+---+ Iynep = Spanp(fy1€q, ... tyney)
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Proposition 4.4 Let {(ey,...,en) be a O-basis of an O-lattice L, and let p; € F.
Then:

(1) pieiel & picO & 1(p;) <0.
(2) (pi1e1,...pnen) isan O-basisof L <& p;ie O\m < t(p;) =0.

Proof It follows from the properties of valuations. O

This proposition implies that ¢¢ is injective and ¢g(FT") C FU". For every basis £
we have a different map ¢g. The union of the images of all these maps is the whole
U™, and the union of all the sets ¢(FT") is equal to FU". We will call the maps ¢¢
tropical charts for U™. Theorem 4.7 will justify this name.

Note that the charts respect the partial order relations on T” and on U":

X2y e ex) Co(y)

Lemma4.5 Let L, M CV betwo O-lattices, and suppose that L is maximal. Then
there is a basis vy, ..., v, of L and scalars aq,...,a, € F such that ajvy,...a,v, is
a basis of M .

Proof Fix abasis ey,...,e, of V suchthat L = Spany(eq,...,e,). Let f1,..., fn
be a basis of M . For every vector f; there is a scalar b; € F such that b; f; € L. Then
if b; is the one with maximal valuation, b; M C L. The thesis follows by applying
Morgan—Shalen [6, Corollary 11.3.2] to the @—modules L and b; M . O

Corollary 4.6 Given two points x,y € U", there is a tropical chart containing both
of them in its image.

Given two bases £ = (eq,...,ey) and F = (f1,..., fa), we have two charts ¢¢, o r.
We want to study the intersection of the images.

We put I = pe(T") Npge(T"), Ic = gog_l (), Ir= (p}l (I). We want to describe the
sets Ir, I¢ and the transition function: ¢rs = (pj__.l opg: Ie—>1r.

The transition matrices between £ and F are denoted by 4 = (aj.), B= (bJ’:) eGL,(F):
Vj:ej:Zaj-fi Vj:ﬁsz}e,- A=B"!
i i

We will write « = A® and B = B®,ie o = ((xJ’:) = (r(aj.)), B = (ﬁ;) = (r(bj’:)).
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Theorem 4.7 (Description of the tropical charts) We have that Ir = Dy,g and
I¢ = Dg,, the inversion domains described in Proposition 3.4. Moreover ¢re = o],
and gsF = B[, the tropicalizations of the transition matrices.

Proof First, we need to prove the following two assertions:
(1) @e(y) Cor(x) < a(y) = x and pr(x) Ce(y) < B(x) = y.
2) ¢r(x) =9¢e(y) © x =a(y) and y = f(x).
Let w =) ; w'f; € F". Then:
w € Spany (f1,.... fn) & Vi w' e e Viit(w') <lp
Lw € pr(x) & Vi: Zywi/txi cOsVit(w)<xi—y
0e(y) Cor(x) & Vj:ityjej € pr(x) & Vj.i:t(ay) <x' —y/
0F(x) Coe(y) & Vj.i:t(bh) <y —x/
It follows that:
pe(y) = pr(x) & V)i 1(b)) < y' —x) < —t(a))
& V)it +x) <y < —v(a]) +x7
& Vi :m]ax(r(b]i-) +x/) <yl < rr}in(—r(alj) + x7)
& Vi :@j(ﬂ; ©x7) <y’ < min; (x/ —aij)
S Vi (Be) =) = @ ()

The map ¢¢ is injective, hence, given a fixed x, if an y satisfying the last condition
exists, it has to be unique. Then the interval in which its coordinates are free to vary
must degenerate to a single point. Thus

