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Homotopy algebra structures on twisted tensor products
and string topology operations

MICAH MILLER

Given a Cy coalgebra Ci, a strict dg Hopf algebra H, and a twisting cochain
7: C4 — H, such that Im(t) C Prim(Hy), we describe a procedure for obtaining
an Ao coalgebra on Cx ® Hy. This is an extension of Brown’s work on twisted
tensor products. We apply this procedure to obtain an A, coalgebra model of the
chains on the free loop space LM based on the Cy, coalgebra structure of Hy (M)
induced by the diagonal map M — M x M and the Hopf algebra model of the
based loop space given by T (H.(M)[—1]). When C, has cyclic Co, coalgebra
structure, we describe an A, algebra on Cyx ® H, . This is used to give an explicit
(nonminimal) A, algebra model of the string topology loop product. Finally, we
discuss a representation of the loop product in principal G —bundles.

55P35, 55R99, 57N65, 57R22, 57TM99; 55Q33, 55Q32

1 Introduction

Brown’s theory of twisting cochains, outlined in [2], provides a way to model the
total space of a bundle in terms of the base and fiber. Given a principal bundle
G — P — M and a twisting cochain 7: Cx(M) — C«(G), Brown constructs a
complex (Cx(M) ® C«(G), d;) whose homology is isomorphic to Hy(P). If Y isa
G space and ¥ — P xg Y — M is the associated bundle, then there is a complex
(Cx(M) ® C«(Y), 0;) whose homology is isomorphic to Hy(P X Y). Quillen [21]
shows that when Im(z) C Prim(Hy), the isomorphism is one of coalgebras. There is
an extensive literature on twisting cochains due to their wide ranging applications. We
have focused on these two results immediately related to this discussion.

In Section 3, we push Brown’s theory to homotopy algebras. That is, given a Cyo
coalgebra Cy, a dg bialgebra H, and a twisting cochain t: Cx — H, where Im(t) C
Prim(H,), we define a twisted A coalgebra on Cy ® H,. The twisted coalgebra
structure is denoted {c;: Cx @ Hy — (Cx ® H*)®”}. The twisted term in Brown’s
differential is described by applying the coproduct on Cs, then applying t to one of
the factors, and finally using the multiplication in Hy. The same idea is used for c7,
except we use the higher homotopies {¢,,: Cx — CE™} of the Cso coalgebra structure
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1164 Micah Miller

as well as the coproduct. We use the same process to obtain c¢J, except we use the
maps ¢,~». And the process continues for all ¢ . If Cy is a strict differential graded
coalgebra with ¢, = 0 for n > 2, then the complex reduces to Brown’s complex. For
this reason, we denote ¢ by d;. The following theorem is proved in Section 3.

Theorem 3.9 Let Cy be a C coalgebra, Hy a dg bialgebra and t: Cx — Hy a
twisting cochain such that Im(t) C Prim(Hx). The maps {dr,c;,c3, ...} define an
Aoo coalgebraon Cyx ® H,.

We then define the conjugation action of H, on itself. The action of a primitive
element on H, is both a derivation and a coderivation. If we go through the process of
defining {c;} as above, except instead of using the multiplication in Hy, we use the
conjugation action, the resulting maps also define an A, coalgebra structure. Because
the conjugation action involves the antipode map, we require Hy to be a dg Hopf
algebra, as opposed to a dg bialgebra found in the Theorem 3.9.

Theorem 3.17 Let Cx be a Cso coalgebra, Hy a dg Hopf algebra and t: Cyx — Hix
a twisting cochain such that Im(t) C Prim(Hy). The maps {9, c;,c3, ...} obtained
using the conjugation action define an A, coalgebra on Cy ® Hy .

Since the conjugation action is a derivation, if C, also has a multiplication, it is
reasonable to ask for an Ao, algebra on Cy @ Hsx. When Cy is a cyclic C coalgebra,
there is a twisted Ao, algebra on Cy @ Hy.

Theorem 3.18 Let Cy be a cyclic Co, coalgebra, Hy be a Hopf algebra and t: Cyx —
H, be a twisting cochain with Im(t) C Prim(Hy). The maps {0,,m,,m3, ...} defined
using the conjugation action in H, give Cyx ®; Hy the structure of an A, algebra.

The A algebra and A coalgebra share the same differential d, so they compute
the same linear homology. We still do not know what the further compatibilities are.

Section 4 applies this work to the path space fibration Q5(M ) — Pp(M)— M . Since
Qp(M) is homotopy equivalent to a topological group, we consider Pp(M) — M
to be a principal bundle. The first step is to construct a twisting cochain Hy (M) —
T (H«(M)[—1]), whose image is in L(Hx(M)[—1]). We obtain such a map by con-
sidering the construction of a power series connection. Then we apply Theorem 3.9 to
get an A, coalgebra model of the based path space.

We also get a description of string topology operations from the path space fibration.
Any group acts on itself by conjugation. The conjugate bundle is defined to be the
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associated bundle of a principal G bundle with respect to the conjugation action. The
conjugate bundle obtained from the path space fibration is a model of the free loop space.
Applying Theorem 3.17 gives an A coalgebra structure modeling the coalgebra on
H,.(LM) induced by the diagonal map. Applying Theorem 3.18 gives an A, algebra
structure modeling the algebra on H,. (L M) given by the loop product.

The final section applies the work in Section 3 to the case of a principal G bundle G —
P — M, where G is a connected Lie group. The A coalgebra on Hy (M) ® Hy(G)
given by applying Theorem 3.9 can be expressed in terms of the characteristic classes of
the bundle. We can also consider the conjugate bundle, denoted Conj(P) — M . Then
Theorem 3.17 gives an A, coalgebra model for Hy(Conj(P)) and Theorem 3.18
gives an A, algebra model.

Given a connection on P — M , there is a map of bundles P, (M) — P, which induces
a map on associated bundles with respect to the conjugation action Conj(Pp(M)) —
Conj(P). Then the algebraic structures we get modeling the total space Conj(P)
are representations of algebraic structures on Conj(Pp(M)). In this way, we get
representations of string topology.

Acknowledgements This paper would not have been possible without the help and
direction of Mahmoud Zeinalian. The author has also benefited from many helpful
conversations with Joseph Hirsh, Jim Stasheff, David Stone, Dennis Sullivan and
Thomas Tradler. The referee provided many necessary and constructive comments,
which helped improve the paper.

2 Background material

Algebras and coalgebras are taken over Q. Homology and cohomology are taken with
coefficients in Q.

2.1 Twisting cochains

We first describe Brown’s theory of twisting cochains in a purely algebraic setting.
Let Cy be a differential graded coalgebra and A, a differential graded algebra. Then
(Hom(Cx, A%),dc ® 1 +1®d4) is a differential graded algebra, and a twisting cochain
is an element € Hom(Cy, A4) satisfying the Maurer—Cartan equation

dgot+t0dc+71-7T=0.

The Maurer—Cartan equation makes sense for any differential graded algebra, and a
twisting cochain is a Maurer—Cartan element in a differential graded algebra of the
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form Hom(Cx, Ax). The tensor differential dc ® 1 +1® d4 on Cyx ® A« is twisted
by adding a term

A®1 19T®1 1®
We refer to this term as the twisted term, and d; is the sum of the tensor differential
and twisted term. The coproduct on Cy defines a comodule on the tensor Cy ® Ay —
Cy ® Cx ® Ax. The coalgebra Cy is a comodule over itself.

Theorem 2.1 [2] Let Cx be a coalgebra, Ay an algebra and t a twisting cochain.
Then (Cyx ® Ax, 0¢) is a chain complex. If C; = 0 and €: A« — k is an augmentation,
then Id ®e¢: Cyx ® Ay — Cy is a map of comodules.

Proof In [2, page 229], d; is shown to square to zero. We give a diagrammatic proof
of that 3> = 0 in Remark 3.8.

The map 1 ® € obviously commutes with the comodule map, since the comodule map
on Cyx ® A4 is given by the coproduct on Cy and the coproduct on Cy is the comodule
structure for Cx. To show that 1 ® ¢ commutes with the differential, it suffices to
show that 1 ® € vanishes on the twisted term. To see this, note that € is zero on any
element of positive degree in Ax. Let c @ h € Cy ® Ay. If h is in positive degree,
then the twisted term will have positive degree in the A factor and will map to zero
under 1 ® €. Consider Cx ® 1 in Cx ® A4 and A(c) =) c15) ® c(2iy- Since 7 is a
degree —1 map, t(c(2;)) will have positive dimension for |c(,;)| > 1 and be zero for
lc2iyl = 0. Since C; =0, 1 ® € will vanish on the twisted term. |

We write Cyx ®; Ay for the twisted complex (Cyx ® Ay, 0¢).

This theory can be applied to principal bundles G — P — M . The chain complex
C«(M) is a differential graded coalgebra, where the coproduct is induced by the
diagonal map M — M x M. The group multiplication of G provides an algebra
structure on Cx(G). A twisting cochain is then a map 7: Cx (M) — Cx(G) satisfying
the Maurer—Cartan equation.

The complex (Cx(M) ® Cix(G), dpr ®Id 4+ 1d ®dg) will not, in general, compute the
homology of P. However, when we twist the differential by a suitable twisting cochain
7. Cx (M) — Cx(G), the complex (Cx(M) ® Cx(G), ;) will compute Hy(P).

Theorem 2.2 [2, Theorem (4.2)] The chain complex (Cx(M)® Cx(G), d;) is chain
equivalent to C«(P).
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The equivalence of the above theorem is of chain complexes and not of dg coalgebras,
despite the fact that both complexes have coproducts. A further assumption is needed
on T to obtain an equivalence of dg coalgebras.

We return to the general setting. Let Cyx be a dg coalgebra and H, a dg bialgebra. The
primitive elements Prim(Hy) = {h € Hy | A(h) =h® 1 + 1 ® h} is a Lie algebra
whose universal enveloping algebra is Hy. The following lemma is a reformulation of
Quillen [21, Appendix B].

