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C ! —actions of Baumslag—Solitar groups on S'!

NANCY GUELMAN
ISABELLE LIOUSSE

Let BS(1,n) = {a.b | aba™' = b") be the solvable Baumslag—Solitar group, where
n > 2. It is known that BS(1, n) is isomorphic to the group generated by the two
affine maps of the line: fo(x) = x + 1 and /¢(x) = nx. The actionon S' =R U 0o
generated by these two affine maps fy and /iy is called the standard affine one. We
prove that any faithful representation of BS(1,7) into Diff' (S) is semiconjugated
(up to a finite index subgroup) to the standard affine action.

37C85; 57525, 37E10

1 Introduction

This paper is about the dynamics of the actions of the solvable Baumslag—Solitar group
BS(1,n) = (a,b | aba™! = b™), where n > 2, on the circle S!.

It is known that BS(1, #) has many actions on S!. The standard action on S! =R Uoo
is the action generated by the two affine maps fo(x) = x + 1 and ho(x) = nx (where
fo=b and hy = a).

Many people have studied actions of solvable groups on one-manifolds, for example
Plante [9], Ghys [4], Navas [6], Farb and Franks [3], Moriyama [5] and Rebelo and
Silva [10].

There are a number of results concerning BS(1, )—actions on S!. Many of them are
scattered in different articles and some of them are not so easy to find, so our aim is to
present the state of the art for the case of the action of BS(1,7)—group on S, in the
case C!.

It is known that any C2? BS(1,n)—action on S' admits a finite orbit. This fact was
proven by Burslem and Wilkinson [1]. In fact they gave a classification (up to conjugacy)
of representations p: BS(1, n) — Diff" (S') with r >2 or r = w.

These results are proved by using a dynamical approach. The dynamics of C2 BS(1,n)—
actions on S! is now well understood, due to Navas” work [6] on solvable groups of
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circle diffeomorphisms. We will prove the same statement as in [1] but in the case that
the action is C!, that is, any C! BS(1, n)—action on S' admits a finite orbit. That is:

Theorem 1 Let f,h: S' — S be C! diffeomorphisms preserving orientation satis-
fying ho f oh™' = f™. If the BS(1,n)-action on S', (f,h), is faithful then there
exists m € N such that f*~! and h™ have a common fixed point.

Our aim is giving a classification of faithful actions of BS(1,7) on S, in the case C!.
So, our main result is the following:
Theorem 2 Any faithful C! BS(1,n)-action on S! preserving orientation, { f, h),

is semiconjugated (up to a finite index subgroup ( f"~!, h"™)) to the standard affine
action.

The proof uses in a crucial way (a slightly extended version of) an argument due to
Cantwell and Conlon [2], and its use was suggested to us by Navas. It should be pointed
out that, using this argument, Navas [7] has recently obtained a counterexample to the
converse of Thurston Stability Theorem, and it is very likely that Cantwell and Conlon’s
argument will still reveal itself to be very fruitful for obtaining new obstructions to C'!
actions on 1-dimensional manifolds.
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2 Existence of a global finite orbit

As before, let { f, /) be a faithful action of BS(1,7) on S!, where ho foh™! = f".
The aim of this section is proving the existence of a common periodic point of f and /.
First, we prove that the rotation number of f is rational.

Proposition 2.1 Let f,h: S! — S be homeomorphisms preserving orientation such

that ho foh™! = f™. Then there exists | € N such that the rotation number of [,
o(f)=1/(n—1). Therefore f"~! has a fixed point.
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Proof Since 1o foh™! = f" we have that there exists / € Z such that

np(f) = p(f)+1,
then p(f)=1/(n—1). a

We will prove that not only the rotation number of f is rational but the rotation number
of h also is. For proving that, we need the following lemma.

In fact, its proof follows Cantwell and Conlon’s one.

Proposition 2.2 (Modified Cantwell-Conlon) Let f,h be C! diffeomorphisms pre-
serving orientation on S' or [0, 1] and satisfying ho f oh™! = f™. Then, there is no
interval J with the following properties:

(1) f fixes the endpoints of T .

(2) f has no fixed points on the interior of J .

(3) J is a wandering interval under h (ie h*(J) N h!(J) = @ whenever k #1).

Proof Suppose there exists an interval J satisfying these three properties. We first
note that since /1 preserves the set of fixed points of f, for any /, the interval A~/ (7)
has endpoints fixed by f, and no interior points fixed by f. Also, since the intervals
h=t(7) are disjoint, we know that the length, |h~/(7)| — 0 as | — oc.

3
7

Since |h~/(J)| — 0, and f fixes the endpoints of A~/ (7) for all /, one can see that
for all / sufficiently large, f’(x) > 1—¢ for any x € h~(J). Furthermore, when
|h=1(7)]| is short enough, for x,y € h=I(T), W' (x)/h'(y) = 1 —e. We fix [ and
J = h71(J) so that for all s > 0, if x,y € h=*(J) then A/ (x)/I'(y) > 1—¢ and
fl(x)>1—e€.