0e(y) = or(x) & f(x) = y = P (x).
We can prove the symmetric equalities reversing the roles of £ and F.
Now we look at go;l(l) ={xeT” |3y eT":pec(y) = pr(x)}. We have:
xepF(I)s 3y Vi :max(ﬂ]’: +x/) <yl < rr}in(—ozij +x7)
& Vi :mjax(ﬂ} +x7) < rr;in(—aij +x7)
& Vi k,h :,B}'{ +xk < —af’ +x"
& Vi,k,h:xh—xk Z,B}; —1—045’
@Vk,h:xh—kaEBi(a{’@ﬂ};) |
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5 Tropical projective spaces as metric spaces

5.1 Finitely generated semimodules

Free semimodules have the usual universal property: let M be a T —semimodule, and
V1,...,Vy € M. Then there is a linear map:
T"— Spang (vy, ..., V)
c—c' Qv @@ Oy
This map sends e¢; in v; and its image is Spany (vy, ..., vy).
Hence every finitely generated T —semimodule is the image of a free T —semimodule.

In the following we will need some properties of finitely generated semimodules over
Tr, so for this section we will suppose T = Tg.

First we want to discuss a pathological example we prefer to neglect. Consider the
following equivalence relation on T? (see Figure 1):

x' <x2, yl <p?and x? = 2

')~ e or

x!>x2 y!>y%and x! = !

X2 Iy

Figure 1: Two examples of equivalence classes for the relation defining the
quotient module B: {x?> =2 ,x! <2} and {x! =1,x% <x!}

The quotient for this relation will be denoted by B. If a ~ a’ and b ~ b’, then
a®b=d ®b" and AOa =AOd . Hence the operations &, © induces operations on
B, turning it in a finitely generated T —semimodule. We will denote the equivalence
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classes in the following way: if (x!, x?) satisfies x! < x? we will denote its class as

[(-,x?)], if x! > x? we will denote its class as [(x!,-)]. The ® operation acts as
LOIC. X =[(.20x?)
and analogously for the other classes. The @ operation acts as:
[CoxD@[C. )] =[C.x* @ y?)
(L oleloh =" @ ph), ]
(L@ ¢, xD)] =[x x?)

If we put on the quotient a topology making the projection continuous, then the point
[(x!,-)] is not closed, as its closure must contain the point [(-, x1)].

We define a T —semimodule to be separated if it does not contain any submodule iso-
morphic to B. We will see in the following section that every separated T —semimodule
has a natural metrizable topology making all linear maps continuous. Examples of
separated T —semimodules are all free semimodules (as there exists no submodule in
T™ whose associated projective space has exactly two points) and the semimodules
U™ (as every two points in U" are in the image of the same tropical chart, hence in a
submodule isomorphic to T").

Lemma 5.1 Let M be a T —semimodule and let f: T?>—>M be a linear map such

that 1
1
1) =1() =m
when ! <x'. Then Vy <x': f( yz):m,

X

Proof Casel If y! <y <x!, then

(2) =2 =(x)

Linear maps are monotone with reference to <, hence m < f'( xy 2) <m.

Case2 If y = y! —(x!—y!), then consider the points
1 1
a=('-xhe(n) md b=0'-xHo (%)
We have f(a) = f(b) = (y' —x!) @ m. Then

F(E) =7 (B en=r(R)er®)=r(h)e =1 (5 oa=7()

Case 3 General case. Iterating the proof of case 2 we can prove the lemma for
y =y —n(x! = p1). Then by case 1 we can extend the result to every y. a
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Proposition 5.2 Let M be a T —semimodule and let f: TPP'—IP(M) be a tropical
projective map. If f is not injective there are two points x < y € TP such that
f(x)=f(y)=peP(M). TheneitherVz<y: f(z)=porVz>x: f(z)=p.

Proof The map f is associated with a map f : T2— M . There exists lifts X, y € T?
such that f(X¥) = f(¥) = p. Now the proof breaks into 3 cases.

Case 1 If X <y then one of their coordinates is equal. Else there is a scalar A < I
such that x XA ® y,and p <A ® p, a contradiction. Then we can apply the previous
lemma, and we have that Vz < y: f(z) = p.

Case 2 If y <X as before we have Vz > x: f(z) = p.

