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Generalized orbifold Euler characteristics
for general orbifolds and wreath products

CARLA FARSI
CHRISTOPHER SEATON

We introduce the I'—Euler—Satake characteristics of a general orbifold Q presented
by an orbifold groupoid G, extending to orbifolds that are not global quotients the
generalized orbifold Euler characteristics of Bryan—Fulman and Tamanoi. Each of
these Euler characteristics is defined as the Euler—Satake characteristic of the space
of I"—sectors of the orbifold where I' is a finitely generated discrete group. We study
the behavior of these Euler characteristics under product operations applied to the
group I' as well as the orbifold and establish their relationships to existing Euler
characteristics for orbifolds. As applications, we generalize formulas of Tamanoi,
Wang and Zhou for the Euler characteristics and Hodge numbers of wreath symmetric
products of global quotient orbifolds to the case of quotients by compact, connected
Lie groups acting locally freely, in particular including all closed, effective orbifolds.

22A22, 55515; 58E40, 55N91

1 Introduction

When Satake [19] first introduced orbifolds under the name V —manifolds, one of
the first invariants defined was the Euler—Satake characteristic, then called the Euler
characteristic as a V —manifold. Since that time, a number of Euler characteristics have
been introduced for orbifolds. Most notably, the stringy orbifold Euler characteristic
was introduced by Dixon, Harvey, Vafa and Witten in [7] for global quotients, ie
quotients of manifolds by a finite group, and later generalized to general orbifolds
by Roan in [17]; see also Atiyah and Segal [3] and Hirzebruch and Hofer [10]. This
definition was generalized for global quotients first by Bryan and Fulman in [5] where
it appeared as an element of a sequence of Euler characteristics, and independently by
Tamanoi in [21; 22] where an Euler characteristic was defined for each group I', the
sequence of Bryan and Fulman corresponding to I' = Z™.

Here, we extend these definitions to a general orbifold Q presented by an orbifold
groupoid G, introducing for each finitely generated discrete group I' the I'—Fuler—
Satake characteristic XIIE‘S(Q). The I'-Euler—Satake characteristic is defined to be the
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Euler—Satake characteristic of the I"—sectors QF of Q, an orbifold generalizing the
inertia orbifold and multisectors whose definition is given by the authors in [9]; see
also their paper [8]. For a manifold M, the I"'—sectors of M coincide with M for
each I' so that X}IE-S (M) = Xiop(M), the usual Euler characteristic. For an orbifold Q,
the relationship between the XIES(Q) and other Euler characteristics for orbifolds is
summarized below.

e When Q is presented as the quotient M /G with G a finite group, the XIF:S(Q)
are the generalized orbifold Euler characteristics defined by Tamanoi in [21; 22]
where they are denoted X%rb (M ; G). This follows from [8, Theorem 3.1].

e When I' = Z™ and Q is a global quotient, X%Sm (Q) is the m—th orbifold Euler
characteristic defined by Bryan and Fulman in [5]. By Equation (7) below and
the fact that the Z—sectors correspond to the inertia orbifold, this implies that the
m—th Euler characteristic of Bryan and Fulman is the Euler—Satake characteristic
of the m—th inertia orbifold of Q.

o The Z?—Euler-Satake characteristic X%Sz (Q) coincides with the stringy orbifold
Euler characteristic defined for global quotients by Dixon, Harvey, Vafa and
Witten in [7] and for general orbifolds by Roan in [17]. Note that this Euler
characteristic was shown to be the Euler characteristic of equivariant K—theory
by Segal in [3] for global quotients and of orbifold K—theory by Adem and
Ruan in [2] for quotients by compact Lie groups.

e When I' = {1}, Qr = Q so that XIES(Q) is the usual Euler—Satake characteristic.

Our main results are as follows. Theorem 3.1 demonstrates that recursively constructing
I"—sectors corresponds to the direct product operation for groups. This allows us to
relate the I"'—Euler—Satake characteristics to the usual (topological) Euler characteristic
of the underlying space of the orbifold in question. We then prove Theorem 5.11,
establishing a formula for the Z" -Euler—Satake characteristic of the wreath symmetric
product of an orbifold presented as a quotient by the locally free action of a compact,
connected Lie group, in particular including all closed, effective orbifolds. Theorem
6.4 gives a formula for the (shifted) Hodge numbers of wreath symmetric products of
the locally free quotient by a compact, complex, connected Lie group action, including
all closed, effective, complex orbifolds. These results generalize corresponding results
for quotients by finite groups in Tamanoi [21], Wang [25] and Wang and Zhou [26].

In Sections 2, 3 and 4, we consider arbitrary closed orbifolds presented by an (étale)
orbifold groupoid G. In Section 2, we recall the relevant preliminary material and
fix notation. In particular, in Section 2.1, we recall the definition of I"—sectors, and
in Section 2.2, we verify the multiplicativity and other basic properties of the Euler—
Satake characteristic. Section 3 establishes the behavior of the I'—sectors of a general
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orbifold under product operations on both the orbifold and the group I'. In Section 4,
we define the I'—Euler—Satake characteristics and verify the properties that indicate
their connections with other Euler characteristics for orbifolds described above. In
Section 5, we turn our attention to wreath symmetric products of orbifolds presented
by transformation groupoids M x G where G is a compact, connected Lie group
acting smoothly, effectively and locally freely on the smooth manifold M and prove
Theorem 5.11. Section 6 turns to the case of complex orbifolds given by quotients by
compact, complex, connected Lie groups, proving Theorem 6.4. Throughout, I", I';
fori = 1,2, A and I'" will denote finitely generated discrete groups, and all manifolds,
group actions and orbifolds are assumed to be smooth.

If Q is a closed, effective orbifold, then Q can always be presented by the smooth,
locally free action of a compact, connected Lie group G on a closed manifold M .
If Q is orientable, we can take M to be the oriented orthonormal frame bundle
and G = SO(n); in the nonorientable case, M can be taken to be the unitary frame
bundle of the complexified tangent space and G = U(n); see Moerdijk and Mrcun [15,
Propositions 2.22 and 2.23]. Similarly, any closed, effective, complex orbifold can
be presented by the locally free action of U(n) on its unitary frame bundle. For this
reason, when dealing with quotient orbifolds, we always assume that the Lie group is
compact and connected for simplicity, though some of our arguments extend to locally
free actions of more general groups. As the I'—sectors and Euler—Satake characteristic
are Morita invariants, the results of Section 5 apply to any closed, effective orbifold,
and those of Section 6 apply to any closed, effective, complex orbifold.

Acknowledgements The first author would like to thank the MSRI for its hospitality
during the preparation of this manuscript. The second author was partially supported by
a Rhodes College Faculty Development Endowment Grant. We would like to express
our appreciation to the referee for helpful corrections and suggestions.

2 Preliminaries

In this section, we briefly recall the definitions we will need. For background on
orbifolds, the reader is referred to Adem, Leida and Ruan [1]; see also Moerdijk and
Mrcun [15], Moerdijk [14], Chen and Ruan [6] and Ruan [18]. More details on the
definition of the I"—sectors of an orbifold are presented by the authors in [9; 8].

