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Cohomology theories for homotopy algebras
and noncommutative geometry

ALASTAIR HAMILTON
ANDREY LAZAREV

This paper builds a general framework in which to study cohomology theories of
strongly homotopy algebras, namely Aoo—, Coo—and L, —algebras. This framework
is based on noncommutative geometry as expounded by Connes and Kontsevich. The
developed machinery is then used to establish a general form of Hodge decomposition
of Hochschild and cyclic cohomology of C,—algebras. This generalises and puts in
a conceptual framework previous work by Loday and Gerstenhaber—Schack.

13D03, 13D10; 46L.87

1 Introduction

An Ao,—algebra is a generalisation of an associative algebra introduced by Stasheff [43]
for the purposes of studying H —spaces. It was originally defined via a system of higher
multiplication maps satisfying a series of complicated relations. One can similarly
define Coo— and L,—algebras as infinity-generalisations of commutative and Lie
algebras respectively.

More recently, Lo,— and Aoo—algebras have found applications in mathematical
physics, particularly in string field theory and the theory of topological ¥-models;
see Zwiebach [47] and Alexandrov et al [1]. In addition, infinity-algebras with an
invariant inner product were introduced by Kontsevich [25; 26] and were shown to
have a close relation with graph homology and therefore to the intersection theory on
the moduli spaces of complex curves and invariants of differentiable manifolds. A
short, informal introduction to graph homology is contained in Voronov [46], more
substantial accounts are in Conant and Vogtmann [4], Hamilton [17] and Hamilton and
Lazarev [18].

In this paper we give a detailed analysis of the cohomology theories associated to Axc—,
Loo— and Cy,—algebras. There are other approaches to constructing such cohomology
theories, particularly those adapted to a more general situation of algebras over Koszul
operads as developed by eg Milles [36]. We will, however, work in this more restricted
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framework since our most interesting applications are concerned with C,—algebras
and do not generalise to other operads.

We should also mention related works: Getzler and Jones [11] introduced homology of
Aoso—algebras with arbitrary coefficients. Markl [33] treated the Hodge decomposition
of the Hochschild homology of C,—algebras (called balanced A~—algebras in that
paper).

One of the important ideas that we wish to advocate is working with a geometric
definition of an infinity-algebra (see Definition 4.1) as a formal supermanifold together
with a homological vector field. This idea is not new (see for example Alexandrov et
al [1] or Lazarev [31]), however we feel that it has not been used to its full potential.
Apart from the obvious advantage of being concise, this definition allows one to engage
the powerful apparatus of noncommutative differential geometry which could be quite
beneficial as we hope to demonstrate.

Very roughly, noncommutative geometry considers noncommutative algebras as if they
were algebras of functions on ‘“noncommutative spaces”. Noncommutative geometry as
a branch of mathematics appeared in the mid-eighties, mostly thanks to the fundamental
works of Connes [5]; see also the references therein. Nowadays the term “noncommu-
tative geometry” has many different meanings: it is studied in the context of K—theory
of C*-algebras, measure theory, the theory of foliations and characteristic classes
of manifolds. Quantum groups (see Kassel [23]) also form part of noncommutative
geometry analogous to the theory of algebraic groups in the conventional algebraic
geometry.

There are also attempts to build a general theory of noncommutative algebraic schemes;
see Kontsevich and Rosenberg [28; 29] and Kapranov [22]. Furthermore, one can
also consider “operadic” geometry, ie geometry where “algebras of functions” are
algebras over operads (ie associative, Lie, Poisson, etc). This point of view is contained
in Ginzburg [14]; it stems from Kontsevich’s work [25]. This is also the point of
view taken in the present paper, except we restrict ourselves to considering only three
operads; namely those governing commutative, associative and Lie algebra. Because
of that the term “operad” is not mentioned explicitly in the main text. In addition,
the noncommutative geometry considered in this paper is formal: our model for the
noncommutative algebra of functions is an inverse limit of finite-dimensional nilpotent
algebras. The most important special case (which is the only one needed for the
purposes of study of homotopy algebras) is the case of a profree algebra, ie the formal
completion of a free (commutative, associative or Lie) algebra.

Our main application is concerned with the Hodge decomposition of the Hochschild and
cyclic Hochschild cohomology of a Co,—algebra and generalises the work of previous
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authors; see Loday[32], Gerstenhaber and Schack [8] and Natsume and Schack [37].
Our geometric approach allowed us to considerably simplify the combinatorics present
in the cited sources while working in the more general context of Coo—algebras. We
actually get something new even for the usual (strictly commutative) algebras, namely
the Hodge decomposition of the Hochschild, cyclic Hochschild and bar cohomology in
the nonunital case.

The paper is organised as follows. Sections 2 and 3 introduce the basics of formal
noncommutative geometry in the commutative, associative and Lie worlds. This is
largely a detailed exposition of a part of Kontsevich’s paper [26]. The language of
topological modules and topological algebras is used here and throughout the paper and
we collect the necessary facts in Appendix A. Section 4 deals with the definitions and
basic properties of infinity-algebras, emphasising the geometrical viewpoint. Here we
consider Z—graded infinity-algebras; however all the results carry over with obvious
modifications to the Z/2-graded framework used in the cited work of Kontsevich. In
Section 5 we prove the analogue of Kadeishvili’s minimality theorem for Coo—algebras.

In Section 6, Chevalley—Eilenberg, Hochschild and Harrison cohomology theories
for infinity-algebras are defined along with their cyclic counterparts. The Hodge
decomposition for Cy,—algebras is established in Sections 7 and 8.

Acknowledgements We are grateful to Jim Stasheff for many useful discussions and
comments and to Martin Markl who drew our attention to his works [33; 34].

1.1 Notation and conventions

Throughout the paper our ground ring K will be an evenly graded commutative ring
containing the field QQ. For most applications it will be enough to assume that K is
a field or the rational numbers, however, our approach is designed to accommodate
deformation theory (which is not considered in the present paper) and to do this we need
to allow ground rings which are not necessarily fields. K-algebras and K-modules
will simply be called algebras and modules. We will assume that all of our K-modules
are obtained from k—vector spaces by extension of scalars where &k = Q or any other
subfield of K. All of our tensors will be taken over the ground ring K unless stated
otherwise.

Given a graded module V we define the tensor algebra 7'V by
TV =KeVeV®eg..0v®g...

We define the symmetric algebra SV as the quotient of 7'V by the relation x ® y =
(—)*Ily @ x . Finally we define the free Lie algebra LV as the Lie subalgebra of
the commutator algebra 7'V which consists of linear combinations of Lie monomials.
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We will use ~ to denote completion. Given a profinite graded module V we can
define the completed versions of SV, TV and LV . For instance the completed tensor
algebra would be

0 ~
TV :=]]v®
i=0

where ® denotes the completed tensor product. The completed symmetric algebra
SV is then the quotient of % by the usual relations and LV is the Lie subalgebra
of TV consisting of all convergent (possibly uncountably) infinite linear combinations
of Lie monomials. Further details on formal objects and constructions can be found
in Appendix A. We will assume that all the formal commutative and associative K—
algebras considered in the main text are augmented.

Given a formal graded commutative, associative or Lie algebra X, the Lie algebra
consisting of all continuous derivations

EX—-X

is denoted by Der(X). In order to emphasise our use of geometrical ideas in this paper
we will use the term “vector field” synonymously with “continuous derivation”. The
group consisting of all invertible continuous (commutative, associative or Lie) algebra
homomorphisms

o X > X

will be denoted by Aut(X). Again, in order to emphasise the geometrical approach
we will call an “invertible continuous homomorphism” of formal graded commutative,
associative or Lie algebras a “diffeomorphism”.

On many occasions we will want to deal with commutative, associative and Lie algebras
simultaneously. When we do so we will often abuse the terminology, for instance
calling a bimodule a “module” or calling a Lie algebra an “algebra”.

Given a formal graded associative algebra X', the module of commutators [X, X] is
defined as the module consisting of all convergent (possibly uncountably) infinite linear
combinations of elements of the form

X, y]i=x-y—(=DFPIy x x yex.

We will often denote the module of commutators by [—, —] when the context makes it
clear what X is.

Given a profinite graded module V' we can place a grading on TV which is different
from the grading which is naturally inherited from V. We say an element x € T'V has
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homogeneous order n if x € V®"_ This also defines a grading by order on SV and
LYV since they are quotients and submodules respectively of 7'V .

We say a continuous endomorphism (linear map) f: TV — TV has homogeneous
order n if it takes any element of order 7 to an element of order i +7n — 1. Any vector
field £ € Der(T'V') could be written in the form

(1-1) E=bt&r+&+ - +&nt-,

where §&; is a vector field of order i . We say that & vanishes at zero if £y = 0.

Likewise any diffeomorphism ¢ € Aut(YA’ V) could be written in the form

p=¢1+d2+P3+--+dnt--,

where ¢; is an endomorphism of order i. We call ¢ a pointed diffeomorphism if
¢1 = id. Similarly, we could make the same definitions and observations if we were to
replace TV with SV or LV in the above.

We will denote the symmetric group on n letters by S, and the cyclic group of order n
by Z, . Given a module M over a group G the module of coinvariants will be denoted
by Mg and the module of invariants by M.

Given a graded profinite module V', its completed tensor power V" has a continuous
action of the cyclic group Z, on it which is the restriction of the canonical action of
Sy to the subgroup Z, =~ ((nn—1---21)) C Sy,. If we define the algebra A as

A= ]O_o[ Z(Z]

n=1
then the action of each Z, on V& for n > 1 gives [[y=; V®" the structure of a left
A —module.

Let z, denote the generator of Z, corresponding to the cycle (nn—1---21). We
define z € A by the formula

zZ:= Zn.

8

I
-

n
Let the norm operator N, € Z[Z,] be the element given by the formula

Npi=l+4zp+z24-- 42071
We define N € A by the formula

=

Il
WK
Z

3
Il
_
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The operators z and N will be used regularly throughout the paper.

Our convention will be to always work with cohomologically graded objects and we
consequently define the suspension of a graded module V as XV where LV :=
Vit1l We define the desuspension of V as 7!V where X~!V? := V=1 The term
“differential graded algebra” will be abbreviated as “DGA”.

Given a graded module V', we denote the graded K-linear dual
Homg (V, K)

by V*. If V is free with basis {vy, @ € I}, then we denote the dual basis of V* by
{vy,a €l}.

For the sake of clarity, when we write XV * we mean the graded module Homg (X V, K).

2 Formal noncommutative geometry

In this section we will collect the definitions and fundamental facts about formal
commutative and noncommutative geometry. Although much of this work can be
done in the generality of working with an algebra over an operad, our applications
will be concerned with the three particular theories of (non)commutative geometry
corresponding to commutative, associative and Lie algebras and we will describe each
theory in its own detail.

The starting point is to define the (non)commutative 1—forms in each of the three settings.
From this we can construct a differential envelope of our commutative, associative or
Lie algebra. We can then construct the de Rham complex from the differential envelope
and introduce the contraction and Lie operators. We conclude the section with some
basic facts from noncommutative geometry. The theory we consider here will be the
formal version of the theory considered by Kontsevich in [25]. The reader can refer to
Appendix A for a discussion of the formal objects and constructions that we use.

Definition 2.1

(a) Let A be aformal graded commutative algebra. Consider the module 4 & (4/K)
and write X ® y as x ® dy. The module of commutative 1—forms Qéom(A) is
defined as the quotient of A ® (4/K) by the relations

Xx®d(yz) = (_1)|z|(|J/|+|x|)Zx &dy+xyd-.
This is a formal left A—module via the action

a-x®dy :=ax dy.
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(b) Let A be a formal graded associative algebra. The module of noncommutative
1-forms Q1 (A) is defined as

QL (4) 1= AR (4/K).

Let us write x® y as x ® dy. QASS(A) has the structure of a formal A-
bimodule via the actions

a-x®dy =ax Qdy,
XxQ®dy-a:=x®d(ya)—xyQda.

(c) Let g be a formal graded Lie algebra. Consider the module u (2) ® g and write
X ® y = x ® dy. Then the module of Lie 1-forms Qiie(g) is defined as the
quotient of 2{(g) ® g by the relations

x®d[y.z]=xy®dz — (—1)*Wxz & dy.
This is a formal left g—module via the action

Xx-(y®dz):=xy®dz.

Remark 2.2 When formulating theorems and proofs it will often be our policy to
discuss these three theories simultaneously where this is practical. When we do this
we will omit the subscripts Com, Ass and Lie. It should be understood that the reader
should choose the appropriate subscript/construction depending on whether they wish
to work with commutative, associative or Lie algebras.

Let X be either a formal graded commutative, associative or Lie algebra. The following
proposition shows that the module of 1—forms '(X) could be introduced as the
unique X —module representing the functor Der®(X, —) which sends a formal graded
X -module M to the module consisting of all continuous derivations £&: X — M of
degree zero. This proposition is the formal analogue of Lemma 5.5 of [14]:

Proposition 2.3 Let X be either a formal graded commutative, associative or Lie
algebra. Then the map d: X — Q'(X) is a derivation of degree zero. Given any formal
graded X —module M there is an isomorphism which is natural in both variables:
Der®(X, M) =~ Hom% QY(X), M),
ad > [dx — 0x]. m|

—module
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1510 Alastair Hamilton and Andrey Lazarev

This proposition could be summarised by the following diagram:

X

Q'(X)

R PR

M

Remark 2.4 Note that if X is an associative algebra then the word “X —-module”
should be replaced with the word “ X —bimodule”.

Now we want to extend the 1—forms ! (X) to the module of forms * (X)) by forming
a differential envelope of X .

Definition 2.5

(a) Let A be a formal graded commutative algebra. The module of commutative
forms Q2 (A) is defined as

Com

1%
QEom(A) = SA(E_IQéom(A)) =A% H(E_lg(ljom(A) % Tt % 2_IQéom(A))Si .

i=1

i factors

Since Qéom(A) is a module over the commutative algebra 4, Q¢ (A) has the
structure of a formal graded commutative algebra whose multiplication is the
standard multiplication on the completed symmetric algebra S (=1 Q(ljom(A)).
The map d: A — Qéom (A) lifts uniquely to give ¢, (A) the structure of a
formal DGA.

(b) Let A be a formal graded associative algebra. The module of noncommutative
forms Q3 (A4) is defined as

o0
QA (4) 1= TY(Z7'Qp () = Ax [ [ 7' Q) (D) % % >1QL (4).

i=1

i factors

Since Q}m (A) is an A-bimodule, Q3 (A4) has the structure of a formal asso-
ciative algebra whose multiplication is the standard associative multiplication on
the tensor algebra fA(E_l Q/&SS(A)). The map d: A — Q/&SS(A) lifts uniquely
to give Q3,(A4) the structure of a formal DGA.

(c) Let g be a formal graded Lie algebra. The module of Lie forms 7, (g) is
defined as
Qe(9) =g x L(E7'Q()
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where the action of g on IA,(Z_1 Qiie (g)) is the restriction of the standard action
of g on f”(E_lQiie(g)) to the Lie subalgebra of Lie monomials. The map
d: g — Qiie (g) lifts uniquely to give 7 (g) the structure of a formal DGLA.

Remark 2.6 Since Q' (X) is aformal X -module, Z~!1Q!(X) is a formal X -module
via the action

-2y = ()T e y), xeXx ye@l(x).

The additional signs appear because of the Koszul sign rule. This results in the map
d: Q°(X) — Q°(X) being a graded derivation of degree one.

Remark 2.7 The module of forms °(X) inherits a grading from the graded modules
X and Q!(X). In fact it has a bigrading. An element x € X has bidegree (0, |x|)
and an element x ® dy € Q!(X) has bidegree (1, |x|+ |y|). This implicitly defines a
bigrading on the whole of Q2°(X). The map d: Q°*(X) — Q°(X) has bidegree (1, 0)
in this bigrading. The natural grading on Q°(X) inherited from the graded modules
X and Q!(X) coincides with the total grading of this bigrading.

The following proposition says that 2°(X') could be uniquely defined as the differential
envelope of X . This proposition is proved in the operadic and nonformal context in
Proposition 5.6 of [14].

Proposition 2.8 Let X be either a formal graded commutative, associative or Lie
algebra and let M be either a formal differential graded commutative, associative or
Lie algebra respectively. There is a natural adjunction isomorphism:

HOIIlAlg(X, M) = HOIIIDGA(Q.(X), M)
The adjunction isomorphism is given by the following diagram:

Xe— > Q°X)

X e
L7 Ay

M O

Remark 2.9 Tt follows from Proposition 2.8 that Q° is functorial. Suppose that
both X and Y are either formal graded commutative, associative or Lie algebras. By
Proposition 2.8, any continuous algebra homomorphism ¢: X — Y lifts uniquely to a
continuous differential graded algebra homomorphism ¢*: Q*(X) — Q°*(Y).
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Next we want to introduce contraction and Lie operators onto the module of forms
Q*(X).

Definition 2.10 Let X be either a formal graded commutative, associative or Lie
algebra and let £: X — X be a vector field:

(i) We can define a vector field Lg: Q°(X) — Q°(X) of bidegree (0, |£]), called
the Lie derivative, by the formula

Le(x) = £(x), xeXx.
Le(dx) := (=D)¥ld(g(x)), xeX.

(i) We can define a vector field 7g: Q°(X) — Q°(X) of bidegree (—1, |£]), called
the contraction operator, by the formula

ig(x):=0, x e X,
ig(dx) :=&(x), x € X.

These operators satisfy certain important identities which are summarised by the
following lemma.

Lemma 2.11 Let both X and Y be either formal graded commutative, associative or
Lie algebras, let £ X — X and y : X — X be vector fields and let ¢: X — Y be a
diffeomorphism. Then we have the following identities:

@) L§=[i§,d].
(D) [Le.iy] = i,
(iii) Ly =I[Le, Ly
(iv) [ig.iy] =0.
(v) [Lg, d]=0.
(Vi) Lgeg—1 =¢*Lgp™ 1.
(Vil) iggp—1 = @*igp* "
Proof Since Q°(X) is generated by elements in X and d(X), we only need to

establish the identities on these generators. Let us prove (i), the Cartan homotopy
formula. It should then be clear to the reader how to obtain the other identities.

ied(x) =£(x), dig(x) =0,
Le(x) = £(x) = [ig. d](x).
Similarly, igd(dx) =0, dig(dx)=d(&(x)),
Lg(dx) = (-D¥ld (E(x)) = [ig. d](dx). =
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We are now in a position to define the de Rham complex which will be the fundamental
object in our applications of formal noncommutative geometry. For the purposes of
working with commutative, associative or Lie algebras, one could use the definitions
introduced by Kontsevich in [25]. These definitions were extended to the framework
of operads by Getzler and Kapranov in [13]. The functor F: FAlg — PModk (see
Appendix A for definitions of the categories) is defined by the formula

F(X):=S82(X)/(x ® n(p,2) = p(x, ») & 2),

where X is a formal commutative, associative or Lie algebra and p is the multiplication
or Lie bracket respectively. This functor was originally introduced by Kontsevich in
[25]. The de Rham complex is then defined as the result of applying the functor F' to
the differential envelope Q°®(X). The differential d: Q°*(X) — Q°*(X) induces the
differential on the de Rham complex by applying the Leibniz rule, although in general
the algebra structure will be lost and we will just have a complex.

Definition 2.12

(a) Let A be a formal graded commutative algebra. Define the de Rham complex
DR?.  (A) as

Com

DR(.:om(A) = anm(A).
The differential is the same as the differential defined in Definition 2.5.