Case 3 If they are not comparable, then both are minor than their sum, X & y, and
f(X@ y) = p. Then by previous cases we have that Yz € TP!: f(z) = p. |

Corollary 5.3 Let M be a T —semimodule and let /: TP!—P (M) be a tropical
projective map. The sets f~1(f(01)) and f~'(f(coT)) are, respectively, an initial
and a final segment for the order of TIP'. If M is separated, then these segments are
closed segments. On the complement of their union the map is injective.

Suppose that M is a separated T —semimodule, f: T”—>M is a linear map and
f: TP* 1 —P(M) is the induced projective map. As usual we denote by ey, ..., e,
the points of the canonical basis of T”, and we pose v; = ]7 (ei) € M. We want to
describe the set V; = f~!(m(v;)). It is enough to describe V;. As Spany (ej,er) is
isomorphic to T2, we know that S; = V; N (Spany (e;, 1)) is a closed initial segment
of w(Spany (ej, e1)), with extreme point 7 (w;). We can suppose that w; =aje;j +e;.

Lemma 5.4 The set V7 is

7({e1 ®byOer ®---Oby®ey | bi <aj})

Hence there is a point h1 = e1 @ a, Qe ®---Oay, ey, such that w(hy) is an extremal
point of V7.

The restriction of ]7 to the submodule Spant (h;, h;j) is injective.

5.2 Definition of the metric

Any convex subset C of a real projective space RPP” has a well-defined metric, the
Hilbert metric. This metric is defined by using cross-ratios: if x, y € C, the projective
line through x and y intersects dC in two points a, b. The distance is then defined
as d(x,y) = %log[a,x, v, b] (order chosen such that ax N yb = @). If C, D are
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convex subsets of RPP” and if f: C— D is the restriction of a projective map, then
d(f(x), f(»)) <d(x,y). In particular any projective isomorphism f : C—>C is
an isometry. Moreover this metric has straight lines as geodesics. See Kim [5] for a
reference on the Hilbert metric in relation with projective structures.

We can give an analogous definition for separated tropical projective spaces over T .
In the following we will assume A =R and T = Tg. If M is a separated T —module
there is a canonical way for defining a distance d: P(M) x P(M)—R U {+o00}.
This distance differs from ordinary distances as it can take the value +o0, but has the
other properties of a distance (non degeneracy, symmetry, triangular inequality). If
f: P(M)—P(N) is a projective map, then d( f(x), f(y)) <d(x,y),andif SC M
is such that f'|g is injective, then f|g is an isometry.

This metric can be defined searching for a tropical analogue of the cross ratio. In RP!
the cross ratio can be defined by the identity [0, 1, z, oo] = z and the condition of being
a projective invariant. Or equivalently if A4 is the (unique) projective map satisfying
A(0)=a, A(1) =b, A(co) =d, then [a,b,c,d] = A7 (c). In this form the definition
can be transposed to the tropical case.

Let T be a tropical semifield and let a = [a! : a?],b = [b' : b?],c =[c! : c?],d =
[d' : d*] € TP' = P(T?) be points such that @ < b < ¢ < d. There is a unique
tropical projective map A satisfying A(0t) =a, A(1t) = b, A(coT) = d. This map
is described by the matrix:

a?oblod! a'ob2od!
a?ob'od? a*0b?0d!
Given an x € T, x > 17, we have that

bl 4+ x:b2) if x < (d! —d?)— (b —b?)

