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Morse inequalities for orbifold cohomology

RICHARD HEPWORTH

This paper begins the study of Morse theory for orbifolds, or equivalently for dif-
ferentiable Deligne—Mumford stacks. The main result is an analogue of the Morse
inequalities that relates the orbifold Betti numbers of an almost-complex orbifold
to the critical points of a Morse function on the orbifold. We also show that a
generic function on an orbifold is Morse. In obtaining these results we develop for
differentiable Deligne-Mumford stacks those tools of differential geometry and
topology—flows of vector fields, the strong topology—that are essential to the
development of Morse theory on manifolds.

57N65, 5TR70

1 Introduction

In this paper we begin the study of Morse theory for orbifolds, or more precisely for
differentiable Deligne-Mumford stacks. Morse theory studies the homology or coho-
mology of a manifold by looking at the critical points of an appropriate function on the
manifold. The simplest instance of this is the Morse inequalities, which relate the Betti
numbers of a compact manifold M to the number of critical points of a Morse function
on M ; see Milnor [17]. In extending Morse theory to orbifolds we must choose how to
extend the notion of homology or cohomology from manifolds to orbifolds. There are
several options here but the most interesting is the Chen—Ruan cohomology Hy (X)
defined for almost-complex orbifolds X [7]. Ruan’s crepant resolution conjecture
relates Hy (X) to the cohomology H*(Y) of a crepant resolution ¥ — X, so that
HZ; (%) serves as a tool for understanding the cohomology of crepant resolutions [22].
The main result of this paper is a generalization of the Morse inequalities to orbifolds.
It relates the critical points of a Morse function on an almost-complex orbifold X to
the ranks of the Chen—Ruan cohomology groups HéR (X). In obtaining this result we
develop for differentiable Deligne-Mumford stacks those tools of differential geometry
and topology—partitions of unity, Riemannian metrics, flows of vector fields, the strong
topology—that are so essential for the development of Morse theory on manifolds.

The Morse inequalities are often sufficient to compute the Betti numbers of a manifold,
but a much more powerful result is provided by the Morse—Smale—Witten complex; see
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Salamon [23]. The Morse-Smale—Witten complex of a Morse—Smale function f on a
compact Riemannian manifold M is a chain complex defined in terms of the critical
points and gradient flow lines of f', and its cohomology is naturally isomorphic to
the cohomology of M . In a forthcoming paper [10] we will extend the current work
to develop a Morse—Smale—Witten approach to Chen—Ruan cohomology, and in [9]
we will demonstrate how the methods of Morse—Smale—Witten theory can be used to
compute the integer homology of crepant resolutions of orbifolds.

Several of the results we obtain are based on earlier work of Wasserman [25] and
Lerman and Tolman [15]. Wasserman developed the equivariant Morse—Bott theory
of manifolds equipped with an action of compact Lie group, and our proof of the
existence of Morse functions on a general orbifold relies on his proof of the existence
of equivariant Morse functions. Lerman and Tolman studied Hamiltonian torus actions
on symplectic orbifolds, and our version of the Morse Lemma is based upon theirs.

For a compact manifold M , the Morse inequalities relate the Betti numbers of M to
the critical points of a Morse function f: M — R. Let us write

Pt(M)ZZdimHi(M;(C)ti’ Mt(f)ZZli“dC

for the Poincaré polynomial of M and the Morse polynomial of f respectively, where
¢ runs over critical points of f* and ind, denotes the index. Then the Morse inequalities
state that

M M (f) = Pi(M)+ (1+1)R()

for some polynomial R(¢) with nonnegative integer coefficients. This often allows
the Betti numbers of M to be computed directly from f . For example, if the critical
points of f all have even index then R(z) =0 and P;(M) = M,(f). One can always
find a Morse function on M, and indeed Morse functions form a dense open subset of
C®°(M) equipped with the strong topology.

Our main result generalizes the Morse inequalities (1) to compact differentiable Deligne—
Mumford stacks X. We will define what it means for f: X — R to be a Morse function;
in this case f has a discrete set of critical points ¢, each with an automorphism group
Aut, and an index ind, which is a linear representation of Aut.. When X is compact
and almost-complex we define

PP (X) =Y dim Hig (X!, MPP(f) =y iminde D2
c,(8)
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to be the orbifold Poincaré polynomial of X and the orbifold Morse polynomial of f
respectively. The second sum is taken over pairs c, (g) for which Cay,.(g) preserves
orientations of ind.#, and ¢(g) denotes the degree-shifting number.

Theorem (Orbifold Morse inequalities) There is a polynomial R°®(¢) with nonneg-
ative integer coefficients such that

) MP™(f) = PP™(X) + (1 +1)R(2).

In fact we will give two other generalizations of the Morse inequalities, each corre-
sponding to a different notion of homology or cohomology of an orbifold. Furthermore,
we show that Morse functions always exist by defining a topology on the set C°°(X)
of morphisms X — R and proving the following theorem.

Theorem Morse functions form a dense open subset of C*°(X).

The paper is organized as follows. In Section 2 we introduce the underlying space
X of a differentiable stack X. This is a topological space which reflects certain
“topological” or “pointwise” properties of X. It will turn out that if X is differentiable
Deligne-Mumford then X is an orbifold in the traditional sense, though X is not a
priori part of the data of the stack X. We show that subsets of X correspond to a
particular kind of substack of X; this will be essential in [10] for defining stable and
unstable manifolds. The section ends with a discussion of the differences between
the notions of underlying space and coarse moduli space. In Section 3 we recall
the definition of differentiable Deligne-Mumford stack and discuss its relation with
proper étale groupoids and orbifolds in the traditional sense. We then derive some
basic but essential properties of differentiable Deligne—Mumford stacks including
paracompactness, partitions of unity and the existence of orbifold-charts. Section 4
introduces Morse functions on differentiable Deligne-Mumford stacks and defines
their critical points and the index and co-index of a critical point. We prove a Morse
Lemma which describes the local form of a Morse function. Finally we show how
a Morse function on X immediately gives a Morse function on the inertia stack AX
by composing with the evaluation-map AX — X; this is essential to our results on
Chen—Ruan cohomology.

Section 5 and Section 6 are the technical heart of the paper. In Section 5 we define
Riemannian metrics, vector fields, the gradient vector field and integrals and flows
of vector fields on differentiable Deligne-Mumford stacks. We then prove results
on the existence of Riemannian metrics, uniqueness of integrals and uniqueness and
existence of flows, and we demonstrate by example that these results can fail for
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stacks that are not Deligne-Mumford. Section 6 defines the strong topology on the
set C°°(X) of morphisms X — R. This generalizes the strong topology on C°° (M)
for a manifold M. We discuss the relation with the strong topology on an atlas
X — X and we prove that C*°(X) is a Baire space. Finally we show that Morse
functions form a dense open subset of C°°(X), so that in particular every differentiable
Deligne-Mumford stack admits a Morse function.

In Section 7 we use the material developed so far to derive the main results of the paper.
We examine the homotopy type of the underlying space ¥ in terms of a Morse function
X — R, and we then use this result to prove Morse inequalities for each of three
notions of homology or cohomology of an orbifold. We also give a characterization of
representable stacks using Morse functions. Finally, in Section 8 we give some examples
of Morse functions and the conclusions one can draw from the Morse inequalities.
We also give an example that shows how Morse theoretic techniques can be used to
compute the integral homology of crepant resolutions of orbifolds.

Acknowledgements Thanks to David Gepner for many interesting and useful discus-
sions about stacks. The author is supported by an E.P.S.R.C. Postdoctoral Research
Fellowship, grant number EP/D066980.

2 Underlying spaces and coarse moduli spaces

This section deals with differentiable and topological stacks. For generalities on
differentiable stacks see Behrend and Xu [5] or Heinloth [8] and for topological
stacks see Noohi [20]. Throughout this section and the ones following we will often
treat representable differentiable stacks as manifolds without specifying a particular
equivalence. Thus, for example, given a diagram

)

with X a differentiable stack and U, V' — X submersions, we will treat U x5 V as a
manifold without further comment, even though it is only equivalent to a manifold.

In this section we will define the underlying space X of a differentiable stack X. The
underlying space X is a topological space that reflects many properties of the stack X.
It is also the natural home for many concepts that one can generalize from the theory of
manifolds. For example, the support of a function on a manifold X is a closed subset
of X, and the support of a function on a stack X is a closed subset of X.
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In the case of differentiable Deligne—-Mumford stacks the underlying space is of especial
importance. It provides the link between stacks and orbifolds in the traditional sense.
It also has many of the good topological properties of manifolds, and this allows us to
generalize many aspects of the theory of manifolds to differentiable Deligne-Mumford
stacks. This will be explained further in Section 3.

Although we will define the underlying space of a differentiable stack, our construction
works just as well for topological stacks. We then recover an existing construction of
Noohi, who in [20, 4.3] defined for each topological stack X a space X4 together
with a morphism mod: X — Xp,0q that makes X0q a coarse moduli space of X. If one
applies our definition of underlying space to a topological stack X, then X is naturally
isomorphic to Xpoq. Indeed, in [20, 4.3] the term “underlying space” was used to
informally refer to Xpoq.-

In contrast with the topological case, when dealing with differentiable stacks we cannot
call X the coarse moduli space of X. Indeed, we will see that not all differentiable
stacks admit a coarse moduli space, while some differentiable stacks have a coarse
moduli space that is not isomorphic to the underlying space.

The section is organized as follows. In Section 2.1 we define the underlying space of
a differentiable stack and establish some of its functorial properties. In Section 2.2
we establish a correspondence between subsets of the underlying space and certain
substacks of the original stack. Then in Section 2.3 we consider the material of Section
2.1 and Section 2.2 in the topological setting and compare it with results from [20]. We
then show how, in the differentiable setting, the notion of coarse moduli space differs
considerably from that of the underlying space.

2.1 The underlying space of a differentiable stack

Let X be a differentiable stack and consider the groupoid X(pt) of geometric points
pt— X and 2—morphisms between them. If X — X is an atlas, then X(pt) is equivalent
to the groupoid of sets X &= X xx X, and we can therefore consider the set 7oX(pt)
of 2—isomorphism classes in X(pt).

Each geometric point pt — X determines an element of 7o X(pt) that we will denote by
[pt — X]. To a morphism U — X and a subset 4 C moX(pt) we associate the subset

Ay ={uelU |[u— X]€ A}
of U.

Definition 2.1 Let X be a differentiable stack. The underlying space X of X is the
set o X(pt) with the topology in which 4 C X is open if and only if Ay C U is open
for each morphism U — X.
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Definition 2.2 Let f: X — ) be a morphism of differentiable stacks. Then the
underlying map f: X —%2) of f is the function given by

[pt—)%]r—)[pt—)%iﬁ‘j].

The assignment X +— X, [ j7 is functorial in the sense that Id =1d, that g f = & ]7 ,
and that f; = f; if there is a 2—morphism f; = f;,. Further properties of underlying
maps are given in the following proposition.

Proposition 2.3 Let f: X — ) be a morphism of differentiable stacks. Then the
underlying map f: X — ) is continuous. If f is representable and has any of the
following properties, then f_ also has that property: injective, surjective, open, closed,
topological embedding.

It is clea_r that if X = Mor(—, X), then X = X. The next proposition shows that in
general X is a topological quotient of an atlas X for X, and in particular that for global
quotients [X /G| the underlying space is just the topological quotient X /G .

Proposition 2.4 Let X — X be an atlas for X. Then the underlying map X — %
identifies X as the quotient of X by the relation (s X t)(X xx X) C X x X.

The following corollary of Proposition 2.3 is useful in relating the topology of X to
that of manifolds equipped with a morphism into X.

Corollary 2.5 Let X be a differentiable stack and let A C X be a subset of the
underlying space. Then for any open morphism U — X we have

(int A)y =int(Ay), (cl Ay = cl(Ayp).
Proof The two claims are equivalent and we will only prove the first. Under the

underlying map U — X, Ay is the preimage of A and (int A)y is the preimage of
int A. The result follows since, by Proposition 2.3, U — X is open. O

The following basic lemma is central to the proofs of Proposition 2.3 and Proposition
2.4.
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Lemma 2.6 Let X — X be an atlas. Then A — Ay defines a one-to-one correspon-
dence between open subsets of X and saturated open subsets of X . Here, S C X is
saturated if it contains all points of X that are isomorphic in X(pt) to a point in S ;
equivalently, S is saturated if ts~'S = S in the diagram

Xxx X =X

| /l

X X.

Proof Let A C X be open. Then Ay is certainly a saturated open subset of X .
Conversely, suppose S C X is a saturated open subset and define 4 C X to be
{[s > X]| s € S}. Then since S is saturated, Ay = S. It remains to prove that A4 is
open. Let U — X be any morphism and consider the diagram

2
XX;{UHU

| /i

X X.

It is clear that Ay = JT27T1_1 S, which is open since 7; is continuous and 7, is open.
This concludes the proof. a

Proof of Proposition 2.3 Let U — X and V — ) be morphisms from manifolds,
with V' — %) a submersion. Then it is simple to verify that in the commutative diagram

1

UxyV Vv
bt

we have (f~ B)UXQJV = f '(By) for B C Q). Taking U and V to be atlases, it
follows that U X9V — X is an atlas, and for B C 9) open, (f B)UX@ V= f 1(By)
is also open, so by Lemma 2.6 ( f ! B) is open. This shows that f is continuous.
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Now suppose that f is representable and let V' — %) be an atlas, so that we have a
2—commutative diagram

3) XxgV Loy
X— 2.

Suppose that [ is injective. If j_ is not injective, then there are points x, y € U such
that x - X, y — X are not 2—isomorphic while x - X - ), y > X — 9 are
2—isomorphic; let v € V' be such that there are 2—morphisms x = v, y = v. These
morphisms give us two distinct points in X Xg) V' whose image in V' is v, and this
contradicts the injectivity of f.

If f is surjective, then so is f , and since every point of ) has the form [v — )] for
some v € V, it follows that f is surjective.

It is simple to verify that in diagram (3) we have ]7 (Axxqr) = ( fA)y forany AC X.
It follows immediately that f is open or closed if f is open or closed respectively.

Finally, suppose that f is a topological embedding. Then ]7 is certainly injective.
Let W C X be open. We must show that there is an open B C ) for which B N
fX = fW. The fact that f is an embedding means that there is W/ C V open
with W’/ N f(X xg V)= 7 (Waxxqy v). We may replace W’ with the saturated open
set W” = t(s~'W’), which—since [ (Xxg V) and f(Wxxyy) are themselves
saturated—satisfies W N f(X xy V)= f(Wxx;D ). It follows that BN fX = [ W,
where B C9) is the open subset corresponding to W . Consequently f is a topological
embedding. O

Proof of Proposition 2.4 Taking preimages under the underlying map X — X pre-
cisely realises the correspondence of Lemma 2.6. O

2.2 Substacks and the underlying space

We now recall the notion of substack of a stack and show how subsets of X correspond
to a certain kind of substack of X that we call subsets of X. This correspondence
restricts to a correspondence between open substacks of X and open subsets of X that
will be crucial in subsequent sections, for example in the proofs of Theorem 3.9 and
Theorem 5.4.
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Definition 2.7 Let S be a site and let X be a stack over S, regarded as a weak functor
S — Groupoids. Then recall from [20, 3.9] that a substack ) of X is a full saturated
subfunctor of X that is also a stack. A substack ) of a differentiable stack X is called
an open substack if the morphism ) — X is representable and open.

The definition means that )(W) is a full saturated subgroupoid of X(W) for each
W € Ob(C), that Q) inherits its structure as a weak functor from that of X, and that )
is itself a stack. (A subcategory C C D is full if every morphism in D between objects
in C isitself in C, and it is saturated if every object in D that is isomorphic to one in
C isitselfin C.)

For the purposes of the next definition and the discussion that follows we will distinguish
between a manifold U and the stack U that it represents.

Definition 2.8 Let U be a manifold and let V' C U be a subset. We can then form
the substack Vi C U for which V(W) C U(W) is the set of maps W — U with
image in V. We will call the substack Vi C U a subset of U, and Vy — U the
inclusion of a subset of U . Just as we usually write U as U, so we will usually write
Vuy as V, even though Vi depends on U.

Definition 2.9 A substack ) of X is called a subset if, for all U — X, the morphism
U xx9) — U is equivalent to the inclusion of a subset. We call a subset ) of X open
if each morphism U xx %) — U is equivalent to the inclusion of an open subset.

Each substack ) of X determines a subset ¥ = {[pt - X] | pt > X € Y(pt)} of X. In
the case that ) is a differentiable stack, Y is the image of the underlying map ) — X.

Proposition 2.10 The assignment %) — Y determines a correspondence between
subsets of X and subsets of X. This restricts to a correspondence between open subsets
of X and open subsets of X.

Proof Let 9) be a subset of X and let Y be the corresponding subset of X. We claim
that for each W, Y(W) C X(W) is the collection of those W — X with the property
that [w — X] € Y for each w € W. Thus, ) is determined by Y.

To prove the claim, first note that each )(W) is contained in the stated subcollection
of X(W). Now let X — X be an atlas for X, so that ) xx X — X is equivalent to
the inclusion of a subset; it is clear by considering points that the subset in question is
Yx . We have a cartesian diagram

Yy — X

A
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Now let U — X have the property that each [u — X] isin Y. Then U x3x X — X factors
through Yy, so that (since (U xx X)) C X(U xx X) issaturated) U xx X - U — X
factors through 2). Since 9) is itself a stack, and Q)(U) C X(U) is full and saturated,
and U xx X — U is a surjective submersion, it follows that U — X factors through
) as required.

