Algebraic € Geometric Topology 10 (2010) 2343-2408 2343

Symmetric homology of algebras

SHAUN V AULT

The symmetric homology of a unital algebra A over a commutative ground ring & is
defined using derived functors and the symmetric bar construction of Fiedorowicz.
For a group ring A = k[I'], the symmetric homology is related to stable homotopy
theory via H S, (k[I']) = Hx(QQ®S*(BTI'); k). Two chain complexes that com-
pute HS.(A) are constructed, both making use of a symmetric monoidal category
AS4 containing AS. Two spectral sequences are found that aid in computing
symmetric homology. The second spectral sequence is defined in terms of a family
of complexes, Symgf’ ). Sym(p) is isomorphic to the suspension of the cycle-free
chessboard complex €2, of Vrecica and Zivaljevié, and so recent results on the
connectivity of €2, imply finite-dimensionality of the symmetric homology groups
of finite-dimensional algebras. Some results about the kX ,1;—module structure
of Sym(p) are devloped. A partial resolution is found that allows computation of
H S (A) for finite-dimensional 4 and some concrete computations are included.

55N35; 13D03, 18G10

1 Introduction and definitions

The theory of symmetric homology, in which the symmetric groups Ezp, for k >0,
play the role that the cyclic groups do in cyclic homology, begins with the definition of
the category A.S, containing the simplicial category A as subcategory. Indeed, AS
is an example of crossed simplicial group (see Fiedorowicz and Loday [10]). One
develops a notion of a bar resolution over crossed simplicial groups by analogy with
the cyclic bar resolution. However, the naive contravariant symmetric bar resolution
produces trivial results. Fiedorowicz found that a covariant symmetric bar construction,
BY™, produces a non-trivial and important homology theory (see Fiedorowicz [8]).
One defines the symmetric homology of an algebra 4 by

Definition 1 H S (A4) = ToryS (k, BY™A).

Almost 20 years ago, Fiedorowicz found but did not publish the following remarkable
result [8].
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2344 Shaun V Ault

Theorem 2 (Fiedorowicz’s Theorem) If I" is a group, then

HS4(k[T]) = Hy(QQPS*®(BT); k).

This formula shows in particular that H Sy is an important and non-trivial theory. While
it is true that Hy (S X) = H«(QX) is well understood, the same cannot be said
of the homology of QS X . Indeed, H.(QX) has been studied extensively by
Cohen, Lada and May [4]. H.«(QX) may be regarded as the free allowable 4 R—Hopf
algebra with conjugation generated by Hy(X). On the other hand, results about the
homology of QQ*°S°X are fewer and farther between. Cohen and Peterson [5]
computed Hy(QQ®S®) (that is, the case when the space X is the zero-sphere, S©),
but there is little hope of extending this result to arbitrary X using the same methods.

We find that adjoining a “unit” to AS results in a permutative category AS . This
step is necessary in order to prove Theorem 2 and related theorems.

By reducing the standard resolution that computes H S« (A) to one that involves only
epimorphisms of AS4, we develop two spectral sequences abutting to HSx(A4). The
first spectral sequence is based on the work of Stominiska [27] on E—I—categories,
and relates symmetric homology to the homology of the symmetric groups.

The second spectral sequence makes use of a family of complexes, Symf,fJ ) which
distill the relevent combinatorial data of the nerve of Epixg.

Theorem 3 If A has an augmentation ideal I which is free as k—module, with
countable basis X , then there is a spectral sequence E ;’q = HSp14(A), with

oz @ fyalEGug, smih)
uEXp'H/EIH_l

where G, is the isotropy subgroup for the chosen representative of u € X?+1/% p+1
and the symbol &), stands for the chain complex analog of equivariant half-smash
product for spaces, Xg,, .

The multiplicative structure of A becomes encapsulated in the differential d;’ qon E 1
and so results about H Sx«(A) for general algebras 4 will follow from the structure of
Symip ) There is an isomorphism of complexes, k[S Q;' t1 ]iSymip ) , where QF
is the augmented cycle-free (11xn)—chessboard complex of Vreéica and Zivaljevié [30],

which produces the following immediate important corollary:

Corollary 4 If A is finitely-generated over a Noetherian ground ring k , then H S« (A)
is finitely-generated over k in each degree.
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Symmetric homology of algebras 2345

In the final section, we develop a partial resolution of the trivial AS°P-module k£ by
projective modules, leading to the following:

Theorem 5 HS;(A) for i = 0,1 may be computed as the degree 0 and degree 1
homology groups of the (partial) chain complex

d ad
0 A< ARARA— (AQRARARA) @ A,
where
01:a®b®c+ abc—cha,

a®®b®c®d —abR@cQd+dRca®b
0y +bca®1Qd+dRbcQa,
a H1®a®l.

In particular, we see that HSog(A) = A/([A, A]), where ([A4, A]) is the ideal generated
by the commutator submodule [A, A]. In other words, H Sy(A4) is the symmetrization
of A as an algebra. Compare with the zeroth Hochschild or Cyclic homology of 4,
which is A/[A, A].

1.1 The category AS

Let AS be the category that has as objects, the ordered sets [n] = {0, 1,...,n} for
n > 0, and as morphisms, pairs (¢, g), where ¢: [n] — [m] is a non-decreasing map of
sets (that is, a morphism in A), and g € EZ{LI (the opposite group of the symmetric
group acting on [n]). The element g represents an automorphism of [r], and as a
set map, takes i € [n] to g~!(i). Equivalently, a morphism in AS is a morphism
in A together with a total ordering of the domain [#]. Composition of morphisms is
achieved as in Fiedorowicz—Loday [10], namely, (¢, g)o (¥, h) = (¢-g* (V). ¥v*(g)-h).
Observe that the properties of g*(¢) and ¢*(g) stated in [10, Proposition 1.6] are
formally rather similar to the Ciproperties of exponents (except for properties 2.h and
2.v). Indeed, the notation g¢ éfqﬁ*(g), P8 défg*(qﬁ) will generally be used in lieu of
the original notation in what follows. For reference, we restate [10, Proposition 1.6]

using the “exponent” notation:

Proposition 6 If G is a crossed simplicial group, for g, h € G, ¢ € Mora ([m], [n]),
Y € Mora([p].[m]),

(Lhy gV =(g% (Lv) ¢ = (@%)
Q.Y (py)E = ¢Sy Q) (gh)? = g?h®)
(3.h) g% =g and 12=1 Buv) ¢'l=¢ and id=id
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2346 Shaun V Ault

It is often helpful to represent morphisms of AS as diagrams of points and lines,
indicating images of set maps. Using these diagrams, we may see clearly how € and
gV are related to v and g (see Figure 1).

2
] 1
0 0 g
gv 4
3 3
p) ')
) 1
0 WE 0

Figure 1: Morphisms of AS: gy = (g*(¥). ¥*(g)) = (¥¥¢.g")

An equivalent characterization of AS comes from Pirashvili, as the category F(as)
of non-commutative sets [22]. The objects are sets ildéf{l, 2,...,n} for n > 0. By
convention, 0 is the empty set. A morphism in Mor £, (12, m) consists of a set map
f:n — m together with a total ordering on each preimage set /~'(j). There is
an obvious inclusion of categories, AS — F(as), taking [n] to n + 1, but there is
no object of AS that maps to 0. It will be useful to define AS+ D AS which is
isomorphic to F(as):

Definition 7 AS is the category consisting of all objects and morphisms of AS,
with the additional object [—1], representing the empty set, and a unique morphism
tn: [—1] = [n] for each n > —1.

Remark 8 Pirashvili’s construction is a special case of a more general construction
due to May and Thomason [20]. This construction associates to any topological operad
{C(n)},>0 atopological category C together with a functor C — F, where F is the
category of finite sets, such that the inverse image of any function f: m — n is the
space [['_; C(#f~1(i)). Composition in C is defined using the composition of the
operad. May and Thomason refer to C as the category of operators associated to C.
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They were interested in the case of an E operad, but their construction evidently
works for any operad. The category of operators associated to the discrete A4, operad
Ass, which parametrizes monoid structures, is precisely Pirashvili’s construction of
F(as), that is, AS,.

One very useful advantage in enlarging our category to AS to AS4 is the added
structure inherent in AS, .

Proposition 9 AS. is a permutative category.

Proof Define the monoid product on objects by [1]® [m]déf[n +m+ 1], (disjoint union
of sets), and on morphisms (¢, g): [n] — [1'], (¥, h): [m] — [m'], by (¢, 2) O (¥, h) =
(n,k): [n+m+ 1] — [0’ + m’ + 1], where (1, k) is just the morphism (¢, g) acting
on the first n 4 1 points of [n +m 4+ 1], and (¥, h) acting on the remaining points.

The unit object will be [—1] = &. © is clearly associative, and [—1] acts as two-sided
identity. Finally, define the transposition transformation y, m: [n] © [m] — [m] © [n]
to be the identity on objects, and on morphisms to be precomposition with the block
transposition that switches the first block of size n + 1 with the second block of size
m+1. |

Remark 10 The fact that AS is permutative shall be exploited to prove that H Sx(A)
admits homology operations in a forthcoming paper.

Remark 11 It will become convenient to include the object [—1] = @ in A as well.
Denote the enlarged category by A .

For the purposes of computation, a morphism «: [n] — [m] of AS may be conveniently
represented as a tensor product of monomials in the formal non-commuting variables
{X0,X1,....Xn}. Let & = (¢, g), with ¢ € Mora ([n],[m]) and g € £°°, . The tensor

n+1-
representation of o will have m + 1 tensor factors. Each x; will occur exactly once,
in the order Xg(0), Xg(1)s-- -+ Xg(n)- The ith tensor factor consists of the product of

#¢~1(i — 1) variables, with the convention that the empty product will be denoted 1.
Thus, the i th tensor factor records the total ordering of ¢~!(i). As an example, the
tensor representation of the morphism depicted in Figure 2 is x1x9 ® x3X4 ® 1 ® x5.
With this notation, the composition of two morphisms & = Xo® X1 ®- - -® X, [n] — [m]
and B=Y,QY, Q- ---Y,: [p] > [n] is givenby, e =Zy R Z; ® --- Q Z,,, Where
Z; is determined by replacing each variable in the monomials X; = x;, ...xj, by the
corresponding monomials Yj, in 8. So, Z; =Y, ...Y],.
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Figure 2: Morphisms of AS in tensor notation

1.2 Homological algebra of functors

Recall, for a category 6, a ‘€—module is covariant functor F: € — k—Mod. Similarly,
a 6°P—module is a contravariant functor G: 6 — k—Mod. Let M be a 6°P—module
and N be a €—module. Following Mac Lane [17], define the tensor product of functors
as a coend, M ®¢ N = [¥(MX)® (NX). That is,

M®cN= @ MX) @ NX)/~,
X €0bj®

where the equivalence = is generated by y® fx(x) =~ f*(y)®x for f € Mor¢(X,Y),
xeN(X)and ye M(Y).

Remark 12 Note, the existing literature based on the work of Connes, Loday and
Quillen consistently defines the categorical tensor product in the reverse sense: N Q¢ M
is the direct sum of copies of N X ®; M X modded out by the equivalence x ® f*(y) ~
J+(x)®y forall €—morphisms f: X — Y . In this context, N is covariant, while M is
contravariant. I chose to follow the convention of Pirashvili and Richter [23] in writing
tensor products as M ®« N so that the equivalence &: €¢—-Mod — k[Mor ¢]-Mod
passes to tensor products in a straightforward way: §(M ®@¢N) =& (M) R more5 (N ).

The trivial ¢—module, resp. €°°P—module, denoted by k (for either variance), is
the functor taking each object to k and each morphism to the identity. As noted
in Fiedorowicz—Loday [10], the category of €—modules is abelian and has enough
projectives. For any €°°?—module M , the functor N — M ®« N is right-exact and so
admits derived functors Tor;f (M, —) such that Torcg (M,N)=M ®¢N.
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1.3 The symmetric bar construction

Now that we have defined the category AS', the next step should be to define an
appropriate bar construction. Recall that the cyclic bar construction is a functor
BYA: AC? — k—Mod. One then takes the groups Tor}C (BY° A, k) as the defi-
nition of HC,(A4) for n > 0. However the results of [10] show that the cyclic bar
construction does not extend to a functor AS°? — k—-Mod. Furthermore, for any
functor F: AS°? — k-Mod, the groups Torﬁs (F, k) simply compute the homology
of the underlying simplicial module of F (given by restricting F to A°P). However,
Fiedorowicz discovered that there is a natural extension of the cyclic bar construction
not to a contravariant functor on AS', but to a covariant functor [8].

Definition 13 Let A be an associative, unital algebra over a commutative ground ring
k . Define a AS—module (that is, a functor AS — k-Mod), By 4 by

BY™ A = BiymA[n]d=efA®(”+1)
BY"A(a): (ag® a1 @ - ®ay) — alag, . ... an),

where «: [n] — [m] is represented in tensor notation, and evaluation at (ao, .. .,d,)
simply amounts to substituting each a; for x; and multiplying the resulting monomials
in A. If the pre-image o~ !(i) is empty, then the unit of A is inserted. Observe that
BY™ A is natural in A.

Note that there are natural inclusions A < AC < AS. The second inclusion is
induced from inclusions of groups C, 41 < X,+1. To be precise, for each 7, let 7,
be the (n+1)—cycle (0,n,n—1,...,1) € ¥,41. 1, generates a subgroup isomorphic
to Cyt1- Biymjl may be regarded as a simplicial k—module via the chain of functors,
AP s ACP—>AC < AS. Here, the isomorphism D: AC° — AC is the standard
duality (see Loday [16]). Note that the cyclic bar construction can be recovered from
the covariant symmetric bar construction by B,Y°4 = By)" Ao D.

Definition 14 The symmetric homology of an associative, unital k—algebra A is
denoted H Sx(A), and is defined as

HSo(A)E TorkS (k, BY™ A)

Remark 15 Since k ® o5 M = colimpag M, for any AS-module M, we can alter-
natively describe symmetric homology as derived functors of the colimit

HSy(A) = colimps ™ BY™A.

Algebraic € Geometric Topology, Volume 10 (2010)
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In the language of Gabriel-Zisman [11, Appendix I1.3], HS«(A) = H«(AS, By™ 4).
Moreover, a simplicial module whose homology computes Hy(AS, ByY™ A) is readily
available [11, page 153]. In order to describe this simplicial module, we recall that
the nerve of a category € is the simplicial set N6 such that n—chains are sequences
of n composable morphisms of €, 0—chains are simply objects of €, and face maps
are given by deletion of objects along with the composition of the corresponding
morphisms. If F: € — % is a morphism and x € N is an n—chain,
Jn Jn—1 f2 fi

Xn < Xn—1 <— " <— X1 <— Xo>

then let Fy = Fo. The following simplicial module computes Hyx(AS, By ™" A):

{Cu(AS, BiymA)}nZO = { @ B:‘ymAX} )
n>0

XEN,AS

with face maps and degeneracies defined by:

) _ (dOX’(fl)*(x)), i =0,
e = {(diX’X)v 1<i<n

si(X,X) = (six, X)
In this formula, we have y € N,AS and x € BiymAx.

Cu(AS, BY™ A) may be interpreted in terms of the categorical tensor product construc-
tion mentioned in Section 1.2, using the under-category functor, (—\ AS): AS°P — cat,
which associates to each object [p] of AS, the category [p]\ AS of objects under
[p] (see Quillen [24], Mac Lane [18], etc). The n—chains of N([p]\ AS) may be
identified with (n+1)—chains of NAS which have domain [p]. Let k[—] be the functor
that associates to any simplicial set the corresponding simplicial kK —module. We may
identify
Ce(AS,BY"A) =k[N(—=\ AS)|®as BY"A.

Indeed, observe that every element of k [N(—\ AS)|®as By " A of the form

[P]
/}//l“ o
] S0 B P )
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is equivalent to one in which the incoming morphism « becomes an identity:

qO]
- 610

]

[gn]
the latter element being identified with

(o] & -+ L[] £ lgol. @) € Cu(AS, B4,

Proposition 16 For an associative, unital k —algebra A,
HS.(4) = Hy (K[N(=\ AS)|®as BY"A: k).
Remark 17 By duality of AC, itis clear that the related complex k[N (—\AC)|®@ac

B™ A computes HCyx(A), where we understand that the functor By ™ A is restricted
to AC — AS.