A(x :11]) =

(be: 1) { d else.
The point A=1(c) is then [(c! —c¢?) — (b! —b?) : 1]. Then we can define this point of
TP! as the cross-ratio of [a, b, ¢, d]. This value depends only on the central points b, ¢,
and it is invariant by every tropical projective map B: TP!—TP! that is injective
on the interval [b, c].
Consider a tropical projective map B: TP! — TP! such that B(Ot) = b and
B(ocoT) = ¢. This map is described by a matrix of the form:

pnoct Lob!
woc2 Lo b?
The inverse images B~!(h) and B~!(c) are, respectively, an initial segment and a

final segment of TIP! with reference to the order < of TP!. This segments have an
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extremal point, by and cq respectively. The restriction B|(p, o] : [Do. col—>[b. c] is a
projective isomorphism, hence (¢! —c¢?) — (b! —b?) = (cé — cg) — (b(l) — bg).
When we define the Hilbert metric we don’t need to take the logarithms, as coordinates

in tropical geometry already are in logarithmic scale. Hence the Hilbert metric on TIP!
is simply the Euclidean metric:

d(x,y)=|(x"=x) — (' =»?)

This definition can be extended to every separated tropical projective space P (M ).
If a,b € P(M), we can choose two lifts @,5 € M. Then there is a unique linear
map f: T2—>M such that f(e;) = b, f(e;) = a. The induced projective map
f: TP!'—P (M) sends Ot in @ and oot in b. By Corollary 5.3 the sets /()
and f~1(b) are closed segments, with extremal points ag,by. We can define the
distance as d(a, b) = d(ag, bg). It is easy to verify that this definition does not depend
on the choice of the lifts @, 5. Now we have to verify the triangular inequality, but it is
more comfortable to give an example first.

For the projective spaces associated with the free modules we can calculate explicitly
this distance. It is a well known distance, the Hilbert metric on the simplex in logarithmic
coordinates.

Proposition 5.5 Let x,y € TP" . Then for all lifts X, yeT”:
n n
d(x,y) = Xoy 7 ox ) =max(x — 7 —i—m’éx 7 Xt
= (@508 o (@1 or) =yl -+ e -

Proof The map f as above is defined in this case by the 2 x n matrix:

pl !
yn x}’l
— i .
Then forallh € T, (f(lij‘F )) = max(y; © h, x").

This is equal to x if Vi :h <x—y?, ieif & <min;(x’ — »’). As before, forall k € T,

— i X
(f( 1;? )) = max(y;, x' ©k).
This is equal to y if Vi 1k < y! —x?, ie if k < min;(y* — x*) Then by definition
d(x,y) = min(x’ — y') + min(y’ — x7)|.
l 1

By changing signs inside the absolute value, we have the thesis. |
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From this explicit computation we can deduce easily that the triangular inequality holds
for the distance we have defined in TP”~!, and that the topology induced by this
distance on TPP"~! is the quotient of the product topology on T”.

Once we know that the triangular inequality holds for TIP”~!, we can use this fact to
prove it for all separated tropical projective spaces.

Proposition 5.6 Let M be a separated T —semimodule. Then the function d : P (M) x
P(M)—Rx>o U {oo} satisfies:

Vx,p,ze TP 1 id(x,y) <d(x,z)+d(z, )

Proof Fix lifts X, ¥,Z € M . We can constructamap f: T3— M suchthat f(e;) =
x, f(e2) =y, f(e3) = z. By Lemma 5.4 there exist points /4, s, h3 € T? such that
J is injective over Spany (h;, hj). Then d(xw(h;), w(hj)) = d(w(fi), w(f;j)). As the
triangular inequality holds in TP?2, then it holds for x, y, z. |

The metric we have defined for separated tropical projective spaces can achieve the
value +o00. Given a T —semimodule M we can define the following equivalence
relation on M \ {0}:

X~y & d(r(x), 7()) < +00

The union of {0} with one of these equivalence classes is again a T —semimodule,
and their projective quotients are tropical projective spaces with an ordinary (ie finite)
metric.

For example, if M = T", the equivalence class of the point (1,..., 1) is the T -
semimodule FT", and its associated projective space is FTP”~!, a tropical projective
space in which the metric is finite.

For the T —semimodule U” an equivalence class is F'U", and its associated projective
space is FP"~!, a tropical projective space in which the metric is finite.

