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Knot Floer homology and rational surgeries

PETER S OZSVATH
ZOLTAN SZABO

Let K be a rationally null-homologous knot in a three-manifold Y . We construct a
version of knot Floer homology in this context, including a description of the Floer
homology of a three-manifold obtained as Morse surgery on the knot K. As an
application, we express the Heegaard Floer homology of rational surgeries on Y
along a null-homologous knot K in terms of the filtered homotopy type of the knot
invariant for K. This has applications to Dehn surgery problems for knots in S*. In
a different direction, we use the techniques developed here to calculate the Heegaard
Floer homology of an arbitrary Seifert fibered three-manifold with even first Betti
number.

57R58; 57M27, 57TM25

1 Introduction

Heegaard Floer homology (see our paper [21]) is an invariant for closed, oriented three-
manifolds Y, taking the form of a collection of homology groups which are functorial
under cobordisms. This invariant is extended by the authors [19] and Rasmussen [28] to
an invariant for null-homologous knots K. (Here, we say that a knot is null-homologous
if its induced homology class in H;(Y; Z) is trivial. If the induced homology class of a
knot K C Y in H;(Y;Q) is trivial, we call the knot rationally null-homologous.) The
knot invariant takes the form of a Z @ Z —filtration of the chain complex whose homology
calculates the Heegaard Floer complex for Y . It is the filtered chain homotopy type of
this filtered complex which depends on the particular knot K.

The knot filtration gives rise to collection of chain complexes {4 (K)}sez and chain
maps {v;": A (K) — BT }sez and {h]: AJ(K) — BT }scz, where here Bt =
CF™(Y) is a chain complex whose homology is the Heegaard Floer homology HF*(Y).
Indeed, the homology groups of the chain complex A} (K) represent the homology
HF* of sufficiently large integer surgeries on Y along K, in a sense which can be
made precise (cf Theorem 4.4 of [19] and also [28]). (These complexes are defined in
a more general setting in Section 3.)
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2 Peter S Ozsvdth and Zoltdn Szabo

Suppose that K is a null-homologous knot in a three-manifold Y . Given a rational
number r, let Y, (K) denote the three-manifold obtained by Dehn filling ¥ —nd(K)
with a solid torus with slope » (with respect to the canonical Seifert framing of K). In
the case where r is an integer, the Heegaard Floer homology of Y, (K) can be described
in terms of the above-mentioned data coming from the knot filtration, according to our
paper [27].

The primary aim of this article is to generalize this construction to the case of Morse
surgery on a knot K C Y which is only rationally null-homologous. (By Morse surgery,
we mean here Dehn surgery on a knot which can be realized as the boundary of a
single two-handle addition to [0, 1] X Y'; in the case where K is null-homologous,
this corresponds to Dehn surgery with an integral slope). This construction has new
consequences even in the case of null-homologous knots in a three-manifold: since the
result of Dehn surgery on a null-homologous knot K C Y can be viewed as Morse
surgery on a knot in the connected sum of Y with a lens space, we obtain a description
of the Heegaard Floer homology of Y, (K) in terms of the original knot Floer homology
of K.

Rather than introducing the generalization of the knot package to knots which are only
rationally null-homologous in this introduction, which will require some additional
material in its statement (cf Sections 3, 5 and 6 below), we focus now on the description
of the Floer homology of Y, (K) when r is a rational number, and K C Y is null-
homologous.

As a preliminary point, recall that the Heegaard Floer homology of ¥ admits a direct
sum splitting indexed by the set of Spin® structures over Y, which in turn is an affine
space for H?(Y;Z). In particular, if K C Y is a knot in an integral homology sphere,
then there is a splitting

HF T (Ypq(K) = @D HFT(Y,/4(K).i).
i€Z/pZ

Fix an integer i, and consider the chain complexes

+ _ + +— +
AT =D A1y poyg) (K)) and B =PG5 B,
SEZ SEZL

where here | x| denotes the greatest integer smaller than or equal to x, and all B =
CFT(Y) . We view the above chain homomorphisms v and AT as maps

(s, A (K))— (s, BY) and ht: (s, A (K)) = (s+1,B™).

+
LG+ps)/q] LG+ps)/ql
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Knot Floer homology and rational surgeries 3

Adding these up, we obtain a chain map

D AT - B

i,p/q
that is, Di—f_p/q{(s’ as)}seZ = {(S, bs)}s€Z7
_ ot +
where here by = VG4 ps)/ql (as) + hl_(i+p(s—1))/qj (ag—1).

Let X?:p /g denote the mapping cone of Dl-‘f' p/q- Note that XZ‘F /q depends on i only
through its congruence class modulo p. Note also that A7 and B are relatively
Z—graded, and the homomorphisms vy and /1] respect this relative grading. The
mapping cone X;" can be endowed with a relative grading, with the convention that

DI-J’r »/q drops the grading by one.

This mapping cone, whose ingredients are extracted from the knot filtration, captures
Heegaard Floer homology of p/q surgeries on Y along K, according to the following:

Theorem 1.1 Let K C Y be a null-homologous knot, and let p, q be a pair of
relatively prime integers. Then, for each i € 7/ pZ, there is a relatively graded
isomorphism of groups

H (X[ ) = HF T (Yy4(K). D).

The proof of Theorem 1.1 is based on generalization of the knot filtration of [19; 28]
to the case of rationally null-homologous knots, together with a generalization of the
integer surgeries description from [27] (where in fact Theorem 1.1 is proved in the
case where ¢ = 1). Note that in the more general case, the knot filtration is naturally a
filtration by relative Spin® structures on the knot complement (rather than integers).
Rational surgeries on K C Y can be realized as Morse surgeries on a knot in the
connected sum of Y with a lens space. The resulting knot is gotten by forming the
connected sum of K with a model (homologically nontrivial) knot in the lens space.
Theorem 1.1 is then realized as a combination of a straightforward calculation involving
this model knot, combined with a Kiinneth principle for connected sums, followed by
the general Morse surgeries description.

We turn now to various applications of Theorem 1.1.

1.1 Applications to knots with L —space surgeries

In Section 8, we give applications of Theorem 1.1 to knots in S which admit L —space
surgeries.

Recall that an L—space is a rational homology three-sphere ¥ whose Floer homology
HF* in each Spin® structure is isomorphic (as a relatively-graded Z[U]-module)
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4 Peter S Ozsvdth and Zoltdn Szabo

to HFT(S3). This is equivalent to the condition that HF (Y,s) = Z for each s €
Spin€(Y). Recall also from our papers [26; 15] that if Y is a rational homology
three-sphere, then HF (Y,s) is a Q—graded group. Thus, the Heegaard Floer homology
of an L—space is determined by the “correction term” function

d: Spin(Y) - Q

which associates to each s € Spin°(Y) the degree in which HF (Y, s) is supported;
compare also Frgyshov [6].

The set of L—spaces includes all lens spaces and indeed all three-manifolds with elliptic
geometry (cf our paper [24]); for more examples; see also Némethi [13]. Another
interesting family is given by the branched double-covers of alternating knots in S3;
cf our paper [25].

Let K C S? be a knot in the three-sphere. Write its symmetrized Alexander polyno-
mial as

Ag(T)=ao+ Y ai(T'+T7),

i>0

and let
0o

(D) ti(K) = Zja|,-|+j.
j=1

Note that for any knot C in S3, there is a canonical affine map Z/pZ = Spinc(S; /q (Q©)).

Theorem 1.2 Let K C S be a knot which admits an L—space surgery, for some
r=p/q € Q with r > 0. Then, for all integers i with |i| < p/2 we have that

2) d(S;,,(K),i)—=d(S)),(0),i) = =24/4)/(K),
while for all | j| > p/(2q), we have that t;(K) = 0.

In the case where ¢ = 1, a version of the above theorem is established in [15, Theo-
rem 7.2]. Theorem 1.2 (in the case where ¢ = 2) also gives the symmetry used in [23]
to find an obstruction to a knot having unknotting number equal to one.

The following is a quick consequence of this result, together with our result that knot
Floer homology distinguishes the unknot (cf [18]) (though alternative proofs could
be given which model the proof by Kronheimer, Mrowka and the authors [10] more
closely):

Corollary 1.3 If S; 1K) = S3

» /q(O) as oriented three-manifolds, then K = O.

Algebraic € Geometric Topology, Volume 11 (2011)



Knot Floer homology and rational surgeries 5

The above result, which was conjectured by Gordon in [8], was first established using
Seiberg—Witten monopoles by Kronheimer, Mrowka and the authors [10]. Thanks to
a theorem of Eliashberg [4] and Etnyre [5], it is now possible to prove results of this
type purely in the context of Heegaard Floer homology; see also our work [18].

Theorem 1.2, together with results from [18], has the following corollary:

Corollary 1.4 If K is a knot with the property that S} (K) is an L—space for some
rational number r, then |r| > 2g — 1 where g is the Seifert genus of K .

1.2 On cosmetic surgeries

Let Y be a closed, oriented three-manifold, and K C Y be a framed knot. Given a
rational number r, let Y, (K) denote the three-manifold obtained by Dehn surgery
along K with slope r (with respect to the initial framing). If there are two distinct
rational numbers r and s with the property that Y, (K) and Ys(K) are homeomorphic
(but the homeomorphism is not required to preserve the orientation inherited from Y'),
then the surgeries are called cosmetic. A pair of surgeries on K with r # s is called
truly cosmetic if Y, (K) = Y(K) as oriented manifolds.

Amphicheiral knots have cosmetic surgeries; specifically, if K is an amphicheiral
knot, then S3(K) = —S3,(K). The unknot O admits infinitely many truly cosmetic
surgeries: S; /q(O) = SS /p +q(0). Lackenby [11] has shown that under general
conditions on a knot K C Y, there are at most finitely many cosmetic surgeries; see
also Bleiler, Hodgson and Weeks [2]. It is conjectured [2] that if Y, (K) =~ Y;(K), then
Y —nd(K) admits an automorphism which carries the slope r to the slope s.

The present state of Heegaard Floer homology — and specifically the surgery formulas
given here — works best for excluding cosmetic surgeries on knots in S*. For example,
we have the following result:

Theorem 1.5 If K is a knot with Seifert genus equal to one, and S3(K) = S3(K)
with r # s, then S3(K) is an L—space.

The conclusion of the above theorem places severe restrictions on K. In particular,
according to results of [24], it follows that K must have the same knot Floer homology
(and in particular the same Alexander polynomial) as the trefoil knot 7", and thus
according to Theorem 1.1, S3(K) and S} (T) have the same (graded) Floer homology
groups. Indeed, this result, combined with other methods, can rule out genus one
cosmetic surgeries, as in Wang [32].

For particular integers p, the existence of a truly cosmetic surgery on such a knot K
with specified numerator p can be ruled out by an explicit, finite search.
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Theorem 1.6 Let K C S* and suppose that S} (K) = £S2(K). Then either S3(K)
is an L—space or r and s have opposite signs.

For the above theorem, both possible conclusions can hold. The simplest example is
the unknot which admits cosmetic surgeries with positive slopes. A more interesting
example of cosmetic surgeries with positive slopes is provided by the trefoil knot K,
which has the property that S93 (K) =-S? /2(K ); cf Mathieu [12]. Examples where
and s have opposite signs are given by amphicheiral knots.

Our methods can be refined to exclude cosmetic surgeries for certain numerators p.
We study here the case where p = 3.

Theorem 1.7 Suppose that K C S* is a knot with the property that S »/a (K) =~

p /q ,(K) as oriented manifolds. In the case where p = 3, we can conclude that qg=q .

1.3 Heegaard Floer homology of Seifert fibered spaces

We give some other applications of the general surgeries description along a rationally
null-homologous knot. In Section 10, we use it to describe the Heegaard Floer homology
with Z /27 coefficients of any Seifert fibered space whose first Betti number is even.

1.4 Organization

This paper is organized as follows. In Section 2, we review some of the topological
preliminaries required by the knot filtrations, including the notion of relative Spin© struc-
tures for three-manifolds with torus boundary. In Section 3, we give the construction of
the knot filtration. In the next two sections, we turn to some properties of the knot Floer
homology which are rather straightforward adaptations of the corresponding results for
null-homologous knots [19; 28]: the relationship between knot Floer homology and
“large” surgeries on a rationally null-homologous knot (Section 4), and the Kiinneth
principle for connected sums of knots (Section 5). The first result is an ingredient in
the Morse surgery formula from Section 6. In Section 7, we show how the Kiinneth
principle, together with the Morse surgery formula, give the rational surgery formula
described in this introduction. In Section 8, we turn to knots which admit L—space
surgeries. In Section 9, we give the applications of the rational surgery formula to the
problem of cosmetic surgeries on a knot in S3. In Section 10, we turn to the Heegaard
Floer homology groups of Seifert fibered spaces with even first Betti number.

Algebraic € Geometric Topology, Volume 11 (2011)



Knot Floer homology and rational surgeries 7

Acknowledgments The first author was supported by NSF grant number DMS-
0234311, and the second author was supported by NSF grant number DMS-0406155.
The authors would like to thank Yi Ni, Andras Stipsicz and Jacob Rasmussen for
interesting conversations during the course of this work. We are also very grateful to
Walter Neumann for sharing with us his expertise in hyperbolic geometry, to Brendan
Owens, Shaffiq Welji and Zhongtao Wu for their feedback on an early version of this
manuscript and to the referee for a very thorough reading of the paper.

2 Preliminaries

We recall some of the background material and notation which will be required for the
construction of the knot filtration. The bulk of this material is about the constructions
relating (doubly-pointed) Heegaard diagrams for knots, and relative Spin® structures
for three-manifolds with boundary. We include also a few key properties of Heegaard
Floer homology which will be used repeatedly throughout; see also [21].

2.1 Surgeries

Let K C Y be a knot. The boundary of a tubular neighborhood of the knot K is a
torus 7' equipped with a canonical choice of (isotopy class of) embedded curve u, a
meridian for K. A longitude for K is any embedded curve A in T which meets a
meridian transversally in a single point.

Given a homologically nontrivial, embedded curve y in 7', we can form the three-
manifold Y, (K) which is gotten by attaching a solid torus to ¥ —nd(K) so that y
bounds a disk in the attached solid torus. We say that Y,,(K) is obtained from Y by
Dehn surgery along K . In the special case where y is a longitude for K, there is a
canonical two-handle cobordism from Y to Y, (K), and we say that Y, (K) is obtained
from Y by Morse surgery on K. A choice of longitude for K is also called a framing
of XK.

Let K C Y be a rationally null-homologous knot in a closed, oriented three-manifold,
equipped with a framing A. Since K € Y has finite order, there is a pair of integers n
and d with minimal absolute value which satisfy the property that

3) d-A=n-ne Hi(Y —K; 7).

In particular, it follows that the induced homology class [K} ] € H1(Y; Z) has order |d]|.
Here, and in the future, K; denotes a copy of K displaced into ¥ —nd(K) using the
framing A.
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2.2 Relative Spin® structures for three-manifolds with boundary

Following Turaev [31], we say that two nowhere-vanishing vector fields v; and v,
on a closed, oriented three-manifold are homologous if they are homotopic in the
complement of a ball in Y. The set of homology classes of nowhere-vanishing vector
fields can be given the structure of an affine space for H 2(Y; 7)), and indeed, it can be
identified with the space of Spin® structures over Y, Spin®(Y).

This construction can be readily generalized to the case of a three-manifold with torus
boundary; cf Chapter 1.4 of [31]. Specifically, on an oriented three-manifold M with
torus boundary, two vector fields v; and v, on M which vanish nowhere and point
outwards at dM are said to be homologous if they are homotopic in the complement of
a ball in the interior of M , and throughout the vector fields point outwards along the
homotopy. The set of homology classes of nowhere vanishing vector fields can be natu-
rally given the structure of an affine space for the relative cohomology H?(M,dM ;7).
The homology classes of nowhere vanishing vector fields are called relative Spin®
structures on M, and are denoted Spin‘(M, 0M).

Let K C Y be a knot in a closed, oriented three-manifold, we can construct the three-
manifold with torus boundary M =Y —nd(K). In this case, we denote the relative
Spin® structures over M by Spin¢(Y, K).

Orienting the core of the solid torus, we obtain a canonical isotopy class of nowhere
vanishing vector field which points inward at the boundary, and which has a closed
orbit which is the core of the solid torus (with its given orientation). More explicitly,
the isotopy class of this vector field on D? x S! is characterized by the property that in
the interior of the solid torus, w is everywhere transverse to the tangent planes to D?.

Giving K an orientation (and denoting this oriented knot by K ), we glue in this vector
field w to obtain a natural map

Gy g Spin°(Y, K) —> Spin“(Y)
which is equivariant with respect to the action by H?(Y, K; Z); ie letting
v H*(Y,K:Z) — H*(Y:Z)
be the natural map, we have for each k € H>(Y, K;7Z),
Gy g +k)= Gy &) +u(k).