2.1 Orbifolds and I —sectors

An orbifold structure on a paracompact Hausdorff space X is an orbifold groupoid G,
ie a proper étale Lie groupoid, and a homeomorphism f: |G| — X between the
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orbit space |G| of G and X . We say that (G, f) is a presentation of the orbifold
structure. Two presentations (G, /) and (G', f”) are equivalent if G and G’ are Morita
equivalent and the homeomorphism g: |G| — |G’| induced by the Morita equivalence
satisfies f = f’ o g. An orbifold Q is a paracompact Hausdorff space X ¢, called the
underlying space of Q, and an equivalence class of orbifold structures on X . Given
a presentation (G, /) of the orbifold O, we will often identify X o with |G| and avoid
explicit reference to f. We say that orbifolds Q1 and Q, are orbifold-diffeomorphic
or simply diffeomorphic if the groupoids representing them are Morita equivalent, so
that in particular their underlying spaces are homeomorphic.

Let Q be an orbifold. Throughout, we use the notation that G is an orbifold groupoid
presenting Q with space of objects G and space of arrows G1. When considering
wreath symmetric products, we will restrict our attention to orbifolds Q presented by
M »x G where G is a compact, connected Lie group acting smoothly, effectively and
locally freely (ie properly with discrete stabilizers) on the smooth manifold M so that
M x G is Morita equivalent to an orbifold groupoid. An orbifold presented by the
locally free action of a Lie group on a smooth manifold is called a quotient orbifold
and a global quotient orbifold if G is finite. Note that M x G is not étale unless G is
finite. For clarity, we will represent general orbifolds in terms of left groupoid actions
and quotient orbifolds in terms of right group actions.

For every x € Gy, there is an open neighborhood V C G¢ of x diffeomorphic to R”
with x corresponding to the origin such that the isotropy group G acts linearly on Vy
and the restriction G|y, is isomorphic to Gx x Vy. We let mrx: Vi — |Gx X Vx| C |G|
denote the quotient map and refer to the triple {Vy, G, 7wy} as a linear orbifold chart
for Q at x.

Let G and H be orbifold groupoids. By G x H, we mean the groupoid with objects
Gy x Hy and arrows G| x H;; see Moerdijk and Mrcun [15, page 123]. As the
product of proper maps is proper and the product of local diffeomorphism is a local
diffeomorphism, G x H is an orbifold groupoid. Linear charts for this orbifold are
given by products of linear charts for |G| and |H].

Given a finitely generated discrete group I', the space SL = Hom(T", G) of groupoid
homomorphisms from I' into G inherits the structure of a smooth G-manifold. We let
Gl =gx Sg ' denote the corresponding orbifold groupoid and Qr‘ the corresponding
orbifold. We refer to Q]" as the orbifold of T —sectors of Q. If ¢px: I' = G is an
element of Sg , we let Q(¢) denote connected component of Qp containing the orbit
of ¢ and refer to Q(¢) as the I'—sector associated to @y .

Given a homomorphism ¢: ' = G, and a linear chart {Vy, Gx, 7} for Q near x,
there is a diffeomorphism kg : V)§¢X) — Sg onto a neighborhood of ¢, , where V)§¢X
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denotes the subspace of Vy fixed by the image of ¢, . Then up to identification via kg, ,
{Vx(d”‘) . Cq, (¢x), n®x} forms a linear chart for the groupoid G F'=¢gx 85 at ¢ where
Cg, (¢x) is the centralizer of Im ¢y in Gy and n)":x is the quotient map.

In the case that Q is presented by M x G where M is a smooth manifold and G is a
compact Lie group acting smoothly and locally freely, the space of I"—sectors admits
the presentation

(M:Gr:= [ M¥%Cs(9)

(®etrr.

where t]{‘/I'G denotes the set of conjugacy classes of homomorphisms ¢ € Hom(I', G)
such that M (¢) # &. Note that M () % C(¢) need not be a connected orbifold.

2.2 The Euler-Satake characteristic and its properties

Let Q be a compact orbifold of dimension # and let Q. be the effective orbifold
associated to Q (see Adem, Leida and Ruan [1, Definition 2.33]). It is well known
that Q¢ can be presented by a groupoid M x G where M is a manifold and G a
compact Lie group acting smoothly and locally freely on M . By Illman [11, page
488] (see also Yang [27] and Verona [24]), it follows that Q.g admits a good finite
triangulation; ie a finite triangulation for which the G —isotropy type is constant on the
interior of each simplex. It is easy to see that a good triangulation of Q. induces a
triangulation of Q such that the isomorphism type of the isotropy group is constant on
the interior of each simplex. By refining triangulations and using stellar subdivisions if
necessary, we may also assume that each of the top simplices is contained inside the
image of a linear orbifold chart; see Moerdijk and Pronk [16]. Following the language
for quotients, we will refer to such a triangulation of the orbifold Q as good.

The following definition was originally stated in Satake [19] under the name Euler
characteristic as a V —manifold.

Definition 2.1 (Euler—Satake characteristic) Let Q be a closed orbifold and 7 a
good triangulation of Q. The Euler—Satake characteristic of Q is

xes(Q) =) _(=D¥mo—

1
oeT |G0|

where G, denotes the isotropy group of a point on the interior of o. If Q' is a subset
of Q corresponding to a subcomplex 7" of T, then we define ygs(Q’) identically,
summing over those simplices contained in 7”. If G is a groupoid presenting Q, we
will use the notation ygs(G) to denote xgs(Q).
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It is clear that xgs(Q) does not depend on the choice of (good) triangulation. If Q is
a smooth manifold, then ygs(Q) is the standard Euler characteristic xp(Q) of the
underlying space of Q. If Q is a global quotient orbifold presented by M x G where
G is a finite group, then

1
(1) XES(Q) = @Xtop(M)-
Similarly, it is easy to see that if Q is connected and noneffective, then
1
(2 xes(Q) = —— XEs(Qeir)
| Kpl

where K, is the isotropy group of any point p that is nonsingular in Qef; (equivalently
the normal subgroup K, < G, of any isotropy group that acts trivially in a chart).
In the case that Q is not connected, the isomorphism class of K, may vary over
connected components.

It is also a direct consequence of the definition that the Euler—Satake characteristic is
additive; that is, if Q¢ and Q, are closed subsets of Q such that Q1 U O, = @, and
the sets O, O, and Q1 N Q, correspond to subcomplexes of 7T, then

3) Xes(Q1U Q2) = xes(Q1) + xes(Q2) — xes(Q1 N O02).

A covering orbifold of the orbifold Q presented by the orbifold groupoid G is a G—
space E equipped with a connected covering projection p: E — Gy ; see Adem, Leida
and Ruan [1, page 40]. We have the following.

Lemma 2.2 Let p: Q — Q be a covering orbifold with k sheets. Then
xes(0) = k xes(Q).

See Thurston [23, Proposition 13.3.4] for the effective case, and note that the nonef-
fective case follows from Equation (2). Note that for noneffective orbifolds, which
have only singular points, the number of sheets is given by counting the preimages of a
point with minimal isotropy including multiplicity.

Theorem 2.3 (Multiplicativity of the Euler—Satake characteristic) Let Q1 and Q»,
be compact orbifolds. Then

“4) Xes(Q1 x Q2) = xes(Q1) xes(Q2).

