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Studying uniform thickness II:
Transversely nonsimple iterated torus knots

DoUGLAS J LAFOUNTAIN

We prove that an iterated torus knot type in (S3, £yq) fails the uniform thickness
property (UTP) if and only if it is formed from repeated positive cablings, which is
precisely when an iterated torus knot supports the standard contact structure. This is
the first complete UTP classification for a large class of knots. We also show that all
iterated torus knots that fail the UTP support cabling knot types that are transversely
nonsimple.

57M25, 57R17; 5TM50

1 Introduction

Let K be a knot type in S* with the standard tight contact structure £qq. The uniform
thickness property (UTP) is fundamental to understanding embeddings of solid tori
representing K in (S3, £xq); in brief, K satisfies the UTP if every such solid torus
thickens to one with convex boundary slope 1/tb(K). If there exists a solid torus
representing K that does not exhibit thickening, K fails the UTP, and such a solid
torus is said to be nonthickenable. The UTP was first introduced by Etnyre and
Honda [6], who showed that the (2, 3)—torus knot fails the UTP by identifying such
nonthickenable tori. They then used this to show that the (2, 3)—torus knot supports
a transversely nonsimple cabling knot type. In joint work with Etnyre and Tosun [7],
we extended this study to show that all positive (p, g)—torus knots fail the UTP and
support nonsimple cablings; furthermore, we established a complete Legendrian and
transverse classification for cables of positive torus knots through the study of both
nonthickenable and partially thickenable tori. In [15], we also showed that the general
class of knot types K which both satisfy the UTP and are Legendrian simple is closed
under the operation of cabling. An application of this was the identification of large
classes of Legendrian simple iterated torus knot types.

In this paper we determine precisely which iterated torus knot types satisfy the UTP
and which fail the UTP; this is the first complete UTP classification for a large class
of knots. We also prove that any iterated torus knot type that fails the UTP supports
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transversely nonsimple cabling knot types. Specifically, we have the following theorems
and corollary:

Theorem 1.1 Let K, = ((P1,41),...,(Pi,qi),...,(Pr,qr)) be an iterated torus
knot, where the iterated cablings (P;, q;) are measured in the standard Seifert framing,

and q; > 1 for all i. Then K, fails the UTP if and only if P; > 0 for all i, where
1<ic=<r.

In the second theorem, x(K) is the Euler characteristic of a minimal genus Seifert
surface for a knot K:

Theorem 1.2 If K, is an iterated torus knot that fails the UTP, then it supports
infinitely many transversely nonsimple cablings K, 1, specifically (—x(K;),k +1)-
cablings of K,, where k ranges over an infinite subset of positive integers.

To state our corollary to Theorem 1.1, recall that if K is a fibered knot, then there
is an associated open book decomposition of S that supports a contact structure,
denoted £ (see Etnyre [4] and Thurston and Winkelnkemper [16]). Iterated torus
knots are fibered knots, and Hedden has shown that the subclass of iterated torus knots
where each iteration is a positive cabling, ie P; > 0 for all 7, is precisely the subclass
of iterated torus knots where &, is isotopic to &xq [11]. We thus obtain the following
corollary:

Corollary 1.3 An iterated torus knot K, fails the UTP if and only if g, = &q.

We make a few remarks about these theorems. First, it will be shown that these
transversely nonsimple cablings all have two Legendrian isotopy classes at the same
rotation number and maximal Thurston—Bennequin number. Second, in the class of
iterated torus knots there are certainly more transversely nonsimple cablings than those
in Theorem 1.2, as seen in [6; 7]. However, we present just the class of nonsimple
cablings in Theorem 1.2, and leave a more complete classification as an open question.

