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Amalgamations of Heegaard splittings
in 3—manifolds without some essential surfaces

GUOQIU YANG
FENGCHUN LEI

Let M be a compact, orientable, d—irreducible 3—manifold and F be a connected
closed essential surface in M with g(F) > 1 which cuts M into M; and M,. In
the present paper, we show the following theorem: Suppose that there is no essential
surface with boundary (Q;, dQ;) in (M;, F) satisfying x(Q;) >2+g(F)—2g(M;),
i=1,2. Then g(M)=g(M;)+g(M,)—g(F). As a consequence, we further show
thatif M; has a Heegaard splitting V; U, W; with distance D(S;) >2g(M;) — g(F),
i =1,2,then g(M) = g(M) + g(M2) —g(F).

The main results follow from a new technique which is a stronger version of Schultens’
Lemma.

57M99, 57N10; 57TM27

1 Introduction

Let M be a compact, orientable, d—irreducible 3—manifold and F be a connected
closed essential surface in M with g(F)> 1 which cuts M into M7 and M, . Suppose
Vi Us; W; is a Heegaard splitting of M;, i =1,2. Then Vi Ug, Wj and V, Ug, W,
induce a natural Heegaard splitting V Ug W of M , which is called the amalgamation
of Vi Ug, Wi and V, Ug, W, along F, and g(S) = g(S1) + g(S2) — g(F); see
Schultens [15]. Thus g(M) < g(My) + g(M>) — g(F).

There exist examples which show that an amalgamation of two minimal genus Hee-
gaard splittings of M; and M, may be stabilized (refer to Bachman, Schleimer and
Sedgwick [1], Kobayashi, Qiu, Rieck and Wang [7], Schultens and Weidmann [17]
and others). On the other hand, it has been shown that under some conditions on the
manifolds, or the gluing maps, the equality g(M) = g(M;) + g(M;) — g(F) holds;
see Kobayashi and Qiu [6], Lackenby [8], Lei and Yang [9], Li [10], Souto [18], Yang
and Lei [19] and others.

In the present paper, we show the following result:
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Theorem 4.2 Suppose that there is no essential surface with boundary (Q;,dQ;) in
(M;, F) satistying x(Q;) > 2+ g(F)—2g(M;), i =1,2. Then g(M) = g(My) +
g(M) —g(F).

As a consequence, we further show:

Theorem 4.3 If M; has a Heegaard splitting V; Us;, W; with distance D(S;) >
2g(M;) —g(F), i =1,2, then g(M) = g(M,) + g(M>) — g(F).

The paper is organized as follows. In Section 2, we review some preliminaries and
notation which will be used later. In Section 3, we will prove two technical lemmas.
The statements and proofs of the main results are given in Section 4. The lemmas in
Section 3 play an important role in our proof of Theorem 4.2.

2 Preliminaries

The concepts and terminologies not defined in the paper are standard; for example, see,
Hempel [3] and Jaco [5].

Suppose F is a subsurface of dM or a surface properly embedded in a 3—manifold M .
If there is a disk D C M such that D N F = dD and 9D is an essential loop in F,
then we say that F' is compressible in M . Such a disk D is called a compressing
disk. We say that F is incompressible in M if F is not compressible in M . If M is
incompressible, then M is said to be d—irreducible. If F is an incompressible surface
in M and not parallel to a subsurface of dM , then F is an essential surface in M .

A 3-—manifold C is called a compression body if there exists a connected closed
orientable surface .S such that C is obtained from S x I by attaching 2—handles along
mutually disjoint loops in S x {0} C S x I and capping off any resulting 2—sphere
boundary components with 3—handles. We denote S x {1} by d-C and 0C — 9, C
by d_C. An essential disk in C is a compressing disk of d4+C in C.

