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On fake lens spaces with fundamental group
of order a power of 2

TIBOR MACKO
CHRISTIAN WEGNER

We present a classification of fake lens spaces of dimension > 5 which have as
fundamental group the cyclic group of order N = 2%, which extends the results of
Wall and others in the case N = 2.

57R65, 57525

Introduction

A fake lens space is the orbit space of a free action of a finite cyclic group G on a sphere
S2d-1 Tisa generalization of the notion of a lens space which is the orbit space
of a free action which comes from a unitary representation. The classification of lens
spaces is a classical topic in algebraic topology and algebraic K —theory well explained
for example in Milnor [8]. For the classification of fake lens spaces in dimension > 5
methods of surgery theory are especially suitable. The classification of fake lens spaces
with G of order N =2 or N odd was obtained and published in the books Wall [13]
and Lopez de Medrano [7]. Since then, the problem has remained open for N # 2
even. In this paper we address the classification for N = 2K .

One reason why the classification for all N was not finished in Wall [13] seems to
be that the so-called L—groups L;(G) for G = Zy were unknown for N even.
This is not the case anymore; see for example Hambleton and Taylor [3]. Using this
additional information and the general methods of Wall from [13, Chapter 14] we
reduce the classification question to a problem in the representation theory of G. The
main contribution of the present paper is that we develop calculational methods for
solving this rather complicated problem and we obtain the solution for N = 2% . In
the follow-up paper [5] we complete the analysis for all N € N.

The classification of fake lens spaces up to simple homotopy equivalence for all N € N
via Reidemeister torsion is described in [13, Chapter 14E]. The desired homeomorphism
classification within a simple homotopy type can be formulated in terms of the simple
structure set S*(X) of a closed topological n—manifold X . An element of S*(X) is
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represented by a simple homotopy equivalence f: M — X from a closed topological
n-manifold M. Two such f: M — X, f': M’ — X are equivalent if there exists
a homeomorphism 4: M — M’ such that /" oh ~ f. The simple structure set
S%(X) is a priori just a pointed set with the base point id: X — X . However, it can
also be endowed with a preferred structure (in some sense) of an abelian group (see
Ranicki [12, Chapter 18]). There exist versions of the simple structure set for smooth
and PL—manifolds, however, in this paper we only deal with the fopological simple
structure set.

In general the simple structure set of an n—manifold for n > 5 can be determined
by examining the surgery exact sequence which is recalled below as (3-1). Besides
determining S*(X) it is also important to find invariants that distinguish its elements.
In fact the calculation of S*(X) is often conducted by combining the surgery exact
sequence with such invariants. This is the case also for fake lens spaces. Here it
follows from the calculations of Wall in [13, Chapter 14E] that the simple structure
set is detected by the p—invariant of Atiyah and Singer [1] and Wall [13, Chapter
14B], and by the so-called normal invariants. Our main Theorem 1.2 calculates the
simple structure set explicitly when N = 2X . This should be seen as an improvement
of the detecting result of Wall. This interpretation follows from Corollary 1.3 which
says that if N = 2X there is another collection of invariants which yields a one-
to-one correspondence. The collection contains the p—invariant as before, but the
other invariants are new. They depend on a certain choice and certainly a geometric
interpretation would still be desirable.

Another issue that arises is the action of the group of simple homotopy equivalences
G®(X) of a manifold X on S§°(X) by postcomposition. The orbits of this action are
the homeomorphism types of manifolds simple homotopy equivalent to X rather than
homeomorphism types of manifolds equipped with a simple homotopy equivalence
to X . Hence it is an interesting question to describe the action. Following Wall one can
slightly modify the question and study the polarized homeomorphism types of polarized
fake lens spaces. These are fake lens spaces equipped with a choice of orientation
and a choice of a generator of the fundamental group. Corollary 1.4 describes this
classification.

Both authors are supported by SFB 478 Geometrische Strukturen in der Mathematik,
Miinster.

1 Statement of results

Definition 1.1 A fake lens space L2~ («) is a manifold obtained as the orbit space
of a free action « of the group G = Zy on S24~1.
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The fake lens space L24~1(«) is a (2d — 1)—dimensional manifold with fundamental
group (L*¥~'()) =~ G = Zx and universal cover S2¢~1. The main theorem in
this paper is:

Theorem 1.2 Let L2~ () be a fake lens space with 7r1(L*?~(«)) = Zx where
N =2X and d > 3. Then we have

c c
(1-1) SL* N ay=ZoT =T P2 0P Zywnxan
i=1 i=1
where X is a free abelian group of rank N/2—1 if d =2e + 1 and N/2 if d = 2e
andc=|(d—-1)/2].

The isomorphism (1-1) has an interpretation in terms of known geometric invariants.
These are the reduced p—invariant and the normal invariants from surgery theory as
follows.

The reduced p—invariant is a homomorphism
p: 8L (@) — QR

where the target is the underlying abelian group of the (—l)d—eigenspace of the
rationalized complex representation ring of G modulo the ideal generated by the
regular representation. The group ¥ is defined as the image of p.

The normal invariant is a homomorphism 7: S*(L24~1(«)) — N (L2~ (a)) with
the target the group of normal invariants from surgery theory, which is easily calculable.
The reduced p—invariant induces the homomorphism

[7): N(L2? " (@)) — QRgD" /4. RgCD",

Here the source is the subgroup of A (L24~!(«)) given by the image of 7 and in the
target we have the quotient group modulo the subgroup of elements in the (—1)d -
eigenspace of the representation ring which are divisible by 4. We use formulas of
Wall to show relations between the invariants p and 7 in Proposition 4.12.

The group T is defined as the kernel of [p]. In the proof of Theorem 5.1 we describe a
map A: T — S*(L??~1(«)) which fits into a short exact sequence

—_ A 5 —
0—T5 8L )2 T —o0.

Since X is a free abelian group the sequence splits and we obtain the isomorphism
of Theorem 1.2. We denote the projection map on 7 by r: SS (L Y(a)) > T. Our
main technical result is the calculation of 7" in Theorems 5.2 and 5.3. It tells us that it
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is a direct sum of copies of 2—primary cyclic groups which are indexed by 1 <i < 2¢.
We denote the projection on the 7 —th summand by r,;. Putting these considerations
together we obtain the following corollary.

Corollary 1.3 Let L2~ («) be a fake lens space with my (L~ (a)) = Z y where
N = 2K and d > 3. There exists a collection of invariants

r4i0 SS (L2 (@) —> Zommik2n  and  r4i_n: S* (L2 (@) —> Z>

where 1 <i <c¢ = |(d—1)/2| which together with the p—invariant induce a one-to-one
correspondence between elements a € S*(L*?~1(«)) and

(1) Pla)e T cQRgV’,
(2) 1rai(a) € Zy, Zyminik 2i3 .

The invariants rg;_, are the normal invariants t4;_, from [13, Chapter 14E] and the
invariants ry4; are related to the invariants t4; from [13, Chapter 14E], but they are
not the same. The invariants t;; can in principle be calculated using characteristic
classes (see Morgan and Sullivan [9]) and for the lens spaces this has been done by
Young [14], but the calculation does not include fake lens spaces. Admittedly, a similar
“calculational” description of the invariants r4; would be desirable. In the follow-up
paper [5] we offer an alternative, geometric obstruction theoretic description of the
invariants ry; obtained via the analysis of the question which fake lens spaces can be
“desuspended”.

The above results are about classification within a simple homotopy type. As stated in
the introduction the simple homotopy types of fake lens spaces can be distinguished by
the Reidemeister torsion which is a unit in QQ R¢, the rational group ring of G modulo
the ideal generated by the norm element.

To obtain classification of fake lens spaces rather than classification of elements of
the simple structure set we follow Wall and work with polarized fake lens spaces; see
Definition 2.2. The simple homotopy type of a polarized lens space is given uniquely
by its Reidemeister torsion as described in Proposition 2.3. That means that for two
polarized fake lens spaces L2491 () and L29~!(B) with the fundamental group G
there is a simple homotopy equivalence fy g: L2~ !(a) — L24~1(B) of polarized
fake lens spaces unique up to homotopy if and only if the Reidemeister torsions of
L1 (¢) and L??~!(B) coincide. This Ja,p gives us an element of the simple
structure set S*(L24! (B)). We can formulate the classification as follows:

Corollary 1.4 Let L2~ 1(«) and L2?~1(B) be polarized lens spaces with the fun-
damental group G = Zy, where N = 2K and d > 3. There exists a polarized
homeomorphism between L*?~(«) and L?*@~1(B) if and only if
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() AL (@) = A(L271(B)),
2) p(L* () = p(L*71(B)).
(3) r2i(fo,p) =0 foralli.

The paper is organized as follows. In Section 2 we briefly recall the simple homotopy
classification of fake lens spaces. In Section 3 we recall the general machinery of
surgery theory and we describe the known terms in the surgery exact sequence of the
fake lens spaces. In Section 4 we recall the definition and properties of the p—invariant.
Finally, in Section 5 we prove our main technical result which is the calculation of the
group 7T . Sections 2, 3 and most of Section 4 are a summary of known results. Our
contribution is concentrated in a part of Section 4 and in the last Section 5.

We thank Diarmuid Crowley, lan Hambleton, Andrew Ranicki and the anonymous
referee for useful comments.

2 Homotopy classification

In this section we briefly recall without proofs the statements of the homotopy and
simple homotopy classification of fake lens spaces from [13, Chapter 14E]. Apart from
definitions only Corollary 2.4 is of importance for the rest of the paper.

We start by introducing some notation for lens spaces which are a special sort of
fake lens spaces. Let N € N and k = (kq,...ky), where k; € Z are such that
(ki, N) = 1. When G = Z y define a representation o of G on C% by (zy,...,24) >
(z1e27i /N ze?7ika/NYy - Any free representation of G on a d—dimensional
complex vector space is isomorphic to some ¢ . The representation o induces a free
action of G on S29~! which we still denote o).

Definition 2.1 A lens space L2?~! () is a manifold obtained as the orbit pace of a
free action o of the group G = Zy on S24~1 for some k = (ky,...kg) as above.!

The lens space L2~ (qf) is a (2d—1)—dimensional manifold with 771 (L2~ (afr)) =
Zx . Its universal cover is 29~ hence 7; (L2~ (af)) = 7;(S24~1) for i > 2.
There exists a convenient choice of a CW—structure for L2941 (ak) with one cell ¢; in
each dimension 0 < i <2d — 1. Moreover, we have H;(L?*?~!(aj)) =~ Z when i =
0,2d—1, Hi(L*¥~Y(ag)) = Zy when 0<i <2d —1 is odd and H; (L2?~'(af)) 20
when i # 0 is even.

In the notation of [13, Chapter 14E] we have L(ak) = L(N,kq,..., kn).
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The classification of the lens spaces up to homotopy equivalence and simple homotopy
equivalence is presented for example in Milnor [8]. The simple homotopy classification
is stated in terms of Reidemeister torsion which is a unit in Q Rg. This ring is defined
as QRg = Q ® Rg with Rg = ZG/(Z) where ZG be the group ring of G and
(Z) is the ideal generated by the norm element Z of G. We also suppose that a
generator T of G is chosen. There is also an augmentation map ¢’: Rg — Zy [13,
page 214]. The homotopy classification is stated in terms of a certain unit in Zj .
These invariants also suffice for the homotopy and simple homotopy classification of
finite CW—complexes L with m{(L) = Zn and with the universal cover homotopy
equivalent to S 2d=1 of which fake lens spaces are obviously a special case. It is
convenient to make the following definition.

