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A Toda bracket in the stable homotopy groups of spheres

XIuGUul Liu

Let p be a prime number greater than five. In the p—local stable homotopy groups of
spheres, H Toda and J Lin, respectively, constructed the elements

Vs € Tagp3_ap2_2p—2s+1(S).
Omn € Ty pnt1_gpn 3 pm+1_3pm i p6(S)

of order p. In this paper, we show the nontriviality of the Toda bracket (ys, p, @m.n)
in the stable homotopy groups of spheres, where n >m +2> 6,3 <s < p.

55Q45, 55T15; 55S10

1 Introduction

We are interested in the problem of detecting nontrivial elements in the stable homotopy
groups of spheres. So far, several methods have been found to determine the stable
homotopy groups of spheres. For example we have the classical Adams spectral
sequence (ASS) [1] based on the Eilenberg-MacLane spectrum K7, , whose E;—term
is Ext};’ (Zp.Zp) and Adams differential given by

T . st s+rt+r—1
dr: Ey' — E; ,

where A denotes the mod p Steenrod algebra. We also have the Adams—Novikov
spectral sequence (ANSS) (see Miller, Ravenel and Wilson [7] and Ravenel [8]) based
on the Brown—Peterson spectrum BP.

Throughout the paper, we fix a prime p = 7, and put ¢ = 2(p — 1). From Liule-
vicius [6], Extil’*(Zp,Zp) has 7 ,-basis consisting of ag € Extil’l(Zp,Zp), h; €
Exty? Y(Zp, Zp) for all i = 0 and Ext;*(Z,,Z,) has Z,-basis consisting of a,
a(z), aphi (i >0), gi (i =0), k; (i_B 0), b; (i =0) and hih; (j Zi+2, i BQ) whose
in'ternal degrees are 2¢ + 1, 2, plg+1, pitlg+2piq, 2p" g + piq, p'tlq and
p'q + p’q, respectively.

Let M be the Moore spectrum modulo the prime p given by the cofibration

sZsthmlss.
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where S is the sphere spectrum localized at the prime p. Let a: X9 M — M be the
Adams map and V(1) be its cofibre given by the cofibration

sam S S vy L satig
This spectrum V(1) is the known Toda—Smith spectrum. Let V(2) be the cofibre of
the v—map B: TP*TD4Y (1) — V(1) given by the cofibration
sevayy £ vay L ve) J, sPHhatly (),
Let y: Eq(p2+P+1)V(2) — V(2) be the v3—map.
Definition 1.1 We define, for z > 1, the B—element B, = j'jBi’i € mypp+(1—1)1-2(S)

and the y—element y; = jj'jylii'i € Tgltp2+(t—1) p+(t—2)]—3 (S) . Here the maps 7,
i’,i, B, j,j, j and y are given above.

Theorem 1.2 With notation as above, we have:
(1) (Smith[9]) For p=5andt =1, B; # 0 in m«(S).
(2) (Toda[10]) For p=T7andt =1, y; 0 in m«(S).

In [2], R Cohen constructed a certain infinite family denoted by {x € 7y (pi+141)—3(S),
k = 1. ¢ is represented by

k41
hoby € Exty 4"tV (7, 7,
in the ASS.
Using the method of ANSS, C-N Lee [3] proved that 8 f - ¢y is nontrivial for all k, ie,
b2 hoby
is a permanent cycle in the ASS and converges nontrivially to
—1
BT Lk
This result gives another infinite family of homotopy elements in the stable homotopy
groups of spheres.

In [4], J Lin constructed a new nontrivial element, called w,p, in 7y (pn 4 pm41)—a(S)
of order p, which is represented by

ho(hmbn—l _hnbm—l) € Eth;’q(p e +1)(Zp, Zp)

in the ASS. On the way to proving the main result, he detected a new family in the
stable homotopy groups of M and gave the following theorem.
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Theorem 1.3 [4] Let p=7,n=m+224 and hy € Ext;” 9(Z,, 7). Then
(i) (hohnhm) € ExCpAP TP D (rxpap 7))
is a permanent cycle in the ASS and converges to a nontrivial element
Em,n € Tq(pn+pm+1)—3(M).
In [5], X Liu obtained the following theorem.