Lemma 2.3 Let t: Cy — Hy be a twisting cochain from a cocommutative coalgebra
to a dg bialgebra. Then (Cx ® Hy, 0;) is a differential graded coalgebra if and only if
Im(t) C Prim(Hy).

Proof To show that d; is a coderivation we need to show that
(AC®H)ar = (ar I1+1® 8‘E)AC®H'

The key is that multiplication by a primitive element is a coderivation. We give
a diagrammatic proof in Remark 3.8. The reader can find the computation in [21,
page 289] m|

3 Algebraic setting for twisted tensor products

In this section, we extend the discussion of Brown’s theory of twisting cochains to
the homotopy algebra setting. Let (Cx, {c,}) be a Cs, coalgebra and H, a strict dg
bialgebra. Given a twisting cochain t: Cx — H,, we define a twisted Ao, coalgebra
structure on Cx @ H.

There are three properties that are used in Brown’s setting. For Cy a strict dg coalgebra
and A a strict dg algebra, the following properties are used.

(1) Hom(Cy, Ax) is a differential graded algebra.

(2) twisting cochains t: Cyx — A4 are in one-to-one correspondence with chain
maps F(Cyx) — Ay, where F is the cobar functor.

(3) atwisting cochain T € Hom(Cy, A4) defines a twisted differential on Cy @ Ax.

We address the analogs of these properties in the following subsections.
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3.1 Maurer-Cartan equation in the homotopy algebra Setting

We review some definitions. An A, algebra consists of a vector space V and maps
{my: V[-1]®" — V[—1]} satisfying

n n—1

DN Mugrr 0 (S @my @ 14" F) = 0.

k=1j=0
The maps {m,} define a coderivation of square zero on 7'(V[—1]). The shuffle product
isamap T(V[-1)) ® T(V[-1]) — T(V[-1]). If m, vanishes on the image of the
shuffle product for every n, then (V, {m,}) is a C, algebra.
An A coalgebra and C coalgebra are the dual notions of As, and Coo alge-
bras. So V is an Ao coalgebra if there are maps {c,: V[~1] — V[—1]®"} defining
a derivation of square zero on 7 (V[—1]). If the unshuffle product T(V[-1]) —
T(V[—1]) ® T(V[—1]) vanishes on the image of each ¢,, then (V,{c,}) is a Coo
coalgebra.

To deal with issues of convergence, we will make use of the completed tensor product.
For a vector space V, let

i .
TV)=[]v®.
i=0

In our applications, V' will be a finite dimensional vector space. So V has a unique
topology making it a topological vector space. There is an induced topology on 7' (V),
known the inverse limit topology.

In order to say t is a twisting cochain, the vector space Hom(Cy, Hx) must have
at least an Ao, algebra structure. Moreover, we need the Lie algebra version of the
Maurer—Cartan equation, so we need an L, algebra on Hom(Cy, Prim(Hy)).

Lemma 3.1 Let (Cy, {cs}) be a Coo coalgebra and A a differential graded algebra.
The vector space Hom(Cx, Ay) is an A, algebra.

Since Hom(Cx, Ax) = C* ® Ax, the lemma is just the statement the tensor product of
an A algebra with an associative algebra is an A, algebra. We omit the proof, but
define the maps my,. Let

mio™(f) = d40 f + fodc.
where d¢c = ¢ of the C coalgebra structure. For n > 1, let

mE (i, fa): Ce — As
cr>my(f1 Q@ fu))en(c),
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where by m4 we mean multiply all the terms using multiplication of A, . Since the

multiplication in A4 is associative, m,fl om is well-defined.

The Maurer—Cartan equation is then
dot+10d+my""(z,v) +myo™(z,7,7) + my"(z, 7,7, 7) + - = 0.

Since we have an infinite sum, a note on convergence is in order. In our application,
Ax = T (H«(M)[—1]). The twisting cochain we construct will have the property that

Im(mu(t, ..., 7)) C (He(M)[-1])®".

So the infinite sum can be expressed as a finite sum in different tensors. This is well
defined in the completed tensor product.

For the Lie version of the Maurer—Cartan equation, we will need the following fact
about L, algebras.

The Koszul sign convention says that when two elements x and y of degree p and ¢

are commuted, a sign of (—1)?? is obtained. For xi,...,Xx, and a permutation
o €Sy, let e(o;xy,...xp,) be the sign so that in the free graded commutative algebra
ANCT T

X{ A AXp =€(0: X1, ..., Xn)Xg(1) A+ A Xg(n)-

Let £(0) =sgn(o)-€(0; X1,...,Xn).

Theorem 3.2 (Lada—Markl [17, Theorem 3.1]) Let (V,{m,}) be an Ao, algebra.
Then there is an L, algebraon V given by symmetrizing m,,. That is, if

(1, v) = ) E@)Ma(Ve(1) @+ ® Vo(n)

o€S,
then (V,{l,}) is an Lo, algebra.

We denote the Lo, algebra by [V] to distinguish it from the A, algebra V.

Lemma 3.3 Let (Cy, {c,}) be a Coo coalgebra and Ly be a differential graded Lie
algebra. Then Hom(Cy, L) is an L, algebra.

Proof Our proof proceeds as follows. Let U(L«) be the universal enveloping algebra
of L. The previous lemma shows that the space Hom(Cy, U(L«)) is an A, algebra,
with structure maps {m,}. Symmetrizing each m, defines an L., algebra, with
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structure maps denoted {/,,}. Let ¢, (x) = Xx,,1 ® -+ ® Xp,». Then the L, algebra is
given by
n(fi -+ f)X) = Y £(0) fi(Cno) -+ SuCno(m):

o€S,
To prove the lemma, it suffices to show that the maps {/,} restricts to Hom(Cyx, L) C
Hom(Cy, U(Lx)).

Suppose f; € Hom(Cx, Lx). This implies A(f;(x)) = fi(x) ® 1 +1& fi(x), where
the coproduct is in U(L4). Since A is an algebra map, we see that

Aoln(fl’ cee ’fn)(x)
= > A1(ne)  AfaGinom))

oesS,

= Z (/1 (xn,a(l) R1+1® fi (xn,a(l)))) T (fn(xn,a(n)) ®1+1® fn(xn,a(n)))

o€esS,

= Z J1 (xn,a(l)) T fn(xn,a(n)) R1+11® fi (xn,a(l)) T fn(xn,a(n))

oesS,
+ ) [1Gne) S Cno() ® S Cna(i+1)) * SaKnom))-

o€eS, J
We need to show that the cross terms cancel. The composition

unshuffle

Co 25 CO" s T(C) =5 T(C) @ T(C)

is zero by definition of a Co, coalgebra. Each permutation o is an (7, j) unshuffle of
some linear order of the {x, ;}. For example, for S3, the collection of all the (2, 1)
unshufflings of x3 1 ®x3 2 ®x3 3 and xé}l ®x;,2 ®x;’3 =X3,,®x3,1 ®x3,3 exhausts
all combinations of X3 5(1) ® X3,5(2) ® X3,5(3) -

The L algebra on Hom(Cy, L) is then given by
b(f1. - f)@X) = E0) (10 f Cnom))-

o€eS),

where the multiplications are in U(Ly). m|

Let A4 and By be two A algebras and { f: A%" By} an A algebra morphism.
Suppose the Maurer—Cartan equation is well defined for A, and By (so either there are
only finitely many maps defining the A, algebra or a suitable notion of convergence
of the infinite sum holds). Let 7 € A, be a Maurer—Cartan element. That is,

Iyt +mic @) +mic®r®t)+---=0.
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The following well-known lemma shows how to obtain a Maurer—Cartan element in By
from 7 and { f}.

Lemma 3.4 Let A4, By be two Ao algebras and {fy: A®" — By} be an Ao
algebra morphism between them. If © is a Maurer—Cartan element in A4 then

U=+ LERT) + ot [u(@®)

is a Maurer—Cartan element in By.

3.2 Maurer-Cartan equation and differential graded algebra maps

The following lemmas will be used to construct twisting cochains.

Lemma 3.5 Let Cy be an A coalgebra and Ay an associative algebra. There is a
one-to-one correspondence between twisting cochains t: Cyx — A, and ditferential
graded algebra maps t7: T (Cy[—1]) > Ax.

Proof Let 97(©): T (C«[—1]) = T (C«[—1]) be the derivation of square zero given by
the Ao coalgebraon Cy. Given a twisting cochain t: Cx — Ay, let T7(c1 Q-+ -Qcp) =
7(c1) -+ - t(cn). Then by construction, 77 is an algebra map. It is a chain map, because

07 (z(c)) =10 (c) + m§ o (t @ 1) 0 c2(c) + mf 0 T®3 0 ¢5(c)
=137 (o),
where the first equality is due to the Maurer—Cartan equation for t and the second
equality is the definition of 37(©) in terms of the maps c,: Cx[—1] = Ci[—1]®".

Conversely, given a map of differential graded algebras t7: T(Cx) — A restricting T
to Cx defines a twisting cochain. m]

Lemma 3.6 Let Cy be a Cx, coalgebra and Hy a Hopf algebra. There is a one-to-one
correspondence between twisting cochains t: Cyx — Prim(Hy) and differential graded
Lie algebra maps L(Cy[—1]) — Prim(Hy).

Proof This lemma is proved in the same way as that of the previous. Note that a Cy
coalgebra defines a derivation of square zero on the free Lie algebra L(Cx[—1]). O

3.3 C coalg ®, bialg as an 4, coalgebra using left multiplication

Given a twisting cochain t: Cy — Hy, we want to define a twisted Ao, coalgebra
structure on Cy ® H, . First, we define the untwisted A, coalgebra.
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Lemma 3.7 Let (Cy, {cy}) be an A coalgebra and H, be an algebra with a strictly
coassociative comultiplication. Then Cy ® Hy is an Ao, coalgebra with structure maps

=0, ®(ARId®" ) o---0A): Cx ® Hy — (Cx ® Hy)®".