We must now show that given ¥ C X, the specification
DW)={W > X|[w—>X]eY forallw e W}

determines a substack ) of X that is also a subset, and that ) determines the original
subset Y C X.

First, it is clear that the specification does determine a full, saturated subfunctor %)
of X. Second, to check that Q) is a stack we must verify that, given W = J W; and
W — X with each W; — X factoring through ), then W — X itself factors through
) ; but this is again clear. Finally, it is simple to verify that for any U — X, the induced
U xx%2 — U is equivalent to the inclusion of {u €e U | [u — X] € Y'}.

By the previous paragraph, if ¥ C X is open and ) — X is the corresponding substack,
then for U — X, ) xx U — U is equivalent to the inclusion of the open subset Yys,
so that ) is indeed an open substack of X. Conversely, if ) — X is an open inclusion,
then so is Y — X by Proposition 2.3, so that the resulting ¥ = Im(9) — X) is indeed
open. O

2.3 Coarse moduli spaces

We now compare the material presented in the last two subsections, which were
concerned with differentiable stacks, with some existing results of Noohi on topological
stacks [20, 4.3]. We will recall, and concentrate on, the notion of coarse moduli space
and its relation to the underlying space.

We will see that our definition of underlying space can be applied to topological stacks
X just as well as differentiable stacks. The resulting space X coincides with a space
Xmod defined by Noohi. However, the significance of the underlying space is quite
different in the two contexts: Noohi showed that X,04 is always a coarse moduli space
for X, but we will see that not all differentiable stacks admit a coarse moduli space at
all, and that even when a coarse moduli spaces does exist it need not coincide with the
underlying space.

Let Top denote the site of compactly generated topological spaces and continuous
maps, and recall from [20, Section 13] that a topological stack is a stack X over Top
which admits a representable LF surjection X — X from a space X . Here LF is a
class of local fibrations, and we will assume that all LF maps are open.
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Definition 2.11 Let X be a topological stack. The underlying space X of X is the
set woX(pt) with the topology in which A C X is open if and only if Ay ={u e U |
[u — X] € A} C U is open for each morphism U — X.

Definition 2.12 (Noohi [20, Section 13]) Given a topological stack X, X4 denotes
the set o X(pt) equipped with the topology whose open sets are $nog C Xmod for
open substacks L C X.

Proposition 2.13 The underlying space X of a topological stack X is canonically
isomorphic to Xod -

Proof Both X and ¥4 are given as sets by 79X (pt). We need only check that the
topologies coincide. Note that, by replacing manifolds with spaces and submersions
with LF maps, the material of subsections Section 2.1 and Section 2.2 holds for
topological stacks in place of differentiable stacks, without any further change. In
particular, the analogue of Proposition 2.10 holds, and it follows immediately that the
two topologies coincide. a

Definition 2.14 If X is a stack over a site S, then a coarse moduli space for X is an
object Xnoq of S, together with a coarse moduli morphism mod: X — Xpoq that has
the following property:

Every morphism X — U, for U a representable stack, factors uniquely
through mod:

X U

mod /

xmod

A coarse moduli space need not exist, though if it does then it is unique up to isomor-
phism.

Proposition 2.15 [20, 4.15] Let X be a topological stack. There is a canonical
morphism
mod: X — X

which is a coarse moduli morphism, so that X4 is a coarse moduli space for X.

We have established that the notion of underlying space makes sense in the topological
setting and coincides with the notion of coarse moduli space. Now we will show using
two examples that in the differentiable setting this is far from true.
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Example 2.16 Consider the differentiable stack & =[R”/GL(n, R)], where GL(7, R)
acts on R” by the regular representation.

o The underlying space & is the topological quotient R” /GL(n, R). This is the
two-point space {Oo, O¢}, where Og, O are the orbits in R" of the zero
vector and of the nonzero vectors respectively. This is a non-Hausdorff space
whose only proper open subset is {O}.

e & has coarse moduli space Boq = pt, and the constant morphism & — pt is a
coarse moduli morphism. This is because manifolds are Hausdorff, and so any
GL(n, R)—invariant morphism from R” to a manifold must be constant.

In this instance the coarse moduli space exists but is different from the underlying
space.

Example 2.17 Consider the differentiable stack € = [C/Z,], where Z, acts on C
by z = —z. There is a unique morphism

m: ¢€—C

2

for which the composite C — € 2 Cis z e 22, Taking underlying spaces, m
2

becomes the homeomorphism m: C/Z, — C, £z > z°.

We could just as well regard m: € — C as a morphism of topological, complex
differentiable, or algebraic stacks. In each of these cases m makes C a coarse moduli
space of €. However, in the differentiable case m is not a coarse moduli morphism,
and ¢ does not in fact have a coarse moduli space, as we will now show.

To see that m: € — C is not coarse moduli consider the morphism € — R that becomes
z > |z|*> when composed with C — €. If m were a coarse moduli morphism, then
¢ — R would have to factor through m using the map C — R, z > |z|, which is not
smooth.

We will now show that € does not have a coarse moduli space. Suppose that there
were a coarse moduli morphism mod: € — C. Then there would be a factorization:

The composition C — € — C is Zj,—invariant and surjective, and when composed
with 7 becomes z > z2. Thus mod is surjective, and so 7 is a homeomorphism. Since
C — € — C is Zj,—invariant, its derivative at 0 vanishes; we claim that the derivative
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of n at 0 also vanishes. By considering Taylor approximations at 0, we will then
obtain a contradiction since the composite

mod

n
C>¢—C-—>C
is z — z2, which cannot be the composite of two maps whose derivatives at 0 vanish.

We now show that the derivative of n at 0 must vanish. Since 2 is not coarse moduli we
know that n cannot be a diffeomorphism. However, it is clear that n|: C—{0} — C—{0}
is a diffeomorphism, and so the derivative of n at 0 must be singular. Consider the
action of 7! on C given by z > 'z This commutes with the Z,—action, and so
determines a weak action on € = [C/Z,], and consequently an action on C. Moreover,
m is equivariant if we allow 7'! to act on the range by z > ¢! 9. 1t follows that n
is also equivariant. Now, since the derivative of n at 0 is singular with T'!—invariant
image it must vanish completely as claimed.

3 Differentiable Deligne—Mumford stacks

In this section we will recall the definition of differentiable Deligne—-Mumford stacks
and establish some basic facts. In Section 3.1 we define such stacks and discuss the
connection with proper étale groupoids and orbifolds. In Section 3.2 we show that
differentiable Deligne-Mumford stacks admit orbifold-charts and we establish a direct
link with orbifolds via the underlying space. Then in Section 3.3 we will give results
on paracompactness and partitions of unity. Finally in Section 3.4 we gather some
miscellaneous results which will be used in later sections.

3.1 The definition of differentiable Deligne—Mumford stacks

Definition 3.1 Recall that a differentiable Deligne—Mumford stack is a differentiable
stack X which admits an étale surjection X — X and whose diagonal A: X - X x X
is proper.

The existence of an étale atlas on X ensures that the automorphism groups of the points
of X are discrete, while the properness condition ensures that they are finite. Properness
also serves as an important Hausdorff-type condition that is much stronger than simply
requiring that automorphism groups be finite. Indeed, there are stacks which admit
an étale atlas, whose points all have trivial automorphism groups, but which are not
Deligne-Mumford. Moreover, we will see in Section 5.3 that several important results
that hold for Deligne—-Mumford stacks will fail for stacks that merely admit an étale
atlas and have finite automorphism groups.
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Example 3.2 Let G be a Lie group acting properly and almost-freely on a manifold A .
Then the stack X = [M/G] is differentiable Deligne-Mumford.

Properness of the action means that G x M — M x M is proper, which exactly means
that A: X — X x X is proper. Since the action is proper we may take a slice U, — M
to the G —action at any point m € M . Almost-freeness of the G —action means that
the isotopy group Gy, is finite and so G X Uy, — (G x Uy,)/ Gy — M is étale. This
shows that U,, — X is étale, and so X admits an étale atlas.

If X is differentiable Deligne—-Mumford and X — X is an étale atlas then X xx X = X
is an proper étale Lie groupoid. Conversely, every proper étale Lie groupoid represents
a differentiable Deligne—-Mumford stack. Pronk [21, Corollary 7] has shown that the 2—
category of étale Lie groupoids with Morita equivalences among them weakly inverted
is equivalent to the 2—category of stacks over Diff that admit an étale atlas. Thus
the sub—2—category of stacks over Diff whose objects are the differentiable Deligne—
Mumford stacks is equivalent to the 2—category of proper étale Lie groupoids with
Morita equivalences among them weakly inverted. The relationship between orbifolds
and this second 2—category is well-known (see Moerdijk [18, Section 3] and Adem,
Leida and Ruan [2, Section 1.4]), at least if we restrict to effective orbifolds and effective
groupoids. It is therefore reasonable to work with differentiable Deligne—Mumford
stacks in place of orbifolds or proper étale Lie groupoids.

3.2 Orbifold-charts

Definition 3.3 Let X be a differentiable Deligne-Mumford stack.
(1) An orbifold-chart on X is an open embedding [U/G] — X, where G is a finite
group acting on a manifold M .

(2) Let x be a 2—isomorphism class of points in X. An orbifold-chart at x is an
orbifold-chart [U/G] — X together with a distinguished point xyy € U such
that [xy — X] = x and Gxy = xy.

(3) An orbifold chart [U/G] — X at x is linear if U is an open subset of some
linear G —representation and xyy = 0.

The following is an immediate consequence of [18, 3.4].
Proposition 3.4 Let x be a 2—isomorphism class of points in a differentiable Deligne—

Mumford stack X. Then there is an orbifold-chart [U/G] — X at x, which we may
assume to be linear.

Algebraic € Geometric Topology, Volume 9 (2009)



Morse inequalities for orbifold cohomology 1119

Thus any differentiable Deligne-Mumford stack can be covered with orbifold-charts.
We are interested in how these different charts interact. This is discussed in the next
proposition.

Proposition 3.5 Let G be a finite group acting smoothly on a connected manifold U .
Leti: [V/H]— [U/G] be an orbifold-chart at a point p € U/G of the corresponding
global quotient orbifold. Then after reducing V' if necessary, we may find a monomor-
phism A: H — G, an open embedding ¢: V — U equivariant with respect to A, and a
2—morphism

(9,0

T
wv/H) | /Gl
N~ T
i
In this situation A identifies the subgroup of H that acts trivially on V with the
subgroup of G that acts trivially on U .

Proof Let py € U be a point representing p. Then after reducing V' if necessary we
may find a diagram

4) l/ i
[V/H] ,ﬁ%m]

in which ¢ is an open embedding that sends pyp to py. To see this, consider the
diagram of cartesian squares

|4 X[U/G] U—sU X[U/G] [V/H]

U

i /[V}H] ‘/[UL]

i

in which the pullback stacks are represented by manifolds and all morphisms are étale.
We may find ¢ € V X[yy;) U whose image in V' is pp and whose image in U is py.
The left-hand map is étale and so we may, after reducing V' if necessary, find a section
V — V X[y U of it that sends py to ¢g. Combining this section with the diagram
of pullback squares, we find a diagram of the required form (4), except that ¢ is étale
but not necessarily an open embedding. By further reducing V' if necessary, we may
assume that ¢ is an open embedding.
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By taking pullbacks of the vertical maps in (4) with themselves we obtain a map
¢’ Vx H— U xG with the following properties. First, the pair (¢, ¢'): (V,VxH)—
(U,U x G) is a morphism of Lie groupoids, so that ¢" necessarily has the form ¢ x A
where A: H — G is a group homomorphism with respect to which ¢ is equivariant.
Second, since i and ¢ are open embeddings, the same is true of ¢, and consequently
A is an injection. It follows from (4) that i is 2—isomorphic to the map induced by

(¢.4).

Finally, since i is an open embedding it is in particular the inclusion of a substack,
so that A identifies H, the automorphism group in [V /H] of py , with the stabilizer
group Gp,,, the automorphism group in [U/G] of py. In particular, any element
of G that fixes all of U lies in Gp,,, and so lies in the image of A. Conversely, the
image under A of any element of H that fixes all of V' fixes an open subset of U, and
consequently fixes all of U. This proves the last claim. O

Corollary 3.6 The underlying space X of a differentiable Deligne—Mumford stack
has a natural orbifold-structure in the sense of [6, Appendix].

Proof We use the conventions of [6, Appendix] throughout this proof. First, X is
a second-countable Hausdorff space as we will see in the next section. Second, an
orbifold-chart t,: [Ux/Gyx] — X at x € X induces a uniformizing system (Uy, Gx, lx)
on the image of ix in X. For the collection {(Uy,Gx,!x)} to form an orbifold-
structure on X we must show that if AS X lies in the image of iy, then (Uyx, Gy, ix)
and (U,, Gy, iy) induce the same germ at y. But we have shown in Proposition 3.5
that, after reducing U, if necessary, there is a monomorphism A: G, — G and a
A—equivariant open embedding ¢: U, — Uy such that the two maps

Us—>% U 50U >%

coincide. Since A identifies the elements of G, that act trivially on U, with those that
act trivially on G, this means that (U,, Gy, i) is induced from (Uy, G, ix), so that
the two uniformizing systems define the same germ at y. This completes the proof. O

3.3 Paracompactness and partitions of unity

Any locally compact, second countable Hausdorff space (for example, any manifold)
is paracompact, and for any open cover of such a space there is a countable partition
of unity subordinate to that cover. Manifolds are locally compact, second countable
Hausdorff spaces, and in this case the partition of unity can be taken to consist of
smooth functions (see Warner [24, 1.9, 1.11]). In this section we will prove analogous
results for differentiable Deligne—Mumford stacks.
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Proposition 3.7 Let X be a differentiable Deligne-Mumford stack. Then X isa
locally compact second countable Hausdorff space. In particular, X is paracompact [24,
1.9] and, by Urysohn’s Metrization Theorem, metrizable.

Proof Let 7: X — X be an étale atlas for X. Proposition 2.4 tells us that X is
homeomorphic to the quotient of X by the equivalence relation (s x ¢)(X xx X) C
X xX.

Since s xt: X xx X — X x X is proper and X x X is locally compact, s x ¢ has
closed image. It follows that X is Hausdorff. Let {U;} be a countable basis for the
topology of X . Then {ts~1U;} is a countable family of invariant open subsets of X,
and any other open invariant subset of X is a union of elements of {ls_1 U;}. Thus, by
Proposition 2.4, {7 (15~ 1U;)} is a countable basis for the topology on X. Finally, any
point x € X lies in the image of the open embedding [X/G] — X underlying some
orbifold-chart [X/G] — X%. Since [X/G] is locally compact, the same holds for X. O

Definition 3.8 Given a morphism f X — R, the support of f, denoted supp f, is
the subset cl{x € X | f(x) # 0} of X. In other words supp / is just the support of 1.
By Corollary 2.5 we have (supp f)y = supp(f o my) for any submersion 7: U — X.

Theorem 3.9 (Existence of partitions of unity) Let X be differentiable Deligne—
Mumford and let {Uy} be an open cover of X. Then there are > morphisms ¢;: X — R
fori =1,2,... such that the ¢; are a partition of unity on X, subordinate to {Uy},

with each supp ¢, compact.

Proof Using the fact that X is a locally compact topological space, one can prove this
result exactly as one proves [24, Theorem 1.11], after establishing the two facts below.

First, we must show that given x € X and a neighbourhood U of x, there is ¢: X — R
with imy C [0, 1], with supp ¥ C U compact and with ¥ = 1 in a neighbourhood
of x. To see this, take an orbifold-chart [M/G] — X at x and a function p: M — R
with p = 1 in a neighbourhood of xps, p = 0, and supp p C Vas compact. By
averaging we may assume that p is G—invariant and write p: [M/G] — R for the
corresponding map. Then using Lemma 3.11 in Section 3.4 we may extend p to the
required morphism X — R.

Second, we must check that, given {;: X — R for i =1, 2,... with supp ¥; locally
finite, with ¥; > 0, and with some V;(x) nonzero for each x € X, then there is a
function ¥: X — R with 1/_/ => 1;,-. To see this, let 7y7: U — X be any surjection,
and note that the supp(¥; o my) form a locally finite family so that we may define
Yy = Y Vi omny. Itis clear that the Yy satisfy the required conditions for the
existence of a morphism ¥: X — R with ¢ o iy = ¥y. Since for each u € U we

have Yy (1) = 3 i (u), it follows that ¥ = 3 ;. O
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3.4 Some technical results

This section gives several technical results for differentiable Deligne-Mumford stacks
that will be important for applications later in the paper.

Proposition 3.10 Suppose we have a diagram of differentiable stacks

where X admits an étale atlas and ) is connected. Fix a point y — ). Then A = . if
and only if M|y = |y .

Proof We may suppose that f = g and that = Id. Note that for any point pt — )
the question of whether A|, = Id depends only on [pt — 9)]. We will prove that the
subset

J=A{lpt > D] Alp = 1d}
of 9) is both open and closed.

First, let X — X be an étale atlas and let e: X — X xx X denote the identity of the
groupoid X xx X = X . Then the image of e is both open and closed. To see this note
that the composition of e with either projection map X xx X — X is the identity. It
immediately follows that e is closed, and since the projection maps are étale it follows
that e is étale and in particular is open.