A Heegaard splitting of a 3—manifold M is a triplet (Cy, Cy;S), where C; and
C, are compression bodies with C; U C,=M and C; N Cy, = 04+C; = 04C, = S.
The surface S is called a Heegaard surface and the genus of a Heegaard splitting is
defined by the genus of the Heegaard surface. We use g(M) to denote the Heegaard
genus of M , which is equal to the minimal genus of all Heegaard splittings of M . A
Heegaard splitting C; Ug C, for M is minimal if g(S) = g(M). A Heegaard splitting
Ci1Ug C, is trivial if 0_Cq =~ 8+C1 or 0_Cp =~ 8+C2.
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Let Cy Ug C, be a Heegaard splitting for M. C; Ug C, is said to be reducible (or
weakly reducible) if there are essential disks D; C C; and D, C C, with dD1 = 9D,
(or Dy NdD, = @). The splitting Cy Ug C, is said to be irreducible if it is not
reducible; and the splitting C; Ug C, is said to be strongly irreducible if it is not
weakly reducible.

Scharlemann and Thompson showed in [13] that any irreducible and d—irreducible
Heegaard splitting Cy Ug C, can be broken up into a series of strongly irreducible
Heegaard splittings. That is ,we can begin with the handle structure determined by
Cy Ug C, and rearrange the order of adding the 1— and 2-handles, so that ultimately

M = (Cll Us, Czl) UF, (Cl2 Us, C22) Up,*--UF,,_, (Clm Us,, sz)’

such that each C 1’ Us, C 2’ is a strongly irreducible Heegaard splitting with intersections
8_C£ N 8_Cf+1 =F;,1<i<m-—1 and B_Cll =0-Cy, 0-C3" = 0_C,. Foreach i,
each component of F; is a closed incompressible surface of positive genus, and only
one component of M; =C 1’ Us; Cé is not a product. None of the compression bodies
C 1’ Czi , 1 <i <m istrivial. Such a rearrangement of handles is called an untelescoping
of the Heegaard splitting C; Ug C,. Then it is easy to see x(S) < x(S;), x(F;) for
each i, and when m > 2, x(S) < x(S;), x(F;) for each i.

Let Cy Ug C, be a Heegaard splitting, o and S two essential simple closed curves
in S. The distance d(«, B) of « and B is the smallest integer n > 0 such that there
is a sequence of essential simple closed curves o = ag, ®q,...,0, = B in S with
ai—1 Na; = @, for 1 <i <n. The distance of the Heegaard splitting C; Ug C, is
defined to be min {d(«, 8)}, where o bounds an essential disk in C; and 8 bounds
an essential disk in C,, and is denoted by D(S).

The concept of Heegaard distance of a Heegaard splitting was first defined by Hempel [4].
It is clear that Cy Ug C; is reducible if and only if D(S) =0, C; Ug C; is weakly
reducible if and only if D(S) = 1. Its relations to the genus of the Heegaard splitting
have been discussed by Hartshorn [2], Hempel [4], Scharlemann and Tomova [14] and
others.

The following Lemmas are some well-known basic facts and results:

Lemma 2.1 [12] Suppose (Q,9Q) C (M,dM) is an essential surface and Q' is the
result of d—compressing Q. Then Q' is essential.

Lemma 2.2 [16] Let V be a compression body and F be a properly embedded

incompressible surface in V' with 0F C 04V, then each component of V\F is a
compression body.
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Lemma 2.3 [11] Let M =V Ug W be a strongly irreducible Heegaard splitting.
If « is an essential simple loop in S which bounds a disk D in M such that D is
transverse to S, then o bounds an essential diskin V or W .

Lemma 2.4 [2] Let V Ug W be a Heegaard splitting of M and F be a properly
embedded incompressible surface (maybe not connected) in M . Then any component
of F is parallel to dM or D(S) <2— x(F).

In the rest of this paper, we use M\ N to denote the manifold obtained by cutting M
along M NN and N(F, M) the compact regular neighborhood of the submanifold F
in the manifold M .

3 Two technical lemmas

Definition 3.1 Let F be a 2-sided surface properly embedded in M, F x[0,1] a
regular neighborhood of F in M with F x {%} = F. If there are two compressing
disks D and E of F suchthat DN (F x{0}) =@ and EN(F x{1}) =2, then F
is called bicompressible and (D, E) is called a bicompressing disk pair of F. If F is
bicompressible and any bicompressing disk pair (D, E) satisfies 0D N JE # &, then
F is called strongly irreducible.