We now present a conjectural generalization of the above two theorems and corollary. To
this end, recall that Hedden has shown that for general fibered knots K in S3, £g = &g
precisely when K is a fibered strongly quasipositive knot [12]; he also shows that for
knots K with £x =~ &yq, the maximal self-linking number is ﬁ(K) = —x(K) [10].
Furthermore, from the work of Etnyre and Van Horn-Morris [8], we know that for
fibered knots K in S3 that support the standard contact structure there is a unique
transverse isotopy class with maximal self-linking number. In the present paper, all of
these ideas are brought to bear on the class of iterated torus knots, and this motivates
the following conjecture concerning general fibered knots:
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Conjecture 1.4 Let K be a fibered knot in S3 ; then K fails the UTP if and only if
&k = &ga, and hence if and only if K is fibered strongly quasipositive. Moreover, if a
topologically nontrivial fibered knot K fails the UTP, then it supports cablings that are
transversely nonsimple.

Our main tools will be convex surface theory and the classification of tight contact
structures on solid tori and thickened tori. Most of the results we use can be found
in Etnyre and Honda [6], Etnyre, LaFountain and Tosun [7], Honda [13; 14] and
LaFountain [15], and if we use a result from one of these works, it will be specifically
referenced. Moreover, Sections 2.2-2.4 of [7] provide a nice summary of much of the
needed background.

The plan of the paper is as follows. In Section 2 we recall definitions, notation and
identities used in [6; 7; 13; 14; 15]. In Section 3 we outline a strategy of proof of
Theorem 1.1 that yields the statement of two key lemmas, one of which is immediately
proved. In Section 4 we prove the second lemma and complete the proof of Theorem 1.1.
In Section 5 we prove Theorem 1.2.

Acknowledgements The author would like to thank William Menasco, John Etnyre
and Biilent Tosun for both their insight and interest. This work was partially supported
by QGM (Centre for Quantum Geometry of Moduli Spaces) funded by the Danish
National Research Foundation.

2 Definitions, notation and identities

2.1 Iterated torus knots

Iterated torus knots, as topological knot types, can be defined recursively. Let 1—iterated
torus knots be simply torus knots (p1,¢q) with p; and g; coprime nonzero integers,
and |p1],¢q1 > 1. Here, as usual, p; is the algebraic intersection with a longitude,
and ¢, is the algebraic intersection with a meridian in the preferred Seifert framing
for a torus representing the unknot. Then for each (p1, q;) torus knot, take a tubular
neighborhood N((p1,¢1)); the boundary of this is a torus, and given a framing we
can describe simple closed curves on that torus as coprime pairs (p3, ¢2), with g, > 1.
In this way we obtain all 2—iterated torus knots, which we represent as ordered pairs,
((p1.91), (p2,42)). Recursively, suppose the (r—1)—iterated torus knots are defined,;
we can then take tubular neighborhoods of all of these, choose a framing, and form
the r—iterated torus knots as ordered r—tuples ((p1,¢1),..., (Pr—1.4r—1), (Pr.qr)),
again with p, and ¢, coprime, and ¢, > 1.
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For ease of notation, if we are looking at a general r —iterated torus knot type, we will
refer to it as K, ; a Legendrian representative will usually be written as L, .

We will study iterated torus knots using two framings. The first is the standard Seifert
framing for a torus, where the meridian bounds a disc inside the solid torus, and we use
the preferred longitude which bounds a surface in the complement of the solid torus.
We will refer to this framing as C. The second framing is a nonstandard framing using
a different longitude that comes from the cabling torus. More precisely, to identify this
nonstandard longitude on dN (K,), we first look at K, as it is embedded in IN (K,_1).
We take a small neighborhood N (K, ) such that N (K, ) intersects N (K,—1) in two
parallel simple closed curves. These curves are longitudes on dN (K, ) in this second
framing, which we will refer to as C’. Note that this C’ framing is well-defined for any
cabled knot type. Moreover, for purpose of calculations there is an easy way to change
between the two framings, which will be reviewed below.

