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Exotic rational elliptic surfaces without 1-handles

KoUICHI YASUI

Harer, Kas and Kirby have conjectured that every handle decomposition of the elliptic
surface E(1),,3 requires both 1— and 3-handles. In this article, we construct a
smooth 4-manifold which has the same Seiberg—Witten invariant as E(1), 3 and
admits neither 1— nor 3-handles by using rational blow-downs and Kirby calculus.
Our manifold gives the first example of either a counterexample to the Harer—Kas—
Kirby conjecture or a homeomorphic but nondiffeomorphic pair of simply connected
closed smooth 4—manifolds with the same nonvanishing Seiberg—Witten invariants.

57R55; 57R65, 57R57, 57N13

1 Introduction

It is a basic problem in 4—dimensional topology to classify smooth structures on 4—
manifolds. Constructions of exotic smooth structures on 4—manifolds with small Euler
characteristics are currently in rapid progress (see, for example, Park [14], Stipsicz—
Szabd [17], Fintushel-Stern [5], Park—Stipsicz-Szabé [15] and Akhmedov—Park [1]).
However, it is still unknown whether or not S* and CP? admit an exotic smooth
structure. If such a structure exists, then each handle decomposition of it has at
least either a 1— or 3-handle (see Proposition 6.4). On the contrary, many classical
simply connected closed smooth 4—manifolds are known to admit neither 1— nor
3—handles in their handle decompositions (cf Gompf-Stipsicz [7]). Problem 4.18
in Kirby’s problem list [11] is the following: “Does every simply connected, closed
4-manifold have a handlebody decomposition without 1-handles? Without 1— and 3—
handles?” The elliptic surfaces E(n), 4 are candidates of counterexamples to Problem
4.18. It is not known whether or not the simply connected closed smooth 4—manifold
E(n)p,q (n arbitrary, p,q > 2, ged(p, g) = 1) admits a handle decomposition without
I-handles (cf Gompf [6] and Gompf-Stipsicz [7]). In particular, Harer, Kas and Kirby
have conjectured in [9] that every handle decomposition of E (1), 3 requires at least a
I-handle. Note that by considering dual handle decompositions, their conjecture is
equivalent to the assertion that £(1),,3 requires both 1—-and 3-handles.

In this article we construct the following smooth 4-manifolds by using rational blow-
downs and Kirby calculus.
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Theorem 1.1 (1) For g = 3,5, there exists a smooth 4—manifold E; with the
following properties:

(a) Eg4 is homeomorphic to E(1)3 4;

(b) Eg4 has the same Seiberg—Witten invariant as E(1); 4 ;

(¢) E4 admits a handle decomposition without 1-handles, namely,
E 4, = one O-handle U twelve 2-handles U two 3—handles U one 4—handle.

(2) There exists a smooth 4-manifold E’, with the following properties:
(a) E} is homeomorphic to E(1)3 3;
(b) E ; has the same Seiberg—Witten invariant as E(1); 3;

(c) E} admits a handle decomposition without 1— and 3—handles, namely,
E’, = one O-handle U ten 2-handles U one 4—handle.

As far as the author knows, E; and E7 are the first examples in the following sense:
If E; (resp. E g) is diffeomorphic to E(1), 4 (resp. E(1), 3), then the above handle
decomposition of E(1),, (= E4 (resp. Eé)) is the first example which has no
1-handles. Otherwise, ie, if E, (resp. Eg) is not diffeomorphic to E(1), 4 (resp.
E(1)3,3), then E4 (resp. E%)and E(1)3 4 (resp. E(1)3,3) are the first homeomorphic
but nondiffeomorphic examples which are simply connected closed smooth 4—manifolds
with the same nonvanishing Seiberg—Witten invariants.

An affirmative solution to the Harer—Kas—Kirby conjecture implies that both E3 and
E’, are not diffeomorphic to E(1); 3, though these three have the same Seiberg—Witten
invariants. In this case, the minimal number of 1-handles in handle decompositions
does detect the difference of their smooth structures.

Our construction is inspired by rational blow-down constructions of exotic smooth
structures on CP?#nCP2(5 <n < 8) by Park [14], Stipsicz—Szabé [17], Fintushel—
Stern [5] and Park—Stipsicz—Szabé [15]. Our method is different from theirs since,
firstly, we use Kirby calculus to perform rational blow-downs, whereas they used
elliptic fibrations on E(1) (and knot surgeries), and secondly, they did not examine
handle decompositions.
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2 Rational blow-down

In this section we review the rational blow-down introduced by Fintushel-Stern [4].
For details, see also Gompf-Stipsicz [7].