Theorem 1.4 [5] Let p =7, 0<s < p—3. Then there exists the third Greek letter

element

Tois € Ext:v;r3,q[(s+3)p2+(s+2)p+(s+1)]+s (Zp. Zp).

and ;.3 converges to the y —element

Vs+3 € Tgl(s+3) p2+(s4+2) p+(s+1)1—3(S)
in the ASS.

In this paper, I will use the new family of homotopy elements in 74 (M) in [4] to detect
a &m p-related family of filtration s + 6 in the stable homotopy groups of spheres.

Theorem 1.5 Let p=7,n=m+2>6 and 0 < s < p— 3. Then the product
hohnhmVs+3 € EXtIS4+6’t(S) (Zp, Zp)

is a permanent cycle in the ASS and converges to a nontrivial family of homotopy
elements

JI' T i i € mi(5)—5—6(S),
where t(s) = q[p" + p™ + (s +3)p> + (s +2)p+ (s +2)] + .

As the referee told me, in fact I show the nontriviality of Toda bracket (Y53, p, ®m.n)
in the stable homotopy groups of spheres and give the following theorem.

Theorem 1.6 Let p>=7,n=m+42>6 and 0 <s < p— 3. Then the Toda bracket
(Vs+3: P @mn) C 7r(5)—s—6(S)
is essential. Here, 1(s) = q[p" + p™ + (s +3)p*> + (s +2)p + (s + 2)| + 5.

The May spectral sequence (MSS) and the ASS play very important roles in the proofs
of the main results. The proof of our theorem is completely elementary.

The paper is arranged as follows: after giving some propositions on the MSS in
Section 2, we will make use of the MSS to obtain two low-dimensional Ext groups in
Section 3. Section 4 is devoted to showing Theorem 1.5.
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2 The May spectral sequence (MSS)

For computing the stable homotopy groups of spheres with the ASS, we must compute
the E—term of the ASS, Extfl’* (Zp, Zp). The most successful method for computing
Ext;*(Zp. Zp) is the MSS.

5,t,%

From [8], there is a May spectral sequence (MSS) {E;>"", d,} which converges to
Ext'(Zp, Zp) with E;—term

(21) E{™ = E(hmi|m>0,i20)® P(bm,i|m>0,i20)Q P(an|n=0),
where E is the exterior algebra, P is the polynomial algebra, and

1,2(p"—-1) p',2m—1 2,2(p"-1)pi !, p(2m—1 1,2p"—1,2n+1
hm,iGEl’(p )p'.2m ,bm,iGEl’(p )p' ", p(2m )aneEl’p 2n+1

’

One has
. s,t,u s+1,t,u—r
dy: EST — E3

1y
and if x € ES"* and y € ES """, then

dr(x-y) =dr(x)-y+(=1)°’x-dr(y).
There exists a graded commutativity in the MSS:

)ss/—l—tt’

x-y=(-1 yeXx

for x, ¥ = hm,i, bm,i or a,. The first May differential d; is given by

di(hij) = Y hi_gpsjhi,j

0<k<i

di(ai) = Y hi—grak.
0<k<i

di(bi,j) =0.

For each element x € Ef’t’*, we define dimx = s, degx =¢. Then we have

dimh; j =dima; =1,

dimb; ; =2,
degag =1,

@2) deghij =q(p™/ 7" +---+ p?),

degbij =q(p'™/ +---+ p/*h,
dega; =q(p'™ +-+p+ 1D +1,

where i =1, j = 0.
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A Toda bracket in the stable homotopy groups of spheres 225

By the knowledge on the p—adic expression in number theory, we see that for each
integer ¢ = 0, it can be expressed uniquely as

t=q(cap" + o1 p" '+ Fe1pteo) te,
where 0 <c¢;<p (0<i<n), p>c;,>0,0<e<gq.

Theorem 2.3 [5] With notation as above, let 51 be a positive integer with 0 < s; < p.
If sy < ¢j for some 0 < j <n, then in the MSS, we have that the 7, —-module

5t3*
E{MT=0.