Let x € J and I C J be the open arc between x and f(x). It is easy to see
that ez feyc Jand KN fi(I) =@ if k # j. Let us define the map
W(ay,q,...,0,) with a; € {0, 1} as the map

(K" o f¥ o h™)o---0(h%0 f*2oh™2)o(ho f* oh™").

Fix € > 0 satisfying the condition (1 —€)? >

Since hio f¥ oh™i = f”i if ;i =1 and A’ o f% o h™% =Id, otherwise; it follows
that W(ay, @y, ....am)(I) = fB(I) where B = D=1 nt.

So for (ary, 0z, ... 0m) # (@], 05, ... ay,), the intersection W(ay, @z, ..., am)(1)N
Wy, o, ... 0,)(1) is empty. Hence,
= |J %r.o.....am))
{0,1}m

is the union of 2™ disjoint arcs included in J .
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We claim that the length of any arc W(wq, @2, ..., )(I) may be bounded below by
1™
Notice that
Wy, on, ..., Q) :hkofoh_ll ofoh_lzofo---ofoh_l’
where 11+12—|—--~+1r=k,li>0f0ri=1,...,r.Hence

h
U (ay,ag,. .. om)(u) = l_[ JUED) 1_[ h/((yj)
i=1

where x;, yj and w; are well defined points, x; € UseN h™*(J) and y;, w;j € h=7(J).

Therefore, there exist points X; for i = 1,..,r, y; and w; for j = 1,..,k such that
the length of W(wy, s, ...,am)(1),

| /(J/};)l > |I|(1 )r+k.

Wz, am)(DI = 1 1) H ] 2

i=1

Since r < k <m it follows that
W (oo, a1, @a. .. ) ()| = (1 —€)*" = |T|($)™.

Then, the length of 7 > 2m|1|(%)m which tends to oo when m — oco. This is a
contradiction with Z C J. o

Proposition 2.3 Let f,h: S' — S! be C! diffeomorphisms preserving orientation
such that ho foh™! = f" . Ifthe BS(1,n)—-actionon S, (f,h), is faithful then p(h),
the rotation number of h, is rational.

Proof We suppose that p(%) is irrational, then we have two cases:

(1) £ is conjugated to an irrational rotation. Note that the periodic points of f are
preserved by /: let ¢ be such that % (¢q) = ¢, then /™% (h(q)) = h(f*(q)) = h(q).
So h(q) is a periodic point for f'.

It follows that the periodic points of f are dense in S!. This implies that there exists m
such that /™ = Id contradicting that the action is faithful.

(2) The minimal set of / is a Cantor set, K. Notice that K = Oy (p) where p is a
fixed point of f”~!. Then there exists an arc J C K¢ C S, which endpoints are fixed
by /"1, without f"~!—fixed points in its interior satisfying that J is a wandering
set under /. This is a contradiction with Proposition 2.2.

Therefore, the minimal set of / is not a Cantor set.

Hence, we have proved that p(#) is rational. a
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Proof of Theorem 1 Let m such that p(h™) = 0. Let ¢ be a fixed point for /7!
(we have already seen that there exists a fixed point for 1), then {h!"(q)};en is
included in the set of fixed points of f”~! since / preserves the fixed points of f7~!.

Let u be an accumulation point of {A!”(¢)}. It follows from continuity of f that u is
a fixed point for f”~! and since the nonwandering set, (™), is included in the set
of fixed points of 4™ then u is also a fixed point for /™. o

3 Semiconjugation to the standard affine action

Recall that the standard affine action on S! = R U oo is the action generated by the
two affine maps fo(x) = x 4+ 1 and hy(x) = nx.

Following results or ideas of Cantwell and Conlon, Navas and Rivas, from now on we
will prove that any faithful C! —BS(1,#) action on S is semiconjugated (up to the
finite index subgroup ( /”~!, A™)) to the standard affine action.

Remark 3.1 Since the C! diffeomorphisms f”~! and 4™ have a common fixed
point, we can study ( /"1, A™),a C! action of BS(1, (n—1)n™) on the interval [0, 1]
instead of S!.

Due to a classical result that appears, for example in Groups acting on the circle [4] by
Ghys , it is known that for a countable infinite group G, G is left orderable if and only
if G acts faithfully on the real line by orientation preserving homeomorphisms. Let us
note that Ghys proved that G acts faithfully on the real line constructing the dynamical
realization of a left ordering. For this construction he fixed an enumeration {g;} of G.
He defined an order preserving map ¢: G — R, in such a way that g(¢(g;)) =t(ggi).
This action was extended to the closure of #(G), and later to the whole real line. As
Rivas noted [11, Remark 4.4], and it was proved by Navas [8] that the dynamical
realization associated to different enumerations of G (but the same ordering) are
topologically conjugated.

It was proven by Rivas [11] that the set of left orderings of BS(1, n) is made up of four
Conradian orderings and an uncountable set of non-Conradian left orderings. Each
one of these infinitely many non-Conradian orderings can be realized as an induced
ordering that comes from an affine action on BS(1, n). Moreover, in the proof of this
result it was shown that the dynamical realization of any non-Conradian ordering is
semiconjugated to the standard affine action. (In fact, Rivas proved this result for
BS(1,2) but the proof for BS(1, n) is the same).
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As Ghys’ and Rivas’ results are “topological”, they hold in an interval instead of the
real line.