Let C, and B, be the smooth 4—manifolds defined by Kirby diagrams in Figure 1, and
ug,...,up_1 elements of H,(Cp;Z) given by corresponding 2—handles in the figure
such that u; -u;41 =41 (1 <i < p—2). The boundary dC, of C, is diffeomorphic

52 2 =2 2 2 p-1
~—_—
Up—1 Up—2 Up—3 -+ U uy

Figure 1

to the lens space L(p2,1— p) and to the boundary 0Bp of B),. The following lemma
is well known.

Lemma 2.1 (1) 7(Cp) =0, ny(Bp) =Zp and w1 (L(p%, 1—p)) = Z,.
(2) Hy(Cp:Z) = ®p—1Z and Hy(By:Z) = Hy(L(p*.1—p):Z) =0.

Suppose that Cp embeds in a smooth 4-manifold X . The smooth 4-manifold X ,):=
(X —int Cp) Up (p2,1—p) Bp is called the rational blow-down of X along Cj. Note
that X(,) is uniquely determined up to diffeomorphism by a fixed pair (X, Cp). This
operation preserves b;r , decreases b, , may create torsions in the first homology group,
and has the following relation with the logarithmic transformation.

Theorem 2.2 (Fintushel-Stern [4], cf Gompf—Stipsicz [7]) Suppose that a smooth
4—manifold X contains a cusp neighborhood, that is, a O—handle with a 2—handle
attached along a O—framed right trefoil knot. Let X, be the smooth 4-manifold
obtained from X by performing a logarithmic transformation of multiplicity p in the
cusp neighborhood. Then there exists a copy of Cp in X# (p — 1)CP? such that the
rational blow-down of X# (p — 1)CP? along the copy of C, is diffeomorphic to X, .

Let E(n) be the simply connected elliptic surface with Euler characteristic 12n
and with no multiple fibers, and E(n)p,,... p, the elliptic surface obtained from

Algebraic €& Geometric Topology, Volume 8 (2008)



974 Kouichi Yasui

E(n) by performing logarithmic transformations of multiplicities pq,..., px. We
denote h,eq,e;p,...,e, as a canonical orthogonal basis of HZ(CPz#nCPZ; 7) =
H,(CP*;Z) ®, H)(CP*Z) such that h2 =1 and e? = e =---=e¢2 = —1.

Since there is a diffeomorphism E(1), — E(1) = CP2#9CP? which maps the class
of aregular fiber of E(1), to p(3h—e;—ey—---—e9) € Hy (CP?#9CP?; Z) (cf Etgii—
Park [2, page 680] and Gompf—Stipsicz [7]), Theorem 2.2 gives us the following
corollary.

Corollary 2.3 For each natural number p and g, the elliptic surface E(1)p 4 is
obtained from CP*# (8 4 ¢)CP? by rationally blowing down along a certain copy 2Cq
of Cq such that uy,...,ug_ satisfy

Uy =€74+qg —€8+4q, U2 =€6+q —€7+q> ---> Ug—2 = €10 — €11,

ug—1 = pBh—er—ey—---—e9)—2e10—€11 —€12— " —€s44

as elements of H,(CP?*# (8 + ¢)CP?;Z).

Remark 2.4 FE(1), 4 is homeomorphic but nondiffeomorphic to E(1), in the case
p,q > 2 and ged(p,q) =1 (cf Gompf-Stipsicz [7]).

3 Construction

In this section we construct E3, E5 and E g , and prove Theorem 1.1 (1)(a)(c) and
(2)(a)(c). In Kirby diagrams, we write the second homology classes given by 2—handles,
instead of usual framings. Note that the square of the homology class given by a 2—
handle is equal to the usual framing. We do not draw (whole) Kirby diagrams of
E;, Es, E ’3 and the other manifolds appeared in the following construction. However,
one can easily draw whole diagrams.

We begin with a construction of a cusp neighborhood in CP?#9CP? such that its
embedding into CP?#9CP? has the same homological properties as that of the regular
neighborhood of a cusp fiber of E(1),. We do not know if these embeddings into
CP?#9CP? are the same up to diffeomorphism.

Lemma 3.1 CP?#9CP? admits the handle decomposition drawn in Figure 2. Here
f denotes 6h —2e; —2ey —---—2eq € Hy(CP*#9CP2:Z).

Proof We first create two 2-handles with framings 2/ and 4/ in a Kirby diagram of
CP?. Figure 8 is a basic Kirby diagram of CP?. Introducing a 2—handle/3—handle
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O,
)
T —

)

U nine2-handle
esg
U two 3—handles

Q U one4-handle

Figure 2: CP?#9CP?

pair gives Figure 9. Handle slides and isotopies yield Figure 12 (Pairs of bold lines in
figures denote “bands”):

0+h h+h i
Figure 9 ALY Figure IOL Figure 11 Zotopy, Figure 12.

Creating a 2-handle/3-handle pair gives Figure 13. Handle slides produce Figure 17:

0+h h+h 2h+h 3h+h
Figure 13 RALA Figure 14L> Figure 15 i Figure 16 208 Figure 17.