(b) Let A be a formal graded associative algebra. The de Rham complex DR} (A4)
is defined as

DR} (A) 1= Q3 (A)/[Q3s (A), Qs (A)].
The differential is induced by the differential defined in Definition 2.5.

(c) Let g be a formal graded Lie algebra. The de Rham complex DR7, (g) is

defined as the quotient of Q7. (g) ® Qr..(g) by the relations

x®y =Dy &y, X,y €Qhi(g).
x®[y.z]=[x,y]®z, x, 9,2 € Qi (2).

The differential
d: DR]tie (g) - DRI._ie (g)
is induced by the differential d: Q7 (g) — 27,.(g) by specifying

dx®y):=dx®y+(D*x®dy, x,yeQl(2)
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Remark 2.13 In the commutative and associative cases the definition in terms of the
functor F can be simplified, resulting in the definitions given above. The identification
of F(2*(X)) with DR®*(X) is given by

F(Q*(X)) = DR*(X),
XQ®y > x-y.

In the commutative case we see that Q2 (X) and DR¢_ (X) actually coincide. In
the Lie case we must resort to the slightly awkward definition of the de Rham complex

given by the functor F'.

Remark 2.14 Suppose we are given a profinite graded module W and consider the
commutative, associative or Lie algebras S w, TW and LW . Recall from Section
1.1 that these modules have a grading on them which we called the grading by order.
An element x € 7W has homogeneous order 7 if x € W®”, We extend the grading
by order on TW to the whole of DRZSS(JA" W) by stipulating that a 1-form xdy has
order ord(x) 4 ord(y) — 1. This suffices to completely determine the grading by order
on DRZSS(YA“ W). For instance an n—form

Xodxq - dxy

has order ord(xg) + - - - + ord(x,) —n. We obtain a grading by order on DReom(g W)
and DR}, (LW) in a similar and obvious manner.

Remark 2.15 It follows from Remark 2.9 that the de Rham complex construction
is functorial. Suppose that both X and Y are either formal graded commutative,
associative or Lie algebras and that ¢: X — Y is a continuous algebra homomorphism.
The continuous differential graded algebra homomorphism ¢*: Q*(X) — Q*(Y)
induces a map between the de Rham complexes which, by an abuse of notation, we
also denote by ¢*:

@2-1) ¢*: DR*(X) — DR*(Y).
For instance, in the Lie case the map ¢*: DR[,.(g) — DR}, (/) is given by:

P (x®y)i=¢*"(X)®P*(y), x.y<€Q(g)

The de Rham complex inherits a bigrading derived from the bigrading on 2°(X). Given
avector field £ X — X we can define Lie and contraction operators Lg, ig: DR®(X) —
DR*(X) of bidegrees (0, |€|) and (—1, |§]) respectively. These are induced by the
Lie and contraction operators defined in Definition 2.10 and by an abuse of notation,
we denote them by the same letters. It should be clear how Lg and ig are defined
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except perhaps in the Lie case. In this case Lg: DRJ;.(g) — DR[;.(g) is defined by
specifying

Le(x®»)i=Le(x) @y + (—D¥x @ Le(p),  x.» € Qf(e).

The operator ig: DR} (g) — DRJ;.(g) is defined in the same way. It is obvious that
the operators Lg,ig: DR®(X) — DR®(X) satisty all the identities of Lemma 2.11.

We denote the i —th fold suspension of the component of DR®(X) of bidegree (i, o)
by DR’(X) and call these the i —forms. This definition gives us the identity

DR*(X) =DR%(X)x =7 !'DR'(X)x T2DR?>(X) x---x T "DR*(X) x - - - .

The following lemma describing DR!(X) when X is profree could be found in [14].
There is also a description of DR®(X) in Proposition 4.9 of [13; 14].

Lemma 2.16 Let W be a profinite graded module. We have the following isomor-
phisms of graded modules:

(@) Ocom: W ® SW — DR} (§W), Ocom(x ® y) :=dx - y.

Com
(b) Oags: W@fWﬁDR/&SS(fW), @Ass(x®y) =dx-y.
(© OLe: WR®LW —DR! (LW), Or(x®y):=dx®y.

Proof Let us prove (c) since it is the most abstract. It should then be clear how to
prove the other maps are isomorphisms. The 1—forms DRiie(i W) are generated by
representatives of the form x ® y where x € Qiie(z W) and y € Lw. Using the
Leibniz rule

dla,b] = (=1)[a, db] — (~1)1+V®Ip da),  a.be LW

we conclude that Q]{ie (i W) is generated by elements of the form u - dw ® y where
ueUU(LW), weW and y € LW . Now using the relation we imposed on DR}, (L W)
in Definition 2.12,

[a.b]®@c=a®]b.cl, ab.ceQl (LW).

We assert that DRiie (Z W) is generated by representatives of the form dw ® y where
weW and y € LW . Itis now clear that ®p; is an isomorphism. O

Remark 2.17 Note that since W ® TW = ]_[fil W‘§’i we may also regard ® g as

a map
o0

Oass: [ [ W& — DRL(TW).

i=1
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Given either a formal commutative, associative or Lie algebra X, we define the de
Rham cohomology of X to be the cohomology of the complex DR®(X). We define
H'(DR®*(X)) as
{x e DR/ (X):dx =0}

dDR(X))
The following result is the (non)commutative analogue of the Poincaré lemma and can
be found in [25].

H'(DR*(X)) :=

Lemma 2.18 Let W be a profinite graded module:
(@) HI(DRS, (SW)) =0, i=>1,

Com
H°(DRS, (SW)) =K.
(b) H(DRS (TW)) =0, i>1,
HO(DRS (TW)) =K.

(c) H*(DR! (LW))=0.

Proof Let us prove (b). It will then be clear that the same argument will work to
establish the other cases. Choose a topological basis {x;};c for the profinite module W
and consider Euler’s vector field &: TW — T W of degree zero and order one:

Ei= " xily,.
iel
Since we are working in characteristic zero, Lg: DRZSS(T W) — DR;‘SS(j\w W) estab-
lishes a one-to-one correspondence on every component except on the component

Kc TW/[TW,TW]=DR (TW)

of bidegree (0, 0) and order 0, which it maps to zero. By the Cartan homotopy formula
of Lemma 2.11 part (i) we know that L¢ is nullhomotopic, whence the result. a

3 Relations between commutative, associative and Lie geome-
tries

In this section we will discuss some aspects of noncommutative geometry which
describe the relationship between the commutative, associative and Lie versions of the
theory described in Section 2. We will only concern ourselves with describing this
relationship for the profree algebras S w, TW and LW . One of the main purposes
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of this section will be to lay the groundwork for Sections 6, 7 and 8 and also to expand
upon a theorem of Kontsevich [25]. This theorem will allow us to consider the closed
commutative, associative or Lie 2—forms of the profree algebras SU*, TU* or LU*
respectively, as linear maps «: TU — K.

We first of all establish some fundamental identities for the operators N and z defined
in Section 1.1. We then introduce a series of maps which we use to establish some
relationships between the complexes DR, (SW), DR (T W) and DR}, (LW).

Com
We use these relationships to prove Theorem 3.5 and we use this theorem to interpret

the closed 2—forms as linear maps. In particular we identify the 2—forms giving rise to
symmetric bilinear forms.

Lemma 3.1 Let W be a graded profinite module:
(i) The following identity holds:
(3-1) Tw/TW.TW]=JW®)z,.

(ii) The following diagram commutes:

d

DR (TW)

~

Tw TW/[TW, TW]

J J

-~ N ~ ~ .
H?; W < H?; wer i l_[z'oil(W®l)Zi

A 2 ®Ass 1 ~
W& TW —=> DRy (TW)

Proof Letx:=x1Q® - ®x, € W en cTW: (i) For 1 <i <mn—1 we calculate
(1 _Z’il) X =X ® - Dxp— (_1)(|X1|+"‘+|xi|)(|xi+1|+"‘+|an

~ ~ ~

(3-2) X1 ® o ®Xp ® X ® e

=1 ® - @ X1, Xi41 ® -+ ® Xn).

This calculation suffices to establish Equation (3-1).
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(i) We compute

n
d(x) = 2:(_1)|J€1|+"~+|xz'—1|x1 Q- ®Xiy-dxi-Xig1 @& xn

i=1

n
= Z(_l)(m b1 DOxi ) g

(3-3) L
=l X1 ® - ®Xy ®x1 ® - ®x;—y mod [, —].

n—1
Ny-x =) (=palttlablxplt-tinly, [ & @x, ®x1 & & xi.

i=0

From this calculation we see that ® (N, - X) = d(x) and therefore the diagram is
commutative. |

Our next task will be to identify the closed 2—forms of DReom(.SA’ U*), DRI’ASS(JA” U*)
and DR}, (LU ™) with submodules of the module which consists of all linear maps
a: TU — K. In order to do this we will need to introduce maps between the de Rham

complexes and establish some basic properties of them.

Let W be a graded profinite module. The completed tensor algebra TW is a Lie
algebra under the commutator and the differential envelope Q3. (7'W) is a differential
graded Lie algebra under the commutator. There is a series of canonical Lie algebra
inclusions

LW —TW — QL (TW).
By Proposition 2.8 the composition of these inclusions extends to a map of differential
graded Lie algebras

s Qe (EW) > @8, (TW).
One can easily check that the following formula holds for all a, b, ¢ € sts(f w):
(3-4) alb,c] =la,blc mod [—, —].

This allows us to define a map /: DR}, (Z W) — DR;SS(f W) which is induced by
the map /’ and given by

(3-5) I(x®y):=l'(X)'(y). x.ye€Q(LW).

It follows from Equation (3-4) that this map is well defined modulo the relations of
Definition 2.12 part (c).

We can define another map p: DRRSS(YA“ W) — DR (§ W) as follows: the commu-

Com
tative algebra SW is obviously an associative algebra and the canonical projection
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TW — SW isa map of associative algebras. By Proposition 2.8 this map extends to
a map of DGAs
Pl Q(TW) = Q. (SW).

Clearly this map is zero on commutators and hence induces a map
(3-6) p: DRA(TW) — DRS,, . (SW).

Next we need to introduce a map i: SW — [152(W®)Si | This is defined as the
canonical map identifying coinvariants with invariants and is given by

3-7) i@ ®xp)i= ) 0-x1® - B

Finally, we can describe a map j: DRCOm(S W) — DR/LSS(]A“ W). This is defined by
the following commutative diagram which uses the isomorphisms defined by Lemma
2.16 and the map i defined above by Equation (3-7):

WRSW *> DRCOm(SW)
(3-8) i 18 |
~ A ®Ass 1 o
W&®TW —== DR(TW)
The map /: DR}, (L W) — DRRSS(f W) defined by Equation (3-5) can be lifted to a
unique map
DR}, (LW) DR}, (TW)
—> .
d(DRLle(LW)) d(DRASS(TW))

Similarly, the map p: DR ASS(T W) — DR/ (S W) of (3-6) can be lifted to a unique
map

Com

DR} (TW) . DRL,, (SW)
d(DRS(TW))  d(DRY, (SW))

Abusing notation, we will denote the induced maps by the same symbols / and p.

Com

Lemma 3.2 Let W be a graded profinite module:

(i) The map !I: DR (LW) — DRASS(TW) is injective.

(i) The map
DR}, (LW) DRL (TW)
. —>
dDRY,(LW))  d(DRY(TW))

is also injective.
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(iii) The map j: DRCOm (S W) — DR}%S(YA“ W) defined by diagram (3-8) is injective
and the map p: DR Ags(T W) — DR (S W) is surjective.

Com

(iv) The map j: DR} (S W) — DR}%SS(T W) can be lifted to a unique map

Com

DR(,.(SW) N DRL (TW)
d(DRQ,, (SW))  d(DRQ (TW))

which will be denoted by the same letter j by the customary abuse of notation.

(v) The map
~ DR{,,(SW) . DR} (TW)
7" d4DRE,,(SW))  dDRY,(FW))

is injective and the map

. _DRL(TW) _ DRL,,(SW)
P dOR (FW)) — dDRY,, W)

is surjective.

All told, we have the following diagram of injections and surjections:

SwW

DR., . (SW) DR (o (5 )
d(DR,, (SW))

il | j T"
R DR. (TW
DR}, (TW) A;S( Lo
d(DR (TW))
[ lj

. DR! (LW

DR\ (LW) Lie(LW)
d(DR®. (LW))

Proof From the identities
@ [, W =w&Tw,
(b) DR (TW)=TW/[TW.TW],
(©) DRY(LW)=LWQLW/(x,y]®z=x&]y,2],
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it follows that there are maps

Tass: W& TW — DR (T W),

TLie: W ® LW — DR, (LW),
which are just the canonically defined prOJectlon maps. Let u: LW — TW be the
canonical inclusion of the Lie subalgebra LW into TW . These maps fit together with

the maps ®aq and O defined by Lemma 2.16 and the map / defined by Equation
(3-5) to form the following commutative diagram:

DR (TW) < 2y ®TW —% DR (TW)
(3-9) /| 8 T /|
1 ~ ®Lie ~ A TLie 0 =
DRy, (LW)=_— W®LW —= DR[.(LW)
(i) Since u is injective we conclude from diagram (3-9) that the map
I: DR} (LW) — DR} (T W)
is injective.

(i) Letxe DR (L W) be a 1-form of order n and suppose /(x) € d(DR Agg(T w)).
By Lemma 3.1 part (i1), ®a¢s satisfies the identity

(3-10) Opass 0 N = d 0 Tass
and therefore identifies ¢ (DR ASS(T W)) with the module of invariants []{< (W‘g’i )i,

Using the commutativity of diagram (3-9) we perform the following calculation:

_ 1 _
Ol (x) = peRACes - Ol (X)),
l(x) = 1®Asan+1®1§slsl(x)

1 _
= mzdnue@u; (x).

From part (i) of this lemma we conclude that x = ﬁd JTLieG)]ji}3 (x) and hence the
map
DR}, (LW) DRA(TW)
%
d(DRLle(L w)) d(DRASS(T W)

is injective.
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(iii) One can easily verify the following equation from which the assertion follows
immediately:

(3-11) pjldxg - x1 ® -+ ®xp) =nldxg-x1 ® -+ ® xp.

(iv) Let x := x; ® - @an € TW and let X denote its image in the quotient
SW =DR2,_ (SW). Then

®Z§1§]d(f): Z Z ot -x

oeSy, tEZn+1

=Zo-x

0E€ESH11

= Z Z T0 - X.

‘EGZn+1 oES),

Using Equation (3-10) we obtain

]d()_C) :dJTAss< Z O"X),

o€Sy,

hence the map defined by diagram (3-8) can be lifted to a map

DR, (SW) N DR. (TW)

7 AORY,_SW))  dDRL . (TW))

Com

(v) This is an immediate consequence of Equation (3-11). m|

Remark 3.3 Let W be a graded profinite module. We will now describe a sequence
of Lie algebra homomorphisms

Der(ZW) — Der(fW) —> Der(§W).

Any vector field & € Der(f” W) is specified uniquely by its restriction &: W — Tw
(cf Proposition A.13) and likewise for LW and S W . It follows that any vector field
& € Der(L W) can be extended uniquely to a vector field

In fact, this vector field is a Hopf algebra derivation (ie a derivation and a coderivation)
when TW is equipped with the cocommutative comultiplication (shuffle coproduct)
defined in Remark A.18. Furthermore all continuous Hopf algebra derivations are
obtained from Der(lt W) in this way. This is because the Lie subalgebra of primitive
elements of this Hopf algebra coincides with the Lie subalgebra LW . This establishes a
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one-to-one correspondence between Der(Z W) and continuous Hopf algebra derivations
on TW.

Any map & W — W gives rise to a map §: W —SW simply by composing it with
the canonical projection TW — SW . It follows that any vector field & € Der(7 W)
can be lifted to a unique vector field

£ SW—SwW
and that all the vector fields in Der(§ W) are obtained from Der(f W) in this way.

We will now formulate a lemma, the proof of which is a simple check, which describes
how this sequence of Lie algebra homomorphisms interact with our maps / and p:

Lemma 3.4 Let W be a graded profinite module:
(i) Given any vector field &: LW — LW, the following diagrams commute:

~ i ~ ~ L ~
DR}, (TW) —=DR3(FW)  DRA(FW) —> DR} (TW)
! J 1 J ! j ! j
° ~ ié ° ~ . A~ Lg . ~
DR} (LW) —— DR}, .(LW) DR} (LW) —— DR}, .(LW)

(i) Given any vector field &: TW —TW, the following diagrams commute:

° Qo ig . o . o Lg . o
DR?, . (SW) —= DR?, . (SW) DR?, (SW) —>DR?, . (SW)
7} 7} 7} 7}
~ i ~ ~ L ~
DRS, (T W) — > DRS (T W) DRS (TW) ——> DR (TW) O

Using Lemma 3.2 we can prove the following interesting theorem. This result was
proved in [25] for closed associative 2—forms and stated without a proof for closed
Lie 2—forms. We will describe the analogous result in the commutative case as well.
Given a graded profinite module W we can consider the module of commutators

(W12, (W®)Si) c [TW,TW]c TW.

Theorem 3.5 Let W be a graded profinite module. There are isomorphisms:
(i) Cass: {w €DRE(TW):dw =0} — [TW,TW].
(ii) Lcom: {w € DRE,,(SW) :dw = 0} — [W, [, (W®)S1].

(i) ¢Lie: {w € DRZ (LW) :dw =0} — [LW, LW].
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Proof Firstly if X is one of the three algebras SW,TW or LW then by Lemma
2.18 there is an isomorphism of modules

/:DRY(X)/d(DR°(X)) = {w € DR*(X) : dw = 0},

where f is defined by the formula f(x) := dx. We will denote this isomorphism by
Jcoms fass OF fLie respectively.

(i) First of all note that by Lemma 3.1, the isomorphism ® 4 defined in Lemma 2.16
induces a map

H?il W@)l DRlAss(j:W)
— — =
N -T2, we  dDRS(TW))
which is also an isomorphism.

®Ass:

Equation (3-2) gives us the identity

(1—2z)- ]_[ we = [Tw,Tw].
i=1
This allows us to define a module isomorphism
DR} (TW PN
: % TW,TW]
d(DR,(T'W))

by the formula g(x) 1= (1—2z)- O s ! (x). We then define the isomorphism {a by the
formula

CAss i= gofA_ssl_

(ii) By Lemma 3.2 there is an injection

DR, (SW) . DRL (TW)
" d(DRY, (SW))  dDRY (TW))

Composing j with g yields an injection g o j. It requires a simple check using the
definition of j and Equation (3-2) to see that the image of go j is [W,[[72, (W ®" )Si].
It follows that the map

Ecom: {® € DRE, (SW) : dw = 0} — [W, [ (W ®)Si]
defined by the formula {com(x) := gj fC_orln (x) is an isomorphism.
(iii)) By Lemma 3.2 there is an injection
DR\ (LW) . DR} (TW) '
d(DRLle(L w)) d(DRA“(T w))
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Composing / with g yields an injection g o/. Again it requires a simple check using
the definitions and Equation (3-2) to see that the image of go/ is [W, iW], however,
using the Jacobi identity we obtain the equality [WV, EW] = [i w, ZW] It follows that
the map

CLie: {w € DRZ (LW) : dw = 0} — [LW, LW]

defined by the formula {;.(x) := g/ fL_ie1 (x) is an isomorphism. ad

Remark 3.6 Tt follows from the definitions that the maps {com, ass and (e satisfy
the following relations:

{assod =(1—2z)o ®Xsls’
(3-12) ;Comod:é‘Assodoj7
SLie = Casso!.
If we set W := U™ in Theorem 3.5, where U is a free graded module, then we can
interpret the closed 2—forms as linear maps (7°U)* — K. We now want to concentrate
on 2—forms of order zero and determine what linear maps in (7'U)* they give rise to

under the maps {com, {ass and {ri.. 2—forms of order zero are naturally closed since
it is easy to see that any 2—form w of order zero has the following form:

® €DRE, (SU*) = w = dx;-dy;. xi,yi € U*,
i

2 TR _ , . . s *

wEDRAss(TU )iw—del-dyl, Xi, Vi eU7,
i

weDRfie(iU*)éw:dei@)dyi, xi, yi e U*.