Let s, and ¢’ be two arbitrary positive integers. Suppose
' =qepp"+c,_ p" "+ pteg) +e,

where/:OSclf<p(0 i<n), p>c,>0,0<e¢ <q. Suppose a generator of
Efz’t’* is of the form & = x1x5 -~ xs3eEs2t * where x; is one of ay, hyj or
bu,z,OSkSn+l,0$r—|—j<n—|—l,0<u—|—z$n,r>0,j>0,u>0,z>0.

By (2.2) we can assume
deg x; = q(cinp" 4+ +ci1p +cio) +ei,

where ¢; j =0 or 1, ¢; =1 if x; = ay,, or ¢; = 0. Then we have

degh:idegxz- ZQ((chn)p +- +(Zc, 1)p+zc, o) +Zel

i=1 i=1 i=1 i=1
Denote
$3 $3
Z ¢i,j and Z e
i=1 i=1
by ¢j and e, 0 < j < n, respectively.

Theorem 2.4 With notation as above. Suppose that there exists some 0 < j < n such
that ¢; = s3.

(1) If there also exist two integers i; and i, such that 0 < iy <i, < j and s3 =
Ci, > Ci,, then h cannot exist.

(2) If there also exists an integer i such that 0 <i < j and s3 = e > ¢;, h cannot

exist.
(3) If there also exist two integers i} i" and l such that j < l < 12 <n and s3 =
¢it, > ¢y, then h cannot exist.
Proof By (2.2), we easily get the desired result. O
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3 Application of the MSS to two Ext groups

In this section, we make use of the MSS to determine two Ext groups which will be
used in the proof of Theorem 1.5.

Lemma3.l lLetp>=7,n=m+2>6,0<s<p—3andr = 1. Then the May
E{ —term satisfies

0 r=2;
Es+6—r,t(s)+1—r,* —Jo

l r=1ands < p—4;

M r=1lands=p—4.

Here t(s) = q[p” + P+ (s +)PP+H(s+2)p+(s +2)] +s and M is the Zp,—
module generated by nine elements

gi c Elp+1,t(p—4),(2n+1)p—2n—9 (1 <i< 8)

p+1,t(p—4),2m+1)p—2m—9
g9 € K] ,

where
gl = al *hyoha ohn—22hn—3301m,
g2 = ag_4hn,0hm+l,Ohn—2,2h1,3hn—m,m,
g3= a5_4hn,0h4,ohn—2,2hm—2,3hn—m,m,
g4 = al " hpohms1,0h2,20n—3 3hn—m m,
g5 =al *hyoha ohm—1,2hn—3 3hn—mm,
26 = ab " ami1hnoha,0hn—2,2hn—33hn—mm,
g7 = ag_sa4hn,0hm+1,0hn—2,2hn—3,3hn—m,m»
g8 = ab *hmt1,0ha,0hn—2.2hn—3 3hn—mm,
29 = ab *hmoha,ohm—22hm—3 31 n-

Proof When r > s + 4, we can easily show that in the MSS Ef+6_r’t(s)+1_r’* =0.

Thus in the rest of the proof, we assume that 1 <r <s+44. Consider 1 = x1x,---X] €

Ei+6_r’t(s)_r+l’* in the MSS, where x; is one of ay, h,j or b, ., 0 <k <n+1,

0<r+j<n+1,05u+z<n,r>0,j=20,u>0, z=0. Assume that
deg x; = q(cinp" +Ci,n—117n_1 +---+ci1p+cio) +ei,

where ¢; j =0 or 1, ¢; =1 if x; = ay,, or ¢; = 0. It follows that

1
dim A =Zdimx,~ =s5s+6—r,

i=1
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/ l l
degh=Zdegx,-=q|:(Zci,n)p”+---+(Zc,1)p+(Zc,o)] (Z )
i=1 i=1 i=1
=q[p"+p"+(+3)p*+(+)p+(s+2)]+(s+1-7).
Note that dim 4; j =dima; =1, dimb; j =2, 1 <r <s+4 and 0 <s < p—3. From
dimh:Z{_ldimxi =s+6—r wehave [ <s+6—r<p+3—r<p+2.
We claim that s + 1 —r = 0. Otherwise, we would have Zl_le, [ <p+1.0nthe

other hand, by 1 <r <s+4 and p =7, Wewouldhave Zl_l ei=q+(—r+1)>
2p —2—3= p+ 2 which contradicts Zl_l ei <1 < p+ 1. The claim is proved.