We blow up CP? nine times:

. three blow-ups . isotopy . six blow-ups .
Figure 17 —  Figure 18 —— Figure 19 ——  Figure 20.
We make a handle addition (44 —2e; —2ey —2¢3 —eq4 —e5—--+—eg9) + (2h —eq4 —
es —---—eg). This leads to Figure 21, and an isotopy gives Figure 2. O

Proposition 3.2 (1) CP?#11CP? admits the handle decomposition drawn in Figure 3.
In particular CP*# 11CP? contains the copy of C3 drawn in the figure. The elements
uy,uy € Hy(CP*#11CP2;Z) given by this copy of Cs are the same as that given
by 2C3 .

(2) CP?#13CP? admits the handle decomposition drawn in Figure 4. In particular
CP?#13CP? contains the copy of Cs drawn in the figure. The elements uy, ..., u4 €
H,(CP*#13CP?; Z) given by this copy of Cs are the same as that given by ,Cs.

Proof (1) Blowing up in Figure 2 yields Figure 22. The handle slide drawn in

Figure 23 gives Figure 24. An additional blow-up yields Figure 25, and an isotopy
gives Figure 3.
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it

Jf—2ew0—ei ero—enn e9—e€w | glevern—handle
N J U two 3—handles

v U oned4-handle
Cs3

Figure 3: CP?#11CP?

f_2610_ell_512_el3 €11 — €12 eg +€9—6‘10—€11—6‘12
€10 — €11 €12 — €13 U eleven2—handle
\ ~ J U two 3—handles
Cs U oned4-handle

Figure 4: CP?# 13CP?

(2) Handle slides, isotopies and blow-ups in Figure 25 yield Figure 4:

+(eo— +e9—e10) —
Figure 25 m Figure 26 (es +eomer) en Figure 27
isot blow- +eg—ejo—eqy)—
oop Figure 28 Rl Figure 29 e+ escroen) —er Figure 30

isotopy . blow-up _ . isotopy .
—— Figure 31 —— Figure 32 —— Figure 4. O

Proposition 3.3 CP2# 13CP? admits the handle decomposition drawn in Figure 5. In
particular CP?# 13CP? contains the copy of Cs drawn in the figure.

Proof Recall the construction in the proof of Lemma 3.1. In this construction, we
created a 2—handle/3—handle pair twice. Instead of introducing a 2—handle/3-handle
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6h +e1+ey—2e3—---—2e1p—e13 e —eqn e9 —e1o

U nine2-handle
€12 —e13 €10 — €11 U oned4-handle
J

N
Cs

Figure 5: CP?# 13CP?

pair twice, blowing up twice yields Figure 38:
blow- +h h+e)+h
Figure 8 R Figure 33 a7 Figure 34 % Figure 35
isotopy . blow-up __ ex+h
—— Figure 36 —— Figure 37 —— Figure 38.
Handle slides and blow-ups as in proofs of Lemma 3.1 and Proposition 3.2 gives Figure
39. Repeating handle slides drawn in Figure 23 yields Figure 40. An additional blow-up
gives Figure 41, and an isotopy gives Figure 5. O

Definition 3.4 Let £, be the smooth 4—manifold obtained from CP*# (8 + ¢)CP?
by rationally blowing down along the copy of C; obtained in Proposition 3.2, for
g =3.,5. Let E’ be the smooth 4—manifold obtained from CP?# 13CP? by rationally
blowing down along the copy of Cs obtained in Proposition 3.3.

Remark 3.5 It is not known whether or not there exists a copy of Cs in CP?# 13CP?
such that the rational blow-down is diffeomorphic to E(1), 3.

In [20] we will construct more examples of exotic CP*#9CP? without 1— and 3—
handles, by improving the construction of E}. The author does not know if these
examples have the same Seiberg—Witten invariants as the elliptic surfaces E (1), 4.

We prepare the following lemma.

Lemma 3.6 (cf Gompf-Stipsicz [7]) Suppose that a simply connected closed smooth
4—manifold X has the handle decomposition drawn in Figure 6. Here n is an arbitrary
integer, h, and hy are arbitrary natural numbers. Note that we write usual framings
instead of homology classes in the figure.
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Let X(p) be the rational blow-down of X along the copy of C, drawn in Figure 6.
Then X(,) admits a handle decomposition

X(p) = one O-handle U (hy + 1) 2-handles U h3 3-handles U one 4-handle.

In particular X, admits a handle decomposition without 1-handles.