Definition 2.2 A polarization of a CW—complex L as above is a pair (7, ¢) where
T is a choice of a generator of 71 (L) and e is a choice of a homotopy equivalence
e: L — §2d-1,

Denote further by L2971 (o) the lens space L24~ (ag) with k = (1,...,1,k). By
Li(a) is denoted the i —skeleton of the lens space L24=1 (). If i is odd this is a
lens space, if 7 is even this is a CW—complex obtained by attaching an i —cell to the
lens space of dimension i — 1.

Proposition 2.3 [13, Theorem 14E.3] Let L be a finite CW-complex as above
polarized by (T, e¢). Then there exists a simple homotopy equivalence

h: L — de_z(ozl) Ug o241

preserving the polarization. It is unique up to homotopy and the action of G . The chain
complex differential on the right hand side is given by 32d_1e2d_1 =eyq (T —1HU
for some U € ZG which maps to a unit u € Rg. Furthermore, the complex L is a
Poincaré complex.
(1) The polarized homotopy types of such L are in one-to-one correspondence with
the units in Z p . The correspondence is given by &' (u) € Zy .
(2) The polarized simple homotopy types of such L are in one-to-one correspon-
dence with the units in Rg. The correspondence is given by u € Rg.

The existence of a fake lens space in the homotopy type of such L is addressed in
[13, Theorem 14E.4]. Since the units &'(u) € Z y are exhausted by the lens spaces
L24=1(q;) we obtain the following corollary.

Corollary 2.4 For any fake lens space L2?~(«) there exists k € N and a homotopy
equivalence
h: L2471 () — L3241 (o).

Algebraic & Geometric Topology, Volume 9 (2009)



On fake lens spaces with fundamental group of order a power of 2 1843

3 The surgery exact sequence

We proceed to the homeomorphism classification within a simple homotopy type. This
is the standard task of surgery theory whose main tool is the surgery exact sequence
computing the structure set S*(X) for a given n—manifold X with n > 5:

G s NExDS L@ Ss I NS LG).

where G = m{(X). The other terms in the sequence are reviewed below. We note
that, since S*(X) is a priori only a pointed set, the “exactness” is to be understood as
described in [13, Chapter 10] or [4, Chapter 5]. However, the sequence can also be
made into an exact sequence of abelian groups by the identification with the algebraic
surgery exact sequence of Ranicki as explained in [12, Chapter 18]. We will make
use of this structure since it makes certain statements and proofs easier. However, our
results can be also formulated without this identification, in a less neat way though.

By NV(X) in (3-1) is denoted the set of normal invariants of X . An element of N (X)
is represented by a degree one normal map (f,b): M — X which consists of a map
f: M — X of oriented closed n—manifolds of degree 1 and a stable bundle map
b: vpr — & from the stable normal bundle of M to a stable topological reduction
& of the stable Spivak normal fibration of X. Two such degree one normal maps
(fib): M — X, (f',b'): M’ — X are equivalent in N (X) if there exists a degree
one normal map (F, B): (W, M, M’) — (X x I, X x0,X x 1) of manifolds with
boundary which restricts on the two ends to (f,b), (f',b’) respectively. Again this
is a priori a set, with a base point (id, id): X — X . However, the Pontrjagin—Thom
construction gives a bijection

(3-2) N(X) S [X:G/TOP]

where [—, —] denotes the homotopy classes of maps and G/TOP is the classifying
space for topological reductions of spherical fibrations. The H —space structure on
G/TOP coming from Sullivan characteristic variety theorem [6, Chapter 4] (also called
“disjoint union H —space structure” in [11]) makes N (X) into an abelian group. This
H —space structure extends to an infinite loop space structure which expresses N (X))
via localization in terms of familiar cohomology theories.

Theorem 3.1 [6] There are compatible homotopy equivalences

G/TOP(p) ~ j>1 K(Z(y),4i) x K(Z3,4i —2),
G/TOP(Odd) ~ BO(Odd)’
G/TOP(O) ~ BO(O) =~ H,’ZIK(Q,4i).
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Corollary 3.2 For a take lens space L = L%’l ~!(a) we have an isomorphism of
abelian groups

N(L) =@ HY(L: Z)) @ H7*(L; Z5) & KO(L) ® Z[3]

i>1

where KO (L) = [L:BO].

Given n € Z and G a group there is defined an abelian group L3 (G) [13, Chapter 5,6].
For n = 2k it is the Witt group of based (—l)k —quadratic forms over the group ring
Z.G, for n = 2k + 1 it is a certain group of automorphisms of based (—1)* —quadratic
forms over ZG . An alternative description of [12] gives these groups uniformly for all
n as cobordism groups of bounded chain complexes of based Z G —modules with an
n—dimensional Poincaré duality. The precise definition is not that important for us. We
are mainly interested in the invariants which detect these groups for G = Z .

Theorem 3.3 For G = 1 we have

8-7Z n =0 (mod4) (signature),
n=1 (mod4),

Z, n=2(mod4) (Arf),

0 n =3 (mod 4).

L(1) =

Here “signature” in the last column means that L}, (1) = 8-Z is given by the signature
of a quadratic form over Z, and “Arf” means that L5, +2(1) =~ 7., is given by the
Arf invariant of a quadratic form over Z,. For G # 1 functoriality gives maps
L5 (1) — L3 (G) and L5 (G) — L3 (1) yielding the splitting

(3-3) L3(G) = LS(1) & L(G).

Further information about the L —groups of finite groups is obtained using representation
theory. For a finite group G complex conjugation induces an involution on the complex
representation ring Rc (G). One can define (£1)—eigenspaces. In terms of characters
the (+1)—eigenspace corresponds to real characters, the (—1)—eigenspace corresponds
to purely imaginary characters. We will denote

REG) ={x+x " | x € Rc(G)}.

Notice that by R (G) is the (—1)—eigenspace, whereas R(JCr (G) is a subspace of the
(4+1)—eigenspace which contains (1 4 1), but does not contain 1.

A nondegenerate (—1)%—quadratic form over ZG can be complexified. One can take
its associated nondegenerate (—l)k —symmetric bilinear form and consider the positive
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and negative definite C—vector subspaces. These become G —representations and hence
can be subtracted in Rc(G). This process defines the G —signature homomorphism
(see Wall [13, Chapter 13] or Ranicki [12, Chapter 22])

G-sign: L3, (G) — RSV (G).

_1\k
Its image is 4-R((C b (G). Incase G =Zy for N =2X the L—groups are completely
calculated (see Hambleton and Taylor [3]):2

Theorem 3.4 For G = Z we have that

4. R((CH)(G) n =0 (mod 4) (G-sign, purely real),
15(6) ~ n =1 (mod 4),
n( ) = (-1) . . .
4-Re (G)®Zy n=2(mod4) (G-sign, purely imaginary, Arf),
7y n =3 (mod 4) (codimension 1 Arf),

~ ¢ _1\k
15,(G) = 4-RgCY" where Rg"" is RSV (G) modulo
the regular representation.

Next we describe briefly the maps in (3-1). If n = 2k the map 6 is given by first
making the degree one normal map (f,b): M — X k—connected and then taking
the quadratic refinement of the (—1)*—symmetric bilinear form over Z[G] on the
kernel of fy: Hj (1\7 ) — Hj (X~ ). The exactness at A/(X) means that there is a degree
one normal map (f’,b’): M’ — X with f’ a homotopy equivalence in the normal
cobordism class of (f,b) if and only if 6( f,b) = 0.

The map 7 is given by taking the stable normal bundle vys of f: M =% X and
associating to it (f,b): M — X with b: vp; — (f~1)*vps induced by f.

To describe 0 we need the realization theorem for elements of L3 (G). It says
that if M"~! is a manifold and x € L3 (G) there exists a degree one normal map
(F,B): (W,00W,01W) > (M x I,M x0,M x 1), where I = [0, 1], such that
doF: dgW — M x0 is a homeomorphism, d; F: d; W — M x 1 is a simple homotopy
equivalence and 6(F, B) = x. The “map” 9 in fact means that there is an action of
L3 (G) on §°(X) given as follows. Let f: M — X € S°(X) and x € L;(G), then
d(x, f) is given by d; F1 0 f: ;W — X where (F,B): W — M x I realizes x.
When the abelian group structure of [12, Chapter 18] is imposed on S*(X) the action
d corresponds to the group action of the subgroup generated by the image of d on
S¥(X).

2The choice of the notation in the last line is explained later in Section 4.
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Hence the problem of determining S*(X') in general consists of determining firstly
N (X), which is tractable via standard algebraic topology, secondly L$(G) which we
know in our case, thirdly determining the maps d, 1, 8 and finally solving an extension
problem which is left over.

Remark 3.5 One can also define the structure set S"(X) of an n—manifold X .
Here, in comparison with the definition of S*(X), one replaces simple homotopy
equivalences by homotopy equivalences and the homeomorphism relation by the /-
cobordism relation. There is a version of the sequence (3-1) in this situation and again
the theory of [12, Chapter 18] makes it into a long exact sequence of abelian groups.
The obvious map S*(X) — S”(X) is a homomorphism.

3.1 Complex projective spaces

We also need the discussion of the classification problem for the complex projective
spaces. This is useful also since the discussion is simpler in this case and will give us a
simple example of the strategy we will need later.

The complex projective space C P91 is defined as the quotient of the diagonal S!—
action on S24-1 = §l ... % §! (d —factors). As a real manifold it has dimension
2d —2 and 71 (C P") = 1. Hence from Theorem 3.3 we have that the surgery exact
sequence for C P?=1 becomes the short exact sequence

(3-4) 0—SCPYy s NECPITY S s, (1) o,

For the normal invariants we have

l@-n/2) /2
35 NECPIThH= @ HYCPUThz) e P HYTHCPIT L)

i=1 i=1
Further we can identify the factors
(3-6) s4i: N(CP Y > HY¥(C P, 2) =7 ~ Ly;(1)
(3-7) Sai—2: N(CPU™Yy o HY=2(C P91, Zy) = Zy == Lsi_»(1)
as surgery obstructions of degree one normal maps obtained from (£, b): M — C pa-1
by first making / transverse to C PX~! (for s,; where i = k — 1) and then taking the
surgery obstruction of the degree one map obtained by restricting to the preimage of

C P'. The maps s,; are called the splitting invariants. We will sometimes use (3-5) to
identify the elements of A’ (C P91 by s = (s2:);.
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The surgery obstruction map 6 takes the top summand of A (C P91 isomorphically
onto L3, ,(1). Hence the short exact sequence (3-4) splits and we obtain the bijection
of §*(C P9~1) given by the splitting invariants s,; for 0 <i <d —1:

(3-8) D ssCPHS P Ly,
O<i<d—1 O<i<d-—1

If we think of S¥(C P9~1) as of an abelian group via Ranicki’s identification [12,
Chapter 18], then the map (3-8) is an isomorphism.