Given a fixed choice of meridian, m, and longitude, /, on a torus, we may express
simple closed curves as homology classes u[m]+ A[/] on that torus, which we may
also denote as (u, ). We will say such a curve has slope of A /. Therefore we will
refer to the longitude in the C’ framing as oo’, and the longitude in the C framing
as co. The meridian in both framings will have slope 0. These are the conventions
used in [5; 7; 15].

We will also use a convention that curves measured in the standard C framing will
typically be denoted as (P, q), that is, the algebraic intersection with the co—longitude
will be denoted by upper-case P’s. On the other hand, curves in the nonstandard C’
framing will typically be denoted as (p, ¢q), that is, the algebraic intersection with
the oo’ —longitude will be denoted by lower-case p’s. These are the conventions used
n [15]. Given a curve L = (P, g) on a torus dN , there is then a relationship between
the framings C’ and C on dN(L). In terms of a change of basis, we can represent
slopes A/u as column vectors and then get from a slope A/u’, measured in C’ on
dN (L), to aslope A/u, measured in C, by

1L Pg\ () _ (1
0 1 A \A)
In other words, = ' + Pgh.

Given an iterated torus knot type K, = ((p1,41),-..,(pr.qr)) where the p;’s are
measured in the C’ framing, we define two quantities. The two quantities are

r r r r

r r
Ay = Z Da l—[ g | | 48> Br:= Z(Pa l_[ Qﬂ) + 1_[ Go-
(o4 a=1

a=1 B=a+1 B= a=1 B=a+1
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Note here we use a convention that ]—[g: r+198 = 1. Also, if we restrict to the first
iterations, that is, to K; = ((p1,41),-..,(pi,qi)), we have an associated A; and B;.
For example,

l:—Zpa ]_[ q,s]_[qﬂ

a=1 B=a+1 B=a
From [15, Section 3] we obtain four useful identities which we will apply extensively
throughout this note:

(1) Ar:qrzAr—1+PrQr, By=qrB,_1+pr., Pr=qrAr_1+pr Ar=Prq,.

We conclude with a computation of the Euler characteristic for iterated torus knots
obtained through positive cablings (see also [15, Lemma 3.3]).

Lemma 2.1 Suppose K; = ((P1,491),...,(Pr,qr)) is an iterated torus knot where
P; >0 foralli. Then —x(K,) = A, — B,.

Proof A formula for y(K,) is given at the end of the proof of Corollary 3 in Birman
and Wrinkle [2]. In the notation used in that paper, the formula is x(K,) = ]_[;=1 Di—
Y1 qi(pi—1) er‘=i+1 pj»since in our case all the e; =1 as we are cabling positively
at each iteration. However, note that our (P;,g;) corresponds to (¢;, p;) in [2] for
i > 1. We thus obtain the equation

X(Kr)—Pll_[% QI(PI_I)I_[% ZPI(%_I) 1_[ qj-

j=i+1

Examination of this formula for x(K;) yields the following recursive expression using
our P’sand ¢’s:

r—1 r—1 r—1 r—1
X(Ky) = qr(Pl [Tai—aPi=D]]a=D_Pitai—1 [] q,-) — Pr(gr—1)

i=2 i=2 i=2 j=it1
=qr X(Kr—1) — Prqr + Py.

For a positive torus knot (Py,¢;), we have xy = —P1gy + P1 +¢1 = —A4; + By, so
we can assume the lemma holds for K,_;. Thus using the recursive expression we
have

X(Ky) =qrx(Ky—1) — Prqr + P
=qr(—=A,-1+B,_1)—Ar +qr A1+ pr—i
=—A,+ B,.

This last equality uses Equation (1) above. a
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2.2 Legendrian knots, convex tori and the UTP

Recall that for Legendrian knots embedded in S3 with the standard tight contact
structure, there are two classical invariants of Legendrian isotopy classes, namely the
Thurston—-Bennequin number, tb, and the rotation number, r. For a given topological
knot type, if the ordered pair (r,tb) completely determines the Legendrian isotopy
classes, then that knot type is said to be Legendrian simple. For transverse knots there
is one classical invariant, the self-linking number s/; for a given topological knot type,
if the value of s/ completely determines the transverse isotopy classes, then that knot
type is said to be transversely simple. For a given topological knot type, if we plot
Legendrian isotopy classes at points (1, tb), we obtain a plot of points that takes the
form of a Legendrian mountain range for that knot type.