Definition 3.2 Two surfaces F; and F, embedded in a 3—manifold are almost trans-
verse if they have exactly one nontransverse intersection point, and it is a saddle
point.

The following Lemma 3.3 is a stronger version of Schultens’s lemma [16] as well as
Lemma 3.3 of Bachman, Schleimer and Sedgwick [1]. Lemma 3.3 is essential in our
proof of Theorem 4.2.

Lemma 3.3 Let M =V Ug W be a strongly irreducible Heegaard splitting and F
be a 2—sided essential surface (not a disk or 2—sphere) in M . Then F can be isotoped
such that at least one of the following conclusions holds:

(1) F is transverse to S and any component of S\ F is incompressible in the
respective submanifold of M\ F except for exactly one strongly irreducible
component;

(2) F is almost transverse to S and any component of S\ N (F, M) is incompress-
ible in the respective submanifold of M\N(F, M).
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Proof From Schultens’s lemma in [16], we may assume that each component of
S N F is an essential loop in both F and S, and |S N F| is minimal. If S\ F is
bicompressible in M\ F', then (1) is true. In the following arguments, we suppose (1) is
not true. So S\ F is incompressible in V' or W, say V. Then F satisfies the following
three conditions: (i) each component of S N F is an essential loop in both F and S;
(ii) S\ F is incompressible in V'; (iii) any component of F NV is essential in V.

We can take F such that —y(F N V') is minimal among all surfaces isotopic to F
which satisfies conditions: (i), (ii) and (iii). If F NV is not boundary compressible,
then any component of /' NV is spanning annulus by the properties of compression
body. This means that S\ F is compressible in V', a contradiction. So F NV is
boundary compressible.

We claim that there exists a boundary compressing disk A of F NV in V such that
any component of the result of d—compressing F NV along A is essential in V.

Let A be a boundary compressing disk of FNV in V', a; the corresponding essential
arc in F NV and B; the corresponding essential arc in dV with oy U B1 = dA;.
Denote the component of F N V' which contains a; by P. Obviously, x(P) <0.

If x(P) =0, then P is an essential annulus in V. By performing d—compression to
P along Ay, we get an essential disk £ with £EN F = @ in V. This means that S\ F
is compressible in V', a contradiction.

So x(P) < —1. Denoted the result of d—compressing P along A by P If any
component of P’ is essential in V, we take A = Ay, o =y and f = 0A\. If
one component P* of P’ is parallel to a subsurface Q of 3V in V with dQ = 9 P*,
then «; is separating in P and the other component of P’ is essential in V by
Lemma 2.1. Since d8; NdQ =9, 1 CQor B1NQ=a.If By C Q, then P is
compressible in V', a contradiction. Hence ;1 N Q@ = @ and this means that there
exists a nonseparating essential arc « of both P and P and an essential arc B cov
which satisfies « N B = da = 9B and @ U B bounding a disk A with AN(FNV)=«.
So A is a boundary compressing disk of NV in V. By Lemma 2.1, any component
of the result of d—compressing F NV along A is essential in V.

Perform d—compression to F NV along A to get F*, which is an isotopy of F.
Then F* satisfies conditions (i) and (iii). Obviously, —x(F*NV) < —x(FNYV).
Since —x(F N V') is minimal among all surfaces which are isotopic to F and satisfy
conditions: (i), (ii) and (iii), S\ F* is compressible in V. If S\ F* is compressible in
W, then S\ F is bicompressible in M\ F, ie (1) is true, a contradiction. Hence, S\ F*
is incompressible in W. From S\ F to S\ F*, only cut the band B; = N(8, S\ F)
from S\ F along one pair opposite edges of B; and paste it to S\ ' along the other
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pair opposite edges of B;. Then only the component of S\ F* which contains f is
compressible in V' and any component of S\ F* is incompressible in W . Furthermore,
only the component of S\ F* which contains 8 is compressible in M\ F* and the
band B; intersects with the boundary of any compressing disk D of S\F*; see
Figure 1 below. Otherwise, there is a compressing disk D; for some component of
S\ F* with 0Dy N B; = &, by Lemma 2.3, dD; must bound a compressing disk of
S\ F in V, a contradiction. Hence, at most one of S\ F is compressible in W. If
one component of S\ F is compressible in W, then the component must contain .
Otherwise, S\ F* is bicompressible, ie (1) is true, a contradiction again. So at most the
component of S\ F which contains 8 is compressible in M\ F and any compressing
disk E of S\ F satisfies 0E N By # &; see Figure 1.