3.2 Preliminaries for lens spaces

When X is a fake lens space L2491 («) with 7 (L2?~1(0)) = G = Z for N = 2K
we obtain some information about the surgery exact sequence for L%~ 1(g) from
Corollary 3.2 and Theorem 3.4. In more detail,

l@-1/2) ld/2)
39 N @)= @ HYLH '@:ne D H LT @) Zy).

i=1 i=1

‘We denote the factors

(3-10) tyi N(L* (@) > HY (L2 (); Z) = Z,x
(3-11) taimo: N(L27 V@) - HY 2L (@) Z,) = Z

and similarly as above we will sometimes use (3-9) to identify the elements of
N(L?*=1(«)) by t = (t;); . More information is obtained from the following:

Theorem 3.6 [13]
(1) Ifd = 2e, then the map
0: N(L* ) — LS, (G)=L5,_(G) =17,

is given by 0(x) = t4e—2(x) € Z,.
(2) The map
0: Np(L2@= (o) x I) — L5 ,(G)

maps onto the summand L ;(1).

Hence we obtain the short exact sequence

(3-12) 0 I3,(G) > 8 (L2 (@) > N(L2 (@) - 0
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where

N(L*7' (@) = ker (tae—a: N(L*7 (@) — H*¥ (L4 (@); Z,) = Z,),
j\v/‘(L4e+1 (a)) — N(L4e+l (Ol))

In other words

(3-13) N Yoy =@Pzve Pz,

i=1 i=1

where ¢ = [(d —1)/2]. The first term in the sequence (3-12) is understood by Theorem
3.4, the third term is understood by (3-13). Hence we are left with an extension problem.

3.3 The join construction

We will make use of the join construction from [13, Chapter 14A]. It can be explained
as follows. Let G be a group (in our case G < S'!) acting freely on the spheres S”
and S”. Then the two actions extend to the join S "1 >~ §7 s §” and the resulting
action remains free. When we are given two lens spaces (complex projective spaces)
L and L', we can pass to universal covers (S ! -bundles), form the join and then pass
to the quotient again. The resulting space is again a fake lens space (a fake complex
projective space). This operation will be denoted L * L’ and it will be called the join.
When L’ = L'(a;) we call this operation a suspension.

The join with L' (o) defines a map Z: SS(LZd_l(ozl)) —> 85(L**1 (). The
inclusion L24~1(a;) € L29%1 (o) induces a restriction map on the normal invariants
res: N (L29H (ag)) — N (L2~ () and we have a commutative diagram [13,
Lemma 14A.3]:

S (L2 (@) — > N (L2 ()
(3-14) 2ki Tres
S (L2 (@) —— N (L2 (@)
Note that we have t,; = res(#,;). Hence the map
(3-15) res: N(L29F (y)) — N(L2 7 (y))
is an isomorphism when d = 2e¢ 4 1 and it is onto when d = 2¢ with the kernel equal

to Z n(tse). A similar diagram exists for the situation C P4 = C P4~1 x pt.
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The map X is a homomorphism when the structure sets are equipped with the abelian
groups structure from [12, Chapter 18]. To see this notice that

L* () = E(w) Ugay C

where E(v) is the total space of the normal disk-bundle of L2491 («y) in L29H (),
S(v) is the associated sphere-bundle and C is the complement (it is the total space of
a disk-bundle over L!(ay)). Then there is a commutative diagram

SHLH(an))

S

SS (L2 (ag)) —= S (E(v), S(v))

The map in the bottom row is obtained using [13, Theorem 12.1]. It follows from
the calculation S3(C) = 0 that it is an isomorphism. The map v! is the transfer map
obtained via pullback. This coincides with the algebraic surgery transfer map from [12,
Chapter 21].3

4 The p-invariant

We review the definition of the p—invariant for odd-dimensional manifolds and some of
its properties from Atiyah and Singer [1] and Wall [13]. It will provide us with a map
from the short exact sequence (3-12) to a certain short exact sequence coming from
representation theory of G. Studying this map will enable us to solve the extension
problem we are left with in the next section.

4.1 Definitions

Let G be a compact Lie group acting smoothly on a smooth manifold ¥ 2d  The middle
intersection form becomes a nondegenerate (—l)d—symmetric bilinear form on which
G acts. As explained earlier, such a form yields an element in the representation ring
R(G) which we denote by G-sign(Y). The discussion in Section 3 also tells us that
we have G—sign(Y) € RED? (G) which in terms of characters means that we obtain
a real (purely imaginary) character, which will be denoted as

G-sign(—,Y): g€ G+— G-sign(g,Y) e C.

3We thank A Ranicki for informing us about the last claim.
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The (cohomological version of the) Atiyah—Singer G —index theorem [1, Theorem
(6.12)] tells us that if Y is closed then for all g € G

4-1) G-sign(g,Y) = L(g.Y) € C,

where L(g,Y) is an expression obtained by evaluating certain cohomological classes
on the fundamental classes of the g—fixed point submanifolds Y& of Y. In particular
if the action is free then G—sign(g,Y) = 0 if g # 1. This means that G—sign(Y)
is a multiple of the regular representation. This theorem was generalized by Wall to
topological semifree actions on topological manifolds, which is the case we will need
in this paper [13, Chapter 14B]. The assumption that Y is closed is essential here,
and motivates the definition of the p—invariant. In fact, Atiyah and Singer provide
two definitions. For the first one also needs the result of Conner and Floyd [2] that
for an odd-dimensional manifold X with a finite fundamental group there always
exists a k € N and a manifold with boundary (Y, dY') such that 7 (Y) = 71 (X) and
Y =k-X.

Definition 4.1 [1, Remark after Corollary 7.5] Let X 2d—1 pe 4 closed manifold with
m1(X) = G a finite group. Define

(4-2) p(X) = % G-sign(¥) € QRCV(G)/ (reg)

for some k € N and (Y, dY) such that 71 (Y) = r;(X) and 0Y = k- X'. The symbol
(reg) denotes the ideal generated by the regular representation.

By the Atiyah-Singer G —index theorem [1, Theorem (6.12)] is p well defined.

Definition 4.2 Let G be a compact Lie group acting freely on a manifold X2d-1
Suppose in addition that there is a manifold with boundary (Y, dY) on which G acts
(not necessarily freely) and such that dY = X . Define

pg(f): g€ G G-sign(g,Y)—L(g,Y) eC.

In this definition we think about the p—invariant as about a function G ~ {1} — C.
When both definitions apply (that means when G is a finite group), then they coincide,
that means p(X) = pg(X).

For finite G < S! we will use special notation following [13, Proof of Proposition 14E.6
on page 222]. By G is denoted the Pontrjagin dual of G, the group Homgz (G, S').
Recall that for a finite cyclic G the representation ring R(G) can be canonically
identified with the group ring ZG . Then we also have QR(G) =Q® R(G) =
Q@. Dividing out the regular representation corresponds to dividing out the norm
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element, denoted by Z, hence R(G)/(reg) RG = ZG/(Z) and QR(G)/(reg) =
QRg = QG /{Z). Choosing a generator G = (x) gives the identifications Q RG =
QIx)/ {1+ x+---+ xN~1) where N is the order of G. In order to save space we
also use the following notation 7(K) = (1 + x+---+ ¥V 1),

Recall that R(G) contains two eigenspaces R(G)T with respect to the conjugation
action. In terms of the above identification of R(G) and RgG with the polynomial rings
we have identifications:

Re™ = —xN"Flk=1,....(N/2)—1)
= {p € ZX/I(K) | p(XV ™) = —p(0)},
=+ Nk =0, (N/2) 1)
={p € Z[x)/ I{K) | p(x ") = p(x) and p(~1) = 0 mod 2}.

4.2 Properties

The p—invariant is an s—cobordism invariant [1, Corollary 7.5]. For X 2d-1 with
m1(X) = G it defines a function of S*(X) by sending a = [h: M —> X] to p(a) =
p(M)— p(X). If we put on S¥(X) the abelian group structure from [12, Chapter 18]
it is not clear whether 5 is a homomorphism in general.# Still the following property
holds always.

Proposition 4.3 For X241 with ;(X) = G there is a commutative diagram
a
L3 ,(G) S%(X)

i G-sign J/ 0

4-REV(6) —= QREV' (6)/ (reg).

Moreover, for z € L3 ;,(G) and x € §*(X) we have
Plx +02) = F(x) + A(02),

Proof See Petrie [10, Theorem 2.3]. It essentially follows from definitions. We also
use the identification of the geometrically given action of L3 ,(G) on §%(X) with the
action coming from the abelian group structure on S*(X) of [12, Chapter 18]. ad

Remark 4.4 The map 7 also obviously factors through the map S%(X) — S(X) of
Remark 3.5.

4We will see below that it is a homomorphism when X = L2d-1 ().
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When X = L2d-1 (g ), it follows from the above diagram, the exactness of the surgery
exact sequence, the Atiyah—Singer G —index theorem and the calculation of the groups
L’ ;(G) that the action of L3, (G) on &° (L?*=1) is free. In fact we have:

Proposition 4.5 There is the following commutative diagram of abelian groups and
homomorphisms with exact rows

n

OHZ‘;d(G) LSS(LZd_I(a)) j\?(LZd—l(a)) — >

= i G-sign J/ 0 l [o]

0*>4.R(G_1)d —>QR(G_1)d QR(G_I)d/4-R(G_1)d —0

where [p] is the homomorphism induced by p.

All the statements follow from the previous discussion except the claim that p and [p]
are homomorphisms. This will be proved in this section, first for o, then for o, and
finally for general «. To this end we need some way to calculate the p—invariant for
fake lens spaces. The formulas we obtain will give us first a good understanding of the
map [p]. Using certain naturality properties we will obtain also the claim about p.

Recall the join L x L’ of the lens spaces L and L’ from Section 3.3. We have [13,
Chapter 14A]

(4-3) p(L* L") = p(L)-p(L).
For L!(a;) we have [13, Proof of Theorem 14C.4]
(4-4) p(L' (@) = f € QRE

where fj is defined as follows.

Definition 4.6 For odd kK € N we set

1+X+X2++Xk_2+xk_1

14k
fk'_ I—Xk

and f} :=
We abbreviate f := f7.
Lemma4.7 Let G =Zy with N =2X . Forodd k € N we have

S € QRG, fie= -1y /1 € RG.
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Proof Notice that 1 — x¥ is invertible in QRG because
1
(A= f7 =0+ 2043 4 N VD5 € QRa.

Therefore f; € QRG and the identity

L+x% 1440
1—x* __I—Xk =~k

implies f; € QRZ. An easy calculation shows f; = f- f/. That f; € R follows
from the fact that 1 4+ x + x2 +--- + x¥~! is invertible in RG. The inverse is given
by 1+ Xk + sz 4.4 X(’_l)k where r denotes a natural number such that » -k — 1
is a multiple of N = 2K O

Also a formula of Wall which calculates the p—invariant for fake complex projective
spaces will be useful. Let a = [h: O —> CP4~!] be an element of S*(C P9~1)
and let /1: Q —> §24=1 pe the associated map of S'—manifolds. Denote 7 gi(a) =
Ps1(0) — Ps1(S24=1) defining a function of §*(CP4~1).