Proof We first claim that Equation (4) holds when Q; is a compact manifold, pos-
sibly with boundary, and Q5 is a compact orbifold. The proof of this claim follows
Kawakubo [12, page 260]. Let n denote the dimension of @5, let 7; be a finite
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triangulation of Q1, and let 7, be a good finite triangulation of 7,. For i = 1,2,
we let 7 denote the r—skeleton of 7;. Fix ¢’ € T, and let {Vy:, Gyt 740} be
a linear orbifold chart for O, whose image contains ¢’. Let 5 = 7~ (0"), and
then 7m,: ' — o! is an orbifold cover. It follows that Q x o' is presented by
(Q1 x0") x Gy with G, acting trivially on the first factor. Hence, by Equation (1),
the multiplicative property of xtp, and the multiplicative property of xgs on orbifold

covers, we have ; i
xes(Q1x0") = xes((Q1 x0") X Gyr)
= Xiop(Q1 X 5t)/|Ga’|
= XtOP(Ql)XtOp(gt)/chrfl
= xes(Q1) xes(0”).
Applying this to each ¢ € T, and using Equation (3), we have

Xes(Q1xQ2) = > xes(Qixo™— Y xes(Qi1xo™h)

0"67’2’1 0'"_167—2”_1
+ ) xes(Qrx0" ) A (=D D xes(Q1x0°)
on—2e7)2 %7y
=Y D" Y xes(Qixo")
(5) =0 o'
=Y =D xes(Qn)xes(0”)
=0 gteTZt
= xes(Q1) Y (=" > xus(o")
t=0 U’ETZt
= xes(Q1)xes(Q2).

proving the claim.

In general, let 77 and 7, be good finite triangulations of Q and Q,, respectively. By
applying the claim to each o’ € T, as well as multiplicativity on orbifold covers, we have

xes(Q1x0") = xes((Q1 x3") x Ggr)
= xes(Q1 x5")/|Gz|
= xes(01) xes(@")/ |Gz |
= xes(01) xes(o”).

Summing up over all of the simplices in 7, and applying Equation (3) as in Equation (5),
Equation (4) follows. O
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3 Operations on I' —sectors

In this section, we examine operations on groups and orbifolds and the corresponding
operations on the I'—sectors. Note that in [8, Lemma 2.6], the authors observed that if
G is a groupoid and ey: M| — M, is a G—equivariant map of G—spaces, then there is
a groupoid homomorphism e: G x M| — G x M, with ey the map on objects and

(GXx M) — (Gx M),
(g.2) +— (g.e0(2))

the map on arrows. In particular, if eq is a bijection then e is an isomorphism, if eg
is smooth then e is a homomorphism of Lie groupoids and if ey is a diffeomorphism
then e is an isomorphism of Lie groupoids. We make frequent use of these facts below.

3.1 The I'; x I';-sectors

Let I'} and T"; be finitely generated discrete groups. Since Qr , 1s an orbifold with
orbifold structure given by the groupoid GT' = Gx S, I , it makes sense to form the
"y —sectors of this orbifold as the translation groupoid (G x Sg l) X SQDZ( sh1. We denote
the resulting orbifold by (er)rz By the authors’ results [8 Theorems 3.1 and 3.5],
the following is a generalization of Tamanoi [22, Proposition 2-1 (2)].

Theorem 3.1 Let G be a groupoid and I"y and T"y be groups. There is a groupoid
isomorphism from

r r Iy xT
(ngg')ngisFl to G823

In particular, if G is an orbifold groupoid, then the orbifolds (er)r2 and é]"lxr‘z are
diffeomorphic.

Proof First, we demonstrate a bijection between the spaces of objects. An element

f SrlxFZ is a homomorphism ®,: 'y x I’y — G, where x € Gy. An element of
ng Srl is a homomorphlsm Vg, from I'; into the isotropy group Cg, (¢x) of the
point ¢x € 8 with respect to the groupoid G x S; A

Fix x € G ; we claim there is a bijection between homomorphisms ®,: 'y xI', — G

and pairs of homomorphisms ¢x: I'y—>Gx and ¥y : [, —>Cg, (dx). Let px: ['1—>Gx

and Yy : 'y — Cg, (¢x). We define ¢ - ¥4 to be the pointwise product, ie
OxYg: T1 xTy — Gy

(6)
(Y1, v2) V> dx(YD) Vg, (12).
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As Yy (12) € Cg, (px) for each y, € I'y, it is clear that ¢ - g, is a homomorphism.

Given a homomorphism ®,: 'y x 'y — Gy, if we set ¢ (1) = Px(y1, 1) for each
y1 € I't and ¥y (y2) = Px(1,y2) for each y, € I'y, then Oy = ¢y - Yy, With
Ve, (12) € Cg,(¢x) for each y, € I'y. It follows that the map

' xI
€o SQD(S 1 —)S X 2, W¢xl—)¢x-w¢x

is bijective.
Now we represent (G X Srl) X ng sfrasa G-space. An arrow in G X S; AET given

by a pair (4, ¢x) with ¢y € Sg and an /# € G such that s(h) = x. Then for each
(7% Sgisgl and y, € I'y, the action is given by

[(h, dx) - Vg, )(v2) = g (y2)h ™!

Where hrg, (Y2)h™ ! is a homomorphism from I', to CG, gy (hpxh —1). So, if we let
o: ngsl“l — G be defined by a (4, ) = x, then « is the anchor map of a G—action

[h- Vg )(v2) = hrg, (y2)h ™",

defined whenever (¥4 ) = s(h) = x The requirements of a group01d action are
clearly satisfied, so that (G x Sg 1) X ng Srl is isomorphic to G x ng s

With this, note that for each 7 € G; with s(h) = x, each ¥y € ngsFl each y; € I'y
and y, € 'y, one obtains via a straightforward calculation that

eolh - Vg J(v1.v2) = [h-eo(¥y,)1(¥1.¥2)

It follows that e is G—equivariant, and hence by [8, Lemma 2.6] is the map on objects
of a groupoid isomorphism. The map on arrows is given by

er. gb(ngsrl _>g[><SF]XF2’ (hv w(f)x)'_)(h’(pXW(f’x)

When G is an orbifold groupoid, a straightforward argument using local charts shows
that eg is smooth, which again by [8, Lemma 2.6] completes the proof. O

3.2 The I' —sectors of product orbifolds
In this subsection, we prove the following.
Proposition 3.2 Suppose G and H are groupoids and T is a group. Then (G x H)T

and GT xHT are isomorphic. If G and H are orbifold groupoids, then the isomorphism
is of orbifold groupoids.
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Note that this in particular implies that if Q is presented by G and Q, is presented
by H,then (Q1 x Q,)r and (Q1)r X (Q>)r are diffeomorphic orbifolds, generalizing
Tamanoi [22, Proposition 2-1 (1)] to the case of general orbifold groupoids.

Proof Recall that (G x H)' = (GxH)x(S§ xSj,) and GT xHT = (GSF)x (HxS]).
Note that an element of Sg X 875 is of the form (¢x,yy) for x € Gy, y € Hy,
¢x € Hom(I', Gx) and ¥, € Hom(T', H),). Define the map

€p: Sg XS;E _)ng’}-[’ (¢x, Wy)'_>¢x wa

where ¢x X ¥, € Hom(I', G x H),) is defined by
(Dx X Yy)(¥) = (@x(¥). ¥y (¥)) € Gx X Hy.