1

We have the following lemma which describes the maps that two forms of order zero
give rise to:

Lemma 3.7 Let U be a free graded module. Every map in the following commutative
diagram is an isomorphism:

{w €DR2_ (SU*): ord(w) = 0}

Com
. \L N\
J
¢

Ass

{w € DR (TU*) : ord(w) = 0} — (A2U)*

[

{w € DR, (LU*) : ord(w) = 0}
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Proof This follows from Theorem 3.5 and the identity
[U*,U*]=(1-2)-(U*®U*) = (A*U)*. O

This means there is a one-to-one correspondence between the module of 2—forms
(commutative, associative or Lie) of order zero and the module consisting of all skew-
symmetric bilinear forms

(=) UU—K.
We will now recall the definition of a nondegenerate 2—form (cf [14]) and a nondegen-
erate bilinear form:

Definition 3.8

(i) Let X be either a formal graded commutative, associative or Lie algebra and let
o € DR?(X) be a 2—form. We say w is nondegenerate if the following map is
a bijection
Der(X) — DR'(X),

& > %(w)

(ii) Let U be a free graded module of finite rank and let (—,—): U ® U — K be
a bilinear form. We say that (—, —) is nondegenerate if the following map is a
bijection

U — U*,
u — [x = (u,x).
If in addition (—, —) is symmetric then we will call it an inner product on U .

We have the following proposition relating the two notions:

Proposition 3.9 Let U be a free graded module of finite rank and let X be one of the
three algebras SU*, TU* or LU*. Let @ € DR2(X) be a 2—form of order zero. Let
(—, =) := ¢(w) be the skew-symmetric bilinear form corresponding to the 2—form w .
Then w is nondegenerate it and only if {(—, —) is nondegenerate.

Proof We will treat the three cases X = SU*, X = TU* and X = LU* simultane-

ously. Let x1,...,x, be abasis of the free module U . There are coefficients a;; € K
such that
w = Z a,-jdx;kdx}".
1<i,j<n

It follows from the definition of ¢ that

(a.by= > aj[(=DFHFD @) xkb) — (—D)xF (@) xF ()].

1<i,j<n
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Let us define the map ®: Der(X) — DR!(X) by the formula
B(E) = ig().
Let us also define a map D: U — U™ by the formula
D(u) :=[x+ (u, x)].
We calculate ® as follows: Let & € Der(X). Then

OE) =ig(@) = Y aylE(x))-dxf+ () PHFDERD g £(x 1)

1<i,j<n
= Y ayl=)PIHEDRIED g g ()
1<i,j<n '
4 (_1)(|Xz |+1)(|E|+1)dx;k 'E(x;-k)].
We calculate D as follows: Foralla e U,and 1 <k <n,
Deplal = fa) = 3 ay [~ ) (@)
1<i,j<n | .
= (=DPf (o) (@)]

= Y [0l g, — (1ay, | 5 @),

1<i<n

Let #: U* — X be the canonical inclusion of the submodule U* into X . Since any
vector field & € Der(X) is completely determined by its restriction & o/ (cf Proposition
A.13) we have the following isomorphism of graded modules:

Der(X) =~ Homg(U*, X),
& — Eoh.

It follows from the preceding calculations that the following diagram is commutative:

—1 x> (—1)l@l+qul+DdxI+D g
DR!(X) _ Ur®@ X —— = L Urex
@T D®1
Er>Eoh
Der(X) = Homg(U*, X)) ——=U*"*" QX ————=UQ®X
We conclude that @ is a bijection if and only if D is a bijection. m|

Remark 3.10 For simplicity’s sake, let us assume we are working over a field of
characteristic zero which is closed under taking square roots and that U is finite
dimensional; then every homogeneous 2—form w € DR?(X) (where X = SU*, TU*
or LU *) of order zero has a canonical form.

Algebraic & Geometric Topology, Volume 9 (2009)



1528 Alastair Hamilton and Andrey Lazarev

Suppose that w has even degree, then there exist linearly independent vectors

(3-13) Plseeos Pns q1s-vosqn; X1y-ees Xm €U

(where the p;’s and the g;’s are even and the x;’s are odd) such that @ has the following
form:

n m
w= de;‘dq;k —i—de;"dx;k.
i=1 i=1
If w is nondegenerate then (3-13) is a basis for U . The bilinear form {—, —) := {(w)
is given by the formula

1
(‘]1’17]) = §<xi’xj) = 8ija
(xi. pj) = (xi.qj) = (pi. pj) = (4i.qj) = 0.
Now suppose that w has odd degree, then there exist linearly independent vectors
(3_14) xl»---»xn§y1,---,J’n€U

(where the x;’s have odd degree and the y;’s have even degree) such that @ has the
following form:

n
w= Z dx}dy}.
i=1
Again, if @ is nondegenerate then (3-14) is a basis for U . The bilinear form (—, —) :=
{(w) is given by the formula

(xi, yj) = dij,
{(xi,xj) = (i, y;) =0.

4 Infinity-algebra prerequisites

In this section we will review the definitions of three types of infinity-algebra, namely
Cxo, Ao and L. These are the (strong) homotopy generalisations of commutative,
associative and Lie algebras respectively. We will also define the appropriate notion
of a unital 4,,and Cy—algebra. We shall utilise the duality between derivations and
coderivations to define an infinity-structure as a homological vector field on a certain
formal supermanifold. This approach will provide us with the natural framework in
which to apply constructions from noncommutative geometry.

Let V be a free graded module and choose a topological basis t := {t;};c; of ZV*.
Then TXV* =K(t)). Recall from Section 1.1 that we say a vector field (continuous
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derivation) &: TSV* — TSV* vanishes at zero if it has the form
E=) " Ai()0y,
iel
where the power series A4;(t),i € I have vanishing constant terms.
We will now recall from [1; 11; 31] the definition of an Lo—, Aoo— and Ceo—structure
on a free graded module V. An L—, Aoso— Or Coo—algebra is a free graded module

together with an Loo—, Aoo— or Ceo—structure. Given an element x in a graded
algebra A we define the derivation ad x: 4 — A by the formula ad x () :=[x, y].

Definition 4.1 Let V be a free graded module:
(a) An L—structure on V is a vector field
m: STV* - STv*
of degree one and vanishing at zero, such that m?=0.

(b) An Aso—structure on V is a vector field
m: TSV* > TSV*
of degree one and vanishing at zero, such that m? = 0.

(¢) A Cyo—structure on V is a vector field
m: LYV* > LeV*

of degree one, such that m? = 0.

Remark 4.2 For most applications the definition just given will suffice. However for
an arbitrary graded ring K (as opposed to a field) it might lead to homotopy noninvariant
constructions. For example, the Hochschild cohomology of two weakly equivalent
Ao—algebras may not be isomorphic. In order to avoid troubles like this the definition
needs to be modified as follows. In all three cases the infinity-structure m can be
represented as

m=mi+my+---+my+---,

where m; is a vector field of order i . Note that since the vector field m vanishes at
zero, the leading term of m is of order one and not zero. Consequently, the condition
m? = 0 implies that m% = 0. In other words V together with the self-map 2, forms
a complex of K—-modules. We then require that this complex be cellular, in the sense
of [30]. This requirement is extraneous when for example, V is finitely generated and
free over K or when K is a field.
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Definition 4.3 Let V and U be free graded modules:

(a) Let m and m’ be Loo—structures on V and U respectively. An L o,—morphism
from V to U is a continuous algebra homomorphism

¢: SSU* - SZV*
of degree zero such that pom’ =mo¢.

(b) Let m and m’ be Axo—structures on V and U respectively. An Aso—morphism
from V to U is a continuous algebra homomorphism

¢: TSU* > TXV*
of degree zero such that pom’ =mo¢.

(c) Let m and m’ be Coo—structures on V and U respectively. A Coo—morphism
from V to U is a continuous algebra homomorphism

¢: LSU* - LIV*

of degree zero such that pom’ =mo¢.

Remark 4.4 We have a diagram of functors
4-1) Coo—algebras — Aoo—algebras — Loo—algebras

which depends upon the sequence of Lie algebra homomorphisms defined in Remark
3.3.

Recall that any vector field m: LYV* - LXV* can be uniquely extended to a
continuous Hopf algebra derivation (where TXV * is equipped with the cocommutative
comultiplication (shuffle coproduct) defined in Remark A.18)

m: TXV* > TSV*,

Also recall that all continuous Hopf algebra derivations on TSV* are obtained
from Der(ZEV*) in this manner. It follows that any Cyo—structure gives rise to
an Ao —structure in this way. Similarly, any continuous Lie algebra homomorphism
¢: LYU* — LEV* can be uniquely extended to a continuous Hopf algebra homo-
morphism
¢: TSU* > TSV*

and all continuous Hopf algebra homomorphisms are obtained from continuous Lie
algebra homomorphisms in this way. This is because the Lie subalgebra of primitive
elements of our Hopf algebra TS V* coincides with the Lie subalgebra LYV*.
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The category Aoo—algebras has a subcategory whose objects consist of the Aoo—
algebras whose A ,—structure is also a Hopf algebra derivation and whose morphisms
are the Ao,—morphisms which are also Hopf algebra homomorphisms. It follows from
the discussion above that this category is isomorphic to Coo—algebras.

Recall as well that any vector field m: TSV* > TSV* can be lifted to a unique
vector field

i SEV* > STV,
It follows that any A, —structure gives rise to a L o —structure in this manner. Similarly
any continuous algebra homomorphism ¢: TSU* — TSV* can be lifted to a unique
continuous homomorphism

¢: STU* > S=v*.

Observe that given a minimal Cy—algebra, ie a Coo—algebra for which the leading
term m, = 0, the corresponding L ,—algebra under the maps of diagram (4-1) is a
trivial algebra (ie the map 7 sends everything to zero).

We will now recall the definition (cf [12; 33]) of an important type of A and Coo—
algebra; unital A, and Cx,—algebras:

Definition 4.5 Let V be a free graded module:

(1) (a) We say that an A, —structure m: TSV* — TSV* is unital if there is a
distinguished element 1 € V' (the unit) of degree zero which can be extended
to a basis 1, {x;};er of V such that m has the form

(4-2) m=A(t)d: + Y _ Bi(t)d; +adt — 170,
iel
where 7,t := 1, {t;};cs is the topological basis of XV * which is dual to the
basis X1,{Xx;}ie; of XV . In this case we say that the A,,—algebra V is
unital or that it has a unit.
(b) Suppose that V' and U are two unital A,,—algebras. We say that an Ayo—

morphism ¢: TXU™* — TX V™ is unital if ¢ has the form

¢(T) =1+ At).

b)) = Bi(0).
where 7,¢ and t’, ¢’ are the topological bases of £V * and ZU™* which

are dual to the bases X1y, {Xx;}ics and EIU,{Ex]’.}jGJ of 2V and U
respectively.
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(i) (a) We say that a Co,—structure mi: LYV* — LYV* is unital if the corre-
sponding A —structure (see Remark 4.4) is unital.
(b) Suppose V and U are two unital Cy,—algebras. We say a Coo—morphism
¢: LXU* — LXV* is unital if the corresponding Aoo—morphism (see
Remark 4.4) is unital.

Remark 4.6 There is an alternative definition of an infinity-structure on a free graded
module V. This is the definition that was originally introduced by Stasheff in [42; 43].
According to this definition an infinity-structure on V' is a system of maps

mi VO SV, Q>

(where |m;| = 2—1) satisfying the higher homotopy axioms (and possibly some graded
symmetry axioms as well). For A,,—algebras for instance these axioms imply that
n, is associative up to homotopy (the homotopy being provided by s13) whilst for
L ,—algebras they imply that n1, satisfies the Jacobi identity up to homotopy. In
particular, in all three cases they specify that the map n72; is a differential and a graded
derivation with respect to the multiplication 71, .

There is also an alternative definition of infinity-morphisms in this context. These are a
system of maps

¢ VO S U, i>1
(where |¢V),-| = 1 —1i) satisfying certain compatibility conditions with the #7; and 7;’s
which specify the infinity-structures on V' and U respectively. In particular the map
¢1 must be a map of complexes; ¢1 omy =nt/ o¢1 We say that the infinity-morphism
given by this system of maps is a weak equ1valence if the map

¢1: (V,1iny) — (U, 1))

is a quasi-isomorphism. If 777 = 0 then we say that the A.,—algebra is minimal. It
is easy to see that a weak equivalence of two minimal infinity-algebras is in fact an
isomorphism.

Let us describe how this alternative style of definition is equivalent to that described
in Definition 4.1 and Definition 4.3 beginning with the Ao, case. Firstly there is a
one-to-one correspondence between systems of maps 77;: V® — V,i > 1 and systems
of maps m;: XV® — %V,i > 1 via the following commutative diagram:
. omy

V®l —V

4-3) (Z—1)®i T n—1 T
Sy ®i T SV
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Of course the m;’s will inherit additional signs from the Koszul sign rule. It is well-
known that a system of maps m;: ZV® — X V,i > 1 can be uniquely extended
to a coderivation m on the tensor coalgebra 7YXV which vanisheson K C TXV.
Furthermore all coderivations vanishing on K are obtained in this way, hence there is a
one-to-one correspondence

Homg (T XV /K, ZV) <> {m € Coder(TZV) : m(K) = 0}.

The condition 7% = 0 turns out to be equivalent to the higher homotopy associativity
axioms for the m1;’s. Now simply observe that the dual of a coderivationon TXV is a
continuous derivation on (TXV)* = TSV*. It follows from Proposition A.6 that our
two definitions of an A, —structure are equivalent.

Aoc—morphisms are dealt with in a similar manner. Again there is a one-to-one
correspondence between systems of maps q;,': V® - U,i > 1 and systems of maps
¢i: ZV® - 3U,i > 1. It is well known that systems of such maps are in one-to-
one correspondence with coalgebra morphisms ¢: TXV — TXU. The dual of a
coalgebra morphism ¢ is a continuous algebra homomorphism ¢*: TSU* > TV*.
The condition in Definition 4.3 which stipulates that ¢* commutes with the Aso—
structures reflects the compatibility conditions placed on the éi ’s alluded to in Remark
4.6. Further details on the formal passage to the dual framework can be found in
Appendix A.

The C case is a restriction of the A, case. Certain graded symmetry conditions are
placed on the maps 717;: V® — V in addition to the higher homotopy associativity
conditions. Namely, these symmetry conditions require that the maps #1; vanish on
shuffle products:

(4'4) n\;lp—i—q Z sgn(a)a-[xl ®"'®xp+q] =0,
(p,q)-shuffles
0E€Sp+tq

where a (p, g)—shuffle is a permutation o € S, such that
o(l)<o(2)<---<o(p) and o(p+1)<o(p+2)<---<o(p+q).

Equation (4-4) must hold for all p,q > 1. These symmetry conditions are satisfied if
and only if the corresponding A, —structure m: TSV* > TSV*isa Hopf algebra
derivation (ie a derivation and a coderivation), where TSV* is endowed with the
cocommutative comultiplication (shuffle coproduct) defined in Remark A.18. Similarly,
certain graded symmetry conditions are placed on the maps ¢Z,~: V® — U, in addition
to the usual requirement that the qgi ’s are compatible with the Ao —structures. Namely,
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these maps too must vanish on shuffles as in Equation (4-4). These e symmetry ¢ conditions
are satisfied if and only if the corresponding A .,—morphism ¢: TSU* > TXV*isa
Hopf algebra homomorphism. It now follows from Remark 4.4 that our two definitions
of a Coo—structure are equivalent.

The Lo case is slightly different. Systems of maps m;: S'XV — XV,i > 1 are
in one-to-one correspondence with coderivations m: SXV — SXV which vanish
on K C XV, where SV is equipped with the cocommutative comultiplication
defined in Remark A.18. Similarly systems of maps ¢;: S'XV — XU,i > 1 are
in one-to-one correspondence with coalgebra homomorphisms ¢: SXV — SXU.
The condition m? = 0 corresponds exactly to the higher homotopy Lie axioms. The
dual of a coderivation on SXV which vanishes on K is a continuous derivation

*:(SZV)* — (SXV)* which vanishes at zero, where (SXV)* is endowed with
the shuffle product. Similarly the dual of a coalgebra morphism ¢: SXV — SXU is
a continuous algebra homomorphism ¢* : (SXU)* — (SXV)*.

Since coinvariants are dual to invariants we have the following identity:
(STV)* =K x (ZV*)51 x (ZV*)®2)52 x (zV*)®3)Ss x ...

Recall that in Equation (3-7) we defined the map i: STV* - (SXZV)* which is the
canonical map identifying coinvariants with invariants and is given by the formula

(4-5) i1 ® - ®xp)i= ) 018 B

This map has an inverse 7: (SZV)* — % given by the projection
~ ~ 1 ~ A~
(4-6) T ® s ®Xp) 1= X1 @ o @ X

Using the maps i and 7 to identify the module (SEV)* with the module STV*,
the shuffle product on (SXV)* is transformed into the canonical commutatlve multi-
plication on SSV* which is inherited from the associative multiplication on TSV*.
From this it follows that our two definitions of a L, —structure are equivalent.

Further details on infinity-algebras and their definitions can be found in [24; 11,
Section 5; 35].

5 Minimal infinity-algebras

In this section we prove that any C,—algebra is weakly equivalent to a minimal one.
This theorem was first proved in the context of A,—algebras by Kadeishvili in [21],
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but it had its precursors in the theory of minimal models in rational homotopy theory;
cf [45]. It has since been reproved by many authors; cf [24] and the references therein.
The proof in the L, case was outlined in [27]. A proof in the Co,—case was given
in the recent paper [3]. We will give here a short proof based on the notion of the
Maurer—Cartan moduli space associated to a differential graded Lie algebra; cf [15].
With obvious modifications our proof works for the Ao and Lo, cases as well. Martin
Markl pointed out to us that the minimality theorem could also be derived from the
main result of [34] which states that structures of algebras over a cofibrant operad (such
as the Co—operad) could be transferred across quasi-isomorphisms.

In this section we make an assumption that K is a field, or, more generally, a graded field
(ie a graded commutative ring whose homogeneous nonzero elements are invertible).

We first recall some standard facts from the Maurer—Cartan theory following [15]. Let G
be a differential graded Lie algebra which we assume to be nilpotent, or, more generally,
an inverse limit of nilpotent differential graded Lie algebras. The set MC(G) C G! is
by definition the set of solutions of the Maurer—Cartan equation

1
(5-1) dV+5[V, yl=0.

Furthermore, the Lie algebra G° acts on MC(G) by infinitesimal affine transformations:
for « € G® we have a vector field y — do+[y, @] on MC(G). This action exponentiates
to an action of the Lie group exp(G°) on MC(G). We will call the set of orbits with
respect to this action the Maurer—Cartan moduli space associated to the differential
graded Lie algebra G.