Theorem 4.8 [13, Theorem 14C.4] Let a = [h: Q — CP?~!] be an element in
SS(CP=Y). Thenfort € S*

Psitay= Y Besu(n@)-(fTH - M e,

1<i<|d/2]-1
where f=(1+4+1)/(1—1).
Among other things this also shows that pg1 is a homomorphism of &*(C Py,

Coming back to lens spaces recall that there is an S!-bundle (better L' (ct;)-bundle)
p: L2~ (¢) — C P9~ Via pullback it induces a commutative diagram

n

0 Ss(CpiT) N(C P
(*5) | |
L3,4(G) —= S (L2 (@) ——= N(L2 (@) — L3;_,(G).

Ly@g—1(1)

With the abelian group structure of [12, Chapter 18] the maps p' are homomorphisms
by the identification of geometric and algebraic transfers. Another way of thinking
about p' is that it is given by passing to the subgroup G < S?. Since the p—invariant
is natural for passing to subgroups we obtain:
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Corollary 4.9 [13, Theorem 14E.8] Let a € S*(L2?~!(ay)) such that a = p'(b)
for some b € S(C P?~1). Then

~ i i (1)
pay=" Y 8-su(®)- (S = 1) e QR
1<i<|d/2]-1
where f = (14 x)/(1= ).
The map p': N(CP4~") — N (L?@~1(a;)) is surjective, since we have
(4-6) P (Sai—2) =taiz  P'(sai) = tai.

By (4-5), the composition S*(C P4~1) - N (CP4~1) - N(L?*@~1(«;)) maps into
/V(LM_1 (a1)). If the map S*(C P4~y — N(de_l (1)) were surjective we could
use Corollary 4.9 to give a formula for the function [p]. This is the case when d = 2e.
In the case d = 2e + 1 all the summands but the Z y (t4,) from N(L24~1(ay)) are
hit from S(C P9~1). We need the following:

Lemma4.10 Letd =2e+ 1 andlet a € S(L?3~1(«;)) be such that a — t(n(a)) =
0,...,1) e N(L2¥¥ Y(ay)), ie t(n(a))s; =0 fori <e—1 and t(n(a))4e = 1. Then

play=8f+z € QRg
for some z € 4- R¢.
Proof We will use the suspension map X; from Section 3.3. Our assumptions mean
that t((a)) is not in the image of the composition S(C P4~1) — N(C P41y —

N(L?*1(x;)). However, diagram (3-14) tells us that t((X1(a))) is in the image of
S(CPUE+D=1y 5 A€ PE@+D=1) 5 A(L2E@+D=1(,)) and hence we have

[P@+y=8-1-(f2-1) € QRj

for some y € 4- RE. We obtain the desired identity by the following calculation. Let
p € Qx] and y € 4-Z[x] be representatives for p(a) and y. Then

(1+00=xp+(1—x)?>9=8-(4x) mod 1 (K)
(1+0=x)p+(1=x)*F+8) =8-(1+x)* modI(K)
I+ x0)0=x0)p+(1=0)*G+8) =81+ > +g(0U+x+--+x¥h

for some g(x) € Q[x]. Hence y + 8 = (1 + y)w(y) for some w(x) € Q[x]. Since
(7+8) €4-Z[x], we obtain w(y) € 4-Z[x]. Further write g(x) =2r+(1+ x)g'(x) =
r(l—x)+ 0+ )+ g'(x) for r € Q, g'(x) € Q[x]. We have

1=+ 1= 0*w() =80+ +g()+ x>+ xN2) eQlx]
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and further modulo 7 (K)

Q1= 0p+1=0*w()=8-L+ ) +r(1—x)1+ x>+ xN7?
P+U—w() =8 f+r(l+ x>+ xN72.
Now (1 — y)w(x) = 2 — (1 + Y)w(x) = 2w(x) — (§ + 8). Further 2w(x) =
wt (%) +w™(x), where wE(x) := w(yx) £ w(x™ ) €4-Z[x]/I(K). Hence
pa)y=8-f+w () =F+8) —wr(+r(l+ > +-+xV?

in Q[x]/I(K), while the left hand side of the equation lies in the (—1)—eigenspace
and the right-hand side lies in the (4 1)—eigenspace and hence both are equal to 0. It
follows that

pla) =8 f—w(x).
Putting z = —w™ () yields the desired formula. O

Lemma 4.11 Let d = 2¢ 4+ 1, a € S(L*Y(ay)) and let 7y; € Z be such that
[t4i] = t4i(n(a)) in Zy . Then
P@)=8Tae- f+ Y BT (f7TH-fTH 4z € QR
1<i<|d/2]-1

for some z € 4- RG.
Proof Proof is by a straightforward modification of the proof of Lemma 4.10. O

Proposition 4.12  For the map [p]: N' (L2 (a;)) — QRg D /4. RgD" and
an element t = (t;); € N(L*~1(«a)) we have that

e—1
ford = 2e, Ple) =) 8-tai- S92 (7= 1)

i=1

e—1
ford =2e+1, [Py = 8 t4i- 4722 (f2= 1)+ 8ty f-

i=1

Remark 4.13 Strictly speaking, here and at some places below, we should replace the
elements t4; € Zn by lifts i€, similarly as in Lemma 4.11. On the other hand,
since we are passing to the quotient by 4 - Ra(_l)d , the formulas become independent
of the choice of the lifts. Therefore, in the interest of keeping the discussion simple,
we take the liberty of thinking about #4; as an element in Z.
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Proof of Proposition 4.12 It is enough to find for each ¢ € N (L2~ 1(@;)) some
a€S5(L*~(ay)) with t(n(a)) =t and for which we can calculate 5(a) € QRG(_I)d .
If d = 2e then by discussion after Corollary 4.9 there is for each normal cobordism
class a fake lens space which fibers over a fake complex projective space and hence
the formula from Corollary 4.9 gives the desired formula. If d = 2e + 1 then the same
reasoning applied to Lemma 4.11 gives the desired formula. m|

Corollary 4.14 The function p: S*(L?**~(«;)) —> QR(‘;(_I)d is a homomorphism.

Proof It is enough to show that for every ¢, ¢’ € N (L?*4=1(q;)) there exist elements
(not necessarily unique) a, @’ in S*(L??~1(«;)) such that t(n(a)) =¢, t(n(d')) =1
and p(a+a’) = p(a)+ p(a’). If this holds, then for any x, x” € S*(L24~! (1)) choose
a and @’ as above corresponding to the classes t(17(x)), t(n(»)) € N (L2~ (ay)).
Then x = a + d(b) and x’ = a’ + 3(b’) for some b, b’ € GZ;d(G) and

p(x+x")y=pla+0b+d +03b')=pla+d)+ p(db+db)
= p(a) + p(a@’) + p(3b) + p(3b") = p(x) + p(x").

When d = 2e we can associate to a given ¢ € N (L2~ (ay)) an a € S* (L2~ (a}))
coming from the S(C P9~1), that is « = p'(b) where b € S(C P?~1) such that
p'(n(b)) =t. When ¢, t' € N(L2**~ (), then p(a +a') = p(p'(b) + p'(b')) =
P(p! (b+b") =res(Bg1 (b+b) =res(Bs1 (b) +Fg1 (b)) =res(Fs1 (b)) +res(Bs1 (5))
= p(a) + p(a’). Here res denotes the map on the representation rings induced by the
inclusion G < S1.

When d = 2e + 1 and ¢ € N(L2?4"!(a;)) we can do the same unless 4, # 0. In
that case there is no fake lens space in the normal cobordism class of t which fibers
over a fake complex projective space and we have to use a different argument. It
follows from the formula in Proposition 4.12 that for a,a’ € S* (L*@ (1)) we have
pla+a') = p(a)+ p(a’) + z for some z € 4- Rg~. Our task is to show z = 0 for
any choice of a, a’. We use the fact that ¥ is a homomorphism and that we have
already proved the claim for d = 2e¢+2. That implies p(X(a+d’)) = p(Za+Xd')) =
p(Za)+p(Xd’)y= f-p(a)+ f-p(a’). Onthe other hand p(X(a+da’)) = f-pla+a’) =
f-pla)+ f-p(@)+ f-z. Hence it is enough to show that for any z € 4- R~
such that f-z =0 in QRgT wehave z =0 in 4- Rg~. This is proved below in
Lemma 5.7. O

Now we proceed to the case of «j where k € N is odd.
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Proposition 4.15  For the map [p]: N(L2?' (o)) — QRgV" /4. RgD? and
an element t = (t5;); € N(L*~ () we have that

e—1

ford = 2e, [,5](t)=ZS'ZM'f;é‘fd_y—z‘(fz—l)’
i=1
e—1

ford =2e + 1, [,5](1)=28'141"f;é'fd_Zi_z'(fz_1)+8'l4e'flé'f'

i=1
Proof We will use the calculation for «; and the homeomorphisms
L2 o) = L2 Vo)« L' (o) and L2 () = L2 Y(ag) * L' (o).

For d = 2e recall the diagram:

QRG™ <2 (L4 @) —= KL% (@)
4-7) J/-fk lEk %Tres
QRG* " S (L4 (@) —= RA(L4 (o)
Lett e /’\v/(L“"’_1 (o). Choose x € S*(L*73 (1)) such that t(n(x)) =t = res(t).

Then we have t(n(Z;x)) =t and [p](n(Zxx)) = [p(x) - f%] can be calculated using
the formulas from the case k = 1.

For d = 2e + 1 recall the diagram:

QRG™ <L SS(L4e+1(Olk)) i>>ﬁ(L4e+l(ak))

(4-8) if lEl gTres
QR6+ <L SS(L4e+3(Otk)) i>> j\\'/'(L4e+3(ak))

Lett e N(L4e+1(ak)). Choose x € SS(L*¢*1(ay)) such that t(n(x)) =¢. Then we
have t(n(X;x)) =1t and p(X1x) = p(x)- /. We obtain the equation

e—1
L) +y = 8ty L ST (2 D) 48t L (fP— 1) €QRGT

i=1

for some y € 4- R using the formulas from the case d = 2e + 2 which we have
already dealt with. Now a modification of the argument from the proof of Lemma 4.10
can be used to obtain the formula for [p](n(x)). ad
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Corollary 4.16 The function p: S* (L2~ (o)) —> QRé(_l)d is a homomorphism.

Proof Just as in the case « it is enough to find in each normal cobordism class an
element such that the addition works for these representatives. In the case d = 2¢ we
can choose in each normal cobordism class an element coming from S*(L*¢73(a)).
In the case d = 2e + 1 there is again a problem with the summand Z y (¢4,) which
can be resolved by the same reasoning as in the case o . a

Corollary 4.17 The function p: S*(L?*?~!(a)) —> QRé(_l)d is a homomorphism.

Proof From Corollary 2.4 we have that for some k € N there is a homotopy equiva-
lence f: L4~ (o) — L2941 (a). It induces a homomorphism fy: S*(L24~(a)) —
S5(L29~1 (). We will show that 5= 5o f,. This implies that 5 is a homomorphism
of S*(L24~1(«)) since it is equal to a composition of homomorphisms.

We use the observation from Remark 4.4 and the composition formula of [11, Theorem
2.3]. Let h: L — L@~ («) represent an element a € S*(L2?~!(«)) and note that
the homotopy equivalence f represents an element in S*(L29~1(a)), call it b. The
composition / o f represents another element in S"(L2471(ay)), call it ¢. The
formula of [11, Theorem 2.3] says fxa = b —c¢. Now clearly

B fxa) = p(b) — plc)
= p(L) — p(L** ™Y (ag)) — p(L* V(@) + p(L* ™ Nag)) = pla).