That eg is bijective is obvious.

Now, note that the componentwise G— and H—actions defining G x HI' correspond to
commuting G—and H-actions on 85 xS};. Hence, the G x H —actions on 85 xS}; and
ngH coincide via eg. Then by [8, Lemma 2.6], e induces a groupoid isomorphism.
When G and H are orbifold groupoids, it is easy to see by restricting to local charts that
ep is a diffeomorphism. It follows that e is an isomorphism of orbifold groupoids. O

In [9], the authors define an equivalence relation = on the S, I' and it was shown
that ¢ ~ v, if and only if the G—orbits of ¢, and v, are on the same connected
component of |G |. The ~—class of ¢, is denoted (¢)~ or simply (¢) if no confusion
is introduced. Then Tg was defined to be the set of ~—classes of 85 .

As a consequence of Proposition 3.2, the connected components of (/Ql\/XQz)F clearly
correspond to products of connected components of (Q)r and connected components

= . T T r r .
o.f. (Q.z)l"‘. Hepce, therf: is a bijection between T 0, % T 0, and T 0,x0, A sets. This
bijection is evidently given by

(@) agrs (W)auyr) = (@ XY)x (gxw)T-

3.3 Maps on I' —sectors induced by group homomorphisms

Lemma 3.3 Let G be a groupoid, let A and I" be groups, and let ®: A — I" be a
group homomorphism. Then ® induces a groupoid homomorphism

ep: gl — gh,

If G is an orbifold groupoid, then eg is a homomorphism of orbifold groupoids, and
the map eg,, on objects is an immersion.
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Proof The map induced by ® on objects is given by
eq,: Sg — Sg, Ox > ¢y 0 .

To check that eg, is G—equivariant is a straightforward verification similar to those
given above. In the case of an orbifold groupoid, it is easy to see that with respect to a
local chart, the map eg,, restricts to the embedding of Vx(d”‘) into Vx(e% @) Again
by [8, Lemma 2.6], the result follows. O

We restrict our attention to the case of an orbifold groupoid G. Using the identification
of the multisectors with the I'—sectors corresponding to free groups observed by
the authors in [8, Proposition 3.7], the maps ¢;,, .. ; defined in Adem, Leida and
Ruan [1, page 80] are special cases of the construction above. In particular, let the free
group [y have generators yq, ..., ¥, and pick {iq,...i;} € {1,2,...,k}. Define the
homomorphism ®;, . ;: F; — ¢ by v — i, and then ¢;, . ;, = eq,

The homomorphism eg induces a well-defined map |eg|: |GT | — |G| on orbit spaces.
Letting (1) denote the ~—class of the trivial homomorphism mapping I" to a unit
in G, Q(l) is obviously diffeomorphic to Q. Recall that the map 7: Qr — Q0 was
defined in [9] by 7w (G¢px) = Gx. Letting «: {1} — I, we see that & = |e,| up to the
identification of Q1) with Q.

In [9] following Lemma 3.6, it was stated that the map m is not an embedding of the
I'—sectors of Q into Q. By this, it was meant that the restriction of 7 to a I"—sector
is not generally injective unless the local groups of Q are abelian. Using the definition
of embeddings of orbifold groupoids in Adem, Leida and Ruan [1, Definition 2.3], the
restriction of this map to a I"'—sector is in fact an embedding.

Lemma 3.4 Let G be an orbifold groupoid and I" a finitely generated discrete group.
Let (¢) € Tg and 1: {1} — T', and then the restriction of the map e, to (¢) is an
embedding of orbifold groupoids.

Proof Let x € Gg. Then ¢! (x) N (¢) is precisely the Gy—conjugacy class of ¢y .
The number of such conjugacy classes is given by the index of Cg, (¢x) in G, and
so for each orbifold chart {Vy, Gx,myx} for Q at x, we have that ¢; ! (Vy) N () is
given by
[ v =Gy/Co,(¢x) x VIV,
Yx€E(@x)Gy
where (¢x)g, denotes the Gx—conjugacy class of ¢, . Moreover, geI}l(VX) is given by

]_[ Co, (Px) X v =G, x (Gx/Ca, ($x) X V)glpx)).
Yx€(Px)Gy
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As |e,| = 7 is clearly proper, it follows that the restriction of e, to each I'—sector is
an embedding. |

Hence, each I'—sector of Q is a suborbifold of . We also have the following.

Lemma 3.5 Let G be an orbifold groupoid, let A and I be finitely generated discrete
groups and let ®: A — T" be a group homomorphism. If ® maps A into T" as a direct
factor, then eg is a finite union of embeddings of orbifold groupoids, and the induced
map |eg| on orbit spaces is surjective. In particular, e is an embedding of each
I" —sector into Q A - If ® is an isomorphism, then eg is an isomorphism of orbifold
groupoids.

By virtue of [8, Proposition 3.7], this result generalizes Adem, Leida and Ruan [1,
Proposition 4.1].

Proof Suppose I' = A xTI"/ for some group I'" and ®: A+ (A, 1). For each ¢ € Sé\,
we have e, (¢px X 1) = ¢ . It follows that eg, is surjective on objects and hence on
orbit spaces.

The map e~ ': GT' — (GM)T" given in Theorem 3.1 is an isomorphism, and hence G'
corresponds to the T”—sectors of GA. Moreover, the map 7: (QA)F/ — GA clearly
satisfies 77 0 e~ !
an embedding.

= ep. By Lemma 3.4, then, the restriction of eg to each I"—sector is

If e is an isomorphism, then clearly eq and eq—1 are inverse groupoid homomor-
phisms. |

Lemma 3.6 Let G be an orbifold groupoid, let A and I be finitely generated discrete
groups and let ®: A — I' be a group homomorphism. If ® is surjective, then eg is an
embedding of GT into G whose image consists of entire connected components.

Proof Suppose P is surjective. Then for each ¢, € Sg , Im¢y = Imeg,(¢x)
as subgroups of Gx. Therefore, given a linear chart {Vy,Gx,mx} for Q at x,
Vx(d”‘) = Vfewo@))  and Ci,(¢x) = Ci,(ea,(px)). Moreover, if ¢y, € Sg
satisfy eq, (dx) = eq,(¢),), then for each A € A, we have ¢x(P(R)) = ¢5,(P(R)).
It clearly follows that x = y, and as ® is surjective, ¢x = ¢;. Therefore, eg, is
injective.

In local charts, the maps ¢, and eg, are simply the identity maps. Hence eg
restricts in each chart to an isomorphism of orbifold groupoids. As eg, is an injective
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immersion, the induced map |eg| on orbit spaces is clearly proper. It follows that eg
is an embedding of orbifold groupoids.

To show that the image of |eg| consists of entire connected components, suppose
ox € 85 and V¥, € Sé\ such that G(¢px o @) and Gy, are elements of the same
connected component of Q 4. By [9, page 9], it follows that ¢, o ® ~ v, as elements
of Sé\, S0 ¢x o ® and ¥, are connected by a sequence of local equivalences in Sé\.