Using 0<s+3, s+2, s+ 1—r < p and the knowledge on p—adic expression in
number theory, we have

/
Y oei=s+1—r+Ai_qq, A1 =0;
i=1

YociotA i =5s+2+Kp, A =0;
i=1
/

'Zzlci,l+)¥025+2+)‘lp’ A1 =0;
i=
.Xlzlci,z+)\1=s+3+)\2p, Ay =0;
=
.lelc,-,3+)\2:0+)»3p, A3 =0;
i=
Yo ciat+Ais=0+4+A4p, Ay =0;

i=1

(3.2)

[
Z Cim—1 +Am—2 =04+ Apm_1p, Am—1 =0;

i=1

Y Cimtim—1=14+Amp, Am = 0;

l—l

Z Cimi1 +Am =04+Ani1p,  Amy1=0;
i=1

l
Z Cin—1 +Ap—2 = 0+)\n—1p, An—1=0;
i=1

/
Z Cin +An—1 = 1.
i=1
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Frome; =0or 1, ¢;;j =0o0r1,and / < p + 1, we easily have that
(A-1,20,A1,A2) = (0,0,0,0).

Consider the fifth equality of (3.2) Zl{=1 ¢i3=04+A3p. By ¢;3 =0 or 1, and
I<p+1,wegetthat A3 =0o0r1.

Casel A3z =0. We claim A4 = 0. If k4 =1, we would have Z,_l Cio=s5+3,

Zf_l ¢i3=0, Z,_l ¢i4=p. From Z,_l ¢ip=s5+3and (2 2), there would be s+3
factors among /4 such that deg x; = ¢(higher terms on p+ p%+ lower terms on p)+3;,
where §; may equal 0 or 1. Similarly, from Zf=1 ¢i,4 = p, there would be p factors
among / such that deg x; = g (higher terms on p+ p*+ lower terms on p)+§;. Thus,
by / < p+1 and (2.2), there would be at least p + s+ 3 —(p + 1) = s + 2 factors in
h such that deg x; = ¢ (higher terms on p + p* 4+ p3 + p? + lower terms on p) +§;.
Thus we would have Zf=1 ¢i;3 = s + 2 which contradicts Z£=1 ¢i;3 = 0. The claim
is proved.

By induction on j, we have
)\.j =0 (4<j<n—-1).
Then we have the following:

Subcase 1.1 If there are two factors /1 , and /1y 4, in i, thenup tosign h =hy yhym h
with 71 € ES+4 r.ql(s+3) p2+(s+2) p+(s+2)]+(s+1—r),x

When r = 1, by an argument similar to that used in the proof of Theorem 1.1 of [5],
Es+3 l(s+3) P74 (s+2) p+(s+2)]+5,% —0

_ 2 _
When r = 2, Ef+4 ralls+3)p 7+ +2)p )+ +H=r* _ by Theorem 2.3 From
the above discussion we have there cannot exist two factors /1y, and /iy, in h.

Similarly, we can show the following.

Subcase 1.2 There cannot exist two factors /1 ,, and by p—1 in h.
Subcase 1.3 There cannot exist two factors b ,—; and /iy, in h.
Subcase 1.4 There cannot exist two factors by ,—; and by ,,—; in h.

Case 2 A3 = 1. When r = 3, it is easy to see that A3 is impossible to equal 1.
Thus in the rest of the proof, we assume r < 2. From the sixth equality of (3.2),
Zle cia+1=2Asp,and 0 < Z,Ll ci4 <! < p+1, we can deduce that

Ag=1.
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By induction on j, we have
Ai=1 (4<j<m-—1).
Now consider the (m+2)—nd equality of (3.2), Zf_l ¢im+1=1+Ayp. Noting
thatO$Zf ¢im <1< p+1, wehave that A, =0 or 1.
Subcase 2.1 X, = 1. Consider the (m+3)-rd equality of (3.2), Z§=1 Cimy1+1=
Am+1p- Using 0 < Zle ¢im+1 <! < p+1, we can have that
Amy1 = 1.
By induction on j, we can show
Aj=1 (m+1<j<n—1).
Thus we have

e A0 A A2. A3 e Ay e 1s -+ Anet) = (0,0,0,0, 1, ..., 1,1,..., 1).