Now let G, G, be two nilpotent differential graded Lie algebras. We assume that
they are endowed with finite filtrations {F,(G)} and {F,(G2)}, p=1,2,...,n and
there is a map of filtered differential graded Lie algebras f: G; — G, which induces a
quasi-isomorphism on the associated graded of G; and G,. Under these assumptions
we have the following result.

Theorem 5.1 The map f induces a bijection
MC(G1)/ exp(G)) — MC(G2)/ exp(G3)
between the Maurer—Cartan moduli spaces.
This seems to be a well known result and is formulated in this form in [10, Theorem
2.1]. However Goldman and Millson’s version [15, Theorem 2.4] does not readily carry

over since we are dealing with differential graded Lie algebras which are not necessarily
concentrated in nonnegative degrees. We therefore sketch a proof suitable for this
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more general situation. This proof is modelled on [9], Proposition 4.6. We start with
the definition of the simplicial Maurer—Cartan set (also called the simplicial Deligne
groupoid) associated to a differential graded Lie algebra G. A more detailed discussion
could be found in eg [20]. Let €2, be the algebra of polynomial differential forms on
the standard n—simplex; the collection Q¢ = {£2,}72 ; forms a commutative simplicial
differential graded algebra. Note that G ® €2, has the structure of a differential graded
Lie algebra.

Definition 5.2 For n > 0 set MC,(G) := MC(G ® 2,). The simplicial structure on
24 determines the structure of a simplicial set on MCe(G) :={MC,(G)};2, which
will be called the Maurer—Cartan simplicial set associated with G.

The main result of [41] implies that there is a one-to-one correspondence between
MC(G)/ exp(G®) and 7o(MCe(G)), the set of connected components of the simplicial
set MCe(G). Furthermore, for a surjective map of differential graded Lie algebras
G — @’ the induced map MCe(G) — MCo(G') is a fibration of simplicial sets. This
is proved (in a more general context for L,—algebras) in [9].

Finally, using induction up the filtrations of G; and G, and comparing the associated
towers of fibrations of simplicial sets we show that the simplicial sets MCe(G;) and
MCe(G>) are weakly equivalent. In particular, their sets of connected components are
in one-to-one correspondence. This finishes our sketch proof of Theorem 5.1.

Now let V' be a graded vector space and m be a Cy—structure on V. Then m is
a vector field on the Lie algebra z(EV*). We will denote XV* by W. Choose a
topological basis {x;};c7 in W and denote by G the Lie algebra of vector fields having
the form ) ;.; fidx,, where the f;’s are (possibly uncountably infinite) sums of Lie
monomials in x; of order 2 or higher. Clearly, this definition of G does not depend
on the choice of a basis and G is a formal Lie algebra. The Lie group exp(G°) is the
group of formal Lie series whose linear term is the identity linear transformation.

We will view G as a Lie DGA with respect to the operator m, the linear part of
the vector field m. Denote by Z*(W) and H*®(W) respectively, the cocycles and
cohomology of W with respect to m .

Note that G has a filtration given by the order of a vector field. This filtration is in
fact a grading and m; preserves this grading since a commutator of a linear vector
filed and a vector field of order n is again a vector field of order n. Therefore the Lie
algebra H®(G) is bigraded.

Furthermore, direct inspection shows that m —m; is a Maurer—Cartan element in G,
ie it satisfies Equation (5-1). Moreover, two Maurer—Cartan elements are equivalent
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with respect to the action of exp(G°) if and only if the corresponding Ceo—structures
are weakly equivalent through a formal diffeomorphism f = (fi, f2,...) of i(W)
whose linear part f; is the identity map. Following [39] we will call such equivalences
strict Coo—isomorphisms.

Let us now fix an integer n > 1 and denote by G, the quotient of G by the ideal
of vector fields having order > n. Using the geometric language we say that G, is
the group of germs of formal diffeomorphisms of order n. Clearly G, is a nilpotent
differential graded algebra and G = l(gln Gn.

Proposition 5.3 The Lie DGA G is quasi-isomorphic to its cohomology H*®(G) which
is considered as a differential graded Lie algebra with trivial differential.

Remark 5.4 The above proposition says that G is formal in the sense of rational
homotopy theory. We refrain from such a formulation, however, since the term “formal”
has a different meaning for us.

Proof Let Z*(W) be the space of m—cocycles in W and choose a section of the
projection map Z*(W) — H®*(W). Then H®*(W') could be considered as a subspace
in Z*(W) and hence also in W itself. Next, choose a section j: W — H®*(W) of
the embedding i: H*(W) — W.

Denote by H the Lie algebra of vector fields on the Lie algebra lA,(H *(W)) which
have order > 2. Observe that we have a natural isomorphism of vector spaces

G = Hom(W, L(W))
and similarly H = Hom(H*(W), L(H*(W)).
Using this identification, we define the maps i H — G and ] G — 'H as follows: for
Jf € Hom(H®* (W), L”(H’(W)) g € Hom(W, L”(W)) aeW,be H*(W) set
[[(/))@) = L"(@)o [ o j(a),
[7(£))b) = L"(j)ogoi(b).
Here we denoted by L' n= 2,3, ... the functor which associates to a vector space X

the space generated by the Lie monomials of length » inside E(X ). Note that only i
is a map of Lie algebras.

The functor L associating to a graded vector space the free Lie algebra on it commutes
with cohomology by [40, Appendix B, Proposition 2.1] (this is a consequence of the
Poincaré-Birkhoff-Witt theorem). Since the inverse limit functor is exact on the category
of finite dimensional vector spaces we conclude that H*® (L(W)) o~ L(H *(W)) and it
follows that the maps i, ] are quasi-isomorphisms as required. m|
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Remark 5.5 Note that our proof of Proposition 5.3 actually gives slightly more than
claimed. First, our proof shows the associated graded to G is quasi-isomorphic to its
own cohomology. (This holds simply because the filtration on G is in fact a second
grading.)

Second, denote by H,, the quotient of H by the ideal of vector fields of order > n.
Then the restrictions of “formality maps” 7 and ]~ determine mutually (quasi-)inverse
quasi-isomorphisms between G, and H,. Invoking again the analogy with rational
homotopy theory one can express this by saying that the pronilpotent differential
graded algebra G is continuously formal. This is an important technical point which is
necessary for the proof of the minimality theorem.

Corollary 5.6 (Minimality theorem) Let (V,my) be a C—algebra. Then there
exists a minimal Co,—algebra (U,my) and a weak equivalence of Cs,—algebras
U, my) - (V.my).

Proof Set U := H*(V) and W := XV *. Denote, as before, by G the Lie algebra
of vector fields on Z(W) of order > 2 and similarly denote by H the Lie algebra of
vector fields on z(H *(W)) whose order is > 2. Choosing a basis for representatives
of cohomology classes, we will regard H®(W) as a subspace in W. A choice of a
complement will determine a map of differential graded Lie algebras i: H — G which
is a quasi-isomorphism by Proposition 5.3. It suffices to show that 7 induces a bijection
on the Maurer—Cartan moduli spaces

MC(H)/ exp(H®) = MC(G)/ exp(GP).

Indeed, that would mean that any Cyo,—structure on V' could be reduced to a minimal
one using a composition of a strict Coo—isomorphism and a linear projection V —
U=H*(V).

To get the desired isomorphism, the tower of differential graded Lie algebras H, <
H3 < - - determines a tower of fibrations of simplicial sets MCe(H;) <~ MCo(H3z)---.
Similarly we have the tower of simplicial sets MCe(G3) < MCo(G3) -+ associated
with the tower of Lie algebras G, <— G3 < --- . Since G, is quasi-isomorphic to Hj
for all n we conclude that these towers of fibrations are level-wise weakly equivalent.
There are isomorphisms

lim MCe(Gn) = MCe(9),

l<ir_n/\/lC.(Hn) = MCe(H),

n
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and it follows that MCe(G) and MCe(H) are weakly equivalent simplicial sets. In
particular, their sets of connected components are in one-to-one correspondence. [

Remark 5.7 Proposition 5.3 and Corollary 5.6 extend in the context of Ao and Loo—
algebras. For L,—algebras the reference to the Poincaré—Birkhoff—Witt theorem is
replaced by the fact that the functor of S, —coinvariants is exact and therefore commutes
with cohomology. For A.,—algebras the corresponding issue never arises and in fact
the minimality theorem in the Ao, context is true in arbitrary characteristic.

6 The cohomology of infinity-algebras

In this section we will define the various cohomology theories for Lo—, Aco— and
Coo—algebras that we will use throughout the rest of our paper. There will be quite a
number of different cohomology theories to be defined. For A,—algebras it will be
useful to define additional quasi-isomorphic complexes computing the cohomology
of the A,—algebras. For example, this will allow us to describe a periodicity exact
sequence for Ay,—algebra cohomology. We will also prove some other basic facts
about A.,—algebra cohomology which are the infinity-analogues of familiar results for
strictly associative graded algebras.

6.1 Hochschild, Harrison and Chevalley—Eilenberg theories for infinity-
algebras

We will begin by defining the cohomology theories which do not involve the action of the
cyclic groups. These are the theories that control the deformations of infinity-algebras;
cf [16; 38; 6].

Definition 6.1 Let V be a free graded module:

(a) Let m: SSV* > STV* be an Loo-structure. The Chevalley—FEilenberg com-
plex of the Lo,—algebra V' with coefficients in V is defined on the module
consisting of all vector fields on STV *:

Co(V.V) =S ' Der(STV™).
The differential d: Co(V, V) — CZ(V. V) is given by
d(€):=[m.£]. &eDer(STV*).

The Chevalley—Filenberg cohomology of V' with coefficients in V' is defined as
the cohomology of the complex C2:(V, V') and denoted by H(V,V).
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Let m: TSV* — TSV* be an Aoso—structure. The Hochschild complex of the
Aso—algebra V with coefficients in V is defined on the module consisting of
all vector fields on 77XV *:

Choe (V. V) := 71 Der(T V).

The differential d: C3 ., (V. V) = Ci,en (V. V) is given by

och
dE):=[m,€], &eDer(TZV*).

The Hochschild cohomology of V' with coefficients in V is defined as the
cohomology of the complex C.,(V, V) and denoted by HJ (V. V).

Let m: LYV* — LEV* be a Coo—structure. The Harrison complex of the
Coo—algebra V' with coefficients in V is defined on the module consisting of all
vector fields on LXV™*:

Che(V. V) := S Der(LEV™).
The differential d: CJ3

Harr

dE):=[m,£], &eDer(LTV*).

(V. V) = C3,,(V, V) is given by

The Harrison cohomology of V' with coefficients in V' is defined as the coho-
mology of the complex C,..(V, V) and denoted by Hj, (V. V).

arr arr

Remark 6.2 The purpose of the desuspensions in the above definition is to make the
grading consistent with the classical grading on these cohomology theories.

Remark 6.3 The Chevalley—Eilenberg, Hochschild and Harrison complexes all have
the structure of a differential graded Lie algebra under the commutator bracket [—, —].
It was Stasheff who realised in [44] that on the Hochschild cohomology of a strictly
associative algebra this was the Gerstenhaber bracket introduced by Gerstenhaber
in [7]. Stasheff considered the A,,—structure as a coderivation m: T'XV — TXV
and defined his bracket on Coder(7 X V') as the commutator of coderivations. If we
were to translate this structure directly to Der(f X V*) via the contravariant functor
of Proposition A.6 then the induced Lie bracket {—, —} would be the reverse of the
commutator bracket

(&,yy=[r.£l, &yeDe(TEV*)

and the differential would be the map

Er>[E,m], EeDer(TEZV*),
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however, there is an isomorphism between this differential graded Lie structure and the
differential graded Lie structure we defined on C§ (V. V') above given by the map

£ (_1)\$|(I$|+1)(2|$|+1)/6+1E’ £ e Der(TEV*).

Now let us describe the cohomology theories which are dual to the corresponding
cohomology theories defined above.

Definition 6.4 Let V be a free graded module:

(a)

(b)

(©

Let m: SSV* — SSV* be an L o—structure. The Chevalley—Eilenberg com-
plex of the Lo —algebra V with coefficients in V* is defined on the module
consisting of all 1—forms:

Co(V.V*) := £DR}, (SZV™).
The differential on this complex is the (suspension of the) Lie operator of the
vector field m:
Lm: DRE,(SZV*) = DRE,(SZVH).

The Chevalley—Eilenberg cohomology of V' with coefficients in V* is defined
as the cohomology of the complex C3:(V, V*) and denoted by HZ(V,V*).

Let m: TSV* — TSV* be an Aoo-structure. The Hochschild complex of the
Aoo—algebra V with coefficients in V* is defined on the module consisting of
all 1-forms:

Chroen (V. V*) := SDRL(TEV*).
The differential on this complex is the (suspension of the) Lie operator of the
vector field m:

Lm: DRL (TSV*) - DRA(TZV*).
The Hochschild cohomology of V' with coefficients in V* is defined as the
cohomology of the complex C3 (V. V™) and denoted by Hj . (V. V™).

Let m: LYV* — LEV* be a Coo—structure. The Harrison complex of the
Coo—algebra V' with coefficients in V* is defined on the module consisting of
all 1-forms:

Chun(V, V*) := DR (LZV™).
The differential on this complex is the (suspension of the) Lie operator of the
vector field m:

Lm: DRL (LTV*) > DR} (LZV).
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The Harrison cohomology of V' with coefficients in V* is defined as the coho-
mology of the complex Cg,..(V, V*) and denoted by H3, (V. V™).

arr arr

Remark 6.5 Again the suspensions appear in order to keep the grading consistent
with the classical grading on these cohomology theories.

Remark 6.6 We did not prove that L,, is indeed a differential, however this is obvious
from Lemma 2.11:

, 1

Remark 6.7 Our definition of the Harrison complex implies that in the case of an
ungraded commutative algebra the zeroth term of the complex is not present. This
terminology differs slightly from what seems to be adopted in the modern literature
(eg [32]) in that in the latter the algebra itself is considered as the zeroth term (note,
however, that in his original paper [19] Harrison only defined the first, second and

third cohomology groups). This distinction is unimportant since the zeroth term always
splits off as a direct summand.

Next we will define the bar cohomology of an A,—algebra:

Definition 6.8 Let V' be an Ay, —algebra with Ao—structure m: TSV > TSV*,
We define the map b’ as the restriction of (the suspension of) m to Cg, (V) :=
SIE, (ZVH®:

[172, (EV*®c_, pyy*

(6-1) lb’ im

[12, (EV*)® . pyy*

The map b’ is a differential on Cg, (V') and we define the bar cohomology of the
Aoso—algebra V' as the cohomology of the bar complex Cg, (V) and denote it by
HE. (V).

Remark 6.9 We can also define a map b: [];2, (EV*)é’i - 172, (EV*)@ by
identifying []2, (EV*)®' with the underlying module of the complex Cg} ., (V. V*).
We do this via the module isomorphism ® 4 defined by Lemma 2.16:

och

5; O ss fa
[12, (2v*® —%DRL (TTV*)
6-2) J/b iLm

Y @ Ss -
[12, (2v*)® —DR! (TSV*)
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The complex whose underlying module is X [[]i2; ( V*)é’i | and whose differential
is (the suspension of) b is by definition isomorphic to the Hochschild complex of V'
with coefficients in V*.

Now we shall show that the bar cohomology of a unital A.,—algebra is trivial.

Lemma 6.10 Let V be a unital Ax,—algebra with unit 1 € V. There is a contracting
homotopy h: Cg, (V) — Cg§,.(V) which is the dual of the map

[e.°] o0
P=z=ve - Pzve,

i=1 i=1
X — 1® x.

Proof By Definition 4.1 part (b) the Ao —structure m: K{(z,t)) — K{(z, t)) has the
form

m= A(t)d; + Z Bi(t)d; +adt — 729,,
where t is dual to the unit 1 € V. V\;ee ;ave the following formula for the map /:
h(tx) =x, x e K{z,t),
ht;x) =0, x e K{z,t).
We calculate
b'h(tix) + hb'(tix) = 0+ h[([z, ;] + Bi(t))x] £ h(t;b'(x))
=h(ttix) = t;x.
b'h(tx) + hb' (tx) = b’ (x) + h(t?x) — h(th'(x))
=b'(x)+tx—b'(x)=1x.
Similar calculations show that
b'h(t;)+hb'(t;)=1t; and b'h(z)+hb'(r) =1.
therefore

b'h+hb' =id. O

Let V be a unital Ay,—algebra and let 7, ¢ be a topological basis of XV * where t is
dual to the unit 1 € V. Then TSV* =K((t,t)). We say a 1—form o € DR}A‘SS(fEV*)
is normalised if it is a linear combination of elements of the form ¢-dv where v e XV*
and g € K{(t)):

(6-3) a=A@t)dt+ Y Bi(t)di. A(t). Bi(t) € K(t).

iel
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We will denote the module of normalised 1-forms by ﬁiss(f V™). Itis clear to
see that the map ®ag defined by Lemma 2.16 identifies the module of normalised
1—forms with the module V* ® T (ZV/K)*.

Proposmon 6.11 Let V be a unital Aoo—algebra with Ao —structure m: TSV -
TSV*. The normalised 1—forms £DR Asg(T X V*) form a subcomplex of

Chocn (V. V¥) = (SDRA(TEV*), Lp).
Furthermore the subcomplex of normalised 1—forms is a chain deformation retract of

Cloen (V. V).

Proof By Definition 4.1 the Ao —structure m has the form

m=A@t)d:+ Y  Bi(t)d; +adt—1%0;.

iel

We calculate that for all ¢ € K{(¢)) and i € I,

Lin(q-dt;) =[t.q]-dt;+(=D)4H g . d[z,1;] mod DR (TSV*)
=[t.q]-dti+(=1)"" g (dv.ti] —[c.dt;]) ~ mod DR, (TSV*)
=[r.q]- dt;+(=1)[q. £;]- d-+(~1)1[g. 7] - dt; mod DR (T SV*)
= (=D)l[g,5]-dv =0 mod DR} (TS V*).

Slmllar calculations show that L,,(q-dt) € DRA“(T X V*) for all g € K(t)), hence
DRAQS(TEV ) is a subcomplex of Cg ., (V. V*).

Let xg,...,X, € ZV*, we say that the 1-form
(6-4) X1+ Xp-dxg

is i —normalised if xy ---x; € K{{#)). A generic i -normalised 1—form is a linear com-
bination of i —normalised elements of the form (6-4). Obviously (6-4) is n—normalised
if and only if it is normalised.

Let y be the constant vector field y := 19;. Define the map
si DRL (TSV*) - DR} (TTV¥)
by the formula

$i (X1 - X Xig1 - q - dxg) i= (=D)FIF Xy (g Xy - xg g - dixg,
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where Xxq,...,X;j+1 € ZV* and ¢ € K((z,t)). We define the map
hi: DRA (TZV*) - DRL (TZV¥)
as h; :=1id + Ly,s; + s; Ly, which is of course chain homotopic to the identity.