We can calculate more explicitly the metric for FP"~!. Let x,y € FP""! and let

X,y € U™ be their lifts. By Lemma 4.5 there exists a basis £ = (eq, ..., e,) of X such
that ajeq,...,aney, is abasis of y. In the tropical chart ¢¢, the point X has coordinates
(1r,..., 1), while the point y has coordinates (z(a1),...,t(a,)). Hence

d(x,y) = max(z(a;)) —min(z(a;)).
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5.3 Homotopy properties

In this section we will show that every separated tropical projective space with a finite
metric is contractible.

If (X,d) is a metric space, we denote by C([0, 1], X) the space of continuous curves
in X', with the metric defined by:

d(y,y) = max d(y(1),y'(1))
t€[0,1]
Note that the following pairing is continuous:
CO0. 1. X) x[0.1]> (y.)—y () € X
Lemma 5.7 Let (X, d) be a metric space and suppose we can construct a continuous

map
C: X xX 3 (x,y)—Cx,, € C°(0,1], X)

such that

(2) Cx,x is a constant curve.
Then X is contractible.

Proof We can construct a retraction H: X x [0, 1]|— X retracting X on one of its
points {Xx} as

H(y,1) = Cyx().
By definition of C we have that H(y,0) =y and H(y,1) = X, and H is continuous
as it is a composition of continuous functions. O

Lemma 5.8 Let x,y,a,b € T" and let ¢ 4 and ¢, be, respectively, the linear
maps T?—T" defined by the matrices:
x! 4l pl pl
bxa=|: ], byp = :
al’l y”l bn
Then Vv € T? : d(n($x,a(v)), 7(By,5(v))) < max(d(x(x), 7(y)), d(w(a), 7 (h))).
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Proof Without loss of generality we can suppose that v = (¢, 1), so that (¢x 4 (v))f =
max(x’ +¢,a’). Then

d(70(hx.a(V)). 7($y,5(v)))

= max(max(xi +1,a") —max(y' +1,b")) + max(max(yi +1,b")) —max(x’ +1¢,d").
l l

It is easy to check that max(x’ +¢,a’) —max(y’ +¢,b")) < max(x’ —y?,a’ —b’) by
analyzing the four cases. O

Proposition 5.9 For every separated T —module M , its associated projective space
P(M) is contractible with reference to the topology induced by the canonical metric.

Proof We have to construct a map C as in Lemma 5.7. We will use tropical segments,
rescaling their parametrization to the interval [0, 1]. If x,y € P(M), we take lifts
X,7 € M and the map f: T2—>M such that f(e;) = x, f(ez) = y. As usual
f: TP'—P (M) is the induced map. By Corollary 5.3 the sets /~!(x) and f~!(y)
are closed segments, with extremal points xq, o, hence f restricted to the interval
[x0, Vo] is a curve joining x and y. Let ¢ be the affine map from the interval [xq, y]
to the interval [0, 1]. We define Cy,, as the reparametrization of f by ¢. Properties 1
and 2 of Lemma 5.7 holds for C. To prove 3 we show that:

Vx,y,z,w e P(M):Vt €[0,1]: d(Cx,y(t), Cz,u(t)) < 3max(d(x,z),d(y, w))

Take lifts X, 7,Z, @ € M, and amap f : T*—>M such that f(e;) = x, f(e;) =
v, f(e3) =z, f(e4) = w. By Lemma 5.4 there exist points /i, h, h3, hy € T# such
that f is injective over Spant (h;,h;j). Then d(mw(h;), mw(hj)) = d(xw(fi). w(f;)).
Moreover f is 1-Lipschitz on w(Spany (%, ...,hs)), hence our property on M
follows from the same property on T*#, and this follows from Lemma 5.8. |

6 Tropicalization of group representations

6.1 Length spectra

Let T be a group and p : '—>GL,+1(F) be a representation of I in the general
linear group of a nonarchimedean field with surjective real valuation.