F*ns

FnsS Fns

F*nsS
Bl Bl

Figure 1: dE N By and dD N B,

Push F* slightly off both F and F* to get F , which is a parallel copy of F* such
that the disk A lies in the parallelism N bounded by F and F ", see Figure 2.

F F*

Figure 2: F and F*

Then B; C N and any component of S\ N is incompressible in the respective sub-
manifold of M\ N ; see Figure 3.

Figure 3: F, F and N
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So F can be isotoped into F; which is almost transverse to S with a saddle point
belong to both « and B with N(F;, M) = N ; see Figure 4.

Figure4: FNS and F1 NS

Thus (2) is true.
This completes the proof. a

Lemma 3.4 Let N be a compact orientable 3—manifold and not a compression body,
F a component of ON . Suppose Q is a properly embedded connected separating
surface in N with dQ C F and any component of 0Q is essential in F, and Q cuts
N into two compression bodies N1 and N, with Q = 04+ Ny N 04+ N,. If Q can
be compressed to QF in some N; such that any component of Q7 is parallel to a
subsurface of N, then g(N) <1— %X(F N N3_;)— %X(Q).

Proof By assumption, Q* and F\(Q N F) have no disk components, and each
component of Q* is parallel into either a subsurface of F or a component of dN .

We may assume that Q is compressed to Q* in N; by cutting Q open along a

collection D = {Dq,..., Dy} of pairwise disjoint compressing disks in Nj. Nl’ =
N1 — n(D) where n(D) is the open regular neighborhood of D. Let Aq,..., 4,
and A,41,..., Ar4s be all the components of Q*, where A4; is a component with

dA; C F for 1 <i <r and A4,4; is a closed surface for 1 <i <s. Suppose that
each A; is parallel to a subsurface A;. of ON,where i =1,2,...,r +s. We divide it
into two cases to discuss:
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If there exist two components A4; and A’ with A} - 4; Jo- Then we set A; =
{A; A CA’ 1<i<r+s,i ;éjo}and.Az—{A, A NA; =@, 1<i=<r+s}.
We clalm that A2 = @. Otherwise, since Q is connected there must exist 4;, € Ay,
Ai, € Az, and Dp,, Dp, € D such that in the compression, the two copies (obtained by
compressing Q along D) of D), liein A4;, and A4j, respectively, k = 1,2. But this
contradicts the assumption that Q is separating in N . Thus A; = @. Let N/’ be the
component of N{ which contain 4, then 4, C 94+ N{'. Since A}, is parallel to 4’ ,
N[ isa handlebody the other components of N| are A,4; x 1. N is homeomorphlc
to NUN(D)U N So N is a compression body with ¥ = d4+ N, a contradiction.

So for any two components A, Aj of Q*, A;NA; = @. Then N Ulrjf Aix 1T,
where A; x{O}—A and A, x{1}=A;,i=1,2,...,r+s. Let Bl,.. , B; be the
components of F\{J;_, Al Take a small regular nelghborhood B; x I of B; in N,
where B;x{0}=B; andi=1,2,...,t.Set C; =N, U{Ji_, Bix I and C, = N\C}.
Then C is obtained from F x [ and | J;_; Ar+; x I by adding 1-handles whose co-
cores are D, so C is a compression body. Note that C, = N;\ U§=1 BixI=N,,C,
is a compression body. Let S = d+ Cy, then by assumption Q C 3+ N, and S =04+C>.
Thus, S is a Heegaard surface of N. Now 2 — x(S) =2— x(F N Ny) — x(Q), so we
have g(N) < g(S) = 2(2— x(8) <1-— %X(F N Ny)— %X(Q), as required. O

4 The essential surfaces and amalgamations

Proposition 4.1 Let M be a compact, orientable 3—manifold and F be an essential
closed surface which cuts M into My and M,. Suppose that there is no essential
surface with boundary (Q;, dQ;) in (M;, F) satistfying x(Q;) > 2+ g(F) —2g(M;),
i =1,2. Then for any closed incompressible surface F* in M with g(F*) < g(M)+
g(My) —g(F)— 1, we can isotope F in M such that after isotopy, F N F* = &.