Now consider the diagram
X XXQ,) — X

L

2 G X.

The 2—morphism A induces amap /: X xx9) — X xx X, and A|, =1d for u € X xxQ)
if and only if /(u) lies in the image of e. The last paragraph shows that

Ix ={ueX xxQ|r,=1d}
={ueXxxQ|Il(u) eim(e)}

is both open and closed. It follows that J is itself both open and closed, and this
completes the proof. O
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Lemma 3.11 (Extension by zero) Leti: ) — X be an open embedding of differen-
t1able stacks. Suppose given ¢: }) — R with supp ¢ compact. Then there is a umque
¢ X — R such that ¢ oi = ¢ and such that the map underlying ¢ vanishes on X —1%).

Proof Let m4: A — X be an atlas for X and wp: B — ) the induced atlas for ),
so that we have a 2—commutative diagram

B*>

A
B \L \L
Y ——Xx
with 7 an open embedding. Since supp ¢ C Q) is compact, i (supp¢) C X is compact
and therefore closed, so that 7 (supp(¢ o np)) is closed. We may therefore extend
¢ o g by zero to obtain ¢A A — R with ¢Aoz =¢omp and ¢A =0on A—iB. 1t
is clear that the two compositions

Axz A= AR
coincide, so that there is 5 : X — R with (Z omy = 5 4. By construction,
q; oi =¢ and 5 =0
on X —i9). o
Lemma 3.12 Let X be differentiable Deligne-Mumford. Let K C X be compact and

let U be an open neighbourhood of K. Then we may find f: X — R such that fz 1
in a neighbourhood of K and such that supp f is compact and contained in U .

Proof Take a partition of unity ¢y, ¢,, ... subordinate to the cover {U, X\ K} and

set
[=> ¢

where the sum is taken over those i for which supp ¢; is contained in U . This is the
required function. |

Definition 3.13 Let X be a differentiable stack. A family of morphisms «;: 4; — X
is called locally finite if for each U — X and each u € U there is a neighbourhood V
of u such that V xx A; is nonempty for only finitely many 7. This is if and only if the
underlying maps &@;: A; — X form a locally finite family.
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Proposition 3.14 Let X be differentiable Deligne—Mumford. We can find a countable
locally finite family of étale morphisms s;: S; — X from open subsets of R", together
with open subsets Ty C S; for which each cl T} is compact and |_|s;: | |T; — X
is surjective. If we wish we may assume that the s;: S; — X are obtained from
orbifold-charts [S;/ G;] — X.

Proof For each x € X choose a linear orbifold-chart [Uy/Gy] — X at x, so that Uy
is an open neighbourhood of the origin in some n—dimensional representation of G .
Choose an invariant open neighbourhood Vy C Uy of 0 with cly, Vx compact. Set
Ax =[Ux/Gyx], Bx =[Vx/Gx], so that the two covers {Ay}, {By} of X satisfy the
hypotheses of Lemma 3.15 below. (Note that the overlines refer to underlying spaces,
not to closures.) Applying the lemma, we obtain countable locally finite covers {AL s
{B,} of X, with A\ C Ax,, By, C By,,and clg B; C A} compact. Now {4} and
{ B;Cl} determine open subsets

U)/a ={ue Ux, |[u— X] € A;,} = (A;I)le >
Vi, ={veVy [lv—>X]€ By} = (B,)uy,.
and cly, V,él = (clz B-;CI)U)/C is compact, since it is the preimage of the compact

clz B, under the proper map Uy, —[Uy, /Gx,]= A’ . Thus the morphisms U}, — X,
together with the subsets Vy. C Uy, are the required data. O

Lemma 3.15 Let X be a locally compact Hausdorff space and let U = {Uy }qe 4,
V = {Vu}aea be open covers of X, such that cl Vy, C Uy, for each . Then there are
countable locally finite refinements U' = {U/;}geg and V' = {Vé},geB of U and V

such that cl Vé C U;/; foreach € B.

Proof This is a mild modification of the proof of [24, 1.9]. As in that proof, let G;
fori =1,2,... be a sequence of open subsets of X such that

UGi =X,
clG; C Giyq,

cl G; compact.
In what follows, G; for i < 0 should be taken to be the empty set &.

For each i, the V, N (Gj4+1 — clGij—») form an open cover of the compact set
cl G; — G;—1, so we may choose finitely many o; such that the Va;- N(Gijy1 — clGi—y)
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cover cl G; — G;_1. Set
B = {al},
Va/!;- = Vai N(Git1 —clGia),

U, = Ugi N (Giy2 =l Gj—3).

a;

Then cl Voi" Ccl Va;- Nl Gir1—Gi—s)
1
C Uy N(Giy2—clGis)
1
= Uy,

and the covers are locally finite since (G412 —clG;—3) N (G2 —clGj_3) # < only
when |i — j| < 4. |

4 Morse functions

In this section we discuss Morse functions on differentiable Deligne-Mumford stacks.
In Section 4.1 we define Morse functions, their critical points, and the index and co-
index of critical points. This generalises from manifolds the notions of Morse function,
critical points, and index of a critical point. However, the index and co-index of a
Morse function on a differentiable Deligne—Mumford stack are much richer quantities
than the index of a critical point of a Morse function on a manifold, and this is crucial
in a correct formulation of the Morse inequalities. In Section 4.2 we prove a Morse
Lemma for differentiable Deligne—-Mumford stacks. Finally, in Section 4.3 we show
how a Morse function on X gives rise to a Morse function on the inertia stack AX.

4.1 Morse functions

Definition 4.1 Let X be a differentiable Deligne-Mumford stack.

(1) Let x be a 2—isomorphism class of points in X. Define the automorphism
group Aut, of x and the tangent space TxX of x as follows. Choose an étale
morphism U — X with a point u € U that represents x. Then the automorphism
group Aut, of u in the groupoid U x5 U = U is finite and acts linearly on
T,U. Set Auty = Aut, and TxX = T, U. We regard T, X as a representation
of Aut,.

(2) Let f: X — R be a morphism. We define d f: TxX — R to be the derivative

at u of the composite
U—>X i) R.

It is an Aut, —invariant linear map.
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(3) If dx f =0 then we say that x is a critical point of f and that f(x) is a critical
value of f. When x is a critical point of f we define the Hessian of [ at x,
which is a symmetric bilinear form

Hpy: TxX x TxX — R,

. . S :
to be the Hessian at u of the composite U — X — R. We say that x is a
degenerate critical point of f if Hy x is singular; otherwise we say that x is a
nondegenerate critical point.

When X is a manifold the automorphism group of any point is trivial and Definition
4.1 simply gives us the usual definition of tangent space, derivative of f and Hessian

of f.

Note 4.2 The quantities Auty, TxX, dx f and H, 1 x defined above are dependent
on the choice of étale atlas U — X and point u € U representing x. Let V — X
be a second choice of étale atlas and let v € V' represent x, and denote by A/Et/x,
m, J;? the quantities obtained using V and v. We will see below that there is
an isomorphism ¢: Auty — Auty and a ¢ —equivariant isomorphism §: 7 X — f;i
such that 677‘ o8 =dx f . Thus, in particular, whether or not x is critical is independent
of the choice of U and u. If x is indeed critical, then let H;, ¢ x denote the Hessian
obtained using V' and v. We will see that fo((S(a) 8(b)) = Hyx(a,b), and so
whether or not x is nondegenerate is independent of the choice of U and u. For
these reasons, the fact that Auty, TxX, dx / and Hf x depend on choices will not be
mentioned any further.

We will prove the claims made in the last paragraph in several steps. First let us
assume that there is an étale map g: V' — U such that g(v) = u and the composition
V& U — X is the chosen map V — X. Then g induces an isomorphism ¢: Aut, —
Aut, and a ¢—equivariant isomorphism § = T, g: T,V — T,,U . We must check that
c?;}” 08 = dy [, but this is immediate by the chain rule. If x is critical then we must
also check that f[}; (8(u),8(v)) = Hy x(u,v), but this is another consequence of the
chain rule. Our claims therefore hold in this case. Second, let us assume that V = U,
that v = u, and that the morphisms U — X, V — X differ only by a 2—isomorphism.
Then Auty, TxX, dy [ are identical to Auty, TxX, ]’ and, when they exist,
Hf, x and Hy, are identical also. The general case now follows. For we may set
W =U xxV and let w € W be a point whose image under W — U is u and whose
image under W — V is v. The two maps W — U and W — V are étale, and the
compositions W — U — X and W — V — X are 2—isomorphic, so the claim follows.
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Definition 4.3 A morphism f: X — R is called a Morse function if it has no nonde-
generate critical points.

This generalizes the usual definition of Morse function on a manifold to Deligne—
Mumford stacks. Just as for manifolds, Morse functions on a differentiable Deligne—
Mumford stack are abundant: Theorem 6.9 will show that a generic morphism X — R
is Morse in the sense that Morse functions form a dense open subset of the space of all
morphisms X — R.

Proposition 4.4 f: X — R is Morse if and only if the composition U — X i) R is
Morse for each étale U — X. This is if and only if f o is Morse for some choice of
étale atlas w: X — X.

Proof The two claims are equivalent by Note 4.2. Any degenerate critical point
of f om represents a degenerate critical point of f, and since 7 is surjective any
degenerate critical point of f must be represented by a degenerate critical point of
form. O

Definition 4.5 Let f: X — R be Morse and let ¢ be a critical point of f. Let
T.X=T:X+ ®T.X- be an Autc—invariant splitting for which Hy .|, x 4 18 positive-
definite and Hy |7, x_ is negative-definite.
(1) The index of ¢, denoted ind,, is the isomorphism class of T.X_ as an Aut.—
representation.

(2) The co-index of c, denoted coind,, is the isomorphism class of 7.X+ as an
Aut,—representation.

We refer to {(c, Aut,, ind., coind.) | ¢ a critical point of f} as the critical point data

for f.

The splitting required in Definition 4.5 can always be found. It is not unique, but the
isomorphism classes of 7.X 1 as Aut.-representations are uniquely determined.

When X is a manifold the critical points of f have trivial automorphism groups, so
that the index and co-index are simply nonnegative integers—the dimensions of the
relevant representations—and moreover they determine one another since their sum is
just the dimension of X. However, for general X the index and co-index may contain
strictly more information than their dimensions, and they do not determine one another.
The most important piece of information contained in the index besides its dimension
is singled out in the following definition.

Definition 4.6 A critical point ¢ of a Morse function f: X — R is called orientable
if the action of Aut, on ind. is orientation-preserving.
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4.2 The Morse Lemma

Theorem 4.7 (Morse Lemma) Let f: X — R be a function and let ¢ € X be a
nondegenerate critical point of f . Then there is an open subset U, C T, X and a linear
orbifold-chart [U./ Aut.] — X at ¢ for which

U, — [U./ Aut.] —>.’£1>R
is just u — f(c) + Hpe(u,u).

Since the origin is the only critical point of u — f(c) + H, ¢ (u, u) we immediately
have the following:

Corollary 4.8 The critical points of a Morse function on ¥ are isolated in X .

By taking an orbifold chart at ¢, the proof of the Morse Lemma reduces to the following
Aut.—equivariant form, which was proved by Lerman and Tolman in [15]. Its proof
is based on the observation that Palais’ proof of the Morse—Palais lemma (for Morse
functions on Hilbert manifolds; see Lang [14]) naturally extends to the equivariant
setting.

Lemma 4.9 (An equivariant Morse lemma [15]) Let M be a manifold with G —
action, f: M — R a G —invariant function, and m € M a nondegenerate critical point
of [ with stabilizer G .

There exists a G —equivariant diffeomorphism ¢: Uy — U,, from a neighbourhood of
0 € T;, M to a neighbourhood of m € M such that:

(D) @) =m.
2 f(¢())— f(m) = Hy,,,(v,v) forall v e Uy.

4.3 Morse functions and the inertia stack

We will now show that a Morse function f: X — R on a differentiable Deligne—
Mumford stack X induces a Morse function f o€ on the inertia stack AX, and that
the critical point data for f o€ can be read directly from that for f.

Definition 4.10 Recall, for example from [1, 4.4], that the inertia stack of a stack X is
the stack AX for which AX(U) is the following groupoid. The objects are pairs (u, ¢)
for u € X(U) and ¢ € Auty,, and the morphisms (u, ¢) = (v, ) are the A: u = v for
which L¢ = yA. If X is differentiable Deligne-Mumford then so is AX, and there is
a representable evaluation morphism €: AX — X which on objects sends (u, ¢) to u.
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The set AX consists of pairs (x, (g)) where x is a point of X and (g) is the conjugacy
class of an element g € Aut,.. We will write (x, (g)) as x&. By taking an orbifold-chart
at x it is simple to see that Autye = Cay, (g) and that Txe AX = (TxX)¥#, where the
superscript g denotes fixed points of g.

Theorem 4.11 Let f: X — R be Morse. Then f oe: AX — R is also Morse.
Moreover, the critical points of f o€ are precisely the ¢&, where ¢ is a critical point of
f and g € Aut.. Further,

ind;¢ = (ind.)¥, coindc¢ = (coind,)®.

Definition 4.12 (1) We say that a pair (¢, (g)) is orientable if ¢8 is an orientable
critical point of AX. Thus (c, (g)) is orientable if the action of Cay.(g) on
(ind;)# orientation-preserving.

(2) Let X be almost-complex. The age or degree-shifting number t(c, (g)) is the
age t1.x(g), ie the degree-shifting number associated to the component of AX
containing ¢& [7]. This is defined as follows. By choosing an appropriate basis
of the complex vector space 7.X we may present the action of g on 7.X using
a diagonal matrix of the form

eZniM

eZm'Xn

with 0 < X; < 1. Then t(c, (g)) =D_Ai.

Proof of Theorem 4.11 It is simple to check that for x € X and g € Aut, we have
dxz(f o€)=dx [|(r,x)¢,and thatif x is critical, then Hyroe x¢ = Hy x|(T,x)¢. The
result is now immediate from the following trivial lemma. a

Lemma 4.13 Let V be a finite-dimensional real representation of a finite group G
and let g € G. Then:

(1) Given a nonzero G —invariant linear map d: V — R, the restriction d|: V& — R
is also nonzero.

(2) Given a G —invariant nondegenerate symmetric bilinear form H: V xV — R,
the restriction H|: V& x V& — R is also nondegenerate.

(3) Given a G —invariant splitting V = V4 @ V_ there is a splitting V& = Vf pVE,
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5 Riemannian metrics and vector fields

This section deals with Riemannian metrics and vector fields on differentiable Deligne—
Mumford stacks. The reason for covering these topics is that we wish to define the flow
of the negative gradient field of a Morse function on a differentiable Deligne—Mumford
stack. This flow will be an elementary but crucial ingredient in proving the results of
Section 7 that relate the topology of X to the critical points of a Morse function on X.

In Section 5.1 we define vector fields and Riemannian metrics on a differentiable
Deligne—-Mumford stack and we characterize them in terms of atlases. We also state
Theorem 5.4, which tells us that any differentiable Deligne-Mumford stack admits a
Riemannian metric. In Section 5.2 we define what it means for a morphism to integrate
a vector field and we define flows of a vector field. We then state Theorem 5.8 and
Theorem 5.13, which tell us that integrals are unique (in an appropriate weak sense)
and that any compactly-supported vector field has a flow. All but the simplest proofs in
Section 5.1 and Section 5.2 are deferred to Section 5.4.

All of the definitions and results in Section 5.1 and Section 5.2 can be stated for any
stack that admits an étale atlas, and such stacks form a much larger class than the
Deligne-Mumford stacks alone. However, none of Theorems 5.4, 5.8 or 5.13 remain
true in this broader context. This is the subject of Section 5.3, where we demonstrate
the failure of these theorems by example.

5.1 Riemannian metrics and vector fields

An étale morphism of manifolds f: U — V induces isomorphisms of tangent spaces
df: T,U in(u)V for each u € U. Therefore, given a Riemannian metric (—, —) on
V', we obtain a metric (—, —)/ on U by setting

(. B) = (df (@), df (B)).

Similarly, given a vector field X on V', we obtain a vector field /*X on U by setting

(f*X)u = @) Xr)-

Definition 5.1 A Riemannian metric (—, —) on a differentiable Deligne-Mumford
stack X is an assignment

U —->X)- (v
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of a Riemannian metric (—, —)y on U to every étale morphism U — X, such that for

every 2—commutative diagram

U

we have (—, —)Uf = (—, =)y . We will call a differentiable Deligne—Mumford stack
equipped with a Riemannian metric a Riemannian differentiable Deligne—Mumford
stack.

Definition 5.2 A vector field X on a differentiable Deligne-Mumford stack X is an
assignment
(U — .'f) = X U

of a vector field Xy on U to each étale morphism U — X, such that for every

2—commutative diagram
s i %

U

we have f*Xy = Xyp.

Definition 5.3 Let X be a Riemannian differentiable Deligne—Mumford stack.
(1) Let X be a vector field on X and f: X — R a morphism. Then
X-f1X->R
denotes the morphism that when composed with an étale 7y;: U — X becomes
Xy - (fomy).
(2) Let X and Y be vector fields on X. Then
(X,Y): X—>R
denotes the morphism that when composed with an étale morphism U — X
becomes (Xy, Yy)y: U — R.

(3) Let f: X — R be a morphism. Then the gradient vector field of f, denoted V f,
is defined by
(Vv =V(fonry)
for any étale morphism ny;: U — X, where the right hand side is formed using
(—,—)v. Notethat (Vf, X)=X- f.
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The gradient vector field gives us many examples of vector fields on any differentiable
Deligne-Mumford stack that admits a Riemannian metric. Metrics are provided by the
following theorem.

Theorem 5.4 Every differentiable Deligne—Mumford stack admits a Riemannian
metric.