Proof The proof is straightforward, using the Ao, coalgebra relations for Cy terms
and that Hy is a strict coassociative coalgebra. |

Remark 3.8 Before we define an A, coalgebra structure on Cy ® Hy, we return to
the classical setting of Brown’s twisting cochains. We introduce a graphical picture
of d; and a graphical proof that 83 = 0. This technique will be used to define the
twisted A coalgebra later on. Let Cy be a differential graded coalgebra and Hj
a differential graded bialgebra. Let t be a twisting cochain and d, be the twisted
differential.

To represent d;: Cyx ® Hyx — Cx ® Hy, we draw two vertical lines, one to represent Cy
the other to represent H,. We draw a horizontal dash to denote the differential. The
twisting term applies the coproduct on Cy and 7 to one of the factors. We represent the
twisting cochain t: Cyx — Hy by connecting the lines representing Cx and H, with a
line. The resulting vertex on C, of valence three can be thought of as the coproduct
and the vertex of valence three on H, can be thought of as the product. We refer the
reader to Figure 1 for a picture of 9.

C H C H C H

Figure 1: A graphical representation of the differential 0, = dc ® 1 +
I1QIdg+(1®mys®1tQ®1)Ac ® 1. A vertical line with a dash represents
the differential. The diagonal line with a vertex represents the map 7: C — H.

We can prove that 92 = 0 by analyzing the diagrams. The top row in Figure 2 are the
terms that remain after canceling the terms in 92 that correspond to the tensor differen-
tial, which is well known to square to zero. Note that because d¢ is a coderivation, the
first and third terms in this row are equal to the first term in the second row of the figure.
Similarly, since dg is a derivation, the second and fourth terms on the first row equal
the second term in the second row. The coassociativity of A¢ and the associativity of
mp imply the last term of the first row is equal to the last term of the second row. The
bottom row then is equal to zero, because the middle lines describe the Maurer—Cartan
equation dg T + 7dc + - T, which is zero by assumption.
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= + -

Figure 2: A graphical representation of 3> = 0. The top row represents the
five terms that remain in 32 when we cancel the terms corresponding to the
tensor differential. The bottom row is zero because the middle lines represent
the Maurer—Cartan equation dg7 + tdc + 7 7.

There is a similar argument showing that if Im(t) C Prim(Hy), then (Cx ® Hy, 97)
is a differential graded coalgebra. The argument requires Cx to be a cocommutative
coalgebra. We refer the reader to Figure 3.

= AA * AL

Figure 3: A graphical representation that d; is a coderivation of the coproduct
of Cyx ® H,. The first equality is a result of the fact that multiplication by
a primitive element is a coderivation. The second equality is a result of the
coproduct in C, being coassociative and cocommutative.

We can now describe how to twist the Ao, coalgebra. Let t: Cyx — Prim(Hy) satisfy
the Lie Maurer—Cartan equation. First consider c{l"m: Ci ® Hy - Cy @ Hy. As in
the strict setting, there is a twisting term of the form

1®
Co® He 3 8 @ Hy, 2278 ¢, @ 8 2", ¢, o H,.

But this twisting only takes ¢, into account and ignores all of the higher ¢, maps in
the C coalgebra structure on Cy. To account for these maps, first apply ¢, to Cy
and apply t®"~! to the last n — 1 factors in C®". Since Im(t) C Prim(Hy), we can
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bracket these n — 1 terms in all possible ways to get another primitive element. Then
we multiply Prim(Hx) and Hy terms. To sum up, ¢] consists of terms

18, ]1®1

1 ®2%1 1
O C@HS O H 2 C@ Hy @ Hy 25 CL @ H,

®1
Ch@Hy 225 CE3R H,

1Q[,1®1

®3
BT C@HO R H 25 Co@ Ho @ Hy 5 Co @ H,,

Cyx® Hy —>C®4®H*

®1 ®4 1Q[,]®1
CoH, 2o m, 2 8 oo n® e 1 22 .o H 0 H, 2 C 0 H,

and continue for all # in this way. By [,] for three or more terms, we mean

[Xie. X = > [xo(n, [Xo2)s - - - Xo(n-1), xa(n)]]]-

oES),

Note the similarity of the twisted terms with the Lo algebra on Hom(Cy, Prim(H.)).
Since c1 1s an infinite sum, we need to address the issue of convergence in Cyx ® Hy. In
our application, Hy = T (H«(M)[—1]), with the multiplication given by concatenation
of tensors. Let x € Cx ® Hy«(M)[—1]. When ¢, is used to twist the differential, the
corresponding term in ¢{(x) will be an element in Cyx ® (Hy(M )[—1])®". Then cf
consists of finite sums in different tensor products. So in the completed tensor product,
i (x) is well defined.

When Cy is a strict dg coalgebra, then c7 is the same as the twisted differential d; in
Brown’s construction. So we write ¢ by dr.

The higher maps ¢, can be twisted in the same manner as ¢;. To twist ¢;: Cx @ Hy —
C®% @ H®?, we apply ¢, for n > 2, then ! to the last n — 2 factors of C2",
and bracketing these n — 2 terms in all possible ways, multiplying the result with the
element in Hy, and finally applying the coproduct in H. For n = 3, the process is
the composition of

192@:@1
_—

Coo Hy 225 c®3 @ 1, C¥* ® Hy ® Hy

2 A
19m c8rg p, 128 82 g o2,
The resulting map is denoted cé: Ci @ Hy > (Ck ® H*)®2.

For n > 3, we must use the Lie bracket, and the composition of maps is

1920®n—2g1
_—

C* ®H* C®n ®H* C®2 ® H®n—2 ®H

1®2® , n 2®1
eI @ oy @ Hy 12T " 082 H, — 2% C®2 H®?.
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To show that {c}} defines an Ao, coalgebra on Cyx ® Hy, we use the diagrams as in
Remark 3.8. For a picture of d; we refer the reader to Figure 4. For a picture of ¢], we
refer the reader to Figure 5. Since multiplying by a primitive element is a coderivation,
we have some identities for the terms in ¢J. These identities are described in Figure 6.

LT PP

Figure 4: A graphical representation of d;. The terms are dc ® 1 + 1 ®
g +(1emIert®@D)a®l+(101Q1)cs

Figure 5: A graphical representation of ¢}

Figure 6: The above identities hold because Im(z) C Prim(H,) and multi-

plying by a primitive element is a coderivation. The same holds true for the
other terms of ¢ and also for c;;.

We can now show that {d,, cg, c§, ...} define an Ao, coalgebra. The proof of the
theorem uses a graphical approach.

Theorem 3.9 Let Cy be a Co, coalgebra, H, a dg bialgebra and t: Cyx — Hy a
twisting cochain such that Im(t) C Prim(Hy). The maps {d;,c3,c3, ...} define an
Aso coalgebraon Cy @ Hy.
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(l)\‘\ + & + & + @\ +
2) \'\ + Ck + & + @\ +
(3)\ + Ck + & + @\ +
(4) \\ + Ck + & + @\ +
5) \\s + % + i&\ + @\ +

Figure 7: Some of the terms of 32. We have left out the terms in the tensor
part, as these are known to square to zero.

Proof We first show that 9 is a differential. To show that 9> = 0 we will show that
expanding the terms yield many occurrences of the Maurer—Cartan equation.

We list some of the terms of 8% in Figure 7. The fact that dg is a derivation is expressed
diagrammatically as in Figure 8. This relation can be used to add diagrams in the
second and fourth rows of Figure 7. In place of the coderivation relations, we must
use the Coo coalgebra relations for (Cx, {c,}). The relation for n = 3 is expressed in
Figure 9. We use these relations to add figures in the first and third rows of Figure 7.
Some of the resulting diagrams will either cancel with diagrams in rows five or higher.
The rest of the diagrams are shown in Figure 10. The Maurer—Cartan equation is
present in each row. Since 7 is a twisting cochain, the sum to zero.

Next, we show that ¢J is a coderivation of d.. In Figure 11, the graphs representing
c; 00 are drawn and in Figure 12 the graphs representing (d; ® 1) oc] are drawn. The
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e

Figure 8: The equality here comes from the fact that H, is a differential
graded algebra.

W+£%—k>\+ﬁ%+ j+h§
Figure 9: The equality here comes from the fact that (Cy, {c,}) is a Co, coalgebra.

L L Pl hel.
9. e,

!
i

M+<;&+gk+®+

Figure 10: These remaining terms in () sum to zero because dy 7 +
g +my™(r, 1) + mi{" (v, 7, 1) +--- = 0.

graphs representing (1 ® d;) o ¢ are the same as the graphs representing (d; ® 1) o]
except the graphs are connected by the right output edge of each tree as opposed to the
left output edge.

Multiplication by a primitive element is a coderivation, which gives us identities
expressed in Figure 6. This allows us to compare the graphs from ¢ o d; with the
graphs from (0; ® 1 +1® d;) o] . Note that on the left hand side of each pairing,
we have many compositions of the form (1 ® - ® ¢; ® --- ® 1) o ¢;, where c¢;, ¢j
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Figure 11: The graphs representing ¢ o d;

Ll b

Figure 12: The graphs representing d; ® 1 oc}

are maps of the C, coalgebra on Cy. The relations in the Cy, coalgebra state that
dDitjt1=n(1® - ®¢;j®:---®1)oc; = 0. Noting which maps in our graphs appear
in the sum and which graphs do not appear, we can apply the Cso coalgebra relation
to obtain many identities. When this is done, we obtain graphs which involve the
Maurer—Cartan equation for 7, just as we did in showing 92 = 0. Since 7 is a twisting
cochain, this sum is zero and ¢; is a coderivation of d.. In Figure 13 we organize the
graphs in ¢J 0d; + (3; ® 1 + 1 ® d¢) oc]. The relations for the coalgebra structure on
C state that the sum of these graphs are equal to the graphs in Figure 14. The sum of
these graphs is zero, because of the Maurer—Cartan equation.
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Figure 13: The graphs of ¢j 0 d; + (d; ® 1 + 1 ® d)c; organized to show
how the Cy coalgebra on C, is used

Figure 14: These graphs are equal to the graphs in Figure 13 using the C
coalgebra on Cy. Note that these terms involve dgt +tdc +7-7+7-7-
T4--=0.