Proof Since F and F* are both incompressible, we can isotope F in M such that
each component of F N F* is essential in both F and F*, and |F N F*| is minimal.

If |F N F*| >0, by the minimality of |F N F*|, each component of F* N M; is
essential in M;, i =1,2. By assumption, we have y(F* N M) <2+ g(F)—2g(M;)
and x(F*N M) <2+ g(F)—2g(M). So

X(F*) = x(F*N M)+ x(F*N M) <4+ 2g(F)—2g(M;)—2g(M).

Then g(F*) = %(2 — x(F*)) > g(My) + g(M3) — g(F) — 1, a contradiction to the
assumption.

Thus FNF* =@. O
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Now we come to the main result of the paper.

Theorem 4.2 Let M be a compact, orientable, d—irreducible 3—manifold and F be
an essential closed surface which cuts M into M, and M, . Suppose that there is no
essential surface with boundary (Q;, 0Q;) in (M;, F) satistying x(Q;) > 2+ g(F)—
2¢(M;), i =1,2. Then g(M) = g(My) + g(M3) — g(F).

Proof We may assume that M is irreducible. If M is reducible, we have that at least
one of M; and M,, say M;, is reducible. By the Prime Decomposing Theorem of
3—manifold, we can put M| = M M 1/ such that F C M 1/ and M 1/ is irreducible. By
Haken’s Lemma, g(Ml/) = g(M;)—g(M') and g(Ml/ Ufp Mz/) =g(M)—g(M)).
Since any essential surface with boundary (Q1,dQ1) in (M, F) is an essential
surface with boundary (Q1,dQ;) in (M1, F) and by our assumption, x(Q) <
2+ g(F)—2g(M)<2+g(F)— 2g(M1/). Then the conclusion follows immediately
from the irreducible case.

So M is irreducible and d—irreducible.

Itis easy to see that g(M) <g(M;) + g(M>,) — g(F). Suppose that g(M ) =g(M,)+
g(M7)—g(F) does not hold. Thus there exists a minimal Heegaard splitting V Ug W
of M with

ey g(S) <g(My)+g(Mp)—g(F)—1.

We divide it into the following two cases to discuss.
Case 1 The Heegaard splitting V Ug W is strongly irreducible.

In this case, by Lemma 3.3, there are only the following two subcases.

Subcase 1 F is transverse to S and any component of S\ F is incompressible in the
respective submanifold of M \ F except for exactly one strongly irreducible component.

If one incompressible component of S N M; and S N M, is inessential. Then we
can isotope S to S’ such that |S N F| > |S N F|, one component of S'N M, and
S'NM, is bicompressible and any other component is incompressible. So we may
assume one of S N My, say P is bicompressible and any incompressible component
of SN M; and S N M, is essential in My or M, without loss generality.

Since F is essential in M and there is no closed essential surface in a compression
body, F NS # &. Then x(P) < —2. If otherwise, x(P) > —1, P is either a disk, an
annulus, twice-punctured disk, or a once-punctured torus, in each case we can conclude
that a component of dP bounds a disk in M, therefore F is compressible in My, a
contradiction. By assumption, x(S N M) <24 g(F)—2g(M>).