We will be examining Legendrian knots which are embedded in convex tori. Recall
that the characteristic foliation induced by the contact structure on a convex torus can
be assumed to have a standard form, where there are 2n parallel Legendrian divides
and a one-parameter family of Legendrian rulings. Parallel push-offs of the Legendrian
divides gives a family of 2n dividing curves, referred to as I'. For a particular convex
torus, the slope of components of I" is fixed and is called the boundary slope of any
solid torus which it bounds; however, the Legendrian rulings can take on any slope
other than that of the dividing curves by Giroux’s Flexibility Theorem [9]. A standard
neighborhood of a Legendrian knot L will have two dividing curves and a boundary
slope of 1/tb(L).

We can now state the definition of the uniform thickness property as given by Etnyre
and Honda [6]. For a knot type K, define the contact width of K to be

w(K) = sup m.
In this equation the N are solid tori having representatives of K as their cores; slopes
are measured using the Seifert framing where the longitude has slope co; the supremum
is taken over all solid tori N representing K where dN is convex. Any knot type K
satisfies the inequality tb(K) < w(K) <tb(K)+ 1, where tb is the maximal Thurston—
Bennequin number for K. A knot type K then satisfies the uniform thickness property
(UTP) if the following hold:

1. tb(K)=w(K).

2. Every solid torus N representing K can be thickened to a standard neighborhood
of a maximal tb Legendrian knot.
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A solid torus N fails to thicken if for all N’ > N, we have slope(ITyn+) = slope(Tyn ).
Thus one of the ways a knot type K may fail the UTP is if it is represented by a solid
torus N which fails to thicken, and such that slope(I'yx) # 1/tb(K).

Given a Legendrian curve L = (P, q) on a convex torus d/N , we define ¢ to be the
twisting of the contact planes along L with respect to the C’ framing on dN(L); in
this case, [6, Equation 2.1] gives us

) tb(L) = Pq +t(L).

Observe that #(L) is also the twisting of the contact planes with respect to the framing
given by dN, and so is equal to —1/2 times the geometric intersection number of L
with 'y . We denote by 7 the maximal twisting number with respect to this framing.

We also had two definitions introduced in [15] that will be useful in this note.

Definition 2.2 Let N be a solid torus with convex boundary in standard form, and
with slope(I'yn) = a/b in some framing. If |25 is the geometric intersection number
of the dividing set I" with a longitude ruling in that framing, then we will call a/b the
intersection boundary slope.

Note that when we have an intersection boundary slope a/b, then 2 gcd(a, |b|) is the
number of dividing curves.

Definition 2.3 For r > 1 and positive integer k, define N, rk to be any solid torus rep-
resenting K, with intersection boundary slope of —(k +1)/(A,k + B;), as measured
in the C’ framing. Also define the integer n’,‘ = ged((k + 1), (A,k + B,)). Note
that N has 2n% dividing curves. Note also that the above definition is only for
k > 1; however, we will also define N2 to be a standard neighborhood of a tb(K )
representative, and thus have this as the k = 0 case.

Remark 2.4 We will be particularly interested when K, is an iterated torus knot ob-
tained from positive cablings; in this case, note that after doing a change of coordinates
from the C’ framing to the C framing, one obtains that the intersection boundary slope
of Nrk is (k +1)/(A, — B;), or in other words, by Lemma 2.1, —(k + 1)/ x(K,).
Thus Tynk intersects the Seifert longitude exactly 2(—x(K;)) times, regardless of
what k is; this will be vital for our arguments, in particular in Lemma 4.6 below.