As the notation suggests, Gy g depends on the orientation for K'; indeed, for any
& € Spin“(Y, K),

) Gy g(€) = Gy_(§) —PDIK].
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Note that if Y is a three-manifold, and K C Y is a knot with meridian w, then the
fibers of the map G g are the orbits of Spin®(Y, K) under the action by Z - PD[u],

where we think of PD[u] € H*(Y, K;7Z); ie Gy g realizes an identification
Spin¢(Y, K

Spin€(Y) = —p_()
Z-PD[u]

2.3 Doubly-pointed Heegaard diagrams

A doubly-pointed Heegaard diagram is a collection of data (¥, &, 8, w, z) where X
is an oriented surface of genus g, @ = {@y,...,ag} is a g—tuple of homologically
linearly independent, pairwise disjoint, embedded curves in ¥ (a g—tuple of attaching
circles), and B = {B1, ..., Bg} is another g—tuple of attaching circles, and w and z
are two distinct points in ¥ —oay —---—ag —f1 — - — fBg.

A doubly-pointed Heegaard diagram gives rise to an oriented three-manifold ¥ together
with an oriented knot K C Y. The orientation on ¥ induces an orientation on U,
(so that dUy = X), which can then be uniquely extended to an orientation over Y .
The knot K is obtained as a union of two arcs, 1y and 7ng. The arc 1 is gotten by
connecting w and z in ¥ — oy —---— g, and orienting it as a path from w to z. This
arc is then pushed into Uy so that only its boundary meets X (at w and z). The arc ng
is obtained in an analogous manner, only reversing the roles of the circles in & and 8.
The oriented knot K is gotten by the difference 7g — 1 8-

2.4 Relative Spin® structures associated to intersection points

Let (X, a, B, w,z) be a doubly-pointed Heegaard diagram. Fix x,y € To, N'Tg. There
are paths
a:[0,1] — Tq,b: [0,1] — Tg

with da = db = x—y. These paths can be viewed as arcs in X (supported inside the
a U B). The difference @ — b is a closed one-cycle in X which is disjoint from w
and z. Indeed, since ¥ —w — z is a subset of ¥ — K, this one-cycle can be viewed as
an element €(x,y) € H; (Y — K; Z).

We construct a map

Sw,z: To N Tf} — SP_inc(Y, K),
as follows (compare the analogous construction from [21]). A Heegaard diagram
(2, o, B,w,z) can be realized by a self-indexing Morse function f: Y — [0, 3],
with a single index zero and three critical point (and g index one and two critical
points), together with a Riemannian metric g, for which ¥ is the mid-level f~1(3/2),
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a; 1s the locus of points flowing out of the 7 —th index one critical point (via gradient
flow), and B; is the locus of points flowing into the j—th index two critical point. Thus,
x € Tq N'Tpg can be thought of as a g—tuple of gradient flow-lines yx containing all
the index one and two critical points.

Now, the knot K is realized as a union of two flow-lines y,, and y, which connect the
index zero and index three critical points, meeting X in the points w and z respectively.
The oriented knot K is gotten by y,; — Yy .

We construct a vector field representing the relative Spin® structure s, -(§) as follows.
Modify the gradient vector field v / in a neighborhood of the flows yx so that it has
no zeros at any of the index one or two critical points. This modification involves a
choice of nowhere vanishing vector field in a regular neighborhood of yx, but it will
follow easily from the construction that this choice will not affect the relative Spin®
structure of the induced vector field. Next, we modify the vector field in a neighborhood
of yy to obtain a new vector field v which has no zeros at either the index zero or
three-critical points. In fact, this can be achieved so that the knot K is a closed orbit of
the resulting vector field, whose orientation as a flow-line agrees with the orientation
induced from K. This v modification involves a choice X of nowhere vanishing vector
field on the neighborhood of y,,, with fixed behaviour on K. When calling attention
to this choice, we write v = v(X). The resulting vector field v over Y is the vector
field representing the Spin® structure s, (x) € Spin®(Y') associated to the intersection
point x and reference point w, as described in [21] (and this fact is independent of the
choice of X).

Our representative v has been constructed so that there is a neighborhood D, x S of
the closed flow-line {0} x S! 2 K (where here D, is a disk of radius two centered
at the origin) with the property that the disks D, x @ for any § € S! are transverse
to the vector field v. Consider a concentric disk D; C D,. We can continuously
extend vy = v|y_p,« g1 to a new vector field vy = vi(x, X) over ¥ — Dy X S, by
using a vector field over (D, — D) x S which is everywhere transverse to the annuli
(D, — Dy) x 8, and which point towards the origin at dD; x S 1 Thus, the vector
field v; over Y — (D x S!) inherits the vector field v’ which points outwards at the
boundary. It is easy to see that the isotopy class of v; is uniquely determined by the
isotopy class of our initial vector field v.

The induced relative Spin° structure v; over ¥ —nd(K) = Y — (D; x S') de-
pends, of course, on w, z, X, and our choice X, and we write it correspondingly as
v1(w, z,x, X). It is easy to see that

GY’E(vl(w, 2,X, X)) = 54 (X).
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It is easy to see that the induced relative Spin® structures over ¥ —nd(K) depends on
the choice of X by

v (w,z,x, X)—vi(w,z,x, X') = a-PD[u],

where here a € Z is a universal constant (depending on only X and X'; in fact, it is
even independent of the ambient three-manifold Y). We choose X now to satisfy a
normalization condition as follows.

Consider the unknot K C S3. An orientation K specifies a canonical relative Spin®
structure 59 € Spin‘(S 3 K). This is the relative Spin® structure represented by a
vector field v over S3 —nd(K) = D? x S! which is everywhere transverse to the
disks D?. The direction is specified by the condition that v can be represented by a
vector field with closed orbits which have linking number one with our original knot
K . Our condition on X now is that for the standard genus one doubly-pointed diagram
for the oriented unknot with a single intersection point x, the relative Spin® structure
induced by vy (w, z, X, X) is the canonical Spin® structure for the oriented unknot.

With this choice for X, it is easy now to see that the relative Spin® structure un-
derlying v;(w, z,x, X) depends only on w, z, and x, inducing the required map
§w32: Ta ﬂ Tﬂ —> Spinc(Y, K).

We investigate its dependence on w, z, and X in the following lemma. Continuing
notation from [21], letting x,y € Ty, N Tg, let m5(x,y) denote the space of homotopy
classes of Whitney disks connecting x and y, and for fixed

peX—ay——ag—fi—--— Py

and ¢ € my(x,y), let ny(¢) denote the intersection number of ¢ with the submanifold
{p} x Sym¥ () c Sym#(2).

Lemma 2.1 Given x,y € Ty NTg, we have that

&) Sw,z(¥) — $w,z(X) = PD[e(x, y)].
In particular, if there is some ¢ € w5 (X,y), then
(6) Sw,z(X) — 5w,z (¥) = (n2(¢) —nyw($)) - PD[u].

Proof We begin by establishing Equation (5). Vector fields representing s, ,(x) and
Sw,z(y) can be chosen so that they agree everywhere except in a regular neighborhood
of €(x.,y). It follows that s, - (x) and sy ,(y) differ by some multiple of the Poincaré
dual of this curve. The fact that this multiple is one follows from the analogous property
of sy (x) established in Lemma 2.19 of [21].
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We turn to Equation (6). The homotopy class ¢ € 7, (x,y) gives rise to a null-homotopy
of €(x,y) inside Y. This null-homology meets the knot K with intersection num-
ber n;(¢) — ny(¢). Thus, it can be modified to give a homology of €(x,y) with
(nz(¢) —ny(¢))-PD[u] in Y — K. Equation (6) now follows from Equation (5). O

2.5 Heegaard triples and relative Spin® structures

Suppose K C Y is a knot with framing A. We can form a four-manifold W) (K),
which is obtained by attaching a two-handle to [0, 1] x Y along K (thought of as a
subset of {1} x Y') with framing A.

A Heegaard triple is a closed, oriented two-manifold 32, equipped with three g—tuples
of attaching circles, (X, e, B, y); cf [21]. This gives rise to a four-manifold X,g,
which has three boundary components —Y,g, Yg, , and Yy, . (Of course, Y,g here
denotes the three-manifold described by the Heegaard diagram (X, &, 8); Yy, and
Yp, are defined analogously.)

Given a knot K C Y with framing A, we can construct a Heegaard triple (X, &, 8, ¥),
where Y,g represents Y, Yy, represents framed surgery along K, and Yg, is a
connected sum of g — 1 copies of S2 x S!. Filling in Yp, by a boundary connected
sum of g — 1 copies of B3 x S, we obtain a four-manifold which is diffeomorphic
to Wy (K).

The Heegaard triple is constructed by first writing down a Heegaard diagram for Y
with the property that K is supported entirely inside Ug, as the core of one of the
handles in the handlebody, and B, represents its meridian. Next, realize the framing A
as a curve Y, which is disjoint from the g; fori =1,...,g—1. We then let y; for
i=1,...,g—1 be small, isotopic translates of the corresponding ;. We would like
to choose convenient reference points. These are points w and z are chosen so that
there is an arc from z to w which crosses none of the o;; or y; fori =1,...,g,or B;
for j =1,...,g—1, so that an arc from z to w crosses B, transversally once. An
ordering on w and z is specified by an orientation on K We call such a doubly-pointed
Heegaard triple (X, ¢, 8, ¥, w, z) to be a doubly-pointed Heegaard triple subordinate
to the framed, oriented knot K C Y with framing X.

By constructing the diagram carefully, we can arrange for there to be a unique inter-
section point ® € Tg N T, representing the generator ® of the top-most nontrivial
Floer homology group of HF #871(S? x S1)). We denote this intersection point, and
its corresponding homology class, by ©®.

As in [21], we let m>(x,®,y) denote the space of homotopy classes of Whitney
triangles, ie continuous maps of the triangle into Sym# (X) which map the three edges
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to Ty, Ty, and Ty, and the vertices to the given points. In Section 8 of [21], it is
shown that homotopy classes of triangles give rise to Spin® structures over Xy, .

Proposition 2.2 Let (2 Xz B.y.,w,z) be adoubly-pointed Heegaard triple subordi-
nate to an oriented knot K C Y, equipped with framing . The map

V€ ma(X,0,y) > sy,2(X) + (nw(¥) —nz(¥))u
descends to give a well-defined map
Ey;. g Spin‘ (Wi (K)) —> Spin° (Y, K)

(ie independent of the choice of Heegaard triple). Moreover, letting Fe Hy(Wy(K),Y)=
7 denote a generator, we have that

(7) Ey, g(s+PD[F)) = Ey, g(s)+PD[K,].

Proof Recall [21] that two triangles ¥ € m,>(x, ©,y) and ¥’ € m,(x/, ©,y’) induce
the same Spin® structure on Wy (K) if and only if there are ¢; € m»(x,Xx') (relative to
the subspaces Ty and Tg) and ¢, € 7 (y'.y) (relative to the subspaces Ty and T, )
with the property that

DY) —DWY") —D(p1) —D(¢2) =n-[X]

for some integer n. (Here, as in [21], D(y) denotes the two-chain in ¥ induced by
the homotopy class ¥, whose multiplicity at some point p is the intersection number
of ¥ with p x Sym¥~1(2).) But now ny(¢2) = n,(¢) (since w and z lie in the
same component of X —oj —---—oag —y1 —---—yg); combining this with the fact that

§w,z(x/) = §w,z(x) + (nyw(¢1) —nz(é1)) - p

(Lemma 2.1), it follows that in this case

Sw,z(X) + (1w (Y) —nz(Y)) = 5w,z (X) + (nw (Y') —nz(¥") 1.

Independence of the Heegaard triple is a routine consequence that any two Heegaard
triples can be connected by a sequence of stabilizations and handleslides among the
a;, Bj for j =1,...,g—1, and the distinguished meridian B handlesliding over the
other B;.

We now verify Equation (7). Suppose that we have ¥ € m,(x,©,y) and ' €
(X', ©,y). The difference D(¥) —D(y') gives a two-chain C in X, which has no
corners on y; for i =1,...,g. The corners of C occur at x; € X’ and x; € x. Indeed,

Algebraic € Geometric Topology, Volume 11 (2011)



14 Peter S Ozsvdth and Zoltdn Szabo

the boundary of the two-chain consists of €(x, x’) and some number of copies of the y;.
As such, it can be thought of as inducing a relation

€x.X) =L yg + (W —¥") —n(y —y))u

in the first homology of the knot complement (we are thinking of y, as a curve in
the Heegaard surface; of course, it is identified with K thought of as a curve in the
knot complement). Indeed, ¥ — ¥’ corresponds to a surface-with-boundary Z in the
four-manifold underlying the Heegaard triple, whose boundary is supported entirely Y .
The integer £ corresponds to the multiplicity with which Z meets the cocore of the
attaching two-handle. Thus, sy, (V) — sy (¥') = £ - F, and the equation follows. O

For a pointed Heegaard triple (X, &, B8, ¥, z), the group of two-dimensional homology
classes is identified with the group of relations a + b 4+ ¢ = 0 in H;(X;Z) where
a resp. b resp. ¢ lies in the span of {[ai]}f;l resp. {[Bi] §=1 resp. {[y,-]}f;l. These
relations correspond to two-chains P in ¥ with boundary a formal linear combination
of the attaching circles, and with n;(P) = 0. Given a Whitney triangle ¥ € 7, (x,y, W),
there is a formula for the evaluation {c;(s;(v)), H(P)), where H(P) denotes the
second homology class (in H>(Xgg,; Z)) corresponding to P, in terms of the Heegaard
triple; cf Proposition 6.3 of [26]. To describe this, we need two notions, the Euler
measure of the periodic domain and the dual spider number of the triangle with respect
to the triply-periodic domain.

Let ®: F — X be a representative for P, where here ® is an immersion in a
neighborhood of dF . The line bundle ®*(7" X) has a canonical trivialization over 0F,
since ® induces an isomorphism

TF =~ ®*(TY),

and T'F is canonically trivialized near dF (using the outward normal orientation on F').
We define x(P) to be the Euler number of ®* (7 X), relative to this trivialization at dF ,

X(P) = (c1(®*(T'S), 0F), F).

Note first that the orientation of X, and the orientations on all the attaching circles e,
B and y naturally induce “inward” normal vector fields to the attaching circles (ie if
y: 8! — ¥ is a unit speed immersed curve, this inward normal vector is given by
J(dy/dt)). Let }, B; and y; denote copies of the corresponding attaching circles o,
B and y/, translated slightly in these normal directions. Let &', 8" and y’ denote the
corresponding g—tuples, and T, T é and T), be the corresponding tori in Sym®(X).
By construction, then, u(eq) misses Ty, u(eg) misses Tp, and u(ey) misses T},
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Let x € A be a point in the interior, chosen in general position, so that the g—tuple
u(x) misses all of &’, B’ and y’. Choose three paths a, b and ¢ from x to eg, e;
and e, respectively. The central point x and the three paths a, b and c¢ is called a dual
spider. We can think of the paths a, b and ¢ as one-chains in X. Recall that dP has
three types of boundaries: the «, B and y boundaries, which we denote do P, dgP
and 0, P. Let 9P, 8;373 and 8;,73 respectively denote the one-chains obtained by
translating the corresponding boundary components using the induced normal vector
fields. Let u: A —> Sym#(X) be a representative for a homotopy class ¥ of Whitney
triangle. The dual spider number of u and P is defined by

0, P) = ny(x)(P) +#(a N0 P) +#(b N dgP) +#(c N3, P).
According to Proposition 6.3 of [26],
(8) (c1(sz(w)), H(P)) = X(P) + #(0P) —2nz(P) + 20 (u, P).
where here #(dP) represents the number of boundary components of P, with multi-
plicity.
2.6 Filtered complexes

A 7 & Z-filtered complex is a chain complex C whose underlying Abelian group
decomposes as

c= P ctijh
(i,j)EZDZ
and whose boundary operator 9 carries C{ig, jo} into the subset

Cli <ioand j < jo} = &y cli',j'ycc.
{i’,j"|i’<i and j'<j}

A map f: C —> C’ between filtered complexes is called a filtered map if it carries
C{ig, jo} into C'{i <ig and j < jo}. Two filtered chain maps

fb’ fl: C— C,
are called filtered homotopic if there is a filtered map H: C —> C’ with
fo— N1 =9 oH+ Hod.

Two filtered chain maps C and C’ are called filtered chain homotopy equivalent if
there are filtered chain maps f: C —> C’ and g: C’ —> C with the property that
fog and go f are filtered homotopic to the corresponding identity maps.

A Z & Zfiltered Z[U]-complex C is a filtered chain complex equipped with an
endomorphism U: C — C whose restriction to C{i, j} mapsto C{i —1, j —1}.
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16 Peter S Ozsvdth and Zoltdn Szabo

If C; and C, are Z @ Zfiltered Z[U |-chain complexes, then we can form their tensor
product C; ®z[y) C2. This can be given a Z & Zfiltration by

Di1.70.(12,52) | (1.7 +i2,)=Gipy CL1: J1} ® Clia, Jo}
U515 ~6®Ux 6
If C is a filtered complex, and (a,b) € Z@ Z, let C[(a, b)] denote the filtered complex

whose underlying chain complex is isomorphic, but whose filtration is shifted by
(a,b);ie

(CR®CH.j}=

Cla,b)){i,j}=Cla+i,b+j}.
A relatively filtered map f: C —> C’ is a chain map which respects the filtration on C
and the filtration C’[(a, b)] for some (a,b) € Z D Z.

2.7 Absolute gradings

Heegaard Floer homology is natural under cobordisms. Indeed, if W is a smooth,
connected, oriented cobordism with 0W = —Y; U Y, which is equipped with a Spin®
structure s whose restriction t; = s|y, for i = 1,2 has torsion first Chern class, then
there is an induced chain map

Jip st CFY (Y1) — CF (Y2, 1)
which is homogeneous of degree

c1(s)> = 2x(W) =30 (W)
4

€))

(cf Theorem 7.1 of [26]).