This finishes the proof. a

5 Calculations

We want to prove Theorem 1.2 by investigating the short exact sequence (3-12) using the
relation to a short exact sequence from representation theory of G via the p—invariant
as described in Proposition 4.5.

Notice that for any fake lens space L2~ !(x) there exists k € N and a homotopy
equivalence h: L2941 («) - L2941 (a}) (see Corollary 2.4). It induces an isomor-
phism /i4: S*(L29~(a)) = S*(L29~!(a)). Hence it suffices to consider the case
o= .

Theorem 1.2 is obtained when we put together statements of Theorems 5.1, 5.2 and
5.3.
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Theorem 5.1 Let T :=ker ([7]: N'(L297!(az)) — QR /4- R Then
we have o

S Yy =T
where 3 := p(S*(L??~1(ay))) is a free abelian group of rank N/2—1 if d = 2e + 1
and of rank N/2 it d = 2e.

Proof Recall the commutative diagram of Proposition 4.5. Since p is a homomor-
phism, we have that  is a subgroup of QRa(_l)d , which as an abelian group is a
direct sum of N/2—1 copies of Q if d =2e+1 and of N/2 copies of Q if d = 2e.
It contains a subgroup ,0(8LS 54(G)) which is a free abelian group of the same rank
as the theorem claims for X in the respective cases. The claim about the rank of
follows.

Now replace in the diagram of Proposition 4.5 the middle and the third term of the
lower sequence by the image of p and by the image of [p] respectively. Then the right
hand square becomes a pullback square. It follows that T is isomorphic to the kernel
of the map p: S*(L??~!(ay)) — . We obtain a short exact sequence of abelian
groups

0— T35S LM () LT —0

where X is a free abelian group and hence the sequence splits. O

So our goal is to understand the subgroup T of N (L*@=1(ay)), which is a group
isomorphic to the direct sum T (d) @ T»(d) of an N —torsion group T (d) and a
2—torsion group T>(d)

Tnd) =D Zn =P Znta) Told) =@ 22 = P Za(taiv2)

i=1 i=1 i=1 i=1
where ¢ = |[(d —1)/2].

Theorem 5.2 We have B
T d)<T.

Proof By Proposition 4.15 the formula for [p] only depends on #4;. a
We will denote T (d) := T N Ty (d) which implies T = T (d) ® T»(d).
Theorem 5.3 We have .

Tn(d)= @ L ymint K 213

i=1
where c = |(d —1)/2].
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In view of Proposition 4.15 it is convenient to make the following reformulation. If
d = 2e then the group Tn(d) can be identified with the underlying abelian group
Z n[x](d) of the truncated polynomial ring in the variable x:

Tn(d) = Zy[x)(d) := {q(x) € Zn[x] | deg(q) <c—1}

(5-1) c—1 .
t = (tai)i— = q1(x) = 21‘4(,'_{_1) Lx6T
i=0

The map [p] becomes

(5-2) g8 fi- (f*=1D-q(f?).
If d = 2e + 1 then the group T (d) can be identified with the underlying abelian
group Z n|[x](d) of the truncated polynomial ring in the variable x as follows:

Tn(d) = Zylx)(d) = {q(x) € Zylx] | deg(q) < c —1}

c—1
t = (tai)j=y = q1(x) = Zlm’ XN = 1) g

i=1

(5-3)

c—1

=Y (tagi+1) — la)x T 4 14x!

i=1
The map [p] then becomes
(5-4) g8 fiq(f?).

Further it is convenient to work with the underlying abelian group of
ZIx)(d) = {q(x) € Z[x] | deg(q) < ¢ — 1},

use the formulas (5-2), (5-4) to define a map [p]: Z[x](d) — QR(‘;(_I)d and study
the preimage of 4 - R@(_l)d . So the task becomes to find

Ak 2e):={q € Z[x]| deg(q) <c =1, 8- f{ - (f>=1)-q(/?) € 4-Z[x]/ 1 (K)},
A Qe+ 1):={g € Z[x] | deg(q) < ¢~ 1. 8- fi-q(f?) € 4 Z[x)/1(K)}.
Here we have replaced 4- RGT by the bigger ring 4 - Z[x]/I (K). This is legal since
when the expressions in question are in 4 - Z[x]/I{K) then they always fulfill the

additional conditions to be elements of 4- RG*. We will show that A’I‘((d )= Bg(d)
where By (d) is a subgroup of polynomials described in terms of certain polynomials
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r,j': (x) of degree n for all n € N. These are the best polynomial of degree n in a sense
that

8- fL-(f2=1)-rf(f?) ed-Zx)/1(2n+2)
8- fi -y (f7) €4-Z[x]/1(2n +2)

and for all polynomials ¢ € Z[x] of degree n with leading coefficient 1 we have

8- L (f2=1)-q(f*) ¢4-Z[x]/I(2n+3)
8- fiq(f*) £4-Z[xl/1(2n +3).

c—1
We define Bk (2e) .= { Z ay - 2maxtK—2n-2.,0} -r,f ‘an € Z},

n=0

c—1
Bg(e+1):= { Z ayp - 2max{K—2n=2,0} Py }a,, € Z}.

n=0

Theorem 5.4
Ak (d) = Bk (d)

Proof of Theorem 5.3 It follows from Theorem 5.4 and the definition of Bg (d)
that AII‘( (d) is a free abelian subgroup of Z[x](d) with a basis given by polynomials
omaxtK—2n=2,0} ;% Under the homomorphism Z[x](d) — Zn[x](d) the subgroup
A’I‘((d) is mapped onto a subgroup isomorphic to a direct sum as claimed by the
theorem. O

Scheme of the proof of Theorem 5.4 The proof requires a formidable amount of
machinery and special constructions. For better orientation we offer the following
scheme. The proof is divided into five subsections:

e Section 5.1: w;—technology

e Section 5.2: cg—technology

e Section 5.3: Inductive properties

e Section 5.4: Good polynomials

* Section 5.5: The equality A% (d) = Bg(d)

The first three subsections are preparatory, they contain the description of the tools we
later need. The fourth subsection contains the definition of the polynomials r,, and
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proof of their properties. The last subsection contains the proof of the theorem, using
the tools and results of the previous subsections.

For more motivation we offer the following informal discussion of main ideas. Recall
that for K = 1 the desired equation is known by [13, Chapter 14D]. Further we
obviously have AII{‘( (d) C AII‘(_1 (d). More interestingly, one can show that g € A’I‘( (d)
implies 2-q € Ay, (d) (Corollary 5.17). On the other hand these polynomials do
not exhaust A’;( i (d) and so the task becomes to find polynomials with the leading
coefficient 1 in A% | (d). However, ad-hoc calculations for low K > 1 reveal no easy

pattern for finding such polynomials.

Therefore a systematic approach is needed. At the end we proceed by induction with
respect to K, but it turns out that for the start it is helpful to develop tools which are
independent of the inductive approach. The first idea is that the ring Q[x]/I(K) splits
by the Chinese remainder theorem into a product of cyclotomic fields Q[x]/{1 + XZI)
for 0 <] < K — 1. Unfortunately, the subring 4 - Z[x]/I{K) does not split into
subrings of these fields. Nevertheless, the valuation in the cyclotomic field with respect
to the prime ideal (1 — x) gives us useful information. We use these valuations to
define functions w; on Q[x]/1(K) (Definition 5.8). The functions w; are effectively
calculable (Lemma 5.9) and we give criteria for deciding whether a g € Q[x]/ (K)
isin 4-Z[x]/I{K) or not using w; (Theorem 5.11). But there is a problem, we do
not obtain a necessary and sufficient condition since the criteria do not apply to all

g € Q[xl/I(K).

Further improvement is obtained by considering the concept of a “failure” of an element
g€Q[x]/I{K) tobein 4-Z[x]/I{K). This is the least natural number cg (g) such
that g-(1— )8 (® e 4.Z[x]/I(K) if it exists, otherwise cg (g) = 0o. It is introduced
in Section 5.2. Its usefulness stems from the fact that we know how the failure cg
behaves for the sum of two elements in 2-Z[x]/I{K). This gives us a way to find
better polynomials than those found purely by the w;—technology. On the other hand
it can also be used to show that certain linear combinations of polynomials do not lie

in4-Z[x]/I{K).

In Section 5.3 we prove Lemma 5.16 which enables induction with respect to K. Also
the behavior of cx when K is varied is understood (Corollary 5.17).

The w; and the cg —technology are used in finding the polynomials r,, and showing
their properties. This is done using a quite complicated inductive argument in Section
5.4. In the first reading this may be skipped, since what is actually essential for the
proof are the properties of the polynomials r,” which are summarized in Corollary
5.27.
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In Section 5.5 the desired equality is shown. We start with the case d = 2e + 1, then
the proof of the case d = 2e is short and proceeds by a reduction to the previous case.
The inclusion Bg (2e + 1) C A’I‘( (2e + 1) follows directly from the properties of the
polynomials r,; . On the other hand, these properties together with the ¢k —technology
are used in proving the inclusion AII‘( (2e +1) C Bg(2e + 1), using an inductive ar-
gument with respect to K. Since there are inclusions AII‘( (2e+1) C AII‘(_1 (2e+1)
and Bg(2e +1) C Bg—1(2e + 1) this boils down to showing that certain elements in
Bg_1(2e + 1) cannot be inside Ag(2e + 1). Elements in Bg_;(2e 4 1) are given as
linear combinations of polynomials pmax{K—2n-3,0} r,, » for which we can calculate
the failures cg . As indicated above the cx —technology can now be used to show that
linear combinations which are not in Bg (2e + 1) have nonzero failure cx and hence
cannot be inside A’I‘((2e +1).

We would still like to give more motivation for Section 5.4 which we suggest is read
after the last Section 5.5. As indicated, our global strategy is to construct polynomials
in Z[x](d) for d = 2e + 1 which are good in a sense that they have the leading
coefficient 1 and they yield elements in 4-Z[x]/I(K) for a large K in comparison
with the other polynomials of the same degree with leading coefficient 1. This is
what we do in Section 5.4 step-by-step. First we construct auxiliary polynomials pj
(Definition 5.18), which are used to define “good” polynomials g, (Definition 5.21).
These are in turn used to define “the best” polynomials r,, (Definition 5.26). This last
definition is inductive, the crucial inductive step is described in Proposition 5.24. It uses
a combination of the w;—technology and the cg —technology, whereas the definition
of polynomials pj and ¢, only uses the w;—technology. The “goodness” properties
are summarized in Corollary 5.20 ( pg ), in Proposition 5.22 (g, ) and in Corollary 5.27

(r, ).

Remark 5.5 The reader may wonder that we are not using geometric constructions
from Section 4 to obtain more interesting structure in the calculations. For example
one could hope that varying K and using the geometric transfers might be helpful. But
this only yields the easy observation AII‘( (d) C AII‘(_1 (d). Also the suspension map
of Section 3.3 was useful in obtaining formulas for the map [p], but is not used in the
calculation. In fact here the situation is reversed, in the follow-up paper [5] we use the
calculations from the present paper to understand the suspension map.