1.4 Symmetric homology of the ground ring

We now have enough tools to compute H Sx(k). First, we need to show:
Lemma 18 N(AS) is contractible.

Proof Define a functor #: AS — A.S on objects by %[n]=[0]®[n], and on morphisms
by & f =id[o] © f, using the monoid multlphcatlon ©® defined in Proposition 9. There
is a natural transformation ida s — & given by the following commutative diagram
for each f: [m] — [n]:

m] —— [n]

| |

i+ 1] <L 1)

Here, SJ(k): [k — 1] — [k] is the A morphism that misses the point j € [k].

0
Consider the constant functor AS ﬂ>AS that sends all objects to [0] and all morphisms
to idjo;. There is a natural transformation [0] — & given by the following commutative
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diagram for each f: [m] — [n].

m+1] <20

Here, O;k): [0] — [k] is the morphism that sends the point 0 to j € [k].

Natural transformations induce homotopy equivalences (see Segal [26] or Quillen [24,
Proposition 1.2]), so in particular, the identity map on N(AS) is homotopic to the map
that sends NV(AS) to the nerve of a trivial category. Thus, N(AS) is contractible. O

Corollary 19 The symmetric homology of the ground ring k is isomorphic to k,
concentrated in degree 0.

Proof H S, (k) is the homology of the chain complex generated (freely) over k by
the chains

Bn B B
lan] &+ 1] gl @ (1@ 1),
where B; € Moras ([¢i—1]. [4i]). Each such chain may be identified with the chain
Bn B2 Bi

[qn] <— -+ <—q1] <— [q0]

of N(AS), and this defines a chain isomorphism to N(AS). The result now follows
from Lemma 18. |

2 Symmetric homology with coefficients and the UCT

Following the conventions for Hochschild and cyclic homology in Loday [16], when we
need to indicate explicitly the ground ring k& over which we compute symmetric homol-
ogy of A, we shall use the notation: H S« (A4 | k). On the other hand, for a k—module
M, HSy«(A; M) will denote the homology of the complex Ci (AS, BiymA) R M .

Two easy propositions are collected here for reference.

Proposition 20

(1) If M is flat over k, then HSx«(A; M) = HS«(A) ®; M .
(2) If B is a commutative k —algebra, then HSx(A ®; B | B) =~ HS«(4; B).
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Proof Left to the reader. O

Theorem 21 (Universal Coefficient Theorem) If A is a flat k —algebra, and B is a
commutative k —algebra, then there is a spectral sequence with

EPY =Tork (HS,(A | k), B) = HS«(A| B).

Proof Let T,: k-Mod — k-Mod be the functor H S,4(A; —). Observe, since 4 is flat,
{Ty} is along exact sequence of additive covariant functors (see Dold [6, Definition 1.1]
and also McCleary [21, Section 12.1] for details). 7, = 0 for sufficiently small ¢
(indeed, for ¢ < 0) and 7, commutes with arbitrary direct sums. Hence, by the
Universal Coefficient Theorem [6, Theorem 2.12] (see also [21, Theorem 12.11]), there
is a spectral sequence with Eé”q = Torl; (Tq k), B) = Tx(B). |

As an immediate consequence, we have the following result.

Corollary 22 If f: A— A’ is a k—algebra map between flat algebras inducing an iso-
morphism H Sy (A)— H Sx(A’) in symmetric homology, then for a commutative k —
algebra B, the chain map f ®idp induces an isomorphism H Sy (A; B)—> H S«(A’; B).

Under stronger hypotheses, the universal coefficient spectral sequence reduces to short
exact sequences.

Corollary 23 If k has weak global dimension < 1, then the spectral sequence of
Theorem 21 reduces to short exact sequences,

0 —> HSy(A|k)®r B—> HSy(4; B) — Tor"(HS,_, (4| k), B) — 0.

Moreover, it k is hereditary and and A is projective over k, then these sequences
split (unnaturally). (See It6 [13] for precise definitions of weak global dimension and
hereditary.)

Proof Assume first that k has weak global dimension < 1. So Tor’lg (HS4(Alk), B)=
0 for all p > 1. Following Dold’s argument [6, Corollary 2.13], we obtain the required
exact sequences. Assume further that k is hereditary and A is projective. Then
Rotman [25, Theorem 8.22] gives us the desired splitting. |

Remark 24 The proof given above also proves UCT for cyclic homology. A partial
result along these lines exists in Loday [16, 2.1.16]. There, he shows HC«(A | k) ®
K=~ HCx(A| K) and HH«(A | k) @, K~ HH«(A| K) in the case that K is a
localization of k, and A is a K—module, flat over k. I am not aware of a statement of
UCT for cyclic or Hochschild homology in its full generality in the literature.
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3 Integral symmetric homology and a Bockstein spectral se-
quence

We shall obtain a converse to Corollary 22 in the case k = Z.

Theorem 25 Let f: A — A’ be an algebra map between torsion-free 7 —algebras.
Suppose that for B=Q or B =17/ pZ (for any prime p ) the map

f®idp: C«(AS, BY"A) @) B —> C4x(AS, BY"A) @y B

induces an isomorphism HSx«(A; B) — HS«(A’; B). Then f also induces an
isomorphism H Sy (A)—> H S (A’).

First, note that if A is flat over k, one can construct the Bockstein homomorphisms
Bn: HSy(A; Z) — HS,—1(A4; X) associated to a short exact sequence of k—modules,
0> X - Y — Z — 0. These Bockstein maps are natural in A4, since HSx(4;—)
is a long exact sequence of functors (see Section 2). Moreover if the induced map
Jfy: HS«(A; W) — HSx(A’; W) is an isomorphism for any twoof W =X, W =Y
and W = Z, then it is an isomorphism for the third — an easy exercise for the reader.
We shall now proceed with the proof of Theorem 25. All tensor products will be over
7 in what follows.

Proof Let A and A’ be torsion-free Z-modules. Let f: A — A’ be an algebra
map inducing isomorphism in symmetric homology with coefficients in Q and also in
7/ pZ for any prime p. For m > 2, there is a short exact sequence,

O—>Z/pm_1Zi>Z/me—>Z/pZ—>0.

A straightforward induction argument shows that the maps induced by f are isomor-
phisms,

(1) fu: HSW(A:Z) p™ ) —> HSW(A'; 7./ p™ )

Denote Z/p>®7Z = li_r)nZ/me. Note, this is a direct limit in the sense that it is a
colimit over a directed system. The direct limit functor is exact (see Stenstrom [28,
Proposition 5.3]), so the maps H S, (A;Z/p®7Z) — HS,(A";Z/p>°7Z) induced by
f are isomorphisms, given by the following chain of isomorphisms:

HSy(A:Z/ p*™Z) = limH, (k[Cx(AS, BY"A)| @2/ p™Z)

AN limH, (k[Ca(AS, BY™ )] @ 2/ p"Z) = HSW(A 2/ p®2)
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(Note that fx here stands for h_r)an (k [Cﬂ< (AS, Biymf)] ® id) )
Finally, consider the short exact sequence of abelian groups,

0—Z—>Q— P Z/p®Z—0

D prime

The isomorphism fy: HS«(A;Z/p™®Z) — HS«(A';Z/p>7Z) passes to direct sums,
giving isomorphisms

for HSy (A; D Z/pooZ) = Hs, (A’; D Z/pr)
p p
for each n. Since H Sx(A4: Q) — HS«(A"; Q) is an isomorphism, we have the required
isomorphism in symmetric homology, fix: HS,(A|Z)—> HS,(A'|Z). |

Remark 26 Theorem 25 may be useful for determining integral symmetric homology,
since rational computations are generally simpler, and computations mod p may be
made easier due to the presence of additional structure, such as homology operations
(see the author’s forthcoming paper).

Finally, we state a result along the lines of McCleary [21, Theorem 10.3]. Denote the
torsion submodule of a graded module H, by 7 (Hy).

Theorem 27 (Bockstein spectral sequence) Suppose A is free of finite rank over Z..
Then there is a singly-graded spectral sequence with

El = HS«(A;Z/pZ) = HS«(A)/t (HS«(4)) ®Z/pZ,
with differential map d' = B, the standard Bockstein map associated to
0—7Z/pZ — 7] p*Z — 7] pZ — 0.

Moreover, the convergence is strong.

Proof The proof McCleary gives [21, page 459] carries over to our case intact. All
that is required for this proof is that each H S, (A4) be a finitely-generated abelian
group. The hypothesis that A4 is finitely-generated, coupled with the result of Corollary
78 of Section 9.4, guarantees this. |

4 Symmetric homology using AS
In this section, we shall show that replacing AS by AS4 in an appropriate way does not

affect the computation of H.Ss. We shall define a functor B¥™+ A: AS+ — k—Mod
such that Hy(AS4, BY¥™+ A) = H(AS, By™4).
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4.1 Extension of the bar construction to AS

Recall for a functor &: % — € of small categories, the induced functor from the
category of €—modules to ¥Y—modules given by M — M o & admits a left adjoint
functor, ¥* (see Kan [14] or Gabriel-Zisman [11, Appendix I1.3]). In particular,
the inclusion i: AS <> ASy induces a functor i *: AS—Mod — AS1-Mod. It is
instructive to analyze the functor i*(By" 4): AS; — k-Mod. Note, i*(By,""A)
is just the left Kan extension of By A along i. By definition, i*(BiymA) is the
functor, [n] > colim(; /[x)) BY™A o my, where m;: (i/[n]) — AS is the projection
(i[m]—[n]) = [m]. Note, for n = —1, colim/[—1J BY™Aom =0, the initial object
of k—Mod, since the category (i/[—1]) is empty. For n > 0,

(2) colim B, = b B4 / (@Y. x)~ (§. Y (x) = By 4
(1 [m])eMor AS

The last isomorphism results from the “identity trick” (see, for example, Section 1.3),
namely (¢, x) &~ (id, ¢«(x)). For any morphism 8 € Mor A S, the morphism induced
by i*(ByY ™ A) is simply B itself. On the other hand, the morhpism ,,: [—1] — [1] of
AS4 becomes the zero map 0 — A®M+D) ynder i *(BY™A).

Definition 28 OGiven an associative, unital algebra 4 over a commutative ground ring
k, we let B{Y™+ A be the functor i *(By " A): AS+ — k—Mod defined above.

Lemma29 H,(AS;, BY™ A) = H.(AS, By™4).

Proof By Gabriel-Zisman [11, Theorem 3.6], there is a spectral sequence with

3 E? = colim® (L,i*)(BY™A) = colim®@t9 g™ 4,

where i is the inclusion AS < ASy as above and L4i* is the ¢th left-derived
functor of the right-exact functor i *. The target colima s ?+9 BJ™ 4 is the same as
HSp4+4(A). Iclaim that i * is in fact left-exact.

Let 0 > M — N — P — 0 be an exact sequence of AS-modules. By the same
argument displayed in (2), we have

0, ifn=-1

M,, iftn=>=0

colim M oy =
@/[n])

Similar results follow for N and P. Thus, the sequence 0 > i*M —i*N —i*P —0
is exact, since each sequence of k-modules, 0 - M,, — N, — P, — 0 is exact, and
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certainly the sequence of 0 modules corresponding to n = —1 is exact. Now, since i *
is shown to be an exact functor, its left-derived functors L4i* must be trivial for ¢ > 1.
The spectral sequence (3) is trivial in columns ¢ > 1, and thus strongly converges

colim?)i* BY™ 4 = Hy(AS. 2™ A) = HS,(A). O
+

4.2 A more useful extension

Unfortunately, the AS4-module Biymgr A does not seem to reflect the useful properties
of AS . In particular, the module corresponding to the object [—1] is trivial in B™+ 4.
Define a related functor which is non-trivial at the object [—1]:

Definition 30 For an associative, unital algebra, 4, over a commutative ground ring
k, define a functor B¥™+ A: AS+ — k-Mod by

B A = A®WHD) forpn >0
B4 =k,

Morphisms are mapped in the same way as for BY™4 A with the exception that ¢,
gets mapped to the inclusion k <> A®@+1) a5 algebras.

One very useful consequence of defining symmetric in terms of the homology groups
H (€, F) for an appropriate category 6 and functor F, is that the functor Hy (€, —),
takes short exact sequences of ¢—modules to long exact sequences in homology (see
Gabriel-Zisman [11]). We use this fact to prove:

Theorem 31 For an associative, unital k —algebra A, H Sx(A) = Hx(ASy. BY¥™+ A4).
Proof Consider the following sequence of AS—modules:
) 0 BY™ A — BP™+4 > Q-0

Here, Q is the quotient B3¥™+ A/ BY™Y A, or in other words, Q is the functor AS}+ —
k-Mod taking [—1] — k and [n]+— 0 for all » > 0, which has no dependence on the
choice of algebra A. Indeed, with 4 = k, we have the exact sequence:

0— Biym(—)lrk — Bk -0 —0

The corresponding long exact sequence in homology is rather easy to analyze. Using
Lemma 29,

k, p=0
0, p>0
>~ Hy(N(ASy)) = Hy(AS4, BI™+k)

Hy(ASy. BY™ k) = HS,(k) = {
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The last isomorphism is obtained in the same way as in Corollary 19. Thus it follows that
H.(AS+, Q) =0. The 5-lemma applie((i) to the long exact sequence corresponding to
diagram (4) then proves H,(AS4+, B+ A) = H,(AS+, B™+ A) in every degree.
Lemma 29 provides the link to symmetric homology. O

S Tensor algebra decomposition and Fiedorowicz’s theorems

For a general k—algebra A4, finding H S« (A) using the standard resolution is often
too difficult. The multiplicative structure of A is hard to control. On the other hand,
tensor algebras may be easier to deal with since their multiplicative structure is so clean.
Indeed, tensor algebra arguments are also key in the proof of Fiedorowicz’s Theorem
about the symmetric homology of group algebras.

5.1 Resolution of algebras using the 2—sided bar construction

Let T: k—Mod — k—Alg be the functor sending a kK —module to the tensor algebra
generated by that k—module. In other words, TM =P, >, M ®”  There is an algebra
homomorphism 84: TA — A, defined by multiplying tensor factors, 4 (¢g®a; Q- --®
ap) =agay ---ay . By abuse of notation, let 7" also stand for the functor k—-Mod — k—
Mod obtained by composing with the forgetful functor k—-Alg — k-Mod. T becomes
a monad with multiplication 074: T? — T and unit transformation 4: id — T, defined
by sending the module M identically onto the summand corresponding to #n = 1. The
homomorphism 64 then expresses A as a T —algebra.

Observe that May’s 2—sided bar construction B« (7, T, A) (see May [19, Chapter 9])
gives a resolution of A by tensor algebras:

%) 6 [7)
(5) O— A< Thd L T24 2 ...

The boundary maps 6, are defined in the standard way: Qn(jéfZ?:O(—l)i T 07 4.

If we denote by A the simplicial algebra consisting of A4 all degrees and whose faces
and degeneracies are all id4, then there is a strong deformation retract By« (T, T, A) —
Ay [19].

5.2 Monoid algebras

In the case that A = k[M] for a monoid, M , we find a remarkable interpretation of the
complex Cyx(AS4+, B#™+TA) as an E,—algebra. First, define a set-valued variant
of the symmetric bar construction:
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Definition 32 Let M be a monoid. Define a functor By" M: AS — Sets by:

BY™M = BY" MM (set product)
B M (a): (mo. ....mp) > a(mo, ... my), for o € Mor AS.
where «: [n] — [k] is represented in tensor notation, and evaluation at (my, ..., my)

is as in Definition 13.

The functor B+ M: AS; — Sets will be defined by the above as well as by setting
BbmerM @, and BY™+ My, is the inclusion @ < M"+1,

Regarding N(—\ AS+) as a contravariant functor to sets, define N(—\ AS}) xXas,
BimerM as a coend construction similar to that in Section 1.2. It is immediate that
this construction is a simplicial set whose homology computes H Sy (k[M]).