We claim that /; takes i —normalised 1-forms to (i + 1)—normalised 1-forms. Let
x,v € XV* q € K{z,t) and let p € K(t)) be a power series of order i so that
o := pxq-dv is an i—normalised 1-form. Let m; be the linear part of the Aoo—
structure m. We will now calculate 4; («):

hi(@) =0 + Ln((—1)?'y(x) pq - dv) + 5i:(m(p)xq - dv
+ (=D"? pm(x)g - dv+ (=D)!PIF ¥ pxm(q) - dv
+ (_1)|P|+|x|+|q|+1pxq,dm(v))
=a + (—=DIPly ()m(p)g - dv + (=)?! pm(qg) - dv
+ (—1)|P|+|‘1|+1pq-dm(v)]
+si([r. plg - dv) + (=D)"PH 1y (x)my (p)g - dv
+ (=D)!Pls; (pm(x)q - dv) + (= DXy (x) pm(q) - dv
(6-5) + (=P g (pxg - dm(v))
=a+ (=)?lyx)m(p)g-dv +y(x) pm(q) - dv
+ (=DM (x) pg - dm(v) — pxq - dv
+ (=DIPH Yy (ymy (p)g - dv + (—1)Plsi (pm(x)q - dv)
+ (=) (x) pm(q) - dv + (-)!PHFIF L (p g - dm(w))
= (=)"Ply)m(p)g - dv + (=DH1y (x) pg - dm(v)
+ (=17 Yy ymy (p)g - dv
+ (=D)Pls; (pm(x)q - dv) + ()P g (pxg - dm(w)).

Suppose that x, v € t := {¢;};ey. Then (6-5) implies that

hi(e) = (—=D)Pls;(plr, x]g - dv) + (=)IPHXHa+ g (pxg - d[r,v))
(6-6) = o + (=D)IPHIxIHalg ((pxg, v]-dT +[pxq. T]- dv)

= .

A similar calculation shows that /4;(«¢) = o when x € ¢t and v = t. This means that
h; acts as the identity on (i + 1)—normalised 1—forms.
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Now suppose that x =t and v € . Then
hi(@) = (=D)?l[z, plg - dv + (=D)/?lm1(p)g - dv + (=1)/41+ 1 pg - dm(v)
+ (=D (p)g - dv + (=1)Plsi(pe®q - dv)
+ (—1)|p|+|q|si (prq-dm(v)) + ((i + 1)-normalised 1-forms)
= (D)"Plepg-dv—a+ (D)1 pg-dm@) +a
+ (=)lPHlalg, (prg - dm(v)) + ((i + 1)-normalised 1—forms)
(6-7) = (=D)Plrpg-dv+ (=1)14H pg - d[z, v]
+ (=)lPHlalg; (prg - d[r, v]) + ((i + 1)-normalised 1-forms)
= (=D"?ltpg-dv + (=DM pgv-dr + (=D)"[pg. <] - dv

+ (_1)|t1|+1pqv dt + (—1)|q|+1pq1’-dv
+ ((i + 1)-normalised 1-forms)
=0+ (({ + 1)-normalised 1-forms).

A similar calculation shows that
hi(@) =0 mod ((i + 1)—normalised 1-forms)

when x = t and v = 7. This means that /; takes i —normalised forms to (i + 1)—
normalised forms as claimed.

We define the map H: DR} _(T'ZV*) eﬁ;ss(fEV*) as
H::.--ohnO.--ohzohl‘

By the definition of the £, s the map H is homotopic to the identity. Equations (6-5),
(6-6) and (6-7) show that H takes 1-forms to normalised 1—forms so H is a well
defined map. Lastly Equation (6-6) shows that H splits the inclusion

DR, (TSV*) < DRL (TSV*),

so H is the chain homotopy retraction exhibiting ﬁ}m(f X V*) as a chain homotopy
retract of DR}ASS(T 2 V*) that we sought. a

6.2 Cyclic cohomology theories

We will now define the cyclic cohomology theories for Loo—, Aco— and Coo—algebras.
The cyclic theory for A,—algebras was first defined in [12]. In [38] Penkava and
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Schwarz showed that cyclic cohomology controlled the deformations of the A.,—
algebra which preserve a fixed invariant inner product. Our approach to defining
cyclic cohomology will be different however, in that we will use the framework of
noncommutative geometry.

Let V' be a profinite graded module. We say ¢g(t) € TSV* vanishes at zero if it
belongs to the ideal ZV*-TXV* of TXV*, ie the power series ¢(t) has vanishing
constant term.

Definition 6.12 Let V' be a free graded module:

(a) Let m: SSV* — STV* be an Lo —structure. The cyclic Chevalley-Eilenberg
complex of the L,—algebra V is defined on the module of 0—forms vanishing
at zero:

CCL(V) := E[{g € DR, ,(SZV*): g vanishes at zero}].

The differential on this complex is the restriction of the (suspension of the) Lie
operator of the vector field m:

Lm: DRY (SEV*) = DRY,(STV*)
to CC&g (V). The cyclic Chevalley—Eilenberg cohomology of V is defined as
the cohomology of the complex CC¢ (V) and is denoted by HCZ (V).

(b) Let m: TSV* > TIV* bean Aoso—structure. The cyclic Hochschild complex
of the Axc—algebra V is defined on the module of 0—forms vanishing at zero:

CCiocn(V) = E[{g € DR (T ZV*) : ¢ vanishes at zero}].

The differential on this complex is the restriction of the (suspension of the) Lie
operator of the vector field m:

Lm: DR (TSV*) - DR (TZV*)

to CChoen(V). The cyclic Hochschild cohomology of V' is defined as the
cohomology of the complex CC,.,(V) and is denoted by HCyy,., (V).

(c) Let m: LYV* > LYV* bea Coo—structure. The cyclic Harrison complex of
the Co—algebra V is defined on the module consisting of all 0—forms:

CC}, (V) := SDRY (LEV™).

The differential on this complex is the (suspension of the) Lie operator of the
vector field m:

Lm: DRY (LTV*) - DR, (LSV™).
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The cyclic Harrison cohomology of V' is defined as the cohomology of the
complex CCyy,,.(V) and is denoted by HCy, (V).

Remark 6.13 Note that a consequence of the above definition is that the cyclic
Chevalley—Eilenberg complex is just the Chevalley—Eilenberg complex with trivial
coefficients.

It will be useful for the purposes of the next section to describe equivalent formulations
for the cyclic cohomology of an A,—algebra. For this we will need the following
lemmas:

Lemma 6.14 Let V be an Ao, —algebra and consider the maps b’ and b defined by
diagrams (6-1) and (6-2) respectively. Then:

(i) bN =—NVb'.
(i) b'(1—z)=—(1—-2z)b.
Proof (i) This is a tautological consequence of Definition 6.8, Lemma 3.1 and
Lemma 2.11 part (v).
(i) Let xeXV* and y € (Z‘V*)é’” for n > 0:
b'(1=2)xy = b'(x. yD) = [m(x). ]+ (DM m ()],
(1-2)b(xy) = (1 - 2)O3ALm(dx - y)
= —(1-2)0,(dm(x)- y) = (D1 = 2O (dx -m(y)).
By a calculation similar to that of Equation (3-3) we could deduce that
Ores @1 ® - ®x1)-y) = (I +z 44211 & ®xi-p
and since (1 —z)(1 +z+4---4z/~1) = 1 —z/ we use Equation (3-2) to conclude that
(1=2)b(xy) = =(Im(x). 11+ (=D xm(),
therefore b'(1 —z) = —(1 — z)b as claimed. ad

We can now define a new bicomplex computing the cyclic cohomology of an Ax,—
algebra:
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Definition 6.15 Let V be an A, —algebra and consider the maps »” and b defined
by diagrams (6-1) and (6-2) respectively. The Tsygan bicomplex CC};ygan(V) is the
bicomplex

(2[ I1 (EV*)éi:|,b) 17 (z[]‘[ (EV*)@”'],b’)
i=1 i=1

o0
A, (z[]‘[ (zv*)@”’],b) 17
i=1

An element has homogeneous bidegree (7, j) if it is in the i —th column from the
left (where the leftmost column has bidegree (0, #)) and has degree ; in the graded
profinite module X [[]52, (X V*)®']. The Tsygan cohomology of the Aoo—algebra V
is defined as the total cohomology of the bicomplex CCtgy,,, (V) formed by taking
direct sums, that is to say that it is the cohomology of the complex

c-T1( @ )

neZ \i+j=n

where C%/ is the component of CCliygan (V) of bidegree (i, j).

Remark 6.16 Note that the odd numbered columns are copies of the Bar complex
Cg.(V) whilst the even numbered columns are isomorphic to the Hochschild complex
Cloan (V. VF).

Remark 6.17 Since the underlying module V' is Z—graded, the direct product totali-
sation of the Tsygan complex might a priori lead to different cohomology. This issue
does not arise if we assume that the underlying module V' is connected (Z>y—graded)
since in this case, the direct product and the direct sum totalisation are in agreement.

Let us now show that Tsygan cohomology computes the same cohomology as cyclic
Hochschild cohomology which we defined earlier:

Lemma 6.18 Let V be an Ao, —algebra:

(i) The map b': [I%2, (2VH® - [[2, (SV*)® defined by diagram (6-1) lifts
uniquely to a map

oo o0

b [T(EvH®), - [T (EvH®),.

i=1 i=1
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This gives rise to the following identity:

o0

CC;Ioch(V) = (E |: 1_[ ((EV*)®i)Zi:| ) b/) .

i=1

(ii) There is a quasi-isomorphism of complexes
o S
(e, o) 5ot
i=1
which is given by mapping E[ 152, ((E V*)®’.)Z.] onto the leftmost column
of CC'}:ygdn(V) b)’
(9] . N [e'e) .
b [ I1 ((EV*>®’)ZI.] — % [1‘[ (= V*)@”} = CCTy gan(V) C CCygan (V).
i=1 i=1
Proof (i) Recall that
DR (TSV*) =TEV*/[TSV* TEV*
The claim then follows tautologically from Equation (3-2) and the definitions.

(i) This map is a quasi-isomorphism because

(z[n;’il ((zV*)@”‘) }b) (V)
Zi

is a resolution of (Z[[[j=; ((= V*)@)Zi], b'y. ]

Following Lemma 6.18 we will denote the cohomology of the Tsygan complex
by HCP,., (V). We will now describe the periodicity long exact sequence linking
Hochschild cohomology with cyclic cohomology:

Proposition 6.19 Let V be a unital Ao,—algebra. Then we have the following long
exact sequence in cohomology:

B _ S 1 B _ S
S HC2 (V) = HCon (V) —= Hpo o (V. V) 2= HOR-L (1) = -+
Proof There is a short exact sequence of complexes

—_ (1] S (1) [ 1)
0 ——> =72 CCygun(V) > CCIygan (V) —T> CCL20 0n (V) —— 0

Algebraic & Geometric Topology, Volume 9 (2009)



Cohomology theories for homotopy algebras and noncommutative geometry 1551

where CC{2}13,.,,(V) is the total complex of the first two columns of CCTgy,,,(V):

Cc{z}Tiygan(V):: (E [nl—l (EV )®l] b) (E [Hl—] (EV )®l] b)

By Lemma 6.10 the second column of CC{2}TSygan(V) is acyclic, so CC{2}TSygan( )
is quasi-isomorphic to its first column which is just the complex C3 .,(V, V™) by
Remark 6.9. The long exact sequence in cohomology of the proposition is derived
from the above short exact sequence of complexes. m|

Remark 6.20 We can describe the connecting map
B: HHoch(V V ) - HCHoch(V)

more explicitly as follows: first of all as mentioned in Proposition 6.19, the projection

7t CCL2130 (V) — (z[ I1 (ZV*)éi:|,b)

i=1

of CC{Z}Tgygan(V) onto the first colnsumn is a quasi-isomorphism. A simple check
reveals that this map has a section (and hence a quasi-inverse)

o0
i (2{ 1 (EV*)@”},b) — CC{2}eygan(V)
i=1
which is defined as follows:
e S © S © S
[[EvH® - [JevH® e ] Ve,
i=1 i=1 i=1
X — x®—h(l-2)[x],

where h: 72, (Z V*)®i - T[172, (= V*)é’i is the contracting homotopy of Lemma
6.10. It follows from the definitions and a simple check that the connecting map B is
the map induced by the following map of complexes:

o (M) = (5| Hievo |#)

X — —h(1—2)[x].
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A similar check also shows that the map I: HCJj ., (V) — H[j . (V. V*) is the map
induced by the following map of complexes:

(2{ ]‘[((EV*)@')Z,},//) ~ (2[]‘[ (EV*)@’i:|,b),
i=1 i=1

X [ N - x.

6.3 Connes complex and normalised cyclic cohomology

In the case of a unital A.,—algebra (just as in the case of a unital strictly associative
algebra) the Tsygan complex could be simplified, excluding the acyclic columns. The
obtained bicomplex is called the Connes complex. It also makes sense to consider the
normalised cyclic complex. In contrast to the Hochschild cohomology, the normalised
cyclic cohomology do not agree with cyclic cohomology, the discrepancy being the
cyclic cohomology of the ground field. In the strictly associative case this is proved
in [32].

Definition 6.21 Let 1/ be a unital 4, —algebra and let 7, ¢ be a topological basis of
X V*, where t is dual to the unit 1 € V' so that XV* splits (as a module)
(6-9) TV i=3SK*@ XV,
where SV * is the module linearly generated by the #; and K* is generated by .
(i) Define the map
o S o P~
B:[]EvH® > [T EvH®
i=1 i=1
of degree —1 by the formula B’ := N/h(1 — z), where & is the contracting

homotopy of Lemma 6.10. It follows from Lemma 6.10 and Lemma 6.14 that
the following diagram is a bicomplex

l 1 1 1
EB/ ( ( )A ) Z—IB/

i=1
An element has homogeneous bidegree (i, j) if it is in the i —th column from
the left (where the leftmost column has bidegree (0, e)) and has degree j in
the graded profinite module X!~ [[]52, (ZV*)®"]. We call the direct sum
totalisation of this bicomplex the Connes complex and denote it by CCZe . (V).
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(i) Define the map
— 0 e o0 Soe
B:[]EvH® > [ EvH®
i=1 i=1

of degree —1 by the formula B’ := N /. The subcomplex

0 n 0 -~ n’
(z{ [[zv*& (217*)@},19)& ({ [[zv*e (217*)®'],b) ZB_ ...
i=0 i=0
of the Connes complex is called the normalised Connes complex and denoted
by CCConnes(V)'

Lemma 6.22 Let V be a nonnegatively graded unital A.,—algebra.

(i) The map from CCgy (V) to CCrgyy,, (V) given by mapping the i—th col-

umn of CCZe,,e<(V) onto the (2i)~th and (2i + 1)~th column of CCtg,,, (V)
according to the formula

6-10) zl—i[r]:[l(zv*)@} — E|:E(EV*)®’:|®E[£[1(EV*)®’:|,
X — (—l)ix@(—l)i"'lh(l—z)[x];

is a quasi-isomorphism.
(ii) The map from CCp (V) to CCgy (V) which is given by mapping

I152, ((ZV*)®) 2] onto the leftmost column of CCot, . (V) by

o0 o0
Ri N Qi 0,e '
) |: H((EV*)®1)ZIi| - E|: l_[ (EV*)®li| = CCCOrmes(V) C CCConnes(V)
i=1 i=1
is a quasi-isomorphism.
(iii) The canonical inclusion of the normalised Connes complex @gmnes(V) into
the Connes complex CCZs,, (V) is a quasi-isomorphism.

Proof It follows from Lemma 6.10 and Lemma 6.14 (ii) that the map described by
(6-10) induces a map on the totalisations of the bicomplexes respecting the differ-
entials. Consider the filtration on CCg¢, . (V) given by columns and the filtration
on CCtgy, (V) given by filtering by double columns. The map (6-10) respects this
filtration and it follows from Remark 6.20 that it induces an isomorphism between the
spectral sequences at the E! term. Therefore it is a quasi-isomorphism. Part (ii) is
an immediate consequence of part (i) and Lemma 6.18 (ii). Part (iii) follows from a
similar spectral sequence argument by applying Proposition 6.11. m|
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One can also consider the appropriate normalised version of cyclic cohomology for
unital A.,—algebras. Unlike the noncyclic case, its cohomology is not the same as that
of the unnormalised complex, but the discrepancy is measured by the cyclic cohomology
of the field (cf [32]).

Proposition 6.23 Let V be a minimal unital nonnegatively graded A, —algebra and
let 7,t be a topological basis of ZV* so that XV* splits (as a module)
TV* i =SK*@xV*

in the same way as before (cf (6-9)). The subspace of CCyy.,(V) of normalised
noncommutative 0 —forms defined by the formula:

@Izoch(V) = Z‘[{q € DRgSS(f[E V*)) : ¢ vanishes at zero }]

forms a subcomplex of CCyy.,(V). It fits into a long exact sequence in cohomology:

0 —
(6_11) T Hcﬁoch(v) ‘[> Hcﬁoch(v) l> HC, och(K) ‘> HCZ;;L(V) —_—

where m is dual to the inclusion K C V and ¢ is the canonical inclusion of the
normalised cochains into CCJy,,(V'). Moreover, if V is a minimal unital nonnegatively
graded Cy,—algebra, then the connecting map 0 is equal to zero.

Proof By definition, any unital A —structure has the form (4-2); therefore it sends a
normalised O—form to another normalised 0—form plus a term given by the derivation
ad r. This term is a commutator and therefore vanishes. It follows that @;Och(V) is
a subcomplex as claimed.

Consider the following commutative diagram:

EZoch (V) —— CC’IZIOCh(V) CCﬁoch (K)
v |
(6_ 12) N CCConnes(V) H CCConnes( )

J J

T

ker(m)——— @gonnes V) ——= @Zonnes (K)

Since the central and rightmost vertical arrows are quasi-isomorphisms and the bot-
tom row is a short exact sequence, we will have the claimed long exact sequence in
cohomology if we can prove that the lefthand vertical arrow is a quasi-isomorphism.
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To this end, consider the filtration {F,}5> | of K :=ker(r) whose p—th term is the

p
subcomplex
;fiPEV*@@(EV*)@ -1 5 Si,,EV*@@(EV*)@’ -
(SV*)®p (SV*)8p

and the filtration of @LOCh(V) whose p—th term is the subcomplex
o0 — ~
(z[ I1 ((EV*)@)Z,},H)-
r=p

Both filtrations are exhaustive and bounded below. The lefthand vertical arrow of (6-12)
respects these filtrations.

Let ve XV* and ¢ € $V*®P=1_ It follows from the definition of a unital Aoo—
structure (4-2) and a simple calculation that

Ly(dv-q) =dt-[v,q]+ dv- (terms of order > p).

From this calculation we can deduce the shape of the complex F,K/F, 1 K:

Ty*er Ty*er Ty *er
=] ] ]
Ty *®r Ty *®er Ty *®r

It follows that the lefthand vertical arrow of (6-12) induces an isomorphism between
the spectral sequences associated to these filtrations at the E! term and hence it is a
quasi-isomorphism as claimed.

Lastly, we must verify that if V' is a C—algebra then the connecting map 9 is equal
to zero. Since V is a (minimal) Cy—algebra with C,—structure m it follows that
given any v € XV*, m(v) is a sum of commutators and therefore

b(v) = OxL Lyd(v) = OxLd (L (v) = 0.

Using this fact one can check that the connecting map is indeed equal to zero. O

7 The Hodge decomposition of Hochschild and bar cohomol-
ogy

In this section we will be concerned with constructing the Hodge decomposition of the
Hochschild and bar cohomology of a Cy—algebra. Given a Coo—algebra V' we will
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construct both the Hodge decomposition of the Hochschild cohomology of V' with
coefficients in V'* as well as the Hodge decomposition of the bar cohomology of V.