Let 7 denote the module Z[U, U]/ U - Z[U]. Recall [21] that HF " (S3) = T .
The Q-grading on Floer homology is characterized by Equation (9), together with the
normalization that HF :;(S 3) is trivial for all d < 0, nontrivial in degree d = 0.

Following our usual notational conventions, we write 7'(2; for the module 7, thought
of as a graded Z[U]-module, where multiplication by U lowers absolute degree by 2,
and the nonzero homogeneous elements of lowest degree have degree d. In this
notation, then, HF T (S3) = T(:)r)

2.8 Approximating CF*

Following [27], it is useful to have the following approximation to CFT(Y): fix an
integer § > 0, let CF 8(Y) c CFH(Y) denote the subcomplex which is annihilated
by multiplication by U%+!, and let HF 3(Y) denote the homology of CF 3(Y). In
particular, for § = 0, this construction gives HF (Y). Note that for all § >0, HF ‘S(Y)
is a three-manifold invariant.
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3 Construction of the knot filtration

The aim of this section is to construct the knot filtration: a filtration of CF°°(Y)
induced by a rationally null-homologous knot K C Y. Most of this discussion is a
straightforward generalization of the corresponding constructions for null-homologous
knots K C Y described in [19] and [28].

Let K C Y be a rationally null-homologous knot, and let (2, &, 8, w, z) be a corre-
sponding doubly-pointed Heegaard diagram.

For fixed & € Spin°(Y, K), let T(§) C (Tq NTg) x Z x Z be the subset of elements
[x,1, j] satisfying

(10) Sw,z(X) + (i — ) -PD[u] =§.
According to Lemma 2.1, if [x, 7, j] € T(§) and ¢ € m,(X,y), then

[Y?l _”w(‘p)’ ] _nz(¢)] € T(‘i:)

Let CFK*(X, o, B, w, z, &) be the chain complex generated by [x, 7, j] € T(§), en-
dowed with the differential

= Y > #(FRY) i -

yeTuNTg {pema(xy) | u(P)=1}

where as usual, M (¢) is the moduli space of pseudo-holomorphic representatives of ¢,
and p(¢) denotes its expected dimension.

The map FTE) —ZZ

given by F[x,i, j] = (i, j) induces a Z & Z filtration on CFK*° (X, &, 8, w, z).

Theorem 3.1 The filtered chain homotopy type of CFK®(Z, o, B, w,z,&) is an
invariant of the underlying oriented knot K C Y and choice of relative Spin® structure
& € Spin°(Y, K).

Proof This is a routine adaptation of the corresponding statement in Theorem 3.1
of [19]. i

We denote this complex by CFK*® (Y, K, ).
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Proposition 3.2 Let Cg = CFK*(Y, K. £). We have that

Ceqpppu) = Ce[(0,—1)]

(where the right-hand-side denotes the shift of C¢ by (0,—1), as in Section 2.6). The
short exact sequences of Z|U]—chain complexes

0 —— Cgli <0} Ce Ceti 20} —— 0,
0 — Cefi =0} ——> Celi =0} —— Celi >0} —— 0
are isomorphic to the short exact sequences
0 —— CF(Y,s) —— CF*®(Y,s) —— CF*(Y,s) —— 0,
0 —— CF(Y,s) —> CF*(Y,s) —— CF*(Y,s) —> 0,

respectively, where here s = Gy g(§). Similarly, the short exact sequences of Z[U]-
chain complexes

0 —— Ce{j <0} Ce Celj =0 —— 0,
0 —— Celj =0} —— Celj >0} ——— Ce{j =0} —> 0
are isomorphic to the short exact sequences
0 —— CF (Y,s’) —— CF*®(Y,s'’) —— CF*(Y,s') —— 0,
0 —— CF(Y,s) —— CFH(Y.,s) AN CFT(Y,s') —— 0,
where here s' = Gy _ g (§).

The set of relative Spin® structures G_lf(s) inducing a fixed Spin® structure over Y
is a well-ordered set, under the rule that'&; < &, if & = &, + j -PD[u] for some j > 0.

This ordering on relative Spin® structures gives rise to an ordering of the generators of
CF(Y,s) by X sy, 2(x). It is easy to see that this ordering gives rise to a filtration of
the complex CF(Y) = Pyer, T , Lx endowed with the usual differential

M(9)
0x = —]-y.
X Z # ( R y
{yeTaNTg [nw ($)=0,u(p)=1}
The homology of the associated graded object is the knot Floer homology
HFK(Y.K)= P HFK(Y.K.§),
gespin“ (Y, K)

where HFK (Y, K, £) is generated by x with Sw,z(X) =&, and whose differential counts
holomorphic disks with 1y, (¢p) = n(¢) = 0.
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3.1 Relationship with knot Floer homology for null-homologous knots

If K C Y is anull-homologous knot, then a choice of Seifert surface for Y gives
an identification Spin®(Y, K) = Z @ Spin®(Y). Thus, with this additional choice, we
identify the Spin‘(Y, K)-filtration of CF (Y, s) with a Zfiltration. This identification
is used, for example, in [19], where the knot filtration is described as a filtration by Z,
rather than by relative Spin® structures.

For example, if K is a knot in S? and s is an integer, then H/F\K(S3, K, ) in the
present notation corresponds to HFK(Y, K,s) for s € Z in the notation from the
introduction or [19], where here s and £ are related by ¢ (§) = 2s PD[u].

4 Knot Floer homology and large surgeries

We describe here the result of forming “large surgeries” on a rationally null-homologous,
framed knot K C Y. This result generalizes a corresponding result in the null-
homologous case [19; 28], and it is a special case of Theorem 6.1

Let K CY be aknot given with framing A. We can form a three-manifold Y, 43 (K)
obtained by filling the curve m -y + A in ¥ —nd(K). Let

Wi (K): Yippia(K) — Y

denote the two-handle cobordism obtained by turning around the two-handle cobordism
from —Y to =Y., 42 (K). Note that

Hy(W!(K).Y:Z)~Z,

and let F C W, (K) be a surface-with-boundary representing a generator. Clearly,
PD[F]|y =PD[K] e H?(Y;Z). Note that for sufficiently large m, the self-intersection
number of F is negative.

Let K C Y be an oriented knot in a three-manifold Y, whose induced homology
class is trivial in rational homology. We fix also a framing A of K. For a fixed
relative Spin® structure & € Spin®(Y, K), let C¢ be the Z @ Zfiltered chain complex
CFK™(Y, K, £). There are two projection maps

(11) Ce{max(i, j) = 0} —> Ce{i =0} and Cg{max(i, j) = 0} — C¢{j = 0}.
Denoting

(12) A;(Y, K) = Cg{max(i, j) = 0} and B;(Y, K) = CF™(Y,Gy (&)
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and using the identifications (from Proposition 3.2)
Celi = 0y = CFF (Y, Gy g (§)),
Celj = 0) = CF™ (Y, GY,_E(g‘)) ~ CFt(Y, GY’E(S + PD[K,])),

where here K is the push-off of K inside ¥ — K using the framing A, we can view
the canonical projection maps of Equation (11) as maps

(13) o

S:A;(Y,E)—>B;(Y,]Z) and h+ A+(YK)—>B

§+PD[KA](Y’ K).

Theorem 4.1 Let K C Y be a rationally null-homologous knot in a closed, oriented
three-manifold, equipped with a framing A . Then, for all sufficiently large m, there is a
map

E: Spin‘ (Y42 (K)) —> Spin“ (Y, K)
with the property that for all t € Spin©(Y},;,4+1(K)), the group CF+(Ym.M+A (K),t) is
represented by the chain complex

H(t) = Cgyimax(i, j) = 0},
in the sense that there are isomorphisms (of relatively 7 —graded Z[U]-complexes)
W CFY (Y ga (K), ) — AE({)(Y, K).

Furthermore, fix t € Spin® (Y41 (K)), and let £ = E(t). There are Spin® structures
L, v € Spin® (W’ (K)) with Ey mp+a, () =&, and vy = ¢ + PD[F] with the property
that the maps US and h correspond to the maps induced by the cobordism W,,(K)
equipped with ¢ and respectively. More precisely, the following squares commulte:
£

Wi (K).x

CFF (Y2 (K), ¥ CF* (Y, Gy g(£)))

- I

AF (V. K) = Bf (V. K)
£t

Wi (K.

CFF (Ymp1a(K), 1) CFT(Y.Gy_g©)

] -

h+
+v K© £ + i
AL (Y. K) ——> B +PD[K](Y K)

The following result is also an easy consequence of the proof:
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Proposition 4.2 Let K C Y be a rationally null-homologous knot in a closed, oriented
three-manifold, equipped with framing X. For any § > 0, there is an integer N with
the property that for all m > N and all t € Spin®(Y,.,4+1(K)), there are at most two
Spin® structures in Spin®(W,,,(K)) with restriction to Yy,.,, 1 (K) equal to t for which
the induced map

F8

W (K),s HF? (Y pi0.(K), t) —> HF(Y)

is nontrivial. These are the Spin® structures ¢ and 1) associated to t from Theorem 4.1
above.

We return to the proofs of Theorem 4.1 and Proposition 4.2 after some preliminary
discussion and lemmas.

We work with a family of doubly-pointed Heegaard triples (X, e, 8, ¥, w, z) for
the framed knot K, so that there are identifications Yoy = YVipsa(K), Yg, =
#71(S2x S1), Yup = Y. We can give Heegaard triples for all of the W, which
differ only in y,, which winds along the meridian p. We call this region the “winding
region” (cf Figure 1 for an illustration of a winding region; in this picture, the subscript
for yg is dropped).

Definition 4.3 An intersection point x € T N, is said to be supported in the winding
region if its component along y, lies in the winding region. Given x,y € T, N T,
(both supported in the winding region), we say that ¢ € m,(X,y) is supported in the
winding region if the segment of 9(D(¢)) in yg is a subset of the winding region. (Note
that if ¢ € ,(x,y) is supported in the winding region, then so is any ¢’ € 7> (x,y).)
An equivalence class of intersection point for Yy, 4 is said to be supported in the
winding region if every intersection point in the equivalence class is supported in the
winding region, and any two intersection points can be connected by Whitney disks
supported in the winding region. Finally, ¥ € m,(x, ®,y) is said to be a small triangle
if the yg arc in 9D () is supported in the winding region. Note that in this case, y is
the “closest point™ in Ty N Tg to x.

Definition 4.4 The depth of a basepoint z in the winding region is the minimum abso-
lute value of the algebraic intersection number of y, withanyarc ACYX —oj —-+-—ag
which connects z with some basepoint zo outside the winding region with z. Given
an integer € > 0, we say that z is e—centered if its depth is less than or equal to
(m —€)/2. Similarly, a choice of meridian u is called e—centered if each point z €
is e—centered.
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Figure 1: Illustration of the Heegaard triple. The integers denote (nonzero)
local multiplicities of the “small triangle” connecting x and x’. This picture
is taking place in a cylindrical region in X.

)
=
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Fix a Heegaard diagram with an e—centered meridian, with basepoints w and z on
either side of 1. Then, for each small triangle v, we have that at least one of 72y, ()
or nz(y¥) =0, and also

m—e

(14) max (|ny (Y)|. [nz(¥)]) = 5y

This is an immediate consequence of the definitions.

Lemma 4.5 There is an integer € > 0 with the property that for all sufficiently large m,
each t € Spin®(Y},;, 41 (K)) can be represented by an equivalence class of intersection
points supported in the winding region and an € —centered choice of meridian.

Proof If an equivalence class of intersection points in T, N Ty, is not supported in
the winding region, we say it is bad. It is clear that for all large m, the set of bad
equivalence classes is bounded. We choose € so that 2¢ is greater than this number.
Now move the basepoint as needed. d
Given & € Spin“(Y, K), define

W% CF® (Y4 (K), 1) — CFK®(Y, K, §)

by UPkil= > > #EMW)) Ly, i —nw (W), i—nz ()],
&

YeTaNTp (Y em(x.0.9) | Epyyr (g (5w (¥))=£)}
where here X represents Sy, (W)|Ymu (k) - We claim that this is a chain map.

Given t € Spin®(Y},,,4+1(K)), we realize t by an equivalence class of intersection
points supported in the winding region. Define £ = E (t) by

§=5u,:(X)+ () —nz(¥))- K,
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where ¥ € m,(x', ®,x) is any small triangle connecting an intersection point X’ €
Te N'Ty, representing t with its “nearest point” x € Ty N Tg. The restriction of \11?0
to CF+(YmM+A (K), t) induces a chain map
W CFF (Y (K), ) — A (Y. K).

Proof of Theorem 4.1 The argument from [19] shows that T induces an iso-
morphism. Postcomposing W with the projection Ce{max(i, j) = 0} to C{i = 0}
(ie vT), we obtain the map induced by the cobordism W, (K) equipped with the Spin®
structure r; ie the first square in the statement of the theorem commutes. Commutativity
of the second square follows similarly. O

Lemma 4.6 There is a constant ¢ with the property that for all sufficiently large m,
for any of the Spin® structures {x(t), (1) }espin® (V42 (K)) @ppearing in Theorem 4.1,
we have that

—c¢ < {c1 (@), [F]) <2m +vc,
—2m—c < {e1(n), [F]) <c.

Proof There is a constant C' (depending on x € Ty, N'Tg, but independent of 72) with
the property that for any small triangle ¥ € 7, (X', ©,x),

(15) (1w (), [F]) + [F]-[F] = C +2(nw(¥) — nz(¥)).

This can be seen as follows. Consider the function

&) = (1w ), [F]) + [F]-[F] = 200 (¥) — nz(¥)),

where here ¢ € m,(x/, ©,x) is a small triangle. We claim that this is independent
of the choice of x’. This can be seen by varying x’, and appealing to Equation (8).
Similarly, to verify its independence of m, it suffices to consider a fixed small triangle
Y € mr(x, ©,%), and observe that (¢1 (54 (V)), [ﬁ ]) increases by one as the number m
is increased by one, and furthermore [ﬁ B [ﬁ ] also decreases by one. Note here that
by “fixed small triangle”, we mean that x is fixed, as is 71,4 () — 1, (), though, of
course, g is varied. This assertion is an easy consequence of Equation (8). More
specifically, with the integer d chosen as in Equation (3), we see that d F represents
a generator of H,(W,, (K);Z). Specifically, let P,, be a generator for the space of
triply-periodic domains, and write d[Py,] = A+ B + C, where A, B and C are first
homology classes in the spans of &, B, and y respectively. In view of Equation (3),
0P has C component given by d(mu+X) and B component —(dm + n) ., modulo
the other 8; for i < g. Thus, #(0Py,) = dm + ¢ for some constant ¢. It is easy to see
that the other quantities in Equation (8) are independent of .
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Thus, we have seen that for any small triangle ¢ € 7, (X, ©,x),

(1 5w @), [F]) + [F]-[F] = 2(nw (W) —nz(¥))

depends only on x € Ty, N Tg. Since there are only finitely many intersection points
Te N Tg, it follows that there is some constant C’ with the property that

(16) [{e1 (5w (¥). [F]) + [F]-[F] = 2(nw () —n(y))| < C".

By restricting to e—centered base points for some integer € independent ofm (which
we can do in light of Lemma 4.5), we can arrange for 2|ny, () —n,(y)| <m —e€ for
all small triangles (cf Equation (14)). The result now follows, bearing in mind that

t =5y (¥), and v = 5,(¥) = t(y) — PD[F]. O

Proof of Proposition 4.2 We choose m large enough that W, (K) has negative-
definite intersection form. Given t € Spin°(Y), let &(t) € Spin®(W,,(K)) denote the
set of Spin® structures whose restriction to Y is t. This set &(t) has the form {so+n-
PD[F]},ez for some fixed sq € Spin®(W,,(K)). The function n +> ¢ (59 +n -PD[F])?
is a quadratic function of n which is bounded above.

Choosing m larger than the constant ¢ from Lemma 4.6, it follows easily that ¢; (1) >
c1(y + PD[F])2 while ¢;(2)? > ¢;(x — PD[F])2 Since y = ¢ + PD[F] it follows
readily that at least one of ¢1(x)? or ¢;(n)? is a maximum of ¢;(s)? for s € &(t).

As in the proof of Lemma 4.6 (cf Inequality (16)), there is a constant B independent
of m with the property that if (c; (), [ﬁ I+ [ﬁ E [ﬁ ] = B, then for any corresponding
small triangle v representing r, we have n, () > 0. Moreover, in this case, 4™, which
corresponds to the Spin® structure 1, induces an isomorphism while R maximizes
c1(s)? among all s € G(t). In the same way, when (c; (¢), [F ]) + [F] [F] < —B, then
r induces an isomorphism, and it maximizes ¢;(s)? among all 5 € S(t).