Now, in the context of monoids, the James construction is the appropriate analog of the
the tensor algebra construction of Section 5.1. If M is a free monoid on a generating
set X, thatis, M = J X4, then k[M]=k[JX1]= T (k[X]) is the free tensor algebra
over k on the set X with disjoint basepoint. In this case, we have the following:

Lemma 33
(©) HSy (k[JX1D) = He | [ ] Xuik |
n>—1
where
N {N(AS+), n=-—1
n= o n+1
N([n]\ ASy) xgm XL n=0

Proof Using the simplicial set N(—\ ASy) Xas, B *tJ X, a typical generator
has the form,

(7]
(7 /

[¢n] [q1] +— Iqo]

where

=(®)e(@x)sa(®x).

xeXp xeX, xX€Xp
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and Xy, X1,..., X} are finite ordered lists of elements of X . The idea is to “expand”
the element u into a tensor of individual elements of X, and at the same time to
get rid of the units that may be present. Indeed, each X; may be thought of as an
element of the set product X" for some m;. If X; = &, then set m; = 0. We use
the convention that an empty tensor product is equal to 14 (think of this as the disjoint
basepoint appended to X'), and say that the corresponding tensor factor is trivial. Now
let m = (Y mj)—1. Let m: X™0 x X™ x...x X"» — X™*+1 be the evident
isomorphism. Let Xy, = m(Xo, X1,..., X)p).

Case 1 If u is non-trivial (that is, X}, # &), then construct the element
= @~
x€Xm

Next, construct a A—morphism ¢,: [m] — [p] as follows: For each j, ¢, maps the
points

Jj—1 Jj—1 J

Zmi, (Zm,) —I—l,...,(Zmi)—l = J
i=0 i=0 i=0

Observe, (£y)«(u') = u. Under AS+—equivalence, expression (7) is equivalent to

" / ol @u'
- P2 d [90]

[¢n] [q1]

The choice of u” and ¢, is well-defined with respect to the AS4—equivalence up to
isomorphism of [m] (an element of %°F m+1)- This shows that any such non-trivial chain
may be written uniquely as an element of N ([m]\ AS) x ks, X m+1 - An example
should clarify this process. If u = (x;, ® x;,) ® 1 ® (x;, ® x,3) e (T (k[X])®3, then
u' = xj, ® xi, ® Xi, @ Xj, and {, = xox; ® 1 ® x5 (written in tensor notation — these
x;’s are formal variables, not elements of X ). Clearly, ¢, (u’) = u.

+1)

Case 2 If w is trivial, then u = 1,‘?(1’ , and we have

o lgg
([gn] «— -+ <—Tlqo] <—[p]) ® u ~ ([gn] «— -+ <— [go] <— [~1]) ® .
This element can be identified uniquely with the chain [g,] «—--- <«—[go] € N(AS+).

Thus, the isomorphism (6) is proven. Note that the total number of non-trivial tensor
factors is preserved under A.S morphisms. This shows that the differential respects the
direct sum decomposition. a
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Remark 34 This proof works the same using AS rather than AS, by replacing the
argument of Case 2 with the “identity trick”,

(lgn] <+ <— lg0] < [P]) @ u ~ ([gn] -+ <— lg0] < [go]) @ 174+,

However the extra structure of AS4 will be necessary to prove the E,—structure
needed for the results in the next section.

Breaking normal convention, let X© stand for the one-point set, {*}, (or {1}, which
signifies the purpose of this set). Then the content of Lemma 33 can be more concisely,

9) HSy(k[JX:) = @@ Ho(N((n]\ ASy) xger | X"*'1k)

n=>—1

Remark 35 It will be useful to work with a resolution of the monoid M by free
monoids. We obtain an equivalence, B«(J, J, M) — M, , where M is the simplicial
monoid consisting of M in all degrees and whose faces and degeneracies are all idpys.

The next lemma will provide an essential link in the computation of H S« (k[M]).

Lemma 36 Let N Ly (=\AS4+)xas, B J. There is an equivalence of functors

©: N—>Cx, where C is the monad associated to the E,—operad, Coo. Moreover,
® induces an equivalence

(10) Ou: By(N, J, M) = By(Coo, J, M)

Remark 37 N itself turns out not to be a full-fledged operad, since it fails the right-
unit condition. However, in order to prove Fiedorowicz’s Theorems below, all that we
require is an equivalence of functors which preserves the simplicial maps of the bar
construction.

Proof By definition,
NX =[] N(@n—11\AS}) xgo X",
n=0

which has been re-indexed to begin at n =0. Let 9 denote the operad with @(n) = E%,,.
Since 9 is an E—operad, and the monads associated to different E,,—operads are
equivalent, it suffices to show the equivalence, NX ~ %X .

Note, the O—chains (objects) of N ([n—1]\ ASy) are pairs (¢, g) € Mora ([n —
1], [m]) x ZyF, so the T,—action is free. Since N ([n—1]\ AS,) is a contractible
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simplicial set, there is an equivalence induced on O—chains by the map sending (¢, g) —
g:

B (n—1]\AS4) > EX,
where B is the classifying space of a category €. The map g — g~ ! provides an
equivalence EX,) ~ EX,.

These equivalences induce

A [N (n—1\ASy) xgo X" o [ [ E«Z3 xgw X" = | [ ExZp x5, X"
n=0 n=0 n=0
Equation (11) gives the equivalence of functors, N'— C . For the second part of
the lemma, we need only consider the O—faces of each bar construction in (10), since
the other face maps and all of the degeneracies only depend on the monad J and the
monoid M . The 0—faces correspond to the transformations N'J — N on the one hand,
and 9J — 9 on the other. Since the map NX — %X is natural in X, the diagram
below commutes:
NIX —— @JX

NXY —— gXx

Thus, the equivalence passes to the bar construction with no problem. |

5.3 Fiedorowicz’s theorems

The results of this section have been known for some time now, but not previously
published. Fiedorowicz studied the symmetric homology of monoid algebras and
group algebras [8]. All proofs of this section are either based on or inspired by the
corresponding proofs given in that preprint. The following theorem is the first major
result, which serves as a stepping stone to the group-algebra case.

Theorem 38 H Sy (k[M]) = Hyx (B(Cx, Cy, M); k), where Cy is the little 1 —cubes
monad and Cy is the little oo —cubes monad.

Proof The arguments become clearer if we use homotopy colimits throughout. The
link is provided by the following fact of homological algebra:

co(l@im(*)F = H.(hocolim F)
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In our case, we are interested in ¢ = AS;+ and F = B¥™+ M . By Section 5.1, we
can replace M by its resolution By (J, J, M). So there is an equivalence,

hocolim B™+ M ~ hocolim B™+ By (J, J, M)
ASy ASL

Now using May [19, Lemma 9.7],

hocolim B¥™+ By (J, J, M) =~ B*(hocolimB,‘ZmerJ, J, M) = B*(N, J, M)
AS4 ASL

By Lemma 36 the latter is equivalent to Bx(Coo, J, M). The proof is completed by
using the equivalence J ~ Cj. a

As we turn our attention to group algebras, the following lemma will be necessary.

Lemma 39 For any topological monoid, M , there is a natural equivalence,

B(Q®S®,C;, M)~ QQ>*S*(BM)
Proof Consider the bar construction B« (S, Cy, M), where S is suspension. May [19,
Lemma 9.7] gives the isomorphism

B (Q¥S*®S,C1, M) = Q®S®B.(S,Cy, M).
Looping on both sides and taking geometric realization, we get
B(QQ®XS®S,C;,M)=QQ®S*®B(S,Cy, M).

Now B(QQ>®S>®S,Cy, M) >~ B(Q°S, Cy, M). Finally, by Thomason [29] and
Fiedorowicz [9], B(S, Cy, M) is naturally equivalent to the bar construction BM ,
which yields the equivalence, QXS B(S,C;, M) =~ QQ*S*®(BM). O
When the monoid is a group, we obtain the following important consequence.
Corollary 40 If T is a group, then HSx(k[[']) = Hy (QQ™S*(BT):k).
Proof From Theorem 38, HSx(k[I']) = Hx (B(Coo,Cy,T'); k). Since I is a group,
B(Cx, Cy1,T) is grouplike, so B(Cxo, C1, T')—> B(R2°S*>°, Cy,T). Lemma 39 then

applies. |

The analysis of H S« (k[I']) then becomes interesting in its own right. We shall have
more specific to say about H Sy (k[[']) in Section 11.5.
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6 The category EpiAS and a smaller resolution

The complexes for computing Hyx(AS, By A) or Hy(ASy, BP™+ A) are extremely
large and unwieldy for computation. Fortunately, when the algebra A4 is equipped
with an augmentation, €: 4 — k, we may use a more manageable subcomplex of
Cx(AS4+, BP™+ A), related to the subcategory of ASy consisting only of epimor-
phisms.

6.1 Basic and reduced tensors

Recall, if A has an augmentation €, then there is an augmentation ideal / and the
€

exact sequence 0 —> [ —> A —> k — 0 splits as k—modules. So 4 =~ I & k, and

every X € A can be decomposed uniquely as x =a+ A forsome a € I, A €k.

Definition 41 Define B_; ;A = k. For n >0, if J C [n], define
I ifjeld
k ifje&J

By sASB] ® B/ ®---®B].  where B] = {

Remark 42 For each n > —1, there is a direct sum decomposition of k-modules,
sym
B, A= @y B A

Definition 43 A basic tensor is any tensor wo @ wi ® -+ @ wy, where each wj isin
I or is equal to the unit of 4. Call a tensor factor w; trivial if it is the unit of A. If
all factors of a basic tensor are trivial, then the tensor is called trivial, and if no factors
are trivial, the tensor is called reduced.

For a basic tensor Y € B, A, we shall define a map 8y € Mor Ay as follows: If
Y is trivial, let §y = t,. Otherwise, Y has 7 + 1 non-trivial factors for some 7 > 0.
Define 8y : [1n] — [n] to be the unique injective map that sends each point 0, 1,...,7n
to a point p € [n] such that Y is non-trivial at factor p. Let ¥ be the tensor obtained
from Y by omitting all trivial factors if such exist, or ¥ = 1 if Y is trivial. Note, ¥
is the unique basic tensor such that (§y)«(Y) =Y.

Proposition 44 Any chain
([gn] < lgn—1]1 < - < [q0l < [g) ®Y € k[N(=\AS})|®as, B4,
where Y is a basic tensor, is equivalent to a chain

(gn] < [gn-1] <=+ < [q0] < [F) ® Y.

where either Y isreducedor Y = 1 and § = —1.
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Proof Let 8§y and Y be defined as above, and let [7] be the domain of §y. Then
Y = (0y)«(Y), and

(land < lan-11 =+ lao) 1)) &Y ~ ([an)  lan-1] <+ lao] £2 1) @ ©

6.2 Reducing to epimorphisms

We now turn our attention to the morphisms in the chains. Our goal is to reduce to
those chains that involve only epimorphisms.

Definition 45 Let € be a category. The category Epi€¢ (resp. Mono%) is the subcate-
gory of 6 consisting of the same objects as € and only those morphisms f € Mor %
that are epic (resp. monic). The set of morphisms of Epi¢ from X to Y may be
denoted Epiq (X, Y). Similarly, the set of morphisms of Mono% from X to Y may
be denoted Monog (X, Y).

Remark 46 A morphism o = (¢, g) € Mor AS+ is epic (resp. monic) if and only if
¢ is epic (resp. monic) as morphism in A .

Proposition 47 Any morphism « € Mor AS+ decomposes uniquely as (n,id) o y,
where y € Mor(EpiASy) and n € Mor(MonoA ).

Proof Suppose o has source [—1] and target [n]. Then o = ¢, is the only possibility,
and this decomposes as t, o id[_;j. Now suppose the source of « is [p] for some
p > 0. Write « = (¢, g), with ¢ € Mora([p],[r]) and g € E;erl. Suppose ¢ hits
g + 1 distinct points in [r]. Then there is a morphism 7: [p] — [¢] induced by ¢
by maintaining the order of the points hit. Let 1 be the obvious order-preserving
monomorphism [¢g] — [r] so that nw = ¢ as morphisms in A. To get the required

decomposition in AS, use: o = (,1d) o (7, g).

Now, if (&,id) o (3, h) is also a decomposition of «, with & monic and V¥ epic,

then (£,id) o (¥, h) = (n,id) o («r, g) implies (£, g~'h) = (ym,id), proving g = h.
Uniqueness will then follow from uniqueness of such decompositions entirely within
the category A. The latter follows from Loday [16, Theorem B.2]. |

This decomposition will be written

[Pl —[r] = [p] = im(p] — [r]) = [r].

and we call the epimorphism construction, the rule

ép((p]l = Ir]) = [p] = im([p] = [r].

Algebraic € Geometric Topology, Volume 10 (2010)



2366 Shaun V Ault

Proposition 48 The epimorphism construction is a functor €,: [p]\ AS+ — [p] \

Proof If [p] i> [r1] 2 [r2], then there is an induced map

im([p] — [r1]) LR im([p] — [r2])

making the following diagram commute:

[r1] \ / [r2]
2

m([p] = [r1]) ——— im([p] = [r2])

(12)

o is the epimorphism induced from the map «n;. Furthermore, for morphisms

[p] —> [r1] = [r2] —> [r3],

we have o0 = 0p 0y . O
Remark 49 If o: [p] — [r] is an epimorphism of ASy, then €,(0) = «.
Define a variant of the symmetric bar construction using EpiAS':

Definition 50 B™+1: EpiAS — k—Mod is the functor defined by

B I =k,

and
B+ I(«): (ag Qa1 ®-+-Qay) — alag,...,ay), for a € Mor(EpiASy)
This definition makes sense since I is an ideal, and « is required to be epimorphic.

Note, the simple tensors wo ® - -+ Q@ wy in Bf,ym+ I are by definition reduced. Consider
the simplicial k-module:

(13)  Cu(EpiASy. B¥™+1) =k[N(—\EpiASy)] ®rpias, B¥™+1
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There is an obvious inclusion
St Co(BpiASy. BP™ 1) — Cu(ASy. B+ 4).

Define a chain map g in the opposite direction as follows. First, by Proposition 44 and
observations above, we only need to define g on the chains

([gn] <— -+ «<— g0l «—[q]) ® Y

where Y is reduced (or Y = ;). In this case, define component maps g(g) =
N(é4) ®id. A priori, this definition is well-defined only when the tensor product is
over k. We would like to assemble the maps g(g) into a chain map g. In order to do
this, we must show that the maps are compatible under ASy—equivalence.

Suppose

v=((pal - —[pol L) ® Z
and v = ([pn] <— -+ <— [po] < [g]) ® Yu(2),

where Y € Morag, ([p], [q]). If Z is a basic tensor, then so is ¥x(Z). In order to
apply g to v or v’, each must first be put into a reduced form.

Case 1 Suppose Z is trivial. Then v and v" both reduce to
([pa] <— - <—[pol «—[-1]) ® I,
hence g(v) = g(v').

Case 2 Suppose Z is non-trivial. For the sake of clean notation, let W = v (2).
Construct 6z, Z, Sy and W such that Z = (§7)«(Z) and W = (6 )«(W) as in
Proposition 44, and reduce both chains:

pnde— - —pol ZL [PD®Z  ~  (pale— -+ <—[pol <= lgh@W

(14) reducel ~ reducel ~
dw

([pnl¢— -+ <—I[po] i [PheZ ([pule— - <—[po] <— [FhOW

Observe that number of distinct points hit by 1§z is exactly g+1; indeed, W =4 (Z)
has g+ 1 non-trivial factors. Thus, [¢] =im([p]— [¢]). Now, Proposition 47 implies that
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there is precisely one AS—epimorphism y: [p] — [¢] making Diagram (15) commute.
v
[p] ——— [4]

5
5,1 V7 s

(15) [p] — [q]

im([p] — [¢])

That is to say, there exists an epimorphism y such that yx(Z) = W and ¥8z = 8y
So we may replace the first morphism of the chain in the lower left of Diagram (14) with
¢Swy . Then when we apply g to the chain, the first morphism becomes € (¢S y) =

€5(¢pdw) oy, since y is epic. Let % (¢ ). Then the result of applying g to
each side of Diagram (14) is shown below:

(1)« 1) "L (7)) © Z

g(ﬁ)l

(im((7) = [pnl) «— -+ <— im((71 = [po]) <2 [71) & Z

(1) = — 10 @) @ W

Jg@
(im(17] = [pa)) «— -+ «— im(1g] > [po]) < [7]) @ W

Observe that there is equality of objects and morphisms up to the morphisms 7y on
the left and 7 on the right. Since y is epic, the EpiA S —equivalence allows us to
transport the morphism y to the right of the tensor, showing that g(v) ~ g(v’), hence
g is well-defined.