5.1 w;—technology

For given g € Q RG we want to decide whether g € 4- Rg or not using the homomor-
phisms pr;: QRG = Q[x]/I(K) = Q[x]/(1 + le) for 0 </ < K —1. Obviously,
g €4- R¢ implies pr;(g) €4-Z[x]/{1 + )(2]). Of more interest is the other direction.

Algebraic & Geometric Topology, Volume 9 (2009)



1864 Tibor Macko and Christian Wegner

By the Chinese remainder theorem g is uniquely determined by the elements pr;(g)
(0 </ < K—1). More precisely, we have:

Lemma 5.6 Let g € QRG. Then

K—1
g=y 2Kg.a-x0- ] a+x
1=0 0<r<K-1

r#l
for any elements g; € QR¢G satisfying pr;(g;) = pr;(g).

If pr;(g) € 22K~ Z[x]/(1 + le) we can choose g; € 227K~1. Re satisfying
pr;(g7) =pr;(g) and the lemma above shows g € 4- RG . Motivated by this observation
we want to analyze whether pr;(g) lies in 2™ -Z[x]/(1 + le) for some integer m. For
this purpose we will introduce w;—functions which are generalizations of the p—adic
valuation for p = 2.

Before we do so, we give the proof of Lemma 5.6 and consider an application (Lemma
5.7).

Proof of Lemma 5.6 We have QRG = Q[x]/I{(K) where I(K) was defined as
I(K):= (14 x+---+ 3" ~1). Notice that 1 4 x+---+ x> ~'=[[XZ 1+ ™).
Since the factors 1+ x2” are mutually coprime in the principal ideal domain Q[y], it
suffices to check the desired equality under the epimorphism pr,, for 0 <m < K —1.
In Q[x]/(1 + x*"") we obtain

K—1
prm< Y o Eega-p- [] @ +X2r))

=0 0=<r<K-1

r#l

=> 2 Fopr(@-(-0- [] a+x*)

—

1=0 0=r=K-1
r#l
0<r=<K-—1
r#m

K—-1
="K pr(@) (1= (gt + " [ O+

r=m+1
=2""K pr, (&) (1= x*") - 25717 = pr,, (2). D
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As a warm-up in learning how to work with Lemma 5.6 we prove the following lemma
needed in the proof of Corollary 4.14.

Lemmas5.7 Letzc QR .If f-z=0in QRg™ then z =0.

Proof It follows from Lemma 5.6 that it is sufficient to show pr;(z) = 0 for all
0<!=<K-—1. We have pr;(f): pri(z) = pri(f -z) = 0. Notice that pr;(f) is
invertible for / > 1 since

1 !
1+ =5-(1—x+)<2—x3+---—x2 e Qx/(1+ x*).

This implies pr;(z) =0 for / > 1. Further recall that we can write z € QRgG ™ as

N/2—1
z= ) ar- =M
r=1
N—r

with a, € Q. Since x" — x is a multiple of 1+ x, we conclude pry(z) =0. O

Now we proceed with the definition of the w;—functions.

Definition 5.8 Let ¢/+1s € C be a primitive 2/t1—th root of unity. Consider the
ring of algebraic integers Z[{»/+1s] in the cyclotomic field Q(¢p1+1s). The ideal
P = (1 =&ai+15) in Z[Cyi+15] is a prime ideal satisfying P = (2). Let vp be the
(exponential) valuation with respect to this prime ideal P. Then the w;—function of an
element g € QRgG is given by

1 1
wy(g) = ?'VP(O‘(Prl(g))) € ?Z U {oo}
where o: Q[x]/(1 + )(2[) — Q(&a1+15) is the isomorphism induced by x > {i+15.

Roughly speaking, w; counts how many factors of 2 are contained in pr;(g). The
properties of the valuation vp imply the following calculation rules for the w;—function.

Lemma 59 Letgq,g, € QRG and! > 0.

(1) wi(gr-g2) =wi(g1) +wi(g2).
(2) If wi(g1) # wi(g2) then wy(g1 + g2) = min{w;(g1), w(g2)}-
(3) Ifw;(g1) = w;(g2) then wi(g1 + g2) > wi(g1) = wi(g2).
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Example 5.10 The reader is invited to calculate the w; for the following examples.

(1) If g € Q C QRG then wy;(q) coincides with the p—adic valuation for p = 2.
In particular, w; (2%) = a.

oo when!/ =0,
@ wl(f):{o when / > 1
3) w(fxl)=1-2"1
4w (=D =2-2"
0 when/=0,
5) wi(f?+1)={00 whenl/=1,
1 when/ > 2

©) wi(f)=0
Hints. (2): For/ =0use f =0mod 1+ x. For/>1use f-(1—x) =1+ x and
I+ x=2—-(1=x).3):Use (1—x)(f+1)=2and (1—x)(f—1)=2x. (4): Use (3).

(5):For/=1use f24+1=0mod 1+ x2. For/ #1luse f24+1=(f>—1)+2
and (4). (6): Use f, f,é_l € RG and the fact w;(g) > 0 when g € RG.

We now come back to the initial question of this subsection: For a given g € Q RG we
want to decide whether g lies in 4- RG or not. The following theorem can answer this
question in many cases.

Theorem 5.11 Let g € QRG. Suppose that prj(g) € 4- Z[x]/(l + le) for all
0<I/<K-1.
(1) Ifw(g) >24+K—1—-2" foral0<I<K—1 then g €4- RG.
(2) Ifthereexisth € RG and 0 <1’ < K — 1 such that
wi(g)+wy(h)y=2+K—1-2"" foralll €{0,1,..., K—1}—{/'},
wy(g) +wp(h) <2+ K —1"=27",
then g €4- RG.

Proof (1) The assumption w;(g) >2+K—1—2"" implies w;(1—x)-g) =2+ K—I.
Hence, for all 0 </ < K — 1 there exist z; € Z[x] such that

pry((1—x)-8) = 22K~ 2,0 € QIu/ (1 + 1),
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Using Lemma 5.6 we conclude

K—-1
(l—y)-g= Z HI-K (22+K—l z1(0)) - (1= ) - 1_[ (1+¢2) inQRE
=0 0=r=K-1
r#l
K—-1
and hence g =4 Z z1(x) - 1_[ (1 +X2r) €4-Rg.
=0 0=<r=<K-1

r#l
(2) We give a proof by contradiction. Assume that g € 4- RG and define
a:=min{meZ|m+wp(g)+wyh)=2+K-1I —271",
Notice that a > 1. We have
wi(1—yx)-2%-g-h)>3+K—1 foralll €{0,1,...,K—1}—{I"}
wy((1—x)-2%-g-h)y>2+K-1'.
We conclude that there exist z; € 2+ Z[x] for all / € {0,1,..., K —1} —{/’} and
zp € Z[x] satisfying
pry((1 =) 2%+ g -h) = 227572, € QUI/ (1 + x*).

Lemma 5.6 implies

K—1
(1—x)-2%g-h=Y 27K 2K 00— [[ a+x)
=0 0=<r<K-1

r#l

K—-1
and hence 29.g-h= 24-21()()- l_[ (1+x*) inQRg.
=0 0<r<K-1

r#l

Since g-h €4-Rg there exists y € Z[x] such that g-4 and 4-y coincide in Q[x]/I{K).
We get

K—1
230 =Y a0 [T a+x*) nQx/I{K).
=0 05;11?1
Hence there exists ¢ € Q[x] with
K—1
20 =200 [] Q+x*)+q00-A+x+--+xN.
=0 0<r=<K-1

r#l

Algebraic & Geometric Topology, Volume 9 (2009)



1868 Tibor Macko and Christian Wegner

The equation above implies g(x)- (1 + x +---+ xV~1) € Z[x] and hence ¢ € Z[].
Under the epimorphism Z[x] —> Z,[x] this equation becomes

K—1
OZZZ_I(X)' l_[ A+ +70 -+ x+-+ ¥
=0 0<r<K-—1

r#l

K—1
=z (0. [[ a+x)+a00- [Ta+x).
0=<r=<K-1 r=0

r#l’

Hence Z77(x) = —7(00) - (1 + x2') = =700 - (1 + * in Zs[x]. This implies
wy(zp7) = 1. We finally get

(a—1) +wpr(g) +wp(h) = wp((1—x)- 2% g-h)—1-27"
= wy Q7K ) —1-27"
=wp(Z) () +1+K—1"=27"
>2+K—1'—-27F

which contradicts the minimality of a. |

5.2 ¢k —technology

In this subsection we introduce the cg —functions which measure the “failure” of a
polynomial g € QRG to be in 4- RG and we show their two interesting properties.

Definition 5.12 Let G = Z,k . Define the function cx: QRG — Ny U {oo} by
cx(g):=min{c € No|g(x)-(1 - ) €4-Z[xl/I(K)}.
If the set on the right hand side is empty then we set cx (g) := oo.
Lemma 5.13 Let g € 2- Rg where G = Z,k . Then
cx(g) €{0vU{1,3,5,....2K —1}.
Proof The element g € 2- RG can be written as

K—1

2
g =2 ap-(x*—x7

k=1
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with a; € Z. We set

2K—1
200 =Y ar- (" —x7F) e Za[x)/ 1(K).
k=1

Now suppose that cx(g) # 0 ie g # 0. Since
Xk _X—k — (X_X—l)_ (Xl—k +X3_k +"’+Xk_3 +Xk_l),

any element y € Z,[x]/I(K) of the shape y(x) = > j—q k - (x* = x™%) can be
written as

m—1
Y00 =—x(co+ Y cp-(F=x75)).
k=1
Now, we transform g in this way and repeat the transformation as long as the occurring

¢ is zero. We finally get

2K-1_p
200 =—xH"(+ > be-(F=x7H).
k=1

We want to prove cx(g) = ¢ := 2K —2n — 1. Notice that we have in Z,[x]

K—1 K—1

K_ r ! K-

Tyt g2l = 1_[(1+X2): H(I_X)Z =(1-—yx2> !
r= r=1

G=x'=0("" =0 =" a-0™

Therefore, we calculate in Z,[x]/I{K)

_ _ K_

X=xD"A=0=x"0-0"""=0
This implies g(x)-(1—x)¢ =0 in Z;[x]/I{K) and hence
g(x)- (1= x)° €4-Z[x]/I(K).

It remains to show

g0 - (1= £4-Z[x)/1{K).
We prove this by contradiction. Suppose g(x) - (1 — x)¢~! € 4-Z[x]/I(K) which

implies g(x)- (1 —x)~! =0 in Z,[x]/I1(K). This means that there exists g € Z»[x]
with

2 K—1_p
(X‘X_l)”'(H > bk'(Xk—X_k))-(l—x)c_l=q(x)-(1+x+---+x2K_1).
k=1
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We conclude in Z;[x]

2K-1_p
X A=0"(0+ Y b (= xT)- (=0 =q00 - (1 - ¥ !
k=1
2K=1_p
and hence x"(1+ Z br - (* - X_k)) =q(0)-(1—x.
k=1

This implies the desired contradiction

2K-1_p
1:1—”-<1+ > bk-(lk—l_k)):q(l)-(l—l):O in Z. O

k=1

Lemma 5.14 Let g; € 2-Z[x]/I{K) fori = 1,2 such that cx(g1) = cx(g2) > 0.
Then we have

cx (g1 4 82) <ckx(g1) = ck(g2).