Whenever
loc

Uy ¥y,

there is a g € G; such that g[£) o vy (M)]g™! = ¢y (A) for each A € A. Therefore,
Im v/, and Im v,/ are isomorphic subgroups of Gy, and G/, respectively. Hence, there
exists a ¢y,: I' — G, such that ¢, o ® =), if and only if there exists a ¢y/: I' — G,
such that ¢, o ® = v,/. As this is true for each of the local equivalences connecting
¢x o ® to Y, (regardless of their direction), it follows that there is a ¢, such that
¢y o ® =1y, and so ¥y, is in the image of eg, . It follows that |eq| maps connected
components to connected components. d

It follows that when @ is surjective, e embeds QF into Q A as a suborbifold con-
sisting of entire A —sectors of Q. In particular, each I"—sector of Q is diffeomorphic
to a A—sector via |eg|.

4 The I' -Euler-Satake characteristics

We state the following.

Definition 4.1 (I'-Euler—Satake characteristic) Let Q be closed and I'" a group. Let

@ = Y xes(O) = xes(Or)

($)eT)

denote the I'—Euler—Satake characteristic, the Euler—Satake characteristic of the space
of I'—sectors of Q and

K@= > xop(Q) = Xiop(Or)

(®)eT},

the I"'—Euler characteristic, the usual Euler characteristic of the (underlying space of
the) space of I'—sectors of Q.

Algebraic € Geometric Topology, Volume 11 (2011)



536 Carla Farsi and Christopher Seaton

Note that both sums are finite when I' is finitely generated; this was verified by the
authors in [9, Lemma 2.9]. Applying the results of the authors in [8], these definitions
extend those given by Tamanoi in [21; 22] for global quotients. In the case that Q is
oriented, X'f:,S(Q) is the evaluation of the I'—Euler—Satake class of Q defined in [9,
Section 2.3].

We have the following two corollaries, the first a direct consequence of Theorem 3.1,
and the second following from Proposition 3.2 and Theorem 2.3.

Corollary 4.2 Let Q be a closed orbifold and I'; and I', be finitely generated discrete
groups. Then

@) XE o, (0) = £ (0r,).

Corollary 4.3 Let Q1 and Q, be closed orbifolds and I" be a finitely generated
discrete group. Then

XE(Q1 % 02) = xp(Q1) X (Q2).

Applying these results to the case of quotient orbifolds, we obtain the following
generalization of Tamanoi [21, Proposition 2—1].

Corollary 4.4 Let G be a compact Lie group, let M be a smooth, compact manifold
on which G acts smoothly and locally freely, and let Iy and I'; be finitely generated
discrete groups. Then

XD, (M % G) = Yo B WP %Cs9)).
(¢)eHom(I'1,G)/ G
and XtI(‘)fo‘Z (M xG) = Z thi’g (M % Cg(0)).

(¢)eHom(I'1,G)/ G

In the proof of [20, Theorem 3.2], the second author demonstrated that )(ES(Q) =
Xtop(Q), Where Q denotes the inertia orbifold (see [2, Definition 2.49]). Note that
this proof does not require the codimension—2 condition nor the hypotheses that Q is
effective or orientable. In [8, Corollary 3.8], the authors show that the inertia orbifold
corresponds to the Z—sectors. Hence, we have the relationship

(8) Xiop(0) = x5 () = xes(Q).
More generally,
©) X (Q) = xB5.7(0).
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5 Wreath symmetric products

In this section, we consider the wreath symmetric products of orbifolds presented as
the quotient by the locally free action of a compact, connected Lie group. In Sections
5.1 and 5.2, we discuss the structure of wreath products of compact, connected Lie
groups and the associated symmetric products; see Tamanoi [21] and Wang [25] for the
case of G finite. In Section 5.3 and Section 5.4, we use this structure and the properties
of the I'—Euler—Satake characteristics demonstrated above to derive formulas for the
7™ —Euler-Satake characteristics of wreath symmetric products

Throughout this section, we let G be a compact, connected Lie group acting smoothly,
effectively and locally freely on the closed manifold M and let O denote the orbifold
presented by M x G . We let G" =[]7_; G denote the direct product with elements
denoted g = (g1,....2xn).

5.1 Wreath products of compact groups

Let S, denote the symmetric group on a set of n elements. Then S, acts on G" by
setting

s(g) = (gs_l(l)ﬂ R gs—l(n))
for each s € S, and g = (g1,...,gn) € G". Then the wreath product G(S,) of G
by S, is the semidirect product of G” by this action. In particular, we have

(g.s)(h.1) = (gs(h),sr) and (g.5)~' = (s""(g"").s7")
forg,he G" and 5,1 € S,,.

5.1.1 Conjugacy classes The conjugacy classes of G(S,) correspond to conju-
gacy classes of G and conjugacy classes of S,,. We can decompose each element
(g,s) € G(Sy) into a product (g, s) = Hj (gj.s;) of disjoint cycles corresponding
to the cycle decomposition s = [] j8j in Sp, where for each j, we define g; to
be the element of G" associated to g having nontrivial entries only in the positions
{i1,..., i} corresponding to s; = (i ---i,). For each j, let ¢; € G denote the cycle
product associated to s;, ie the product of the components of g;. See Tamanoi [21,
page 129] or Wang [25, Section 1].

The following proposition, giving information about the conjugacy class of (g, s) in
G(Sy), is stated in [21, Proposition 3-1] for G finite. Notice that the outside product
in Equation (11) is restricted to a finite set; with this modification, Tamanoi’s proof
by direct computation extends to the case of G compact and connected. We let G
denote the set of conjugacy classes of G and (c) the conjugacy class of ¢ € G.
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Proposition 5.1 Let (g,5) =[] (8j.5j) € G(Sn) be a disjoint cycle decomposition
of a fixed (g,s) € G(S,) as above. For a fixed j with s; = (i1iz---i,), define

dj =(gi,. gi»&iy»---» &ir&ir—y ---8&iy) €G" and ¢; = (¢j,1,...,1) € G" with¢j =
gi, '+ &i, as above. Treating (g;,s;j) as an element of G(S;) in the obvious way, we
have

(10) (g, 57) = (d;, D(¢j,5)(d;. )™ € G(S)).

Moreover, (d;, 1) and (dy, 1) commute for any j # k.

Let G«(g. s) denote the collection of conjugacy classes (¢) € G« such that ¢j € (c) for

some j. Foreach (¢) € G«(g,s) andeachr =1,2,...,n, let m,(c) denote the number
of r—cycles s;j of s such that the corresponding c; is conjugate to ¢. We enumerate
the corresponding sj and €j as Sj((c),r),»- - - S () and ¢j, , ..., Cinr () » which

are now considered elements of S, and G(Sy), respectively. Let (d, 1) = [];(d;, 1) €
G(S;). Then the cycle decomposition (g, s) = Hj (gj.sj) of (g,s) induces the decom-
position, up to conjugation,

my(c)

(11) (g,s>~<d,1)< [T 11 H(cj(@),r),.,sj((c),r),.))(d,1)‘1eG(sn).

(c)eG(g,s) r=1 i=1

Note that G«(g, s) is finite so that the above product is defined.