Proposition 51 If A has augmentation ideal I, then

HSy(A) = Hy(EpiASy. B+ 1) = Hy (k[N (= \EpiAS )] ®gpins, BL™1: k).
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Proof Clearly gf = id, where f is the inclusion mentioned above. It remains to
show that fg ~ id. Assume Y is a basic tensor in B;merI . Define maps hj(.n) as
follows:

B (fgn) < -+ < g0l < [g]) ® Y —>

(Ign] < -+ < [g;] < im(lg] — [g;]) < -+ < im(fg] = [g0]) < [¢]) ® Y.
h](.n) is well-defined by the functorial properties of the epimorphism construction, and
a routine, but tedious, verification shows that /1 defines a presimplicial homotopy from

fe toid. |

6.3 Reduced symmetric homology

Denote by B," I, the restriction of B¥™+ 1 to AS. Thatis, B, "1 Lr@m+1) for

all n > 0. Then there is a splitting of the chain complex,
Cy(EpiAS, B, """ I) = Cy(EpiAS, BY™I) ® k[N (%)].

where * is the full subcategory of EpiAS4+ consisting only of the object [—1]. Indeed,
since there are no epimorphisms [—1] — [n] or [n] — [—1] for n > 0, we may think of
[—1] as a disconnected basepoint. Hence, we have H Sy (A4) = H«(EpiAS, By 1) ®
ko, where kg is the graded k—module consisting of k concentrated in degree 0.

Definition 52 The reduced symmetric homology of A is defined,

HS.(A)E H, (EpiAS, BY™I).

Remark 53 Reduction to epimorphisms seems to hinge on the property that A has
an augmentation ideal. This condition may be lifted (as Richter conjectures), if it can
be shown that N(EpiAS) is contractible. As partial progress along these lines, it can
be shown that N(EpiAS) is simply-connected.

7 Interpretation of HS,(A) in terms of group homology

EpiAS is an E-I-A-category, that is, a category in which all endomorphisms are
isomorphisms and also each isomorphism class of an object has only a single member
(all isomorphism are automorphisms). In this section, we use results of Stomifiska [27]
about E-I-A-categories to provide an interpretation of symmetric homology as the
homology of products of symmetric groups with coefficients in certain modules. As a
corollary, we find that when the ground ring is a field of characteristic 0, H.S«(A) can
be computed as the coinvariants of a group action.
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Fix a unital associative algebra A over commutative ground ring %, and assume A has
an augmentation, with augmentation ideal /. By Proposition 51 and Definition 52,

HSy(A) = Hy(EpiAS, BY™I) = colim™ BY™ I,
EpiAS

where colim™ represents the left derived functors of the colimit.

Let Sy be the category whose objects are ordered tuples of non-negative integers,
(gn < gn—1 < -+ <qo), with a unique morphism (g, < -+ < ¢qo) = (¢, <+ <qp)
if {g,,.....q0} S {qn.-...qo}. Let Aut be the functor (Sp—group) defined by

n n
Aut(gn <-+-<qo) = l—[ 221;4_1 = 1_[ AUtEpiS([Qi])
i=0 i=0

Morphisms of Sy map under Aut to the evident projections. Let & pi be the functor
So — Set defined by

{90}, ifn=0
[T'= Epias(lgi-1].[gi]). ifn=>1

If {q),.....q5} S {qn.....qo}, then the set map

Epi(gn <---<qo) = {

Epi(gn <-+-<qo) — Epilgy <+ <qp)

is defined by the appropriate projections and compositions of morphisms, if n’ > 1,
and by the unique set map into {g} if n = 0.

There is an action of Aut(g, <---<¢qg) on Epi(qy <--- < qo) given by

1 (8o 80) ® (Gno- . 1) > (Enbngyly. .- 16185 ")

The maps induced by (g, <--- <qo) = (¢, <+ < q(’)) are equivariant with respect
to this action in the sense that the following diagram commutes:

(@ns-e 2 20) ® (P p) ———— (gndngplie-- . 810185 ")
w |
(Ghree 2 80) ® Do ) — (gl (&)™ o gl ()™

Now, given the augmentation ideal I of A, define a related functor, & piy: So — k-
Mod by

(gn <+~ <qo) > k[Epi(gn <-+-<q0)|®k Bgy 1
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The effect of £ pi; on morphisms of Sy requires some explanation. If

(gn <= <q0) = (g <+ < qq)

is a morphism of Sy, then the map

Epirlgn <+ <qo) = Epir(dy <+ <qp)
is defined on generators (¢y, ..., ¢1) @ x by applying the map

Epi((an <+ <qo) = (g <+ <4q0)) ®br -+~ 1.
if gy = g, . That is, morphisms “on the left” are thrown out; morphisms “in the middle”

are composed; and morphisms “on the right” are applied to the element of B%ml

to produce an element of B;Xml . Bach k [Epi(qn < -+ <q0)]® By, I becomes an
Aut (g, <--+ < go)—module in the obvious way. Diagram (16) implies that there are
well-defined functors, H,(Aut—, Epif—): So — k-Mod.

Theorem 54 With Aut and £ piy defined as above, there is a spectral sequence
coblim(p)Hq (Aut—,Epif—) = fISP+q (A)
0
Proof This is essentially Stomiriska [27, Proposition 1.6], reinterpreted in terms of the
derived functors of colim. Compare also [27, Proposition 1.8], where variance of the
functor N is opposite, and cohomology is computed. Let Q stand for (g, <--- < qo).

For each Q, let GQ be the category consisting of a single object whose endomorphism
set is the group Aut(Q). Then we obtain

colim® H, (Aut(Q), € pi = colim®colim@ (€ pi
colim?) Ho (Aut(©). € pir(0)) = colimcolim® (€ pir (0))

— ggilirg(ﬂq)Biyml = HSptq4
which completes the proof. |

7.1 Implications in characteristic 0

If k is a field of characteristic 0, then for any finite group G and kG -module M ,
Hy(G, M) =0 forall ¢ >0 (see Brown [1], for example). Thus, the spectral sequence
of Theorem 54, would collapse giving the following

Corollary 55 If k is a field of characteristic 0, and A is a k —algebra, then

HSp(A) = colim®E pir (Q) aur(0)»
QeSy
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where & pif(Q) aut(@) 18 the k —space of coinvariants of & piy(Q) under the action of

Aut(Q).

8 A second spectral sequence

In Section 7, a spectral sequence was found that essentially separates the symmet-
ric group elements from the morphisms comprising the chains of the resolution
C«(EpiAS, BY™I). What remains is still rather cumbersome. The following can be
viewed as an attempt to separate the combinatorial structure inherent in the category
EpiAS from the more complicated structure generally found in By’ I. Indeed, the
E! term of our spectral sequence isolates the multiplicative structure of By "I into
the action of the differential.

8.1 Filtering by degree

Consider a filtration F of Cyx(EpiAS, By I) given by

q
FpCq(EpiaS. BY" = (P k[]‘[EpiAs([m,-_l],[miD]®BZ¥3‘I

pZmo==my i=1

F, filters the complex by the length of x € By’ I. Here, length refers to the number
of tensor components of x. Tensors of B,?{;n I are considered to have length my + 1.
The only face map that can potentially change the length of x is dy, and since all
morphisms are epic, doy can only reduce the length. Thus, %, is compatible with
the differential. The filtration quotients are easily described. The non-zero chains are
those corresponding to p = my. In other words, the length of x is exactly p + 1. E°
splits into a direct sum based on the product of x;’s in u = (xg,...,xp) € X P+ For
ue XPt! let P, be the set of all distinct permutations of u. Then,

B~ @& B & k[]i[EpiAsqmi_l],[mi])}®w).

ueXr+1l/x, | wePy ~p=mo=-2ny i=1

8.2 The Categories gp, gl’, » Sp and S,
Before proceeding with the main theorem of this section, we must define four related

categories. In the definitions that follow, let {zo,z;,z2,...,z,} be a set of formal
non-commuting indeterminates.
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Definition 56 gp is the category with objects formal tensor products Zy ® --- ® Zj,
where each Z; is a non-empty product of z;’s, and every one of zg, z1, ..., zp occurs
exactly once in the tensor product. There is a unique morphism Zy ® -+ ® Zg —
Z,®---® Z;, if and only if the tensor factors of the latter are products of the factors
of the former in some order. In such a case, there is a unique 8 € EpiAS so that
Bu(Zo® -+ ®Z)=Z(®®Z].

S has initial objects 0x(20® 21 ®---®zp), for o € =P p+17 50 N § is a contractible
complex. Let S’ be the full subcategory of 8 with all objects 0x(zo @ -+ ® zp)
deleted.

Let S, be a skeletal category equivalent to gp. In fact, we may make S, the quotient
category, identifying each object Zy ® --- ® Zs with any permutation of its tensor
factors, and identifying morphisms ¢ and  if their source and target are equivalent.
This category has nerve NS, homotopy-equivalent to N gp. Now, S, is a poset with
unique initial object, zo ® --- ® z,. Let S;, be the full subcategory (subposet) of
Sp obtained by deleting the object zp ® - -+ ® z,. Clearly, 8;, is a skeletal category

equivalent to §1,7

8.3 Main theorem

Theorem 57 There is spectral sequence converging (weakly) to HS, (A) with

Eyq= @ Hprq(EGuxg, INS/NS k),
MGXPJ’_I/EDJ’_]

where G, is the isotropy subgroup for the chosen representative of u € X?+1/ % p1-

Recall, for a group G, right G—space X, and left G—space Y, X xg Y denotes the
equivariant half- smash product If = is a chosen basepoint for Y having trivial G—
action, then X xg = (X xg Y)/(X xg *) = X x Y/ =, with equivalence relation
defined by (x.g,y) ~ (x,g.y) and (x,*) ~ (x/,%) forall x,x’ € X, y € Y and
g € G (see Bruner, May, McClure and Steinberger [3]). In our case, X is of the
form E G, with canonical underlying complex E.G, equipped with a right G —action,

(g0, 81.---.8n)-8 = (80.&1,---.8ng)-
Observe, both N §p and N 5;, carry a left X, | —action (hence also a G,—action).
The action is defined on 0—chains Zy ® --- ® Z; by permutation of the individual

indeterminates, zo, Z1, ..., Zp. This action extends to n—chains in the straightforward
manner.

Algebraic € Geometric Topology, Volume 10 (2010)



2374 Shaun V Ault

Define for each u € X?T1/%,, the following subcomplex of E;J),q

0= P ( e, k[ ﬁ Epips ([mi-1]. [Wli])] ® w)

weP, “p=mo=-=mgy i=1

~

Lemma 58 There is a chain-isomorphism, (N Sp /N S/ ) /Gy —

Proof Let C; denote objects of 8 As above, we may view each C; as a morphism
of AS'. By abuse of notation, let C; also represent a O—cell of N S, /N 8/ Denote the
chosen representative of u again by u (We view u = (x;y, X, ..., Xj,) € XPH/ DI
as represented by a (p-+1)—tuple whose indices are in non-decreasing order).

First define a map N §p —> M, on n—cells by

bq ¢
17 i (Cq & S5 Co) 1 (o 1) ® Colw),
The notation Cy(u) is used in place of the more correct (Cp)«(u) in order to avoid
clutter. I claim a4 factors through NS,/N SI’,. Indeed, if
C,dr . 2 chend,

then we cannot have Cy = 0 (29 ® - -- ® zp) for any symmetric group element o . That
is, Cy, viewed as a morphism, must be strictly epic. Then the length of of Cy(u) is
strictly less than the length of u, which would make (¢, ..., ¢1) ® Co(u) trivial in
EY ..

p’q

The map a4 then factors through (N gp /N S’YD) /Gy, since if y € G, then y corre-

sponds to an automorphism g € 41 and by definition, we have

y.(Cq f_”...<¢_lco) — (ng P2 Cog) —
(9. .- 91) @ Co(g(u)) = (g, .- ..¢1) ® Co(u)
(Note, g(u) = u follows from the fact that y € G, the isotropy subgroup for u).

For the map in the opposite direction, consider (¢g4,...,¢1) ® w for w € P,. Let
te Z;E:rl so that w = ¢(u). Define a map sending

19 Bui Gy @ (g i) s St S0
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We must check that the definition of S« does not depend on choice of ¢. Indeed, if
w = s(u) also, then u = s~ !#(u), hence s~!t € G,°. Thus

((¢q...¢1s)<¢—q-~-<¢—2¢ls<¢—1s) %(s_lt).((¢q-~~¢ls)<¢—q-~-<¢—2¢1s<¢—1s)

= (e 2 B 2

The maps ax and B, are clearly inverse to one another. All that remains is to verify
that they are chain maps. We need only check compatibility with the zeroth face maps
in either case, since the 7 th face maps (for i > 0) simply compose the morphisms
¢;+1 and ¢; in either chain complex. The zeroth face maps of either complex will be
denoted d|.

First consider the map o .

(G Eco) 4 (G &c)
(g - $1)®Co(u) LN (g -+ $2)@P1 Co(u) == (¢g, ..., $2)QC1(u)

The equality in the lower right of the diagram is simply a restatement that Cy g Cyis
a morphism of S,.

For the reverse direction, assume w = ¢(u) as above. The following diagram commutes.

do

(Pg:--- ¢ QW | (bg. - ¢2) @ P1(w)

ﬁ*[ ﬂ*[

(g 010) e &g &) = ((9gmgu) £ &)

The lower righthand corner deserves some explanation. Since the target of S+« should
be (N gp /N gl’,) /Gy, we see that the lower righthand term is trivial unless ¢ is an
isomorphism. In other words, we only need to prove the diagram commutes when
¢1 € E;’:_l . As B is applied to the chain on the upper righthand corner, the clear
choice for group element to begin the chain is ¢, since ¢;(w) = ¢1t(u). O
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Using Lemma 58, we identify Jl, with the orbit complex (N Sp /NS ) /Gyu. Now, the
complex N Sp /N S is a free G, —complex, so we have an isomorphism,

Hy((NSp/NS))/Gu) = HZ*(NS,/NS)).

where H*G “ is Gy—equivariant homology. See Brown [1] for details). Then, by
definition,

H(NSy/NS,) = Hi(Gu, NS,/NS)).

which may be computed using the free resolution, E4+G,, of k as right G, —module. The
resulting complex k[E+«G,] ®kg, k[N Sp] /k [N 51/7] is a double complex isomorphic
to the quotient

(K|E+«Gu] ®kG, k[NSp])/ (KIExGu] ®kg, k[NS))])
= k[(ExGu %6, NSp)/(ExGu xg, NS,)].
This last complex may be identified with the simplicial complex of the space,

(EG” XGu }ng‘)/(EGu XGu

NS)|) = EGyxg, |[NS,/NS)|.

The last piece of the puzzle involves simplifying the spaces !N Sp/N S ‘ Since S is
a skeletal subcategory of S, there is an equivalence of categorles S~ S inducing a
homotopy equivalence of complexes (hence also of spaces) }N ) } }N ) } Note that
NS inherits a G, —action from NS, and the map S Sis Gy —equivariant.

Proposition 59 There are weak equivalences, EG, Xg, }N gp‘ — EG, xg, ‘N Sp’
and EGy xg, [NS)| = EGy xg, |NS)|.
INS,/NS))| - EGuxg, [NSp/NS)|.

D(Gu

Proof The case p > 2 will be handled first. As long as the spaces are path connected,
we can use the fibration sequences associated to X' — EG, X, X — BG,, to show that
a G, —equivariant homotopy equivalence X ~ Y induces EGy, Xg, X ~ EGy X, Y .
|N §p| and |N S| are path-connected because they are contractible. It suffices to show
|NS,| path connected, since |N§1’,| ~|NS,|.

let Wo =z0z1 ® 22 ® -+ ® zp. This represents a vertex of NSI’,. Suppose
W =ZO®"'®ZI{ZOZIZ;/®"'®ZS'

Then there is a morphism Wy — W, hence an edge between Wy and W.
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Next, suppose W = Zy® -+ ® Zjz0Z]z1Z]" ® --- @ Zy. There is a path

Zo® - ®Zz20Z!11Z]' Q- ® Zg
ZoZy ... 2220?;'21 z!". .. Z;
Z0Zy ... Z}®z20@ Z!2\ 2! ... Zs
20 ® ZoZ1 ...%{Z;’ZlZf’/ o Z

20 Q Zo 2 ZZ/ZI//®ZIZZ/”ZS

Z()ZlZl{//. LR LoZ ... Z;Zl/,

Wo.