Algebraic €& Geometric Topology, Volume 9 (2009)



2050 Guoqiu Yang and Fengchun Lei

If SN M; # P, then at least one component of S N M; is essential in My, by
assumption (SN M;) <2+ g(F)—2g(M1) + x(P) < g(F)—2g(M;). Thus
x(8) = x(S N M)+ x(SN M)
< g(F)—2g(My) + 2+ g(F)—2g(M>)
<2-2(g(My) + g(M>) —g(F))
and g(S) > g(M) + g(M,) — g(F), a contradiction.
So SN My = P. By Lemma 2.2, P divides M; into two compression bodies V N M
and W N M;. Since P is bicompressible in M, we compress P into Py ( Py, resp.)
in VN M{(WnNM;,resp.) as possible as. Since V Ug W is strongly irreducible
and by Lemma 2.3, any component of Py and Py is incompressible in My. If
one component of Py or Py, say Py, is essential in My, then by assumption,
x(SNMy) = x(Py)—2=2+4g(F)—2g(M;)—2 = g(F)—2g(M,). By the same
arguments as above, g(S) > g(M;) + g(M,) — g(F), a contradiction again. So any
component of Py or Py is d—parallel in M;. Then by Lemma 3.4, g(M;) <
1= Ix(FNW)—1x(P)and g(M;) <1—1x(FNV)—1x(P). Note that x(F) =
X(FOV)+ x(FNW), s0 2g(M1) <2—1x(F)— x(P) =1+ g(F)— x(P). Then
x(SNMy) = x(P)=1+g(F)—2g(M,) and
x(8) = x(S N M)+ x(SN M)
<1+g(F)—2g(My)+2+g(F)—2g(M>)
<3-2(g(My) + g(M>) — g(F)),

s0 g(S)=>g(My) +g(My)—g(F)— %, a contradiction to (1).
This finishes the proof of Subcase 1.

Subcase 2 F is almost transverse to S and any component of S\N(F') is incom-
pressible in the respective submanifold of M\ N(F).

For i = 1,2, it is easy to see that S N M; is essential in M;, then by assumption,
X(SNM;) <24 g(F)—2g(M;). Clearly, x(SNN(F))=-1. So

X(S)=x(SN M)+ x(SNMp)—1
<2+ g(F)—2g(My)+2+g(F)—2g(Mz)—1
<3-2(g(My) + g(M3)—g(F)),

hence g(S) > g(M1) + g(M,) —g(F)— %, a contradiction again.
This finishes the proof of Subcase 2.
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Case 2 The Heegaard splitting V Ug W is weakly reducible.

Since M is irreducible, by Haken’s lemma, V Ug W is irreducible. By the result of
Scharlemann and Thompson [13], V' Ug W is an amalgamation of n strongly irreducible
Heegaard splitting VUgW = (ViUgs, W1)UF, (V2Us, Wa)UFE,---UFr,_, (VaUgs, Wy).
We may further assume that no component of F;,1 <i <n—1, is d—parallel in M .
Obviously, g(F;) < g(S;) < g(S) and g(F;) < g(S)—2. Then by (1) we have

g(Fi)<g(S)-2
<g(My)+g(M;y)—g(F)-3
<g(My)+g(My)—g(F)—1.

By Proposition 4.1, we can isotope F such that (UF;) N F = &. So F lies in the
nontrivial component V* Uss W of VjUs; Wj forsome 1 < j <n.

If F is parallel to some component, say F*, of | J F;, then F* cuts M into two parts
My and M,. V Ug W is an amalgamation of two Heegaard splittings of M; and M,
and g(S) > g(My) + g(M;) — g(F), a contradiction. Hence F can not be parallel to
any component of (] F;. So F is an essential closed surface in V}* Us: W*. Denote
M* = V]* Us? W]* Then there are the following two subcases.

Subcase 3 F is almost transverse to S J?" and any component of S ;‘\N (F) is incom-
pressible in the respective submanifold of M *\ N (F);

Then any component of S ;‘\N (F) is incompressible in the respective submanifold
of M\N(F). Furthermore, SJT“\N(F) is essential in M\ N (F) since there is no
essential closed surface in a compression body. Then x(S Jf“ N N(F)) = —1 and by
assumption, X(ij" NM;)<2+g(F)—2g(M;) fori =1,2. So
x(S) = x(S;) -2

= x(S; N M)+ x(S; N M) + x(S; N N(F)) -2

<2+ g(F)—2g(My) +2+g(F)—2¢(M>) =3

< 1-2(g(My) + g(M3) — g(F)).

Hence g(S) > g(SJT") >g(My)+g(My)—g(F)+ %, a contradiction.
This finishes the proof of Subcase 3.