In either case, in view of Equation (9), we see that the degree of any element of
HF (Y42 (K), t) lies within a bounded distance (independent from m and t) from
—c1(s)?/4, where s € &(t) minimizes c;(s)?. The claimed result follows. |

Proposition 4.2 has the following consequence:

Corollary 4.7 Let K C Y be a null-homologous knot in an integer homology three-
sphere, and fix an integer § > 0. There is a constant C with the property that for
all sufficiently large m and any t € Spin® (Y41 (K)), there is a chain complex for
CF® (Ymu+a(K), t) with the property that if CFSd (Ymu+2 (K),t) is nontrivial, then

‘d—— <cC.
4
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Proof It is easy to see that for fixed t € Spin®(Y), if we consider &(t), the element s¢
which maximizes ¢;(5)? has ¢;(sg)> = —m + ¢, where here ¢ is some constant
(independent of m). Thus, according to Equation (9), the map fljsyx/( K),s, Carries an
element of degree d to an element of d —m /4 + c. Now, according to Theorem 4.1,
we have a chain complex representing CF 8 (Yimu+1(K),t) (for any choice of t) whose
breadth is constant, independent of 1 and the choice of t. According to the proof of
Proposition 4.2, fp% (K),s0 > the map of degree d —m/4 + ¢, carries some element of
this complex nontrivially to CF' S(Y). |

S Kiinneth principle

Let Ky C Yy and K, C Y, be a pair of oriented three-manifolds equipped with
oriented knots. Then, we can form the connected sum to obtain an oriented knot
K #K, C Y, #Y,. Indeed, given & € Spin‘(Y;, K;), we can form their connected
sum & #&,. This induces a gluing map -

Spin¢(Y1, K1) x Spin‘ (Y3, K») —> Spin¢ (Y1 #Y,, K| # K,),
written &;, & — &; #&,, which is equivariant with respect to the natural map
H*(Y\,K;2)® H* (Y2, K3: Z) — H* (Y1 #Y,, K #K5: 7).

More explicitly, we can think of & (i = 1,2) as specified by a nonvanishing vector
field which contains K; as a closed orbit. We realize the connected sum as attaching
a one-handle to Y7 [ Y> along a pair of three-balls B; supported on K;. We can
assume that on each sphere S; = 0B;, there are exactly two points where the vector
field is normal to S;, the two points where S; meets K; : the “in-going” and “out-going
points”. Here, a point in S; is “in-going” if &; points into ¥; — B;. We can then match
the in-going point on Y; — B; with the out-going point on Y, — B, and vice versa,
to construct a nowhere vanishing vector field on Y7 #Y,. This new vector field has
K #K, as a closed orbit, and it has prescribed form in the connected sum region. This
vector field gives rise to a relative Spin¢ structure Spin®(Y; #Y>, K # K,), inducing
the gluing map above.

The gluing map can be described in terms of Heegaard diagrams as follows. Let
(21,01, B, wq,21) and (X7, a2, B 5, w2, 22) be the doubly-pointed Heegaard di-
agrams compatible with the oriented knots K 1 CY; and IZZ C Y,. Consider the
oriented two-manifold X3 obtained as the connected sum of X; with X,, identi-
fying neighborhoods of z; with w,. Then, the doubly-pointed Heegaard diagram
(23,1 Uasy, B;UB,, wy,z) is compatible with K #K, C Y #Y,. Now, given
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x; € Tq, NTg, and x; € Ty, NTp,, we can think of x; X X, as an intersection point
in To ua, N Tg,up, - Then,

Swi,2» (Xl X XZ) = Swi,z (Xl) #ng,zz (XZ)'

The following is a straightforward generalization of the connected sum principle for
knot homology in the case of null-homologous knot;; cf [19; 28]. A proof can be found,
for example, in Theorem 7.1 of [19]; we omit it here.

Theorem 5.1 Fix & € Spin©(Y;, K;) for i = 1,2. There is a filtered chain homotopy
equivalence

CFK™ (Y1, K1,&1) ®ziy,u-1) CFK® (Y2, K3, &)

N @ CFK®(Y1#Y,, K| # K>, &3).
{&3 |x1#62=63}

Of course, the tensor product in the above theorem is to be taken in a suitable manner:
CFK*° (Y1, K1,&1) and CFK®(Y,, K;, &) are Z & Z—filtered chain complexes over
Z[U,U~']. Their tensor product (over Z[U,U~!]) can then be equipped with a
filtration gotten as the sum of the filtrations of two tensor factors.

Definition 5.2 A U —knot is a knot in a rational homology three-sphere Y with the
property that the induced filtration of CF®°(Y,s) is trivial. More precisely, given
any & € Spin®(Y, K), CFK*°(Y, K, ) is chain homotopy equivalent via a relatively
7, @ Zfiltered chain homotopy to the chain complex R which is a free, rank one
Z[U, U~'] module with the trivial differential.

The unknot in S3 is a U—knot. Indeed, the results of [18] can be interpreted as
saying that the only U —knot in S is the unknot. Other U —knots will be described in
Lemma 7.1.

Corollary 5.3 If K, C Y, is a U —knot, then for each &, € Spin®(Y7, I?l) and s, €
Spin®(Y>), there is some &, € Spin(Y;) representing s,, with the property that

CFK®(Yy, Ky, &) = CFK® (Y, #Y3, Ky # K, £1 #&,)
as 7 @ Z—filtered chain complexes.

Proof Let £ € Spin®(Y>, K3) be any relative Spin® structure representing s, . Then,
CFK® (Y, K>, £) is quasi-isomorphic to the Z @ Z—filtered chain complex Z[U, U]
which contains a nontrivial element in filtration (0, #) for some #. Letting

&2 =&+ nPD[u]
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(where p of course is a meridian for K5 ), we see that CFK™ (Y5, K, &) is quasi-
isomorphic to Z[U, U ~!] with a generator in filtration level (0, 0) (cf Proposition 3.2).
For this choice of &,, the corollary is an immediate consequence of Theorem 5.1. O

6 The Morse surgery formula

We describe the Morse surgery formula, which expresses the Heegaard Floer homologies
of Morse surgery along a rationally null-homologous knot in terms of its knot Floer
homology.

Given s € Spin© (Y3 (K)), let

AT (Y. K) = & AL (Y. K),
{SESpinc(Y)L(K),I?) I GYA(K).E(§)=5}
BS (Y. K) = ey B (Y. K),

{seSpin“ (V3.(K).K) | Gy, (i), g (6)=5}
where here A;(Y, K) and B; (Y, K) are defined as in Equation (12).

In the above definition, we view K also as a knot in Y, (K). An orientationon K C Y
naturally induces also an orientation on the induced knot in Y} (K) in a natural way:
an orientation on K corresponds to an orientation on a meridian for K, which can be
thought of as supported in ¥ —nd(K), which in turn can be thought of as a subset of
Y, (K), where it in turn induces an orientation of the induced knot in Y} (K).

Theorem 6.1 Let K C Y be a knot in a rational homology three-sphere, and let A be
a framing on K with the property that Y) (K) is also a rational homology three-sphere.
The Heegaard Floer homology HF* (Y3 (K), s) is calculated by the homology of the
mapping cone X (Y, K. )) of the chain map

D AT (Y, K) — B} (Y, K)

defined b D - = ¢}¢ea :
elne y 5 ({aE}EEGY;(K)I?(ﬁ)) { S}EEGY;(K)I?(E)
where bg = h;—PD[KA](aE_PD[KA]) - v; (ag).

The proof is modeled on the proof of the main result from [27]. Specifically, it is
based on two key ingredients: the relationship between the knot Floer homology of
K C Y and the Heegaard Floer homology of three-manifolds obtained as sufficiently
large surgeries on K from Section 4, and also an exact triangle which relates, for all

Algebraic € Geometric Topology, Volume 11 (2011)



28 Peter S Ozsvdth and Zoltdn Szabo

integers m, the Heegaard Floer homologies of Y} (K), Y.+ (K) and Y (the latter
taken with twisted coefficients).

We have not strived for maximal generality in Theorem 6.1. As a technical tool, we
make heavy use of the rational grading on HF T which is defined on the Heegaard
Floer homology of any three-manifold equipped with a Spin® structure whose first
Chern class is torsion; cf Section 7 of [26]. Thus, Theorem 6.1 holds — and indeed
the proof we give below applies — whenever we consider Spin® structures over Y (K)
whose first Chern class is torsion.

6.1 A surgery exact sequence

The following is essentially a restatement of Theorem 3.1 of [27]:

Theorem 6.2 Let Y be a closed, oriented three-manifold, and K C Y be a rationally
null-homologous knot with framing A . Then, for all positive integers m, there is a long
exact sequence

F . Ff
- — HFt(Y)(K)) — HFt(Ypu42(K) — @ "HFT(Y) — -+,

where here | denotes the meridian of K .

We describe the maps appearing in the above theorem, and then make a few comments
on the proof.

Let K C Y be a rationally null-homologous knot, and (X, &, ) be a corresponding
Heegaard diagram, where B¢ represents a meridian for the knot K (pushed into the
Up handlebody). We place a basepoint p on B, and consider twisted homology with
coefficients in Z/mZ; ie write Z[Z/mZ] = Z[T]/(T™ — 1), and consider the chain
complex CFT(Y) ®z Z[Z/mZ] endowed with the differential

Pil= Y > #(F2) b - nae

yeTaNTg {pema(x,y) | u(P)=1}

where as usual here x€ Ty N'Tg, i >0, m5(X,y) denotes the space of homotopy classes
of Whitney disks connecting x and y, u(¢) denotes the Maslov index of ¢, and terms
in the above equation for which i —n,(¢) < 0 are to be dropped. Moreover, n,(¢)
denotes the multiplicity of the basepoint p in the boundary of ¢; ie p determines
a codimension one submanifold B x -+ x Bg_1 x {p} C Tg, and my(¢) denotes
the intersection number with the restriction of the boundary of ¢ with this subset.
We denote the complex by CF*(Y;Z[Z/mZ]). (In the terminology of [20], this is
the chain complex for Y with twisted coefficients in Z[Z/mZ], where it is denoted
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CFT(Y;Z[Z/mZ]), however, as in [27], we drop the underline here in the interest
of notational simplicity.) Recall that there is an isomorphism of chain complexes of
modules over Z[Z/mZ],

(17) 0: CFY(Y:Z[Z/mZ]) —> CF*(Y) ®z Z[Z/mZ)],

where here the right-hand-side is endowed with the differential which is the original
differential on CF*(Y) tensored with the identity map on Z[Z/mZ]. There is a
corresponding identification

HF (Y Z[Z/mZ)) = HF " (Y) ®z Z[Z/mZ] = @ HF " (Y).

The quantity m,(¢) has an expression more in the spirit of the constructions from
Section 3. Fix two basepoints, w and z on either side of B, so that there is an arc
in ¥ connecting them, but disjoint from all the attaching circles except for 8¢, which
it meets transversally in the single intersection point p. Then,

(18) mp(P) = ny(P) —nz ().

We now define the chain maps f1+ , f;L and f3+ inducing maps on homology F 1+ ,
F2+ and F3+ appearing in Theorem 6.1.

We consider the Heegaard quadruple (in the sense of [21, Section 8.4]; see also the
proof of [27, Theorem 3.1]) (¥, &, B, ¥, 8, z), where here the g—tuples of circles 8,
y and & differ only in the last factor, where y, is a meridian for K, yg represents
the framing curve A, and 8, represents the resolution of the curve m - Bg + vy .

The map fl+ is defined by counting pseudo-holomorphic triangles between Ty, T,
and Tgs. More precisely, note that the Heegaard triple (X, &, y, 8, z) determines a
four-manifold X, s with three boundary components

(19) Yoy = V3 (K), Yas = Vppuia(K) and Y5 = #871(SZx SH#L(m, 1).

Definition 6.3 Let £ € Spin°(#8~1(S2 x S1)# L(m, 1)) denote the canonical Spin°
structure, ie this is the one which extends over the tubular neighborhood N of a sphere
with self-intersection number m (after attaching a two-handle and a collection of g —1

three-handles) in such a way that its first Chern class evaluates as =m on the two-sphere
generator of the two-dimensional homology of N .

Let ®,,5 denote the Floer homology class corresponding to the generator (over the ring
A*H, (Y,s) ® Z|U)) of

HF="(Y,s,0) =~ A*H' (Y,5) ® Z[U]
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in its canonical Spin® structure £. (As usual, we arrange for the homology class ©
to be represented by a single intersection point in Ty, N T, which we also denote
by ®y8 )

‘We then define

Q0  frxiD= ) > #M@)-ly.i —nz(y)]

YETaNTs {Y€ma(x,0y5.y) | u(¥)=0}
Similarly, we define f;": CF" (Y42 (K)) —> CF1 (Y Z[Z/mZ]) by
@) £ id= ) > # M), i—ny ()] T @),
weTyNTg {Yema(y,0s8,W) | (¥)=0}

where m, () is the natural extension of m, to triangles. (In particular, in the case
where we consider doubly-pointed Heegaard diagrams, m, () = ny, (¥) —nz(y) as
in Equation (18).)

To define f3+ , we proceed as follows. Fix ¥ € m5(®,,8, ©gs, ©,5). The congruence
class ¢ of mp(y) modulo m is independent of the choice of /. The map

fit CFY(Y; ZIZ/mZ]) — CFt (Y3 (K))
is given by the formula

@2) ;AT xiD= ) > #M)-ly. i —nz(¥)).

ye€TaNT, { u(y)=0, }

Vvem2(x,08y,y) ‘ s+mp(Y)=c modm

Proof of Theorem 6.2 Let H 1+ and H2+ denote the null-homotopies of f2+ o f1+
and f3+ o f2+ respectively. With this notation, the proof of Theorem 3.1 of [27] applies
to show that the chain maps

¢ CFT(Yy(K)) — M(f,") and y*: M(f;5) — CFT (Y3 (K))

defined by

(23) ¢ = (/7 ©®). HT©)),

(24) Y y) = HI )+ f70)

respectively are quasi-isomorphisms, and hence establishing Theorem 6.2. |
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6.2 The analogue of Theorem 6.1 for the case of CF®

Given an integer § > 0, let CF’ % denote the approximation of CF™ described in Section
2.8. We state and prove analogue of Theorem 6.1 for this group, following the pattern
of proof from [27].

Given 6 > 0, let
(25) AY(Y.K) = Ce{0 <max(i.j) <8} and Bf(Y.K)=CF (Y.Gy g(£)).

Given s € Spin®(Y; (K)), let

AN, K) = D A§(Y, K),
{gespin (Y4 (K),K) | Gy, (x) & €)=s}
BS(Y, K) = P BJ(Y.K).

{£€Spin“ (Y (K),K) | GY}L(K).I?(E):s}

Consider the map

D3 AS(v, K) — B (Y. K)

defined b D} _ = {b _ ,
chned by 5({aE}EGGY;(K).I?(5)) { E}EEGY;(K).I?(ﬁ)
where bg = hg_pD[Kk](aE—PD[K)\]) - Ug (“S)-

Our aim in the present subsection is to prove the following analogue of Theorem 6.1
for CF?.

Theorem 6.4 The group CF®(Y; (K),s) is quasi-isomorphic to the mapping cone
X8(%) of
DS: AS(Y,K) — BL(Y. K).

We deduce Theorem 6.4 from a combination of Theorems 6.2 and 4.1. Theorem 6.1
will follow from Theorem 6.4, together with some further observations about gradings;
see Section 6.3.

We turn our attention now towards proving Theorem 6.4. We assume that both d
and n have the same sign, and hence without additional loss of generality that both are
positive, returning to the case where their signs are opposite in Section 6.4.

It will be useful to have the following lemma. In the statement, “sufficiently large”
is meant with respect to the ordering on Spin®(Y, K) with fixed filling t over Y
described earlier. Specifically, recall that & < &, if & = & + j - PD[u] for some
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j = 0. In particular, we say that a condition P holds for all sufficiently large relative
Spin® structures Spin¢(Y, K) if there is a finite collection & C Spin¢ (Y, K) with the
properties that each t € Spin°(Y’) can be represented by some 1 € Spin®(Y, K) with
n € E, and also for any & € Spin‘(Y, K) which has the property that_éz n for some
n € E then P holds for &.

Lemma 6.5 If £ is sufficiently large, then for any § > 0, the map
2. 4L(Y. K) — B{(Y. K)
is an isomorphism, while
8. 46
h Ae(Y, K) — BE+PD[K,\](Y K)
8

is trivial; moreover, if & is sufficiently small, then h £ is an isomorphism, while vg is
trivial.

Proof Since there are finitely many x € Ty, N Tg, there is a maximal £, among all
Sw,z(x) with x € Ty N Tg. Clearly, for any & > &g, there are no generators [X, i, j] of
CFK* (Y, K,&) with i <0 and j > 0; thus, in fact, A (Y,K) = Celi = 0}, ie v is
the identity map, and the corresponding statement for vg follows at once.

The other assertions follow from similar reasoning. |
It will help to work in a finite piece of X (Y, K. 1), by using a suitable truncation (as

in [27]). We describe this truncation presently in cases where the coefficients n and d
appearing in Equation (3) have the same sign; see Section 6.4 for the other case.