_pz_

2 =2 /_\
O k/ Q U &, 2—handle

U &3 3—handle
Cp U oned4—handls

Figure 6: Handle decomposition of X

Proof Draw a Kirby diagram of X(,), following the procedure introduced in [7,
Section 8.5] (see also [7, page 516, Solution of Exercise 8.5.1.(a)]). Then the n—framed
unknot drawn in Figure 6 changes into a meridian of a unique dotted circle which
naturally appears in this procedure. Thus we can cancel the 1-handle/2-handle pair.
Note that this procedure does not produce new 3—handles. O

The following proposition gives Theorem 1.1 (1)(a)(c) and (2)(a)(c).
Proposition 3.7 For ¢ = 3,5, the manifold E; is homeomorphic to E(1), , and
admits a handle decomposition without 1—handles, namely,

E 4, = one O-handle U twelve 2-handles U two 3—handles U one 4—handle.

E!, is homeomorphic to E(1); 3 and admits a handle decomposition without 1— and
3—handles, namely,

E’, = one O-handle U ten 2—-handles U one 4—handle.
Proof Lemma 3.6 shows the above properties of E; and E’ about handle decom-

positions. Thus E; and E; are simply connected. Since Ej is obtained from
CP?# (8 4+ ¢)CP? by rationally blowing down along a copy of Cy, we have

b (Eq) = by (CP*# (8 +q)CP?) = 1,
by (Eq) = by (CP*# (8 +¢q)CP*) —b, (Cp) = (8+¢q)—(g—1) = 9.
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Similarly we have b; (E}) = 1 and b5 (E%) = 9. Therefore Freedman’s theo-
rem together with Rochlin’s theorem shows that £, and E g are homeomorphic to
CP?#9CP?. Thus E; and E’ are homeomorphic to E(1); 4. a

4 Seiberg—Witten invariants

In this section, we briefly review facts about the Seiberg—Witten invariants with b;r =1.
For details and examples of computations, see Fintushel-Stern [3; 4], [5], Stern [16],
Park [13; 14], Ozsvéath—Szabé [12], Stipsicz—Szabé [17] and Park—Stipsicz—Szab6 [15].

Suppose that X is a simply connected closed smooth 4—-manifold with b;r (X)=1.Let
C(X) be the set of characteristic elements of H2(X;Z). Fix a homology orientation
on X, that is, orient H_|2_(X;R) :={H € H>(X;Z)| H*> > 0}. Then the (small-
perturbation) Seiberg—Witten invariant S Wy g (K) € Z is defined for every positively
oriented element H € H i (X;R) and every element K € C(X) such that K- H #0. Let
e(X) and o(X) be the Euler characteristic and the signature of X, respectively, and
dx (K) the even integer defined by dy (K) = %(Kz—Ze(X)—&r(X)) for KeC(X). It
is known that if SWx g (K) # 0 for some H € H_%(X; R), then dy (K) > 0. The wall-
crossing formula tells us the dependence of SWy g (K) on H: if H, H' € H}’r (X;R)
and K € C(X) satisfy H- H' > 0 and dy (K) > 0, then

SWx. m/(K) =SWyx, g (K)

0 if K- H and K - H' have the same sign,
+3 (=2 & i K.H>0and K- H' <0,
(—)!*+24xK) if K. <0and K- H' > 0.

Note that these facts imply that S Wy g (K) is independent of H in the case b, (X) <9,
in other words, the Seiberg—Witten invariant S Wy : C(X) — Z is well defined.

We recall the change of the Seiberg—Witten invariants by rationally blowing down.
Assume that X contains a copy of Cp. Let X(,) be the rational blow-down of X
along the copy of C,. Suppose that X(,) is simply connected. The following theorems
are known.

Proposition 4.1 (Fintushel-Stern [4]) For every element K € C(X(,)), there exists

an element K € C(X) such that K|x,,)—in B, = IZ|X_imcp and dx,, (K) = dX(IZ).
We call such an element K € C(X) alift of K .
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Theorem 4.2 (Fintushel-Stern [4]) If an element K e C(X) is a lift of some element
K eC(X(p)), then SWx ) g (K) = SWX’H(I?) for every positively oriented element
H e Hi (X;R) which is orthogonal to the subspace H,(Cy,;R) of H,(X;R). Note
that we view H as a positively oriented element of Hi (X(p):R).

Theorem 4.3 (Fintushel-Stern [4], cf Park [13]) If an element KecC (X) satisfies
that (K|Cp)2 =1-pand Klyc,=mp €Z,> = H?(0Cp;Z) withm= p—1 (mod 2),
then there exists an element K € C(X(p)) such that K isalift of K.

Corollary 4.4 If an element K e C(X) satisfies IZ(ul) == IZ(up_z) = 0 and
K(up—1) = % p, then K is a lift of some element K € C(X(,)).

5 Computations of SW invariants

In this section we complete the proof of Theorem 1.1. We prepare the following lemma
here.