The reader can see that this situation generalizes for n > 2. In each of these cases,
we have many compositions involved in the Cy coalgebra relation for C,.. When
we replace these graphs, using the coalgebra structure, we obtain graphs involving
Maurer—Cartan equation. We summarize the relation in Figure 15. |

3.4 C coalg ®, bialgebra as an 4., coalgebra using bracket action

In the previous section, we used the twisting cochain and left multiplication in Hy to
twist the A, coalgebra structure on Cyx ® Hy . In this section, we consider another
action. For a € H,, the bracket action of @ on Hy is defined by [a, x] = ax —xa. Note
that [a, —] is a derivation. If ¢ is a primitive element, then [a, —] is also a coderivation.
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+ CkOCj

Figure 15: To show that ¢; form a coalgebra structure, use the relation above
to get a sequence of graphs involving the Maurer—Cartan equation. The
equality is due to the fact that Cy is a Cs coalgebra.

Given a twisting cochain t: Cx — Hy such that Im(t) C Prim(Hy), we define a
twisted Ao coalgebra structure on Cy ® Hy. The process is the same as the one
defining the previous twisted Ao, coalgebra, except we replace the multiplication
in H, with the bracket action. We use the same notation {d¢, ¢}, c3, ...} and so we
will be explicit when to use left multiplication and when to use the bracket action.

Theorem 3.10 Let Cy be a Cs, coalgebra, Hy a dg bialgebra and t: Cx — H a
twisting cochain such that Im(t) C Prim(H). The maps {3, c3,c5, ...}, obtained
from the bracket action, define an A, coalgebra on Cx @ Hx.

Proof The only property of left multiplication used in the proof of Theorem 3.9 is
that left multiplication by a primitive element is a coderivation. Since conjugation by a
primitive element is a coderivation, the proof applies to this theorem as well. |

3.5 Cyclic Cy coalg ®, bialg as an 4., algebra using bracket action

Sometimes a Co, coalgebra has extra structure on it, allowing one to define an algebra
structure on Cy ® Hy. We consider the case when the coalgebra has a nondegenerate
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bilinear form that is compatible with the coalgebra structure, ie, a cyclic Cs, coalgebra.
We review the relevant definitions.

A cyclic Ao, algebra consists of a finite dimensional A, algebra (A, {m,}) and a
nondegenerate bilinear form (,): Ax ® Ax — k such that

(Mu(x1,....xn). X0) = (=DM (mp(xo, .. .. Xn—1). Xn),

where N = —1 + |x¢|(]x1]| + - -- + |x»|). The bilinear form defines an isomorphism
between A and its dual. The maps 71, can then be viewed as elements in A[—1]*®" ®
A[—1] = A[-1]®"+1,

Lemma3.11 Let (A4, {my,},(,)) define acyclic Ao algebra. Then m, € A[—1]®"*1
is cyclically invariant.

Proof Letm,=) x|® - ®x,41 € A[—1]®"T! Itsuffices to show x| ®---®x,4| =
X2 ® - ® Xp+1 ® x1. This is seen to be the case by expressing (,) as an element in
Ax ® Ay and writing the conditions for a cyclic 4 algebra in terms of elements in
the tensor algebra. a

Viewing the maps {m,} as elements in the tensor and using the Koszul sign rule, one
can determine the sign (—1)" found in the definition of a cyclic Ao algebra. We
define a cyclic A coalgebra viewing ¢, as cyclically invariant elements in the tensor
product.

Definition 3.12 (Cx, {cs},(,)) is a cyclic A coalgebra if
(1) Cy is finite dimensional,
(2) (Cx,{cn}) is an Ao, coalgebra,
(3) (,) is a nondegenerate bilinear form,

(4) the maps ¢, when identified as elements Cf;”"'l

cyclically invariant.

using the bilinear form, are

The condition that Cy is finite dimensional implies that {, ) defines an isomorphism
between Cy and its dual C*. A cyclic Co, coalgebra is defined in the obvious way.
Given a cyclic Coo coalgebra Cy, the bilinear form and maps {c,} can be used to define
a Coo algebra {my: Cy[—1]®" — Ci[—1]}. So Cx ® Hy has an A, algebra structure
given by combining the C, algebra on Cy with the strict algebra structure on H .
Does the twisting cochain 7: Cx — Hy define a twisted Ao algebra on Cy @ Hy?
We show that it does and unlike in the previous cases, we do not need to twist the
higher maps. In Theorem 3.22, we prove the case when Ci is a strict cyclic coalgebra.
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Also, note that since bracketing is always a derivation, whether by a primitive element
or not, we do not require Im(z) C Prim(Hy). If Im(z) C Prim(Hy) and Hy is a dg
Hopf algebra, and not just a dg bialgebra, then the bracket action agrees with another
action, which we call the conjugation action. We use this action in Theorem 3.18.

Theorem 3.13 Let C, be a cyclic Co, coalgebra, Hy be a dg bialgebra and t: Cyx —
H, be a twisting cochain. The maps {0, m,,ms, ...} defined using the bracket action
in Hy give Cy ®; Hy the structure of an A, algebra.

Proof Since {0,m,, m3, ...} defines an (untwisted) A, algebra, it suffices to show
that the twisted terms in d; all cancel. We first show that 0, is a derivation of m1,,

(3-1) dromy =mp0(0; @1 +1®0d;).

We refer the reader to Figures 16 and 17 for graphs representing the left-hand side
and RHS of Equation (3-1). Since the bracket action is a derivation, the diagrams in
Figure 16 are equal to the diagrams in Figure 18. We need to show that Figure 17 is
equal to Figure 18.

e o e

Figure 16: A graphical representation of d; o m,. The label [, ] is to remind
the reader that the bracket action is applied on T (Hy«(M)[— 1]), and not the
product in T (Hy(M)[—1]).

YTV
VY Yy

Figure 17: A graphical representation of n; 0 (d; ® 1 +1® d;)

The left-hand side of Equation (3-1) has compositions ¢, omy: Cx[—1]%% — Cy[-1]%".
The right-hand side maps have compositions (1% @1, ® 19/)o(c, ®1): Cs[—1]%? —
C«[—1]®". We show these two maps are equal by writing the compositions as elements
in Cx[—1]®"*2 and using Lemma 3.11.
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VY T
Y

Figure 18: Because the bracket action is a derivation, these diagrams are
equal to the one found in Figure 16.

The map ¢, can be written as Y x| ® --- ® X1 € Cx[—1]®"*! and m, as an
Y 91 ® y2 ® y3 € Co[—1]®3. Their composition ¢, o m, is expressed as

3 (51 13) X2 @ xn ® ¥y ® y2 € Cu[ 1124

The composition on the right-hand side of the equation, (1% @ m, ® 1%/) 0 (c, ® 1)
is described in the same way except for a different pairing (x;, y;). However, since ¢,
and m, are cyclically invariant, the compositions are equal.

The higher compatibilities for the 4, algebra proceed in exactly the same way, with
m, replaced by m;. a

Given the A algebra Cyx ® Hy, we can symmetrize the maps to obtain an Lo
algebra ([Cx ® Hx],{0z,/5,/3,...}). This restricts to an L, algebra structure on
Cyx ® Prim(Hy).

Theorem 3.14 Let (Cx ® Hy,{0;,my,m3,...}) be the As, algebra described in
Theorem 3.13. Then (Cx®Prim(Hy), {0, [, 3, ...}), obtained by symmetrizing {my},
is an L, algebra.

Proof Since C is finite dimensional, we can identify Cx ® Hyx = Hom(C*, Hy),
where C* is a C coalgebra. Then the statement follows from Lemma 3.3. |

This gives an A, algebra structure on Cyx ® Hy and an L, algebra structure on
Cy« ® Prim(H,). More can be said when Cj is a strict unital commutative algebra. In
this situation, Cx ® Prim(Hy) can be viewed as a Lie algebra over Ci. Its universal
enveloping algebra over Cy, denoted Uc, (Cx ® Prim(Hy)) is Cy« ® Hy. Note if we
take the universal enveloping algebra of Cyx ® Prim(Hy) (viewed as a Lie algebra over
the ground field), we obtain U(Cx ® Hy) which is not equal to Uc, (Cx @ Prim(Hy)).
We are not aware of the corresponding notion for C, algebras to make the analogous
statement. This seems to be a useful notion. We discuss the strict case in more detail
in Theorem 3.23.
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3.6 C coalg ®, Hopf alg as an 4, coalgebra using conjugation action

In our applications of the previous results, we would like to relate the twisted algebraic
structures to the total space of some bundle. Let G — P — M be a principal G bundle
and G — Conj(P) — M be the associated bundle with respect to the conjugation action.
Note that Hy (M) is a cyclic Coo coalgebra and H«(G) a bialgebra, and moreover, a
Hopf algebra. Then given a suitable twisting cochain t: Hx(M) — H«(G), we can
form the twisted algebraic structures using the methods described above. The homology
of the total space, Hx(Conj(P)) can be identified with linear homology of the twisted
algebraic structures, that is homology the homology Hx« (M) ® Hy(G) with respect
to d;. However, the argument uses Brown’s theory of twisting cochains, which requires
using the conjugation action. Because the conjugation action uses the inverse operation
in G, the algebraic setup in this situation requires Hy to be a dg Hopf algebra. We
will see that when Im(7) C Prim(Hy), the conjugation action agrees with the bracket
action.

Let H, be a Hopf algebra. Denote the antipode map of Hy by s: Hyx — Hy. Given
an element a € H,, we define the conjugation action of @ on Hy by

conj,: Hy — Hy

X Z acinxs(aeiy).

The homology of a topological group H.(G) is a Hopf algebra. The group acts on
itself by conjugation, and so induces an action on Hy(G). The following lemma shows
that this action is the same as the conjugation action of the Hopf algebra.

Lemma 3.15 Let G be a topological group. The conjugation action in G induces a
map
Hy(G) ® H«(G) — H«(G)
aQx Z aqaipnxs(acy)-

Proof Conjugation is described by the composition

Diag x1 1xinvx1

GXG —— GxXGxG — GxGxG - GxGxG - G
(x,y) (x,x,) = (ox L) e nyxTh e o xpxl
The diagonal map in G induces the coproduct A on H.(G) and the inverse map in G
induces the antipode s. This proves the lemma. O

The following lemma shows that conjugation by a primitive element is a coderivation
and a derivation.
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Lemma 3.16 Let H. be a Hopf algebra.