We have the following simple characterization of Riemannian metrics and vector fields
on a differentiable Deligne—Mumford stack. It implies in particular that Riemannian
metrics and vector fields on a global quotient [M/G] are in one-to-one correspondence
with G —invariant Riemannian metrics and vector fields on M .

Proposition 5.5 Let X be a differentiable Deligne—Mumford stack. Let A — X be an
étale atlas and let 7wy, wp: A X5 A — A be the projections. Then:
(1) The assignment (—, —) +—> (—, —)4 determines a one-to-one correspondence
between Riemannian metrics {(—, —) on X and Riemannian metrics (—, —)4 on
A that satisfy (—, =) 4™ = (—, —)42.
(2) The assignment X +— X4 determines a one-to-one correspondence between
vector fields X on X and vector fields X4 on A that satisfy m{ X4 = n5X4.

We call metrics that satisfy (—, —)4"' = (—,—)4™* and vector fields that satisfy

i Xy = 5 X4 invariant.

Proof We will prove the second result; the first is proved in exactly the same way.
Certainly, a vector field on X does induce an invariant vector field on 4. Conversely,
suppose given an invariant vector-field X4 on A and let U — X be étale. Then in the
diagram

U Xx(A X}:A) — A Xj{A

| ]

!

we can use the first two horizontal maps, which are étale, to construct from X4 a
vector field on U xx A whose two pullbacks to U xx (4 xx A) coincide. Since
U xx (A xx A) = U xx A is an étale groupoid representing U , this in turn induces
a vector field Xy on U. The assignment U — Xy clearly satisfies the required
property. O

We now have the following proposition, which details three ways in which we can
obtain new vector fields from old ones.
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Proposition 5.6 Let X and %)) be differentiable Deligne—Mumford stacks.

(1) Given vector fields X, Y and functions f, g on X, there is a unique vector field
fX 4+ gY on X such that for any ny: U — X étale,

(fX+gY)u=(fony)Xy+(gony)Yy.
(2) Given vector fields X on X and Y on %) there is a unique vector-field X & Y
on X x ) such that
X®Y)uyxy =Xu Yy

forétale U —- X, Y — 9.

(3) LetQ) — X be an embedding and let X be a vector field on X. Suppose that
X is tangent to ) in the sense that for each étale U — X, Xy is tangent to the
submanifold ) xx U C U . Then there is a unique vector field X |y on ) with

Xulyxxu = (X|9)ox U -
5.2 Integrals and flows of a vector field

Throughout what follows X and ) will denote differentiable Deligne-Mumford stacks,
X will be a vector field on X, and I C R will be a possibly unbounded open interval.
We will write d/0d¢ for the vector field on ) x I obtained by adding the zero vector
field on 2) and the vector field d/d¢ on I as in Proposition 5.6.

Definition 5.7 A representable morphism ®: ) x I — X integrates X if, for each
étale U — X, the induced

Sy: YPxI)xxU—-U

d
— Oy = Xy o Py
(8[ (@xl)xxU) v ve®u

This condition holds for all étale U — X if and only if it holds for a single étale atlas
A—X.

satisfies

Theorem 5.8 (Uniqueness of integrals) Let
OV PxI - X
be representable morphisms that integrate X and suppose given a 2—morphism

A Plyxry = Plyxin}
for some 1y € I. Then there is a unique A: ® = W for which A|gx s = A.
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Definition 5.9 A flow ® of X is a representable morphism

d: XxR—>X
that integrates X', together with a 2—morphism eg: ®|xx(0y = Idx.
The following is an immediate corollary of Theorem 5.8.

Corollary 5.10 (Uniqueness of flows) Let ®, W: X xR — X be flows of X . Then
there is a unique 2—morphism A: ® = W such that A|xx (0} = e\;le‘p.

Proposition 5.11 Let ® be a flow of X . Then there is a unique 2—morphism (¢

Id_‘{X(X
XIxRxR—=XxR
@XIdR\L M(D/\LCI)
X xR X

P

such that j1g|xx(0)x{0} = (P|xx{0})«xe®. Here a(s,t) = s +1t. In particular, d: X x
R — X is an action of R on X.

Definition 5.12 Given U — X étale and u € U, the question of whether Xy (u) is
zero or nonzero depends only on [u — X]. The support of X is defined to be

supp X =cl{x € X | x = [u — X], Xy (u) # 0.

Theorem 5.13 (Existence of flows) Suppose that supp X is compact. Then there is
aflow : X xR — X of X.

Proposition 5.14 (Restriction of flows) Leti: Q) — X be an embedding and suppose
that X is tangent to ). Then a flow of X on X can be restricted to a flow of X |9
on %). That is, for any flow ®: X xR — X of X, there is a flow V: ) xR — ) of
Xy and a 2—commutative diagram

YxR L>9
iXIde %lz
:{XRT%

with lg)x(0y = ixew oi*egl.

Lemma 5.15 Let X be a vector field on X with flow ®, and let f: X — R be a
morphism. Write ¢;: X — X for the action underlying ®. Then for any x € X the map
t — [ o;(x) is smooth with derivative t — X - f(¢;(x)).

Algebraic € Geometric Topology, Volume 9 (2009)



Morse inequalities for orbifold cohomology 1135

5.3 Counterexamples for non-Deligne-Mumford stacks

With the exception of Theorem 5.4, the definitions and results of Section 5.1 apply
to any differentiable stack that admits an étale atlas. We can therefore ask whether
Theorems 5.4, 5.8 and 5.13 hold for these more general stacks. The answer in each case
is negative, even if one restricts to stacks with an étale atlas and finite inertia groups,
as we shall now show.

Example 5.16 In this example we will show that Theorem 5.4 can fail for stacks
which admit étale atlases and have finite inertia groups.

Define € = [C; = Cy], where C; =2 C is the groupoid with objects R and with, for
each n € N, a single morphism from each # € (—1/2", —1/2"%1) to 24+2"+1t € (0, 1),
and with no nontrivial morphisms besides the ones these generate. Thus Cy = R, while
(1 is the disjoint union of one copy of R with countably many copies of (0, 1). The
groupoid C; =2 () is étale and has trivial inertia groups but is not proper.

Suppose that € admits a Riemannian metric and consider the corresponding invariant
metric on Cy. Without loss let the length of d/dx € ToCy be 1, so that d/dx € T;C
has length at most 2 for all # in some neighbourhood of 0; this neighbourhood contains
(=1/2",—1/2"*1) for all n large enough. For each n, C; contains a copy of (0, 1)
with s: (0,1) — R given by r +— r and ¢: (0,1) — R given by r > (r —2)/2"+1.
Invariance of the metric then means that on (0, 1) d/dx € T;Cy must have length at
most 1/2" for each n large enough. Thus d/dx must have length zero at all points on
(0, 1), which is a contradiction.

Example 5.17 In this example we will show that Theorem 5.8 can fail for vector fields
on stacks which admit étale atlases and have finite inertia groups.

Let 2 be the stack [4; = Ag], where A; = Ay is the étale groupoid whose objects
consist of two copies of R that we denote by Ry and R, and with a single morphism
from ¢t € Ry to ¢t € Ry for each ¢t € (—o0,0), and no further nontrivial morphisms
besides the ones these generate. Thus 49 = Ro LR and A4, is a disjoint union of
copies of R and (—o00,0). Then 41 = Ay is an étale groupoid with trivial inertia
groups but is not proper.

The underlying space 2 consists of two copies of R with the subsets (—oo, 0) identified,
and so is not Hausdorff. In particular, for any § > 0 the two morphisms {—§} — R; — 2
are 2—isomorphic while the two {§} — R; — 2l are not.

Now consider the vector field 4 on 2( corresponding to the invariant vector field d/dx
on RgUR;. The two morphisms R = R; — 2 then integrate A and are 2—isomorphic
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when restricted to {—1}, but are not themselves 2—isomorphic. Thus Theorem 5.8 fails
for 2 and A.

Example 5.18 In this example we will show that Theorem 5.13 can fail for vector
fields on stacks which admit étale atlases and have finite inertia groups.

Let 2 be the stack defined in the last example, and let B be the vector field on
corresponding to the invariant vector field ¢-d/dx on RoUR;. Here ¢p: RgLUR; — R
is the composition of the componentwise identity map Ry LI R; — R with a function
R — R that has value 1 on [—2, 2] and that has compact support.

B has compact support, so let us suppose that Theorem 5.13 holds for 2 and B, giving
us @: AxR — A and eqp: Oy = Id. It is possible to show that there must be some
€ > 0 such that for each i the composition

{0}xinc [}
(—€,6) — RixR—>AxR — A

is 2—isomorphic to
(—€,¢) > R; — 2.

However, the first pair of morphisms are 2—isomorphic, while the second pair of
morphisms are not; this is a contradiction.

5.4 Proofs

We will now give proofs of the results of Section 5.1 and Section 5.2. We begin with
the proofs of Proposition 5.6 and Theorem 5.4 from Section 5.1.

Proof of Proposition 5.6 The first part is immediate since, given i: U — V étale and
vector fields X, Y and functions f, g on V', we have the equality 2/*(fX + gY) =
(foh)h*X + (goh)h*Y .

Now we prove the second part. Using Proposition 5.5 and choosing étale atlases A — X,
B — %), we can define X @ Y to be the vector field on X x Q) for which

(X®Y)4xB=X4DYp.

We must now verify that (X @ Y)yxy = Xy @ Yy for any étale maps U — X and
V — 9). But in the diagram

(U X V) xxxp (Ax B) -2 Ax B
UxV /%x@
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we have (U x V) xxxgp (Ax B) = (U xx A) x (V Xy B), my = my X7y, and 7y =
7y X 3. Therefore we have 7 (Xy @ Yy) = Xyx, 4 ® YyxyB = w3 (X4 © Yp)
=15 (X ®Y)4xp = 1] (X @ Y)yxy so that, since 7, is surjective and étale, we
must have Xy @Yy = (X @ Y)yxy.

The third part is proved in a similar way. Let B — ) be the induced étale atlas
A xx9) — ), which is a submanifold of 4. Define X|g to be the vector field with
(X|9)B = X4|p. Now we must verify that (X|y)ux.9 = Xvulux,g for any étale
U — X. Consider the diagrams

Usxzd -y (U xx9) xy B —> U xx9
b A

where the second diagram is obtained from the first by pulling back along ) — X. We
therefore have 7 (X |9)ux,y = 75 (X19)B = 75 (XalB) = (73 X) | (Uxx0)xy B =
(7 XU)|WUxx0)xy B = 71 (XUluxy ). Since 7y is an étale surjection, we must have
(X9)uxzy = Xuluxyg as required. d

Proof of Theorem 5.4 By Proposition 3.4 we may cover X with open sets of the
form [M/G] for [M/G] — X an orbifold chart. Applying Theorem 3.9, we may find
¢i: X >R, fori =1,2,..., such that the q_ﬁi are a partition of unity on X and each
supp ¢; is contained in [M;/G;] for some orbifold-chart [M;/G;] — X. We write (;
for the composition M; — [M;/G;] — X. Note that by averaging we may find for

each i a G;—invariant metric (—, —); on M;.

With this data we will now construct the required assignment (U — X) — (—, =)y
satisfying the conditions of Definition 5.1.

Let U — X be étale and let u € U . Then there is an open neighbourhood V' of u such
that (supp ¢;)y is nonempty for only finitely many i and, reducing V' if necessary,
(supp ¢;)y is nonempty only if it contains «. For each such i the map V xx M; — V
is étale and has image containing u. We may therefore find a neighbourhood W, of u
and 2—commutative diagrams

WuHU

)"'l Vi l
Mi%%

1

Algebraic €& Geometric Topology, Volume 9 (2009)



1138 Richard Hepworth

for each i such that (supp ¢;)y # @. Now consider the Riemannian metric (—, —)yp,,
on W, defined by

(5) (. BYw, = D i (ui Qi (w))) (e, )™

for a, B € Ty W,,. This is certainly a smooth section of S27T*W,, and it is positive

since Y ¢; = 1.

Now let (—,—), denote the metric on 7,,U induced by (—, —)w, . We claim that
this metric is independent of the choices made. For suppose given a second set of
data W, A7, ¥;. We may clearly assume that W,, = W,/ and that this neighbourhood
of u is connected. Then for each i there is g; € G; such that A; = giA;, and so
<_’_>l.X§ = (—,—)i)“" since (—,—); is G;—invariant. Also (; oA} and (; o A; are
2—isomorphic, so that ¢; ot; 0 A; = ¢j ot; 0 )\;.. The claim is now immediate from (5).

Since W, serves as W, for any v € W,,, the (—, —),, combine to give a Riemannian

metric (—, —)y on U. We must now check that, given a 2—commutative diagram

y—2

ol
|

with f étale, we have (—, —)Uf = (—, —)y. Given v € V, take a neighbourhood W,
as above, chosen small enough that f|: W, — U is an open embedding. We may
therefore regard f|: W, — U as the inclusion of f(W,). From the diagrams

WvHV

g "’;/l”V

Mi?%

we obtain diagrams
SWy) —=U

Mflll wl.w%lﬂu
Ml . %a

L

so that again looking at the definition (5), f|: Wy, — f(W,) identifies (—, —)y and
(—, =)y over these subsets. The result follows. O

Now we deal with the proof of Theorem 5.8, which is based on the following lemma.
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Lemma 5.19 Let Y be a manifold and let
O, U: Y xI =X

be two morphisms integrating X. Let t € I and let Y1 C Y be an open subset with cl Y;
compact. Then there is an open interval J C I with t € J such that any 2—morphism

A ®ly, xisy = Y0y, xts)

with s € J extends to a 2—morphism A: @y, xj = Y]y, xJ -

Proof of Theorem 5.8 We will first prove the theorem when %) is a manifold Y.
Consider 2—morphisms Ay, j: @|y,xs = W|y,xs such that Ay, jly,x(} = Aly; »
where Y] is an open subset of Y and J C [ is an open interval containing #y. Such a
Ay, s is unique, if it exists. Our aim is to show that Ay,; exists.

Fix Y; C Y open with clY; compact. By applying Lemma 5.19 with s =t = £
one can find some J for which Ay, j exists. Moreover, if one can find Ay, s and
Ay, then, using the uniqueness of Ay, jny/, these can be glued together to produce
Ay, ,yuy’ - Therefore let K C I be the largest open interval for which Ay, g exists.

We claim that K = I . If not, then let (¢;); be a sequence in K convergingtot € [ — K.
There is an open interval J C I containing ¢ and satisfying the conclusions of Lemma
5.19. Since J contains 7, it contains some #;, and so applying the conclusion of
Lemma 5.19 with s = #; and A = Ay, x|y, x{s}, there is M: @y, xg = Y|y, xs
with M|y, x{;y = Ayixklyx{sy- It follows that M|y, xsnk = Ay, klyixink
and therefore M and Ay, g can be glued to produce Ay, gy, contradicting the
assumption.

We have established that Ay, j exists for each Y; with clY; compact. We can write
Y =J;en Yi, where each Y; C Y is open with cl ¥; compact, and we can find Ay, 1
for each i. Since Ay; r|y;ny; = Ay, .1lv;ny; - the Ay, 1 can be glued to produce the
required A. This completes the proof in the case ) =Y.

We now turn to the general case. Let y: Y — %) be an étale surjection. Then by the result
for manifolds, there is Ay: ®o(y xId;) = Wo (y xIdy) such that Ay |y gy = y*A.
Consider the pullback diagram

YXQJY4S>Y

P

y
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In order to show that Ay descends to the required A, it suffices to show that

W (1 x Idig;) 0 (s 0 y x 1dp)* Ay,
(toyxIdp)*Ay o @u(p x Idy,),
which are 2—morphisms ®o(yosxIdy) = Wo(yot xIdy), coincide. When restricted

to Y xg Y x {fo} these become (W|gxsy), 1) © (50 Y*A), (0 y*A) 0 Ployxiry) (i
which do indeed coincide, and therefore Ay descends to A as required. O

We must now prove Lemma 5.20. In order to do so we state and prove the following
two supporting lemmas.

Lemma 5.20 Let Y be a manifold, ®: Y x I — X a morphism that integrates X ,
and U — X an étale surjection. Then for each open Y1 C Y with clY; compact and
each t € I there is an interval J C I containing t, an étale surjection Y, —>Y,anda
2 —commutative square

?IXJ*)U

b

Y xI T> X
in which Yy x J > U integrates Xy .
Proof Consider the pullback diagram:
[
Uxx (Y xI) YU

o

P

For each y eclY; choose a y € U xx (Y x I) lying over (y,t) € Y x I. We can find
an open neighbourhood Vj, of y and 8, > 0 such that V), x (t —6,,¢ + §y) lifts to a
neighbourhood of y; on such a neighbourhood ®¢;: Vy, x (¢t =4y, 7438,) — U integrates
Xy . Since the V), cover cl Y7 and cl Y7 is compact, we can choose yi,..., yp €clY]
such that c1 Yy € |J Vy,. Set § = min(8y,) and ¥; = ||V}, N Y7, so that ¥; — ¥ is
an étale surjection, and the previous diagram gives us the required square

~ oy
YixI —=Uxx(Y xI)——U

l |

Y xI X.

This completes the proof. O
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Lemma 5.21 Let U — X be étale, and suppose given y,8: I — U that integrate Xy,
together with e € U xx U such that s(e) = y(ty), t(e) = 8(ty). Then there is a unique
e: I — U xx U such that e(ty) = e, soe=y,tog=3$.