Subcase 4 F is transverse to S Jf“ and any component of S Jf“\F is incompressible
in the respective submanifold of M *\ F except for exactly one strongly irreducible
component.
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Since (| J F;) is incompressible in M, any component of S]Tk\F is incompressible
in the respective submanifold of M\ F except for exactly one strongly irreducible
component. We may assume that any component of S \F 1s incompressible in
M, and denote the compressible component of S N Mz by Q. Then S N My is
essential in M1 and by assumption X(S* NMp) < < 2+ g(F)—2g(My). It is easy to
see that X(Q ) < -2.

We compress Q as much as possible in V* (W* resp.) to obtain subsurfaces QV
(QW, resp.), then any component of QV and QW is incompressible in V Us: W*
Furthermore, QV and QW is incompressible in M2 since U F; is 1nc0mpresmble
in M . If there is one component of S N M,, QV and QW which is essential in
V* Usz W* then by assumption X(S* NM,) <2+ g(F)—2g(M,)—2. Hence
g(S) g(S*) >g(My)+ g(M;y) — g(F) a contradiction.

So any component of QV and QW is parallel to a subsurface of F or a component
of d_V;* or 9_W;*. Any component of F'NV;* is incompressible in V;*, by Lemma
2.2 any component of Vj*\F is a compression body. By the same reasons as above,
any component of VVj*\F is a compression body. We amalgamate the Heegaard
splitting VJ* Usx WJ* and the Heegaard splittings contained in M5, of the Heegaard
sequence Vi Ug, Wi, Vo Ug, Wa, ..., V1 Ugs,_, Wp—1, Vu Ug, Wy along the com-
ponents contained in M, of | J F; to obtain a Heegaard splitting V'u s’ W’ such that
the following conditions are satisfied:

1) vV nM; = VN My and w'nM, = W M;.

2) S/ﬂF:SJT“ﬂF and S’ N M, = SN M.

(3) Only one component of S'NM, is compressible in V', denoted by Q” and
other incompressible components are just the components of S *NM,.

4) Q can be compressed into QV( QW, resp ) resp.) in V'’ (W', resp.) such that
the incompressible components of QV (QW, resp. ) with boundary are the same
as the incompressible components of QV (QW, resp.) with boundary.

Then Q" satisfies the conditions of Lemma 3.4, s0 g(M;) <1—1 X(Fﬂ w'— X(Q )
and g(M,) <1 ——X(Fﬂ V- X(Q ). Note that X(F) X(Fﬂ Vv )—I—)((FﬂW ),

50 2g(M>) <21 x(F)—x(Q’ )— 1+g(F) x(Q"). Then x(S N M) < x(Q") <
1+g(F)— 2g(M2) Notice that x(S N M;) = X(S* NM;)<2+4+g(F)—2g(M).
Hence,
X(S") = x(S" N M)+ x(S N M)
<1+ g(F)—2g(M)+2+g(F)—2g(M>)
<3-2(g(My) + g(M3) —g(F)).
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So g(S') > g(M1)+g(Mz)—g(F)—1 and g(S) > g(S") = (M) + g (M) —g(F),
a contradiction.

This finishes the proof of Subcase 4.

Therefore, g(M) = g(M;) + g(M,) — g(F) holds. This completes the proof of
Theorem 4.2. O

In the following, we give an application of Theorem 4.2.

Theorem 4.3 Let M be a compact, orientable 3—manifold and F be an essential
closed surface which cuts M into My and M,. If M; has a Heegaard splitting
Vi Us; W; with distance D(S;) >2g(M;)—g(F),i =1,2. Then g(M) = g(M;) +
g(Mz) —g(F).

Proof For i =1,2,if Q; is an essential surface in M;. By assumptions and Lemma
2.4, 2 - x(Qi) = D(Si) =z 2g(M;) — g(F). Then x(Qi) = 2+2g(M;)—g(F),
i =1,2. And by Theorem 4.2, we have g(M) = g(M,) + g(M3) — g(F). |

Remark The condition in Theorem 4.2 is weaker than that in the main results of
Kobayashi and Qiu [6] and Yang and Lei [19].
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