(1) Conjugation by a primitive element in a Hopf algebra is a coderivation.

(2) Conjugation by a primitive element in a Hopt algebra is a derivation.

Proof (1) Let a beaprimitive element of H,. The antipode has to satisfy mo(1®s)o
A(a) = 0, which means s(a) = —a. Then conj,(x) = Y aq;xs(aei) = ax —xa.
This is a coderivation because multiplying by a primitive element is a coderivation.

(2) Let a be a primitive element. Then

conj,(x) -y + x-conj,(y) = axy —xay + xay —xya
=axy—Xxya

= conj,(xy). |

Theorem 3.17 Let Cx be a Cx, coalgebra, Hy a dg Hopf algebra and t: Cyx — Hjx
a twisting cochain such that Im(t) C Prim(Hy). The maps {3, c;,c3, ...}, obtained
from the conjugation action, define an A, coalgebra on Cy ® Hy.

Proof For a € Prim(Hy), the conjugation action, conj,, and bracket action [a, | agree.
Since Im(t) C Prim(Hx), the maps {d;,c7,c5,...} defined using the conjugation
action are equal to the maps defined using the bracket action. The statement then
follows from Theorem 3.10 |

Theorem 3.18 Let C, be a cyclic Cy, coalgebra, H, be a dg Hopf algebra and
7: Cyx — Hy be a twisting cochain with Im(t) C Prim(Hy). The maps {0, m,, ms3,...}
defined using the conjugation action in Hy give Cy ® Hy the structure of an Ao
algebra.

Proof Since Im(7) C Prim(Hy), the twisted Ao, algebra structure defined using the
conjugation action agrees with the twisted Ao, algebra structure defined using the
bracket action.. The proof then follows from Theorem 3.13. |

3.7 Addendum

The graphical approach taken above can obscure some sign issues. In this section, we
show that d; is a differential without appealing to graphs. We also look at the strict
(noninfinity) versions of the proofs, with the idea that this will also shed some light on
the constructions.
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We first show that the twisted differential d; is indeed a differential, by referencing
the work of Chuang and Lazarev [7]. They also define a twisted Ao, algebra given a
Maurer—Cartan element. While their construction is different on the higher maps, it
agrees with the twisted differential described in this paper.

Let C* be an Ay algebra and A a strict dg associative algebra. Then C* ® A
is an A, algebra, and a twisting cochain is an element T € C* ® A satisfying the
Maurer—Cartan equation

dct+dgt+my(t,7) +ma(r,r,t)+---=0.
The twisted differential is then

0:(x) =0dc(x)+ dg (x) +my(t,x) +ms3(z, 1, x) +--- .

This is related to our construction as follows. Let Cy be an A, coalgebra, A a strict
dga and t: Cx — As. We are only looking to define a differential, which is why we
do not require a Cx coalgebra and a dg Hopf algebra. Then the Ao, algebra C* used
above is the linear dual of the Ao, coalgebra. The twisting cochain 7: Cx — A4 can
be viewed as an element in C* ® A, satisfying the Maurer—Cartan equation. The
complex Cx ® Ay is the Ax—dual of C* ® A,. The two definitions of the twisted
differentials can then be related in this way.

Lemma 3.19 Let C* be an Ay algebra, Ay a differential graded algebra and t €
C* ® Ay atwisting cochain. Then 32 = 0.

Proof This is a special case of Theorem 2.6 (2)a in [7].

We write out some terms in 92(x). The elements 7, x € Cx ® A can be written as

T=)Y 1c®1t4 and x =) x¢c ® x4. Then

8c(x) = (dcxc) ® x4 + (—1)*Clxe ® (D4x4) + ma2(rc. xC) ® T4 - X4
+m3(tc, 1C, XC) QTq T4 Xq4+ -+,

where we dropped the summation for ease of notation. Applying d; a second time
yields compositions of the Ao algebra maps {m,}. Using the relations for an Ao
algebra and strict dg algebra, we obtain terms involving the Maurer—Cartan equation
for 7. The argument is similar to the one used to prove Theorem 3.9. |

Theorem 3.18 asserted the existence of a twisted A, algebra on the tensor product.
We review some definitions and then discuss the strict case of the theorem.
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Definition 3.20 A Frobenius algebra structure on V' consists of a commutative multi-
plication and a nondegenerate inner product such that

{(a,bc) = (ab,c).
Note that a Frobenius algebra is a cyclic C, algebra with m, =0 for n > 2.
Using the nondegenerate inner product of a Frobenius algebra, one can turn the mul-
tiplication into a comultiplication. The multiplication and comultiplication satisfy a

certain compatibility, which brings us to the notion of what some authors refer to as an
open Frobenius algebra; see Chen, Eshmatov and Gan [5].

Definition 3.21 An open Frobenius algebra structure on V' consists of a commutative
multiplication and a cocommutative comultiplication such that the comultiplication is
a map of bimodules. That is,

A(ab) = Za(”) ® a(2,~)b = Zab(li) ® b(2i)-

Abrams [1] proved that unital Frobenius algebras and unital, counital open Frobenius
algebras are equivalent.

Theorem 3.22 Let Cx be a dg Frobenius algebra and H, a dg bialgebra. Let t: Cyx —
H, be a twisting cochain such that Im(t) C Prim(Hy). Then (Cx ® Hx,0;) is a
differential graded algebra.

Proof To prove the theorem, we need to show that the twisted term is a derivation.
Leta®b,c®d € Cx ® Hy, and let conj,: Hy — H, be the conjugation action by
b € Hy. Then we need to show that

(ac)(li) ® Conjt(ac)(Z,') bd = a(li)c ® (Conjt(a(zl‘)) b)d + ac(li) ® b(conjt(C(zi)) d)
Since Im(7) C Prim(Hy) and conjugating by a primitive element is a derivation, the
left-hand side of the equation is
(ac)(li) ®Conjr(ac)(2,~) bd = (ac)(li) ® (Conjt(ac)(Zi) b)d + ac(ii ®b(conjr(ac)(2i) d)
We need to show that (ac) ;) ® (ac)2; = aqi ® a@ic = acqi  c2iy-

Note that this is the condition that the coproduct is a map of bimodules, ie, an open
Frobenius algebra. If we use the result that Frobenius algebras and open Frobenius
algebras are equivalent, we are done.

We use another argument which follows the proof of Theorem 3.18. Using the nonde-
generate inner product, we express the coproduct A as an element in C23. The multi-
plication m,: Cx ® Cx — Cy is obtained by dualizing the coproduct C* ® C* — C*
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and using the isomorphism between C* and Cx. So m is represented by the same
element in C®*. Write this element as m, = A = Yo Xi) ® X2i) ® X(31) € c®.

We need to show that certain compositions of A and m, are equal. In writing the
compositions of A and m;, we use the subscript i to represent 713 (X(1;) ®X(2i)®X(3i))
and the subscript j to represent A. Then compositions are then given by

Aomy =Y (X(3i) X(1)) X(11) ® X(21) ® X(2j) ® X(3j)

i’j
(Mm@ Do (A1) = (xaj. X)) X)) ® X@j) ® X2i) ® X3i)
i?j
(Mm@ D o(1®A) =Y (xaj). X@i)X1) ® X@j) ® X(11) ® X3i).-
i,
Since m, = A are cyclically invariant, we get the necessary equalities. |

In our construction of a twisted A, algebra structure on Cyx ® Hy, we used a cyclic
Coo coalgebra. A cyclic Cy, algebra is the homotopy version of a Frobenius algebra.
It should be possible to define a twisted A, algebra using the homotopy version of an
open Frobenius algebra. The Koszul Duality theory for dioperads described by Gan [9]
and for properads described by Vallette [22] provide a definition for such an object.
The dioperad describing Lie bialgebras, denoted BiLie, and the dioperad describing
open Frobenius algebras, denoted BiLie', are Koszul dual [9, Corollary 5.10]. So a
resolution for BiLie' is obtained by taking the cobar dual of BiLie, denoted D(BiLie),
and an open Frob, algebra structure on V' is a map of differential graded dioperads
D(BiLie) — End(V), where End(V) is the endomorphism dioperad.

The cohomology of a Poincaré Duality space is a cyclic Coo, algebra. An open manifold
is not a Poincaré Duality space, but its cohomology is an open Frobenius algebra. The
constructions using cyclic Coo algebra would define string topology operations for
Poincaré Duality spaces, and the constructions using open Frob, algebras would
define string topology operations for open manifolds.

Theorem 3.14 said that the L, algebra structure on Cyx® Hy restricts to Cx @Prim(Hy).
In the strict case, more can be said about the relation between the associative algebra
C«® H, and the Lie algebra Cx @ Prim(Hy). Let Uc, (C« ®Prim(Hy)) be the universal
enveloping algebra of Cy ® Prim(Hy) viewed as a Lie algebra over Cx. Recall, if A4
is an associative algebra, then [A4] is the Lie algebra obtained by symmetrizing the
multiplication.

Theorem 3.23 The Lie bracket on [Cyx ® Hy] restricts to Cyx @ Prim(Hy). Moreover,
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Proof We first show that the Lie bracket on [Cx ® Hy] fixes Cx @ Prim(Hy). This is
a simple computation

[a1 ®b1,a, @by]=a1a; @ b1by —azay ® byby
=aja, ® (byby —byby)
=ajay ® [by, by,

where the bracket is in [Hx]. Since Prim(Hy) is a Lie subalgebra of [ H], this proves
the claim.

For the second part, suppose Cy is unital. Then an element in Uc, (Cx ® Prim(Hy))
can be rewritten

(c1®h)®c, ®c, (n®hp) =(c1-cn®h1)®c, (1Qh)®c, - ®c, (1®hy).