Proof We must show that the integral curve ¢ of Xyx,y with &(fp) = e can be
defined on the interval /. Let J C I be the largest open interval containing 7y on
which ¢ is defined. If J # I, let #; be a sequence in J that converges tosome t € [ —J .
Choose closed discs Dy, Ds C U around y(t), 6(¢) respectively, and without loss
assume y(t;) € Dy, 8(t;) € Dg for all i. Then (s x¢)~! D,, x Dg is a compact subset
of U xx U containing the points &(¢;) for all i, and therefore there is a subsequence
ti; of t; and an f € (s x 1)1 D, x Dg for which &(ti;) converges to f. Note that
s(f) =y (1) and 1(f) =5(1).

Choose an open neighbourhood N of f for which s|y and ¢|n are diffeomorphisms
onto their images. There is an open interval K C I containing ¢ such that y|g has
image in s(N). Lift y|x to acurve g in N. Then g integrates Xy, v, and note
that we must have &(#;;) = g(#;) for all j large enough. This shows that ¢ can be
defined on an interval containing ¢, in contradiction with the initial assumption. O

Proof of Lemma 5.19 By applying Lemma 5.20 for Yy, ¢, and each of & and
W, we can find an open interval J containing ¢, an étale surjection Y7 — Y7, and
2—commutative diagrams

~ 3 - U
YixJ—U YixJ—U
YXI?%, YXI?%.

Now suppose given A: ®ly, (53 = Y|y, x{s} as in the statement. This 2—morphism,
together with the two diagrams above, induces a map /: Y x {s} > U xx U with
sol = EDl?lx{s}, tol = \i|?lx{s}, and whose compositions with the two maps
171 Xy )~’1 — 171 coincide.

By Lemma 5.21, for any y € Y, the integral curve & of Xy, y with e(s) =I(y) can
be defined on the interval J. We can therefore extend / to a map L: Y, 1 X J—>UxxU
integrating Xy, . Since L integrates Xy, y it follows that so L = ® and roL =,
and that the compositions of L with the two maps Y 1 Xy Yl X J — Y1 x J coincide.

The map L and its stated properties lead directly to the required 2—morphism A. O

This concludes the material related to Theorem 5.8. Now we go on to deal with the
proofs of Proposition 5.11, Theorem 5.13 and Proposition 5.14.
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Proof of Proposition 5.11 First consider the two compositions when restricted to
X x {0} x {0}. These are ®@|xx 0} © P|xx{o} and ®|xx(o}, and so we have the 2—
morphism (®|xx(0})«xeo between them. Now consider the two compositions when
restricted to X x R x {0}. These both integrate X, so by Theorem 5.8 there is a 2—
morphism M between them that restricts to (®|xx(o})+x€e on X x {0} x {0}. Finally,
the two compositions, regarded now as morphisms (X x R) x R — X, both integrate
X and are 2—-isomorphic when restricted to X x R x {0}, so that by Theorem 5.8 we
obtain the required (. O

Proof of Theorem 5.13 Let U — X be an étale atlas and let Xy be the vector field
on U induced by X . For each u € U there is an open neighbourhood V,, of u and
8y > 0 such that the flow

@u: VM X (_514, Su) — U
of Xy is defined, which means that

®,(v,0) =,

9
o @u =Xy oy,

If u & supp Xy, then without loss let V;, C U —supp Xy and 6, = 1. Choose open
neighbourhoods W, C V,, of u for which cl W, is compact and still contained in
Vu. Then for uy,up; € U, Wy, xx Wy, CU xx U is contained within the compact
(s x 1)~ cl Wy, x cl W, , and so there is 8,,,, > 0 such that the flow

Dy uy: Wy Xx Wy, X (_Suluza 5141142) —UxxU

of Xyx, v isdefined. If u; ¢supp Xy or u, ¢supp Xy then without loss let 8y, ,, = 1.
Since supp X is compact we can choose countably many u; € U, of which only finitely
many lie in supp Xy, such that any point in X is 2—isomorphic to a point in one of
the Wy, . Set

U =| | W
i

8 - mln{éul ) 5”!‘”] }.
Note that § > 0 since only finitely many of the J;,, dy;4; are not equal to 1.

We now have two groupoids, [U’ xx U’ = U’] and [U xx U = U], that represent X,
and a groupoid-morphism

(i(),i])l [U’X%U/:;Ul]—)[UXxU:;U],
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obtained by componentwise inclusion, that represents Idx. Moreover, the ®,; and
@y, y; define a faithful groupoid-morphism

(Pg, ®1): [U' xxU' x(=68,8) 2 U' x(=6,8)] > [U xx U = U]

in which ® integrates Xy and restricts to io on U’ x {0}, and in which ® integrates
Xux v and restricts to iy on U’ xx U’ x {0}. (The last two claims are immediate
by construction; that (®g, ®;) is a groupoid-morphism then follows from the same
fact for (ip,71) and the fact that the ®; integrate the stated vector fields. We now
show that (@, ®;) is faithful. Suppose given points (wy,1), (wa, 1) € U’ x (=4, 6)
and (v,1),(V',1) € U’ xx U’ x (=48,6) such that s(v,7) = s(v',t) = (wy,7) and
t(v,t) =t(v', 1) = (wy,t). Suppose that ®;(v,7) = ®1(v/,7). Then, since ®; is the
flow of Xy, v, it follows that v =, so that (v,7) = (v', ) and (Pg, D) is faithful
as claimed.)

It follows from the last paragraph that there is a morphism of stacks ®: X x(—4,8) —> X
and a 2—commutative diagram

U x (=5, 8) —2 U

:{X(\L—S,(g) /l

—5 X

that induces (®g, ;). Since (P, P;) is faithful, ® is representable. Since P
integrates Xy it follows that ® integrates X . Since (g, ®1) restricts to (ig,i;) on
[U'xxU’"x{0} = U’ x{0}] it follows that there is a 2—morphism eq: ®|xx oy — Idx.

We will now use ®: X x (—6,6) — X to construct the required ®: X x R — X. For
t € (—6,6) we will write @ for ®|xx(s}.

Consider the morphism
PP Xx(-4,8) > X
given by the composition

XId(—s.5)

Xx(=0,0) ——> X x(=6,6) x (=6§,) —————> X x(=4,6) > X

with d(t) = (—t,1). Thus @41 ®_|xy(y = P P—;. It is easy to check that & P_

integrates the zero vector field on X, and that @4 ®_|xx (o) = P| xX{O}z, which is
equipped with eé: CI>|3€X{0}2 = Idx. Thus by Theorem 5.8 there is A: &4 d_ = my,
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and in particular

Mg/t @354 P35/ = ldx,
}‘—38/43 q)—35/4q>35/4 = Idx%.

Now set K = 38/2, so that the open intervals I, = (nK —§,nK +§) cover R, and the
only nonempty intersections among them are 7,1 N1, = ((3n—2)6/2, Bn—1)35/2).
Define
O, XxI,— X
to be the composition
q>2n XTp, o
X x I AN XxI—X
for n = 0, and similarly for » < 0 but with q)gg’/ 4 replaced by @:gg/ 4> here 7, (1) =
t—36n/2.

Note that n(35/2) —3§/4 = (n —1)(36/2) — 36/4, and that there is a 2—morphism

An: Pnlxin(3s/2)—-35/4y = P35/4P35/4 = 3573 = Puilxxin(38/2)-36/43 1 > 0,

Ap: CI>n|36><{n(35/2)—38/4}=q>35/4q>:§§l/4 = <I>i§§/+41 =1 |xx{n(38/2)-38/4}, 1 <0,
constructed using A_35/4, A35/4 respectively. By Theorem 5.8 these 2—morphisms
extend to
An: ®ulr,_ 01, = Pu—ilxxi,_\nI,-

Since there are no nonempty triple intersections I; N I; N Iy for i, j, k distinct, the
®, and A, immediately yield ®: X x R — X with M,: ®|xxs, = P, such that
My _1|xx1,_ 01, ° Mnlxx1,_,n1, = An. It follows that ® integrates X and that there
is eq: ®|xxqoy = Idx as required. O

Proof of Proposition 5.14 Let A — X be an étale atlas for X. Let A’ — X xR the
atlas induced from A by ®. Let B — 2) and B’ — 2) X R be the atlases induced by
2P — X and P x R — X x R respectively. Thus 4 < B, A" < B’ are embedded
submanifolds.

We claim that the induced map EIBO: A" — A sends B’ into B. Assuming this for the
time being, it follows that ®;: A’ xxxgr A’ — A xx A sends B’ xgxgr B" into Bxx B,
and there is a commutative diagram of groupoid-morphisms

[B' xgxg B' = B'| — [B xx B = B]

| |

[A' xexg A’ = A] —= [Axx A = A]
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in which all but the top map are induced by the maps in

P xR 2
xix&ﬁi

It follows that this last diagram can be completed to a 2—commutative diagram

QJXRLQJ

A

:{XR?%

in which, by construction, W integrates X |g). The rest of the proposition now follows
from Lemma 5.22.

We now prove our claim that 50: A’ — A sends B’ into B. First note that, since ®
integrates X, Ef)o sends integral curves for d/d¢ into integral curves for X4, and that
X4 is tangent to the submanifold B < A. Moreover, since there is eq: ®|xx(oy = ldx,
®, sends the points in B’ that lie over 0 € R into B.

Let b’ € B’ be some point, lying over time ¢, and without loss assume ¢ > 0. By
considering the morphism R — X xR, s+ (Im(b’), s), wecanfind 0=ty <---<t, =t,
d/dt—integral curves y;: [ti—1,%;] — B’, and 2—morphisms y;(¢;) = yi+1(t;) for all
1<i<n-—1,and y,(t,) = b’. Since y;(0) liesover 0 e R, &Do(yi (0)) liesin B. Since
each y; is a d/dt integral curve, if &90()/1' (ti—1) lies in B, so does 50(yi (¢;). Since
B C A is closed under 2—morphisms, if &30()/,~ (#;)) lies in B, so does &)O(Vi+1 (t)).
The claim follows. |

Lemma 5.22 Let i: %)) — X be an embedding of differentiable stacks and suppose
given a 2—commutative diagram

L)

%

Idx

&3

i

R=<—

i
Then there is j1: W = Idg) such that ixju = A.
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Proof Let A — X be an atlas. Pulling back the above diagram under this atlas yields
a commutative square of manifolds, which must be

E

ff

where B — A is the submanifold induced by i . Since B — A4 and BXxy B — Axx A
are embeddings and the square

n<—

]

El

)

?>R<—:n
R‘\\

A

x

induces the identity map on [A xx A = A], the square

%w
%w

@H@

must induce the identity map on [B xg B = B], so that there is indeed a 2—morphism
u: ¥ = Idx that when composed with m becomes trivial. Since composing m and A
yields the trivial 2—morphism, it follows that i, and A coincide when pulled back to
B, and the result follows. O

Proof of Lemma 5.15  Let nyy: U — X be étale with xyy € U such that x =[xy — X].
Then t — f o@;(x) is the composition

fo®oxyxId= fodo(xy xId),

where we have written xyy X Id: R — X x R. This is certainly smooth. Now let us
compute the derivative of the composition; without loss assume ¢ = 0. By the definition
of what it means for a morphism to integrate X', we may find € > 0 and a commutative
diagram

(_67 E) yﬂ U

/l,w

:{XRT):{

XU xincli
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where y is the integral curve of Xy through xg7. Then

d — d -
E tZOfO@t(X)= E t:()fOJTUOy=XU'(f07TU)(xU):X'f(X)

as required. a

6 The strong topology on C*°(X)

Let X be a differentiable Deligne-Mumford stack. The morphisms f: X — R form
a set that we denote C°°(X). This coincides with the set of those smooth functions
X — R onan atlas X — X for which the two compositions X xx X = X — R coincide.
This section will define the strong topology on C°°(X) and study its properties. We
will show that C°°(X) is a Baire space in which the Morse functions form a dense
open subset. Thus Morse functions are abundant in a very precise sense.

It is usual to define the strong topology on C"(M, N) for manifolds M, N and
0 <r < oo [I1]. When X is a manifold M our strong topology on C*°(X) coincides
with the usual strong topology on C°°(M, R). It is to be hoped that one can define a
topological stack C’(X,9)), “the mapping stack with the strong topology”, for any
differentiable Deligne—Mumford stacks X, ) and 0 < r < oco.

In Section 6.1 we define the strong topology on C*°(X) and verify that when X is
a manifold our definition coincides with the usual one. In Section 6.2 we compare
the strong topology on C*°(X) with the strong topology on C*°(X) for an étale atlas
X — X and give a simple description of the strong topology on C*°([M/G]) for global
quotients [M/G]. In Section 6.3 we show that C°°(X) is a Baire space, generalizing
a familiar result for manifolds. Finally, Section 6.4 is given to proving that Morse
functions form a dense open subset of C°°(X) and concluding that any differentiable
Deligne-Mumford stack X admits a Morse function f with compact sublevel sets.
The existence of such Morse functions is crucial to the applications in Section 7.

6.1 Definition of the strong topology

Recall that a family of morphisms «;: A; — X is called locally finite if for each U — X
and each u € U there is a neighbourhood V' of u such that V xx A; is nonempty for
only finitely many 7.

Definition 6.1 Suppose the following data is given:

(1) alocally finite family of étale morphisms ¢;: U; — X from open subsets of R”,
indexed by some set I,
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(2) acompact subset K; C U; foreachi € I,
(3) a positive number ¢; > 0 foreach i € I,
(4) anonnegative integer r,

(5) amorphism f: X — R.

Then we will write
N'(ci, Ki, €i, [) C C(X)
for the set of all morphisms g: X — R satisfying the condition

|D'goci(k)— D" foci(k)| <ejforalli eI, k € K, |r| <.

Here r = (ry, ..., ry) is alist of numbers in {1, ...,n}, its length |r| is m, and D"
denotes the partial derivative d/™/dx,, ---dx,,, .

Definition 6.2 The strong topology on C°°(X) is the topology with basis given by
the sets N7 (¢;, K;, €i, f).

When X is a manifold M , the definition of the strong topology on C*°(M) is well
known [11, Chapter 2]. We will now verify that the sets of Definition 6.1 do indeed form
the basis for a topology, and that in the case X = M we recover the usual definition of
the strong topology.

Lemma 6.3 The subsets N (¢;, K;,€;, ) form the basis for a topology on C*®(X).

Proof Suppose we are given N7 (¢;, K;, €;, /) and N*(d;, J;j,§;. g) and and element
h EN’(Ci,Ki,ei,f)ﬂNs(dj, Jj.dj,g), where the ¢;: U — X are indexed by i € 1
and the dj: V; — X are indexed by j € J. We will find a subset N (ex, Ly, ¢x, h) con-
tained in N7 (¢;, K;, €;, f)NN?*(d;, J;. 8, g); this will show that N7 (¢;, K;, €, f)N
N3 (dj, Jj,dj, g) is a union of basic open sets, as required.

For each i € I set €] = ¢; —sup{|D" f oc;(x) —D"hoc;(x)|| |r] <7, x € K;}. Note
that €; > 0 since K; is compact. If /: X — R satisfies | D"/ o¢;(x) — D"hoc;i(x)| <€
whenever x € K; and |r| < r, then it follows that | D"/ oc;(x) — D" f oc;(x)| < €;
whenever x € K; and |r| <.

Similarly, for each j € J set 8} =4j—sup{|D"god;(x)—D hodj(x)|||r|<r, x€Jj}.
Note that 81’. >0 since J; is compact. If /: X — R satisfies | D"/ odj(x)—D"hod;(x)| <
8]’. whenever j € J; and |r| < s, then it follows that |[D"/ odj(x) — D" f odj(x)| < J;
whenever x € J; and |r| <.
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Now consider the open set N (e, Ly, ¢k, h), where t =max{r, s}, where the indexing
setis / U J, and where

) Jea: U= X ifkel,
(ex: Wk*x)_{dk: Vi = X ifk e J,
;. _ | Kk ifkel

k Ji ifkeld,

¢, ifkel
=1 ’
P {5;( ifk eJ.

It is clear from the previous two paragraphs that
N'(ex, L ¢ h) C N (ci, Kiei, £)NN*(d). Jj. 8. ).

as claimed. O

Proposition 6.4 Let X = M for some manifold M . Then the topology on C°°(M)

given in Definition 6.2 coincides with the usual notion of the strong topology on
C*®(M,R).

Proof Let us recall from [11, Chapter 2] that the strong topology on C*°(M) is the
topology with basis given by open sets

(6) N7 (ci, K, di, €, f)

where ¢;: U; — M is a locally finite family of charts on M (ie open embeddings
from open subsets of R"), K; C U; are compact subsets, d;: V; — R are charts, ¢;
are positive real numbers, r is a nonnegative integer, and f: M — R is a map for
which f(c;(K;)) C d;(V;) for all i ; then N7 (¢;, K;,d;, €;, /) denotes the set of all
g: M — R for which g(c¢;(K;)) C d;i(V;) and

|D3(d; M ogoci)(k)— D3 o foe) (k)| <€
for all s with |s| <r and all k € K;.

In order to prove the lemma we will show first that we can assume, for the sets
NT(ci, K;,d;,€i, ) above, that the d;: V; — R are all simply Id: R — R. Thus the
strong topology in its usual definition is generated by those sets N7 (¢;, K;, €;, f) from
Definition 6.1 for which the ¢; are all embeddings rather than just étale maps. We will
then show that any open set N7 (¢;, K;, €;, /) from Definition 6.1 can be written as
N (], K’ €., f) where the ¢;: U; — M are open embeddings, thus completing the
proof.
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So suppose given N7 (c;, K;,d;, €;, ) as above. We may take compact neighbour-
hoods J; of each f(c;(K;)) with J; C d;(V;) and—Dby decreasing the ¢; if necessary—
assume that g(K;) C J; forall i and any g € N" (¢;, K;,d;,€i, /). Now set

m

d"d!
o)

Ai = sup

jeJi,n<r,m<r

and define §; = ¢;/(2"1;). Then for g € N” (¢;, K;,1d,8;, f) and k € K; we have
D% o (g o i) (k) — D o (f o c) (k) <27 Ai6; =i

so that g € N7 (¢;, K;,d;.€;, /). Thus any set of the form (6) is a union of those of
the form (6) for which each d; = Idg.