Let [F be a nonarchimedean field with surjective real valuation. The group GL,+1(IF)
acts by linear maps on the tropical modules U”+!(F) and FU"T!(F), and by tropical
projective maps on the tropical projective spaces P*(F) and FP"(IF). The representa-
tion p defines an action of " on FP"(F).
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For every matrix A € GL,+1(F), we can define the translation length of A as:

I(A)= inf d(x,A4
(D= g g 70 49

Proposition 6.1 Let x € FP",and L C V be a lift of x in FU"*!. We denote by
€1,...,ep+1 abasisof L, and by A the matrix corresponding to A in this basis. Then

d(x, A(x)) = max T((Z);) +max T(("T_l);')'

Proof By Lemma 4.5 applied to the O—modules L and A(L), there exist a basis

V1,...,0, of L and scalars Aq,...,A, € F such that Aqvy,...,A,v, is a basis of
A(L). Then d(x, Ax) = max;(t(A;)) —min; (t(X;)). We will denote by M; the tran-
sition matrix from eq,...,e, to vy,..., V,. As they are bases of the same (O—-module,
M isin GL,(O). We will denote by M, the transition matrix from A;vy,...,A,Vp
to A(ey),..., A(ey), and it is again in GL,(O). Let A be the diagonal matrix:
A1
A= .
An
Then the following relations hold:
A= MyAM, A= M7 AM!
A = M7IAT M AV =M A" M,
Hence max(7(A;)) = max r((/T);).
i i,

In the same way we have:

—min(z (%)) = maxt((A™1))) o
i i,j

The case n = 1 has been studied in Morgan—Shalen [6]. If A € SL,(F), we have
[(A) = 2max(0, t(tr(A4))) (see [6, Proposition I1.3.15]). In the following we give an
extension of this result for generic n.

Let I be a nonarchimedean real closed field of finite rank extending R, with a surjective
real valuation v: F*——R such that the valuation ring is convex. The field K = F[i]
is an algebraically closed field extending C, with an extended valuation v: K*—R.
We will use the notation 7 = —v. We will also use the complex norm |- |: K—Fx¢
defined by |a + bi| = v/ a? + b? and the conjugation a + bi = a —bi .
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If A e GL,4+1(K), we denote by Aq,..., A,y its eigenvalues, ordered such that
[Ail = |Ajx1]. We will denote r(A) = |Ay|, the spectral radius of A.
Note that the function

I+ 1l: Mp(K) > A— € max7(4}) € Fxg
l!j

is a consistent norm on M, (K), hence, by the spectral radius theorem, we have
t(r(4) = 4]

Proposition 6.2 Suppose the field K is as above. Then a matrix A € GL,4+1(K) acts
on FP"(K). Then the inf in the definition of [(A) is a minimum, and it is equal to:

)

An+1
Proof By Proposition 6.1 we have that for every x € FP"(K)

l(A)=r(

d(x, A(x)) = (r(4)) + (r(4™"))
I(A) > t(r(A) +(r(4A™h))

)

We only need to show that the lower bound of previous corollary is actually achieved.
The Jordan form of A4 is

At

or, in other words, I(A)=>1 ( .

n+1

A] *
Ay
%
An+1
where the entries marked by * are 0 or 1. Let vy, ..., v,+; be a Jordan basis, and let
L = Spany(vy, ..., vs) € UM, By Proposition 6.1
A
d(zw(L),An(L)) =t . a
An+1

Now suppose that A € GL,(F), with F a nonarchimedean real closed field as above.
Hence A acts on FP"(IF), and now we want to study the translation length of A over
FP"(IF). As before, we denote by Aq,..., A, € K its eigenvalues, ordered such
that |A;| = [Aj41].
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Proposition 6.3 Suppose that I is as above, and that A € GL,41(F). We consider
the translation length [(A) with respect to the action of A on FP"(IF). Then the inf in
the definition of [(A) is a minimum, and it is equal to:

il

n+1
Proof As FP"(F)C FP"(K), by Proposition 6.2 we have the inequality:

)