Fix a relative Spin® structure &. Given an integer » and § > 0, we can form b—truncated
complexes

b
+y Bh) — + %
ALY K b) = @ AL oo, (V- K,
(26) s=‘bb
+v B b — + —
BE ¥, K;b) = @ BE-%—S-PD[K;\](Y’ K),
s=—b+1
ALY Kib) = €D Ay cappi, (Y- K.
s=—b
(27) .
Sv T 8 =
BE(Y’ K9b) - @ BE-FS'PD[K)L](Y’ K),
s=—b+1
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where here A+(Y K) and B+(Y K) are defined as in Equation (12) and A‘s(Y K)
and B‘S(Y K) are their analogues as in Equation (25). The maps Ug and hg’ can be
added up to define a chain map between b—truncated complexes

“b A+(YK b)—>[B%+(YK b),

from which we construct a mapping cone X+(Y A, K:b). We can also specialize to
U% =0 to get a map

D}, AS(Y.K:b) — BE(Y. K: b),

from which we construct a mapping cone X? (Y A, K;b). We call X+(Y A, K;b) and
X‘S(Y A, K:b) the b—truncated mapping cones (Note that the untruncated mapping
cones depend on the framing parameter A and a Spin¢ structure over Y, (K); by
contrast, the truncated mapping cones also depend on a relative Spin® structure £,
which can be thought of as a lift of the Spin® structure over Yj (K).)

Lemma 6.5 has the following easy consequence:

Proposition 6.6 Fix &, K C Y, and a framing A. Suppose moreover that the coeffi-
cients n and d trom Equation (3) have the same sign. Then, for all sufficiently large b,

X+(Y A, K:b) is quasi-isomorphic to XY, A , K) (where s extends & over Y; (K)).
S1m11ar1y, for b as above, we have that X5 (k b) is quasi-isomorphic to X5 (1) for any
§>0.

Proof X;(Y, A K; b) can be viewed as a quotient complex of X;’ (Y, A, I?), by a
subcomplex, which is acyclic according to Lemma 6.5 |

Proof of Theorem 6.4 when ¢ and »n have the same sign Choose m = nk, where
n is as in Equation (3). It is easy to see that PD[K ] has order dk + 1 in H? Ymp+2)
whereas PD[K}] has order dk in the quotient group H?(Y,Y — K;Z)/m PD[u].

By Theorem 6.2, we may express CF 3(Y5(K)) as the mapping cone of a map from
CF® (Y p12.(K)) to CF3(Y, Z|Z/mZ)). We can think of CF*(Y, Z[Z/mZ]) more
invariantly, as a sum

P (€. CF (Y. Gy g (§))).

{[€)eSpin® (V. K)/Zm-u}

where, as the notation suggests, the index set consists of m2 - w—orbits in Spin®(Y, K)
(each of which induces the same Spin® structure over Y, of course). The identification
is induced by the map

T' ® & > (Sw,z(x) +i -PD[u], x).
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Now, the map
132 CF? (Vi (K)) — CFY(Y: Z|Z/ mZ))
can be written as
ar> Y (Eyg®) £@).
s€Spin® (W, (K))
where here W, (K) denotes the natural cobordism from Y, 45 (K), and E Y.K is the
map from Spin® structures over W, (K) to Spin®(Y, K) as in Proposition 2.2.

Choosing k sufﬁciently large, (where m = nk) according to Theorem 4.1, we have that
the summand CF? Ymp4r.H C CF? (Yimu+2) is identified with A5(Y K) for £ =2 (t).
In fact, there are only two homotopically nontrivial components of f2 |CF8(Ym;L+A( K).0)
according to Proposition 4.2: these are the components belonging to ¢ and ), whose
corresponding maps are identified with vg and hg respectively. In view of Equation (7),

Ey gt +PD[F)) = Ey g(¥) + mp + A;

and hence, if E() = £ and E(t+PD[K;]) = & +PD(K;), then the ranges of v§ and

/’l+

£-PD[K; ] coincide.

In effect, we have shown that CF S(YA (K)) is quasi-isomorphic to the mapping cone
of a map which splits according to K orbits in Spin°(Y, K) or equivalently, Spin®
structures over Y (K). In each such orbit, the map has the form

8y/. 8 8 =
B D A — D Becpo (- K),
seZ/(dk+1)Z seZ/dkZ

defined by adding

8. 48 — 8 =

Ug: 5+s PD[KA](Y K) — B$+s PD[KA](Y K)

8. 46

and hs: Agepop) (V- K) — BEy (s ayapii (V- K-

According to Lemma 6.5 and our hypothesis on the sign of d, we see that for any &, if s
is sufficiently large, then letting &’ = & +s5-PD[K} ], we have that hg, is null-homotopic,
and v?, is an isomorphism. It follows from this (together with the analogous statement
for s sufficiently small) that the mapping cone of ( ]"2‘s )’ is identified with the mapping
cone Xg(Y, K;b) of

D}, AS(Y. K:b) — BY(Y, K:b).

The theorem now follows from Proposition 6.6. a

The case where d and n have opposite signs is handled in Section 6.4.
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6.3 Gradings and the proof of Theorem 6.1 (in the case where d and n
have the same sign)

In the proof of Theorem 6.4, for each § > 0, we establish quasi-isomorphisms
¢%: CF3 (V) (K),5) — X5 (1).
We wish to conclude that
HF Y (V) (K),s) = H«(X (Y, 1, K)).
To this end, we must establish that X (Y, A, K) is a relative Z—graded complex, which

can be given an absolute grading so that the map (1)8 is homogeneous of degree zero.

Clearly, the groups A+(Y K) and B+(Y K) are relatively Z—graded, and the maps

;’ and h;‘ are all relatlvely Z—graded maps. It is now a formal consequence of the
shape of o _ N _
D : A7 (Y,K)— B (Y.K)

that A (Y, K) and B (Y, K) can be given absolute Z—gradings so that D} drops

this grading by one. This naturally endows the mapping cone X/ (¥, A, K) with an

absolute Z—grading. In fact, this grading is uniquely determined up to an overall shift.

In the proof of Theorem 6.2, we considered maps
S CP (Y .(K)) — CF (Y1 (K)),
132 CF (V4 (K)) — CFY (Y Z[Z/ mZ)).
Fix £ € Spin“(Y, K). Given s € Z, we have a projection map

& CF Yk pa(K)) —> CFT (Yuppui2(K). Gy (€ +5-PD[Ky)).

Yo+ (K),

We prove the following analogue of Proposition 4.6 of [27]. The proposition considers
K C Y be an oriented knot in a rational homology sphere, and A a framing for which
Y; (K) is also a rational homology sphere. In this case, both CF (Y, t) and CF T (Y3, t)
are relatively Z—graded groups.

Proposition 6.7 Let K C Y be an oriented knot in a rational homology sphere, and
A a framing for which Y, (K) is also a rational homology sphere. Fix an absolute lift
of the relative Z —grading on CF™ (Y, (K), GY,\(K),I?(E))’ and an integer 5 > 0. Then,
given an integer b > 0, any sufficiently large k has the property that for each s with
|s| < b, there are absolute lifts of the relative 7 —gradings on both

AL ooy (Y K) 2 CP (Vg1 (K), 9 € CF (Y1 (K))
and CF? (Y, GYK(E +5-PD[K}])) forall |s| <b, with the property that HA ) fl and

also the restriction of f| 48 31 sppic (KO have degree zero.
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We return to a proof of Proposition 6.7 after two lemmas.

Recall (cf Equation (19)) that the map f1+ was defined by counting holomorphic
triangles for a Heegaard triple describing a four-manifold which we denoted Xy, 5,
whose boundaries consist of Y3 (K), Y(x),+2(K) and #1(S2x SHY# L(nk,1).
We denote this four-manifold here by X (k), to call attention to its dependence on k.

The following lemma is an adaptation of the proof of Lemma 4.7 from [27].
Lemma 6.8 Fix a constant Cy. Then, for all sufficiently large k, the following
statement holds. Each Spin® structure over Yy k., (K) has at most one extension s

over X (k) whose restriction to #~1(S? x S # L(nk, 1) is the canonical Spin®
structure (in the sense of Definition 6.3, and for which

(28) Co < ¢1(s)* + nk.
Proof Observe that H, (X (k); Z) =~ Z is generated by a surface X with
¥? = —nkd?*(dk +1).

This can be seen, for example, by observing that the group of triply-periodic domains
in X (k) is generated by a relation of the form

—(dk+1)d-A+d-(k-p+A) +a+b,

where « is a sum of curves among the «; withi =1,..., g, and b a sum of curves
among the B; with j =1,..., g —1. The intersection number of the first two curves —
which gives the self-intersection number of the homology class corresponding to the
triply-periodic domain — is —nkd?(dk + 1).

Thus, if s satisfies Inequality (28), then writing c;(s) = « - PD[X], we see that
nk — C() 1
| = | ———— <=
nkd?(dk +1) ~ 2

Now, any other Spin¢ structure over X (k) which interpolates between the same two
Spin® structures on Y3 (K) and Y,k.,+1 (K) (and whose restriction to the remaining
boundary component #8~1(S2 x S1)# L(nk, 1) is the canonical Spin® structure) has
the form s+ j PD[X], for some integer j # 0; thus,

c1(s+ j -PD[Z])? —c1(s)* =4(j2Z -2+ j{c1(s).[Z])

for large enough k.

< —4j%nkd*(dk +1) (1 — M) < —2nkd?*(dk +1).
J
Of course, if k is sufficiently large, then Inequality (28) is violated. |
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Lemma 6.9 Fix K C Y with framing A. Fix also & € Spin°(Y, K) and t € Z. Then,
for sufficiently large §, there is a cycle § = {{s}(_p<s<p) € Ag(Y, K;b) with the
following properties:

e FEach component ag is homogeneous with respect to the relative grading on
5 _
Hi (A 4 i, (V- K))-

e Foreachs =—b+1,...,b, the homology class of vf (¢s) is nontrivial.

e The element a is in the kernel of the map
D}, .0 AL(Y. K:b) — BE(Y, K)

(from Equation (27)).

Proof We have a chain map

X4(Y, K:b) — BL(Y, K: b)
defined by e ({as}—stsb) = {v5°(as)}—p+1<s<b-

Note that both maps

5 Agis-PD[K,\](Y’ K) — Bé’is-pD[Kk](Y’ K)
1% A i (Ve K — B i (V- B

are isomorphisms. It follows easily that H, (XOO(Y K:b)) = Z[U, U], and indeed
the homology group is represented as a cycle { R in A°°(Y K b), which has the prop-
erty that each component of T1°°({*°) e B?(Y K; b) is nonzero. By multiplying {*°
through by a sufficiently large power of U™, we can assume that {*° is the image of
acycle ¢t in X+(Y A, K:b) supported in A+(Y K; b) which that the property that
each component of nt¢t) e [B%;(Y K b) is nonzero. For § > 0, we can consider
the image % of &1 in X8 (Y, K; b). For suitably large § > 0, we can assume that each
component of H8(§ 8) is also nonzero. This element ¢ 8 is the desired cycle. O

Proof of Proposition 6.7 Fix an absolute lift of the relative Z—grading on the complex
CFT(Y;(K),s), and fix some § > 0. Now, f{s decomposes as a sum of homogeneous
terms, indexed by those s € Spin®(X (k)) whose restriction to the boundary component
#871(82 x S # L(nk, 1) is the canonical Spin® structure. By a suitable adaptation
of Equation (9), we see that each term is homogeneous of degree (c(s)? + nk)/4
(in this application, note that X (k) has three, rather than two, boundary components,
and we are considering the pairing with a fixed homology class on the third term). It
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follows readily from Lemma 6.8 that there is at most one such Spin® structure which
can induce a nontrivial map from CF (Y, (K), Gy, (x)(é)) to CF‘S(Ynk.,LJrA (K)).

Thus, we can grade CF B(Yn k-u+1(K)) so that each component of fl‘s has degree zero.

Similarly, we can endow ([s], CF3(Y, & + s - PD[K;]) C CF®(Y, Z[Z /mZ]) with the
grading for which

vl AL ook (Ve K) = CF (Y (K) . € + 5 -PD[K;)
—> ([s]. CF%(Y, € + 5 -PDIK}]))

has degree zero. We must check that this is compatible with the grading for which

hS: AL g, (Y- K) 2 CFP (Vg4 (K). & + 5 - PDIK;])
— ([s], CF*(Y, € + (s + 1) - PD[K,)))

has degree zero. But this follows from Lemma 6.9.

Specifically, let ¢ € AS (Y K b) the element given by Lemma 6.9, now thought of as a
homology class in X‘S(Y K:b). Let ne CF S(Y;L) be an element mapped to { under the
quasi-isomorphism ¢ from CF S(Y,\) to X5 (Y, K:; b). We argue that 7 can be taken to
be homogeneous with respect to the gradlng on CF? (Y;). To this end, we write out 1 as
a sum of terms 1o + 1, where 1o consists of the component of 7 in a fixed grading (to
be determined in a moment), and 7 consists of all components of 7 in other gradings.
Here, we choose 7 so that the component of ¢g(ng) in Hy (A$+s PDLK; ](Y, K)) for
some fixed s is homologous to ag (as in Lemma 6.9). One can readily verify that 7y,
which is clearly a cycle as well, projects under ¢ to an element as in Lemma 6.9. O

With the above proposition in place, the proof of Theorem 6.1 follows from Theorem
6.4 by following the pattern from [27].

Specifically, according to Proposition 6.7, an absolute grading on CF 3(Y;.(K)) induces
absolute gradings on both

D 44seoixs

—b<s<b

and P (5. CF(Y.Gy g (& +5-PDIK;))) C CF(Y: Z[Z/nk Z)),
—b+n=<s=<b

so that f15 and fz‘S both are graded maps with degree zero. Let
N2 CF(Y: Z|Z/nkZ)) — CF*(Y. Gy, g (& + s - PD[K}])

denote the projection onto the summand ([s], CF3(Y, £ + s -PD[K}])).
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Lemma 6.10 With respect to the above gradings, given § > 0, we have that for any
sufficiently large k and |s| < b, the map TIE o Hf is homogeneous of degree +1.

Proof This follows exactly the proof of Lemma 4.8 of [27] O

Proof of Theorem 6.1, in the case where d and n have the same sign This now
follows exactly as in [27]. Specifically, Theorem 6.4 provides, for any § > 0, a
quasi-isomorphism between CFS(YA (K),s) and M (Df).

There is an integer b with the property that for all s > b, v and 4T are isomorphisms.
Thus, we can truncate the mapping cone at this level to obtain a quasi-isomorphic
complex. According to Proposition 6.7, the truncated mapping cone inherits a grading,
and according to Lemma 6.10, the quasi-isomorphism from Theorem 6.4 respects these
gradings. In effect, we have shown that for any § > 0, there is a graded isomorphism
of HF? (Y (K)) with HF 3 (M (Df )). It is now a formal consequence (see Lemma 2.7
of [27] for details) that HF ™ (Y (K)) = HF " (M (D)), as well. m]

6.4 The signs of d and n are opposite

In the case where the signs of d and n in Equation (3) do not coincide, we write instead
(29) d-A=-n-ne HH(Y — K;7Z)

where in this new notation now, both d and n are positive. Letting m = nk, we see
that in this case, PD[K ] has order dk — 1 in H2(Ym.u+)h).

Theorem 6.4 is obtained as before, with minor notational changes.

For example, the precise description of the b—truncated complexes (Equation (27))
needs to be modified. Specifically, for fixed relative Spin® structure &, and integers b
and é > 0, we define in this case b—truncated complexes

b b
+y R-h) — + C +v - b — + %
BECED) = @ Aoy 0B B0 Kb =D B g (VK.
s=—b+1 s=—b
b b
8 - 8 7 8 - 8 %
AJ(V.K:b)= @D AL, ppx (V- K. BIY.K:b) =€ B, ook, (Y. K)
s=—b+1 s=—b

Again, we can add up vg' and hg’ or vg and hg to define chain maps
Dyl AL(Y, K3 b) — B (Y, K3 b),
D}, AL(Y. K:b) — BE(Y. K: b),

from which we construct mapping cones X (A; ) and Xé (A;b).
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Proof of Theorem 6.4 when ¢ and »n have opposite sign Applying Theorem 6.2 as
before, we have a description of HF' 5(YA (K),s) as the homology of a mapping cone
of a map from CF* (Y41 (K)) to CF%(Y, Z[Z/mZ)), which decomposes as

5N/ S e S r
) B A — D Blypox, (Y- K.

seZ/(dk—1)Z s€Z/dkZ
defined by adding
8. 46 % 8 %
Vst Ay gpprk, (Y- K) — Bi cppix, (Y- K)

8. 46 % 8 %
and hS: AL g (V- K) —> BE 1y oop (Y- K.

Combining Lemma 6.5 with the positivity of d and » in Equation (29), we see that
for any £, if s is sufficiently large and & = & + s - PD[K} ], we have that hg/ is null-
homotopic, and vg/ is an isomorphism. It follows from this (together with the analogous
statement for s sufficiently small) that the mapping cone of ( ]’f )’ is identified with

the mapping cone of

8\/1. ] % 8 72
B D A — D By (Y- K,
seZ/(dk—1)Z SEZL/dkZ

gotten by adding all the maps v? and h‘ss. Lemma 6.5 and our hypothesis on the sign
of d ensures that this mapping cone is, in turn, identified with the truncated mapping
cone Xg (Y, A, K ;b). Theorem 6.4 in the present case now follows from an analogue
of Proposition 6.6, for negative truncation (whose proof, in turn, follows similarly:
note, however that now Xg(Y, A, K ; b) is a subcomplex, rather than quotient complex,
of the untruncated version Xﬁ(Y, A, K ), and it is now the quotient of this complex
which is acyclic). O

To complete the proof of Theorem 6.1, we must verify that the quasi-isomorphism
between CF S(Yk,s) and the truncated mapping cone Xg(Y, A, K:b) respects rela-
tive gradings. We are using here the same relative grading on the mapping cone
Xy, A, K), as before, and this gives the truncated version Xg(Y, A, K:b) an anal-
ogous relative grading. We find it more convenient to work with negative-definite
cobordisms so we will be working with the map from Xﬁ (A;b) to CF S(YA (K)) with
component f3‘s (induced from the map ¥ in the proof of Theorem 6.2).