From the fifth equality of (3.2), Zf=1 ¢i,3 = p,using ¢;3 = 0 or 1, we have that
/= p. Note that / <s+5. Thus s = p—35. By 0 <s < p—3, we have that s may
equal p—5or p—4.

(1) Whens=p—4, h=x1xp---Xx] € Eer2 rt(p=4)+1-rx . From the first equality
of (3.2), Z£=1 e;=p—3—r and (2.2), there exist (p —3 —r) factors among /& such
that

deg x; = g(higher terms on p) + 1.
Similarly, from Zle Cin—1 = p— 1, there exist (p — 1) factors among / such that
deg x; = q(p" ! + lower terms on p) + §;,
where 6; may equal 0 or 1. Noting / < p + 1 and (2.2), we have that there exist at
least (p—3—r)+(p—1)—(p+1) = p—5—r factors in / such that
degxi =q(p" '+ +p+1)+1,

ie, there exist at least (p —5 —r) a,’s among /. By the graded commutativity of

5— "
ET**,Wecanleth—af rxp4, - X]. Thenh/—xp4, xleE”*

where t”" =t(p—4)—(p—5—r) dega,. From Z,_l ¢i3 = p,wehave [ > p. Recall
that/ < p+1.Thus p<I<p+1.
If [ = p, then
h _ap—S—rxp 4r o Xp € Ep+2—r,t(p—4)+1—r,*
=a? 4 !

’r_ 7,t" %
and h =Xp_4—y-xp€k,
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Notethatzp 4y Ci3= r+5 Zl_p i rc,4—r—|—4andZ
By Theorem24 we have E” *

i=p—a—r Ci, m=r—+5.

= 0. Thus in this case /& cannot exist.

If / = p + 1, then we can see that in this case r cannot equal 2 by dimh =p+2—r
and dim x; = 1 or 2. Thus in this case r must equal 1. Then h = an_6xp 5 Xpt1 €
Ef+l’t(p_4)’* and i =xp,_s5---xpq1 € E . It is easy to get that dim x; = 1 for
p—5<i<p-+1,ie,

h' € E(hmi|m>0,i=0)® P(an |n=0),
and there exist at least five factors in 4’ such that
deg x; = q(higher terms on p+ p™ 4 p™ ' 4... 4 p* + p3 4 lower terms on p) +§;
by Zl_p 5Ci3 =0, ZP'H ¢i,m = 6 and (2.2), where §; may equal 0 or 1. We

i=p-—5
can divide the seven factors of A’ into the following three disjoint classes, using
p+1 — p+1 _ p+1 p+1 -
Zl:P_5 Ci’3 _6’ Zl=p—5 ci’4_5""’zl =p— 5Clm 1— 5’ Zl=p—5 Cl’m—6 and
2.2):

S| = {x | deg x = g(higher terms on p + p™ +---+ p> + lower terms on p) +§};
|S1]=5;
S = {x | deg x = g(higher terms on p + p™)};

|S2] =1
= {x | degx = ¢(p> + lower terms on p) + §};
|S3] = 1.

Here 6 may equal 0 or 1. Now we list the deg’s of the seven factors in the following
table.

deg x; |higherterms  p™q  p™ g p3q  lower terms
deg x,_s | higher terms + p™g + p" g +---+ p3q + lower terms
deg xp_4 | higher terms + p™g + p™ ¢ +--- + p3¢ + lower terms
deg x,_3 |higher terms + p™g + p™ ¢ +---+ p3¢ + lower terms
deg x,_> |higher terms + p™g + p™ ¢ +---+ p3q + lower terms
deg xp—1 |higher terms + p™g + p™ ¢ +--- + p3¢ + lower terms
deg x, |higherterms + p™gq