The claim then follows from the construction of the universal enveloping algebra as a
quotient of the tensor algebra. a

4 Application to spaces

To describe string topology operations, we start with the path space fibration 25 (M ) —
Pp(M) — M . The based loop space 2;(M ) is homotopy equivalent to a topological
group, so we view 5 (X) as a topological group and the path space fibration as a
principal 25 (M) bundle. The group acts on itself by conjugation and the associated
bundle with respect to this bundle, which we refer to as the conjugate bundle, is a
model for the free loop space.

Lemma 4.1 The conjugate bundle 2j(M ) — Conj(Pp(M)) — M is equivalent to
the free loop space bundle Qp (M) — LM — M .

Proof The total space Conj(Pp(M)) is Pp(M)Xq, (M) S2p(M). We define a bundle
map from Conj(Pp(M)) — LM . Let [p,a] be an element in Py (M) xq, (ar) 25 (M)
and choose a representative (p,a), where p: [0,1] = M and a: S' — M. Then
consider the map f: [p,a] — pap~'. This map is well defined since a different
representative will be of the form (pg, g~ 'ag), which gets sent to

1 1

(pg)(g ag)(pg)~" = pap~'.

If f maps fibers isomorphically onto fibers, then f will be a homeomorphism (see
for example Milnor and Stasheff [20, Lemma 2.3]). Let Fx(Conj) be the fiber of
Conj(Pp(M)) above the point x € M . An element in the fiber is of the form [p, a]
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where p is a path from b to x and a isaloop at b. Let @ € Fx(L M) be an element
in the fiber of the free loop space bundle. Then letting p be any path from b to x and

azp_lozp,then f[p,p_lozp]zot. O

4.1 Power series connection

To apply the theorems proved in Section 3, we need to construct a twisting cochain.
There are several different constructions available for this purpose. The commutative
algebra structure on Q*(M) defines a Coo, algebra on H*(M), (see Cheng and Get-
zler [6] for a description of how to transfer structure). The Coo algebra defines a deriva-
tion of square zero on L(Hx(M)[—1]) and the inclusion Hyx(M) — L(H«(M)[—1])
defines a twisting cochain. Note that the Coo algebra on H*(M') is a minimal model
for Q*(M). Kadeishvili’s Minimal Model Theorem [15] provides another construction
of a twisting cochain.

We choose to review the work of Chen [4] and Hain [12] on power series connections,
which gives an equivalent construction of the minimal model for Q*(M) as the
one described above. A power series connection will be a twisting cochain from
H.(M) — L(H«(M)[—1]) in slightly different terminology. The equivalence of
Kadeishvili’s construction and Hain’s construction is described in Huebschmann [14].
The construction is explicit and self contained, which is why we have chosen to
include it.

Let M be a simply connected manifold. We introduce some notation. If L is a Lie
algebra, let /2L =[L, L], and for s > 2, ISL =[L, I*"'L]. Also, for w € Q*(M),
let J(w) = (=1)®ly.

Hain [12] defines a power series connection to be a pair consisting of an element
w € Q*(M)Q® L(Hx«(M:;R)[—1]) and derivation d on L(M(X;R)[—1]) , such that

() 9*=0,

() if o =Y W;X;(mod Q*(M)® I*>L(Hx(M)[—1])), then W; are closed forms
whose cohomology classes form a basis for H* (M ;R),

3) o +do—3[Jo,0]=0.

The last condition for w is referred to as the twisting cochain condition.

We go through Hain’s construction of a power series connection, which requires the
next lemma. The statement can be found in [11], where a dual statement is proved.
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Lemma4.2 [11, Lemma 3.8] Let L be a graded Lie algebra and 9 be a derivation
of L such that d(L) C [L, L]. Suppose w is an element of Q*(M ) ® L such that

1) o= W;Xi(modQ*(M)® I>L), where W; are closed forms whose coho-
mology classes form a linear basis for H* (M),

2) dw+do—LJw,0]=0(modQ*(M)®I"L),
Then

(1) 9*>=0(modI"*'L),

2) d(dw+dw—Li[Jo, o)) =0(modQ*(M)® I"T'L).
Theorem 4.3 [12, Theorem 2.6] There exists a pair (w, d) such that

(1) eQ*(M)® L(H«(M)[-1)),
(2) d is a derivation of L(H«(M)[—1]) of square zero,
3) dw+do—3[Jo,0]=0.

Proof The proof can be found in [12]. But we go over it, because this construction
will be referred to later on. Let (X;) be a basis of Hx(M). Suppose (W;) are
closed forms in *(M) whose cohomology classes form a basis of H*(M) dual to
(Xi). We construct d and  inductively and simultaneously. For ease of notation, let
L = L(H«(M)[-1)).

The first step is to let
o1 =) WiXi
i
01X; =0 foralli.

Then the Maurer—Cartan equation is partially satisfied:
1
d1w1 + dwy — E[Ja)l,a)l] =0(mod Q*(M)Q I*L).
Now, suppose that 9, and w, for r < s are defined so that

(1) 9, is a derivation of L,

(2) 051 X;=0,X; (modI"T1L),

B) ws—1 =w, (ModQ*(M)RI"T1L),

@) ror +do, — Jor, 0] =0 (mod Q* (M) ® I"T1L).
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We need to define ds and w;s to continue the induction step. By Lemma 4.2,

1
d (8s—1ws—l +dws—1 — E[Ja)s—l’ CUs—l]) = 0.
But since the cohomology classes of (W;) form a basis, we have the identity

1
Oy—1w5—1 +dwg_1 — E[st—l ) 6Us—l]

= Z (Z alv Wi + dI/V,-l...is)[Xl-l,[Xiz, X X
i1-is i
Then let Ws = Wg—1 + Z ‘/I/il"'i_y[Xil’[Xiz?"'?[Xi Xi
i1y
0sXi = st Xi + > @l [ Xiy [ Xy, .. [ Xipy, X311

Qi

s—1°

Looking at the Maurer—Cartan equation modulo Q*(M)® I*T1L,
1
0sws + dwg — E[J(Us, ws]
1
= O5—1Ws—1 +dwg—1 — E[Ja)s—l , Ws—1]

+ Z( Z ail'"l‘sti + dVVil"-iS)[AXil’ [XiZ’ T [Xisfl ’ Xis]]]

i Nipeeiy

= 0.
This allows us to continue our induction. Define w and 9 by the equations
3X; = 0 (mod I*T1L)
= ws (mod Q*(M)QI*TIL). O

It is a result of rational homotopy theory that the homology of (L(H«(M)[—1]), ) is
isomorphic to 4 (M) ®Q and the homology of (U(L(H«(M)[—1])), d) is isomorphic
to H«(2p(M)) as a Hopf algebra.

The twisting cochain will be the inclusion Hx (M) — L(H«(M)[—1]). The power
series connection defines the differential on L(Hy (M )[—1]) to be used in the Maurer—
Cartan equation and the twisting cochain condition implies that the inclusion is indeed
a twisting cochain. The power series connection also has the following consequence.

Theorem 4.4 [10] The power series connection @ defines a dg coalgebra map
T(H*(M)[1]) - T(Q*(M)[1]). There is map T (Q2*(M)[1]) - T (H*(M)[1]) such
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that the composition of the two maps is homotopic to the identity on T (Q2*(M)[1])
and equal to the identity on T (H*(M)[1]).

Proof The element w defines a map T(H™*(M)[1]) — Q*(M), using the adjunction
between tensor and Hom. The twisting cochain condition on @ implies that the map
satisfies the Maurer—Cartan equation. The relations between power series connections
and twisting cochains is described in [10, Section 1.3]. Using the correspondence
between twisting cochains and coalgebra maps then implies that extending the map as
a coalgebra respects the differentials.

The second claim about the map 7' (Q*(M)[1]) — T(H*(M)[1]) is a consequence of
the map being a deformation retraction. This result can be found in [19]. O

4.2 A, coalgebra modeling the homology of the principal path space

With a twisting cochain Hy (M) — L(H«(M)[—1]) at our disposal, we can apply the
theorems of Section 3 to the path space fibration and its conjugate bundle. This gives us
three structures, a twisted Ao, coalgebra on Hy (M) ® T (H«(M)[—1]) modeling the
coproduct on H,(Pp(M)), a twisted Ao, coalgebra on Hy(M) Q@ T (H«(M)[—1])
with the conjugation action modeling Hy (L M) modeling the coproduct on Hx(L M),
and a twisted Ao algebra on Hy(M) ® T (H«(M)[—1]) modeling the loop product.

Theorem 4.5 Let M be a simply connected manifold, Qp,(M) — P,(M) — M be
the path space fibration, and H, (M) — L(H«(M)[—1]) be the twisting cochain given
by the inclusion. Then (H«(M) ® T (Hx(M)[—1]),{c\}) defines an A, coalgebra
model Hy(P).

Proof The diagonal map M — M x M defines a Cy coalgebra on H,(M) and
T(H«(M)[—1]) is a Hopf algebra model for H4(23(M)). The theorem is then a
consequence of Theorem 3.9. ]

4.3 A, coalgebra modeling the homology of the free loop space

This brings us to defining operations in string topology. The tensor product Hy« (M) ®
T (H«(M)[—1]) isan A coalgebra given by combining the Co, coalgebra on Hy (M)
and the strict associative algebra on T'(Hy (M )[—1]). Using our twisting cochain, we
twist the A coalgebra as described in Section 3.6.
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Theorem 4.6 Let Hy (M) be a simply connected manifold. Consider the Coo coalge-
bra on H.(M), the Hopf algebra on T (H«(M)[—1]), and the conjugation action on
T(H«(M)[—1]). The maps

0r: Hi(M) Q@ T(Hx(M)[—1]) > He(M) @ T(Hy(M)[—1])

s Hi(M) @ T(Hy(M)[=1]) > (Hx(M) ® T (Hy (M)[-1)®"

define an Ao, coalgebra. The linear homology, (Hx(M) ® T (H«(M)[—1]), 07), is
the homology of the free loop space of the manifold Hy(LM).