Lemma 5.1 Let X be a simply connected closed smooth 4—manifold which contains
a copy of Cp,, and 1 the inclusion X —intC, < X. Let CPJ- be the orthogonal
complement of the subspace spanned by uy, ..., u,_1 € Hy(X;Z), that is,

C;':={veH2(X;Z)|v-u1 =-=v-ug_1 =0}

Suppose that there exists an element 6 € Hy(X;Z) such that §-u; =1 and § - u, =
§-uz3 =---=08-up_; =0. Then

(1) wHy(X —intCpiZ) = C;-;

(2) Hi(X —intCp;Z) =0.
Proof (1) Since every element of H,(X —int Cp;Z) is represented by a surface, it
is clear that 14 Hy (X —int Cp;Z) C le-.

Let ¢/ be the inclusion Cp, <> X . Mayer—Vietoris exact sequence of (X —int C,)UC, =
X is as follows:

e A d
0— Hy(X —intCp; Z) @ Hy(CpiZ) =" Hy(X;Z) > Z.
Since C, is negative definite and Im ¢ C CpL, we have Im (14 +t,) = Imty & Im (.

We determine d(8) here. There clearly exists an element # € Z such that d(né) =0
(mod p?). The above exact sequence ensures the existence of elements u € Im ¢, and
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Ve Cpl such that n6 = u 4+ v. The element u satisfies u -u; =n (=né-uy) and
Uy =u-u3=--+=u-up_1 =0 (=nd-uy). Since uy,us,...,uy is a basis of
Im ¢, , we can easily see 7 =0 (mod p?) by using the intersection form of C,. Hence
d(8) is a generator of Z 5.

Suppose that some element w € le- satisfies d(w) #Z 0 (mod p?). Since 9(§) is a
generator of Z,>, there exists an element n' € Z with n’ # 0 (mod p?) such that
d(n'8§ +w) = 0. Applying the above argument about né to n’'s + w, we get n’ =0
(mod p?). This is a contradiction. Thus we obtain B(le-) = 0. Therefore CPJ‘ C
Kerd=Imux ®Imd, C le- @®Im . Thus it is easy to see CpL CusHy(X —int Cp; Z).

(2) Since the above 0 is onto, we can easily show by using Mayer—Vietoris exact
sequence. m|

Remark 5.2 (1) Since t4x: Hy(X —intCp;Z) — H,(X;Z) is injective, the above
lemma allows us to identify H,(X —int Cp; Z) with CpL.

(2) Under the same assumption as that in Lemma 5.1, we can also show H{(X(,);Z) =
0. Here X(,) denotes the rational blow-down of X" along the copy of Cp. It is not
known whether or not the fundamental groups of X —intCp and X(,) vanish.

The following proposition gives us Theorem 1.1 (1)(b). In the rest of this section, we
denote the symbol R, as CP?#nCP2.

Proposition 5.3 E; has the same Seiberg—Witten invariant as E (1), ,, that is, there
exists a homeomorphism between E, and E(1), , which preserves the orientations,
the homology orientations and the Seiberg—Witten invariants, for ¢ = 3, 5.

Proof We first give a proof for ¢ = 3. Let o1, 05,...,09,8 € 2C3J- be the elements
defined by

oy =4h—e;—ey—---—eg—2ej9—2eqq,

o =5h—2e1—2ey—e3—e4—---—eg—2e190—2e11 —ej+1 (2 <i <8),

Og = €1 — €3, ,B =30/’l—13€1 —106’2—763—764—"'—76’9—12610—12611.

We can view oy, 0,..., a9, as elements of Hy(E(1)2,3;Z) by Lemma 5.1.(1),
Corollary 2.3 and the following natural identification:

Hy(E(1)2,3 —int B3; Z)(= Hy(Ry1 —int C3;Z)) C Hy(E(1)23:Z).
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This identification preserves cup products. Therefore the elements o1, a5, ..., a9, 8
of Hy(E(1),3;Z) satisfy

af=ai=-=ag=—l,af =-2,0;-0;=0(1<i <j<9),
B*=0B-a;=Pay=-=P-ag=0,B-ag=3.

Recall that the intersection form of E(1),3 is (1) @ 9(—1) (This notation of the
intersection form is the same as that in Gompf-Stipsicz [7, Section 1.2].). This implies
that either the matrix (9 1) or (} ) represents the symmetric bilinear form on
(a1, a2, ..., a5). We here denote the symbol (aq,as, ..., as)" as the orthogonal
complement of the subspace spanned by o, @z, ..., a3 € Hy(E(1)3,3;Z). Since a9
and B are elements of (ay,as, ..., ag)", it is easy to check that the matrix ((1’ (1))
represents the symmetric bilinear form on (o, s, ..., ag). We can easily see that
there exists an element 1o € Hy(E(1)2,3;7Z) such that 3a;9 = B, by using a basis of

(ay,az, ..., ag)". Note that a1, as, ..., 0 is a basis of Hy(E(1)23:Z).