Similarly, if W = Zy®---® Z;z1 Z]20Z]" ® ---® Zy, there is a path to W, . Finally,
iftW=2y®---® Zs with zo occurring in Z; and z; occurring in Z; for i # j,
there is an edge to some W' in which Z; Z j occurs, and thus a path to Wj.

The cases p = 0,1 and 2 are handled individually:

Observe that |N §6| and |N S| are empty spaces, since §(’) has no objects. Hence
EGyxg, |NSy| = EGyu xg, [NS)| = 2.

Furthermore, any group G, must be trivial. Thus there is a chain of homotopy equiva-
lences

EGyuxg, |[NSo/NSy| = |[NSo| = [NSo| ~ EGu g, |[NSp/NS,|.
Next, since }N g” is homeomorphic to ’N S

discrete points zgz; and z;zy with the same group action, the proposition is true for
p =1 as well.

, each space consisting of the two
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For p = 2, observe that ‘N g;‘ has two connected components, 171 and (72 that
are interchanged by any odd permutation o € X3. Similarly, }N Sé} consists of two
connected components, U; and U, interchanged by any odd permutation of 3. Now,
resticted to the alternating group, A3, we certainly have weak equivalences for any
subgroup H, C Aj,

EH,xg, Uy —> EH,xg, Uy and  EH,xg, Uy — EHy, xg, U,.

The action of an odd permutation induces equivariant homeomorphisms U liﬁz
and U;—U,, and so if we have a subgroup G, € X3 generated by H, € A3 and a

transposition, then the two connected components are identified in an A X3 —equivariant
manner. Thus, if G, contains a transposition,

EGyxg, |NS)| = EH, xp, Uy ~ EH, xp, Uy = EGy xg, |NS}|.

This completes the case p = 2 and the proof of Proposition 59. a

Proposition 59 coupled with Lemma 58 produces the required isomorphism in homology,
hence proving Theorem 57:

Eyy= @D Hyg)z= P Hprg(EGuxg, INS,/NS,:k)
uGXerl/EIH_l MGX1’+1/EP+1

= D  Hp+q(EGuxg, INS/NS:k).
ueXrt+1l/x,4

Corollary 60 If the augmentation ideal of A satisfies 1*> = 0, then

as,H=PH P Hy(EGyxg, NS,/NS.: k).
PZOuGXP+1/Zp+1

Proof This follows from consideration of the original E° term of the spectral sequence.
E? is generated by chains (¢y, ..., ¢1) ® w with induced differential d°, agreeing
with the differential d of Ci (EpiAS , BY"I ) when ¢ is an isomorphism. When
¢ is a strict epimorphism, however, the zeroth face map of d maps the generator to:
(Dns-. - P1) ® (o)« (Y) = 0, since (¢g)«(Y) would have at least one tensor factor
that is the product of two or more elements of /. Thus, d° also agrees with d in the
case that ¢y is strictly epic. Hence, the spectral sequence collapses at level 1. a
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8.4 The complex Sym?’

Note, for p > 0, there are homotopy equivalences !NSP/NSI/,] a }NSP ’ v S‘NS;,’ a
{NSP} is contractible. ‘NSp| is a disjoint union of (p + 1)! p—cubes,
identified along certain faces. Geometric analysis of S‘N S;, !, however, seems quite
difficult. Fortunately, there is an even smaller chain complex homotopic to NS,/ N SI’,.

Definition 61 Let p > 0 and impose an equivalence relation on k[Epia (2], [¢])]
generated by

Zo® ®Zi®Zit1® ®Zg~ ()P Zy® ®Zi 1 ®Zi® - ® Zy,

where Zp®---® Z, isa morphlsm expressed in tensor notation, and ¢ = deg(Z;) and
b =deg(Z;+1), where deg(Z )— |Z| —1, one less than the number of tensor factors
of Z. The complex Sym(p ) is then defined by

sym Pk [Epins(pl.[p—iD]/ ~ .

The face maps will be defined recursively. On monomials,

0, 1 <0,
di(Zjo---st)= ZJO“‘Zji®Zji+1"'st’ 0<i<s,
0, I >s.

Then, extend d; to tensor products via
(19) diWV)=di(W)QV + W ®d;_geqm)(V),
where W and V are formal tensors in k[Epi as (Pl [q])], and
t
deg(W) = deg(Wo @ ---@ W)= ) deg(Wp).
k=0
The boundary map Sym,(,p) — Symflli)l isthen d = 37 (—1)d; = Z;’;& (=1)id;.

Remark 62 There is an action X, x Sym( — Sym(p ), given by permuting the

formal indeterminates z;. Furthermore, this action is compatible with the differential.

Lemma 63 Sym(p ) is homotopy-equivalent to k[N Sp]/ k[N SI’,].
Proof Let vy represent the common initial vertex of the p—cubes making up NS,.

Then, as cell-complex, NS, consists of vy together with all corners of the various
p—cubes and i —cells for each i —face of the cubes. Thus, NS, consists of (p + 1)!
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p—cells with attaching maps 97?7 — (NS,)?~! defined according to the face maps for
NS, given above. Note that a chain of NS, is non-trivial in NS,/N SI’, if and only
if the initial vertex vg is included. Thus, any (cubical) k—cell is uniquely determined
by the label of the vertex opposite vg.

Label each top-dimensional cell with the permutation induced on the set {0, 1,..., p}
by the order of indeterminates in its final vertex, zj,z;, ...z;,. On a given p—cell,
for each vertex Zy ® --- ® Z;, there is an ordering of the tensor factors so that
Zo®--Q® Ls —> zjyzi, - .- Zi, preserves the order of formal indeterminates z; . Rewrite
each vertex of this p—cell in this order. Now, any p—chain (z;, ® z;; ® --- ® z;,) —
“++ = ZjyZj; - .. Zi, 1S obtained by choosing the order in which to combine the factors.
In fact, the p—chains for this cube are in bijection with the elements of the symmetric
group S, as in the standard decomposition of a p—cube into p! simplices. A given
permutation {1,2,..., p} = {j1, j2,..., jp} will represent the chain obtained by first
combining zj, ® z;, into zj,z;, , then combining z;, ® zj, into zj, zj, . In effect, we
“erase” the tensor product symbol between z;,_, and zj, for each j, in order given by
the list above.

We shall declare that the natural order of combining the factors will be the one that
always combines the last two:

(Zi() Q- ®Zl.p71 ®Zip) - (Zio Q- ®Zl'p712ip) -

(Zig @+ ® Ziy_»Ziy_ Zip) —> - —> (Zig - . - Ziy).

This corresponds to a permutation ,odéf{l, opi={p,p—1,...,2,1}, and this chain
will be regarded as positive. A chain Cy, corresponding to another permutation, o,
will be regarded as positive or negative depending on the sign of the permutation op~!.
Finally, the entire p—cell should be identified with the sum ) S, sgn(op 1) Cy. It
is this sign convention that permits the inner faces of the cube to cancel appropriately

in the boundary maps. Thus we have a map on the top-dimensional chains:
(20) Op: SymP) — (k[N S,/ KINS,)),

Extend the defintion 6, to arbitrary k —cells by sending the k —hain Zy®---® Z,_ to
the sum of k—length chains with source zo ®---® zp and target Zo®---® Z,_; with
signs determined by the natural order of erasing tensor product symbols of zo ®---®z,,
excluding those tensor product symbols that never get erased. The following example
should clarify the point. Let W = z3z9 ® z1 ® zpz4. This is a 2—cell of Symgf). W is
obtained from zg ® 21 ® z; ® 23 ® z4 = 23 R 29 ® 21 ® z3 ® z4 by combining factors
in some order. There are only 2 erasable tensor product symbols in this example.
The natural order (last to first) corresponds to the chain, z3 ® 2z ® z; ® z, ® z4 —
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73®2z90®21 Q224 — 2320 Q21 ®Z224. So, this chain shows up in 04 (W) with positive
sign, whereas the chain 23 Rz0®z1 ®2, ®z4 = 2320 Q21 Rz Q24 = 232021 Q2224
shows up with a negative sign.

Now, 6y is easily seen to be a chain map Sym,(kp ) k[N Sp)/ k[N S;]]. Geometrically,
O« has the effect of subdividing a cell-complex (defined with cubical cells) into a
simplicial space, so 8« is a homotopy-equivalence. Furthermore, 64 is equivariant
with respect to the action of the symmetric group. |

Remark 64 As an example, consider [N S,|. There are 6 2—cells, each represented by
a copy of I%. The 2—cell labelled by the permutation {0, 1,2} — {1, 0,2} consists of
the chains z; ®zg®z, =21 ®zgzp —> 212022 and —(21 QzoR®zy, —> 2129V 2y —> 212922).
Hence, the boundary is the sum of 1—chains:
[(z1®z022 = 212022) — (21®20®22 — 212022) + (21®Z0®22 — 21 ®Z022)]
—[(z120®z2 = z12022) — (21®20®z2 —> z12022) + (21®Z9®Z2 — 2120®22)]
= (21®z022 = 212022) + (21®20®22 —> 21®2022)(2120®22 —> Z1Z022)
—(21®z®zy = 2120R®22).
These 1-—chains correspond to the 4 edges of the square. Thus, in our example this
2—cell of |[NSp| will correspond to z1z9z; € Symgz), and its boundary in }N Sp/N S;,!
will consist of the two edges adjacent to the vertex labeled zo ®z; ® z,, with appropriate
signs: (zo®2z1 ®z; = 21 ®2pz2) — (2o ® 21 ® 23 — 2129 ® z). The corresponding
boundary in Sym12 will be (z1 ® z9z3) — (2129 ® z2), matching the boundary map
already defined on Symip ). See Figures 3 and 4.

Z0Z1Q22 Z120Q22
20212 21202
222071 02122 iz 12022
Z20®21Q22 Z0®z1 Q22
zo®z2z
71 ®2220 0 241
zo®z122 z21Qz0z2
Z1Z2Z¢ 202221

Figure 3: |N Sz| consists of six squares, grouped into two hexagons that
share a common center vertex
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Figure 4: Sym(z) ~ NS,/ NS, The center of each hexagon is zo ® z; ® z3.

Now, with one piece of new notation, we may re-interpret Theorem 57.

Definition 65 Let G be a group. Let k¢ be the chain complex consisting of k
concentrated in degree 0, with trivial G —action. If X is a right G—complex, Y is
a left G—complex with kg < Y, as a G—subcomplex, then define the equivariant
half-smash tensor product of the two complexes:

Xe®YeE (Xu @ Ye) / (Xa 1 ko)

Corollary 66 There is spectral sequence converging (weakly) to HS, (A) with

Epg= @ Hp+q(ExGu®g, sym®; k),
uEXP+1/Ep+1

where G,, is the isotropy subgroup for the chosen representative of u € X?*1/ % p+1-

9 Properties of the complex Sym,(f )

9.1 Algebra structure of Sym,

We may consider Sym, & @pzo Sym,(kp ) as a bigraded differential algebra, where
bideg(W) = (p+1,i) for W € Syml(p). The product

(p+g+1)

X: Syml(p) ® Symj(.q) — Symi+j
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is defined by W K v & ® V', where V' is obtained from V by replacing each
formal indeterminate z, by z, 41 for 0 <r <gq. Equation (19) then implies

1) AdWRV)=dW)RV + (=12 1 4(v),

where bideg(W), is the second component of bideg(W).

Proposition 67 The product X is well-defined on the level of homology. Furthermore,
this product (on both the chain level and homology level) is skew commutative in a
twisted sense: WKV = (—1)Y ¢(VRW), where bideg(W) = (p+1,i), bideg(V) =
(g +1,)), and t is the permutation sending

{0,1,....q.9+1,9g+2,....p+q.p+q+ 1}~
{p+1L,p+2,....p+qg+1,0,1,...,p—1, p}.

Proof Equation (21) implies the product passes to homology classes. Now, suppose
W=Y®Y1® ®Y, ;cSym® and V =Zy®Z; ® - ® Zg_j € Sym?.

(22) VRW=VRW =(-=1)*W®V,

where W’ is related to W by replacing each z, by Zr4+g+1- The exponent o =
deg(V') deg(W) =i arises from the relations in Sym, i}LqH . (The fact that deg(V') =
i and deg(W) = j may be made clear by observing that the degree of a formal tensor
product in Sym( %) s equal to the number of cut points, that is, the number of places
where a tensor product symbol may be inserted.) Next, apply the block transformation
T to (22) toobtain (VR W) = (D)%t (W' QV)=(-1D)*WRV' =(-1D)*WKV,
where V' is obtained by replacing z, by z,4 41 in V. |

9.2 Computer calculations

In principle, the homology of Sym(p ) may be found by using a computer. In fact, we
have the following results up to p = 7:

Theorem 68 For 0 < p < < 7, the groups Hy (Sym(p )) are free abelian and have
Poincaré polynomials P (z) P(H*(Sym(l’)), )

Py(t) =1, Pi(t) =1,
Py(t) =1t + 2¢2, P3(t) = 7t> + 613,
Pa(t) = 4313 + 2414, Ps(t) =t +2721* + 12013,

Pe(t) = 361 4 18471° +720:%,  P7(r) = 829¢° + 1371015 + 5040¢”.
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Proof These computations were performed using scripts written for the computer
algebra systems GAP [12] and Octave [7]. O

We conjecture that the H, (Sym(p )) is always free abelian.

9.3 Representation theory of H, (Sym(” ))

By Remark 62, the groups H; (Sym(p ). k) carry the structure of k 1 -modules, so
it seems natural to investigate the irreducible representations comprising these modules.

Proposition 69 Let Cp 1 < X, be the cyclic group of order p + 1, embedded
into the symmetric group as the subgroup generated by the permutation

rpdef(O p,p—1,...,1).

Then there is a X, —isomorphism H, (Sym(p)) >~ ACp41 1 Zpy1, that is, the
alternating representation of the cyclic group, induced up to the symmetric group. Note,

for p even, ACp 1 coincides with the trivial representation 1Cy 1.
Moreover, H), (Sym(p )) is generated by the elements o (bp), for the distinct cosets

0Cpy 1, where by ZP_O( l)fprp(zozl Zp).

Proof Let w be a general element of Symy; m? , W= dexpﬂcga(zozl ...Zp), where
co are constants in k. H, (Symfkp )) 0ns1sts of those w such that d(w) = 0. That is,

p—1
(23) 0= Z Z(—l)icga(zo o Zi ®Zig1 ... Zp).

0€X,41 i=0

Now for each o, the terms corresponding to 0(zg ... z; ® Zj41 ... Zp) occur in pairs in
the above formula. The obvious term of the pair is (—1) co0 (20 ...2i ® Zix1...2p).
Not so obviously, the second term of the pair is

(—1)(1’_i_1)i(—l)p_i_lcpp(zo e Zpim1 ® Zp_i...Zp),
where p = O"L';_i. Thus, if d(w) = 0, then we must have
(—l)ng + (_1)(p—i—1)(i+1)cp =0,

or cp = (=1)P=DU+D e Set j = p—i, so that cp= (=1)/P=it D¢, = (=1)/P¢,.
This shows that the only restrictions on the coefficients ¢, are that the absolute values of
coefficients corresponding to 0, 0°7p, arlf, ... must be the same, and their corresponding
signs in w alternate if and only if p is odd; otherwise, they have the same signs.
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Clearly, the elements o (bp) for distinct cosets 0Cp, 11 represents an independent set
of generators over k for H), (Symgf’ ) )

Observe that b, is invariant under the action of sgn(t,)7,, and so b, generates
an alternating representation AC,1 over k. Induced up to X, ;, we obtain the
representation AC, 1 T X, of dimension (p +1)!/(p + 1) = p!, generated by the
elements o(bp) as in the proposition. |

Definition 70 For a given proper partition A =[Ag, A1, A2, ..., Ag] of the p+1 integers
{0,1,..., p}, an element W of Symip ) will designated as type A if it equivalent to
TYo®Y ® Y, ®---® Y,) with deg(Y;) = A; — 1. That is, each Y; has A; factors.
The notation Symgp ) or Sym, will denote the k—submodule of Syml(,p_) s generated by
all elements of type A.