Now suppose given a basic open set N7 (¢;, K, €;, /) C C®°(M) as in Definition 6.1.
For each i and each k € K; we may find E; D By 2 k, where By, is a closed ball
and Ej is an open ball small enough that ¢;|: E; — M is an open inclusion. Take
finitely many k" € K; for which K; C By Now set ¢[": U™ — M to be the
restriction of ¢; to U™ = E ki s set K"=K;N Bym , and finally set €' = ¢;. Then
the ¢/, taken for all i € I and all m, are a locally finite family and

N'(ci, Ki. di e, ) =N"(c]". K[ €] f).

This completes the proof. O

6.2 Relation to the strong topology on an atlas

Suppose we have an étale atlas 7: X — X. Write C®(X)™ for the set of smooth
functions X — R for which the two compositions X xx X = X — R coincide.
Composition with 7 determines a bijection

¥ CP(X) »> C®(X).

Since C*°(X) admits the strong topology and C'*°(X )™ inherits a topology from the
strong topology on C°°(X), it is natural to ask whether the two topologies coincide
under 77*. The answer is that they do not coincide, and that in general (7*)~! is
continuous but 7z * is not. For example, the bijection C®°(S') — C%°(R)™ associated
to the exponential map R — S is not continuous. However, in the very restrictive
case that 7 is proper, 7* is indeed a homeomorphism. This applies to the tautological
atlases M — [M/G] for global quotients [M/G] with G finite.
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Proposition 6.5 Let 7: X — X be an étale atlas and consider the bijection
¥ Coo(%) _ COO(X)inV.
Then (7*)~! is continuous. If 7 is proper then * is also continuous. In particular,

the strong topology on C®([M/G]) = C®(M)C for G finite is simply the topology
inherited from the strong topology on C*°(M).

Proof Let N7 (c;, K;,¢€;, /) be a basic open neighbourhood in C*°(X). Consider
the diagrams

Uxx X 5 x

”"i /lﬂ

Ui
Ci

For each k € K; we may find open discs Vj, C W}, centered at k, for which cl Vj, C Wy,
and for which z; admits a local section 7, L. Wi — U; xx X . Choose finitely many
k" for which the V" = Viem cover K. Set Wi = Wi and € = €. Now it is
simple to verify that the family of étale maps

71._1 =
e Wit (W) Sx
is locally finite, that K; Ncl V™ is compact, and that g € N7 (¢;, K, €;, f) if and only

if gom e N"(c[*, Ky Ncl V™, €, fom). This shows that (r*)~! is continuous.

Now let 7 be proper and suppose given a basic open subset N (d;, J;,8;,g o 7)
in C*°(X). We claim that the 7w o d;: V; — X again form a locally finite family.
Assuming this for the time being, it is immediate that 1o € N (d;, J;,8;. g o) if
and only if h e N"(wodj, Jj,8;.g), so that 7* is continuous.

Now we prove our claim. Let U — X be any morphism and let # € U . Then since
U xx X — U is proper étale and the d;: V; — X are locally finite, we may find an
open neighbourhood W of u such that the open set 73 (7, 1(W)) C X meets only
finitely many of the d;(V;). It follows that only finitely many of the W xx Vj are
nonempty, as required. |

6.3 C°(X) is a Baire space

Theorem 6.6 C°°(X) with the strong topology is a Baire space. That is, a countable
union of dense open subsets in C°°(X) is again dense.

Before proving this theorem we will establish the next proposition, which gives us a
relatively “lean” description of the strong topology.
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Proposition 6.7 Let s;: S;— X be a countable locally finite family of étale morphisms
from open subsets of R", indexed by | € L, together with open subsets Ty C S} for
which clT; is compact and | _|s;: |_| T — X is surjective. Then the open subsets
N7 (s;.cl T ¢, f) form a basis for the strong topology on C*°(X%).

By Proposition 3.14 we can always find a family of étale morphisms that satisfies the
hypotheses of Proposition 6.7.

Proof It is simple to show, as in the proof of Lemma 6.3, that the N (s, cl T! ¢, 1)
do form the basis for a topology on C°°(X) which is no finer than the strong topology.
Now let N7 (¢;, K, €;, /) be a basic open subset of C*°(X), where the ¢;: U; — X
are indexed by /. We will find a §; > 0 for each / € L, such that

N (s1,el 11,81, ) CNT (ci, Kis €, f).
This will show that the N7 (s7,cl 77, 8;, /) are a basis for the strong topology.

Foreach / € L and i € I we have a diagram

Ui xx 8 T2, Sy

l /l

Ui o Xx.

S1

By Lemma 6.8 below we may find M;; > 0 such that

O |D*(g oci)(my (k)| < My max |D'(g o 51) (72 (k)|

forall g: ¥ > R, k € (m; x m3) "1 (K; xcl Ty), and s with |s| < r.

51=min( i )>0,
M

where the minimum is taken over the finitely many i for which (r; x 775) 1 (K; xcl T)
is nonempty. Let ¢ € N (s7,¢1 77,87, f). Since | |s; is surjective, for any i € I and
any u € K; thereis / € L and k € (7; x m5) " (K; x cl T}) such that u = (k). It
now follows from (7) that g € N (¢;, K;, €;, f) as required. m]

Now for each / € L set
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Lemma 6.8 Let p: U — X, 0: V — X be étale maps from open subsets of R" and
let J CU, K CV be compact so that we have a diagram

s
UxxV —V

’”l /la

U Xx.

Then given r = 0 there is a constant M > 0 such that

|D*(g o p)(m1 (k) < M max |D'(g 0 0) (2 (k)|
forall k € (my x m2) " (J x K), g: X >R, and s with |s| < r.

Proof We will use the following estimate. Suppose given open subsets A, B of R”
and smooth functions a: 4 — R, §: B— A. Then for b € B

(8) | DS (a0 B)(D)] < 2 max |D'a(B(b))|  max | |D'B(B)I™.

[tl<ls|,m<]s

Now since 7; and 7, are étale, each k € (;r; x )~ !(J x K) has an open neigh-
bourhood Wy such that 7y |y, and 7, |p; are diffeomorphisms onto their images. Set

b = (7T2|Wk)(711|Wk)_1. Now set
M =2 sup{| Db (k)" : k € (i x w2) (I x K), [t <7, m <),

Since D'y (k) depends continuously on k and (m; x 7)1 (J x K) is compact, this
supremum does indeed exist. Further, for g: X — R and k as above, (8) gives us

|D*(g 0 p)(m1 (k)| = | D*(g 00 0 by) (1 (k)]
< M max |D'(g 0 0)(m2(k))|

[t|<r
as required. O
Proof of Theorem 6.6 Choose a locally finite family of étale morphisms s;: S} — X

from open subsets of R”, together with open subsets 77 C S} satisfying the hypothesis
of Proposition 6.7, so that the sets

N'(er. ) =N"(s1.cl Ty €1, )
form a basis for the strong topology.

Let A;,i =0,1,... be a sequence of dense open subsets of C*°(X), and let U C
C®°(X) be open. We must show that (); 4; N U is nonempty.
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Since Ay is dense and open, Ag N U is nonempty and open, so we can find fy, el(o)
and ro such that /70 (26(0) fo) C AO NU. Since A is dense and open, we may find
fi. € ™ and r; such that /\/"1(261 , f1)C A NNTo (elo) /o). Without loss we may
assume that rq > ro and that el(l) < elo /2 for [ € L. Proceeding inductively we find
sequences f;, €; @ and r; such that

N7 2eD, fiy c ai NNV, fi,

D
() _ €1
2 b

Gl <
ri >ri—1,

fori=1,2,....

Now fix / € L and consider the sequence of smooth functions (g;)72, given by
= fios;: S} — R. By construction,

0

|D*gi(1) — D°gi—

/
2i—1
forall s €cl7; and all i = |s| + 1. Thus for each s the sequence (3°/9x®%)g;|, is

Cauchy in the sup—norm, and it follows that (g;|7,) converges in the sup—norm to a
smooth function g: T; — R.

Now consider the diagram

T xx Ty —2> T,

ﬂzl lnlr,

Tm X

Smle
and note that for k € T; xx T;, we have
Domi(k)= lim f;os;om (k)
1—>00
= lim fiosmoma(k)

= g™ o my(k),

and therefore, since |_|s;|7,: || 77 — X is surjective, the g(l ) patch to give a function
g: X — R such that gos/|1, = g(l) foreach / € L.

We claim that g € () 4; N U . First note that, since fj; € N/ (elj, Jj) foreach j >0,
there is for each / € N and j = 0 some 0 < klj < elj such that

| D* fj 051(6) = D* fi+1 051(0)] <k
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for all |s| <rj, t € T;. Therefore

‘Dsfj osl(t)—Dsgosl(t)} =j/li_)mOo |Dsfj osy(t)— D® fjr osl(t)}

00
j+m
<YK
m=0

for all # € T} and |s| < r;; the same then holds for all ¢ € cl 7T} and |s| < r;, and since

o0 o0 o0
n mn X .
E klj m < E El(j m) < E 61(])/2m = 261(1)

it follows that g € N/ (26{, J1) CA; NU, as required. ad

6.4 Density of Morse functions

Theorem 6.9 Morse functions form a dense open subset of C*°(X).

Thus every differentiable Deligne-Mumford stack admits a Morse function. Certain
applications will require Morse functions with a stronger property. These are provided
by the next proposition and its corollary.

Proposition 6.10 Let C C C*°(X) denote the subset consisting of morphisms f: X —
R for which f~!(—o0,t] C X is compact for all t. Then C is nonempty and open.

Corollary 6.11 Any differentiable Deligne—-Mumford stack X admits a Morse func-
tion f: X — R with the property that f~!(—oo0, t] is compact for each t € R.

Proof of Proposition 6.10 This is immediate if X is compact. Suppose that X is not
compact. We begin by showing that C is open. Let s;: S; — R, T; C S} be a countable
cover of X as in Proposition 3.14. Suppose that /' € C and let g € NO(s;,cl T}, 1, f).
Then if x € g7 (—00, ?] it follows—since x = [s — X] for some / € L and some
s € Tj—that x € f~!(—o0,+1]. Thus §~'(—o0, 7] is a closed subset of the compact
f~1(—o0,t + 1] and so is itself compact. This shows that C is open.

Now we will show that C is nonempty. As in the proof of [24, 1.9] we may find
GiCcGyC---C X open, such that each cl G; is compact and contained in G;4
and such that X = | Gi. Now using Theorem 3.9 we may take a partition of unity
¢1,¢>, ... subordinate to {G;}. Set

Xj=1- > i

supp ¢; Ncl G #&
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Then

(1) suppx; C X\ Gj,
(2) xj=1on X\ Gy; for some k; large enough,
(3) xi= xiy1 foralli =1.

Since each x € X has a neighbourhood which meets the support of only finitely many
Xj we may—as in the proof of Theorem 3.9—form the sum

X=X

Let N € N. Thenif x € ¥~ '(—o0, N — 1] we must have ¥ (x) < 1, so that x € Giy -
Thus ¥~ !(—o0, N — 1] is a subset of G, and is therefore compact. This is sufficient
to show that ¥~ !(—oo, ] is compact for all € R. O

Lemma 6.12 Leti: ) — X be an open embedding of differentiable Deligne-Mumford
stacks and suppose given ¢: ) — R with supp ¢ compact. The function C*°(Q)) —
C®(X), g~ & is continuous. (For h: ) — R with compact support, the extension
by zero h: X = R was defined in Lemma 3.11.)

Proof of Theorem 6.9 Using Proposition 3.14 we may find countably many linear
orbifold-charts i;: [S;/G;] — X indexed by / € L, with compact subsets K; C .Sy,
such that the underlying maps K; — S; — X cover X, and such that the [S;/G;]
form a locally finite cover of X. Write s;: S; — X. Further, using Lemma 3.12, take
for each / € L a compactly supported ¢;: [S;/G;] — R such that ¢; o5; =1 ina
neighbourhood of K; and such that ¢; has compact support.

Let f: X — R be a Morse function, so that each f os; is Morse. Then it follows
immediately from [3, 5.32] that we may find §; > 0 for each / such that any g €
N?(s;, K;,8;, ) has the property that each g os; has no degenerate critical points in
K;. But such a g is then Morse. Thus the Morse functions form an open subset of
C*®(X).

Now write M; C C*°(X) for the subset consisting of functions f* for which f oy
has no degenerate critical points in K;. Thus (1); M; is the subset consisting of all
Morse functions. Again by [3, 5.32] each M; is open, and we will prove that each
M is dense. It then follows from Theorem 6.6 that the set of Morse functions is itself
dense.

Let G be a finite group acting on a manifold S. Write CZ°(S)", r < oo, for the set
of G—invariant smooth functions on S equipped with the topology inherited from
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the C” topology on C*°(S). Wasserman [25, Lemma 4.8] has shown that the set
of G —invariant Morse functions on S form a dense subset of C3°(S)" for r < oo.
Since the topology on CZ°(S)°° is given by the union of the topologies on CZ°(S)"
it follows that the G —invariant smooth Morse functions on S form a dense subset of
Cg°(S)%°. Using Proposition 6.5 we can restate the above paragraph as follows: The
Morse functions on [S/ G| form a dense open subset of C*°([S/G]).

We now return to our claim that the M; are dense. Let /' € C*°(X) and let /' be
an open neighbourhood of f. We will find an element of NN M;, and this will
prove that M; is dense. By Lemma 6.12 there is an open neighbourhood N’ of
foi; € C®([S;/G;]) with the property that, for g € N/, f(1 — 51) + & lies in
N'. Now by our restatement of Wasserman’s result there is a Morse function g on
[S1/G] that lies within N, so that f(1— &) + dg liesin A. Now by construction
[£(1—¢;)+ pg]os; = g in a neighbourhood of K, so that f(1—g;)+ ¢g € M;NN.
This completes the proof. a

Proof of Lemma 6.12 Let g € C*°(9)) and let N7 (¢;, K;, €;, é?q;) be a basic open
neighbourhood of g(;;, where the ¢;: U; — X are indexed by i € I. We may, by a
slight modification of the proof of Proposition 3.14, find finitely many étale morphisms
d;: Vi — ) from open subsets of R", together with compact subsets J; C V;, such
that for each j only finitely many of the V; xx U; are nonempty, and the images of
the underlying maps J; — 9) cover supp .

Consider the diagram

U; X};Vj LIS Vi

- l /l,-od,-

Ui o X.

By Lemma 6.8 we may find M;; > 0 such that for all g: X — R, all s with [s| <r,
and all k € () x 1) "N (K; x Jj),

|D*(g o ci) (i (k)| < Mij max |D'(g oi o d;)(m2(K))I.
Further, set
Fr= sp [DA@edp@l™.
[t|<r,xeJ;,m<r
Now suppose we are given /: ) — R, s with |s| < r, and k € K;. Then either
[k — X] lies outside supp¢, in which case /¢ oc¢; = 0 in a neighbourhood of
k, so that |DS(h¢ oc;)(k)| = 0, or alternatively there is some j and some k €
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(71 x 72) "1(K; x J;) for which k = 7y (k). Then
| D% 0 ci) (k)] < My max | D' (h o1 o dj) (2 ()|
= Mij max | D' (ho d;)(@ o d;) (x2(0))]

< M;;2" Fj max | DS(h o dj) (2 (K))

[t|<r

Set §; =max€; /(M;;2" Fj), where the maximum is taken over i for which U; xxV; is
nonempty. The estimate above then shows that N (d;, J;,§;, g) lies in the preimage of
N7 (ci, Ki, €, ng)). This proves that the map described in the statement is continuous,
as required. O

7 The Morse inequalities and other results

This section contains three applications of the material on Morse functions developed so
far, concluding with a proof of the Morse Inequalities. In Section 7.1 we give a criterion
for a differentiable Deligne-Mumford stack X to be representable (ie equivalent to a
manifold) in terms of a Morse function f: X — R. In Section 7.2 we will describe how
the topology of the subset X% = f_ ~1(—00, a] changes as one increases a, concluding
with a description of the homotopy type of X. Then in Section 7.3 we state and prove
the Morse Inequalities.

7.1 Morse functions and representability

Let X be a differentiable Deligne—Mumford stack. Recall that we write X% for

f_l(_oo’ a]'

Theorem 7.1 Let f: X — R be Morse with X compact for each a € R. Then X is
representable if and only if each critical point of f has trivial automorphism group.

By Corollary 6.11 a Morse function f with the required property always exists. Note
that the additional condition on f is necessary: if ) is any differentiable Deligne—
Mumford stack then the projection ) x R — R is Morse and has no critical points,
regardless of whether ) X R is representable. The theorem is a direct consequence of
the next two propositions. The first gives a simple criterion for X to be equivalent to a
manifold. The second states that the automorphism group of a general point in X is
dominated by the inertia groups of the critical points of a Morse function f.
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Proposition 7.2 X is representable if and only if each of its points has trivial automor-
phism group.

Note 7.3 Proposition 7.2 fails for more general stacks, as one sees by considering the
stack 2 of Examples 5.17, 5.18.