Proof The proof follows from the application of Theorem 3.9. O

4.4 A, algebra modeling the homology of the free loop space

The loop product in H.(L M), first described by Chas and Sullivan [3], is intuitively
defined as combining the intersection product of H, (M) with loop concatenation in
H.(Qp(M)). The set-up of twisted tensor products accommodates such a description.
The tensor product Hx«(M) @ T (H«(M)[—1]) is an A algebra. The map

ma: (He(M) ® T(Hy(M)[=1])®? — Hy(M) ® T(Hx(M)[-1])

is a combination of the intersection product and loop concatenation. However, its linear
homology is not Hy(L M) so it does not define an operation in Hy(LM ). For this
we need to take the twisted differential d;. Unlike the coalgebra case, we do not need
to twist the higher multiplication maps.

Theorem 4.7 Let M be a simply connected manifold. Consider the cyclic Cxo
coalgebra on Hy(M), the Hopf algebra on T (H«(M)[—1]), and the conjugation
action on T (Hy(M)[—1]). The maps
0r: Hye(M) @ T(Hx(M)[—1]) > He(M) @ T(H«(M)[—1])
mn: (Hy(M) ® T (Hy(M)[-1]))®" — Hi (M) ® T (Hx(M)[~1])

define an Ao algebraon Hy(M) ® T(H«(M)[—1]).
Proof The proof is an application of Theorem 3.18. |

Example 4.8 Let M = G be a connected Lie group and consider the path space fibra-
tion, Qp(G) — Pp(G) — G. We claim that the conjugation action of Qj(G) is trivial,
and so there is no twisting given by the twisting cochain Hy(G) — L(H«(G)[—1]).
Consequently, the string topology operations are given by the untwisted tensor Hy(G)®
T(Hy(G)[-1)).
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To see that the conjugation action is trivial, recall that a Hopf algebra H, is commutative
if the Lie bracket on Prim(Hy) is zero. In this case, the Hopf algebra is H«(Q25(G)).
There is a homotopy equivalence, Q(G) = lej(B G). The Lie bracket is the same
as the Samelson bracket on 4 (Qi(B G)) which is equal to the Whitehead bracket
on 74(25(BG)). This bracket is zero because the Whitehead bracket is trivial on
H —spaces. Since the multiplication is commutative, the conjugation action is trivial
and there is no twisting coming from a twisting cochain. This computation agrees
with that in [13]. In that paper, Hepworth uses the isomorphism between LG and
G x Qp(G) to determine the Batalin-Vilkovisky algebra on H(25(G)). Menichi [18]
investigates the BV structure on H*(QIZ)(B G))® Hy (M), and also considers the case
when M = G. In that paper, he constructs a BV algebra morphism Hy(Q24(G)) —
H(Qp(G)® Hi (M) — Hy(LM).

The argument that the conjugation action is trivial can be applied to any manifold M
that is an H —space.

S Application to principal G bundles

We are interested in applying the results in Section 3 to the case of a principal G bundle
G — P — M. This will turn out to be representations of the algebraic structures
on Hy(M) ®; T(H«(M)[—1]) given in the previous section. Given a connection
on a bundle G - P — M, we get a map of bundles P,(M) - M to P - M in
the following way. Choose a basepoint above the fiber in P — M, and denote it by
e € Fp(M). Then the fiber can be identified with G, and e is identified with the
identity element. Using the lifting property for connections gives us maps

QM) —> G
Py(M) — P.

The map Q5(M) — G is often referred to as the holonomy map.

Lemma 5.1 Let G — P — M be a principal bundle with connection and Qp(M ) —
Py (M) — M be the path space fibration. The diagram

Py(M) —> P

! !

M 2

commutes. Furthermore, the map Py (M) — P commutes with the Q23 (M) action on
Py(M) and the G action on P.
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Proof This first part is the definition of lifting paths. See Kobayashi and Nomizu [16,
Proposition 3.2] for the second statement. |

This bundle map induces a map on the conjugate bundles

Conj(Pp(M)) —— Conj(P)

! |

M — M.
An element in Conj( Py (M)) is represented by an element (p;, &) € Pp(M)xQp(M).
The induced map is defined by taking a representative (p;,«) and sending it by the
map
(pr,a) = [pr(1),&] € Conj(P) = P xg G.

A loop a € Qp(M) lifts to a path & starting at ¢ € Fp(M) and ending in Fp(M).
This path corresponds to an element in G. A path p; € Py(M) lifts to a path p; in P
starting at e. Then p; — ps(1) € P.

Proposition 5.2 Let G - P — M be a principal G bundle with connection and
Qp(M) — Pp(M) — M be the path space fibration. The map
Conj(Pp(M)) — Conj(P)
(pr-e) = (5 (1), )

is well defined and independent of choice of basepoint e € Fy(M).

Proof Let S € Qp(M). For the map to be well defined, (EB, Bap~l) and (p;, @)
must be in the same equivalence class in P X G'. We see that conjugating ( P1,0) by
BeGis (p:B.Baf"). So the map is well defined.

Choosing a different point ¢’ € Py (M) changes the map Py (M) — P by the G action
and changes the map Q2;(M) — G by a conjugation. In the conjugate bundle, the
images belong to the same equivalence class. |

Given a bundle G — P — M, with G a connected Lie group, we look to construct
a twisting cochain t: Hx(M) — H.(G). Then using the methods in Section 3, we
obtain various structures on Hy (M) ® H,.(G) modeling H,(P). The twisting cochain
will be in terms of the characteristic classes of the bundle.

Proposition 5.3 [8, page 249] Let G be a Lie group and R a ring. The cohomology,
H*(BG; R) is a polynomial R-algebra of finite type on generators of even degree.
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For H.(BG), we need a separate argument.

Lemma 5.4 Let G be a connected Lie group. Then H.(BG) is a free commutative
algebra.

Proof The classifying space BG is rationally equivalent to a product of Eilenberg—
Mac Lane spaces. Furthermore, since G is connected, the long exact sequence in
homotopy groups of G — EG — BG, implies 71 (BG) = 0. The Eilenberg—Mac Lane
spaces here are then infinite loop spaces, and so BG is rationally an infinite loop space.
This means Hx(BG) is a Hopf algebra, which is commutative if the Lie bracket in
Prim(H.(BG)) is zero. This bracket is equivalent to the Whitehead bracket on 74 (Y")
where ley(Y) = BG. But Y is a loop space, since BG is, rationally, an infinite loop
space. And the Whitehead bracket on H —spaces is zero.

Hopf algebras are self dual, so H*(BG) is a Hopf algebra and H,(BG) is the dual
Hopf algebra. We see that Hy(BG) is also a polynomial algebra. |

5.1 Constructing the twisting cochain H,(M) - H,(G)

The power series connection w € Q* (M) ® L(H«(M)[—1]), constructed in Section 4.1
will be used once more. Theorem 4.4 defines a dg coalgebra map T (H*(M)[1]) —
T(Q*(M)[1]), which has an inverse T (Q*(M)[1]) - T(H*(M)[1]).

Since G is a connected Lie group, H*(BG) is a polynomial algebra. This allows us to
define maps from H*(BG) in terms of its polynomial generators. Let {p; € H*(M })
be the characteristic classes of a bundle G — P — M . Then there is an algebra
map H*(BG) — Q*(M) defined as follows. Let {P; € H*(BG)} be the polynomial
generators which pullback to the characteristic classes {p;}. Then define an algebra
map by P; — p;, where p; € Q*(M) is a representative for p;. Extend the map as
an algebra map to all of H*(BG). The algebra map H*(BG) — Q*(M) defines a
coalgebra map T(H*(BG)[1]) — T(Q*(M)[1]).

Therefore we have a coalgebra map T (H*(BG)[1]) - T(Q*(M) — T(H*(M)[1]),
which defines an algebra map T (H.(M)[—1]) — T(H«(BG)[—1]). To this algebra
map, there is a corresponding twisting cochain Hy(M) — T(H«(BG)[—1]). Since
T(H«(BG)[—1]) is a model for Q,(BG), which is homotopy equivalent to G, we
could do our work with twisting cochains now.

To replace T (H*(BG)[1]) with H*(G) we need to find a coalgebra map H*(G) —
T(H*(BG)[1]). Recall that H*(G) is generated by odd dimensional generators U; .
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To each U; there is a generator of H*(BG) one degree higher, which we denote by P;.
We define
J H*(G) > T(H*(BG)[1])
U+ P;
UilUiz > Pil X P,'2 + P,'2 ® Pi1

and extending the map as an algebra map. So f(U;, ---Uj;) = P;; U---U P;;, where
W is the shuffle product.

Lemma 5.5 The map f: H*(G) — T(H*(BG)[1]) is a map of differential graded
coalgebras. Therefore, f is a map of differential graded Hopf algebras.

Proof The coproduct on H*(G) is given by
AG(Ull Ulz) - Uil Ui2 &® 1 + Ui] &® Ui2 + Ui2 X Ui] + 1 X Ui] Uizv

and extended so that Ag is an algebra map. The coproduct on 7'(H*(BG)[1]) is given
by deconcatenation,

A(P;, ®"'®Pik):ZPi1 ®"'Pij®Pij+l®"'®Pik'
J

The following computation shows that f is a coalgebra map,

(f® o AWUU) =(fQ HU;U; @1+ Ui @U; +U; @ Ui + 1@ U; Uj)
=(PQP)RI+(Pi®P)R1+ PR P;
+PiQP+1Q(Pi®P)+1Q(P® Pi)
=A(Pi® Pi+ P ® P;)
= Af(U;Uj).
The differential on H*(G) is zero, so for f to be a chain map, f must map to cocycles

in T(H*(BG)[1]). We see that § is zero on P;. Then since f maps to shuffle products
of P; and § is a derivation with respect to the shuffle product, f maps to cocycles. O

To replace T (H«(BG)[—1]) with H«(G), we take the dual of the above map to get
a differential graded algebra map T (H«(BG)[—1]) - H«(G). So given a twisting
cochain t: Hy(M) — T (H«(BG)[—1]), composing maps defines a twisting cochain
Hy(M) — T(H«(BG)[—1]) > H«(G). Similarly, H*(G) — H*(M) is a twisting
cochain obtained by composing the twisting cochain T (H*(BG)[1]) - H*(M) and
the coalgebra map H*(G) — T(H*(BG)[1]).
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We summarize the construction of the twisting cochain and give a formula for it. Let
G — P — M be a principal G bundle, where G is a connected Lie group and M is
a simply connected manifold. Let { P;} be the multiplicative basis for H*(BG) where
pi € H* (M) is the pullback of P; € H*(BG). The elements P; are even dimensional
and correspond to an element U; € H*(G) such that {U;} form a basis for H*(G).
The following coalgebra maps are composed

() TQ*M)[1]) — T(H*(M)[1])

() TH*(BG)[1]) > T(L*(M)[1])

(3) H*(G) —» T(H*(BG)[1])

to define a coalgebra map H*(G) — T'(H*(M)[1]) which corresponds to a twisting
cochain H*(G) — H*(M). When this process is carried out, 7: H*(G) — H*(M)
is defined on generators by

H*(G) - H*(M)
Ui — pi,
and zero on products of generators.