The Hodge decomposition of the Hochschild (co)homology of a commutative algebra
has been described by many authors such as Gerstenhaber and Schack [8], Loday [32,
Sections 4.5-4.6] and Natsume and Schack [37]. Our approach will be to determine
a Hodge decomposition for Cy,—algebras and this will naturally include a Hodge
decomposition of the Hochschild cohomology of a commutative algebra. Our results
however are more than just a mere generalisation of the results contained in [32; 37].
Considering the Hodge decomposition in the broader perspective of Coo—algebras leads
us to use the framework of noncommutative geometry. This is a very natural setting
in which to construct the Hodge decomposition and leads to a much more conceptual
approach, resulting in a streamlining of the calculations. The pay off is that we are able
to obtain new results, even for the Hodge decomposition of commutative algebras.

Let W be a profinite graded module. For the rest of this section we will denote the
canonical associative multiplication on Tw by . The cocommutative comultiplica-
tion (shuffle product) on TW defined by Remark A.18 will be denoted by A. This
gives TW the structure of a Hopf algebra.

The Hodge decomposition will be constructed from a spectral decomposition of an
operator which we will refer to as the modified shuffle operator and which we will now
define. The original “shuffle operator” was used in [8; 37] and seems to have originally
been introduced by Barr in [2].

Definition 7.1 Let W be a profinite graded module. The modified shuffle operator s
is defined as
S:=puA: TW —>TW.
We denote its components by
Sn W‘g’” — W®”.

We also define a second operator 3: []i, we 172, W® by the commutative
diagram:

00 & S . 00 ®i
[Ti=, w® [Ti=, w®
We denote its components by

En: W®n+1 N W®”+1,
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Next we will define a filtration of 7W which comes from the observation 7 W =
U (LW). This will assist us in our calculations later:

Definition 7.2 Let W be a profinite graded module. Define the increasing filtration
{Fp(fW)};OZO of TW as follows: Fp(fW) is defined as the submodule of 7W
which consists of all (possibly uncountably infinite) linear combinations of elements of
the form

&1 8is
where g1,...,8; € LW and 0<i < p. By convention FO(fW) =K.

Remark 7.3 Note that this filtration is not exhaustive but that W& C F, " (YA’ W). Also
note that this filtration is preserved by the modified shuffle operator s. This follows
from the fact that LW consists of primitive elements of the Hopf algebra (T W, u, A).

Now we will determine the spectral decomposition of the modified shuffle operator s.
We will do this by exhibiting a certain polynomial that annihilates it. Let us define the
polynomial v, (X) € Z(X) for n > 0 by the formula

n

(7-1) va(X) =X =%, Ai=2".

i=0
Lemma 7.4 Let W be a profinite graded module. For all n > 0,

n
vn(sn) = [ JGsn—2sid) = 0.
i=0

Proof Let us prove the following equation:
(7-2) Sp(x) = Apx mod Fp_l(TW), for all x € Fp(fW) nwen,

Since the modified shuffle operator s preserves the filtration, we may assume that x is
a linear combination of elements of the form gy --- g, where g; € LW .

We calculate that for all g1,...,gp € zW,
Sn(g1-+-&p) = MA(g1 -+ &p)
=pulg1®1+18g1) (g, ®1+1®gp)]
=2Pgy---g, mod Fp_l(fW).
The last equality follows since by using commutators we can transform

wlgi®1+18g1) - (gp®1+1®gp)]
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into 27 gy --- gp. By definition, these commutating elements are in F,_; (f W). This
calculation implies Equation (7-2) from which the lemma follows as a trivial conse-
quence. O

Remark 7.5 Note v,(X) is not the minimal polynomial for s, . The minimal polyno-
mial of s, was constructed in [8] and is given by the formula:

pn(X) = { X—%. n=0.
Definition 7.6 Let W be a profinite graded module. We define a family of operators
e(j): TW > TW, i>0,
en(J): wen _, yeén
as the Lagrange interpolation polynomials of the operator sy, :
-1
B\ . HOSrSn()\j —Ar) [To<r<n(sn —Arid), 0= j <n,
€n (]) T r#j r#j
0 Jj >n.
We also define a family of operators
00 . [e'e) .
cG): [[we® > [[we. j=o0
i=1 i=1

by the commutative diagram

5 el) 5:
[T2, we —— 2, w®

and denote their components by
gn(]) W@)n—i—l N W®”+1.
Lemma 7.7 Let W be a profinite graded module. We have the following identities:
(@) sn=~Aoen(0) 4+ Anen(n).

(a*) s= Z;‘io Aje(j).
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(b) id, =e,(0) +---+en(n).
(b*) id=3725e()).

(©) en(i)oey(j)= {en(i), =7,

0, ]
@) eioetn={ G157

Proof (a), (b) and (c) are a formal consequence of Lemma 7.4. Since we assume
that our ground ring K contains the field Q and since the polynomial v, (X) € Z(X)
defined by Equation (7-1) annihilates s, and has no repeated roots, elementary linear
algebra implies that s, is diagonalisable. The map e(j) is the projection onto the
eigenspace

{x € TW: s(x) =Ajx}.

(a*), (b*) and (c*) are trivial consequences of (a), (b) and (c) respectively. m|

Remark 7.8 Since (/) := 1 ® e(j), the same identities hold when we replace e ()
with €(j), s with § and id, with id, 4+ in the above Lemma.

We want to use the spectral decomposition of the modified shuffle operator s to construct
a decomposition of the relevant cohomology theories. For this we need the following
lemma:

Lemma 7.9 Let V be a C—algebra and consider the maps b’ and b defined by
diagrams (6-1) and (6-2) respectively. Also consider the maps s, s 12, (= |7 =
[172, (EV*)® defined in Definition 7.1. We have the following identities:

(i) sob' =b'os.
(ii) Sob=bos.
Proof Let m: LXV* — LXV* be the Coo—structure on V. Recall from Remark

4.4 that this could be considered to be an A o, —structure m: TXV* > TSV* which
is also a Hopf algebra derivation of the Hopf algebra (TXV™*, u, A):

(i) This is just a trivial consequence of the definition of 4’ and the fact that m is a
derivation of the Hopf algebra (TXV*, u, A):

(7-3) uAm=pm® 1 +1Qm)A =muA.

Since b’ is the restriction of m to [[72; (ZV*)® we obtain sob’ =bos.
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(i) Let Oas: [Ii2; (T V*)éi — DRASS(fEV*) be the module isomorphism we
defined in Lemma 2.16. Let x € ZV* and y € (XV*)®” for n > 0. Then
b3(xy) = b(xs(y)) = O Lm(dx - 5(»))
= —Ox(@dm(x) -5 (1) = (=D¥x-sm(p),
where the computation of the last term follows from Equation (7-3). Furthermore
5b(xy) =50 Lm(dx - y)
= —FORL(dm(x)-y) — (=D¥|x-sm(y).
We would like to show that given any u € LYV* and w € TSV* we have the
following identity:
(7-4) O nas(dut - s(w)) = FOL L (du - w).
Since m maps XV* to LEV* it will follow from Equation (7-4) that Sob = b o%.
Since LX V™ is generated by Lie monomials and (7-4) is a tautology for a Lie monomial

u of order one (ie u € XV™*), we can proceed by induction and assume there exists
uy,uy € LYV* such that u = [uq, u;] and such that (7-4) holds for u; and u,:

du-s(w) = dluy,uz]-s(w) = [duy, us]- s(w) — (=D W2l duy 1] s (w)
= duy -[uz, sw)] — (=D 2l gy - [uy, s(w)].
du-w = duy,us]-w = duy -[uy, w]— (=) qyy iy, w).
By the inductive hypothesis we obtain
5OxA(du - w) =503 (duy - [uz, w]) — (=D 25O (duy - [uy, w))
= Ok (duy - s(uz. w)) — (=D 2lO7 L (duy - s ([uy, w])).

In order to complete the proof we will need one final auxiliary calculation. Recall that
LY V* coincides with the Lie subalgebra of primitive elements of the Hopf algebra
(TZV*, u,A). Letae LXV* and b € TEV*. Then

s(la, b)) = ula® 1 + 1 ®a, Ab]
=pn@®1-Ab— (=D)AL 1 & a)
(7-5) +u(1®a-Ab—(—)PIAp .4 & 1)
=a-puAb— (=)l Ap.a—0
= [a, s(b)].
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Finally we can establish Equation (7-4) and hence conclude the proof:
Ons(du-s(w)) = O L(duy - [uz, s(w)]) — (~D)“112l Q7L (duy -[uy, s(w))),
= OxL(duy - s(uz, w)) — (=DM QL (duy - s([uy, w))),

=50k (du-w). |

Corollary 7.10 Let V be a Co,—algebra and consider the maps
w = . m =,
e()).20): [TEVH® - [TEvH®
i=1 i=1
defined by Definition 7.6. We have the following identities:

(i) Forall j > 1,

e(j)ob =b"oe(j).
(i) Forall j =0,

e(jyob=boe(j).

Proof This is just a formal consequence of Lemma 7.9 and Lemma 7.7. e(j) is just
the projection onto the eigenspace

o0
{x e[[EVvH® s(x) = ij}
i=1
whilst €(j) is the projection onto the eigenspace
w S
{x e[[EVH® :5(x) = ij}.
i=1

Lemma 7.9 then tells us that " and b preserve these eigenspaces respectively and
hence commute with the projections e(j) and e(j) respectively. ad

We are now in a position to state the main theorem of this section; the Hodge decom-
position of the Hochschild and bar cohomology of a C,—algebra:

Theorem 7.11 Let V be a Co,—algebra:

(i) The bar complex Cg, (V') of the Coo—algebra V' splits as the direct product of
the subcomplexes ¥ (e(j) [[ e, (ZV*)®]):

G =1 (z<e<j>[1‘[ (EV*>®"D,b’).

j=1 i=1
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(ii) The Hochschild complex of the Coo—algebra V' with coefficients in V'* splits as
the direct product of the subcomplexes ¥ (€(j) [ 172, (ZV*)®)):

Gl V.V =T] (2 (5(]){1‘[ (EV*)@']),b).
j=0 i=1

Proof (i) This is just a trivial consequence of Lemma 7.7 and Corollary 7.10. Lemma
7.7 tells us that the module [[j2; (= V*)®7 splits as a product of submodules

[TEvH® =] e(j)[ I1 (EV*@"]
i=1 j=1 i=1

Corollary 7.10 (i) tell us that when we equip [[;2, (EV*)®i with the differential 5’,
the modules e(j)[[I52; (ZV*)®'] are actually subcomplexes of ([]72, (ZV*)®,5).

(i) Lemma 7.7 tells us that the module []72; (Z V*)@’i splits as a product of sub-

modules

o0 - o0 o0 .

[TeEvH® =]] Z(j)[ 1 (zV*>®’}.

i=1 j=0 i=1 )
Corollary 7.10 (ii) tells us that when we equip []7=, (ZV*)® with the differential b
the modules 2(;)[[]52; (ZV*)®'] are actually subcomplexes of ([[2; (SV*)®,b).
By Remark 6.9 the complex C3,,(V, V*) is isomorphic to (Z[[[72; (EV*)®],b).

O

Definition 7.12 Let V' be a Coo—algebra. Define the complex C{j)f,.,(V. V™) as
the subcomplex of C .,(V, V™) given by the formula

och
C () hoen (V- V*) 1= (z (zm[]'[ (EV*)@"'D,b), j=0
i=1

and denote its cohomology by H (j)f (V. V™).

Let /: DRiie(iZV*) > DR/LSS(YA"EV*) be the map defined by Equation (3-5). Sup-
pose that V' is a Coo—algebra. Then by Lemma 3.4 we see that / is a map of complexes

I: Cpan (V. V) = Coan (V. V).

We shall now show that this map is in fact split:

Proposition 7.13 Let V be a Co,—algebra. There is an isomorphism
Clan (V. V) = C(Ifoen (V. V).

In particular the map [: Cg, . (V,V*) = C,.,(V. V¥) is split.

arr
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Proof We shall show that

o0
(7-6) e(1)|:1_[(ZV*)®ii| =L3V*

i=1
The proposition will then follow as a simple consequence of this. Since the Lie
monomials generate the Lie subalgebra of primitive elements of the Hopf algebra
(TZV*, u, A) we have

Lsv*c {x c[TEVH® is(x) = zx} = e(1)|:1_[ (zv*)@}.

i=1 i=1

To prove the converse we consider the filtration {F; p(TEV*)}"O of TSV* defined
by Definition 7.2. Let x € F (TEV*) and suppose that s(x) = 2x. Then by Equation
(7-2),

2x =s(x) =2Px mod F),_ TSV,
It follows that if p > 1 then x € Fj,_ 1(T ZV*). By induction on p we conclude
that x € F{(TSV*). Equation (7-6) now follows from the fact that (ZV*)®"
Fu(T X V*) and from the identity

FI(TSV*)=K® LsV*.
Equation (7-6) implies that
oo
5(1)[]_[ (zv*)@} =SV*RLEV*.
i=1
We see from diagram (3-9) that we have the following identity:
0 ~
(7-7) I[ DR} (LEV*)] = Oase(1) [ I1 (EV*)®’C|.
i=1

It follows that ® L o/ is an isomorphism between Cj},.(V, V*) and C(1 Mocn (V- V)
and that / is spht O

Proposition 7.13 allows us to establish the analogue of Proposition 6.11 for Ceo—
algebras. Let V be a unital Co,—algebra and choose a topological basis 7,¢ of ZV*,
so that X V* splits (as a module)

SV =SK*® ZV*,

where XV * is the module linearly generated by the #; and K* is generated by 7, where
7 is dual to the unit 1 € V. Recall that the module of normalised noncommutative
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1—-forms ﬁiss(f 2 V*) is the module generated by elements of the form ¢ - dv for
q € K{t) and v € ZV*; cf Equation (6-3). Likewise, we can define the module of
normalised Lie 1-forms ﬁLle(ZE V*) as the module which is generated by elements
of the form ¢ - dv for ¢ a formal Lie power series in the variables t = {t;};cy and
veXV*;ie DRLle(LEV*) is the inverse image of DRA»(TEV*) under the map /.

Corollary 7.14 The normalised 1—-forms Eﬁiie (ZE V*) form a subcomplex of

Chrae (V. V¥) := (EDR}(LEV™), Lyy)

which is quasi-isomorphic to C3,.(V, V*) under the canonical inclusion.

Proof 1t is clear that the operator § on Cj (V. V'*) descends to an operator on the
normalised cochains

Consequently we obtain a Hodge decomposition
o0 _ ~. o0 o0 _ ~.
(]_[ TV (Z‘V*)®’,b) =11 (5(1')[]_[ TV (EV*)®’i|,b)
i=0 j=0 i=0

of the complex of normalised cochains which is compatible with the Hodge decomposi-
tion of Cj,,(V, V™) under the inclusion. Using the same arguments as above we can
identify the summand (1)[[[72, ZV* ® (EV*)®’] with the image of DRLle(LEV*)
under the map /; hence we have the following commutative diagram:

ZR, TV* & (Z7H)® = e [[12, (5V*)®]
®Xs§ ol T @;Sl OIT

DRy (LTV*)S DR}, (LEV*)

We have just seen that the vertical arrows are isomorphisms and the top horizontal
arrow is a quasi-isomorphism by Proposition 6.11, therefore the bottom arrow is also a
quasi-isomorphism. a

Remark 7.15 Given a Cy—algebra V' with Ceo—structure m it is also possible to
construct a Hodge decomposition of the Hochschild cohomology of V' with coefficients
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in V. We will describe it briefly here. Choose a topological basis {f;};cy of ZV*.
One introduces the operator 5: C3 .,(V, V) = C,cn(V. V) as

5(6) =) uAE@)dy,. & €Der(TEV?),
iel
which is obviously defined independently of the choice of basis. It is then possible to
show, using Equations (7-3) and (7-5), that this operator commutes with the differential
d :=adm. It follows that the differential d preserves the eigenspaces of the operator s
and these eigenspaces can be identified using Lemma 7.7 in the usual way to give
the Hodge decomposition of C3_,(V, V). In particular it is possible to show that the
Harrison complex Cy3,..(V, V') splits off of the Hochschild complex Cj (V. V).

Note that the Hodge decomposition of C3 , (V, V) was also obtained using different
methods in [33].

8 The Hodge decomposition of cyclic Hochschild cohomol-
ogy

In this section we will build on our results from the last section to construct the Hodge
decomposition of the cyclic Hochschild cohomology of a Cy,—algebra. Recall that in

Section 6 we defined two quasi-isomorphic complexes CCy,, (V) and CCRgy g, (V)

which compute the cyclic Hochschild cohomology of an 4, —algebra. We will describe
a Hodge decomposition for both of these complexes based on the spectral decomposition
of the modified shuffle operator s and show that the quasi-isomorphism defined in
Lemma 6.18 respects this decomposition.

In order to apply the work we carried out in Section 7 to the cyclic complexes, we will

need to prove the following lemma:

Lemma 8.1 Let W be a profinite graded module and consider the maps

o P~ o S
S, 5 1_[ we l_[ W e
i=1 i=1
defined in Definition 7.1. We have the following identities:
(i) 2soN =Nos.
(ii)) so(l—z)=(1—-2z)o05.
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Proof (i) Let Oas: [[io; AN DR}XSS(f W) be the map defined by Lemma 2.16
and let

1 Qe (TW) ® Q3 (TW) — QA (TW)

be the multiplication map p(x & y):=x-y. Let a; := (—1)Ix11++lxi—iDxi[++|xnl)
andlet x :=x; ® -+ ® x, € W®" . Then

n
’s'N(x)=’s'<Zozixi® X RX R - ®xi—l)

i=1

n
= Z%’xi UAX+1® - ®Xp X1 ® -+ ®Xj_1).
i=1
Ns(x) = OxgdpA(x)
= OxLdi(A(x1) -+ A(xn))
=0 @R +H1IRD(x ®1+1®x1) - (6 ® 1+ 18 xp)].

Now d ® 1 and 1 ® d are derivations on the algebra QRSS(TW) & Q% (TW), so

n
(8-1) Ns(x)= @xiw(Z(—l)"“'*"*"‘f—l'(xl ®I+18x))

i=1

---(dx,-@l+1®dx,~)---(xn®1+l®xn)).

We will need the following auxiliary calculation in order to complete the proof: Let
u,v,we Q3 (TW). Then

plw®1+1®u)- (v @w)] = uuv @ w + (=)* Py & yw)
= uvw + (=)l w.
e w) @®1+18uw]=pn(=D""vu@w+v&wu)

= (=D)lyyw + vwu.
We see that

p(®1+1®uv@w]) =[u. n&w)]=0 mod [Q%,(TW). Q3 (TW)].
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Let /31 = (_1)(|xt |+1)(|X1 |+"'+|xi—1 |+|xi+l |++|xn|) X Apply1ng the preceding Ca]cula_
tion to Equation (8-1) yields

Ns(x) = Oxgp [Z ai(dxi ® DACx;11) -+ Alxn) A(xy) ---A(xi_l)}

i=1

+ Opa it [Z @i i Axit1) - AXn) A(xy) - Alxi—)(1 & dxi)}

i=1

n
= Oy |:Zot,~dx,~-,uA(x,-+1 ®  Rxp®x; ® - @xi—l):|

i=1

n
+®/:sls |:Zai,3i,uA(xi+l ® @xn @xl ® @Xj_l)-dx,’:|

i=1

n
=2Zaixi(§)/LA(xi+1® @)xn ®x1® ®xi—1)
i=1

=25N(x).
(i) Letxe W and y € W®” for n > 0: from Equation (7-5) we see that

s(1=2)(xp) =s(x. y) = [x.s()] = (1 = 2)5(xy). o

Corollary 8.2 Let W be a profinite graded module and consider the maps

w S w S
e(j). €(): [Tw® -] w®
i=1 i=1
defined by Definition 7.6:
(i) Forall j >0,
2(j)oN = Noe(j +1).
(i) Forall j > 1,
e(j)o(l—z)=(1-z)0e()).