Finally, recall that if A is a convex annulus with Legendrian boundary components,
then dividing curves are arcs with endpoints on either one or both of the boundary
components. Dividing curves that are boundary parallel are called bypasses; an annulus
with no bypasses is said to be standard convex.
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2.3 Twist number lemma and the Farey tessellation
The following lemma, due to Honda [13], will play a role in this work.

Lemma 2.5 (Twist number lemma, Honda) Let L be a Legendrian knot with twist-
ing n. Let r be the slope of a Legendrian ruling curve on dN(L). If there exists
a bypass attached along this ruling curve, and 1/r > (n + 1), then passing through
the bypass yields a Legendrian curve, with larger twisting, which is isotopic (but not
Legendrian isotopic) to L.

This lemma can be thought of as a corollary to the following proposition, also due to
Honda [13], which describes how slopes of dividing curves change due to bypasses
attached to convex tori. Recall that fractional slopes can be placed on the boundary of
the Poincaré disk ID using the Farey tessellation, where two slopes with intersection
number one are connected by an arc in the Farey tessellation — see [7, Section 2.2.3]
for a complete discussion. In the following proposition, the torus 7" can be thought of
as inheriting an orientation from the solid torus which it bounds.

Proposition 2.6 (Honda) Let T be a convex torus in standard form with |I'r| =2,
dividing slope s and ruling slope r # s. Let D be a bypass for T attached to the
front of T along a ruling curve. Let T’ be the torus obtained from T by attaching the
bypass D. Then |I'r/| = 2 and the dividing slope s’ of Ty is determined as follows:
let [r, s] be the arc on 0D running from r counterclockwise to s, then s’ is the point in
[r, s] closest to ¥ with an edge to s. If the bypass is attached to the back of T' then the
same algorithm works except one uses the interval [s, r] on dD.

Since the boundary slope of 0 cannot be realized when the contact structure is tight, we
focus on (dD) \ {0}, and note that when thickening a solid torus N, boundary slopes
change in a clockwise manner on (dD) \ {0}; and when thinning N , slopes change
in a counterclockwise manner. However, given a tight solid torus N with boundary
slope s, and given s’ a rational slope somewhere in the interval (s, 0) obtained by
going counterclockwise from s to 0, then there exists a solid torus N’ C N with
boundary slope s’ (see [13]).

2.4 Imbalance Principle

As we see that bypasses are useful in changing dividing curves on a surface, we mention
a standard way to try to find them called the Imbalance Principle [13]. Suppose that
T and T’ are two disjoint convex tori and A is a convex annulus whose interior is
disjoint from 7" and T, but whose boundary is Legendrian with one component on
each surface. If [I'r N d.A| > |['7» N d.A| then there will be a bypass on A along the
T —edge.
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2.5 Universally tight contact structures

Recall that a contact structure £ on a 3-manifold M is said to be overtwisted if
there exists an overtwisted disc, and a contact structure is tight if it is not overtwisted.
Moreover, one can further analyze tight contact 3—manifolds (M, &) by looking at
what happens to £ when pulled back to the universal cover M via the covering map
n: M — M. In particular, if the pullback of & remains tight, then (M, &) is said to
be universally tight.

The classification of universally tight contact structures on solid tori is known from the
work of Honda. Specifically, from [13, Proposition 5.1], we know there are exactly
two universally tight contact structures on S! x D? with boundary torus having two
dividing curves and slope s < —1 in some framing. These are such that a convex
meridional disc has boundary-parallel dividing curves that separate half-discs all of the
same sign, and thus the two contact structures differ by —id. (If s = —1, there is only
one tight contact structure, and it is universally tight.)

Also from the work of Honda, we know that if £ is a contact structure which is
everywhere transverse to the fibers of a circle bundle M over a surface X, then & is
universally tight [14]. Such a contact structure is said to be horizontal.