In what follows, |A| will refer to the number of components of A. The action of
X p,4+1 leaves Sym, invariant for any given A, so the there is a decomposition as
k%, 1—module:
Syml(f’_)s = @ Sym,, .
A(p+1),|A|=5+1

Proposition 71 For a given proper partition A = (p + 1),

(a) Sym, contains exactly one alternating representation A, iff A contains no
repeated components.

(b) Sym, contains exactly one trivial representation I X, iff A contains no re-
peated even components.

Proof Sym, is a quotient of the regular representation, since it is the image of
the X, 1—map my: kX,41 — Sym,, o = Y5, where s € E;ﬂ_l is the AS-—
automorphism of [p] corresponding to o and ¥, is a A—-morphism [p] — [|A]]
that sends the points 0,...,A¢9— 1 to 0, the points Ag,...,A9+A;—1 to 1, and so
on. Hence, there can be at most 1 copy of A%, and at most 1 copy of /X, in
Sym)k.

Let W be the “standard” element of Sym, . That is, the indeterminates z; occur in W
in numerical order and the degrees of monomials of W' are in decreasing order. A%, 1
exists in Sym, _iff the element V = Zaezp " sgn(o)o (W) is non-zero. Suppose that
some component of A is repeated, say A; =A; 41 =L. U W =Y, QY ®---® Y, then
deg(Y;) =deg(Y;+1) =£—1. Now, we know that W = (—1)dee)dee(Yity) @...®
Yit1®Y; ®@---® Yy = —(—1) (W), for the permutation o € Y41 that exchanges
the indices of indeterminates in Y; with those in Y;4; in an order-preserving way.
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In V, the term o(W) shows up with sign sgn(a) = (—=1)¢, thus cancelling with W.
Hence, V = 0, and no alternating representation exists.

If, on the other hand, no component of A is repeated, then no term +a (W) can be
equivalent to W for a # id, so V' survives as the generator of AX,; in Sym, .

A similar analysis applies for trivial representations. This time, we examine U =
Zaezp + ,0(W), which would be a generator for /X, if it were non-zero. As
before, if there is a repeated component, A; = A;+; = £, then W = (=D la(W).
However, this time, W cancels with a (W) only if £—1 is odd. Thatis, |A;| =|A;+1] is
even. If £—1 is even, orif all A; are distinct, then the element U must be non-zero. O
Proposition 72 H; ( Symfkp ) ) contains an alternating representation for each partition
A (p+1) with |A\| = p—1i such that no component of A is repeated.

Proof This proposition will follow from the fact that d(V') = 0 for any generator V'
of an alternating representation in Sym, . Then, by Schur’s Lemma, the alternating
representation must survive at the level of homology.

Let V = Zaezp " sgn(o)o (W) be the generator mentioned in Proposition 71. d (V')
consists of individual terms d; (o (W)) = o(d;j(W)) along with appropriate signs. For
a given j, dj(W) is identical to W except at some monomial Y;, where a tensor
product symbol is inserted. We will introduce some notation to make the argument a
little cleaner. If ¥ = z;,z;, ...z, is a monomial, then the notation Y {s, ..., ¢} refers

r

to the monomial z; zj |, ...z, , assuming 0 < s <7 <r. Now, we write

Q4) (W)= (D)"Y @Y{0.... . 3R@Yi{l+1,...m@ QY.
where a = deg(Yy) + - - - + deg(¥;—1). Use the relations in Sym,, to rewrite (24):
25) (—)@tO+Hn—t-Dy o  @Y{l+1,...m}@Yi{0,... }® - ®Y;

Let « be the permutation that relabels indices in such a way that Y;{0,...,m—£€—1}+>
Yi{¢ +1,....,m} and Yi{m — £,...,m} — Y;{0,...,£}, so that the following is
equivalent to (25).

26) (=D)L (Yo® - @ Yi{0.....m—l—1} @ Yiim—L,....m}®- ® Yy)

Now, (26) also occurs in dj/ (sgn(e)a(W)) for some ;. This term looks like

27) sgn(@) (=Dl (Y® - - ®Yi{0, ... ,m—L—1}
RYi{m—L,....m}®--- ®Y;)
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which equals
28) (—1y" =+ 14 (Yo®---QYi{0, ..., m—L—1}QYi{m—L,....m}®---®Y))

Comparing the signs of (28) and (26), we verify the two terms cancel each other out in
the sum d(V). |

By Proposition 72, it is clear that if p + 1 is a triangular number — that is, p + 1 is of
the form r(r + 1)/2 for some positive integer r, then the lowest dimension in which
an alternating representation may occur is p + 1 —r, corresponding to the partition
A=][r,r—1,...,2,1]. Alittle algebra yields the following statement for any p.

Corollary 73 H; ( Symip ) ) contains an alternating representation in degree p+1—r,
where r = |_\/2 p+9/4—1/ ZJ . Moreover, there are no alternating representations
presentfori < p—r.

There is not much known about the other irreducible representations occurring in the
homology groups of Sym,(kp ) , however computational evidence shows that H; (Sym,(kp ))
contains no trivial representation, I X, 1, for i < p—r (r as in the conjecture above)
up to p = 50.

9.4 Connectivity of Symip)

Quite recently, Vreéica and Zivaljevié¢ [30] observed that the complex Symip ) is

isomorphic to the suspension of the cycle-free chessboard complex €2, (in fact, the
isomorphism takes the form &[S Q; T Sym{”, where Q; L is the augmented
complex).

The m—chains of the complex 2, are generated by ordered lists,

L= {(iOij)v (il’jl)’ (RN ) (lm’]m)}’

where 1 <ig<iy <---<ipy <n,all 1 < j; <n are distinct integers, and the list L is
cycle-free. It may be easier to say what it means for L not to be cycle free: L is not
cycle-free if there exists a subset L, € L and ordering of L. so that

LC = {(607 gl)v (Elv EZ)’ ceey (El‘—lv gl‘)? (€t9£0)}'
The face maps are defined by deltion of elements of L:
. . def (.. . . . . : .
ds({(o, jo)s - - -+ imy jm)}) = G0y Jo)s -+ -+ (s—1+ Js—1)s (st 15 Jst1)s -« s (ims Jm)}

For completeness, an explicit isomorphism shall be provided as part of the proof of the
following proposition.
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Proposition 74 Let ;7 denote the augmented cycle-free (nxn)—chessboard complex,
where the unique (—1)—chain is represented by the empty n x n chessboard, and the
boundary map on 0—chains takes a vertex to the unique (—1)—chain. For each p > 0,
there is a chain isomorphism, ws: k[S Q;F_H] — Sym(P) .

Proof Note that we may define the generating m—chains of k [Q p+1] as cycle-free
lists L, with no requirement on the order of L, under the equivalence relation:

def . . . .
0. L={(ig-1(0): Jo=1(0))- - - -+ ig=1(my+ Jo—1om))} ~ sg0(0) L,

for 0 € Xp41- Suppose L is an (m + 1)—chain of SQ+ , (that is an m—chain of
4 1)- Call a subset L’ C L a queue if there is a reorderlng of L’ such that

L' ={(o.l1), (1, £2), ..., (Ls—1.£s)}.

L’ is called a maximal queue if it is not properly contained in any other queue. Since
L is supposed to be cycle-free, we can partition L into some number of maximal
queues, L, L%, ..., L;. Let o be a permutation representing the reordering of L into
maximal ordered queues.

Now, each maximal ordered queue L] will correspond to a monomial of formal
indeterminates z; as follows.

(29) Ly ={(lo. 1), (€1, £2), ..., (Ls—1. L)} > Zgg—1Zg,—1 -~ Zg,—1-

For each maximal ordered queue, L/, denote the monomial obtained by formula (29)
by Zs. Let ky, ko, ..., k;, be the numbers in {0, 1,2, ..., p} such that k, + 1 does not
appear in any pair (is, js) € L. Now we may define wx on L = L] UL, U...ULp.

(30) omit (D) EZ @ Zy @ ® Zg @24, @ 24, @ - @ 2

Observe, if L = @ is the (—1)—chain of Q7

i1 then there are no maximal queues in
L,and so wg(D) =20 @21 @ - Q@ zp.

wsx 1s a (well-defined) chain map with inverse given by essentially reversing the process.
To each monomial Z = z;,z;, ---z;, with # > 0, there is an associated ordered queue
L' ={Go+1,i1+ 1), +1,ip+1),...(ir— + 1,i; + 1)}. If the monomial is a
singleton, Z = z;,, the associated ordered queue will be the empty set. Now, given a
generator Z; 8 Z, ® -+ Q Z4 € Sym(p) map it to the list LE LiUL,U...ULg,

preserving the 0r1g1na1 order of indices. |:|

Theorem 75 Sym'?’ is | 2(p — 1) | ~connected.

Proof See Vrecica and Zivaljevié [30, Theorem 10]. O
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This remarkable fact yields the following useful corollaries:

Corollary 76 The spectral sequences of Theorem 57 and Corollary 66 converge
strongly to HS«(A4).

Proof The connectivity of the complexes Sym,(kp )isa non-decreasing function of p.
So for large enough p, we have H, (E *Gu®g, Symfkp )) = 0. For fixed », the spectral
sequence is guaranteed to collapse at a finite level. a

Corollary 77 For each i > 0, there is a positive integer N; so that if p > N, there is
an isomorphism H S;(A) =~ H; (@pC* (EpiAS, Biyml)).

Corollary 78 If A is finitely-generated over a Noetherian ground ring k , then H Sy (A)
is finitely-generated over k in each degree.

The bounds on connectivity are conjectured to be tight. This is certainly true for
p =1 (mod 3), based on Vrecica and Zivaljevié [30, Theorem 16]. [30, Corollary 12]
establishes that either H, (Symgk_l)) £ 0 or Hyy (Symgk)) # 0. For k <2, both
statements are true. When the latter condition is true, this gives a tight bound on connec-
tivity for p = 0 (mod 3). When the former is true, there is not enough information for
a tight bound, since we are more interested in proving that Hoj_; (Symfk_l)?
zero, since for k = 1,2, we have computed the integral homology, H; (Sym*z)) =7

and Hj (Symis)) =7.

1S non-

10 A partial resolution

As before, k is a commutative ground ring. In this section, we find an explicit
partial resolution of the trivial AS°°—module k£ by projective modules, allowing the
computation of HSy(A) and HS;(A4) for a unital associative k—algebra 4. The
resolution will be constructed through a number of technical lemmas.

For any small category 6 and object X € Obj€, the €—modules k [Morg (X, —))]
are projective (as 6—module), as are the €°°P—modules k [Mor¢ (—, X)]. In particular,
each k [Moras (—, [¢])] is a projective AS°P—module. In proving exactness, it suffices
to examine the individual sub-k-modules, k [Moras ([1], [¢])]-

Lemma 79 For each n > 0, the sequence

0 «— k <— k[ Moras ([n], [0])] <= k[ Moras (In], [2])]
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is exact, where € is defined by €(¢) = 1 for any morphism ¢: [n] — [0], and p is
defined by p(¥) = (xo9x1X3) o ¥ — (xpXx1Xg) o ¥ for any morphism v: [n] — [2]
(x0x1x, and xx1x9 are AS morphisms [2] — [0] written in tensor notation).

Proof Clearly, € is surjective. Now, €p = 0, since p(/) consists of two morphisms
with opposite signs. Let ¢9 = xoX1 ...Xxp: [#] = [0]. The kernel of € is spanned by
elements ¢ — ¢o for ¢ € Moras([n],[0]). So, it suffices to show that the submod-
ule of k [Morags ([n],[0])] generated by (xox1X2)¥ — (x2x1x0)¥ for ¥: [n] — [2]
contains all of the elements ¢ — ¢g. In other words, it suffices to find a sequence
O =Pk, Pr—1,...,P2,P1, P so that each ¢; is obtained from ¢;; by reversing the
order of 3 (possibly emtpy) blocks, XYZ — ZYX . Let ¢ = x;,xi, ... X;,. If ¢ =¢o,
we may stop here. Otherwise, we may produce a sequence ending in ¢y by way of a
certain family of rearrangements:

k—rearrangement XigXip oo« Xip_1 Xipg Xbk+1++ - Xn ¥ X411+ - XnXip XigXip o« Xip_y
such that i, # k. That is, a k-rearrangement only applies to those monomials
that agree with ¢ in the final n — k indeterminates, but not in the final n — k + 1
indeterminates. If k = n, then this rearrangement reduces to the cyclic rearrangment,
XigXiy -+ Xi

N> Xi, XigXiq - - Xip_g -

Beginning with ¢, perform n-rearrangements until the final indeterminate is x;,. For
convenience of notation, let this new monomial be x;,x;, ...Xxj,. (Of course, j, =n.)
If jo =k forall k =0,1,...,n, then we are done. Otherwise, there will be a number k
such that ji #k but jry1 =k+1,..., j, =n. Perform a k -rearrangement followed
by enough n-rearrangements so that the final indeterminate is again x;. The net result
of these rearrangements is that the ending block xj 41Xk ... X, remains fixed while
the beginning block xj,xj, ...xj;, becomes cyclically permuted to xj, Xj, ... Xj,_, . It
is clear that applying this combination of rearrangements repeatedly will finally obtain
amonomial Xg,Xg, ...Xg, _ XkXky1...Xn. Now repeat the process, until after a finite
number of steps, we finally obtain ¢y . |

Let %ndéf{xioxil o Xy ®Xiy @ Xp1Xk+2---Xn |1 Sk =<n,iy #k}. Then k[%B,]
is a free submodule of k [Mora s ([1],[2])] of size (n + 1)! —1.

Corollary 80 When restricted to k[%B,], the map p of Lemma 79 is surjective onto
the kernel of €.

Proof In the proof of Lemma 79, the n—rearrangements correspond to the image of

elements x;, ...X;,_, ®x;,®1, with i, #n. For k <n, k-rearrangements correspond
to the image of elements x;, ... X, _, ® Xj;, ® Xg41...Xp, With iy #k. O
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Lemma 81 k& [Morpag ([1], [m])] is a free k —module of rank (m +n + 1)!/m!.

Proof A morphism ¢: [n] — [m] of AS is nothing more than an assignment of n + 1
objects into m + 1 compartments, along with a total ordering of the original n + 1

objects, hence #Morp s ([n], [m]) = (m+,z+l)(n + D= W m|

Lemma 82 ply(5,] is an isomorphism k[B,] = kere.

Proof Since the rank of k[Morag ([7],[0])] is (n 4+ 1)!, the rank of the kere is
(n + 1)! — 1. The isomorphism then follows from Corollary 80. |

Lemma 83 The relations of the form

(€29 XYQZLIWHWRZXQ]Y +YZXQIQWH+WRYZRKX ~0 and
32) IX®1~0

collapse k[MorAS([n], [2])] onto k[%B,].

Proof This proof proceeds in multiple steps.
Step 1: Degeneracy Relations Y QY 1~ X QRI1QY x1XR®Y.

First, observe that letting X =Y =W =1 in (31) yields Z ® 1 ® 1 ~ 0, since
1®Z®1~0. Then, letting X = Z =W =1 in (31) produces | ® | Y ~ 0. Thus,
any formal tensor with two trivial factors is equivalent to 0. Next, let Z = W =1
in (31). Then using the above observation, we obtain | @ X ® Y +1 QY ® X ~ 0,
thatis, 1@ X ® Y ~ —(1® Y ® X). Then, if we let X = W = 1, we obtain
Y®ZR®1+1®ZQY ~0, whichisequivalentto Y  Z Q1 -1®Y ® Z ~ 0.
Finally, let X =Y =1 in (31). The expressionreducesto ZQ1W -1 ZQW 0.

Step 2: Sign Relation X Y QZ~—(ZQY R X).

Let Y =1 in (31), and use the degeneracy relations to rewrite the resultas X @ ZQ W +
IQWRZX+1QZXQWH+WRZRXX ~0. Since |IQZX QW ~—(1WRQZW),
the desired result follows: X @ Z QW + W QR Z Q@ X ~ 0.