Proposition 3.2.(1) allows us to apply the above argument to E3. Thus we get a
basis a7, ... ,0/10 of H,(E3;Z) which is corresponding to the basis «y,..., a9 of
Hy(E(1)2.3;Z). Let 9: H*(E(1).3; Z) — H*(E3;Z) be the isomorphism defined by
PD(a;) — PD(a}) (1 <i <10). Here PD denotes Poincaré dual. The isomorphism
¢ preserves the intersection forms and the homology orientations of E(1), 3 and E3.

Proposition 4.1 gives us a lift K e C(R1;) of K forevery K € C(E(1)2,3). Lemma
5.1.(2) together with the universal coefficient theorem implies that K |R,,—intc; and
¢(K)|E;—int B, are uniquely determined by their values on Hy(R; —intC3;Z) =
H,(E;—int By; Z). Since o =a; (1 <i <9)and 3o, = 3a¢ as elements of 2C3L,
it is easy to check that K is also a lift of the element ¢(K) € C(E3). Thus Theorem
4.2 shows SWg,(¢(K)) = SWE(1), ;(K). Hence the isomorphism ¢ preserves the
Seiberg—Witten invariants of £ (1), 3 and E3. Freedman’s theorem gives us a required
homeomorphism ®: E3 — E(1), 3 which preserves the orientations and satisfies
O* =¢.

We briefly give a proof for ¢ = 5. Let a5,1,052,...,259, B85 € 2C5J- be the elements
defined by
as;=17h—3e; —4ey —---—4deg—bejg—---—6ej3 —ejr1 (1 <i <8),
as5,9 =96h—19¢; —23e; —---—23e9 —34e19 —--- — 34ey3,
Bs =537h—104e; — 129¢y — - — 129e9 — 190e19 — - - - — 190e1 3.
Applying the above argument to E's, we obtain a proof. O

To prove Theorem 1.1 (2)(b), we compute the Seiberg—Witten invariant of E£(1); 3.
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Lemma5.4 Let K3 €C(E(1);,3) be the element defined by K3 = PD (ot +---+og—
2009 —4a1g). Here ay,az, ..., a1 denote the elements of Hy(E(1); 3;Z) defined in
the proof of Proposition 5.3. Then K3 satisfies SWg(1), ;(£K3) = %1 and is the
unique element of C(E(1)2,3) up to sign for which SWE(1), 5 is nonzero.

Proof Let 123 € C(R;1) and H € HJZF(R“;R) be the elements defined by 123 =
PD(3h—ey —ey—---—eq1) and H = PD(7Th —2ey —2ey —---— 2eq1). Note
that H is orthogonal to the subspace H, (C3;R) of Hy(R11;R). It is well known
that SWg, PD(h)(K) = 0 for every K e C(Ry) and every n > 0. Applying the wall-
crossing formula to + K3, H and PD(h), we have SWg, H(:I:K3) = =+1. Corollary
4.4 shows that K3 is a lift of some element K3 € C(E(1)3,3). Thus Theorem 4.2 gives
SWE@),;(£K3) = £1.

Since Kj is a lift of K3, the element K satisfies K3 (o) = K; (aj)) 1<i=<9)
and K3(3aqg) = 123(3a10). Hence the values of K3 are as follows: Kj(oy) =
K3(ap) =+ = K3(ag) = —1, K3(ag) =0 and K3(x19) = —2. Therefore we get
K3 = PD(ay + -+ ag — 209 — 4aq).

Suppose that an element L € C (E (1)2,3) satisfies SWEg(1), ;(L) # 0. Pr0p051t10n
4.1 ensures the existence of a lift L € C(R11) of L such that SWg,,. H(L) #0. We
put a := L(h). Since L is characteristic and dg,, (L) > 0, the integer «a is odd and
la| > 3. In the case a > 3, Cauchy—Schwartz inequality ((x;y; + -+ + Xpyn)? <
(x +-- —i—xz)(y1 +- 4y 2) for X1,...,Xn: ¥1..... yn €R) and an(Z) = %(az—
((L(el))2 +(L(€2)? +-+- + (L(e11))?) +2) = 0 show

ZH = 7a—2Z(€1)—2Z(€2)—"'_2Z(ell)

> Tq— \/22 422 +...+22\/(Z(e1))2 + (Z(ez))z 4.+ (Z(ell))2
>7a—211va? + 2.

Since SWE(1),5(L) # 0 and a > 3, the wall-crossing formula shows L-H<O0.
Therefore we get a = 3. This together with L-H <0 shows i(e,-) =1(1=<i=<1l).
We thus have L = 123. Similarly we have L= —1’53 in the case a < —3. Hence
L=+Kj;. |

The following proposition completes the proof of Theorem 1.1.
Proposition 5.5 E’, has the same Seiberg—Witten invariant as E(1),,3, that is, there

exists a homeomorphism between E’, and E(1),,3 which preserves the orientations,
the homology orientations and the Seiberg—Witten invariants.
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Proof Let IZ; € C(Ry3) and H' € HZ(Ry3;R) be the elements defined by 12’3 =
PDBBh+e+ey—e3—---—eq3) and H = PDQ23h+ 6eq + 6ey —6e3—---—6¢€13).
Note that H' is orthogonal to the subspace H,(Cs;R) of H,(R13;R). Applying
the wall-crossing formula to =K/, H' and PD(h), we get SWRH’H/(j:I?g) ==+l.
Corollary 4.4 shows that Eg is a lift of some element K’ € C(EY). Thus Theorem
4.2 gives S WE; (K g) = £1. The same argument as that in the proof of Lemma 5.4
shows that K ’3 is the unique element up to sign for which .S WE_; is nonzero.