Thus, instead of studying the grading properties of f1+ (as we did in Lemma 6.8), we
study f3+, the map associated to the cobordism W), from Y to Y, . To this end, we
have the following:
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Lemma 6.11 Fix an integer § > 0 and constant Cy. For all sufficiently large k, the
following condition holds. For each sy € Spin® (W, (K)), there is at most one Spin®
structure of the form s = so + jk PD[F]| with j € Z for which

C() <c (5)2 +nk.
Here, F denotes a generator of H*(W)(K),Y).

Proof This follows along the lines of Lemma 6.8, bearing in mind that now W, is a
negative-definite cobordism. |

The relevance of the lemma is the following: f:f (6 ® TY) is a sum of the maps
associated to Spin¢ structures s over the cobordism W, (K) which differ by addition
of nk PD[u] = dk PD[A], under the identification H*(Y, K;Z) = H?*(W,(K)). By
Equation (7), the latter in turn correspond to dkZ - F orbits.

It follows from Lemma 6.11 that if k is sufficiently large, then given t € Spin®(Y) and
i € Z/nkZ, there is a unique Spin® structure on W) which contributes nontrivially
to f35 (E-T") for any & € HFS(Y, ). Specifically, according to Equation (9), the
nontriviality of the map places a lower bound (independent of k) on the square of the
first Chern class of any such Spin® structure (cf Corollary 4.7).

We are now able to use the absolute grading on Y, (K) to fix an absolute grading
on BS(Y K:b); ie it is the one for which f3 has degree zero. We check that this
compatlble with the relative grading on X3 (Y, K b) in the spirit of Proposition 6.7. In
fact, we wish to show that the map

YO XG(Y. Kib) = M(f3) — CF(Y(K))
induced by ¥%(x, y) = H25 (x)+ f38 (p) is a relatively graded map.

In the present case, the map Dg, b is injective (rather than surjective, as it was before).
Indeed, we can always find a homogeneous cycle representing a nontrivial homology
class in the cokernel of Dg, b (using nontriviality of HF°; see the proof of Lemma
6.9); indeed, we can find a representative of this homology class supported in any of
the b + 1 summands of IB%‘S(Y K:b). It follows now that any of these representatives
is taken to a fixed, homogeneous homology class in CF ‘S(Y;\ (K)). This guarantees
compatibility of the relative gradings of the relative gradings on IB%S(Y K b) induced
from the mapping cone with its relative gradings induced from the condltlon that f3 is
homogeneous of degree 0.

The preceding discussion shows that the component f3‘s of the map w‘s is homogeneous.
Seeing that the map Hg also respects the relative grading follows similarly: it, too,
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is induced by a negative definite cobordism, where at most one Spin® structure can
contribute, and the above argument shows that its grading shift is compatible with all
the other gradings.

Having established that Yl isa graded quasi-isomorphism, the proof of Theorem 6.1
proceeds as before.

7 The proof of Theorem 1.1

If K CY is anull-homologous knot, then Y/, (K) can be realized by surgery with
coefficient a inside the knot K#0O,,, C Y #(—L(q,r)), where a is the greatest integer
smaller than or equal to p/q, a = |p/q], and

and O/, C —L(q,r) is the knot which is obtained by viewing one component of the
Hopf link as a knot inside the lens space —L(qg, r), thought of as —¢g/r surgery on the
other component of the Hopf link; cf Figure 2.

Figure 2: Thinking of K as a knot in the lens space obtained by performing
—q/r on the other component of this link, we obtain the knot O/, .

In view of these remarks, Theorem 1.1 is proved by combining a model calculation of
the knot Floer homology of Oy, , the Kiinneth principle for connected sums, together
with the surgery formula of Theorem 6.1.

Of course, the complement of O/, C —L(q,r) is a solid torus, and consequently,
there is an affine identification Spin®(—L(q.r), Oy/,) = Z.
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Lemma 7.1 The knot Oy, C —L(q,r) is a U—knot. Indeed, there is an affine
identification ¢ fitting into a commutative diagram

7 ——i}——> Spinc(L(q,r),Oq/,)

l lGL(q.r),oq/,

Z/97 ——  Spin°(L(g.r))

(where the left vertical arrow is the natural quotient map) with the property that

Z if0<i<g-—1,

HFK(L(q,7), Ogyr, $(i)) = .
0 otherwise.

Proof Consider the standard genus one Heegaard decomposition of the lens space
—L(q,r), where « is a curve of slope 0/1 and S is a curve of slope —¢/r. Placing
two basepoints w and z, separated by an arc which is disjoint from 8 and meets o
exactly once, we obtain a doubly-pointed Heegaard diagram for O/, C —L(q,r). Of
course @ N B consists of exactly ¢ points {xo,...,X4—1}, each one representing a
different Spin¢ structure over L(q,r). See Figure 3 for an illustration.

Figure 3: Heegaard diagram for O3/, . The intersection points xo, X1, X2
are ordered so that €(xg, x;) = €(x1, X7) is a generator of the homology of
L(3,2)—0;;.

Now, we have that

H(T?—w—z) _ H(T?)

30 H(-L(q,r)—0 >~ >~ =7.
We order the intersection points {x; ;.I:_é in the order they are encountered as we

traverse the « circle in the complement of the arc from w to z. It is easy to see that
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with respect to this ordering, we have that €(x;, x;+1) = ¥, where here y is some
fixed generator of Hy(—L(q,r)— Oy/,) = Z. Let ¢(i) correspond to $y, z(x;). The
lemma follows. |

Suppose that K is a null-homologous knot in an integral homology three-sphere Y . In
this case, H*(Y, K) =~ Z, and also H*(Y #—L(q,r), K# Oy/,) = Z.

Lemma 7.2 Suppose that K C Y is a null-homologous knot in an integer homology
three-sphere. Under the connected sum

(Y9 K)#(_L(q’ V), Oq/r) - (Y#_L(q’ I"), K# Oq/r)’

the following diagram commutes:

7Z&Z — Z

. l

HZ(Y’ K)® Hz(_L(q’ r), Oq/r) — HZ(Y#_L(Q’ r), K# Oq/r)’

Il

where f(x,y) = gx + y. Moreover, under this correspondence, if K, is the push-
off of K with respect to the integral framing a, then PD[K ] represents the element
peEL=H*(Y#—L(q,r),K# Oy4/r), Where p/g=a+q/r.

Proof Let m and £ denote the meridian and the longitude of O,/,. We have an
isomorphism H?(—L(q,r), Oy4/r) = Z under which m and £ are mapped to ¢ and r
respectively. Now in Y #—L(q,r)—K#0Oy/,, clearly the meridian of K is homologous
to a meridian for Oy, , and hence it is mapped to ¢ under the isomorphism. Moreover,
the push-off of K is homologous a-m + £, which in turn is mapped to aqg +r = p,
under this above map. O

Proof of Theorem 1.1 Fix an identification Spin°(Y #—L(q.r), K#0,/,) = Z, and
correspondingly think of A7 (Y #—L(q,r), K # Oy4/r) as indexed by s € Z. Since
Oy/r is a U —knot (cf Lemma 7.1), the Kiinneth principle for connected sums, in the
form of Corollary 5.3 applies to show that

AT (Y #=L(q.r). K#0ygyp) = A7 (Y)

for some g: Z —> Z (where here ~ means filtered quasi-isomorphic). Indeed, ac-
cording to Lemma 7.2, the formula g(s) satisfies s = gg(s) + j where, according to

Lemma7.1,0 < j <gq;ie
s
g =2].
q
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Recall also that PD[K; ] represents p times a generator of H2(Y#—L(q,r), K# Oq/r)-

With these remarks in place, Theorem 1.1 is obtained as a direct application of
Theorem 6.1. O

7.1 The case of HF

Some of the algebra is simpler when one considers HF ™, rather than HF . To this end,
we let

ﬁi,p/q: ;&i — @,’,
that is, Dj pjgla\i+ps)/al}sez = DL+ ps)/q}sez.
where here

bl+ps)/a) = V1G+ps)/a) @G+ ps)/a) T+ 11+ pGs—1)/q) @LG+pG—1)/g))-
The proof of Theorem 1.1 adapts readily to this context to give the following:

Theorem 7.3 Let K C Y be a null-homologous knot. There is a relatively graded
isomorphism of groups

Hi(X; pjq) = HF (Y, 4(K), 1)
foreachi € 7./ pZ.

7.2 Absolute gradings

In fact, Theorem 1.1 (and indeed Theorem 6.1) actually determines HF +(Yp /¢(K), 1)
as an absolutely graded group.

An absolute grading on XZFP /q(K) compatible with the relative grading is specified by
fixing an absolute grading on B ['Ei +ps)/q) (for any s), thought of as a subcomplex of
X;"'p /4(K) (note that it is independent of the choice of K'). This absolute grading in turn
is in turn determined by a grading on its homology H (Bf?i +ps)/q]) = Tt . Finally, that
datum is fixed by the requirement H, (X;fp 14(0)) = T in such a way that its bottom-
most nontrivial element is supported in dimension d (S; /q(O), i) =d(L(p,q),i).
(Explicit, recursive formulas for these rational numbers can be found in Proposition 4.8

of [15].)

This assertion follows easily from the proof of Theorem 1.1. Specifically, as in Section
6.3, the composite of

13 CFe(Y3.(K)) —> CF (Ypgpt1(K))
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with the projection onto CFS(Ynk.M+A(K), t) C CF‘S(Y,,k.,Hk (K)) is a homogeneous
map (provided that » is sufficiently large). Moreover, its degree depends on the
intersection form of the cobordism X(k) and the first Chern class of t. Moreover,
the proof of Theorem 6.4 shows that this map is also identified with the projection
Xg ) — Ag(Y, K). Since the intersection form of X (k) does not depend on the
particular knot K, the claim follows.

8 Khnots which admit L -space surgeries

Suppose that K C S3 is a knot which admits an L —space surgery with positive slope R.
Examples of such knots include all torus knots, and also knots from Berge’s list [1].
Moreover, an alternating knot K with unknotting number equal to one gives rise to
another knot C C S*® which admits an L—space surgery. This new knot C is obtained
by performing the unknotting operation, but connecting the two strands which were
crossed by an arc y; C then is the branched double-cover y, compare [23].

Theorem 1.2 says that for such a knot, the Alexander polynomial is determined from
the correction terms. In this application, we find it convenient to use the group HF T ;
to do this, recall the characterization of L—spaces in terms of this group [24]: a rational
homology three-sphere Y is an L—space if and only if for each t € Spin®(Y),

HFt (Y, =T,

The correction terms d (Y, t) of an L—space is the minimal grading of any homogeneous
element of HF (Y, 1).

The symmetrized Alexander polynomial Ag(7) plays a role, since it is the Euler
characteristic of the knot Floer homology; ie

Y X(HFK«(S® K.$))- T = Ag (T)
(cf Equation (1) of [19] or [28]).

Proof of Theorem 1.2 It is easy to see that both maps v;': Hy(A}) — Hy(B™)
and i) Hy(A}) — H.(B™) are surjective, since Hyx(B1) = HF'(S?3), and both
maps are isomorphisms in all sufficiently large degrees.

Fix i € Z/pZ, and let s € Z be an arbitrary representative. Split A"i" =Af®J
where J = (D, 4, Afr(l. +1p)/q) - From the above remarks, it is clear that the restriction

of DZ‘ p/q 10 Hx(J) surjects onto Hy (IB%I.’L ). It follows at once that there is a surjection
¢: Ker (H(D},,): He(AT) — Hi(B])) — Ha(A]).
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Moreover, it follows from this surjectivity, combined with Theorem 1.1, that

Ker (H (D} ,,,): He(A}) — He(B})) = HF¥ (S, (K), i) =T

The surjectivity of ¢, together with the fact that Hy(A;") = Hy(B™) in all sufficiently
large degree combine to show that Hy(A) ®7 Q =~ T ®z Q. Applying the same
argument, only taking coefficients in Z/ pZ for arbitrary p shows that Hy(A]) =T +.

Having established that Hy (A7) =~ T, and that v} and /] are isomorphisms in all
sufficiently large degrees, it follows that v;" is modeled on multiplication by U Vs and
h is multiplication by U Hs  where all Vy, Hy > 0.

The condition that Ker (H>,< (Dl-'f' »/q): Hx (A;L) — H, (]B%l-Jr )) =~ T+ ensures readily that
in each i € Z/ pZ, there can be at most one integer s € Z for which both V|4 ps)/q)
and H| (i1 ps)/q) = 0. Our aim now is to determine which value of s has this property.

Let m(s) = min(Vy, Hy). We claim that
(31) m(sy) <m(spy) if s1 =<5, <0o0rs;>s,>0.

To this end, we have an exact sequence

0 — C{i<Oand j =5} — C{max(i,j—s) >0} v—+> C{i >0} — 0.
Since X(I-ﬁ*“\K(K, s)) = ag, it follows at once that for s > 0,
x(C{i <0and j > s}) =1,(K),
which in turn is the same as V. Similarly, x(C{i > 0 and j < s}) =t;(K) + s, which

is Hy. In particular, this (together with a symmetric argument for s < 0) shows that

(32) Vi <Hg; fors>0 and V> H; fors =<0.

Incidentally, we have just established that
(33) ts =m(s) > 0.

Note that there is a natural quotient map A;F — A;:_l , and indeed, the projection
of A7 —> B factors through this quotient. It follows at once that {V}sez is a
nonincreasing sequence in s. Dually, {H}sez is an nondecreasing sequence in s.

Combining this with Equation (32), Equation (31) follows.

Having established that for each i € Z/ pZ, there is exactly one nonzero integer among
the {m(|(i + ps)/ql)}sez, Equation (31) together with the fact that m(s) = m(—s)
(an easy consequence of Equation (33)) shows that whenever m(|i/q]) # 0, we have

IRIEEA!
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Finally, note that the bottom-most generator of Af; Jal is an element whose degree
is 2m(|i/q]) less than the corresponding generator for the unknot. In view of the
remarks from Section 7.2, the theorem now follows. O

Lemma 8.1 Let K C S3 be a knot. The he map v AT — B is an isomorphism on
homology for all s > 0 if and only szFK(K, s) =0 forall s > 0.

Proof It is easy to see by descending induction on s that v} is an isomorphism on
homology for all s > d if and only if HFK(K,s) =0 forall s > d. i

Proof of Corollary 1.3 Suppose that S3 (K ) =~ o/ q(O) Then, for some permuta-
tiono: Z/pZ — 7/ pZ, we have that HF"'(S3 (0) i)~ HF"'(S3 (K) o(i)) for
all 7. It follows from the proof of Theorem 1.2 (Equatlon (33)) that #; (K ) > 0 for all 7.

Summing Equation (2) over all 7 and using the hypothesis that S 3 (K ) (O)

we conclude that #;(K) = 0. It follows that Vy =0 for s > 0, 1e v"' H* (A ) —
HF*(S?) is an isomorphism for all s > 0. According to Lemma 8.1, HFK(K, s)=0
for all s # 0, and hence, according to [18], K is the unknot. O

Proof of Corollary 1.4 If g =£ 0, according to [18], HFK (K, g) #0. Thus, according
to Lemma 8.1, v;_l is not an isomorphism on homology, and hence 7,_; # 0. We
can immediately conclude from the statement of Theorem 1.2 that |r| > 2g — 2. This
bound can be improved to |r| > 2g — 1, by looking more carefully at the proof of

Theorem 1.2.

Suppose that |r| <2g — 1. In view of Equation (31) and the fact that m(s) = m(—s),
we see that for i = g(g — 1), both m(|i]) # 0 and m(|(i — p)/q]) # 0. But in the
proof of Theorem 1.2, it is shown that if .S ,3 (K) is an L—space, then there is at most
one s € Z for which both V|4 ps)/q) and H|(i+ ps)/q) is zero. This contradiction
shows that for S?(K) to be an L-space, we must have that |r| > 2g — 1. |

9 On cosmetic surgeries

Under favorable circumstances, the existence of an orientation-preserving homeomor-
phism P/I?(S;” (K)) = IL/II\V(SS3 (K)) for distinct r and s forces the knot Floer homology
of K to agree with that for the unknot, and hence for the knot to be unknotted. This
is not always the case, though. For example, the knot K = 944 has the property
that HF™(S3 | (K)) = HF*(S? | (K)), although S73,(K) % S? (K). Specifically,
according to Theorem 6.1 of [22], the knot 944 has

Tk : la;l
HFK(K.i) = Z,(}
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where the subscript indicates the degree in which the summand is supported, and a; is
the i —th coefficient of the Alexander polynomial

Ag(T)=> a;-T'=T7> 4T + 74T + T?.
i€Z
It is now a straightforward application of the surgery formula, either in the form given

in the present paper or from [27], that

HF(S3,(K) = T, ® Loy ® Z{_;) = HF (52 (K)).