To prove that this lower bound is achieved, we will choose a suitable basis, as above.
Consider the decomposition into sum of generalized eigenspaces:

l(A)zr()L

Al

l(A)Zt()L

n+1

n
K" = "ker((4 — AiId)"*1)
i=1

For every A; € IF, the generalized eigenspace ker((4 — _)L,-Id)”H) has a basis of

generalized eigenvectors in F”t1. If A; € K\ I, then A; is an eigenvalue, and if
v1, ..., Uy is a basis of generalized eigenvectors of ker((A4 — AiId)"+1), then vy, ..., Uy
is a basis of generalized eigenvectors of ker((A4 — % +1). The vectors v; + v; and
v;—7; are in F*1 and they form a basis of ker((4 — A;1d)" 1) +ker((4 — A;1d)"*1).
In this way we have constructed a basis vy, ..., v,4 of F”T1 such that |4]| = ||
and |47 = |Au41]. Let L = Spany(vy,...,v,) € U"T! then, by Proposition 6.1

A
L), o

kn+1

d(x(L),An (L)) =1 (

6.2 Boundary points

Here we give a geometric interpretation to the points of the boundaries of the spaces of
convex projective structures. Let M be a closed n—manifold such that the fundamental
group 71(M) has trivial virtual center, it is Gromov hyperbolic, and it is torsion free
(note that every closed hyperbolic n—manifold whose fundamental group is torsion-
free satisfies the hypotheses). In [1, Subsection 6.4], we considered the family G =
{ey}y e (M) and we constructed a compactification of Tgpn(M):

Tgpn (M) g = Tgpn (M) U dgTgpa (M)
The cone over the boundary C(dg7gp,(M)) can be identified with a subset of RY =
R71(M)
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Every action of 7{(M) on a tropical projective space FP"(IF) has a well-defined
length spectrum (/(¥))yex, (M) € R71 (M)

Theorem 6.4 Let F = R((tR")), where r is the dimension of Tgpn(M) (see the
definition in [1, Subsection 3.3]). The points of C(dgTgp.(M)) are length spectra of
actions of the fundamental group 71(M') on the tropical projective space FP"(IF).

Proof The semi algebraic set Tgp, (M) has an extension to the field I, that we will
denote by Tgp, (M) C Char(ry (M), SLy+1(F)). Every element of Tgp, To, (M) is a
conjugacy class of a representation p: w1 (M)—>SL,+1(F).

Let x € C(dgTgpn(M)) C RY. As we said in [1, Subsection 3.3]), there exists a
representation p € Tgp, (M) such that for every y € 1 (M), the matrix p(y) satisfies

(B}
Xey:‘[ .

An+1
Consider the action of (M) on FP"(F) induced by the representation p. By
Proposition 6.3, the translation length of an element y is

) .

This result is an extension of the interpretation of the boundary points of the Teichmiiller

spaces given by Morgan—Shalen [6]. Here we review their result in our language. Let

S = Ek a surface of genus g with k >0 boundary components and such that x(S) <0,

and let S be the interior part of S.In [1, Subsection 5.2] we con51dered the family
= {Jy}y e, (s)» and we constructed a compactification of T H2 (S).

A1

l(p(y) =1 (

An+1

TL(8), = T ($) VagTEL (5)

The cone over the boundary C (BgTﬁé (S)) can be identified with a subset of RY =
R71(S)

Every action of 771 (S) on a tropical projective space FP!(F) has a well-defined length
spectrum (/(¥))yexn, (s) € R™ )

Theorem 6.5 Let F = H(RR), the Hardy field as in [2, Subsection 4.1]. The points
of C (agTﬁ{ (S)) are length spectra of actions of the fundamental group 71 (S) on the

tropical projective space FP!(F).
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Proof The semi-algebraic set Tﬁé (M) has an extension to the field IF, denoted by:

T:(S) € Char(my (S), SLa(F))

Given a representation p € TH;J;(S), if y € m1(S), the matrix p(y) has |tr(p(y))| = 2.