Proof This is just a formal consequence of Lemma 8.1 and Lemma 7.7. e(j) and
e(j) are just the projections onto the eigenspaces

{xel_[W®i:s(x)=ij} and {xenwéizi(x)zij}

i=1 i=1

respectively (where A; := 20,
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Part (ii) follows immediately from part (ii) of Lemma 8.1 and part (i) follows from
part (i) of Lemma 8.1 and the observation A = 2A;. O

We are now in a position to construct the Hodge decomposition of cyclic cohomology:

Theorem 8.3 Let V be a Cy,—algebra:

(i) The cyclic Hochschild complex CCyy,(V) splits as a direct product of the
subcomplexes X (e()[]52, (ZV*)®) 2. ]):

CChoanM) =[] (z (e(j){ H((EV*)@)Z,.D,H).
j=1 i=1
(i) Let Q; and Q ; denote the modules
E(e(j)|:1_[(EV*)®i:|) and 2(5(;)[]‘[(21/*)@’})
i=1 i=1

respectively. The Tsygan bicomplex CC};ygan(V) splits as a direct product of
subcomplexes,

0o
CC"};ygan(V) = l_[ Fj;
=0

where I'j is the subcomplex

Ty = (0).5) —5 (). 1) > (Bj—1.b) —> (Qj_1.b)

Y 010 D (8. b).

\

Proof (i) Part (ii) of Corollary 8.2 tells us that the maps e(;): 172, (EV*)®i
[172, (= V*)®! could be lifted uniquely to maps on the module of coinvariants:

o0 o0
e()): [TEVvH®)z, > [[(EVH®) 2. j=1
i=1 i=1
By Lemma 6.18 we know that

CChioen(V) = (E<H((EV*)®i)Zi),b/)-

i=1

Algebraic & Geometric Topology, Volume 9 (2009)



Cohomology theories for homotopy algebras and noncommutative geometry 1569

By Lemma 7.7 and Lemma 7.9 we see that this complex splits as a direct product of
subcomplexes:

(E<]_[((ZV*)®")2,.),H) =T] (2 (e(j)|:H((EV*)@’i)Zi}),b’).
=l j=1 i=1

(i) Lemma 7.7 tells us that the bigraded module CC};ygan(V) splits as a direct product
of bigraded submodules

)
CC”}‘;ygan(V) = 1_[ 1_‘IJ"
j=0

Corollary 8.2 tells us that the operators (1 —z) and N restrict to maps

N:e(j+ 1){]‘[ (zv*)@} N a(j)[ I1 (EV*)@"},

i=1 i=1

o0 o0
(1—2): 5(;)[1‘[ (EV*)@} - e(j)[ ] (2V*>®'}.
i=1 i=1
Combining this with Lemma 7.9 we conclude that each I'j is actually a subcomplex of
CClgygan (V) Whence the result. ]

Remark 8.4 Note that since the bicomplex CCT5,,, (V') splits as the direct product
of the I'j’s, where the latter are bicomplexes located within vertical strips of finite
width, it follows that both spectral sequences associated with CC};ygan(V) converge to
its cohomology.

Remark 8.5 Recall that in Definition 6.21 we defined the normalised Connes complex
computing the cyclic cohomology of a unital A.,—algebra V. It is possible to construct
a Hodge decomposition of this complex using Corollary 8.2 to obtain an extension of
Theorem 4.6.7 of [32] for unital A.,—algebras.

Remark 8.6 Let ¢: CCR,;,(V) = CCYS,n(V) be the quasi-isomorphism defined

by Lemma 6.18 part (ii). Corollary 8.2 part (i) implies that g respects the Hodge
decomposition of these complexes, that is to say that for all j > 0 it restricts to a map,

q: (E(e(j + 1){ ]‘[((zv*)@')Z,.D,b/) ST

i=1

In particular, the Hodge decomposition of CCyy (V) and the Hodge decomposition
of CClgyeun (V) agree on the level of cohomology.
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Definition 8.7 Let V be a Coo—algebra. We will define the complex CC(j )., (V)
as the subcomplex of CCyy,.,(V') given by the formula

CCj roen(V) = (z (e(j + 1)[1‘[((21/*)@")2,}),19’), j =0,
i=1

and denote its cohomology by HC( /) .,(V).

We will now describe how the Hodge decomposition splits the long exact sequence of
Proposition 6.19:

Proposition 8.8 Let V' be a unital Cx,—algebra. The Hodge decomposition of the
Hochschild and cyclic Hochschild cohomologies respects the long exact sequence of
Proposition 6.19, that is to say that for all j > 0 we have the following long exact
sequence in cohomology:

: HC( )Hoch(V) _> HC(] + l)Hoch(V)
L HUj A+ Wi (V. V) 2 HCG b (V) -

Proof It is a simple check using the definitions of the maps / and S (cf Remark 6.20)
and the Hodge decompositions to see that / and S respect the Hodge decomposition
as claimed. It only remains to prove that the map B restricts to a map

B: H(] + l)ﬁoch(v’ V*) - HC( )Hoch(V)

By Proposition 6.11, every cocycle in Cj, (V. V*) is cohomologous to a normalised
cocycle. Let x be such a normalised cocycle, ie x € ZV* & T (ZV/K)* and b(x) =0
it follows from Equation (6-8) that

B(x) = —h(1 —2)[x] = —h(x).
Clearly e(j + 1)[x] is still normalised so

B(e(j + Dix]) = —h(e(j + DIx])
=—e(j + Dh(x).

Hence the image of B lies in HC(; )Hoch(V) as claimed. ad

Let V' be a Cx—algebra and consider the map /: DRLle(LEV ) — DR Agg(TZV*)
defined by Equation (3-5). By Lemma 3.4 this is a map of complexes

I CCI:Iarr(V) - CC;ioch(V)-

We shall now show that this map is in fact split:
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Proposition 8.9 Let V be a C,—algebra. There is an isomorphism
CC}.-larr(V) = CC( 1 )I.{och(V)-

In particular the map I: CCy,. (V) — CChyoo, (V) is split.
Proof We shall establish the following identity:

(8-2) I[DRY(LEV*)] = e(z)[]_[((zv*)é’f)zi}.

i=1
The proposition will then follow as a result.

Consider the following commutative diagram:

0 0 0
nﬁ1((ZV*)®i)zi N 12, (zy*)®i e, (Sy*)®i
oo Y - = 0o =~ = o = — s — >0
eI, (BV)®) z;] eI, (ZVH®i] N-TI72, EVH® +eI[]2, (ZV*)®i]
Oxd o
o0 Y 4 | (R DR. (TEV*)
0 —> [[I2,(EV*)®)z; —— DR, (TZV™) TR F2V) o
! f ,

i 4 > DRL (LZV*
0 —— DRY (LZV*) ——— DR/ (LZV™) Lie 2 ) o
d(DRY, (LZV*))

where @;Sls denotes the map induced by @Xsls by composing it with the relevant
projection. It follows from Lemma 7.7 and Corollary 8.2 that the top row is exact and
it follows from Lemma 2.18 that the middle and bottom rows are also exact. Lemma
3.1 and Lemma 3.2 imply that the right column is exact whilst Equation (7-7) implies
that the middle column is also exact. It follows from the 3 x 3—Lemma that the left
column is exact which in turn implies (8-2) and this proposition. O

Let V be a C—algebra. By Remark 4.6 it has the structure of a complex given by a
differential

}’;’l]lV—>V
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and of course the dual V* has the structure of a complex given by the dual of the
map 11 . We will denote the cohomology of this complex by H*(V*). We will now
use the results of this section to prove the following important result:

Lemma 8.10 Let V be a Co,—algebra. We have the following long exact sequence in
cohomology:

I B S
. —) H"™ Z(V*) 4> HCHarr(V) - Hﬁarr(Vv V*) - Hn_l(V*) -

Proof This follows from setting i = 0 in the long exact sequence of Proposition
8.8. Proposition 7.13 allows us to identify H(1)§ .,(V, V™) with H3, (V. V*) whilst
Proposition 8.9 allows us to identify HC(1)f ., (V) with HCE, (V).

It follows from Lemma 3.1 part (i) and Equation (7-6) that

CC(0)fioen(V) = (2 (e(l)[]‘[((zV*)®")z,.D,b’) = (V*.m),

i=1

where m is the linear part of the Coo—structure on V. The result now follows. O

Remark 8.11 Suppose now that V is a strictly graded commutative algebra (in which
case it is a Coo—algebra). In this case there is a bigrading on C3,.(V, V™) and
CChrr (V). We say a 0—form o € CCyy,,.(V) has bidegree (i, j) if it is a 0—form of
order 7 and has degree j as an element in the profinite graded module X DRLle (L ZVF).
Similarly we say a 1-form « € C3,.(V, V*) has bidegree (i, j) if it is a 1-form of
order i and has degree j as an element in the profinite graded module X DRLle (L ZVF).
The differentials on CCyy,.(V) and Cp3,.(V, V*) both have bidegree (1,1). In this
situation we can formulate and prove the following corollary:

Corollary 8.12 Let V be a unital strictly graded commutative algebra. The map

I: HCE Y (vy — HY

Harr Harr

(AW
of Lemma 8.10 is:

(i) a monomorphismifi =1,
(i) an epimorphism ifi =2,

(iil)) an isomorphism if i > 3.
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Proof A straightforward check utilising the definitions shows that the long exact
sequence of Proposition 6.19 respects the bigrading on the cohomology referred to
above, that is to say we have a long exact sequence in cohomology

B _1,_2 S . 1,. I .. B .’._1 S .
= HC g T2 (V) T HO 3 (V) — HifL o (V. V) == HC G (V) =+

Since the long exact sequence of Lemma 8.10 is derived from this long exact sequence
we obtain a bigraded long exact sequence

..£>Hi—l,j—2(v*)LHCi+1,j(V)i>Hij (V’V*)g_I_[l,]—l(v*);g>

Harr Harr
Since H**(V*) is obviously concentrated in bidegree (1, @) the map

B: HY

Harr

(V,V*) — HY (V¥
is zero for all j € Z and i # 1 and the map

St H=W=2(v*) - HCE - (v)

Harr

is zero for all j € Z and i # 2, whence the result. |

8.1 Hodge decomposition and normalised cyclic cohomology

Similar results also hold in the context of normalised cyclic cohomology. Let V' be a
unital Cy,—algebra and consider the long exact sequence (6-11) of Proposition 6.23. It
is clear that the operator s on CCyy,.,(V') descends to an operator on the normalised
cochains @I.{OCh(V), hence we obtain a Hodge decomposition

Clhoan(M =[] (2 (4;{ l—[((EV*)@’i)ziD,b/)-
j=1 i=1

of @;{Och(V) which is compatible with the Hodge decomposition of CCyy,;, (V) under
the inclusion. As before, we define the complex CC(j)§;,., (V) by the formula

CC(/ ) oen(V) = (2 (e(j + 1)[1‘[((217*)@'521}),1»’), j=o.

i=1
We have the following simple lemma.
Lemma 8.13 Let V be a nonnegatively graded minimal unital Co,—algebra. The

Hodge decomposition of cyclic Hochschild cohomology respects the long exact se-
quence (6-11) of Proposition 6.23; in fact, for all n € Z and j >0 we have the following
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short exact sequence in cohomology:

0—— m( )Hoch(V) *> HC( >Hoch(V) *) HC( )Hoch(K) —0

Proof It is trivial to observe that the maps i and 7 preserve the respective summands
of the Hodge decomposition. Since V is a Coo—algebra, it follows from Proposition
6.23 that the connecting map 9 is equal to zero, therefore our long exact sequence
degenerates to a series of short exact sequences. a

Now we introduce some of the corresponding terminology for cyclic Harrison coho-
mology. Let V' be a unital Cy,—algebra. Just as in Proposition 6.23, the subspace of
CCpp,(V) given by

CChiun(V) := B[ DR (L[EV])]
forms a subcomplex of CCyy,,,(V'), which we refer to as the subcomplex of normalised
Lie 0—forms. Just as in Equation (8-2), the map / from @;Iarr(V) to @;{Och(V)
provides an isomorphism of complexes:

CCharr(V) = CC(1) 0en (V).

Now suppose that V' is a nonnegatively graded unital strictly graded commutative
algebra and again introduce a bigrading on CCyy,,.(V') and @;IaH(V) as in Remark
8.11. The previous lemma yields the following proposition.

Proposition 8.14 The map
L HCHarr(V) — HCHaH(V)

induced by the canonical inclusion of @;IM(V) into CCyy,. (V') is an isomorphism
forall (i, j) # (3,2).

Proof Clearly the maps ¢ and 7 of Lemma 8.13 preserve the bigrading of cyclic
Hochschild cohomology, therefore setting j = 1 in the corresponding short exact
sequence gives us the short exact sequence:

0 —= HC/_(V) —> HCY

Harr (V) —~>HcY (K)y —=0.

Harr

To prove the proposition we must make an elementary calculation of the cyclic Harrison
cohomology of the field. First of all, we note that the identity

LIK* = SK* @ (SK* ® TK*)

Algebraic & Geometric Topology, Volume 9 (2009)



Cohomology theories for homotopy algebras and noncommutative geometry 1575

holds, since all brackets of order > 3 must vanish. From this it follows that
DR?. (LTK*) = (ZK*)®?,

ie there is one copy of K in degree = 2, therefore Hcgan(K) =K for (i, j) = (3,2)
and zero otherwise. The proposition now follows immediately from the above short

exact sequence. O

Appendix A Formal K-algebras

We felt it necessary to include a section dealing with our formal passage to the dual
language of formal K —algebras that we use in our paper since it is difficult to find any
references for the material in the literature.

We will denote the category of free graded K-modules by Modk . In what follows we
shall omit the adjective “graded” when talking about graded K —algebras and graded
K -modules since the ungraded ones are not considered.

Definition A.1 A profinite K—module V is a K-module which is an inverse limit of
a diagram of free K-modules of finite rank:

V= 1<lr_n V.
o
A fundamental system of neighbourhoods of zero of V' is generated by the kernels of
the projections V' — V,,. The induced topology is known as the inverse limit topology.
Profinite K—modules form a category P M odk in which the morphisms are continuous
K-linear maps between K—-modules.

Remark A.2 A profinite K—module can also be defined as a fopologically free K—
module, ie a module M endowed with a linear topology for which there exists a
collection of elements {z;};c; C M (topological basis) such that any element could be
uniquely represented as an arbitrary (possibly uncountably infinite) linear combination
of the ¢;’s.

Remark A.3 When we talk about a submodule of a profinite module generated by a
set X we mean the module generated by all convergent infinite linear combinations of
elements in the set X'. Note also that a submodule as well as a quotient of a profinite
K-module need not be a profinite K—module in general. However in all cases that we
encounter the K-modules and their submodules are obtained from profinite Q—vector
spaces by extending the scalars to K and so this complication never arises.
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We would like to define the appropriate notion of tensor product in the category
P Modg . This is given by the following definition:

Definition A.4 Let
V=IlimV, and U =IlimUg
<« <«
o B
be profinite K—modules. Then their completed tensor product V & U is given by the
formula
VeU :=1<£;1Va®U,3.
a,

Remark A.5 The completed tensor product could also be introduced as the universal
object solving the problem of factorising continuous bilinear forms. Given two contin-
uous linear maps between profinite modules ¢: V — W and v: U — X we could
form the continuous linear map ¢ ® ¥: V ® U — W ® X in an obvious way. With
this definition the category P Modk becomes a symmetric monoidal category. If we
endow P Modg with the direct product IT then it also becomes an additive category.

Note that the construction of ¥V ® U is not canonical as it depends on a preferred
system V, Ug or rather a preferred choice of topological basis. Obviously different
choices will produce continuously linearly isomorphic profinite modules.

Proposition A.6 The functor F: Modg — P Modg given by sending V' to its linear
dual F(V) := Homg (V,K) establishes an antiequivalence of additive symmetric
monoidal categories whose inverse functor G is given by sending U to the continuous
linear dual G(U) := Homcon(U, K). ad

Remark A.7 Since a free K—module is a direct limit (union) of its finite rank free
submodules, it is easy to see that the anti-equivalence of Proposition A.6 identifies the
tensor product in Modg with the completed tensor product in P M odx .

We shall now discuss the notions of formal associative, commutative and Lie algebras.
To treat them uniformly we consider nonunital associative and commutative K —algebras.
When we say “K-algebra”, that will simply mean that the corresponding statement
could be applied to either commutative, associative or Lie algebras.

Definition A.8 Let A be a K—algebra whose underlying K-module is free of finite
rank. For technical convenience we assume that A is obtained from Q (or any subfield
of K) by the extension of scalars. We say that A is nilpotent if there exists a positive
integer N for which the product (or bracket in the Lie case) of any N elements in 4
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is zero. An inverse limit of nilpotent K—algebras is called a formal K—algebra. A
morphism between two formal K—algebras is simply a continuous homomorphism
of the corresponding structures. The categories of formal associative, commutative
and Lie K-algebras will be denoted by FassAlg, FcomAlg, FLie Alg respectively.
The notation F Al/g will be used to denote either of the three categories. A formal
K-algebra supplied with a continuous differential will be called a formal differential
graded K-algebra.

Remark A.9 Every nonunital K-algebra (commutative or associative) gives rise to a
unital one obtained by the well known procedure of adjoining a unit. We will call a
formal associative or commutative algebra with an adjoined unit a formal augmented
K-algebra. In the main text by a “formal commutative or associative algebra” we will
always mean a “formal commutative or associative augmented K—algebra”.

An important example of a formal K—algebra is the so-called profree K —algebra. To
start, we define the free associative K—algebra on a free K-module V as 74V :=
D2, V@ Similarly the free commutative algebra on V is defined as SV :=
@;’il (V&) s; - Here we used the subscript + to avoid confusion with the unital free
associative algebra TV := P72, V@ and similarly in the commutative case. The
free Lie algebra on V' could be defined as the submodule in 7 V' spanned by all Lie
monomials in V.

Definition A.10 Let V be a free K—module of finite rank. Then the profree (asso-
ciative, commutative or Lie) K—algebra on V is the K—algebra formed by formal
power series (associative, commutative or Lie) in elements of V. It will be denoted by
T 4V, S +V, LV in the associative, commutative and Lie cases respectively.

If V =1limV,
<—

o
is a profinite K—module then we define T +V as
thl T+ Va

and similarly in the commutative and Lie cases. We will denote by TV and SV the
unital versions of 7V and S4V respectively.

Note that profree K—algebras are formal K—algebras. Indeed, a formal power series
algebra on a finite rank free K—algebra is an inverse limit of truncated power series
algebras (which are nilpotent) and the general case follows from the observation that
the category of formal K-algebras is closed with respect to taking inverse limits.
Furthermore we have the following result whose proof is a simple check.
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Proposition A.11 The functor V +— F(V') from PModg to F Alg is left adjoint to
the forgetful functor. |

Remark A.12 The category of formal K—algebras is equivalent to the category of
cocomplete K —coalgebras, ie K—coalgebras C for which the kernels of iterated co-
products A”: C — C®" form an exhaustive filtration. The functor from cocomplete
K —coalgebras to formal K—algebras is simply taking the K—linear dual, and the inverse
functor is taking the continuous dual. Because of this equivalence the theory of infinity-
algebras is often formulated in terms of coalgebras and coderivations.