Let o’ € H>(R3;Z) be the element defined by o' =3h+e;—e3—e4—---—e7—e19—
e11—e1a2—eq3. Lemma5.1.(1) allows us to view ' as an element of H,(E’;Z). We set
L, € H*(E}:Z) by L, = K}, — PD('). The element L/, is a characteristic element
of (PD(a’))t and satisfies L/32 =1 and K} = L, + PD(c’), because ng =0,
K3 - PD(¢’) = —1 and (PD(a’))> = —1. We here denote the symbol (PD(a’))*
as the orthogonal complement of the subspace spanned by PD(a’) € H*(E.;Z).
Since the symmetric bilinear form on (PD ()L is (1) ®8(—1), the following lemma
together with the above property of L’ gives us an orthogonal basis vy,...,vjo of
H*(E!;Z) such that v =1, v3 =---=v}; =—1 and K} =3v; —vy —---—vyq.

Lemma 5.6 (Stipsicz—Szabé [17, The proof of Proposition 4.3], cf Wall [18, The
proof of 1.6]) Let M be a free Z-module equipped with a symmetric bilinear form
(1) @ 8(—1). If a characteristic element K of M satisfies K> = 1, then there exists
an automorphism of M which preserves the symmetric bilinear form on M and maps
K to3v; —vy—---—v9. Here vy,..., vy denotes an arbitrary orthogonal basis of M
such that vf =1 and vg == vg =—1.

Similarly the above lemma together with Lemma 5.4 gives us an orthogonal basis
wi,..., w1 of HZ(E(1)2,3;Z) such that wf =1, w% = ... = wfo = —1 and
K3 =3w;—wy—--—wjo. Let ¢’ : H*(E}; Z) — H*(E(1)3,3; Z) be the isomorphism
defined by v; — w; (1 <i <10). The isomorphism ¢’ preserves the intersection forms
and the Seiberg—Witten invariants.

Let H e H i(Rll;R) be the element defined in the proof of Lemma 5.4. Recall
that we can view H and H' as positively oriented elements of H. er (E(1)2,3:R) and
H _%_ (E%;R), respectively. Note that (—K3)- H =1 and

(—K3)-¢'(H') = ¢'(=K3) - ¢'(H") = (=K3) - H' =9.
We thus have (—K3)- H >0 and (—K3)-¢’(H’) > 0. These two inequalities together

with the lemma below show H - ¢'(H') > 0. Hence ¢’ preserves the homology

orientations. Freedman’s theorem gives us a required homeomorphism ®': E(1), 3 —

E’, which preserves the orientations and satisfies ®* = ¢’.
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Lemma 5.7 Let V be a vector space of rank n over R equipped with a symmetric
bilinear form such that b;(V) =1 and b; (V) =n—1. Here b;r and b, are the same
notation as that in Gompf-Stipsicz [7].

If elements u, v, w € V satisfy u?>0,v2>0, w?>0,u-w>0andv-w > 0, then
u-v>0.

Proof Let (u) be the subspace spanned by u, and ()" the orthogonal complement
of (u). The subspace (1) is negative definite, because b;r (V)=1and u? > 0. Since
V = (u) & (u)~, there exist elements a,a’ € Z, x, x" € (u)? such that v = au +x and
w = a’u + x’. Cauchy—Schwartz inequality implies /x2(x")? > x - x’. Inequalities
v2 >0 and w? >0 give us a?u? > —x? and (a’)?u? > —(x’)?. These three inequalities
together with v-w > 0 show aa’u? + |aa’|u? > 0. This inequality and u - w > 0 give
us @ > 0. Hence u-v > 0. |

This completes the proof of Proposition 5.5. |

6 Further remarks

We conclude this article by making some remarks.

Remark 6.1 In Figure 15-Figure 17, we used the peculiar bands, that is, bands not
in local positions to prove Lemma 3.1. Note that standard bands, that is, bands in
local positions are also enough to prove Lemma 3.1. However, the peculiar bands are
the key of our construction of exotic CP?#nCP? (5 < n < 9) (see our forthcoming
paper [20]). In the proof of Lemma 3.1, we used two 2—handles with framings (2/, 4/).
Instead of these two 2—-handles, we can use two 2-handles with framings both (4, 54)
and (34, 3/) to prove Lemma 3.1. We can also use a 2—handle with a framing 6/ to
construct Figure 7. In this construction, we can decrease the number of 3—handles of
E5. Precisely E3 admits a handle decomposition

E5 = one 0-handle U eleven 2-handles U one 3-handle U one 4-handle.