Proposition 7.4 Let /: X — R be Morse with X% compact for all a € R. Then for
each x € X there is a critical point ¢ of f and an injection Auty — Aut,.

Proof of Proposition 7.2 Using orbifold-charts and the fact that each point has trivial
inertia we see that any point x € X is represented by some point in an open embedding
U — X from a manifold U ; we may assume that U C R” if we wish.

Let U — X be an open embedding, V' — X any morphism. By applying the underlying
space functor to the cartesian diagram

UxxV ——V
U /36
we obtain a diagram
U Xx V—V
U X

in which the horizontal maps are open embeddings (by Proposition 2.3), and which is
still cartesian since points of X have no nontrivial automorphisms.

We may cover the second-countable Hausdorff space X with the open inclusions
U — X underlying open inclusions U — X from open subsets of R”. The previous
paragraph shows first that these give a smooth atlas on X, so that X is a manifold, and
second that if V' — X is a morphism then the underlying V — X is smooth. Thus
there is a morphism

XX
V —=>X) > (V->X).
Finally the last paragraph shows that if 4 — X is an étale atlas then so is 4 — %_ ; it
also shows that the atlases induce the same groupoid A xx 4 = A and that X — X is

covered by the identity map on this groupoid. Thus X — X is an equivalence and the
result follows. i
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Proof of Proposition 7.4 Let x € X with f(x) =a. Let A: ¥ — R be a compactly
supported morphism which is equal to 1 on a neighbourhood of f_ ~!(—00, a]. This
exists by Lemma 3.12. Let ®: X xR — X be a flow of the compactly-supported vector
field AV f and let ¢;: X — X be the R—action underlying ®.

The proof of [19, Lemma 2.23] can be adapted, using X in place of M , using Lemma
5.15, and using the fact that X is metrizable (by Proposition 3.7), to show that

lim ¢, (x)
t—>—00

exists and is a critical point ¢ of f. Let [U,/ Aut.] — X be an orbifold chart at c.
Since ¢;(x) — ¢ as t — —oo we may choose ¢ with |¢| large enough that ¢;(x)
is the image under U, — X of some u € U,. Thus Auty, (x) = Stabay, (1) C Autc.
However ¢; is the map underlying the self-equivalence ®|xx(;; of X and so there is
an isomorphism Auty = Auty, (x). The result follows. O

7.2 The topology of the underlying space

Theorem 7.5 (cf[17,3.1]) Let a < b and suppose that f~'[a, b] is compact and
contains no critical points of f. Then X% and xb are homeomorphic. Moreover, X¢
is a strong deformation retract of X? .

Theorem 7.6 (cf [17,3.2]) Let p € X be a nondegenerate critical point of f, let
c= ]7 (p) be the corresponding critical value, and suppose that there is € > 0 such
that f_ ~l[c —€, ¢ + €] is compact and contains no critical points of f besides p. Then
X¢T€ has the homotopy type of X~ with a copy of D(ind,)/ Aut, attached along
S(indp)/ Auty.

Here D(—) and S(—) denote the unit disc and unit sphere in a representation, equipped
with a suitable metric. The analogue of Theorem 7.6 when there are several critical
points with critical value ¢ holds with the obvious changes.

Now by Corollary 6.11 we may assume that f is Morse and that each X¢ is compact.
By Corollary 4.8 the critical points of f are isolated and so we may take by < by <
by < --- € R such that each interval (b;, b;11) contains precisely one critical value of
/ and such that all critical values lie in such an interval. Write the critical points in
S Y(bi, biy) as Ci’ e ,cﬁi . We then have:

Corollary 7.7 X = U2, Xbi | and each XPi+! has the homotopy type of xbi with
copies ofID)(indc]tj) attached along S(indcjti), for j=1,...,r;.
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Note 7.8 It would be desirable to prove theorems describing the “topology of X”
rather than the topology of X. For example, one might hope for a theorem describing
X as a “handlebody” obtained by attaching handles [D(ind.) x D (coind.)/ Auty], one
for each critical point ¢ of f. (Here we have written D(—) to denote the closed
unit disc in a representation.) Such a result would require a notion of differentiable
Deligne—-Mumford stack with boundary, which is beyond the scope of the present
paper. In [10] we will return to this issue after developing a theory of differentiable
Deligne-Mumford stacks with corners.

Proof of Theorem 7.5 This proof will follow that of Theorem 3.1 in [17], which we
will refer to throughout.
Using Theorem 5.4, let X be equipped with a Riemannian metric, so that we may form
the vector field V f and the associated function ||V f||>: X — R using Definition 5.3.
Using Lemma 3.11 and Lemma 3.12 we may find p: X — R with compact support
and with p = 1/||V |2 on f~![a,b]. Finally, we may use Proposition 5.6 to form
the vector field X = pV f on X, which has compact support, and then take a flow P
of X using Theorem 5.13.
Now we may define

(70 i — %
to be the 1—parameter family of automorphisms underlying ®. For fixed x € X
the function 7 — f(¢;(x)) is smooth by Lemma 5.15 and if ¢,(x) € f~[a, b] its
derivative is X - f (¢:(x)) = (pV £, V f)(¢s(x)) = 1. The remainder of the proof of
[17, 3.1] now goes through without change to establish the result. O

Proof of Theorem 7.6 This proof will follow that of Theorem 3.2 in [17], which we
will refer to throughout.

Take an Autp—equivariant splitting 7,X = Tp X4 @ TpX— such that Hy |1, %, is
positive definite and Hp, ,|1,%_ is negative definite. Equip 7,X with the metric
Hy pl1,%, © —Hy pl1,%_. Write elements u € TpX as (u4,u—) where uy € TpX4
and u_ € TpX_.

Now take an orbifold-chart [U,/ Aut,] — X at p as in the Morse Lemma (Theorem
4.7). By reducing € if necessary we may assume that U, C T, X contains the closed
unit ball of radius 2e.

Let u: R — R be a smooth function satisfying the conditions

wn(0) > e,
w(r) =0 for all r = 2e,
—1 < u/(r) <0 forall r.
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Now consider the morphism [U,/ Aut,] — R that when composed with U, —
[Up/ Autp] becomes u > p(2u—||> + [|u+[?). This morphism has compact support,
so we may use Lemma 3.11 to extend it to a morphism X — R, and then subtract it
from f to obtain F: X — R.

The following three assertions are directly analogous to those that appear in the proof
of [17, 3.2] and are proved in exactly the same way.

Assertion 1 F~!(—o0, ¢ + €] coincides with X¢€.
Assertion 2 The critical points of F are precisely those of f'.
Assertion 3 F~!(—oo, c — €] is a deformation retract of X°+¢.

Write F~1(—o00, c—¢] as X"€UH , where H is the closure of F~!(—o0, c—e]\X¢7¢.
Consider the “cell” e, C [U,/ Aut,] C X given by the image of those u € U, with
lu—|| <€ and uy = 0. The intersection de, of e, with X°~€ is the image of those
u € Up with ||u—|| = € and u4 = 0. Thus the pair (ep, de,) serves as the pair
(D(indp)/ Aut,, S(indp,)/ Aut,) appearing in the statement. The following assertion
will therefore complete the proof of the theorem.

Assertion4 X¢ €U ep is a deformation retract of XC€UH.

Let F: U, '» — R be the composition of F with U, — X. The proof will follow if we
define an Aut,—equivariant deformation retraction of F! (—o0, ¢ — €] onto the union
of {u | luyl|l®—|ju—||> <c—e€} with {u|uy =0, |u_||*> <e}. The deformation
retraction used to prove Assertion 4 in the proof of [17, 3.2] can be directly translated
to the current situation, and is immediately seen to be equivariant. This completes the
proof. O

7.3 The Morse Inequalities

In this section we will state and prove the Morse inequalities for orbifolds, generalizing
the Morse inequalities for manifolds. To do so we must choose an appropriate extension
to orbifolds of the notion of homology or cohomology of a manifold. We concentrate
on the following three possibilities and for simplicity we take coefficients in C.

(1) Hy«(X) and H*(X), the homology and cohomology of X, are simply the homol-
ogy and cohomology of the underlying space X.
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(2) The inertia string topology of X is the homology Hx(AX) of the inertia stack,
equipped with an associative graded commutative “string product” that is directly
analogous to the Chas—Sullivan product on the homology of the loopspace of a
manifold. This first appeared in Lupercio et al [16] as the “virtual cohomology
of X” and has been described in a different way by Behrend et al. [4].

(3) The Chen—Ruan cohomology H(X) of an almost-complex X is given by
H*(AX) equipped with a modified grading and an ingenious cup-product struc-
ture [7]. Ruan’s crepant resolution conjecture relates H, (X) to the cohomology
ring H*(Y) of a crepant resolution ¥ — X [22].

Now let X be a differentiable Deligne-Mumford stack with X compact and let f: X —
R be a Morse function.

Definition 7.9 We write
b; = dim H;(X;R),
b2 = dim H;(AX:R),
b = dim Hlg (%)

for the Betti numbers, inertia Betti numbers and orbifold Betti numbers of X respectively
and we write

P(X) =) bit',
PAX) =D b,
Py (x) =) byt
for the corresponding Poincaré polynomials. (The orbifold Betti numbers and corre-

sponding Poincaré polynomial are only defined when X is almost-complex.)

Definition 7.10 The Morse polynomial of f, the inertia Morse polynomial of f, and
the orbifold Morse polynomial of f are

M; (f) — Z ldimindc ’

c
MtA(f) — Z tdimindcg,
c,(g)
Mtorb(f) — Z tdimindcg—i—ZL(c,g)’
c,(g)
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respectively, where in the first case the sum is taken over oriented critical points of f
and in the second and third cases the sum is taken over oriented pairs (c, (g)) with
¢ a critical point of f and (g) a conjugacy class in Aut.. The third definition only
applies when X is almost-complex, and in this case ((c, g) denotes the age grading or
degree-shifting number [7].

Theorem 7.11 (Orbifold Morse inequalities) There are polynomials R(t), R (1),
R°™(t) with nonnegative integer coefficients such that

M(f) = Pe(X)+ (1 +1)R(),
MAf) = PAX) + (1 +1)RA(),
MP™(f) = PP™(X) + (1 +1)RO().

In particular, if M;(f) has no consecutive powers of t then M;(f) = P;(X), and
similarly for M (f) and M?™(f). The third result only applies when X is almost-
complex.

Proof We will only prove the first part. The second and third follow immediately
from the first and Theorem 4.11. See Chen and Ruan [7] for a definition of HJy(X)
and an explanation of degree-shifting.

To prove the first part we will make use of [17, Section 5]. The function that assigns to
a pair of spaces (X, Y) the alternating sum

Si(X,Y) = dim H; (X, Y;R) —dim H;_, (X, Y;R) +--- £+ dim Hy(X, Y R)

is subadditive in the sense that given X DY D Z we have S;(X,Z) < Si(X,Y) +
S;(Y, Z). Now taking by < --- < b, as in Corollary 7.7 (the sequence terminates since
X is compact) we have

) Si(X, @) = S;(Xbr, Xbo) < Z S; (Zbr, Fbr1)

where the inequality is a simple consequence of subadditivity. Now by Corollary 7.7
we have

H; (X ¥br—1,R) = H; (3‘5”17—1 U D (inder)/ Auter, XKoo=t R)
= (D Hi(D(inde?)/ Autcr. S(indcr)/ Aute?: R),

and H;(D(indc?)/ Aute?, S(indc?)/ Auter; R) is equal to R if cf is orientable and
i =dim indc]{’, and is equal to 0 otherwise. Therefore (9) becomes

(10) Si(X,9)<Ci—Ci_q+ -+ Co,
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where C; denotes the number of orientable critical points ¢ of f with dimind, = ;.
Finally [3, 3.43] shows that (10) is equivalent to the first claim in the theorem. This
completes the proof. |

8 Examples

This section contains three examples that apply the results of Section 7. The first two
demonstrate how in favourable circumstances Theorem 7.11 allows us to compute
the homology or Chen—Ruan cohomology groups of an orbifold. The third example
demonstrates how the methods can be extended to compute the integer homology
groups of the K3 surface.

8.1 Weighted projective spaces

Bott’s perfect Morse function on complex projective space (see Banyaga and Hur-
tubise [3, 3.7]) generalizes to the weighted projective spaces as follows. Let g, ...,qn €
N and set

P(qo.---.qn) =[S/ T,

where T'! acts on S2"T1 c C*™ by ¢ (29,....24) = (t9z,...,t9z,). Thus
PB(qo, . . ., qn) is the weighted projective space CP(qo, ..., qn). We define the function

fi 8t LR
(o, -, 2n) > 0|zo)> + 1|z1 > + 2|z2|* + - - - + n|za|?.
Since this is invariant under the action of T'! there is a unique morphism

f: m(QO”Qn)_”R

that when composed with S?"*1 — PB(qy,...,gn) becomes f For 0 <i <n let
¢i € B(qo, - .., qn) denote the 2—isomorphism class [(0,...,1,...,0) - S+
PB(qo. - - ., qn)], where the nonzero entry of (0,...,1,...,0) lies in the i™" place.

Proposition 8.1 The morphism f is a Morse function on B(qo, ..., qy). Its critical
points are cq, . .., . Moreover,

Autci = Zqi and indci = p?o DD pfli—l ,

1

where we regard Z4; as the group of i h roots of unity inside T' and p; is the
tautological complex linear representation of Zg, .
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Proof Throughout the proof we abbreviate B(qo, ..., qn) as P. We begin by con-
structing, for each 0 < i < n, an orbifold-chart

¢i: [Di/Zg;] > B
at ¢;. Here D; is the open unit disc in C” (the subscript i is for clarity later) and

Zg;, acts on D; by C(ug,....ui, ..., uy) = ({%ug, ..., u;i,...,5%uy,). The map

D; — S?"+1 that sends w = (uq, ..., dj,...,up) to (ug,...,/1—[u|2,... uy)
is equivariant with respect to the inclusion Zg; < T ! and so we obtain the required
morphism ¢;: [D?"/Zg4,] — B. The map D; — S+ is transverse to the orbits of
T! on S?"*+! and from this it can be shown that

D — [Di/Zg,] 2>

is a submersion. Moreover, the fibre product of two copies of D; with itself over ‘3 is
D; x Zg; , since the intersection of a T —orbit with the image of ID; is either empty or
the image of a Z 4, —orbit. From this it follows that ¢; is an open embedding. Together
the orbifold-charts ¢y, . .., ¢, cover B, since any element of S2”*! has at least one
nonzero element.

Now we shall study the composite
®i S
Jii Dy = [D;i/Zg;] — P —R.

By the definition of f and ¢; this is equal to the composite I); — S2"+1 i> R, which
we can compute directly:

Fi(Uos T tin) = F (o AT — U2, i)

= Ofuo|” + 1uy |? +~-+i(1 —Z|u,~|2) +oor ot nfunl®
j#i
=i—(i|uol*+ (i — Dlug|* + -+ Huj—1|?)
+ (Ui [+ 4 (=) |un]?)
The only critical point of f; is the origin of I);, which we write as 0;. The tangent
space To,ID; admits a complex structure with basis d/duy,...,d/du;,...,d/du, and
a complex-linear action of Z4; given by ¢-(9/duj) = {9 (3/duj). The Hessian at 0;
is given by
Hy, o, (2(8/0up), w(d/duq)) = (q —i)8pgRe(zw).

In other words, To,D; = (p{° @---® o] ") & it ... @ pi") and with respect to

1

this splitting Hy, o. = —(ih@---®1h) B (h®---® (n—i)h) where h(z, w) =Re(zw).

Algebraic €& Geometric Topology, Volume 9 (2009)



Morse inequalities for orbifold cohomology 1167

Now we consider the étale atlas | |D; — 3. The point ¢; has a unique representative 0;
in this atlas. Since ID; — P descends to an orbifold-chart [D; /Z4,] — B we have

Auty, =Zq, TePx=ToDiz=(pP@®--dpl (!t & @ pf")

i
and d¢; f = dy, fi =0, so that each ¢; is a critical point of f. Also,
Hy., =Hp o, =—(ih®--- @)@ "S- ---®(n—i)h),

which is nondegenerate, so that ¢; is a nondegenerate critical point. The computation
shows that the Hessian is negative-definite on ,0?" ®---® p?~" and that this subspace

l
is maximal with this property. Thus

inde, = pI° ®--- @ pf~".

Finally, any point x of ‘P that is not one of the ¢; is represented by a nonzero point
y of some D;, so that dy f = dy f; # 0, so that x is not critical. This completes the
proof. |

Corollary 8.2

Qifi=2j,0<j<n,

i SO —
H(CP(qo,. - n): Q) = { 0 otherwise.

Proof The claim is that P;(P(qo.....qn)) = 1 +1*>+--- 412", To prove this it will
suffice to show that M;(f) =1+ t2 4 ---+¢?". For then, by Theorem 7.11, we have

L+ 1% 4+ 12" = Pe(B(Go. - qn) + (1 + D R(),

where R(?) is a polynomial with nonnegative integer coefficients. Then R(z) must
vanish since 1 +¢2 4 - 4 2" is concentrated in even degrees.