Proof We set ¢ :=cg(g1) = cx(g2). Since 2-gi(x)- (1 — )¢ €4-Z[x]/I(K),
there exist polynomials /; € Z[x] (i = 1,2) such that 2-g;(x)-(1— )~ and 4-/;(x)
coincide modulo 7(K). We can require that deg(h;) < 2K —2. Let h; be the image
of /; under the epimorphism Z[x] —> Z,[x]. Notice that 1 + x +---+ XZK_I divides
hi(x)-(1—x) in Z,[x] because of gi(x)-(1—x)¢ €4-Z[x]/I1(K). In Z[x] we have

K-1 K-1
K_ r r K_
r=0 r=0

Therefore, (l—l—)()zK_2 divides /1 (x). Since g; (x)-(1—x)¢~' ¢4-Z[x]/I (K), we have
hi(x) # 0. We conclude from deg(h;) < deg(h;) <2X —2 that h;(x) = (1 + X)ZK_Z.
Therefore,

BO0+m00 =2-(14+ 0> 2 =0 inZ[x].
This implies /11 (x) + h2(x) € 2-Z[x]. In Q[x]/I(K) we finally conclude

(2100 +£200) - A=) =2+ (h1(x) + ha(x)) €4-Z[x]/ 1 (K). o
Lemma 5.15 Let g; €2-Z[x]/I(K) fori = 1,2 such that cx(g1) > cx(g2). Then

cx (g1 +82) = ck(g1) > cx(g2).

Proof Obviously, we have

cx (g1 + g2) <max {cx(g1).ck (g2)} = ck (1)
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The inequality cx (g1 + g2) = cx(g1) can be concluded from

cx(81) = cx ((g1 + g2) — g2) < max {cx (g1 + g2). cx (22)}- o

5.3 Inductive properties

Lemma 5.16 Let g € Q[x]/I(K + 1) such that prg(g) € 4-Z[x]/(1 + XZK). Then

g€4-Zx]/I{K) < 2g €4 -Zx]/I{(K+1).

Proof Assume first g € 4-Z[x]/I{K). Let h € Z[x] be such that 4/ and g coincide
in Q[x]/(1 +X2K) and let k € Z[x] such that 4k and g coincide in Q[x]/I(K). Then
we obtain in Q[x]/I (K + 1) the equation
K K
2:g00 =4-(1+ > ) k() +4-(1=x>")-h(x).
which shows 2g € 4-Z[x]|/I(K + 1).

Now assume 2g € 4- Z[x]/I(K + 1). We want to show g € 4-Z[x]/I(K). Let
h € Z[x] be again such that 4/ and g coincide in Q[x]/{1 + X21<> and let k € Z[x] be
such that 4k and 2g (resp. 2k and g) coincide in Q[x]/I(K + 1). Then 2-k(x) and

kGO (14 %) +2-h(0) - (1= x2") coincide in Q[x]/1(K) and in Q[x]/ (1 +x**)
and hence also in Q[x]/I (K + 1). Therefore there exists an » € Q[x] with

K K K+1_
2k(0 =k -+ x> ) +2-h(0-U=x> ) +r(0)- A+ x+-+x> .
We conclude r € Z[x]. Under the epimorphism Z[x] —> Z,[x] we get

0=k(0 1+ x> ) +700 (L +x+-+ x>
and hence 0=k(x)+7G0)-(1+x+-+x2 ).

We set s(x) :=k(x) +r(x)- (14 x+---+ x**~1) € Z[x]. The vanishing of s under
the epimorphism Z[x] — Z,[x] implies the existence of ¢ € Z[x] with 2t = 5. We
conclude in Q[x]/I(K)

g =2k =25 =4r1.
This shows g € 4-Z[x]/I{K). ad
Corollary 5.17 Let g € Q[x]/1(K +1) such that prg(g) €4-Z[x]/(1 +X2K). Then

we have

ck+1(28) = ck (g)-
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5.4 Good polynomials

In this subsection we define polynomials 7, which are the “best” polynomials in the
sense they are polynomials with leading coefficient 1 yielding elements in 4-Z[x]/I (K)
for alarge K in comparison with the other polynomials of the same degree with leading
coefficient 1. The path to the definition might be seen as a ‘brute force’ approach, on
the other hand it is a systematic approach as we will try to convey shortly. In order to
understand the overall strategy of the proof of Theorem 5.4 it might be better to skip this
subsection in the first reading, except Proposition 5.24, which describes the properties
of the polynomials r,,” and which is all that is needed for the proof of Theorem 5.4 in
the next subsection.

The method in this subsection is to combine the w;—technology, the cx —technology
and the induction technology. In the first part we define auxiliary polynomials py
(Definition 5.18) which are used to define polynomials denoted ¢, (Definition 5.21).
These polynomials are defined so that they have obviously large w;—functions (see
Corollary 5.20 and Lemma 5.23). In view of the cg —technology and the induction
procedure it is important to understand all those properties of the polynomials ¢,
which are listed in Proposition 5.22. The next idea is to use the cx —technology, the
induction procedure and the known properties of the polynomials ¢, to see whether
there are better polynomials than g, . Such a systematic analysis is done in Proposition
5.24. Using it we obtain the best polynomials r,, (Definition 5.26) and their properties
(Corollary 5.27).

Polynomials p; Notice that the for any ¢(x) € Q[x] we get
wo(8- f -/ -q(f?)) =00
since wo( f) = oo because of (1 + x) | /. Further notice that for p;(x):=x+1 we
have
1+ x2
(1=x)?

Hence (1+ x*)| p1(/f?) in Q[x]/I(K) and wi(8- f{ - /- p1(f?)) = co. Further
observe that

(5-5) n(fH=+1=2.

(f2+D? _(+x?)
4.2 (=%

Motivated by that we make the following:

(5-6)
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Definition 5.18 Let p;(x):=x+ 1 € Z[x]. For k € N define inductively

(x+1)?

. ) (40 e zx].

(5-7) Pk+1(x) 1= Pk(

Notice that pg(x) is a polynomial in Z[x] of degree 2¢~1.

Theorem 5.19 We have

2 2k T4x 2
pr(f5)=2"" = )2 —>= 7+ €Q[x]/I(K) forkeN.
Proof It suffices to prove the equality
A 1+X2k
P =271 o
(1-x)?

in the field of rational functions Q(). The proof now goes by induction with respect
to k € N. The case k = 1 is proved by the identity (5-5). Now the induction step. Let
a: Q(x) — Q(x) be the homomorphism given by x — x2. We calculate:

2 2 k—1
penr) = (L) -y

1
=Pk((1i_;(2) )-22"~f2" by (5-6)

= pr((@(f)?) 22
= a(pr(fH)-22 - %
1+ (Xz)zk 5261 22k 1+ X)2

S (-7 (1-0%
= : +,X2k+l L WS (1+0*
(1=0% - (14 0)? a-n
Sk+1_y 1+ sz—i-l
=2 ey o
(I-x

Corollary 5.20 We have

(1) wi(pr(f?)) = oo when [ =k,
2) wy(pr(f2)=25K—1 whenl>k.
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Proof The first item is immediate from the formula of the previous theorem. For
the second item note that 1 + ¥ = (1 - x)¥ mod 2. It follows that w; (1 + x2*) =
wi((1=x)?") for I > k and hence
k
1+ x* )
wil —==¢ ] =0 forl>k.

( (1-x?
Finally use the formula of the previous theorem and the product formula for w;. O
Polynomials ¢, Now we are ready to introduce the polynomials ¢, which will be
good in the already mentioned sense. The idea is that we get good polynomials when
we multiply the polynomials pj from the previous definition.
Definition 5.21 Let n > 0. Define a(n), b(n) > 0 as the integers satisfying

n+1=2M 4 p(n) with 0<b(n)<22®_1.

a(n)
Define qn(x) := 1_[ pr(x) - (x —1)6®.

r=1
Proposition 5.22 Letn >0, k> 1 and m € {1,2}. We have

8- fl - f™qn(f*) €4-Z[Y)/I(2n+ 1),
8- f1- ™ qn(f?) €4-Z[x)/I(2n +2) <> b(n) = 0.

Moreover, we have

Cant2(8- S+ /™ qn(f?)) = max {2b(n) - 1,0},
Cone3(8- S ™ qn(f?)) =2n+1,
Cantats(8 S ST -qn(fz)) <2n+1+42%M©25 —2) foralls > 1.

We use the w;—technology for which we need:

Lemma 523 Letn>0,k>1and m € {1,2}. We have

L 00 [ <a(n),
wi(8- - fm. 2y =
1B i ST () {2n+3—a(n)—§,(—fz [ >a(n)+1.
Proof Use the formulas from Lemma 5.9, Example 5.10 and Corollary 5.20. O
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Proof of Proposition 5.22 The desired results are obtained using the criteria from
Theorem 5.11.

w8 i ™ an(fH) = Q+2n+1-1-27")
oo I <an),
—a(n)— Zb(”) L>0 I>am)+1

implies 8- fL- S qn(f?) €4-Z[x]/T(2n +1).
For b(n) > 0 we have
wi(8- S-S an(f2)- (1= 0)*P P2 — 2+ 2n42-1-27")
00 I <an),
= Za(,})Jrl <0 [ =a(n)+1,
l—(a(n)+1)——>0 [ >a(n)+2,
and  wi (8- f- f™-qn(f?)- (1= )W~ 42n+2-1-27")
oo I <a(n),
=@+ =0 =am+1,
which implies cant2(8- £+ ™ qn(f?)) = 2b(n) — 1.
For b(n) = 0 we have
wi(8- S+ f™ qu(fP) =2+ 2n+2-1-27)

_Joo [ <a(n),
i@+ D+5 =0 Izam)+1,

which implies 8- fL- f™ qn(f?) € 4-Z[x]/I(2n +2).
From w1(8~f,é-fm-qn(f2)-(l—X)Z”)—(2+2n+3—l—2_l)
o0 [ <a(n),
= —W<O I =a(m)+1,

za(nH-l

[ —(a(n)+2)+ =1>0 [>a(m)+2,

we conclude cant3 (8- £ /™ qn(f?) =2n+ 1.

It remains to show

Contats(8 f1 - S™ qn(f?)) <2n+ 142925 —2) forall s > 1.
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w1(8-f1é'fm qn(f3)-(1 —X)2”+1+2a(m(zs_2)) —(2+2n +2~|—s—l—2_l)

oo [ <a(n),
i—am)—s—1 4200+~ 1> )+ 1.

We set z := a(n) + s — [ and have to show 27 > z 4 1 for all z € Z. This is obviously
true for z < —1. The statement for z > 0 follows by induction. a

Polynomials g, Notice that the polynomials g, have slightly better properties when
b(n) = 0. This suggests that there might exist better polynomials than ¢, when
b(n) > 0. This turns out to be true, there exist polynomials r,, of degree n with leading
coefficient 1 such that

8- L S™ery (f) €4-ZIX]/I(2n +2).

Their construction needs some preparation. They are obtained inductively. The crucial
inductive step is based on the following proposition. The idea is motivated by the
properties of ¢, when b(n) = 0 and is based on the following observation: If we
assume for a given n € N with b (n) > 0 the existence of polynomials g; for / <[5 |—1
which are slightly better than ¢; then we are able to conclude the existence of a gy
which is also better than ¢, .