Proof Equation (10) can be verified by a direct computation. Then as the (g;, s;)
commute, Equation (11) follows as we are taking the product over all possible cycle
lengths. a

It follows from Proposition 5.1 that for each cycle s;, the conjugacy class of the
corresponding ¢; is uniquely determined. Hence, we have the following.

Definition 5.2 Fix (g,s) € G(S,). With the notation as in Proposition 5.1, there is
a partition-valued function p: G« — P called the type of (g,s), denoted p((c)) =
(my(c)) forr =1,...,n. Here, P denotes the set of partitions of nonnegative integers.
As s € &, is decomposed into cycles,

n
(12) Z Z rmy(c) =n.
r=1 (c)eG«
In particular, 7. =Y 7 _; rm,(c) <n is finite. If we set m, = Z(C)GG* my(c), then

Z;’ —; 'm, = n so that the m, determine a partition of 7.
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By Proposition 5.1, the conjugacy classes of G(S,) are parameterized by types, gener-
alizing to wreath products the well-known fact that the conjugacy classes of S, are
determined by the structure of their cycle decomposition.

5.1.2 Centralizers We will now study the structure of the centralizer of an element
(g, s) of the wreath product G(Sy) up to conjugation by G(S,). By Theorem 5.3, we
have that Cg(s,)(g, s) can be decomposed as a product of wreath products.

Let (g,5) = ]_[j (gj.sj) € G(S,) be a disjoint cycle decomposition of (g,s). If
(h,7) € G(S,) commutes with (g, s), then conjugation by (h, ¢#) permutes the m1,(c)
elements (¢j((c),r);»Sj((c),r);) in the decomposition given by Equation (11) leaving r
and (c) fixed. It therefore induces a homomorphism

n
P Cosn@— ] [ISwmo-
(c)eG«(g,s) r=1

where S, (¢) as usual denotes the permutation group on m,(c) elements.

With this, the following important description of the centralizer of (g, s) in G(S;)
generalizes to the case of G compact, connected with identical proof; see Tamanoi [21,
Lemma 3-4 and Theorem 3-5] and Wang [25, Lemma 2].

Theorem 5.3 Let (g,5) =[] ;(8j.8j) € G(Sp) be adisjoint cycle decomposition. For
afixed j where s; has length r, the centralizer Cgs,)(gj, ;) of (g;,s;) treated as an
element of G(S,) in the obvious way is given by the product

Ce(s,)(8j»5j) = Ca(cj)are;)
where ¢; is the cycle product of gj and ¢; = (¢j,1,...,1) € G" as above, a,c; =

(¢j,(12---r)), and Cg(c;) is considered a subgroup of G(S;) via the diagonal map.
By Cg(c){ay,c), we mean the subgroup of G(S,) generated by Cg(c) and a, . Then

Cosn@nz= ] J]Co@(are)(Sm )

(©)€Gx(g,s) r=1

where [Cg (¢){ar,c)](Sm, (c)) is a wreath product and m,(c) again denotes the number
of r —cycles in the cycle decomposition of (g, s) with cycle product in the conjugacy
class (¢). Note that ay, . = ((c,...c), 1) and [ay,c, Cg(c)] = 1. The isomorphism is
induced by the conjugation given in Equation (11).

Hence, the centralizer of an element (g, s) € G(S,) can be decomposed into a product
of centralizers according to the cycle decomposition of s € Sj,.
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5.2 Actions of wreath products on manifolds

Let M be a G—manifold, and consider the action of G(S,) on M" given by

(g, S)(Xl, B ,Xn) = (glxs_l(l), ey gnxs—l(n)).
We let MG (Sy,) denote the orbifold presented by the groupoid M" x G(S,), called the
wreath symmetric product of M x G . When n = 1, note that M xG(S1) =M xG.

In this section, we describe the structure of the fixed point sets (M7){@&5) for a fixed
(g,s) € G(Sy). We continue to follow Tamanoi [21] and Wang [25].

We make repeated use of the following general fact. Suppose K is a compact, connected
Lie group acting locally freely, effectively and smoothly on the smooth manifold Z in
such a way that Z x K is Morita equivalent to an orbifold groupoid. By Adem and
Ruan [2, Theorem 5.3], the standard cohomology of the inertia orbifold is given by

HY((ZxK)?%) = @ H*(ZW xCx k).
K)etzix

where 7. denotes the set of conjugacy classes in K with nonempty fixed point set
in Z. It follows that the delocalized cohomology (ie, the equivariant cohomology of
the inertia orbifold) is isomorphic to the complexified orbifold K—theory.

If K and L are compact, connected Lie groups such that L acts on K and K x L
acts on the manifold Z, then

(13) H*(Zx(Kx L))~ H*(Z)X*L ~ H*(Z x L)X
where the latter two expressions indicate the invariant cohomology.

We now return to the case of a wreath symmetric product. We begin by studying the
special case of (g,s) = ((g,1,...,1),7) € G(Sy) with t = (1,2,...,n) € Sy. Given
Proposition 5.1, the proofs of Wang [25, Lemmas 4 and 5] generalize to the case of G
compact and connected, yielding the following.

Proposition 5.4 Suppose that a = ((g, 1,...,1),1) € G(S,) for some g € G with
t=(1,2,...,n) €S,. Then
(MM ={(x,....x)e M": x = gx}.

The group Cg(s,)(a) is isomorphic to Cg(g){a), and the action of Cg(g){a) on
(M™)'@) can be identified via the diagonal map with the action of Cg(g) on M€
together with the trivial a—action. Therefore, by Equation (13), we have

H* (M™% % Cg(s, (@) = H* (M (8)Cc(@),
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Using the decomposition given in Proposition 5.1, it follows that G(S,) acts locally
freely on M" if and only if G acts locally freely on M . Hence, M x G is Morita
equivalent to an orbifold groupoid if and only if the same holds for M" x G(S,). With
this, we can determine the delocalized equivariant cohomology of M G(Sy), that is,
the standard de Rham cohomology (via G —invariant differential forms) of the inertia
orbifold MG(Sy,)y of MG(S,) in the case that M x G is Morita equivalent to an
orbifold groupoid. This result is a straightforward generalization of results of Tamanoi
in [21; 22].

Proposition 5.5 For a fixed (g, s) € G(S,) with nonempty fixed-point set in M", the
groupoid (M™){(@&5)) 5 Cag(s,)((g.5)) is given as follows. First, let

ymr(©) — (M(C))mr(c) x (Cg (C))mr(C)’
and let S, (¢) act on Y™ (©) by permuting the coordinates of (M {}ymr(©)

It follows by Equation (13) that

n
H* ((Mn)(a) 1 CG(S,,)(“)) ~ ® ® H* ((M(c))mr(c) % CG(c)m,,(c))Smr(c)’

(e)etpr:c r=1

where t. = ), rm,(c) < n and the factors where m,(c) = 0 correspond to points
with trivial action.

Remark 5.6 The above results imply that the conjugacy classes of G(S,) with
nonempty fixed point sets in M" are parameterized by the finite set tps.¢ of conjugacy
classes (c) € G« with nonempty fixed point sets and their types m,(c) withr =1,...,n.
In particular, let tp7,¢ = {(c1),....(cn)}. The set tprn.G(s,) = {(a) € G(Sy) :
(M™)la) = &} is parameterized by the m, (c;) withr=1,...,nandk=1,... N. We
emphasize the equalities Y es,,.; 2or 'Mr(¢)=n and 3, rm, = n from Definition
5.2, which play an important role in the sequel.