Step 3: Hochschild Relation XY ® Z®1-XQ®YZ®1+ZXR®Y ®1~0. This
relation is named after the similar relation, XY  Z—X QY ~Z + ZX ® Y, that arises
in the Hochschild complex.

Let W =1 in (31), and use the degeneracy and sign relations to obtain the desired
result.

Algebraic € Geometric Topology, Volume 10 (2010)



2392 Shaun V Ault

Step 4: Cyclic Relation Y7, ) (XigXiy - - Xiy_, ®i, ®1) 20, where t € Zpp g
is the (n 4+ 1)—cycle (0,n,n—1,...,2, 1), which acts by permuting the indices.

For n = 0, there are no such relations (indeed, no relations at all). For n = 1, the
cyclic relation takes the form xp ® x; ® 1 + x; ® xg ® 1 ~ 0, which follows from
degeneracy and sign relations.

Assume now that n > 2. Foreach k =1,2,...,n—1, define
def
A =XigXiy - Xig_y »
def
Bkzx,'k,

def
Ck=Xijyy -+ Xi

By the Hochschild relation, 0 & ZZ;II (A Br QCr ®1—-A;, @ B Cr @1+ Cr A ®
By ®1).Butfork <n—2, Ay By ®Cr, ® 1l = Ap 11 ® Bp1+1Cx+1 ® 1. Thus, after
some cancellation,
n—1
(33) O0~-A41®BCi®l+4, 1B 1®Cr1®1+ ) CrAr @B ®1.
k=1
Now observe that sign and degeneracy relations imply that —4; ® B1C; ® 1 ~
Xiy ... Xi, ®xj,®1. Theterm A,,_; B, 1 ®C,—1 ®1 isequal to x;, ... xj,_, ®x;, 1,
andfor 1 <k <n—1, CL A @Br®1 =Xxj; | ... Xi,Xiy - .. Xif_, ®Xj; ®1. Thus, (33)
can be rewritten as the cyclic relation,
n—1
0~ (Xip...xi,_, ®x;, 1)+ Z Xigyy + o XipXig + + Xig_y ® Xj @ L.
k=0
Step 5§ Every element of the form X ® Y ® 1 is equivalent to a linear combination of
elements of %,,.

To prove this, we shall induct on the size of Y. Suppose Y consists of a single
indeterminate. Thatis, X @ Y ® 1 = x;,...x;,_, ® x;, ® 1. Now, if i, # n, we
are done. Otherwise, we use the cyclic relation to write x;,...x;,_, @ X;, ® 1 ~

_ Z7=1 1',{ (xl'o Xy X, @ 1).
Now suppose k > 1 and any element Z @ W ® 1 with |W| = k is equivalent to an
element of k[%B,]. Consider X ® Y ® 1 = xj, ... Xj,_,_, ®Xj,_, ... Xi, ® 1. Let
A= xioxil .. .x,-n_k_l,
B=xj,_ ;.. Xi,_,»

C =xj,.
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Then, by the Hochschild relation, X Y 1 =AQBCR1~ ABRCR1+CARBR1.
But since C has one indeterminate and B has k indeterminates, this last expression is
equivalent to an element of k[%,] by inductive hypothesis.

Step 6: Modified Hochschild Relation XY Q Z QW - X QYZQW +ZX ®
Y ® W a0, modulo k [%B,].

First, we show that X @ Y @ W + Y @ X @ W ~ 0 (mod k [%B,]). Indeed, if we let
Z =1 in (31), then sign and degeneracy relations yield: X @ Y QW +Y QX QW ~
XYQWR1I+YX®W®I1, that is, by step 5,

(34) XQYQWr—-(Y®@XQ®W) (mod k [B,]).

Now, using sign and degeneracy relations, (31) can be re-expressed:
XYQRQZIW -YQRQZLXQWH+YZXQIWR1I-XRQYZRIW =0.

Using (34), we then arrive at the modified Hochschild relation,

(35 XYQZQW-XQYZRIW+ZXQRY®W ~0 (mod k [By)).

Step 7 Modified Cyclic Relation Z?:o r,f (XigXiy - - - Xig_y ®Xif ®Xiyy - - - Xiy) &
0, modulo k[%n] Note, the (k + 1)—cycle 13 permutes the indices ig, i1, ..., if, and
fixes the rest.

Equation (34) proves the modified cyclic relations for & = 1. The modified cyclic
relation for k > 2 follows from the modified Hochschild relation in the same manner
as in step 4. Of course, this time all equivalences are taken modulo & [%B].

Step 8 Every element of the form X ® ¥ ® x,, is equivalent to an element of k[%,].

We shall use the modified cyclic and modified Hochschild relations in a similar way as
cyclic and Hochschild relations were used in step 5. Again we induct on the size of Y .
If |Y|=1,then X ®Y ® X, = Xj ... Xi,,_, ®Xj,_, ®xp. If i_; #n—1, then we
are done. Otherwise, use the modified cyclic relation to re-express X ® ¥ ® x, as a
sum of elements of k [B,].

Next, suppose k£ > 1 and any element Z ® W ® x, with |W| = k is equivalent to
an element of k[%,]. Consider an element X ® ¥ ® x,, with |Y| =k + 1. Write
Y = BC with |B| = k and |C| = 1 and use the modified Hochschild relation to
rewrite X ® BC ® x, in terms of two elements whose middle tensor factors are either
B or C (modulo k [%n] ). By inductive hypothesis, the rewritten expression must lie
in k[B,].
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Step 9 Every element of k[Mora s ([7], [2])] is equivalent to a linear combination of
elements from the following set:

(36) €n=A{X ®@xi, ® 1 |in#£n} U{X ®xi,_, ® Xp | in_y #n—1}

U{XQRY®Zx, ||Z]| =1}
Note, the k-module generated by 6, contains k [%,,].

Let X ® Y ® Z be an arbitrary element of k[Mora s ([#],[2])]. If | X|=0, |[Y|=0,o0r
|Z| = 0, then the degeneracy relations and step 5 imply that X ® Y ® Z is equivalent
to an element of k [B,].

Suppose now that | X |, |Y|,|Z]| > 1. If x,, occursin X, use the relation X Y @ W ~
—(Y® X ®W) (mod k [B,]) to ensure that x;, occurs in the middle factor. If x,
occurs in Z, use the sign relation and the above relation to put x, into the middle factor.
In any case, it suffices to assume our element has the form: X ® Ux,V ® Z. Using the
modified Hochschild relation, X QUx, VQ®Z ~—(ZQV QX Uxp)+ZRQVXQRQUxy,
(mod k [B,]). The first term is certainly in k[€,], since |X| > 1. If |U| > 0, the
second term also lies in k[€,]. If, on the other hand, |U| = 0, then step 8 implies that
Z VX ® xp is an element of k[%B,].

Observe that Step 9 proves Lemma 83 for n =0, 1, 2, since in these cases, any elements
that fall within the set {X ® Y ® Zx, | |Z]| > 1} must have either |X|=0 or |Y| =0,
hence are equivalent via the degeneracy relation to elements of k[{ X ®x;, ®1 | i, # n}].
In what follows, assume n > 3.

Step 10 Every element of k [Mora s ([7], [2])] is equivalent, modulo k [%,], to a linear
combination of elements from the following set:

(37 gbndéf{X(XUCin,g ® Xp—1Xn | in—2 #Fn—=2U{X QY @ Zxp_1xn | |Z] = 1}.

First, we require a relation that transports x, from the end of a tensor:
(38) WRZRIXxn~WRx,Z®X (mod k [By]).

Letting ¥ = x, in (31), and making use of the sign relation, we have: W ® Z ®
Xxp 2 WRZX Qxy + X ZX QW R 1+ W ® x,Z ® X. By steps 5 and 8,
WRZRXxpnx~W Qx,Z X, modulo elements of k [%B,,].

Now, let X ® Y ® Z be an arbitrary element of k [Mora s ([1],[2])]. Locate x,—; and
use the techniques of Step 9 to re-express X ® ¥ ® Z as a linear combination of terms
of the form: X; ® Y; ® Zjx,—1, modulo k [B,]. Our goal is to re-express each term
as a linear combination of vectors in which x;, occurs only in the second tensor factor.
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If x, occurs in Xj, then observe X; ® Y; @ Zjx,—1 ~ —(¥Y; ® X; ® Zjxy—_1),
(mod k [B,]).

If x, occurs in Zj, then first substitute ¥ = x,_; into (31), obtaining the relation:

Xxp 1 QZQWH+WRZX X1+ X1 ZXRQ1QW+WRXx,1ZRX =0
S WR~ZQXx) 1~ WRZXQxy 1+ WRx,_1ZQX (mod k [B,])

By the modified Hochschild relation, W @ x, 1 Z QX ~ Wx,_1 R ZQX +ZW ®
Xp—1 ® X, (mod k [B,]), then using sign relations etc., we obtain:

W®Z®Xxn_1 [
WRZXQ@Xxy- 1+ 23X QWx,_1 —ZW R X ® x—1, (mod k[B,]).

Thus, we can express our original element X ® ¥ ® Z as a linear combination of
elements of the form X' @ U'x, V' ® Z'x,—1, (mod k [By]). Then using modified
Hochschild etc., rewrite each such term as follows:

X' QU'x,V®Z'xp_1 ~
XU @x,VQ@Z'xp 1 —U @x,V'X' ®Z'xp_1, (mod k [B,]).

By (38), we transport x, to the end of each term, so X' @ U'x,V' ® Z'x,_1 ~
XU QV' @ Z'xp_1xp —U' Q@ V'X' ® Z'xy_1x,, modulo elements of k [%B,].
If |Z’| > 1, then we are done. Otherwise, we have some elements of the form
X"®Y"”®x,_1xy,. Use an induction argument analogous to that in step 8 to re-express
this type of element as a linear combination of elements of the form U ®x;,_, ® x,—1Xy
such that i,—, # n— 2, modulo elements of k [%,].

Step 11 Every element of k [Moras ([1],[2])] is equivalent to an element of k [%,,].

We shall use an iterative re-writing procedure. First of all, define sets:

i def . .
By =LA@ Xy ; @ Xn—jp1 - Xn | in—j # 1= j},

j def
CWE{AQBRCxy—jyy ... xn | |C] =1}
Now clearly, B, = U;’;(l) %,J, . In what follows, ‘reduced’ will always mean reduced
modulo elements of k [B,]. By steps 9 and 10, we can reduce an arbitrary element
X ® Y ® Z to linear combinations of elements in 9732 u 973,11 u 973,% U C(%,% Suppose
now that we have reduced elements to linear combinations of elements from the set
9732 U%; U...UB; Ue;, for some j > 2. Iclaim any element of 6;, can be re-expressed
as a linear combination of elements from the set %2 UBlu...U %{,H U‘G,J,'H . Indeed,
let X®Y ® Zxy—j41...xXp, with [Z] > 1. Let wdéxn_jﬂ ...Xn. We may now
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think of X ® Y ® Zw as consisting of the ‘indeterminates’ xg, X1, ..., Xs—j, W, hence,
by step 10, we may reduce this element to a linear combination of elements from the
set {X @ Xj,_;_, @Xp—jw |ip—j1 #Fn—j—1JU{X QY @ Zxp—jw | |Z]| = 1}.
This implies the element may written as a linear combination of elements from the set
%{;H UCG,];Jrl , modulo elements of the form A B® 1 and AQ B Xy—jy1...Xn.
Since {A® B®Xp—_j+1Xp—jt+2-.-Xn} S C(é,],'_l , the inductive hypothesis ensures that
the there is set containment {A® B®x,—j41...Xn} C BOU...U 973{, . This completes
the inductive step.

After a finite number of iterations, then, we can re-express any element X ® ¥ ® Z
as a linear combination from the set %2 Uu...u %Z‘l U C@Z_l =R, U %Z‘l. But
€' 1 ={A®B®Cx;...x, ||C|>1}. Any element from this set has either | 4| =0
or |B| = 0, therefore is equivalent to an element of k[%,] already. m|

Corollary 84 If% € k, then the four-term relation XY Q Z QW+ W ZX QY +
YZXQIQW+WRYZQX &0 is sufficient to collapse k [Mora s ([1], [2])] onto
k [Bn].

Proof We only need to modify step 1 of the previous proof. We will establish that
AIRIRNI~IRXNRNI~IRIRX ~0.
Setting three variables at a time equal to 1 in (31) we obtain,

(39) XWRI®D+2(191QW)~0, whenX=Y=2=1.
(40) Z®1®14+43(1®Z®1)~0, whenX=Y =W =1.
4 2r®Ie+1Y®1+1®1®Y ~0, whnX=Z=W=1.

Equivalently, we have a system of linear equations,

2027 [z
130(]z|=0,
21 1|z

where 21 =X ®1Q®1,2,=1® X ®1,and z3 =1 ® 1 ® X . Since the determinant of
the coefficient matrix is —4, the matrix is invertible in the ring k aslongas 1/2€k. O

Define for each m > 0, Pmdéfk [Morps (—,[m])] and P), = Pp([n]). Lemma 83
together with Lemmas 82 and 79 show the following sequence of k—modules is exact
foreach n > 0:

(42) 0<—k<e—P(’)’<LP§(a<’—mP3"GBP(’)’
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where a: Pj — P7 is given by composition with the AS" morphism
XoX1 ® X2 ® X3 + X3 @ X2x9 ® X1 + X1X2X0 ® 1 ® X3 + X3 @ x1x2 ® Xo,

and B: P§ — P} is induced by 1 ® xo ® 1. This holds for all n > 0, so we have
constructed a partial resolution of k& by projective AS°P—modules:

(43) 0—k<— Py <P, %" p o p,

11 Using the partial resolution for low degree computations

Let A be a unital associative algebra over k. Since (43) is a partial resolution of k, it
can be used to find HS;(A) fori =0,1.

11.1 Main theorem

Theorem 85 H S;(A) fori = 0,1 may be computed as the degree 0 and degree 1
homology groups of the following (partial) chain complex:

0 ad
(44) 0 A« ARARA— (AQRARARA)® A,
where
01:a®b®cr abc—cha,

9. a@bRcR®d —abcRdAd+dQRQca®b+bca®1Rd+dRbc®a,
> a H1®a®l.

Proof Tensoring the complex (43) with BY™ A4 over AS, we obtain a complex that

computes HSy(A) and HS{(A). The statement of the theorem then follows from
isomorphisms induced by the evaluation map

k [Moras (—.[p])] ®as BY™4 —> B A. o

11.2 Degree 0 symmetric homology

Theorem 86 For a unital associative algebra A over commutative ground ring k,
HSy(A) = A/([A, A]), where ([A, A]) is the ideal generated by the commutator
submodule [A, A].

Proof By Theorem 5, HSy(A4) = A/k[{abc —cba}] as a k—module. But k[{abc —
cba}] is an ideal of A. Now clearly [A, A] € k[{abc — bca}]. On the other hand,
k[{abc — cba}] C ([A, A)) since abc —cba = a(bc —cb) + a(ch) — (cb)a. |
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Corollary 87 If A is commutative, then HSy(A) = A.

Remark 88 Theorem 86 implies that symmetric homology does not preserve Morita
equivalence, since for n > 1, HSq (M, (A)) = M,(A)/ (M, (A), M,(A)]) =0, while
in general HSy(A) = A/([4, A]) #0.

11.3 Degree 1 symmetric homology

Using GAP, we have made the following explicit computations of degree 1 integral
symmetric homology. See Section 13 for a discussion of how computer algebra systems
were used in symmetric homology computations.

A HS\(A|7Z)
Zit)/(t?) | Z)22. ® Z./27
Z[t]/(t3) | /22 © 7.)27
Z[1)/ () | (z/)22)*
Z/ (%) | (Z/27)*
Z[1)/(t°) | (z/2Z)°
Z[Cs] 7)27.&7/)2Z

zZ[c;] |0
Z[C4] (Z/27)*
Z[Cs] |0

Z[Cs) | (2/22)°

Based on these calculations, we conjecture:

Conjecture 89

k/2k)*, ifn >0 iseven.

H n — ( ’

Si (kL") { (k /26y ifn > 1is odd.