On the other hand, Walter Neumann [14] informs us that the manifolds Sil (K)
and Sil (K) can be distinguished (using the computer program Snap [3]; see also
SnapPea [33]) by their hyperbolic volume; one has hyperbolic volume roughly 5.52,
the other has hyperbolic volume roughly 5.27.

Our results here can be proved by restricting attention to Floer homology with coef-
ficients in any field [, which we suppress from the notation. For concreteness, we
restrict to F = Z /27, so that eg ITIF’(SG) denotes the homology Hix (C<77(S3) Rz F).
Indeed, we work here throughout the present section with HF (rather than HF ™).

Definition 9.1 Define v(K) by
V(K) = min{s € Z | : ffs — C/'I\V(S3) induces a nontrivial map in homology}.

Lemma 9.2 If K C S* and m(K) denotes its mirror, then either v(K) or v(m(K))
is nonnegative.

Proof Let {Fs}scz be the knot filtration of CF (S?) (ie in the notation of Section 3
Fs = Cg,{j < s}, where & € Spin“(S?, K) is the relative Spin® structure with trivial
first Chern class) and let

©(K) =min{s € Z | Hi(Fs) — I-/I;“(S3) is nontrivial}.
Recall that 7(K) = —t(m(K)) and also that
(34) V(K)=1(K)ort(K)+1

(cf Lemma 3.3 of [16] and Proposition 3.1 from the same reference respectively; or
alternatively, see [28]). O

The integer v(K) dictates the maps on homology induced by all the h s and Uy,
according to the following two lemmas.

Lemma 9.3 For all s > v(K), U5 induces a nontrivial map in homology.

Proof This follows at once since the image of vy is Fy, and Fs € F; if s <t. O
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Lemma 9.4 If v(K) >0, then forall s > 0, (his)x = 0.

Proof The image of il\si /’fs —> B is identified vi/ith F_s C B, thus, if s > 0 and
7(K) > 0, then the map on homology induced by #; is trivial. a
For knots with v(K) = 0, we will need also to understand the behaviour or

(ho @ Do)x: Hx(Ap) — Hy(B® B)~TF &F.
Recall that the total rank of HF (Y) is independent of the orientation of Y :
(35) rank HF(—Y) = rank HF(Y).

(Indeed, in Proposition 2.5 of [20], it is shown that HF*(—Y) = HF(Y).) We apply
this principle, together with the observation that

(36) SHK) = =82, (m(K)).
Lemma 9.5 Let K C S be a knot, and suppose that v(K) = v(m(K)) = 0. Then,

the image of
(ho ® Vo)x: Hx(Ag) — Hx(B® B)=F ®TF

is one-dimensional; indeed, it is spanned by the diagonal element.
Proof Let §(K) denote the dimension of the image of
(ho @ Do)s: Hx(Ag) — Hu(B® B) =F &F,
and let ay(K) denote the dimension of Hi (/fo (K)). We verify that §(K) = 1.
For large enough integral surgeries NV, we have that
(37) rank HF(S3,(K), 0) = ao(K).

(This follows the rational surgery formula; but in fact it also follows simply from
Theorem 4.1.) Similarly, CF(S3 N (K),0) is described as the mapping cone of

ho @ o: Ag(K) — B @ B.
Thus, we have
(38) rank HF(S> \ (K), 0) = ao(K) +2 —28(K).
Consider the equations
rank(HF (S3,(K), 0)) = rank (HF(S> 5, (m(K),0))),
rank(HF(S3 y (K), 0)) = rank (HF(S2  (m(K), 0)))
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(both of which are straightforward combinations of Equations (35) and (36)), and
substitute Equations (37) and (38) to conclude that

ao(K) = ao(m(K)) 42 —26(m(K)),
ao(m(K)) = ao(K) 42 —25(K),

from which it follows at once that

(39) 8(K) + 8(m(K)) = 2.

Now, v(K) =0 implies that 6(K) > 0 (since vy induces a nontrivial map on homology).
This, together with Equation (39) implies that §(K) = §(m(K)) = 1.

By symmetry, we know that Hy (E @ E) projects nontrivially to each factor. Since
8(K) = 1, we conclude that the image of (&g @ Vo)« is the diagonal subspace. |

We would like to calculate the rank of HF (S 3 (K )). It suffices to consider knots K
with v(K) > v(m(K)), since rankHF(S3/ (K) = 1rankHF(S3 /4 (m(K)) (by Equa-
tions (35) and (36)).

Proposition 9.6 Let K C S3 be a knot, and fix a pair of relatively prime integers p
and g with p # 0 and ¢ > 0, and suppose that v(K) > v(m(K)).

If v(K) >0 or p >0, then

rank HF(S> 1 (K))

(“40) = p +2max(0, 2v(K)—1)g — p) + q(z (rank H*(I‘Ts) - 1))

N

If v(K) =0 and p <0, then

41) rank HF (S} (K)) = |p| +q(Z(rankH*(/fs)—l)).

N

Proof In view of Equatlon (34), either v(K) > 0 or v(K) = v(m(K)) = 0. Using
Theorem 7.3 to express HF (S 3 (K )) in terms of Hy (X p/q)» calculating the rank of
H, (X p/q) 1S NOW stralghtforward application of Lemma 9.3 and Lemma 9.4 when
V(K) > 0, and furthermore Lemma 9.5 when v(K) = 0. Indeed, in the case where
v(K) > 0, the cokernel D has rank max(0, 2v(K) — 1)q — p), while its kernel has
rank

p +max(0, 2Qv(K) —1)g — p) —i—q(z (rank Hy (Ay) — l))

N
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In the case where v(K) =0 and p > 0, its kernel has rank the cokernel is trivial, and

kernel has rank
P +q(z (rankH*(/Ts) — 1))

N
(ie these formulas agree with the formulas when v(K) > 0). In the case where v(K) =0
and p < 0, the cokernel has rank |p|, while its kernel has rank

o X (rank 1.0 - ) .

N

(The above proposition holds even in the case where p and ¢ are not relatively prime,
with the understandmg that if (p, q) = a, then HF (S 3 (K )) denotes the direct sum
of a many copies of HF(S ' a ,(K)), where here p’ = p/a q =qja.)

The following result is analogous to Lemma 8.1.

Proposition 9.7 Let K be a knot with v(K) = 0 and rank H (/fs (K)) =1 for all
s € Z. Then, K is the unknot. More generally,

g(K) = max(v(K), {s € Z | rank Hy(A4_1) > 1}).

Proof Recall [18] that
¢(K) =max{t € Z | HFK(K, 1) # 0}.

This readily implies that the map v: Ay —> CF (S?) induces an isomorphism in ho-
mology for all s > g(K): Ay has a subcomplex C{i <0, j = s}, the kernel of v,
which is easily seen to be acyclic (as it is filtered by subcomplexes whose associated
graded has homology isomorphic to P, HFK (K, t)), and moreover its image in
C{i = 0} consists of the subcomplex C{i =0, j < s}, whose quotient is acyclic.

Thus, we have proved that
g(K) > max(v(K), {s € Z! rank H*(/Is) > 1}.

Now consider
v;'_l
0—C{i<0,j2g—1}—>C{max(i,j—g+1) >0} —> C{i =0} — 0,

where the middle term here is, of course A;’_l . Since HFK(K,t) = H«(C{(0,1)}) =0
for all ¢+ > g, it follows from the natural filtration that Hx(C{i < 0j > g —1}) =~
H.({(—1,g—1}) = H(C{0,g}) = H/ﬁ((K, g) # 0. It follows at once that Vg_; is
not an isomorphism. It follows at once that either the map is not surjective, in which
case V(K) = g — 1, or it has kernel, in which case rank Hy (f’l\g_l) > 1. O
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Theorem 9.8 Let K C S? be a knot, and suppose that r and s are distinct rational
numbers with the property that S} (K) = 4+S23(K). Then, either S3(K) is an L—space,
or r and s have opposite signs.

Proof Since H, (S:I:p/q(K) 7) =17/pZ, we can fix p throughout Now, accord-
ing to Proposition 9.6, for fixed p, and positive integral ¢, rank HF (S3 o/ (K)) is a
monotone nondecreasing function of ¢g. In fact, the function is strictly monotone
except possibly for sufficiently small ¢, for which the rank is p. But this ensures that
S3 /4 (K) is an L-space. The same remarks hold for the function rank HF (s3 »/a (K))
for fixed p and positive, integral ¢g. Since the total rank of HF (Y) is an invariant of
the underlying (unoriented) three-manifold, cf Equation (35), the result holds. |

Proposition 9.9 If K is a nontrivial knot with v(K) = v(m(K)) = 0, then if there
are rational numbers r,s € Q with r # s and S} (K) = S3(K), then r = =+s.

Proof According to Proposition 9.6, if rank HF (S5 3 ,(K)) = rank HF (S5 3 o (K)) for
q’ # £q, then rank Hy (As) =1 for all 5. Now, m Vlew of Proposition 9 7 K is the
unknot, contrary to our assumption. Thus, it follows that for a cosmetic surgery on K,
r=-—s. |

Theorem 9.10 Let K C S3 be a knot with Seifert genus equal to one. Then if
S3(K) = S3(K) as oriented manifolds, then either S3(K) is an L —space or r = s.
Proof In view of Theorem 9.8, we can assume r >0 and s <0, and v(m(K)) <v(K).
As in the proof of Proposition 9.7, it is clear that

s Hye(A5(K)) —> HF(S?)
is an isomorphism for all s > 0. Also, v(K) < 1.

We exclude the possibility that v(K) = 1. For S3(K), we consider the description
of HF(S3(K)). There are a priori two types of Spin® structure: those for which the
mapping cone contains a copy of A¢(K), and those for which it does not; and there is
always at least one Spin® structure of the first type. For Spin¢ structures t of the first
type, HF (S} (K),t) is described by
Hy(Ao(K))" @ F" !

(while for those of the second type, HF (S?(K),t) = F; but we will not use this here).
Next, for any Spin® structure t' over S (K), HF(S3(K),t') has the form

Hy(Ao(K))" @ F"*1,
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Fix now t with HF(S?(K),t) = Hy(Ao(K))™ & F™~!, which in turn is identified
with HF(S3(K),t') for suitable t’ (by the hypothesis that S (K) = S3(K)). Since
rank Hx(Ao(K)) # 0 (since its Euler characteristic is 1), the equality of these two
ranks forces at once that m = n 4+ 1 and rank Hy(A¢(K)) = 1. But it is easy to see
that a relatively graded isomorphism

Hy (Ag(K)" ™ @ F( ) = He(Ao(K))"[1] @ F (g
cannot possibly hold.

In the case where v(K) = 0, the relatively graded isomorphisms between the Floer
homologies in the various Spin® structures give rise to

K" ©F) = K[ ® F(o).
where here K is the kernel of the map on homology
(Do ® ho)x: Hi(Ag) — F ®F.

Moreover, we can always choose some Spin® structure for which n # 0. Such a
relatively graded isomorphism can hold only if the rank of K is zero. In turn, this
forces rank H, (/Io) = 1. From Proposition 9.7, it follows now that K is a trivial knot,
contradicting our hypothesis. O

In a different direction, the algebra can be used in some cases to exclude cosmetic
surgeries with a fixed numerator p (ie first homology of the surgered manifold). We
content ourselves here with a discussion of the case where p = 3.

Theorem 9.11 Suppose that K is a nontrivial knot. Then, if r,s € Q both with
numerators having absolute value 3, and with r # s, we have that S} (K) % Ss3 (K) as
oriented manifolds.

Proof By reflecting if necessary, we can assume without loss of generality that
v(K) > v(m(K)). Moreover, by Lemma 9.2, it follows that v(K) > 0.

The possibility that v(K) > 3 is excluded by counting ranks. According to Proposition
9.6, we have that

rank HF(S2,, (K)) =3+q- (2(21}([(') —1)+ ) (rank Hy(Ay)— 1)).
N
When v(K) > 3, then for all ¢, we have that

42) 3=<(2v—-1)g,
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and hence
rank HF (S, (K)) = =3 +¢- (2(2v(K) —1)+ > (rank Hy(Ay) — 1)).

It follows that
(43) rank HF (S35, (K)) < rank HF(S2;, _(K)).
Moreover, since

(44) 6 <2(2u(K)— 1)+ Y _ (rank Hy(dy) — 1),

N

we also have that
(45) rank HF (S, (K)) <rank HF(S3,, , 1 (K)),

and hence the three-manifolds {S ; Ia (K)}gez are all distinct.

Next, we turn our attention to excluding v(K) = 2. When v(K) =2 and ¢ = 1,
Inequality (42) fails, but it is still the case that rank HF(S3 (K)) < rank HF(S>(K)).
However, for ¢ > 1, Inequality (42) holds. The above argument (used when v(K) = 3)
can fail, however, if Inequality (44) fails. Thus, it remains to exclude the possibil-
ity that S35, (K) = S3, | (K) (when ¢ = 1 (mod 3)). Now, ﬁ?(sf* LK) =
HF (S 3g+1 (K )) forces equahty, rather than the inequality of Equation (44) In par-
ticular, this forces rank Hy (A ) =1 for all s and, since X(As) =1, each Hy (A ) is
supported in even degree, relative to the corresponding group for the unknot. Indeed,
we claim that both Hy (ffo) and H, (/f 1) are supported in negative degrees (again,
relative to the unknot). This can be seen by considering the diagram

HFY(A) —— HF(4y)

(46) o | %]

HFt(B}) —— HF(By)

for s =0, 1. Since Hy (//1\0) and Hy (/Il) have rank one, it follows that HF 1 (A4}) =~
T+ for s =0, 1 and that v~ is multiplication U s for some is > 0. Indeed, for s =0, 1,
we have that iy > 0, in view of Dlagram (46) and the hypothesis that v(K) = 2. It now
follows that H, (Ao) and H, (Al) are supported in negative degrees (relative to the
unknot). We can now exclude the existence of an absolutely graded isomorphism

(47) HF(525,(K).0) = HF (525, (K).0)

3/q
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with ¢ =1 (mod 3). To this end, it helps to recall that for ¢ =1 (mod 3) and U the
unknot,

HF(S3,,U).0) = HF(S25,,,,(U).0) = F

is supported in degree 1/2. By considering the mapping cone calculation of
HF, (s3 3/(g+1) (K), 0) we see that this group is nontrivial in degree 1/2, while the
even degree part of HF d (S 3 (K) 0) with d = 1/2 (mod 2) is carried by elements
from Hy_, /2(A0) and Hd 1 /2(A1) which we have seen already forces d < 1/2,
and hence the impossibility of an isomorphism as in Equation (47).

We turn our attention now to the case where v(K) = 1. Let

C= Z (rank H*(/’fs) — 1).

First, we check ¢ = 1, 2, where Inequality (42) fails, and we find

rank HF (S ;1K) =3+C rankHF(S33/1(K))—5+C
rankHF(S /2)—3+2C rankHF(S 3/2)—7+2C rankHF(S /4)—5+4C

This sequence is not monotone increasing only if C = 0 or C = 2. Above this range,
Inequality (42) holds, and in fact Inequality (44) holds except if C =0, 2, or 4. (Note
that C is even.) In sum, the ranks of the Floer homology groups of various surgeries
are distinct except when C = 0, 2, or 4. In the case where C = 2, it follows from
symmetry that rank H. (/’1\0) = 3, and rank Hy (/fs) =1 forall s #0.

Thus, in the cases where C = 0 or 2, Proposition 9.7 ensures that K is a knot with
Seifert genus equal to one. According to Theorem 9.10, S r3 (K) must be an L—space,
and in particular C = 0. But if K is a knot with Seifert genus one, some positive
surgery on K gives an L—space, then by considering Proposition 9.6, we can conclude
that ¢ = 1 or 2. But the Q/Z—valued linking form ensures that S33/1(K) % S33/2(K).

When v(K) = 1, we are left with the remaining case that C = 4. Once again, since
X(/I s) = 1, there are two ways in which the total rank C can in principle distribute
over the Hx (/I s): either Hy (/fo) has rank 5 (and Hy (/f s) has rank one for all other s)
or there is exactly one positive s with rank H, (/T s) = Hy (/I_s) = 3 and for all ¢
with |¢| #£ |s|, rank Hy (/f ) = 1. In the first case, Proposition 9.7 again ensures that
g(K) =1, and hence we can apply Theorem 9.10 (which in turn ensures C = 0, a
contradiction).

We consider now the case where v(K) = 1, and C = 4, where the total rank is
distributed so that rank Hx(As) = rank Hx(A—g) = 3. The previous analysis shows
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that

rank HF(S] ) (K)) =7 rank HF(S2;,,(K)) =9

rankI-/I??(S;/z) =11 rankIfIF(Siyz) =15 rankIfITT(Sg’M) =21.
while for ¢ > 4

ranklfITT(S3 (K)) < rankIfITT(Si

3/q 3/q(K)) = rank HF (S5, , | (K)).

Thus, we need only exclude the possibility that S33 /q (K) =~ S33 Jg+1 (K) when g > 4.
This in turn is done by comparing HF(SE3/q (K),0) and HF(S;’/qul (K),0). Indeed,
forany ¢ > 4 and ¢ =1 (mod 3), we prove the following claims (in the case at hand;

ie K is a knot with C =4, rankﬁ?’(fl\o) =1,v=1)
(1) There is a unique rational number d; such that rank FITle (Si3 /q (K),0) is odd.