By the above observations, when M /G and hence M G(S) is an orbifold, the inertia
orbifold (MG(Sy))z of MG(Sy) is presented by the groupoid

IMG, =[] M) ®) xCgs, (8 5)

((g,5))€tprn.G(sp)

— ]_[ l_[ l_[ ((M(C))Mr(c) X (CG(C)<ar,c>)mr(c)) XSmr(c)-

my(c) r=1 (c)€tm:c

(14)
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It follows that

H*(W(Sn))z): @ H*((M")((g’S))NCG(S,,)(g,S))
((g:8))Etprn .G (sp)
(15) =P Q & H (M) OxCo(e)™ S, o))

my(c) r=1(c)€trr.c

= @ é ® H*((M(c))m’(c)NCG(C)m"(C))S’"r(C)'

my(c) r=1(c)€trr.c

5.3 Generalizations of MacDonald’s formulas

In this subsection, we prove Theorem 5.8 which generalizes MacDonald’s formulas in
MacDonald [13] and Wang [25, Theorem 5] to the context of an orbifold given by a
quotient by a compact, connected Lie group acting smoothly and locally freely. This
formula will serve as the base case in the induction proof of Theorem 5.11.

First, we derive the following formula for the Euler—Satake characteristic of a wreath
symmetric product M G(S,) as defined in Section 5.2.

Proposition 5.7 For a quotient orbifold Q presented by M x G,

Kes(MG(S) = - (tes(Q))"

Proof By using the slice theorem, it is straightforward to show that the natural map
G"x — G(Sy)x from the orbifold presented by M” x G" to the orbifold M G(S,) is
an orbifold cover of with n! sheets.

Now, note that M" x G" = (M x G)" so that by Theorem 2.3, xgs(M" x G") =
(xes(Q))". Then the result follows from Lemma 2.2. |

Theorem 5.8 Let G be a compact, connected Lie group acting smoothly, effectively
and locally freely on the closed manifold M . Let Q denote the orbifold presented by
M x G and M G(Sy,) denote the wreath symmetric product.
(1) The de Rham cohomology H*(M G(S,)) of G(S,)—invariant differential forms
on M" satisfies the MacDonald formulas
1
(1 — g)dimlH*(Q)]

H*(MG(Sy) = SP"[H*(Q)] and " dim[H* (MG (S»)lg" =

n=0

where SP denotes the symmetric product and dim[W ] = |dim[W®] ® C| —
|dim[W°4] ® C| denotes the Euler characteristic of the complex W .

Algebraic € Geometric Topology, Volume 11 (2011)



Generalized orbifold Euler characteristics for general orbifolds and wreath products 543

(2) The delocalized equivariant cohomology Hy; (M G(S,)) satisfies the MacDonald
formula

P Hy (MG(S)q" = SP (eB H*((M/G>Z)q").

n=0 n=0
As well, we have the dimension formula

Zdlm[HZ(MG(Sn))]CI = 1_[ a _qn)dim(HZ(MNG)).

n=0 n=1

Proof See Wang [25, Section 6], Zhou [29] and Tamanoi [21, Section 4]. O

The K -theory of the crossed product algebra C(M )xG is isomorphic to the equivariant
K—theory of M (see eg Blackadar [4]), which coincides with the orbifold K—theory
of Q (see Adem, Leida and Ruan [1, Definition 3.8]). For a quotient orbifold Q, recall
that X%SZ(Q) coincides with the stringy orbifold Euler characteristic and hence the
Euler characteristic of the orbifold K-theory of Q. Hence

x55(0) = dim K*(C(M)» G)®C —dim K'(C(M)xG)®C.

As the (complexified) K —theory is isomorphic to the delocalized cohomology, we have
the following.

Corollary 5.9 With M and G as in Theorem 5.8,

1
D X (MGSp)g" =) dim[K*(MG(S))lg" = [ | (1= g iR OTG)

n=0 n=0 n=1

5.4 Wreath symmetric products and product formulas

In this section, we prove a product formula for the Z™ —Euler characteristics that

extends Tamanoi [21, Theorem A] to the case of a quotient by a compact, connected
. .. . top ES ES

group. For simplicity, we abbreviate X, as X(m) and X7, as Xm)-

The following result is proven as in [21, Lemma 4-1].
Lemma 5.10 Let L be a compact Lie group, K a closed, connected subgroup, and
suppose there is an a € L such that (a) N K = {(a") and a € Cp.(K). Let M be a

K —manifold on which K acts smoothly, effectively and locally freely, and suppose a
acts trivially on M . Then for each m > 0,

Xmy(M x K(a)) = 1" x(m)(M x K).
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Theorem 5.11 Let G be a compact, connected Lie group acting smoothly, effectively
and locally freely on the closed manifold M , and let Q be the orbifold presented by
M xG. Then

(16) > xes(MG(Sn))q" = exp (g xes(Q))-

n=0

Form >0,

o0

n=0 J1sesim=1

Noting that Jym = D j .j, —r j2j32---j;1"__12j,;,"_1 is the number of subgroups of

index r in Z™, Equation (17) can be rewritten as

a® > o MGEN" = [][(1—g")rm 5@,

n=0 r=1

Proof Equation (16) follows by applying Proposition 5.7. The proof of Equation
(17) and Equation (18) is by induction on m. As x(0)(Q) = xwp(Q) and x(1)(Q) =
Xtop(Q1z), the cases m = 0 and m = 1 of Equation (17) corresponds to

00
Z Xtop(MG(Sn))qn = (1 _q)_XIop(Q)
n=0
& e ~
and Z Xop(MG(Sp)z)q" = 1_[(1 _ ") X 02)
n=0 r>1

both following directly from Theorem 5.8.

For m > 1, we have that

> 4" Ky (M G(Sp))

n=0

= " xn-1)(MG(SD)z)

n=0

=>0" > X (M EV  Cs,)(8. )

n=0  ((g,8))€tpn.G(sn)

= Zq"x(m_1)< [T TTTT(aslerym s ([ca(c)<ar,c>1’"r<c>><Sm,@))),

n>0 my(c) ¥ (c)
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where the union and products are over all m, (c¢) > 0 for (¢) € ta7.G, ¥ > 1 subject to
the constraint that Zr,c rmy(c) =n and (c¢) € tpr.6 . Applying Corollary 4.4, we have

> 4" ) (MG (Sn))

n=0

=>"4" > T Txon—n (@™ @ % ((Cale)(are)™ xS, ).

n=0 me(c) ¥ (c¢)
=Y 4" > T Txem=(SP™ QM )% (Ca(e)are)).
n=0 mer(c) ¥ (¢)

where the symmetric product of a crossed product groupoid X = K x L is defined
in a similar way to the symmetric product of a vector space; that is, SP™[X] =
K™ % (L™ xSy,). In other words, the symmetric product is the wreath product.