Let xeC (ag’Tﬁ{ (S)). By [1, Proposition 3.6], there exists a representation
pe T (S)

such that for every y € 71 (S), the matrix p(y) € SLy(IF) satisfies x 7, = 7 (tr(p(y))).

Consider the action of 771 (S) on FP"(F) induced by the representation p. By Morgan—
Shalen [6, Proposition 11.3.15], the translation length of every y € w1 (M) with respect
to this action is /(p(y)) = 2 max(0, t(tr(A))). As |tr(p(y))| = 2, we have [(p(y)) =
27(tr(A)). |

6.3 The equivariant map
These actions of 71 (M) on the tropical projective spaces FP" should correspond to
some kind of dual structure on M .

Suppose that M is an n—manifold such that, if n > 2, 7,(M) =--- =7, (M) = 0.
For example every manifold whose universal covering is R” satisfy this hypothesis, in
particular every manifold admitting a convex projective structure. We will denote by
p: M —>M the universal covering of M . Then suppose that Z is a simply connected
topological space with an action of m{(M). It is always possible to construct an
equivariant map:

Theorem 6.6 There exists a map f: M—>Z that is equivariant for the action of
w1 (M), ie
VxeM :Vyem(M):y(f(x) = f(y(x)).

Proof The group 7;(M) acts diagonally on the space MxZ:
y(x.2) = (y(x).y(2))
This action is free and proper, M xZis simply connected, hence
P:MxZ—K=(MxZ)/xi(M)
is a universal cover, and 71 (K) = 71 (M).

As M is a manifold it is homeomorphic to a CW-complex of dimension #n with only
one O—cell. Hence the hypothesis that 7, (M) = --- = 7,1 (M) = 0 implies that the
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isomorphism 71 (M )—>m{(K) is induced by a map v: M —IC, well-defined up to
homotopy.

As M is 51mply connected, we can lift the map ¢ = ¢ o p: M—K to a map
¢ M—MxZ such that P 0¢ ¢. The equivariant map f we are searching for is
the composition of d) with the projection on Z. We have to check that it is equivariant,
and to show this we will prove that 5 is equivariant. We need to prove that:

Vye M : Yy en(M):y(@(») =y (»))

Fix an y € M and a y € mi(M). Let xo = p(y) = p(y(¥)) € M and let x| =
¥ (x0) = P(@(1) = P@(y(1»)) (as ¢ is alift of y: M—K).

Now we identify 71 (M) with the based fundamental groups 71 (M, x¢) and 71 (K, x1).
By the definition of ¥, the isomorphism V.: 71 (M, x9)—> w1 (IC, x1) is the identity
with respect to this identification, hence ¥« (y) = y.

Consider the lift ¥ of the path y in M starting from the point y. The other extreme
of ¥ is the point y(y). The same way the lift 1/, ()/) of the path ¥« (y) in M xK
starting from the point ¢( y) is the image ¢(y), hence the other extreme of this path is
the point 5 (y(»)). This is precisely the definition of y(a ). |

Suppose that M is as above, and that we have an action of 7;(M) on the tropical
projective space P™. As P™ is a contractible space there is a 71 (M )—equivariant
map:

f: M—>P"

An interesting open problem is to understand the dual structure this equivariant map
induces on M .

The case where M is an hyperbolic surface and m = 1 has been studied by Morgan—
Shalen [7] and it is well understood: P! is a real tree and the equivariant map induces
a measured lamination on M , that is dual to the action.

This work can possibly lead to the discovery of analogous structures for the general
case. For example an action of 7;(M) on P™ induces a degenerate metric on M,
and this metric can be used to associate a length with each curve. Anyway it is not
clear up to now how to classify these induced structures. This is closely related to a
problem raised by J Roberts (see Ohtsuki [9, Problem 12.19]): how to extend the theory
of measured laminations to higher rank groups, such as, for example, SL,(R).
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