(2) There is a unique rational number d, such that rankﬁ?’ay2 (S33 41 (K),0) is
odd.

To prove (1) and (2), note that the mapping cone picture for both CF (S Ai 3/q (K );O)
and CF (S33 g+ (K), 9) is symmetric, by a symmetry which exchanges Ag with A_g
and the maps v and / (and preserves all absolute gradings). This involution fixes a
copy of //1\0 when ¢ is odd and a copy of ﬁo when ¢ is even. Indeed, in the case where
v(K) =1, we obtain splittings

Aolo1]® X @ X if ¢ is odd,

CF(S3,,,(K),0)~ 4
(52314 (K)-0) {Bo[el]GBXEBX’ if ¢ is even,

Boloa]® X @ X' if ¢ is 0dd,

CF(S3,, . (K),0)~ 1
(53/q+1(F).0) {AO[eZ]EBXEBX/ if ¢ is even,

where the complexes X and X’ in the four above cases are different, but in each
particular case, X ~ X’ (as graded complexes). Moreover and /I[m] and E[m] denote
the complexes A and B with a shift in grading by m. Claims (1) and (2) follow
immediately.

We must now calculate the shifts in grading appearing above. Comparing with absolute

gradings of HF (S 33 ) ;(U),0) (see [15]), we find that the shifts are given by

1 1 3 1

01=5 €1=—§ 02=—5 6’2=—5-

Next, we claim that v(K) =1 and rank HF (//1\0) =1 imply that HF (/fo) is supported in
grading § < —2 (relative to the unknot). An analogous statement was established when
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excluding the possibility that v(K) = 2; the present case follows very similarly (ie it is
gotten easily by inspecting Diagram (46) with s = 0, and noting that HF* (A(J)r YT+
and v(‘)" is a nontrivial map).

We conclude that

g - 8+ 1/2 if g is odd,
b —-1/2 if g is even,

_J-3/2  ifgisodd,
o 6—1/2 if g iseven,

s0 dy = dy occurs only if § = —2 and ¢ is odd.

Thus, we need consider only ¢ = 6n + 1 for n > 1. In this case, we find that (since
v=1)

(48) rank HF_1/5(S2 3 /6,41 (K). 0) = 2n + 2.

Moreover, 1nspect1ng the grading shifts for the description of HF (S3 /6 1+2(K).0)
(and using that rank HF (As) = 3, we find that the components in HF (S 3/6n 1+2(K).0)
coming from the various summands corresponding to A, s come in different gradings; the
same is true for the various summands corresponding to A_y; 53 ﬁnally, there are no other
groups contributing in degree —1/2. Thus, we find, rankHF_l/z(S3/6n+2(K)) <2.
This, together with Inequahty (48) excludes the existence of a graded isomorphisms

HF(S3 (K),0) =~ HF(S3 (K),0) when v(K) =1 and C = 4.

3/6n+1 3/6n+2

Finally, we turn attention to the case where v(K) = 0. Since K is a nontrivial knot,
Proposition 9.9 ensures that the only possibility is that .S 33 /q (K) = Si3 /q (K). But this
is easily excluded by the QQ/Z—valued linking form. d

9.1 Proofs of theorems in Section 1.2

Theorem 1.5 is a restatement of Theorem 9.10 proved above. Theorem 1.6 is stated and
proved as Theorem 9.8 above. Theorem 1.7 is a restatement of Theorem 9.11 stated
and proved above.

10 Seifert fibered spaces

Methods from this paper lead to the calculation of the Heegaard Floer homology groups
of a large class of Seifert fibered spaces, with coefficients in F = Z /27 . The primary
ingredients here are the calculation of the knot Floer homology of the “Borromean
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knot” (cf Section 9 of [19]), the knot O/, considered in Section 7 and Theorem 6.1.
Our aim here is to state and prove these results.

Let h: Z —> 7 be a function with the property that

lim A(s) = 4o0.

s—>Fo00
We describe here a natural F[U]-module associated to /. It is interesting to compare
the following construction with a construction of Némethi [13]; see also [17].

A well at height n is a pair of integers (i, j) with i < j —2 and the property that
h(k)<nforalli <k < j,while A(i) >n and h(j) > n. Let W, (h) denote the set of
wells at height », and let M}, (#) denote the free Abelian group generated by W, (h).

If x € Wy(h) and y € Wy,_1(h), we write x > y if x = (i, j) and y = (i’, j') with
i <i’ < j' < j.Define

U: My(h) — M,_1(h)

by the formula U-x= Z ¥,
{yeWn_1(B) | x>y}
and let HEF * (h) = @D Ma(h)
nez

be the induced module over F[U]. Indeed, we can view this as a graded F[U] module
by the grading which sends W, (%) to 2n.

In the language of Némethi, the set of wells forms a root, and HF * (%) is the associated
F[U]-module.

Let Y be a Seifert fibered space over a genus g orbifold with Seifert invariants
(a,r1/q1,...,7n/qn) over a genus g base; see [30; 29; 7]. The orbifold degree is the
quantity

d%a3=a+§:£.
. l
l

Recall that b1 (Y) is even if and only if deg(Y) # 0. By reversing the orientation on Y,
we can arrange for deg(Y) > 0.

There is a presentation of the first homology of Y as
HI(E,Z)@ZWIO@ZWZI DD Zmy
a-mo+y j_;mi=0,
1,...,n

ri-mo—qi-mi=0, =

(49) H\(Y:Z) =

(cf below for more specifics).
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Theorem 10.1 Let Y be a Seifert fibered space over a genus g orbifold with positive
degree, and Seifert invariants (a,r1/q1,...,"n/qn). There is an affine identification
Spin(Y) =~ H;(Y; Z) with the following properties.

o The HF*(Y,s) is nontrivial only to those Spin® structures which are supported
in the span of my, ..., my (in the notation of Equation (49)).

e Let s be some Spin® structure over Y , and let £ -mqo + &1 -my + -+ + & - my,
be a representative with 0 < &; < gq;. For integers —g <t < g, let §;: Z. — 7
be the function defined by

+ 7
§i(s) = (=1)°+17 + (so Ya-s+ Z F’ p & J)
i=1 !
and h;: 7 —> 7 be the function:
$208.()  ifs>0
l/2 ift < So
he(s) = , +40 ifs=0
50—1/2 IfZZ:‘::() )
—Y =g 0:() ifs <0
Then, there is a relatively Z —graded isomorphism of F[U]|-modules:

(50) HFT(Y.s)= @ A H(Z:F)®p HF (k).

—g=<t<g

In the above statement, the factor A€+! is not meant to affect grading (grading shifts
from H;(X;Z) have been incorporated in the definition of /,(s)). Note also that the
right-hand-side is graded only in the relative sense, corresponding to our choice of s.

Note that in the case where g = 0, this recaptures (as a relatively Z—graded group)
the description of HF ' for rational homology Seifert fibered spaces given by Némethi
in terms of his “computational sequences”. We prove Theorem 10.1 in Section 10.2
below, after giving some sample calculations.

Although we have described here the Floer homology only as a relatively graded group,
the absolute grading can be obtained by comparing the summand corresponding to
t = 0 with the calculation of genus zero Seifert fibered spaces from [17]; see also [13].

10.1 Sample calculations

We begin with some generalities. Suppose that 4: Z —> 7 is a function with
limg 400 1(s) = 400. Let §(s) = h(s) —h(s — 1). Clearly, the rank of KerU C
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HF * (/) agrees with the number of pairs of integers (i, j) with i < j, §(i) <0,
8(j)>0 and §(k) =0 forall i <k < j (ie these are the local minima of /).

In the case of Theorem 10.1, explicitly finding these local minima is a straightforward
matter: in the statement of the theorem, &;(s) differs from a linear function of s by a
periodic function whose period is the least common multiple of 2 (when ¢ # 0) and

the integers {¢;}}_, .

We use Theorem 10.1 to calculate the Seifert fibered space over a genus one base, and
Seifert invariants (—1,1/2,2/3). Note that H,(Y;Z) = Z?, and there is a unique
Spin® structure with nontrivial HF .

To calculate it, we proceed as follows. Observe that
S:(s+6) =1+68(s).
Moreover, the sequence {§ (s)}sszo is
{0,—1,0,0,0,0}.

Set ¢t = 0. The sequence of integers {h( (i)} clearly has a unique local minimum. It
follows that the corresponding summand of HF T (Y') is isomorphic to

H(TYH®z T+ = (TH>2

In our subsequent descriptions, we will fix an absolute grading lifting the relative
grading, with the additional convention that this corresponding summand of HF T (Y)
is isomorphic to (’7'+ )2 . Indeed, this convention corresponds to the naturally induced
absolute grading on HF T(Y), as can be seen by comparing against the case where
g =0, and observing that the Seifert fibered space with corresponding invariants is S3.

When ¢t = —1, all of the minima of the sequence {/i_;(i)};ez clearly occur for
—5<1i <12, where {8_1(s)}sli_5 takes the form

{-3,0,-2,0,-2,1,-2,1,-1,1,—1,2,—1,2,0,2,0, 3}.

}12

We plot the corresponding function {/1_1(s)};Z_ 5 in Figure 4. Thus, the corresponding

summand of HF (Y takes the form
Ty ®Ziny S Ly,

under the normalization convention established in the previous paragraph. Perhaps
a few words are in order regarding the normalization. The minimum value of the
sequence {/y(s)}sez is —1; ie it has grading —2. To obtain then the renormalized
absolute grading of a well at a local minimum of /,(s), we must add 2 to this minimal
value.
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12

;i=_s takes the form

In the case where ¢ = 1, we have that {57 (7)
{_1,_2’0’ _2909_1709_17 17_17 1707 1909270723 1}’

which clearly contains all the minima of {/;(i)} for i € Z. It follows that the corre-
sponding summand of HF T (Y) is of the form T(J_rl) SF_y).

Figure 4: Height function for the Seifert fibered space with invariants
(—1,1/2,2/3) at t = —1

Putting this together, if ¥ denotes the Seifert fibered space over a genus one base with
Seifert invariants (—1, 1/2,2/3), then its Heegaard Floer homology can be described
as a graded F[U] module by

+ ~ 2 2 + +12 +

10.2 Proof of Theorem 10.1

It is useful to have a mild generalization of the rational surgeries formula.

Definition 10.2 Let K C Y be a null-homologous knot in a three-manifold Y . Fix
an integer a and an n—tuple of rational numbers {¢; /r;}7_, . Consider an n—tuple of
unknotted circles O; each of which links K once, and which are pairwise mutually un-
linked. Let Y (K, a,{gi/ri}}_,) denote the three-manifold obtained as a—surgery on K,
followed by —g;/r; surgery on each O;. This three-manifold Y (K, a,{q;/ri}]_,) is
said to be obtained as a generalized rational surgery on K C Y , with Seifert invariants

(a,{qi/ri}i—))-
For fixed K C Y, let

Y =Y #(#]

i=1

L(‘]i,’”i)) and K,:K#(#?ZIOQi/"i)
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mi my ms

—_—
—_—
—_—

—q1/1n —q2/12 —q3/13
Figure 5: A schematic illustration of generalized rational surgery. We take
here n = 3. K represents some initial knot, and {gq;/r; }l.3=1 represent surgery
instructions on the unknots, while K is framed with framing a. The lightly
drawn circles represent generators of the homology of the complement of the
dark link (they are meridians).

in the notation of Section 7. Of course, Y (K, a,{q;/ri};_,) can be thought of as the
three-manifold gotten by a—surgery on K’ C Y’.

As an example, if we start with the unknot K C S 3 and form the three-manifold
S3(K,a,{qi/ ri}}_,), we obtain the Seifert fibered space whose base has genus zero,
n singular fibers and Seifert invariants (a, {¢;/r;}}_,), with the standard conventions.
More generally, if we start with the Borromean knot By C #28(S! x S?) (this is the
knot obtained by taking zero surgery on two of the components of the Borromean rings
to obtain a knot B; in #2(S! x §?), and then taking the connected sum of g copies
of By), the resulting three-manifold #2¢(S! x S2)(By, a, {gi/ri}}_,) is the Seifert
space over a genus g base orbifold with Seifert invariants (a,{q;/ri}}_,)-

Of course,
HI(Y—K;Z)@ZWI] ®---DZmy
a-mo+>;_ymi=0, '
1,....n

H\(Y'Z) =~
riemo—qi-mi =0, =

where here my € H{(Y — K;Z) denotes the homology class of the meridian of K.
We can change basis, letting g; = a; -mqg + b; - m;, where here a; -q; +r;-b; = 1,10
obtain a presentation

H\(Y-K;Z)®Lg - DLgn

a-mo+Y j_yri-gi =0, .
1,...,m

mo—qi-gi =0, i =

H,; (Y/; Z) =
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Consider the map
B: Hy(Y' —K';Z) — H\(Y —K:;7)
defined by ﬂ(so+sl-g1+---+sn-gn>=so+(ZLq—’,j).
i=1 1!
Letting N =a-mgy + ZLI ri - g; be the push-off of K, we have that
Hi(Y(K,a,{qi/ri}j=):Z) = Hy(Y' = K')/Z-N.
Given E € H{(Y — K), define

[E] = @(S pe+sn)¥-K)) and IB%[j;E] - @(S Bz +s-m) (X))

SEZ SEZ
+ oAt +
and Digy Alg) — B
with [E]{aS}SGZ = {bS}SEZ
where as € Ad o(E+s-N) and bs € Bdeg(E+S . by
J’_
bs = 4 5—1yw) (@5=1) F V(.5 (@5):

Proposition 10.3 Let K CY be a null-homologous knot, and fix E € Spin°(Y' — K).
Suppose moreover that b1 (Y (K, a,{q;/ri})) = b1(Y). There is a map
fi Hy(Y' = K') — Spin“(Y (K, a, {gi/ri])

with the property that for each E € Y’ — K’ for which c¢{(f(E)) is a torsion class,
we have that HF"'(Y(K a, {q,/r,}l_l) f(FE)) is identified with the homology of the
mapping cone D[E]' A[E] — B[ £

Proof Like Theorem 1.1, this follows from a direct application of Theorems 6.1, 5.1,
and the calculation of the invariant for O/, C L(g,r) of Lemma 7.1. a

Theorem 10.1 follows quickly from Proposition 10.3, together with the calculation
of the knot Floer homology of the Borromean knot (cf Section 9 of [19]), which we
summarize here:

Lemma 10.4 Let K C #4(S2 x S1) be the Borromean knot. The Spin® structure
over #28(S? x S') with trivial first Chern class is the only one whose induced knot
filtration consists of nonzero groups. For that chain complex C, we have a splitting

(51) C=@ AT H (Z:F)QFU.UT].
t
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where this splitting corresponds to the various summands C{i — j = t}. In particular,
there are identifications

AT#E(S?xSH. ) = PATETH(EF) QT
t
Cli = 0}(#8(S*x SN, K) = (P AT H (Z:2) @ T
t
Moreover, the following squares commute:

Umax(O.t—s)

ANTEH QT —— A H (S F)TT

! l

vt
AF ELANN B*

Umax(().s—t) ~
AFEH (S F) @ TH — A H (S F) @ T T ——— A~ H (3 F) @ T+

! !

ht —

AF s Bt e BT,
where here all the vertical maps are induced by inclusions in the identification of
Equation (51).

Proof Most of the above statements are a direct result of Proposition 9.2 of [19],
which, together with the Kiinneth principle, gives that
Cli, j}y=U"Q A HI(:F),

with no differentials. The second square involves the identification between C{i > 0}
and C{j > 0}, which sends the subset C{i — j =1t} to C{i — j = —t}, as explained
in Proposition 5.2 of [27]. (Note that this is where we use most significantly the fact
that we are using coefficients over [ ; over coefficients in Z the involution has a more
complicated form, described in [9].) O

Lemma 10.5 Given a map §: Z — 7., consider the chain map
Ds: P 4s — € Bs.
N N
where all Ay = T = By, defined by
Ds({as}sez) = {bs}tsez

where by = Umax(—é(s),O)as + Umax(8(s+1),0)as+1‘
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N
Letting h(s) = Z 8(i),
i=0
we have that the homology of the mapping cone of Dy is HF ¥ (1), provided that
(52) lim A(s) = +o0.
s—>+o00

Proof The map Dy is surjective. It remains to identify its kernel. Given (7, j) € W, (h),
consider the element {as}scz defined by the property that

as—

_J=pEkuh® i <k < j,
0 otherwise.

By linearity, we can extend this to a homomorphism W, (h) — Ker Dj. It is straight-
forward to verify that this extends to an isomorphism HIF T (1) —> Ker Dj. a

Proof of Theorem 10.1 According to the adjunction inequality (cf Theorem 8.1
of [20]), since the Thurston norm of Y is trivial, it follows that HF + (Y, s) is trivial for
all Spin® structures with nontorsion ¢ (s). According to the combination of Proposition
10.3 and Lemma 10.4, given E, the Floer homology HF " (Y,[E]) splits as

HF*(Y.[E)) = @D AST H' (Z:F) ® X (1),
teZ

where here X (¢) is the homology of a chain complex satisfying the hypotheses of
Lemma 10.5, for the function §;: Z — Z as in the statement of the theorem. The
theorem now follows from the calculation in Lemma 10.5. Note that Equation (52)
holds, since the orbifold has positive degree. |
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