As in the proof of [21, Equation (4-1)], the above formula implies that if we again set
my, =) .my(c), we have

> 4" Xy (MGSD) = Y 4" X1y (MG(Sp))z)

n=0 n=0
=>"¢" > T ] xem-1(SP™ [IMG,)),
n=>0 my r

where now the sum is over all m, > 0 and r > 1 such that ) . rm, = n, and
SP™ =Dy SP™(©)  Note that the groupoid IMG, is defined in Equation (14).
Hence, this is equal to

S [T Xn-1y(SP™™ [IMG, )
my r
with no constraints on 7, > 0. As x(,—1) is a multiplicative character, this is equal to
[12_4" xn—1(SP™ [IMG,)).
r my
Now, by the inductive hypothesis,
19) > 4" Xomy(MG(Sn))

n=0

2) _X(m—l)(]IMGr)

— l_[( 1_[ (1_(qr)l’1 ..... rm—l)rzr_%"'r;n:l
r

FlsyeersFm—1=>1

By Lemma 5.10, Theorem 5.3 and Proposition 5.5,

Xm—1)(AMG,) = r" 1y u_iy (M % G) ).
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Combining this with Equation (19), we have

=X (Q)
2 m—2 ,.m—1
Zq”X(m)(MG(Sn))=[ [T (1—grrmmryiesiicis } ,

n>0 Vo1 seesmm—1>1

completing the proof. a

An application of Equation (9) allows us to express Theorem 5.11 in terms of the
7™ —Euler-Satake characteristics as follows.

Corollary 5.12 Let G be a compact, connected Lie group acting smoothly, effectively
and locally freely on the closed manifold M , and let Q be the orbifold presented by
M xG. Then

exp(q xes(Q)) m =0,

(o,]

ES n

Xy (MG(Sn))g" = _ES
}12:;) (m) n Hrzl[(l_qr)']r'm_l] X:E,n)(Q) m>0.

6 Generalized Hodge numbers

In this section, we prove Theorem 6.4, yielding a product formula for the orbifold
Hodge numbers of a quotient by a compact, complex, connected Lie group G. See
Wang and Zhou [26] for the case of G finite. Note that for special choices of the
parameters x and y in Theorem 6.4, we obtain interesting geometric invariants; see
the note after Definition 6.1.

To derive our product formula for the shifted Hodge numbers, we will use the prod-
uct formula for the case of the Hodge—Poincaré numbers and make the necessary
modifications that account for the degree shifting. We assume that G is a compact
complex connected Lie group acting effectively, holomorphically and locally freely
on the compact complex manifold M, and Q is the complex orbifold presented by
M x G . We use here the complex standard cohomology of differential forms H**'(Q).
The following definition follows [26, page 157].

Definition 6.1 Let the compact, complex, connected Lie group G act effectively,
locally freely and holomorphically on the complex manifold M . We define the standard
orbifold Hodge polynomials H(M x G; x, y), the generating function of bigraded
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spaces and h(M x G;x, y), its graded dimension, by

H(M xG;x,y) = Z HS' (M xG)x*y'
s,t>0
and h(M xG;x,y)= Z |dimc[HS" (M x G)]|x*y*

§,t=>0

where H*'(M x G) are the standard Dolbeault cohomology groups of the complex
orbifold M x G. We define the standard delocalized orbifold Hodge polynomials
Hp(M xG;x,y) and hp(M xG; x,y) by

Hp(M xG:x.y)= Y H"(0z)x*)y'

s,t=0

and hp(M xG;x,y) = Z |dimc[H* (Q7)|x° y*

s,t>0

For example, it is well known that the Hirzebruch genus of M x G is given by
h(M x G, y,—1), the (topological) Euler characteristic by 2(M x G,—1,—1) and the
signature by /(M x G, 1,—1).

In the remaining definitions, we will need to consider the grading shift. In this context,
the degree shifting number in Adem, Leida and Ruan [1, Section 4.2] corresponds to
that of Zaslow [28], which we now recall.

Fix ¢ € G, and let M| fe ) My ‘) be the connected components of M e} We
let F ¢ denote the shift number assomated to each M {e) ,j=1,..., Nc, obtained by
summlng over the angles associated to the action of G on the tangent to M ) Then
for 0 < p,q < dim¢ Q, the Chen—Ruan Dolbeault cohomology groups are glven by

N
HEIMxG) = @ @HPF T (M % C(0)).

(C)EIM;G j=1

The following definitions follow Wang and Zhou [26, page 156].

Definition 6.2 Let the compact, complex, connected Lie group G act locally freely and
holomorphically on the compact, complex manifold M and suppose each of the shift
numbers ch are integers. Define the shifted delocalized orbifold Hodge polynomials
hcr(M xG;x,y) by

her(M % Gix.y) = ) |dim[Heg (M % G)|x*y!

s,t=0
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Also define the shifted delocalized orbifold Hodge numbers HP1(M xG) of M x G
for 0 < p,q <dimc Q by

Ne -
HPAM G = Y SR o),

(©)etp.g j=1

where
W (e) = dime[HP4 (M) % Cg(e))] = (~=1)7 9 dimc [HP (M) % Cg(0))],

for j=1,...,Ng, p,q=0.

To derive our product formula, we will use the following, which follows from general
results on graded vector spaces (see Wang and Zhou [26, Theorem 3.1]).

Proposition 6.3 Let N be a compact, complex manifold and let K be a compact
complex, connected Lie group acting effectively, holomorphically and locally freely
on N with integer shifts.

(1) The standard delocalized orbifold Hodge polynomials Hp satisty

D Hp(N" x (K" % Sy): x. p)g" = SP[@ Hp(N x K;x, y)q’},

n=0 r>0
where SP again denotes the symmetric product algebra.
(2) The standard delocalized orbifold Hodge polynomials hp satisty

1
n)hg’(NxK)’

Y hp(N" 3 (K" x8y);x,9)¢" = ]

#=0 nst (1—x5y'q

where hi;t (N x K) = dimc (Hi)’t(N x K))
= (=1)**|dime (Hp" (N % K)|,

for s,t > 0, and where

hp(N xK) =" hy/ (N x K).
s,t

The following is the main result of this section. For the case of G finite, see Wang and
Zhou [26, Theorem 3.1].
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Theorem 6.4 Let M be a compact, complex manifold on which the compact, complex,
connected Lie group G acts effectively, holomorphically and locally freely with integer
shifts. The shifted delocalized orbifold Hodge polynomials satisfy

Y her(MG(Sy); =%, —y)q"

n=0

- 1
:nl:[l SH (1= x5 plgn (xy)r=Dd/2) =D HIG (MG)

,t=0

Proof The result follows from Proposition 6.3 adjusted for the appropriate degree
shift as in Zhou [29, page 5], together with Lemma 6.5 below, which can be proved by
using local coordinates; see [26, Equation (9)]. O

Lemma 6.5 Let M be a compact, complex manifold on which the compact, complex,
connected Lie group G acts effectively, holomorphically and locally freely with integer
shifts. Then the degree shifts of the wreath product orbifold M G(S,) are given by

n N, _
Fpo=>" Y Y m()) (ch +d%) ;

r=1 (c)€tapr:c j=1

where p = {my (=10t - Mr(©) = SN myey(j) and X, o rmp(€) = n.
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