Proposition 5.24 Letn >0, k > 1 and m € {1,2}. Let q; € Z[x] be polynomials for
0 </ =<1[%]—1 such that

(5-8) 8- S S™qi(f?) €4-Z[x)/1(2 +2),
(5-9) s (8- S S™G(f2) =20 +1,
(5-10) Corars(8- L S™ G (fH) <20+ 1429025 —2)

forall 0 </ <|5|—1, s> 1. Then there exist unique a; € {0, 1} for 0 </ < | 5] —1

such that
[Z]1-1

qn:=dqn+ Z aj .22 (=1 “q

=0
satisfies
(5-11) 8- fr /™ Gu(f?) €4-ZIX)/I(2n +2).
Moreover, we have
(5-12) cants (8- fy - S @n(f) =20+ 1,

(5-13)  cangots(8- S S™-Gu(f?) <20+ 1429025 —2) forall s > 1.
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Remark 5.25 We note that the statement (5-11) is proved using only the assumptions
(5-8) and (5-9). The proof of the statement (5-12) on the other hand uses the assumptions
(5-8), (5-9) and (5-10) for s = 2. Since we are using induction we need to prove the
statement (5-13) for s = 2, but the proof of that uses (5-10) for s = 3 and so on. This
is the reason we need to prove the statements (5-13) for all s > 1.

Proof of Proposition 5.24 The proof proceeds in 3 steps.

(A) (Proof of (5-11), existence) From Proposition 5.22 we know that b(n) = 0
implies

8- fi- S qn(f?) €4-Z[x)/1(2n +2),
so we can set @; :=0 for 0 </ <[5]—1if b(n) = 0.

In the case b(n) > 0 we have

8- f1- ™ qn(f2) - (1= * M e 4. Z[x]/ 1 (2n +2).
Let ¢ > 0 be the smallest number such that there exist coefficients a; satisfying
311

(5-14) 8-f,g~f'"-(qn(f2)+ > a1'22(”_l)_1-§1(f2))-(1—X)“€4~Z[X]/1(2n+2)-

=0

We have to show ¢ = 0. We will give a proof by contradiction and assume that ¢ > 0.
We already know that

c<2b(n)—1<bn)+2°®W _2=pn—1.
Let (a;) be a choice of coefficients with the property (5-14). We set

151-1

2100 =8 S [ an(f)+8- S " D a2 G (12,

=0

Notice that g1(x) € 2-Z[x]/I{2n + 2) because all summands lie in this ring (use
Lemma 5.16 and (5-8) for the summands indexed by /). From Lemma 5.13 we conclude
that ¢ is odd. We set /" := % <|5]— 1. Define

200 =8 fil- M- (=)@ 2207071 G, (2,

Using Lemma 5.16 and (5-8) for I’ we get g2(x) €2-Z[x]/I{2n+2). Using Corollary
5.17 and (5-9) for [’ we see ¢2,+2(g2) = ¢. Now, we can use Lemma 5.14 and get

(g1(0) +2200)- 1= €4-Z[x]/I(K).
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But this means that
LZ1-1

8-fé'fm'(qn(f2)+ > “?'22("_”_1-671(f2))-(1—)<)"_1 €4-Z[xl/1(2n+2)
=0

where the coefficients (a;) are given by

) {a, 141,
4

ap+(=Har 1=
This is a contradiction to the minimality of c.

(B) (Proof of (5-11), uniqueness) Our next aim is to show the uniqueness of the
coefficients. We will give a proof by contradiction. Assume that there exist two different
choices of coefficients (a;), (a;) such that the corresponding g,, g, satisfy

8- Sy S Gn (), 8- S-S Tu(S?) € 4-ZIX)/1(2n +2).
We set by :=a; —a; € {—1,0,1} and conclude

[Z]1-1
(5-15) 8-f;é-f’"-( > bl-22(”_”_1ﬁz(f2)) €4-Z[x)/1(2n +2).

=0
Let / be the largest element with bf = 0. Using Corollary 5.17 and (5-9), we conclude
canp2(8- S f™ -2 G (1)) =20 + 1.
Lemma 5.15 implies

511
Czn+z<8-f/§'f’"'( > bz-22<"">‘1-al(f2))) =2 +1.

=0
This is a contradiction to (5-15).
(C) (Proofs of (5-12) and (5-13)) It remains to prove
cant3(8- S S Gn(fP) =20+ 1,
Cantats(8 f1- ™ Gu(f?) <2n 4142925 —2) forall s > 1.
Using Corollary 5.17 and (5-10) for any / < n and for any s’ > 1 we obtain

C2n+1+s’(8‘fk/ : fm ,22(n—l)—1 67l(f2)) <2l +1 +2a(l)(2s’ ~2).
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If/ <|5]—1ands >2, wesets:=s"—1 and conclude

Contats (8- S /" 220TDTLG (D)) < 20414290 (20 - 2)
because
20+ 14290@25% _2) < 2(2 — 1)+ 1 4291 (25F _2)

=2n+ 142025 —2)—b(n) < 2n+1+2°MW 25 -2).
If s’ =2 we obtain even better
canr3 (8- S-S 220707 (7)) < 2n

because

20+ 142022 —2) <2(2 — 1) + 1 4+2°M = 25— b(n) < 2n.
Therefore, it suffices to show

Con3(8- S ™ qn(f?)) =2n+1,
Canyats (8 - ST ~qn(f2)) <2n+ 142025 —2) forall s > 1.

But this was proved in Proposition 5.22. |
Notice that the assumptions in Proposition 5.24 are trivially fulfilled if n =0, 1.

Definition 5.26 We define r,” € Z[x] as the polynomials g, we obtain successively
from Proposition 5.24 starting with » = 0 and proceeding with n = 1,2,3,....

For example, ry’ =qo, 1y =q1, 1y =q2+2%-q0, 15 =q3, r; =q4+2"qo.

Corollary 5.27 The polynomial r,; is of degree n € N with leading coefficient 1 and
satisfies

8- Sy fMr (f7) €4 -Zlx)/I(2n +2),
Conts(8 S Moy (fD) =2n+1.

5.5 The equality A (d) = Bk(d)

Are the polynomials 7, best possible? Or does there exist a polynomial g of degree n
with leading coefficient 1 such that 8- f; - (/%) € Z[x]/I (2n + 3)? In this subsection

Algebraic & Geometric Topology, Volume 9 (2009)



1880 Tibor Macko and Christian Wegner

we will see that any polynomial ¢ of degree n with the property 8- fi - q(f?) €
Z[x]/I{2n + 3) is of the shape

n
Z a - 2max{2(n—1)+1,0} . rl—
=0

with a; € Z. Hence such a polynomial can not have 1 as leading coefficient.

We first prove A/I‘((d) = Bk (d) for d =2e + 1. Recall that

A% Qe +1):={q e Z[x]|deg(q) <e— 1., 8- fi-q(f*) €4-Z[x|/I(K)},

e—1
B (e +1):= { > a2tk manm20) g ‘ an € z}.

n=0

We want to consider a slightly more general situation and prove AIIC(’m 2e+1) =
Bk (2e + 1) where AII‘(’m (2e + 1) is defined as follows.
Definition 5.28 Let K,k > 1, e >2, m € {1,2}. Define
k’ .
A" Qe +1):={q e Z[x]|deg(q) <e—1, 8- f- f™-q(f?) €4-Z[x]/1(K)}.

Notice that 4%!(2¢ + 1) = 4k (2¢ + 1).

Theorem 5.29 Let K,k >1,e¢>2,me{l,2}. Then AI;(’m(2e +1)=BgRe+1).
In particular,
A% e+ 1) = Bg(2e +1).

Remark 5.30 We proceed by induction with respect to K. The main ingredients
in the proof are Corollary 5.27, Lemma 5.16, resp. Corollary 5.17 and Lemma 5.15.
The more interesting part is the inclusion AIIC(’m (2e + 1) € Bg(2e + 1) where this
time the cg —technology is used as a tool to show that certain linear combinations of
polynomials cannot be in 4-Z[x]/I(K).

Proof of Theorem 5.29 Since 8~f,é fMer (f?) €4-Zx)/1(2n+2), Lemma 5.16
implies

8- fi- - 2mAKTITRON 2 (f2) € 4- ZI)/ T{K).
This proves AIIC(’m(Ze +1) 2 Bg(e+1).

It remains to show AIIC(’m (2e 4+ 1) € Bg(2e + 1). We will give a proof by induction
with respect to K. For the basis case K =1 we get

AR 2e 4 1) = (g € Z[x] | deg(q) <e — 1} = B1(2e + 1).
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Inductive step: We assume that A];("fl (2e+ 1)< Bg—1(2e+1) (K = 2) and have to
prove A];(’m(ze +1)C Bg(Re+1). Letg € AIIC(’m(2e +1). Since

Akme 41y abm e +1) € Bx_1(2e + 1),
we can write ¢ as ¢ = Zfl;i) ay - 2madK—2n=3,0} -r, with a, € Z. The polynomial ¢
lies in Bg (2e + 1) if ay, is even for all n with 2n+2 < K —1. We set

M:={0<n<e—1|2n+2=<K—1, a,is odd}.

It remains to show M = &. We will give a proof by contradiction and assume M # &.
Since g € A];(’m (2e +1) and

Z ay - 2max{K—2n—3,O} . rn_ + Z (an . 1) . 2max{K—2n—3,0} . rn_
néM neM k
€ Bg(2e+1) S A" (2e + 1),

we have Z pK=2n=3 e A]I((’m(2e +1).
neM

This implies

(5-16) D 8- fy- [ 2K (1) (1= )P M) e 4. Z[x)/ 1(K).
neM

On the other hand, we conclude from Corollary 5.27 and Corollary 5.17 that
e (8- fi- fm2KT2n 3 () =20 + 1
for all n € M. Lemma 5.15 implies

cK( D8 2k -r,:(fZ)) =2-max(M) + 1.

neM

But this is a contradiction to (5-16). a

We now come to the case d = 2e.

Definition 5.31 Define 8: Z[x] — Z[x] by

B(q)(x) := %_—14(1)

and set = B(r;) forn > 0.
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Notice that 8 is an isomorphism of Z-modules and preserves the degree of the
polynomial. The inverse is given by

(x—=1)-q(x) +q(0).

BN @) (x) =

+

Fn

is a polynomial of degree n with leading coefficient 1.

Theorem 5.32 Let K,k > 1, e > 3. Then
A% (2e) = Bx (2e).

Proof Recall that

Ay (2e):={g € Zlx] | deg(q) <e =2, 8- - (S>=1)-q(f?) € 4-Z[x]/ I(K)},

e—2
Bk (2e) := { Z ay - 2K =2n=2,0}, r | an € Z}.

n=0

For ¢ € Z[x] with deg(q) < e —2 we conclude

qge Ak Qe) = 8- f-(f*-1)-q(f?) €4-Z[x]/1{K)
= 8- [ (=D -q(f*) +q(0)) €4-Z[x]/I(K) (since f; € RG)
=8 fi [P BT Q) €4-Z[x)/T(K)
= B (g) € A 2e—1)
<= B~ 1(¢q) € Bx(2e —1) (see Theorem 5.29)
<= ¢q € Bx(2e).

This completes the proof. O
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