deg xp41 p3g + lower terms

Similarly, from Zp 5Cim =0, Zf’j}; sCimty1=35,""", f)_-'-pl s Cin—1 =5 and

(2.2), we know that there exist at least four factors in /4’ such that
degx; = q(p" ' +---4 p™ + lower terms on p) + §;,

where §; may equal 0 or 1. Then there exist two probabilities which are listed in the
following two tables.
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deg x; |p" g p"tly  pmg  pmTly p3q  lower terms
deg xp—s | p" g +---+ p™tlqg + p™q + p™ ¢ +---+ p3q + lower terms
deg xp—a | p" g +--- + p™tlq + p™g + p™lq +--- + p3¢g + lower terms
deg xp—3 | p" g +--+ p™tlqg + p™q + p™ ¢ +--- + p3q + lower terms
deg xp—2 | p" g +--- + p"Ftlq + p™g + p™ ¢ +--- + p3¢q + lower terms
deg xp—1 [ p"'q +---+ p"T'q + p"™q + p"™'q +---+ p’q + lower terms
deg xp r"q
deg xp41 p3q + lower terms
Table 1
It is easy to see that in Table 1 the sixth factor is /11 ,.
de j n—1 m+1 m m—1 3 1
gXi P 4 P q P4 P q P 4q Ower terms
deg xp—s | p"'q +---+ p"Flg + pMg + p"'q +---+ p’q + lower terms
deg xp_4 P lg +-- 4+ pmtlg + pmqg + p™lq 4+--- + p3q + lower terms
deg xp—3 | p" g +--- + p"Ftlq + p™g + p™ ¢ +--- + p3¢ + lower terms
degxp—2 | p" g +--- 4+ p"q + p"q + p"7'g +--- 4+ p’q + lower terms
deg xp—1 p"qg + p™lqg +---+ p3q + lower terms
degxp |p"'q +---+ p"Flq + p'q
deg Xp+1 p3q + lower terms
Table 2
It is easy to see that in Table 2 the sixth factor is /,—pm -
+1 +1 +1
Consider Table 1. By 47 ; =0, 3277 se; =2, 307 scio=4, 22, scii=4,

Zp +l 5Ci2 =5 and (2 2), we can get that the deg’s of the seven factors of 4’ must
be the followmg.

degx; |p" 'y Mg p"'q ... pq  pq pg q 1
degxps|p"'q +---4+ p"q + pP" g +--+ PPqg + p’q + pg + q + 1
degxp—4 [p"'q +---+ p"q + p" g +--+ pPqg + pPq + pqg + g + 1
degxp 3 |p"'q +---4+ p"q + p" g +---+ pPq + p*q + pg + q
degxp2|p"'q +--4 p"q + pP" g +--- 4+ pP’q + p’q
degxp—1 [p"'q +---+ p"q + p"'q +---+ pq
deg x, p"q
deg Xp+1 P’q + p*q + pqg + ¢

Thus by (2.2), we have that in this case &' = azh,, 0hn—2.2hp—33h1 mha . Thenup to
sign h = Cl,Il) 4hn’0h4’0hn_2’2/’ln_3’3h1’m € Ep+1 1 (p=4),(2n+1) p=2n— , denoted by
gl.
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Now consider Table 2. Similarly, has seven

generators g2, ...,g8.

p+1,t(p—4),2n+1)p—2n-9
we also get £

From the above discussion, we get that in this case E f’ FLIP=H* has the eight
generators gi (1 <i <8).

(i) When s = p—5, h = x1xp---x7 € E{’+1_r’t(}’_5)+l_r’*. From the equality
Zle ci3 = p of (3.2), we have that / > p. Note that dimx; = 1 or 2. Since
dimh = Zle dimx; = p+ 1 —r,itfollows that / < p + 1 —r. Thus we have

p<IlI<p+1-r

It is easy to see that in this case r is impossible to equal 2. We only consider the case
r=1. Thus we have that / = p and h = x| x5+ xp € Ef’t(p_s)’*. By Theorem 2.4,
we know that in this case, it is impossible for /4 to exist.