Proposition 5.6 Consider the coalgebra structure on H*(G) given by group multi-
plication and the Cs, algebra structure on H* (M) given by the cup product. Then
the map t: H*(G) — H™*(M) which on generators is U; — p; and zero on products
of generators is the twisting cochain coming from the twisting cochain Hy(M) —
L(Hx(M)[—1]) given by the inclusion.

Proof There are no differentials on H*(G) and H*(M), and so it suffices to show
that msom(r@’) = 0 for each n. For m,';"’m (z®") to be possibly nonzero, we need to
consider the product of n generators Uj, --- U;, . We look at terms in A™(Uj;, --- Us,)
of the form

Z Uia(l) Q- ® Uicr(n)'

Then we apply 7 to each factor and apply my,: H*(M)®" — H*(M) of the Cx
algebra. But each m, vanishes on shuffle products, so it is zero on products of these
terms. d

5.2 A, coalgebraof H,(M) ®, H,(G) for a principal G —bundle

We can now define the twisted Ao, coalgebra structure on Hy. (M) ® H.(G). We use
the dual of t: H*(G) — H*(M), to get a twisting cochain. The map is also denoted

and is defined as
7. Hy(M) — Hy(G)

* £
p; = U,
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is zero on products p; -+ p;' . Note that U;* € Prim(G), and [U7, U] is defined. The
tensor differential on Hyx (M) ® H«(G) is zero, so d; consists only of twisted terms.
These terms are obtained by applying {c,: Hyx(M) — Hy(M)®"}, applying T to the
last n — 1 terms, bracketing the results, and then multiplying the resulting bracket with
the element in Hy(G). The higher coproducts ¢J,cJ.--- are defined in the same way.

Theorem 5.7 Let {p} be the characteristic classes of a G bundle G —- P — M,
where G is a connected Lie group and M a simply connected manifold. The maps
{0z, ¢5.¢3, ...} define an Ao coalgebra on Hyx(M)® H«(G) whose linear homology
is isomorphic to Hy(P).

Proof This is an application of Theorem 3.9. |

The twisting cochain is more easily defined as 7: H*(G) — H*(M), so the dual A
algebra can be made more explicit. Note that if Cy is a Cs coalgebra, Hy a Hopf
algebra, and a twisting cochain Cyx — Hy has its image in the primitives, then its dual
map t: H* — C* has the property that ker(t) U Prim(Hx) = Hy. This property of ©
implies the derivation property dual to the statement that multiplying by a primitive
element is a coderivation. It is described in Figure 19.

- LN

<\

ms 4 m3 = ms

Figure 19: This identity is a consequence of the fact that ker(z) UPrim(Hy) =
H, . The figure is dual to Figure 6.

We define an A, algebra on H*(G) @ H*(M ), where we view H*(G) as a Hopf
algebra and H* (M) as a C algebra. The map d,: H*(G)® H*(M) - H*(G) ®
H*(M) is given by:

at(Uil T Uin ®a) = Z Uia(l) o Uio(n—l) ® mz(pia(n) ®a)

o€eS,

+ Z Uioy **  Uig 2y ® M3(Piy -1y ® Py ® @)

o€S,
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The map m%: (H*(G) ® H*(M))®* — H*(G) ® H*(M) is given by:
m;(Uil Uik ®aank+] an ®b)
=U,-1~--U,~n®m2(a®b)
+ Z Uin(l) e Ul.n(nfl) ®m3(pi0(n) ®a ®b)

o€eS,

+ Z Uigay " Vigu—2) @ Ma(Pigu1) ® Pigiy ® A ®D)

o€eS,

Proposition 5.8 Let {p;} be the characteristic classes of a principal G bundle P — M,
with M simply connected and G a connected Lie group. The maps {d;,m3, ...}
define an Ao algebra on H*(G) ® H*(M) whose linear cohomology is isomorphic
to H*(P).

Proof This is the algebraic dual of Theorem 3.9. One can see that 8% = 0 directly, as
well:

32U, -+~ U, ®a)

- Z Z Ui(f’()‘(l) e Ulvo-/a(nfz) ® m2(pl(,/ ® mZ(pla-(n) ® a))
o O

+ Z Z Ui(r’o(l) e Uia/(r(nf.’a) ® m3(pi(r’cr(nfz) ® pi(r’(r(nfl) ® m2(pia(n) ® Cl))
o/ O

+ Z Z Ui(r’o(l) o Uirf’(r(n73) ® mZ(pi(r’(nfz) ® m3(picr(n—l) ® pia(n) ® 61))
o/ O

+ 2 : § :Ui(r’o(l) Uia/(r(n74)
o/ O

®m3(pio"a(n—3) ® pia’cr(n—Z) ® m3(pia(n—l) ® pia(n) ®Cl))

Note that on the H*(M) side of the tensor, there are compositions of m; and m; .
The Coo algebra relation on H* (M) states that such sums will be zero.

For the higher identities, we use the identity in Figure 19 and follow the same argument
that was made in Theorem 3.9. d

5.3 Ay coalgebraon H,(M) ®,. H.(G) using conjugation action

The conjugation action of H,(G) on itself is trivial when G is a connected Lie group.
This shows that there is no twisting needed for the A, coalgebra on Hyx(M)® Hy«(G).
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That is, the coalgebra is given by {c, ® A"}, where {c,} is the Cs coalgebra given
by the diagonal map and A” is the n—fold composition of the coproduct on Hy(G).

5.4 A, algebraon H,(M) ®, H,(G) using conjugation action

Since the conjugation action is trivial, the Ao algebra on Hy (M) ® Hy«(G) is given
by {m, ® mg}, with no twisting terms. Here, {m,} is the Cs algebra on H,(M)
given by the intersection product and mg is the associative multiplication in Hx(G).

References

(1]

(2]

(10]

(1]

[12]

[13]

L Abrams, Two-dimensional topological quantum field theories and Frobenius alge-
bras, J. Knot Theory Ramifications 5 (1996) 569-587 MR1414088

E H Brown, Jr, Twisted tensor products. I, Ann. of Math. (2) 69 (1959) 223-246
MRO0105687

M Chas, D Sullivan, String topology, to appear in Ann. of Math. (2) arXiv:
math.GT/9911159

K-t Chen, Iterated integrals of differential forms and loop space homology, Ann. of
Math. (2) 97 (1973) 217-246  MRO0380859

X Chen, F Eshmatov, W Gan, Quantization of the Lie bialgebra of string topology,
Comm. Math. Phys. 301 (2011) 877-888

X Z Cheng, E Getzler, Transferring homotopy commutative algebraic structures, J.
Pure Appl. Algebra 212 (2008) 2535-2542 MR2440265

J Chuang, A Lazarev, L, maps and twistings arXiv:0912.1215

CT J Dodson, PE Parker, A user’s guide to algebraic topology, Math. and its Appl.
387, Kluwer, Dordrecht (1997) MR1430097

WL Gan, Koszul duality for dioperads, Math. Res. Lett. 10 (2003) 109-124
MR1960128

V K AM Gugenheim, L. A Lambe, J D Stasheff, Algebraic aspects of Chen’s twisting
cochain, lllinois J. Math. 34 (1990) 485-502 MR1046572

RM Hain, Twisting cochains and duality between minimal algebras and minimal Lie
algebras, Trans. Amer. Math. Soc. 277 (1983) 397-411 MR690059

R M Hain, Iterated integrals and homotopy periods, Mem. Amer. Math. Soc. 47 (1984)
iv+98 MR727818

RA Hepworth, String topology for Lie groups, J. Topol. 3 (2010) 424-442
MR2651366

Algebraic € Geometric Topology, Volume 11 (2011)



Homotopy algebra structures on twisted tensor products and string topology operations 1203

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

J Huebschmann, On the construction of Aeo—structures, Georgian Math. J. 17 (2010)
161-202 MR2640649

TV Kadeishvili, On the theory of homology of fiber spaces, Uspekhi Mat. Nauk 35
(1980) 183-188 MRS580645 International Topology Conference (Moscow State Univ.,
Moscow, 1979)

S Kobayashi, K Nomizu, Foundations of differential geometry. Vol I, Interscience,
Wiley, New York-London (1963) MRO0152974

T Lada, M Markl, Strongly homotopy Lie algebras, Comm. Algebra 23 (1995) 2147
2161 MR1327129

A Menichi, A Batalin-Vilkovisky, Algebra morphism from double loop spaces to free
loops, to appear in Trans. Amer. Math. Soc. arXiv:0908.1883

S A Merkulov, Strong homotopy algebras of a Kdhler manifold, Internat. Math. Res.
Notices (1999) 153-164 MR1672242

J W Milnor, J D Stasheff, Characteristic classes, Annals of Math. Studies 76, Prince-
ton Univ. Press (1974) MR0440554

D Quillen, Rational homotopy theory, Ann. of Math. (2) 90 (1969) 205-295
MRO0258031

B Vallette, A Koszul duality for PROPs, Trans. Amer. Math. Soc. 359 (2007) 48654943
MR2320654

Department of Mathematics, The Graduate Center at CUNY
365 Fifth Ave, New York NY 10016, USA

mmiller1@gc.cuny.edu

Received: 14 June 2010 Revised: 31 January 2011

Algebraic € Geometric Topology, Volume 11 (2011)