We will often consider vector fields (=continuous derivations) and diffeomorphisms
(=continuous invertible homomorphisms) of formal K—algebras. The following propo-
sition is straightforward:

Proposition A.13 Let TV ( S Vv, zV) be a profree associative (commutative or Lie)
algebra on a profinite K —module V . Then any vector field or diffeomorphism of TV
(§V, Z:V) is uniquely determined by its restriction on V. In particular, any vector
field & has the form

=Y fi©d,.
where t := {t;};c1 Is a topological basis of V and f;(t) is a formal power series
(associative, commutative or Lie) in the t; ’s. m|

We will now define the formal universal enveloping algebra of a formal Lie algebra G.

Definition A.14

(1) First let G be a nilpotent Lie K—algebra whose underlying K -module is free of
finite rank. Denote by UG its usual universal enveloping algebra and by 1(G)
the augmentation ideal in /G. Then

ug = 1im 1(9)/1"(9).
(2) Now let
G =1img;
<~

be a formal Lie K—algebra. Here {G;};c; is an inverse system of nilpotent Lie
K-algebras. Then
UG = limUG,;.
<«

n
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Remark A.15 Note that /G is a formal associative algebra, in particular it is nonunital.
We will denote by U/ G the unital K—algebra obtained from /G by adjoining a unit.

Just like the usual universal enveloping algebra the formal one is characterised by a
certain universal property. Namely, associated with any formal associative algebra A
is a formal Lie algebra /(A) whose underlying K-module coincides with that of A
and the Lie bracket is defined as

[a,b]:=ab—(=1)Plpa, a4, be A.
Thus, we have a functor / from formal associative K —algebras to formal Lie K —algebras.

Then we have the following result.

Proposition A.16 The functor U: FiicAlg — FassAlg is left adjoint to the functor
l: fAssAlg — fLieAIg.

Proof We need to show that there is a canonical isomorphism
fAssAlg(gg’ A) = fLieAlg(g’ I(A))

First assume that G and A are finite rank K—-modules. Choose a positive integer N
for which AN = 0. Then we have the following isomorphisms:

fAssAlg(Z/_{g, A) = FAssAlg(ﬁg/(zjg)N’ A)
(A-1) = HomK—alg(I(g)v A)
=~ FLieAlg(G,1(A)).

Now let G=1limG, and A=1lmAd B
o 5

where Gy, Ag are nilpotent Lie K—algebras and nilpotent associative K-—algebras
respectively. We obtain using (A-1):

< —>
@ B

= limlim FieA/g (Ya, [(4p))
a B

Example A.17 Let G := LV, the profree Lie algebra on a profinite K—module V.
Then UG = TV, the profree associative K—algebraon V.
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Remark A.18 The above example is especially important for us. It is well known that
for V € Modx the algebra T'V is in fact a Hopf algebra. The cocommutative coproduct
A: TV - TV TV (sometimes called the shuffle coproduct) is defined uniquely by
the requirement A be a K—algebra homomorphism and that A(v) =v® 1+ 1Qv
for all v € V. Then LV is naturally identified with the Lie subalgebra of primitive
elementsin 7'V .

These facts have formal analogues: let V' now be a profinite K—-module. Then TV
has the structure of a (formal) Hopf algebra with the coproduct A: TV >TVRTV
which is uniquely specified by the requirement that A be a continuous homomorphism
of formal K—algebras and that A(v) =v® 1+ 1® v for all v € V. Then the Lie
algebra LV is naturally identified with the Lie subalgebra of primitive elements in
TV.

Next, we need to define the notion of a formal module over a formal algebra.

Definition A.19

(1) Let A be a formal K -algebra (commutative or associative) and V' be a profinite
K-module. Then V is said to be a left formal A-module if there is a map of
K-modules A® V — V:a ® v — av such that the usual associativity axiom
holds: (ab)v = a(bv) for all a,b € A,v € V. Similarly, V is a right formal
A-module if there is a map of K—modules V & A — V;v ® a > av such that
v(ab) = (va)b forall a,b € A,v e V. Finally, V is a formal A-bimodule if it is
both a right and left formal A-module and if (av)b = a(vb) fora,be A,ve V.

(2) Let G be a formal Lie K—algebra and V be a profinite K—module. Then V'
is said to be a formal G—module if there is a map of K-modules GQ V —
V:g ® v gv such that [g, hlv = g(hv) — h(gv).

Note that Proposition A.16 implies that the structure of a formal G—module on V' is
equivalent to the structure of a formal ¢/ G—module on V.

References

[1] M Alexandrov, A Schwarz, O Zaboronsky, M Kontsevich, The geometry of the
master equation and topological quantum field theory, Internat. J. Modern Phys. A 12
(1997) 1405-1429 MR1432574

[2]1 M Barr, Harrison homology, Hochschild homology and triples, J. Algebra 8 (1968)
314-323 MRO0220799

Algebraic & Geometric Topology, Volume 9 (2009)


http://dx.doi.org/10.1142/S0217751X97001031
http://dx.doi.org/10.1142/S0217751X97001031
http://www.ams.org/mathscinet-getitem?mr=1432574
http://dx.doi.org/10.1016/0021-8693(68)90062-8
http://www.ams.org/mathscinet-getitem?mr=0220799

Cohomology theories for homotopy algebras and noncommutative geometry 1581

(3]

(4]

(5]

(6]

(7]

(8]

(9]
(10]

(11]

[12]

(13]

[14]

[15]

[16]

(17]

(18]

[19]

(20]

X Z Cheng, E Getzler, Transferring homotopy commutative algebraic structures, J.
Pure Appl. Algebra 212 (2008) 2535-2542 MR2440265

J Conant, K Vogtmann, On a theorem of Kontsevich, Algebr. Geom. Topol. 3 (2003)
1167-1224 MR2026331

A Connes, Noncommutative geometry, Academic Press, San Diego, CA (1994)
MR1303779

A Fialowski, M Penkava, Deformation theory of infinity algebras, J. Algebra 255
(2002) 59-88 MR1935035

M Gerstenhaber, The cohomology structure of an associative ring, Ann. of Math. (2)
78 (1963) 267-288 MRO0O161898

M Gerstenhaber, S D Schack, A Hodge-type decomposition for commutative algebra
cohomology, J. Pure Appl. Algebra 48 (1987) 229-247 MR917209

E Getzler, Lie theory for nilpotent L —algebras arXiv:math.AT/0404003

E Getzler, A Darboux theorem for Hamiltonian operators in the formal calculus of
variations, Duke Math. J. 111 (2002) 535-560 MR1885831

E Getzler, J D S Jones, Operads, homotopy algebra, and iterated integrals for double
loop spaces arXiv:hep-th/9403055

E Getzler, JDS Jones, A, —algebras and the cyclic bar complex, Illinois J. Math. 34
(1990) 256-283 MR1046565

E Getzler, MM Kapranov, Cyclic operads and cyclic homology, from: “Geometry,
topology, & physics”, (S-T Yau, editor), Conf. Proc. Lecture Notes Geom. Topology,
IV, Int. Press, Cambridge, MA (1995) 167-201 MR1358617

V Ginzburg, Non-commutative symplectic geometry, quiver varieties, and operads,
Math. Res. Lett. 8 (2001) 377-400 MR1839485

W M Goldman, J J Millson, The deformation theory of representations of fundamental
groups of compact Kiihler manifolds, Inst. Hautes Etudes Sci. Publ. Math. (1988) 43-96
MR972343

A Hamilton, On the classification of Moore algebras and their deformations, Homology
Homotopy Appl. 6 (2004) 87-107 MR2061569

A Hamilton, A super-analogue of Kontsevich’s theorem on graph homology, Lett. Math.
Phys. 76 (2006) 37-55 MR2223762

A Hamilton, A Lazarev, Characteristic classes of Ax—algebras, J. Homotopy Relat.
Struct. 3 (2008) 65-111 MR2395368

D K Harrison, Commutative algebras and cohomology, Trans. Amer. Math. Soc. 104
(1962) 191-204 MRO0142607

V Hinich, Descent of Deligne groupoids, Internat. Math. Res. Notices (1997) 223-239
MR1439623

Algebraic & Geometric Topology, Volume 9 (2009)


http://dx.doi.org/10.1016/j.jpaa.2008.04.002
http://www.ams.org/mathscinet-getitem?mr=2440265
http://dx.doi.org/10.2140/agt.2003.3.1167
http://www.ams.org/mathscinet-getitem?mr=2026331
http://www.ams.org/mathscinet-getitem?mr=1303779
http://dx.doi.org/10.1016/S0021-8693(02)00067-4
http://www.ams.org/mathscinet-getitem?mr=1935035
http://dx.doi.org/10.2307/1970343
http://www.ams.org/mathscinet-getitem?mr=0161898
http://dx.doi.org/10.1016/0022-4049(87)90112-5
http://dx.doi.org/10.1016/0022-4049(87)90112-5
http://www.ams.org/mathscinet-getitem?mr=917209
http://arxiv.org/abs/math.AT/0404003
http://dx.doi.org/10.1215/S0012-7094-02-11136-3
http://dx.doi.org/10.1215/S0012-7094-02-11136-3
http://www.ams.org/mathscinet-getitem?mr=1885831
http://arxiv.org/abs/hep-th/9403055
http://www.ams.org/mathscinet-getitem?mr=1046565
http://www.ams.org/mathscinet-getitem?mr=1358617
http://www.ams.org/mathscinet-getitem?mr=1839485
http://www.numdam.org/item?id=PMIHES_1988__67__43_0
http://www.numdam.org/item?id=PMIHES_1988__67__43_0
http://www.ams.org/mathscinet-getitem?mr=972343
http://projecteuclid.org/getRecord?id=euclid.hha/1139839546
http://www.ams.org/mathscinet-getitem?mr=2061569
http://dx.doi.org/10.1007/s11005-006-0059-5
http://www.ams.org/mathscinet-getitem?mr=2223762
http://www.ams.org/mathscinet-getitem?mr=2395368
http://dx.doi.org/10.2307/1993575
http://www.ams.org/mathscinet-getitem?mr=0142607
http://dx.doi.org/10.1155/S1073792897000160
http://www.ams.org/mathscinet-getitem?mr=1439623

1582

(21]

(22]

(23]

[24]

[25]

[26]

(27]

(28]

[29]

(30]

(31]

(32]

(33]

[34]

(35]

(36]

Alastair Hamilton and Andrey Lazarev

T V Kadeishvili, The algebraic structure in the homology of an A(oco)—algebra, Soob-
shch. Akad. Nauk Gruzin. SSR 108 (1982) 249-252 (1983) MR720689

M Kapranov, Noncommutative geometry based on commutator expansions, J. Reine
Angew. Math. 505 (1998) 73-118 MR1662244

C Kassel, Quantum groups, Graduate Texts in Math. 155, Springer, New York (1995)
MR1321145

B Keller, Introduction to A—infinity algebras and modules, Homology Homotopy Appl.
3(2001) 1-35 MR1854636

M Kontsevich, Formal (non)commutative symplectic geometry, from: “The Gel’ fand
Mathematical Seminars, 1990-1992”, (L Corwin, I Gel’fand, J Lepowsky, editors),
Birkhiuser, Boston (1993) 173-187 MR1247289

M Kontsevich, Feynman diagrams and low-dimensional topology, from: “First Euro-
pean Congress of Mathematics, Vol. II (Paris, 1992)”, Progr. Math. 120, Birkhéauser,
Basel (1994) 97-121 MR1341841

M Kontsevich, Deformation quantization of Poisson manifolds, Lett. Math. Phys. 66
(2003) 157-216  MR2062626

M Kontsevich, A L Rosenberg, Noncommutative smooth spaces, from: “The Gelfand
Mathematical Seminars, 1996-1999”, (IM Gelfand, V S Retakh, editors), Birkhiuser,
Boston (2000) 85-108 MR1731635

M Kontsevich, A L Rosenberg, Noncommutative spaces and flat descent, MPIM
Preprint 2004-36, Max-Planck Insitut fiir Mathematik (2004) Available at http://
www.mpim-bonn.mpg.de/preprints/send?bid=2332

I K¥iz, J P May, Operads, algebras, modules and motives, Astérisque (1995) iv+145pp
MR1361938

A Lazarev, Hochschild cohomology and moduli spaces of strongly homotopy associa-
tive algebras, Homology Homotopy Appl. 5 (2003) 73—-100 MR1989615

J-L Loday, Cyclic homology, second edition, Grund. der Math. Wissenschaften 301,
Springer, Berlin (1998) MR1600246 Appendix E by M O Ronco, Chapter 13 by the
author in collaboration with T Pirashvili

M Markl, A cohomology theory for A(m)—algebras and applications, J. Pure Appl.
Algebra 83 (1992) 141-175 MR1191090

M Markl, Homotopy algebras are homotopy algebras, Forum Math. 16 (2004) 129-160
MR2034546

M Markl, S Shnider, J Stasheff, Operads in algebra, topology and physics, Math.
Surveys and Monogr. 96, Amer. Math. Soc. (2002) MR1898414

J Milles, Andre—Quillen cohomology of algebras over an operad arXiv:0806.4405

Algebraic & Geometric Topology, Volume 9 (2009)


http://www.ams.org/mathscinet-getitem?mr=720689
http://dx.doi.org/10.1515/crll.1998.122
http://www.ams.org/mathscinet-getitem?mr=1662244
http://www.ams.org/mathscinet-getitem?mr=1321145
http://www.ams.org/mathscinet-getitem?mr=1854636
http://www.ams.org/mathscinet-getitem?mr=1247289
http://www.ams.org/mathscinet-getitem?mr=1341841
http://dx.doi.org/10.1023/B:MATH.0000027508.00421.bf
http://www.ams.org/mathscinet-getitem?mr=2062626
http://www.ams.org/mathscinet-getitem?mr=1731635
http://www.mpim-bonn.mpg.de/preprints/send?bid=2332
http://www.mpim-bonn.mpg.de/preprints/send?bid=2332
http://www.ams.org/mathscinet-getitem?mr=1361938
http://projecteuclid.org/getRecord?id=euclid.hha/1139839928
http://projecteuclid.org/getRecord?id=euclid.hha/1139839928
http://www.ams.org/mathscinet-getitem?mr=1989615
http://www.ams.org/mathscinet-getitem?mr=1600246
http://dx.doi.org/10.1016/0022-4049(92)90160-H
http://www.ams.org/mathscinet-getitem?mr=1191090
http://dx.doi.org/10.1515/form.2004.002
http://www.ams.org/mathscinet-getitem?mr=2034546
http://www.ams.org/mathscinet-getitem?mr=1898414
http://arxiv.org/abs/0806.4405

Cohomology theories for homotopy algebras and noncommutative geometry 1583

(37]

(38]

[39]

(40]

[41]
[42]

[43]

[44]

[45]

[46]

[47]

T Natsume, S D Schack, A decomposition for the cyclic cohomology of a commutative
algebra, J. Pure Appl. Algebra 61 (1989) 273-282 MR1027747

M Penkava, A Schwarz, A, algebras and the cohomology of moduli spaces, from:
“Lie groups and Lie algebras: EB Dynkin’s Seminar”, (S G Gindikin, E B Vinberg,
editors), Amer. Math. Soc. Transl. Ser. 2 169, Amer. Math. Soc. (1995) 91-107
MR1364455

A Polishchuk, Extensions of homogeneous coordinate rings to A,—algebras, Homol-
ogy Homotopy Appl. 5 (2003) 407-421 MR2072342

D Quillen, Rational homotopy theory, Ann. of Math. (2) 90 (1969) 205-295
MRO0258031

M Schlessinger, J Stasheff, Deformation theory and rational homotopy type, Preprint

J Stasheff, Homotopy associativity of H—spaces. I, Trans. Amer. Math. Soc. 108 (1963)
275-292 MRO0158400

J Stasheff, Homotopy associativity of H—spaces. II, Trans. Amer. Math. Soc. 108
(1963) 293-312  MRO0158400

J Stasheff, The intrinsic bracket on the deformation complex of an associative algebra,
J. Pure Appl. Algebra 89 (1993) 231-235 MR1239562

D Sullivan, Infinitesimal computations in topology, Inst. Hautes Etudes Sci. Publ. Math.
(1977) 269-331 (1978) MRO0646078

A A Voronov, Notes on universal algebra, from: “Graphs and patterns in mathematics
and theoretical physics”, (M Lyubich, L Takhtajan, editors), Proc. Sympos. Pure Math.
73, Amer. Math. Soc. (2005) 81-103 MR2131012

B Zwiebach, Closed string field theory: quantum action and the Batalin—Vilkovisky
master equation, Nuclear Phys. B 390 (1993) 33-152 MR1203476

Mathematics Department, University of Connecticut
196 Auditorium Road, Storrs CT 06269-3009, USA

Department of Mathematics, University of Leicester
Leicester LE1 7RH, England

hamilton@math.uconn.edu, all79@le.ac.uk

http://www.math.uconn.edu/~hamilton/,
http://www2.le.ac.uk/departments/mathematics/extranet/staff-material/
staff-profiles/all79

Received: 2 December 2008 Revised: 31 May 2009

Algebraic & Geometric Topology, Volume 9 (2009)


http://dx.doi.org/10.1016/0022-4049(89)90078-9
http://dx.doi.org/10.1016/0022-4049(89)90078-9
http://www.ams.org/mathscinet-getitem?mr=1027747
http://www.ams.org/mathscinet-getitem?mr=1364455
http://projecteuclid.org/getRecord?id=euclid.hha/1139839940
http://www.ams.org/mathscinet-getitem?mr=2072342
http://dx.doi.org/10.2307/1970725
http://www.ams.org/mathscinet-getitem?mr=0258031
http://www.ams.org/mathscinet-getitem?mr=0158400
http://www.ams.org/mathscinet-getitem?mr=0158400
http://dx.doi.org/10.1016/0022-4049(93)90096-C
http://www.ams.org/mathscinet-getitem?mr=1239562
http://www.numdam.org/item?id=PMIHES_1977__47__269_0
http://www.ams.org/mathscinet-getitem?mr=0646078
http://www.ams.org/mathscinet-getitem?mr=2131012
http://dx.doi.org/10.1016/0550-3213(93)90388-6
http://dx.doi.org/10.1016/0550-3213(93)90388-6
http://www.ams.org/mathscinet-getitem?mr=1203476
mailto:hamilton@math.uconn.edu
mailto:al179@le.ac.uk
http://www.math.uconn.edu/~hamilton/
http://www2.le.ac.uk/departments/mathematics/extranet/staff-material/staff-profiles/al179
http://www2.le.ac.uk/departments/mathematics/extranet/staff-material/staff-profiles/al179

	1. Introduction
	1.1. Notation and conventions

	2. Formal noncommutative geometry
	3. Relations between commutative, associative and Lie geometries
	4. Infinity-algebra prerequisites
	5. Minimal infinity-algebras
	6. The cohomology of infinity-algebras
	6.1. Hochschild, Harrison and Chevalley--Eilenberg theories for infinity-algebras
	6.2. Cyclic cohomology theories
	6.3. Connes complex and normalised cyclic cohomology

	7. The Hodge decomposition of Hochschild and bar cohomology
	8. The Hodge decomposition of cyclic Hochschild cohomology
	8.1. Hodge decomposition and normalised cyclic cohomology

	Appendix A. Formal K-algebras
	References