Subcase 2.2 A, = 0. By an argument similar to that used in the proof of A4 =0 in
Case 1, we also get that in this case

Am+1 =0.
By induction on j, we have that
Aj=0 (m+1<j<n—-1).
Thus we have
(Actseo s A2 A3, oo A—1 Ay A 1s - - o A1) = (0,...,0,1,...,1,0,0,...,0).

By (2.2), it is easy to see that in this case there exists a factor Ay, or by ,_; in h. By
the graded commutativity of E T’*’*, we can denote the A, or by ,—1 by x;. Then
h=h"hy,or h="h"by,_1,where h" =xy---x;_1.

f— —_— n —_— .
(i) x;=hyy,then " =x---x;_1 € Ei+5 rE)=P"aT1I=r* 1 this case we have

Zf;ll ¢i3=p. Thus / = p+ 1. Note that / < p +2—r. Itis easy to see that in this
case r is impossible to equal 2. Thus we only consider the case r = 1. Then / = p+1.
By dimx; =2 or 1, we have that dim/ = dimx{x2 - xp41 =5+ 5= p+1, then
s = p—4. Note that 0 <5 < p— 3. It follows that s = p — 4. Then we have that

t(p—4)—p"
h,/:.X]"'xPEEf,(p ) pq,*'

By an argument similar to that used in the proof of Subcase 2.1 (i), we get that up
to sign h = af;,_4hm,0h4,0hm_2,zhm_3,3h1,n S Elp+1,t(p—4),(2m+l)p—2m—9’ denoted
by g9.
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(i1) Ifxl—bl,, i.then h" =x;---x;_1 € E]

have Zl_l ¢i3=p.Thus / —1= p, and then

-1
dimh” =) " dimx; = p.
i=1

On the other hand, we also have

dimi" =s+4—r<p+1—-r<p

s+4—r,t(s)—p"qg+1—r,*

233

. In this case we

by 0 <s < p—3. This yields a contradiction. Thus in this case, it is impossible for /

to exist.

Combining Cases 1 and 2, we complete the proof of the lemma.

Lemma33 Letp=>T7,n=m+2>6,0<s < p—3. Then the May E,—term

E;-‘:—S,t(s),* —0.

Here, t(s) =q[p" + p™ + (s +3)p* + (s +2)p+ (s +2)] +s

Proof When 0 <s < p—4, from Lemma 3.1 we know that in the MSS, E,

Then we have

E;+5,t(s),* —0.

s+5,1(s),% —0.

Now we consider the case s = p —4. From Lemma 3.1 we have that

By the first May differential and graded commutativity of E T’*’*,

that

dy(gl) = —aj
d(g)=ay "
dy(g3) = an“‘
di(g4) = an
dy(g5) = an
dy(g6) = an_
dy(g7) =ay”
dy(g8) =ay~
dy(g9) = _am

EPHNTOY — 7, (g1 82, g9},

—4
hpohaohn—a2hi 3hp—s.4him~+---#0,
hn,0hm+1,00n—2,201 3010 mhn—m—1,m+1+ -+

hnoha,0hn—22hm—2 301 mhn—m—1,m+1+--
hn 0hm+1,0M2,20n—3 301 mhn—m—1,m+1+--
hn0h4 ohm—1,20n—3 301 mhn—m—1,m+1+--
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we can easily get

#0,
#0,
#0,
#0,

5Clm+1hn,0h4,ohn—z,zhn—3,3h1,mhn—m—1,m+1 +--#0,
5a4hn,0hm—|—1,0//111—2,2hn—3,3hl,mhn—m—l,m—i-l +--- # 07
4hm+1,0h4,0hn—2,2hn—3,3hl,mhn—m—l,m—H +--#0,
hmohaohm—2.2h1 3hm—a,ah1p+ -+ # 0.
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It is easy to check that a,’,’_4hn’0h4,0hn_2,2h1,3hn_4,4h1,m only appears in d;(gl),
doesn’t appear in d;(gi) (i = 2). Similarly, we can show that the eight elements

—4
al ™ hp ohm+1,0hn—2,201 301 mhn—m—1,m+1

—4
al™hy oha,0hn—2.2hm—2 301 mhn—m—1,m+1

—4
al ™ hmg1,0h4,0hn—2 20n—3 301 mhn—m—1,m+1

—4
ab " hmoha,ohm—2h1 3hm—s4hipn

only appear in dq(g2), di(g3), ---, d1(g8) and d;(g9) respectively. It follows

that d;(gl), di(g2), ---, d1(g9) are linearly independent. Consequently, we have

EIH‘IJ(P_“):* — O O
5 .