We will call an “exotic" action to the BS(1, n) one that is induced by a Conradian
ordering.

Let {( /) be the largest abelian subgroup containing f. For any “exotic" action in
the interval [0, 1] (that is induced by one of the four Conradian orderings), {{ /) is a
convex subgroup (in the sense of ordering; see the proof of case 2 of Proposition 4.2
of [11]).

In fact, in this proof it was shown that there exist two f —fixed points ¢ and d in (0, 1)
such that f has no fixed points in (¢, d) and h(c, d) is disjoint of (¢, d).

It can be proven that 1% (¢, d) N (¢, d) = @ for any k therefore (¢, d) is a wandering
interval under /. As it was proven in Proposition 2.2 it is not possible when f and /
are C! diffeomorphisms.

It follows that any C! BS—action on an interval / is semiconjugated to the standard
affine action. By Remark 3.1 the same holds for C! BS—action on S!.

So, we have proved Theorem 2.

References
[11 L Burslem, A Wilkinson, Global rigidity of solvable group actions on S', Geom.
Topol. 8 (2004) 877-924 MR2087072

[2] J Cantwell, L Conlon, An interesting class of C' foliations, Topology Appl. 126
(2002) 281-297 MR1934265

[31 B Farb, J Franks, Groups of homeomorphisms of one manifolds I: Actions of nonlinear
groups arXiv:math/0107085v2

[4] E Ghys, Groups acting on the circle, Enseign. Math. (2) 47 (2001) 329-407
MR1876932

[51 Y Moriyama, Polycyclic groups of diffeomorphisms on the half-line, Hokkaido Math.
J. 23 (1994) 399-422 MR1299633

[6] A Navas, Groupes résolubles de difféomorphismes de ’intervalle, du cercle et de la
droite, Bull. Braz. Math. Soc. (N.S.) 35 (2004) 13-50 MR2057043

[71 A Navas, A finitely generated, locally indicable group with no faithful action by C'!
diffeomorphisms of the interval, Geom. Topol. 14 (2010) 573-584 MR2602845

[81 A Navas, On the dynamics of (left) orderable groups, Ann. Inst. Fourier (Grenoble) 60
(2010) 1685-1740 MR2766228

Algebraic & Geometric Topology, Volume 11 (2011)


http://dx.doi.org/10.2140/gt.2004.8.877
http://www.ams.org/mathscinet-getitem?mr=2087072
http://dx.doi.org/10.1016/S0166-8641(02)00089-5
http://www.ams.org/mathscinet-getitem?mr=1934265
http://arxiv.org/abs/math/0107085v2
http://www.ams.org/mathscinet-getitem?mr=1876932
http://www.ams.org/mathscinet-getitem?mr=1299633
http://dx.doi.org/10.1007/s00574-004-0002-2
http://dx.doi.org/10.1007/s00574-004-0002-2
http://www.ams.org/mathscinet-getitem?mr=2057043
http://dx.doi.org/10.2140/gt.2010.14.573
http://dx.doi.org/10.2140/gt.2010.14.573
http://www.ams.org/mathscinet-getitem?mr=2602845
http://aif.cedram.org/item?id=AIF_2010__60_5_1685_0
http://www.ams.org/mathscinet-getitem?mr=2766228

C'—actions of Baumslag—Solitar groups on S 1707

[9] JF Plante, Solvable groups acting on the line, Trans. Amer. Math. Soc. 278 (1983)
401-414 MR697084

[10] JC Rebelo, R R Silva, The multiple ergodicity of nondiscrete subgroups of Diff®(S1),
Mosc. Math. J. 3 (2003) 123-171, 259 MR1986539

[11] CRivas, On spaces of Conradian group orderings, J. Group Theory 13 (2010) 337-353
MR2653523

IMERL, Facultad de Ingenieria, Universidad de la Republica
Julio Herrera y Reissig 565, 11300 Montevideo, Uruguay

UFR de Mathématiques, UMR CNRS 8524, Université de Lille 1
Laboratoire Paul Painlevé, 59655 Villeneuve d’Ascq, France

nguelman@fing.edu.uy, liousse@math.univ-1lillel.fr

Received: 28 October 2010 Revised: 6 April 2011

Algebraic & Geometric Topology, Volume 11 (2011)


http://dx.doi.org/10.2307/1999325
http://www.ams.org/mathscinet-getitem?mr=697084
http://www.ams.org/mathscinet-getitem?mr=1986539
http://dx.doi.org/10.1515/JGT.2009.053
http://www.ams.org/mathscinet-getitem?mr=2653523
mailto:nguelman@fing.edu.uy
mailto:liousse@math.univ-lille1.fr

	1. Introduction
	2. Existence of a global finite orbit
	3. Semiconjugation to the standard affine action
	References