Remark 90 The computations of H.S; (Z[Cn]) are consistent with those of Brown
and Loday [2]. See Section 11.5 for a more detailed treatment of H.S; for group rings.

Additionally, H S has been computed for the following examples. These computations
were done using GAP in some cases and in others, Fermat [15] computations on sparse
matrices were used in conjunction with the GAP scripts. (for example, when the algebra
has dimension greater than 6 over Z).
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A HS|(A|Z)

Z[t,u]/(t?, u?) 7 & (2/27)"

Z[t, u]/ (3, u?) 7@ (Z)27)"' & Z/6Z
Zlt, ul/ (3, u?, t*u) 72 ® (Z)27)'°

Z[t, u)/(t3, u?) 7@ (2)27) & (Z/67)3
Z[t, u)/ (%, u*) 73 @ (2)27)*° ® 7./4Z
Zlt,u,v]/(t?, u?, v?) 75 @ (Z)27)%?

Z[t, u)/(t*, u) 78 (Z)27)"° & 7./67 & (Z]127)?
Zlt, u,v]/(t%, u?,v3) ZVN & (Z)27) @ (2.)67)*
Zli, j. k)i’ =j?=k*=ijk=—1|(2/27)%

Z[Cy x Cy] (Z.)27)'?

Z[C3 x C3] (2/22)°

Z[C3 x Cs3] (Z/372)°

Z[S3] (z/2Z)*

11.4 Splittings of the partial complex

Under certain circumstances, the partial complex in Theorem 5 splits as a direct sum of
smaller complexes. This observation becomes increasingly important as the dimension
of the algebra increases. Indeed, some of the computations of the previous section were
done using splittings.

Definition 91 For a commutative k —algebra A and u € A, define the k—modules:
(A®")ud§f{a1 QRa, ®-Qayc A®" |ajay ...an =u}

Proposition 92 If A = k[M] for a commutative monoid M , then complex (44) splits
as a direct sum of complexes

J 0
(45) 0« (A)y = (AQARA)y <~ (AQRARARQ A)y ® (A)y,

where u ranges over the elements of M . Thus, fori = 0,1, we have HS;(A) =
Duecrr HSi(A)u.

Proof Since M is a commutative monoid, there are direct sum decompositions as k —
module: A®" =, s (A‘X’”)u. The boundary maps d; and 9, preserve the products
of tensor factors, so the inclusions (A®”)u < A®" induce maps of complexes, hence
the complex itself splits as a direct sum. |

Definition 93 For each u, the homology groups of complex (45) will be called the
u-layered symmetric homology of A, denoted HS;(A),.
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We may use layers to investigate the symmetric homology of k[z]. This algebra is
monoidal, generated by the monoid {1, 7, t2,13,...}. Now, the t" —layer symmetric

homology of k[t] will be the same as the " —layer symmetric homology of k& [M r'n”_:rlz] ,

where qu denotes the cyclic monoid generated by an indeterminate s with the property
that s? = s9. Using this observation and subsequent computation, we conjecture:

Conjecture 94
0 m=20,1

HSy (k[t])ym = { k/2k, m>2

This conjecture has been verified up to m = 18, in the case k = Z.

11.5 2-torsionin HS,

The occurrence of 2—torsion in H.S;(A4) for the examples considered in Sections 11.3
and 11.4 comes as no surprise, based on Theorem 2. First consider the following chain
of isomorphisms:

73 (BT) = mp(Q®S®(BT)) = 1 (QQ™S™(B))
>~ 711 (QoQ2%°S*(BI)) N H; (20Q%°S(BI))

Here, Q2¢Q°°S%°(BT") denotes the component of the constant loop, and /% is the
Hurewicz homomorphism, which is an isomorphism since 2¢Q°°S°°(BT) is path-
connected and sy is abelian (since it is actually m, of a space).

On the other hand, by Theorem 2,
HSy(k[T]) = H, (QQ®S*®(BT); k) = H, (QQ®S*®(BT)) ® k.

Note, all tensor products will be over Z in this section. Now QQ°°S°°(BT") consists of
disjoint homeomorphic copies of ¢Q°°S°°(BT"), one for each element of T'/[T, T'],
(where [I', I'] is the commutator subgroup of I'), so we may write

Hy (QQ®S*®(BI)) ®k = Hy (2Q*°S*®(BI)) @k [['/[T, T]]
to obtain the following result:

Proposition 95 If I' is a group, then H S (k[I']) = =3 (BT") ® k [I'/[T", T']].

As an immediate corollary, if I' is abelian, then H Sy (k[I']) = 75 (BT") ® k[I"]. More-
over, by results of Brown and Loday [2], if T' is abelian, then ng(B I') is the reduced
tensor square, T AT = (I’'®T)/ ~, where g®@h~—-h®g forall g, h€T.
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Proposition 96

H S (k[Ca]) =

(Z.]27Z)" n even,
n odd.

Proof 73(BCy) = Z/2Z if n is even, and 0 if n is odd. The result then follows
from Proposition 95, as k [C,,/[Cp, Cn]] = k[Cy] = k", as k—module. ad

12 Relations to cyclic homology

The relation between the symmetric bar construction and the cyclic bar construction
arising from the inclusions AC — AS gives rise to a natural map HCx(4) —
H S+« (A) Indeed, by Remark 17, we may define cyclic homology thus: HCx(A) =
Tor*AC(lg , BY™ A), where we understand By™ A as the restriction of the functor to
AC.

Using the partial complex of Theorem 5, and an analogous one for computing cyclic
homology (see Loday [16, page 59]), the map H Cyx(A4) — H S« (A) for degrees 0 and
1 is induced by the following partial chain map:

o o5
0 A A®A +—— A®3 g 4
lyo=id Jyl lyz
813 3 8§ ®4
0 A A®3 ——— A% p 4

In this diagram, the boundary maps in the upper row are defined as follows:
81C: a®brab—ba

aC.
2-
a H1lR®a—a®l

{a®b®c Hab®c—a®bc+ca®b
The boundary maps in the lower row are defined as in Theorem 5.

Bf: a®b®cr abc—cha

5. a@bRcR®d —abRcRQd—dRca®@®b+bca®R1Qd+dQbcRa
2 a H1l®Ra®l
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The partial chain map is given in degree 1 by y;(¢ ® b)défa ®b ® 1. In degree 2, y,
is defined on the summand A®3 via

aRb®c—> (URbhR®cR®1—-—1QaR®bcR1I+1Q®ca®@RbR 1
+1®1IQabc®1—bRca®1®1,—2abc —cab),

and on the summand A4 via

a~ (—1®1Qa®1,4a).

12.1 Examples

To provide some examples, consider the maps y;: HC(Z[t]/(t")) — HS1(Z][t]/(t")).

It can be shown (for example, by direct computation) that HCy(Z[t]/(t?)) = Z./27Z is
generated by the 1 —chain t ®¢. 1 (t®t) =t ®t®1 € HS{(Z[t]/(¢?) is a non-trivial
element of Z /27 & 7 /27 (which may be verified by direct computation as well).

The map HC,(Z[t]/(t?)) — HS(Z[t]/(t?)) may be similarly analyzed. Here, the
chain t ® t +¢ ®t? is a generator of HC;(Z[t]/(t3)) = Z/6Z, which gets sent by y;
t0t®t®1+1®1t>®1, anon-trivial element of HS;(Z[t]/(t3)) = Z/27 ® 7./]27.

The case n = 4 is bit more interesting. Here, HC;(Z[t]/(t*)) = Z /27 & Z./127Z,
generated by t ® ¢ and t ® t? +t ® t3, respectively. The image of the map y; in
HS|(Z[)/ (%) is (Z/22)* € (Z/22)*.

13 Using computer algebra systems for computing symmet-
ric homology

The computer algebra systems GAP, Octave and Fermat were used to verify proposed
theorems and also to obtain some concrete computations of symmetric homology for
some small algebras. A tar-file of the scripts that were created and used for this work
is available at http://arxiv.org/e-print/0807.4521v1/. This tar-file contains the following
files:

e Basic.g — Some elementary functions, necessary for some functions in
DeltaS.g
e HomAlg.g - Homological Algebra functions, such as computation of homol-

ogy groups for chain complexes.

e Fermat.g - Functions necessary to invoke Fermat for fast sparse matrix
computations.
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e fermattogap, gaptofermat — Auxiliary text files for use when invoking
Fermat from GAP.

e DeltaS.g - This is the main repository of scripts used to compute vari-
ous quantities associated with the category AS, including H S;(A) for finite-
dimensional algebras 4.

In order to use the functions of DeltaS.g, simply copy the above files into the working
directory (such as ~/gap/), invoke GAP, then read in DeltaS.g at the prompt. The
dependent modules will automatically be loaded (hence they must be present in the
same directory as DeltaS.g). Note that most of the computations involving homology
require substantial memory to run. I recommend calling GAP with the command line
option “-o mem”, where mem is the amount of memory to be allocated to this instance
of GAP. All computations done in this dissertation can be accomplished by allocating
20 gigabytes of memory. The following provides a few examples of using the functions
of DeltaS.g

[ault@math gapl$ gap -o 20g

gap> Read("DeltaS.g");
gap>

gap> ## Number of morphisms [6] --> [4]
gap> SizeDeltaS( 6, 4 );

1663200

gap>

gap> ## Generate the set of morphisms

o
Hh

Delta S, [2] --> [2]

ttrto,t¢ 21,0131, 0131, C0C0,2,1271,C 1,11,

tft+ 0,21, 01, 011, 0C01,2,01,C 1,0 11,
tft2,0,¢1, 01,0713, 002,101,011, 11,
tcto,+3,€021, 011, 0Co,21, (011, 11,
tfs,o0731,021, 0711, 001,21, C01,LC 11,

tft2,01, 01,011, 002, 1t]1,[01,[C 11,

tto,11, 0 31,0211, 0C0,21,C 1,111,
tftt,01,0 31,0217, 001,23, 1, 0011,

(ft2,01, 01,0117, 002,131,011, 0011,

ttol, 1,271,013, 0001, 02,11, 11,

tc11, 00,273,013, 0011, 02,01, [ 11,
tct21,r0o0,11, 0 11,0021, 01,01, [ 11,

ttol, 011, 0211, C0C01, 021, 0111, (011, [01,[211,
tcs+1, 021,011, C002],C01, 02111, CC21,01t1,C011,
tcol, 1,0, 271, 0CLo01, [ 1,[02,111,

cc+1,0 31, 00,2731, 00131, 131,02,011,

tt21,0 1, 00,1211, 00231, 131,01,011,

tc 1, 00,1,213,C 313,00 131,00,2,121, [ 11,
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[
gap>

N o~

= NN
[ B B e B e O

—_ e .

-

m e, e, OO
O O, OO B

M

M

= NN

gap> ## Generate only the epimorphisms [2] -->> [2]

gap> EnumerateDeltaS( 2, 2 : epi );
(ccol, 11,0211, [CLo01, [21,
11,001, 0211, 0011, [21,
[rt21,to01, 0111, 0C21,011,
gap>

gap> ## Compose two morphisms of Delta S.
gap> a := Random(EnumerateDeltaS(4,3));
[fol, 24,11, [ 1,311
gap> b := Random(EnumerateDeltaS(3,2));
[l 1,[03,0,21,[111

gap> MultDeltaS(b, a);

(rf 1,03,01,[2,4,11]1

gap> MultDeltaS(a, b);

Maps incomposeable

[ 1]

gap>

—_

[ B}

O O I

—

—_

—

—_

M

M

-

-

—

Shaun V Ault

gap> ## Examples of using morphisms of Delta S to act on simple tensors

gap> A := TruncPolyAlg([3,2]1);
<algebra of dimension 6 over Rationals>

gap> ## TruncPolyAlg is defined in Basic.g
., i_n]) is generated by
, x_n, under the relation (x_j)~(i_j) = 0.

gap> ## TruncPolyAlg([i_1, i_2, ..
gap> ## x_1, x_2, ...
gap> g := GeneratorsOfLeftModule(A);

[x[o0,01,%x[o0,1],Xx[1,01,%x[1,1]1,%Xx[2,01,Xx[2,11]

gap> x := gl2]; y := gl3];
x[o, 11
X[ 1, 01
gap> v := [ x*xy, 1, y°2 1;

gap> ## v represents the simple tensor
[x[1,11]1,1,%x[2,01]1

gap> ActByDeltaS( v, [[2], [1, [0], [111 )
[x[2,01,1,Xx[1,11]1,1]

gap> ActByDeltaS( v, [[2], [0,111 );
[x[2,01,%x[1,11]1

gap> ActByDeltaS( v, [[2,0]1, [111 );
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[ oxx"[ 0, 01, 1]
gap>

gap> ## Symmetric monoidal product on DeltaS_+

gap> a := Random(EnumerateDeltaS(4,2));

[C 1,02,1,01,[3,41]1

gap> b := Random(EnumerateDeltaS(3,3));

ct 1, c131, 01,018 2,011

gap> MonoidProductDeltaS(a, b);

tt 1, 02,201, 038,41,C 1,01, 01,06,8,7,51]1]

gap> MonoidProductDeltaS(b, a);

ct i1, 01,0131, 0,3,2,01,[ 1,[6,5,41,[7,81]1]

gap> MonoidProductDeltaS(a, [1);

[C 1,02,1,01, 103,411

gap>

gap> ## Symmetric Homology of the algebra A, in degrees O and 1.

gap> SymHomUnitalAlg(A);
(ro,0,0,0,0,01,[2,2,2,2,2,2,2,2,2,2,2,6,0,01]1
gap> ## ’0’ represents a factor of Z, while a non-zero p represents
gap> ## a factor of Z/pZ.

gap>

gap> ## Using layers to compute symmetric homology

gap> C2 := CyclicGroup(2);

<pc group of size 2 with 1 generators>

gap> A := GroupRing(Rationals, DirectProduct(C2, C2));
<algebra-with-one over Rationals, with 2 generators>

gap> ## First, a direct computation without layers:

gap> SymHomUnitalAlg(A);
(ro,0,0,01,[02,2,2,2,2,2,2,2,2,2,2,21]1]

gap> ## Next, compute HS_O(A) _u and HS_1(A)_u for each generator u.
gap> g := GeneratorsOfLeftModule(A);

[ (1)*<identity> of ..., (1)xf2, (1)*f1, (L)*f1*f2 ]

gap> SymHomUnitalAlgLayered(A, gl[1]);

[fol1,02, 2,211

gap> SymHomUnitalAlgLayered(A, gl[2]);

[fol, [2, 2,271

gap> SymHomUnitalAlgLayered(A, g[31);

(col, 022 211

gap> SymHomUnitalAlgLayered(A, gl4l);

[col, 22 211

gap> ## Computing HS_1( Z[t] ) by layers:

gap> SymHomFreeMonoid(0,10) ;

HS_1(k[t])_{t70} : [ ]

HS_1(k[t]) _{t~1} : ]

HS_1(k[t]) _{t"2} :
HS_1(k[t]) _{t"3} :
HS_1(k[t])_{t74} :
HS_1(k[t])_{t"5} :
HS_1(k[t])_{t"6} :

[ B B e B e B e B |
NN NNDDN
[ T T Ry |
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HS_1(
HS_1(
HS_1(
HS_1(
gap>
gap>
gap>
gap>
C_0
c_1
C_2
D_1

Shaun V Ault

k(D) _{e77r + [ 2]

k[t])_{t78} : [2]

k[t _{t79} : [ 2]

k[t])_{t"10} : [ 2]

## Poincare polynomial of \Sym_x"{(p)} for small p.

## There is a check for torsion, using a call to Fermat
## to find Smith Normal Form of the differential matrices.
PoincarePolynomialSymComplex(2) ;

Dimension: 1

Dimension: 6

Dimension: 6

SNF(D_1)

D_2

SNF(D_2)

2%xt72
gap>
C_0
C_1
C_2
C_3
C_4
C_5
D_1

+t
PoincarePolynomialSymComplex(5) ;
Dimension: 1

Dimension: 30

Dimension: 300

Dimension: 1200

Dimension: 1800

Dimension: 720

SNF(D_1)

D_2

SNF(D_2)

D_3

SNF(D_3)

D_4

SNF(D_4)

D_5

SNF(D_5)

120*t

TE+272%tT4+t73
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