We do not know if choices of the above bands and the above 2-handles affect diffeo-
morphism types of E3 and Es.

Remark 6.2 Yamada asked the author if a topologically trivial but smoothly nontrivial
h-cobordism between E; and E(1);, exists. Following the argument in Gompf—
Stipsicz [7, Example 9.2.15], we can prove that such an h-cobordism exists. Note
that the same argument also shows that a topologically trivial but smoothly nontrivial
h-cobordism between E(1); , and itself exists.
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U nine2-handle
Uone3-handle

Q U one4-handle

Figure 7: CP*#9CP?

Remark 6.3 Let X be a simply connected closed smooth 4-manifold which contains a
copy of Cp, and X the rational blow-down of X along the copy of Cp. Suppose that
X(p) is simply connected. Do the following two conditions, X and the homomorphism
H,(Cp;Z) — H,(X;Z) induced by the copy of Cp, suffice to determine the (small
perturbation) Seiberg—Witten invariant of X ,)?

The proofs of Proposition 5.3 and Proposition 5.5 give an affirmative answer to this
question in some cases. In a forthcoming paper, we will give a more general result for
this question.

We here give a proof of the following proposition referred in the introduction of this
article.

Proposition 6.4 If a smooth 4—manifold is homeomorphic to S* (resp. CP?) and
admits neither 1— nor 3—handles in a handle decomposition, then the 4—manifold is
diffeomorphic to 8* (resp. CP?).

Proof Note that if a simply connected closed smooth 4—manifold has neither 1-
nor 3-handles in a handle decomposition, then the number of 2—handles appeared in
the handle decomposition is equal to the rank of the second homology group of the
4—manifold.

Suppose that a smooth 4—manifold is homeomorphic to S* and has neither 1— nor
3—handles in a handle decomposition. Then this handle body consists of a 0—handle
and a 4-handle. Since attaching a 4-handle is unique (see Gompf—Stipsicz [7]), the
4-manifold is diffeomorphic to S*.

Suppose that a smooth 4—manifold is homeomorphic to CP? and has neither 1— nor
3-handles in a handle decomposition. Then this handle body consists of a O—handle, a
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2-handle and a 4—handle. Thus the attaching circle of the 2—handle produces S3 by a
Dehn surgery with coefficient 4 1. Since such a knot is unknot (see Gordon—-Luecke
[8]), the 4—manifold is diffeomorphic to CP2. O

Contrary to the above proposition, many simply connected closed topological 4—
manifolds are known to admit at least two different smooth structures without 1— and
3—handles (cf Gompf-Stipsicz [7]). As far as the author knows, S* and CP? are the
only known exceptions. Thus the following problem is natural.

Problem 6.5 Which simply connected closed topological 4—manifold has a unique
smooth structure without 1—- and 3-handles?

Finally we refer to further constructions.

Remark 6.6 This article is based on the author’s announcement [21]. In [19], we
will give the rest of examples announced in [21]. In addition to these examples, we
will construct a smooth 4—manifold which has the same Seiberg—Witten invariant as
E(1);,3 and admits no 1-handles as follows: We “naturally” construct Figure 7 and
perform a logarithmic transformation of multiplicity 3 in the cusp neighborhood.

In [20], we will construct examples of exotic CP?# 1 CP? (5 < n < 9) by using rational
blow-downs and Kirby calculus. We also prove that our examples admit a handle
decomposition without 1—and 3—handles in the case 7 <n <9.

l h 0
U one3—handl
U one4-handle U one4—handl

Figure 8: CP? Figure 9: CP?
h
h

;/
C U one3—handl U one3—handl
h U oned—handl 2h ) oned—handl

Figure 10: CP? Figure 11: CP?
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h o |
o d U one3—handl 2hd
U one4—handl 1) oned—handle
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Figure 12: CP? Figure 13: CP?
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U two 3—handle
2h U oned4-handle

U two 3—handle
U oned4-handle

Figure 14: CP? Figure 15: CP?

U two 3—handle U two 3—handle
2h 2h U —
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Figure 16: CP? Figure 17: CP?
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Figure 18: CP*#3CP?
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Figure 21: CP*#9CP?
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Figure 22: CP*#10CP?
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Figure 24: CP*#10CP2
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Figure 25: CP%*#11CP?
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Figure 26: CP*#11CP2
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Figure 27: CP%*#11CP?
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Figure 28: CP*#11CP?
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Figure 30: CP*#12CP2
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Figure 31: CP*#12CP2
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Figure 32: CP*#13CP2
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Figure 38: CP?*#2CP?
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