Theorem 3.4 Letp>=7,n=m+2>6,0<s < p—3. Then the product
hohnhm¥s 43 # 0 € ExtF 'Oz, 7,),

where t(s) = q[p" + p" + (s +3)p? + (s +2)p+ (s +2)] + .

*

Proof Since it is known that /11 ; and a3h3 0ha,1h1,2 € ET*
in the MSS and converge nontrivially to

are permanent cycles

hi,  Vs+3 €EXC"(Zp, Zp)
for i = 0 respectively (see Theorem 1.4),
hy0htnhy may > h3ohahy s € Ei+6’t(s)’*
is a permanent cycle in the MSS and converges to fo/phmys+3 € Exti1+6’t(s) (Zp, Zp).
Casel When 0 <5 < p—4, from Lemmas 3.1 and 3.3 we know that in the MSS
ESTSIO* — 0 (r = 1),

Thus the permanent cycle iy ol nhy mayhsohz,1hy2 € Ef+6’t(s)’* does not bound
and converges to
hohnhm)‘;s—i-S € Eth4+6’t(S) (Zp, Zp)

nontrivially in the MSS, ie, fio/tnhim7s+3 # 0 € Bxt’, ' ® (2, 7,,).
Case2 When s = p —4, from Lemma 3.3 we have that E§+l’t(p_4)’* = 0. Thus
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Meanwhile, in the MSS the third degree of hlsohI’nhlsma§_4h3,0h2’1h1,2 is 7p—16
and none of the third degrees of the generators gi (1 <7 <9)is 7p —15. Thus no
element hits h1,0hl,nhl,maé’_“hg,ohz,lhl,z under the May differential d;. From the
above discussion, hl,ohlinhl,mag_“hmhz’]h1,2 € Ef+1’t(p_4)’* does not bound in
the MSS and converges nontrivially to fo/uhmyp—1 € Extﬁ“’t(p =4 (Zp,Zp). Thus
hOhnhm?p—l 7’é 0.

From Cases 1 and 2, Theorem 3.4 follows. O

Theorem3.5 Let p=7,n=>m+2>6,0<s<p—3,2<r <s5s+6. Then we have
Ext 6Ot (7, 7,) =0,

where t(s) = q[p" + p™ + (s +3)p> + (s +2)p+ (s +2)] + .

Proof From Lemma 3.1, we have that in this case Ef+6_r’t(s)+l_r’* = 0. By the

MSS, we easily have the desired result. a

4 Proof of Theorem 1.5

From Theorem 1.3, ix(hohnhm) € Exti’q(anrpmH)(H*M, Zp) is a permanent cycle
in the ASS and converges to a nontrivial element &, € 7y (pn4 pm+1)—3(M).
Consider the composition of maps ¢ = jj’jy*T3ii’&y . Since &y, is represented
by isx(hohnhm) € Exti’q(anrpmH)(H*M, Zp) in the ASS, then the above ¢ is rep-
resented in the ASS by ¢ = (jj'jy*T3ii'i)x(hohnhm).

From Theorem 1.4 and the knowledge of Yoneda products we know that the composition
Pl " s+3
GJ' D) Extf4+3,q[(s+3)p2+(s+2)p+(s+1)]+s (Zp.Zp)
is a multiplication up to nonzero scalar by

Tois € Extf4+3,q[(s+3)p2+(s+2)p+(s+1)]+s(Zp’ Zp).

Hence, ]7 is represented up to nonzero scalar by
¢ = Popshohnhm # 0 € Exty (2, 2,)

in the ASS (cf Theorem 3.4).
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Moreover, from Theorem 3.5, we know that ysy3hoh,hy, cannot be hit by any differ-
ential in the ASS. Consequently, the corresponding homotopy element ¢ is nontrivial.
This shows Theorem 1.5. |
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