By Proposition 8.1, f has (n + 1) critical points co, ..., c,, with Aut,; = Z4; and

ind; = pl‘."’ DD ,o?i_‘ . Since ind; is a complex representation of Zg; , the action

of Zg, preserves orientations of ind.; and so ¢; is orientable. Thus

n n
Mt (f) — Z tdimindci — Z t2i
i=0 i=0

as required. |
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8.2 The Chen-Ruan cohomology of [T4/Z,]

We now consider the Kiimmer construction of the K3 surface [13, 6.6.1]. Let K

denote the quotient stack [T%/Z,], where the generator of Z, acts on 7% = R*/Z*

by (x1, X2, x3,X4) — (—=X1,—X2,—X3,—x4). The underlying space A= T4/Z, is

not a manifold since it contains 16 points with neighbourhoods of the form C2/Z,,

with Z, acting on C? by negation of vectors. However, there is a crepant resolution
p: T*CP' - C?/2,

that sends CP! to {0} and that becomes a diffeomorphism after deleting these subsets.
We may therefore replace the 16 regions C2/Z, in & with copies of T*CP! to obtain
a manifold K which is a K3 surface, and the crepant resolution
m: K — R

It can be shown by direct computation that

C ifi =0ord4,
(11) H (K;:C)={C* ifi =2,

0 otherwise.
On the other hand, Chen and Ruan [7, 5.1] have computed H (R):

C ifi=0o0r4,

(12) Hig(R)={ C*2 ifi =2,
0 otherwise,

so that as a vector-space H (R) is isomorphic to H*(K;C). In this subsection we
will recover Chen and Ruan’s computation using Morse Theory.

L~et f: T* — R be the function that sends (X, X2, X3, X4) to ZLI cos(2mx;). Since
f is invariant under the action of Z, on T*, there is a unique morphism f: £ — R
that when composed with 74 — & becomes f .

Proposition 8.3 The morphism f: 8 — R is a Morse function. It has 16 critical
points

Cijkl = [(g Ik g) N ﬁ] . i j.k,1efo, 1.
The critical point data are

Aute,;,, = 2o,

inde;;,, = (@4—i—j—k—-0)(-1),
coindg;,, = (i +j +k +1)(-1),

where —1 is the nontrivial linear representation of Z- .
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Proof For convenience we will set iy =i,ip = j,i3 =k,is =1 Themap T* — R is
an étale atlas. The tangent space to 7% at a point X = (X1, X2, X3, X4) is identified with
R# using the basis 9/dx1,9/dx2,9/dx3,9/dx4 and the derivative of f at this point
is given by dy f(0/0x,) = —2m sin(2mx,). Consequently f has 16 critical points
Xijkl = (%% % %), i,j,k,1€{0,1}.
The Hessian of ]7 at x;jk; 18 given by
_ 9 3 \_ 9f _ 20\
Hp a5 5ws) = mo iy (Kijkt) = =417 (=1)"78pq.

Each x;jx; is fixed by Z, so that the x;;; define 16 distinct 2—isomorphism classes of
points ¢;jx; = [Xjjx1 = T 4  R] in K, and these are precisely the critical points of .
We have Aute,;,; = Za, Te; 1 8= Txyj T* =R*, and the generator of Aut,;,, acts
by nezgating vectors. Finally, Hf,c{jk,(a/ax,,, 0/0xq) = Hf,xz'jkz (0/0xp,0/0xq) =
—4m°(—1)"78pq, so that we can split
a : a :
Teij B = span{m lip = 0} @ span{m lip = 1}

with Hy, ., negative-definite on the first summand and positive-definite on the second
summand. Thus

: - D i O\ ~ R4~k

indc;;,., = span{5% | i, =0} =R :

coinde;;,, = span{% lip = 1} ~ RitJ+k+

This completes the proof. a
Corollary 8.4 H(R) is given by (12).

Proof The claim is that Ptorb(ﬁ) = 14222 +t*. To prove this it suffices to show
that M™®(f) = 1+ 22t% +t*. For then, by Theorem 7.11 we have

M™(f) = Pi(8) + (1 +1) R (1)

where R(¢) is a polynomial with nonnegative integer coefficients. Since M2™( f) is
concentrated in even degrees, it follows that R°™®(¢) must vanish, so that P;(f) =
MP®(f) =1+22t2 +t* as required.

Now we prove the claim. By definition Mo™( f) = 3 tdimindc® +2u(c.8) This sum is
taken over pairs (c, (g)), where ¢ is a critical point of /', (g) is a conjugacy class in
Aut,, and the centralizer of g preserves orientations of ind.® . By Proposition 8.3 there
are 32 pairs (¢;jk7. 1), (¢jjkr,—1) to consider. In the first case C(1) = Z, acts on
(indg;;,, )= inde; ., = R4-i—i—k=l by negating vectors, which preserves orientations
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if and only if i + j + k + [ is even. Further, t(¢;jx7, 1) = 0. In the second case
C(—1) = Z, acts trivially on (indcij,‘,,)_l = (Ri+t/Tk+H=1 — (0} and in particular
preserves orientations. Moreover, C(—1) acts on T¢;;,, R = R* by negating vectors
so that ¢(¢;jx7, —1) = 2. We therefore have

Mt()l‘b(f) — Z t(4—i—j—k_l)+0 + Z l0+2 — 1 _|_ 22t2 _|_ l4.
i+j+k+I even i,jk,l
This concludes the proof. O

8.3 The homology of the K 3 surface

We will continue to discuss the Kiimmer Construction, and in particular we retain the
notation used in Section 8.2.

It is possible to show that 71 (K) = 0 and to compute Hx(K;Q) directly. One can
then infer, from the fact that K is a simply connected 4—manifold, that

Z ifi =0or4,
(13) Hi{(K;Z)=1 7%* ifi =2,
0 otherwise.

In particular, the homology is free. The same techniques do not apply to crepant
resolutions formed in higher degrees.

Question 8.5 Is it possible to compute Hy(K;Z) in a way that will generalize to
other manifolds constructed as resolutions of orbifolds?

The manifolds that we have in mind when asking this question include crepant res-
olutions of Calabi—Yau orbifolds ([12] for example) and Joyce’s compact manifolds
with G, and Spin(7) holonomy [13]. In this section we will give an account of how
Morse-theoretic methods can be used to compute the homology of H.(K;Z) in a way
that can be extended to compute, for example, the homology of the crepant resolutions
appearing in [12] and the homology of Joyce’s “simple example” of a compact manifold
with G,—holonomy [13, 12.2]. A full account of the methods used in this section will

be given in [9].

We will use the Morse function f: & — R of Section 8.2, together with the resolution
n: K — R, to compute the integer homology of K. The idea is that we will treat the
composition fox: K — R as if it were a Morse function and use it to understand the
homology of K by considering the sublevel sets K¢ = ( f o)~ (=00, a]. Note that
f o is not a Morse function, and indeed is not smooth. It nonetheless provides an
excellent tool for studying K.
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Lemma 8.6 Recall that p: T*CP! — C2/Z, denotes the crepant resolution. Let
D ¢ C2 denote the closed unit ball, let V C C? be a real linear subspace, and let SV
denote the unit sphere in V. Then

Hy (0™ (D/Z2), p~ " (SV/Z2): Z)

is free and concentrated in even degrees. It has one generator in degree 2 and an
additional generator in degree dim V' when dim V' is even.

In this lemma one should imagine that [C2/Z,] is equipped with a Morse function
whose sole critical point is the origin and for which the index of the origin is V. If
[C?2/Z,] were an open substack of some orbifold X equipped with a Morse function
that restricts to f', then just as Hy«(D/Z,,SV /Z,; Q) computes the “contribution”
of the critical point to Hyx(X;Q), so Hyx(p~'(D/Z5), p~(SV/Z5); Z) computes the
“contribution” of the critical point to the integer homology of a crepant resolution of X.
The ranks of the homology groups computed in the lemma are exactly as predicted by
the Crepant Resolution Conjecture.

Proof We prove the lemma case by case. Note that p~'(SV/Z,) = SV /Z, =
RPY™ V=1 and that p~1(D/Z,) ~ CP'. The results follow immediately for dim V =
0, 1,2 by considering the long exact sequence of the pair (0~ (D/Z5), p~ 1 (SV /Z>)).
When dim V =4, p~1(D/Z,) is the unit disc bundle in T*CP! and p~'(SV/Z,) is
the unit sphere bundle. Thus Hy(p~'(D/Z>), p~ (SV /Z1); 7)) = Hyx—»(CP'; Z)
by the Thom Isomorphism Theorem, and the result follows in this case.

The last case is dim V' = 3, and we prove the result by considering the long exact
sequence of the triple (0~ (D/Z,), p~'(SC?/Z5), p~ (SV/Z,)). Here the group
Hy(p~Y(SC?/Z5), p~'(SV/Z,); Z) has a single generator, in degree 3. The connect-
ing morphism

Hy(p™ (D) Z2). p~ (SC?/Z): Z) — H3(p™ (SC?/Z2). p~ (SV/Z2): L)
decomposes as the composition of
Hy(p™'(D/Z2). p~ (SC?/Z2): Z) — H3(p™ (SC?/Z2): Z),

which is an isomorphism as p~!(ID/Z5) is an oriented 4-manifold and p~!(SC?2/Z,)
is its boundary, with

Hi(p~ ' (SC?/Z2): Z) — H(p~ " (SC?/Z5). p~' (SV/Z»); Z),

which is an isomorphism because p~'(SV/Z,) has no homology above degree 1.
Thus the only nontrivial connecting map in the long exact sequence is an isomorphism,
and the result follows directly. O
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Lemma 8.7 Leta,b € R be such that f~[a, b] C R contains no critical points. Then
K? is a strong deformation retract of K b

Proof By Theorem 7.5 &? is a strong deformation retract of &2, and moreover this
strong deformation retract restricts to a strong deformation retract of f ~!a, b] onto
f~Ya). Since 7: K — R is a homeomorphism away from the critical points of 1, the
restriction 77: (f o)~ [a,b] - f~[a, b] is a homeomorphism, and so (f o)~ (a)
is a strong deformation retract of ( ]7 o )" [a,b]. This strong deformation retract
can be combined with the identity on K¢ to obtain the required strong deformation
retract. O

Lemma 8.8 Let ¢ be a critical value of f and let € > 0 be such that the interval
[c — €, ¢ + €] contains no critical values of f other than ¢. Then K€€ has the
homotopy type of K¢~¢ with copies of p~1(D1V),/Z, U ]D)I/ZCZ/Zz) attached along
o~ Y (SV/Z,). Here p ranges over the critical points of f with critical value c,
Vy, C C? is a real subspace of dimension dim ind,, I, denotes the closed ball of
radius r, and S denotes the unit disc.

Proof (sketch) By modifying the proof of Theorem 7.6, it can be shown that there
is a strong deformation retract of £t€ onto the union of £¢~¢ with copies of the
union DV, /Z, U DI/ZCZ/Zz attached along SV /Z,. What is more, this can be
arranged in such a way that each 7= 1 (D V,/Z, U Dl/zCz/Zz) is homeomorphic
to p~ 1 (D Vp/Zy U DI/ZCZ/Zz), and such that under this homeomorphism 7 is
identified with p. The key to this step is that the “Morse coordinates” on K provided
by the Morse Lemma can be chosen proportional to the coordinates used when blowing
up the singular points of £ to obtain K.

In particular, the strong deformation retract of the previous paragraph is constant in a
neighbourhood of each critical point. Since 7: K — & is a homeomorphism away from
the critical points, it follows that this deformation retract lifts to a strong deformation
retract of K€ onto the union of K¢~¢ with copies of 7~ 1(DV,/Z, U ]D)l/zCz/Zz)
attached along 7! (SV/Z,), which by the previous paragraph is the same as K¢
with copies of p~1(DyV,/Z, U D1/2C2/Z2) attached along p~1(SV/Z,). O

Theorem 8.9 H.(K;Z) is as given in (13).

Algebraic € Geometric Topology, Volume 9 (2009)



Morse inequalities for orbifold cohomology 1173

Proof The critical values of f are n =0,1,2,3,4, and f(cijkl) =i+j+k+1,
and moreover dimind;;,, =i + j +k + /. Thus by Lemma 8.7 and Lemma 8.8,

H*(Kn+1/2, Kn—l/Z; Z)

= H, (K"—1/2 Ul 1 (D1R"/Z, UDy 5, C?/Zs). K"/, Z)

= H, ( L1~ @C?/2o). | | o7 (SR"/Z0); z)

=D He(p~'(DC?/Z2). p~" (SR"/Z1): Z)

where the unions and sums are taken over the (7, j, k,/) for whichi 4+ j+k+1 =n.
By Lemma 8.6, this graded abelian group is isomorphic to (3)2 in degree 2 and, in

addition, (%)Z in degree n if n is even.

Using that K4t1/2 = K and K°~'/2 = & and that H,(K"t1/2 K""1/2.7) is
concentrated in even degrees, the long exact sequences in homology for the various
pairs (K nt+1/2 gn=1/ 2) together provide us with a (noncanonical) isomorphism

4
Hy(K:Z) = @D Ho (K" T2, K712, 7).,

n=0

By the last paragraph, in odd degrees this vanishes. In degrees 0 and 4 this is isomorphic
to Z. In degree 2 this is isomorphic to the sum of 16 copies of Z, one for each
(i, j,k,l),and 6 copies of Z, one for each (i, j,k,[) with i + j +k +/ = 2. Thus,
in degree 2 this group is isomorphic to Z22. m|

References

[1] D Abramovich, T Graber, A Vistoli, Algebraic orbifold quantum products, from:
“Orbifolds in mathematics and physics (Madison, WI, 2001)”, (A Adem, J Morava, Y
Ruan, editors), Contemp. Math. 310, Amer. Math. Soc. (2002) 1-24 MR1950940

[2] A Adem, J Leida, Y Ruan, Orbifolds and stringy topology, Cambridge Tracts in Math.
171, Cambridge Univ. Press (2007) MR2359514

[31 A Banyaga, D Hurtubise, Lectures on Morse homology, Kluwer Texts in the Math.
Sciences 29, Kluwer, Dordrecht (2004) MR2145196

[4] K Behrend, G Ginot, B Noohi, P Xu, String product for inertia stack, Preprint (2006)

[5] K Behrend, P Xu, Differentiable stacks and gerbes arXiv:math/0605694

Algebraic €& Geometric Topology, Volume 9 (2009)



1174

(6]

(7]

(8]

[9]

(10]
(11]

[12]

[13]

[14]

[15]

[16]

(17]

(18]

(19]

(20]
(21]

(22]

(23]

Richard Hepworth

W Chen, Y Ruan, Orbifold Gromov—Witten theory, from: “Orbifolds in mathematics
and physics (Madison, WI, 2001)”, (A Adem, J Morava, Y Ruan, editors), Contemp.
Math. 310, Amer. Math. Soc. (2002) 25-85 MR1950941

W Chen, Y Ruan, A new cohomology theory of orbifold, Comm. Math. Phys. 248
(2004) 1-31 MR2104605

J Heinloth, Notes on differentiable stacks, from: “Mathematisches Institut, Georg-
August-Universitit Gottingen: Seminars Winter Term 2004/2005”, (Y Tschinkel,
editor), Univ. Gottingen (2005) 1-32 MR2206877

R Hepworth, Morse theory and the homology of crepant resolutions, in preparation
R Hepworth, Orbifold Morse—Smale—Witten theory, in preparation

MW Hirsch, Differential topology, Graduate Texts in Math. 33, Springer, New York
(1976) MRO0448362

DD Joyce, On the topology of desingularizations of Calabi—Yau orbifolds arXiv:
math/9806146

D D Joyce, Compact manifolds with special holonomy, Oxford Math. Monogr., Oxford
Univ. Press (2000) MR1787733

S Lang, Differential manifolds, Addison-Wesley, Reading, MA-London-Don Mills,
Ont. (1972) MR0431240

E Lerman, S Tolman, Hamiltonian torus actions on symplectic orbifolds and toric
varieties, Trans. Amer. Math. Soc. 349 (1997) 4201-4230 MR1401525

E Lupercio, B Uribe, M A Xicoténcatl, The loop orbifold of the symmetric product, J.
Pure Appl. Algebra 211 (2007) 293-306 MR2340450

J Milnor, Morse theory, Annals of Math. Studies 51, Princeton Univ. Press (1963)
MRO0163331 Based on lecture notes by M Spivak and R Wells

I Moerdijk, Orbifolds as groupoids: an introduction, from: “Orbifolds in mathematics
and physics (Madison, WI, 2001)”, (A Adem, J Morava, Y Ruan, editors), Contemp.
Math. 310, Amer. Math. Soc. (2002) 205-222 MR1950948

L I Nicolaescu, An invitation to Morse theory, Universitext, Springer, New York (2007)
MR2298610

B Noohi, Foundations of topological stacks I arXiv:math/0503247

D A Pronk, Etendues and stacks as bicategories of fractions, Compositio Math. 102
(1996) 243-303 MR1401424

Y Ruan, The cohomology ring of crepant resolutions of orbifolds, from: “Gromov—
Witten theory of spin curves and orbifolds”, (T J Jarvis, T Kimura, A Vaintrob, editors),
Contemp. Math. 403, Amer. Math. Soc. (2006) 117-126 MR2234886

D Salamon, Morse theory, the Conley index and Floer homology, Bull. London Math.
Soc. 22 (1990) 113-140 MR1045282

Algebraic € Geometric Topology, Volume 9 (2009)



Morse inequalities for orbifold cohomology 1175

[24] F W Warner, Foundations of differentiable manifolds and Lie groups, Scott, Foresman
and Co., Glenview, Ill.-London (1971) MR0295244

[25] A G Wasserman, Equivariant differential topology, Topology 8 (1969) 127-150
MR0250324

Department of Pure Mathematics, University of Sheffield
Sheffield, United Kingdom

r.hepworth@sheffield.ac.uk

http://www.hepworth.staff.shef.ac.uk/

Received: 14 November 2008 Revised: 2 May 2009

Algebraic €& Geometric Topology, Volume 9 (2009)