2.6 Transverse push-offs of Legendrian knots

Given a Legendrian knot L, recall that there are well-defined positive and negative
transverse push-offs, denoted by T4 (L) and T_(L), respectively (see, for example,
Epstein, Fuchs and Meyer [3]). Moreover, the self-linking numbers of these transverse
push-offs are given by the formula sl(74 (L)) =tb(L) Fr(L).

3 Strategy of proof for Theorem 1.1

In this section we present a strategy of proof for Theorem 1.1. We begin with a theorem
that in previous works has in effect been proved, but not stated. In this theorem K is a
knot type and K(p 4) is the (P, q)—cabling of K.

Theorem 3.1 (Etnyre-Honda, L) If K satisfies the UTP, then K(p 4) also satisfies
the UTP.

Proof The case where the cabling fraction P/g < w(K) is the content of [6, The-

orem 1.3]. For the case where P/q > w(K), we first note that by the proof of [6,
Theorem 3.2], we know that 7(K(p4)) < 0 and K(p 4y achieves %(K(p,q)) as a
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Legendrian ruling curve on a convex torus with boundary slope 1/w(K) and two
dividing curves — we observe that neither of these statements uses the Legendrian
simplicity hypothesis in the statement of [6, Theorem 3.2]. Then, we simply observe
that in the proof of [15, Section 2, Theorem 1.1], the Legendrian simplicity of K is
not needed to prove that K(p 4) satisfies the UTP. a

An immediate application for our current purposes is that if an iterated torus knot
K, =((P1,91),--..,(Pr,q,)) satisfies the UTP, then the iterated torus knot K, | =
((Pl ’ QI)v L) (PraQr)a (Pr-i-l’ ‘Ir—i—l)) alSO SatiSﬁeS the UTP.

With this theorem in mind, we will prove Theorem 1.1 by way of three lemmas, two
of which combine in an induction argument. For this purpose we make the following
inductive hypothesis, which from here on we will refer to as the Inductive Hypothesis.

Inductive Hypothesis Let K, = ((P1,4¢1),...,(Pr,qr)) be an iterated torus knot,
as measured in the standard C framing. The Inductive Hypothesis assumes that the
following hold:

(1) P;>0forall i, where 1 <i <r. (Thus A; = P;q; > 0 for all 7 as well.)
(2) 0<th(K,)=w(K,) < A,.(Thus —A4, <7(K,) <0 — see Equation (2).)

(3) Any solid torus N, representing K, thickens to some Nrk (including Nro which
is a standard neighborhood of a tb representative).

(4) If N, fails to thicken then it is an N, and it has at least 21 dividing curves.

(5) The candidate nonthickenable N rk exist and actually fail to thicken for k > C;,
where C, is some positive integer that varies according to the knot type K, .
Moreover, these N, rk that fail to thicken have contact structures that are universally
tight, with convex meridian discs D containing bypasses all of the same sign;
ie, the rotation number of meridian curves is r(dD) = k. Also, a Legendrian
ruling preferred longitude on these 8N,k has rotation number zero for k > 0.

Another way of stating items (3) and (4) is that every solid torus N, is contained in
some N,k, and if N, fails to thicken, then boundary slopes do not change in passing
to the Nrk D N, , although the number of dividing curves may decrease. Also, note
that, by item (5), any K, which satisfies the Inductive Hypothesis fails the UTP.

We first observe that the Inductive Hypothesis is true for the base case of positive torus
knots, as established in [7; 15].

Lemma 3.2 The Inductive Hypothesis is true for positive torus knots K1 = (P, q),
and thus positive torus knots fail the UTP.
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Proof Clearly item (1) of the Inductive Hypothesis holds. From [5] we know that
0<tb(Ky)=Pg— P—q < A = Pg; this proves part of item (2).

The remaining part of (2) follows from [15, Lemma 4.5], and items (3) and (4) hold
from [15, Lemma 4.3]. We briefly recall the sketch of the proof of that lemma below,
as we will be using similar ideas shortly in the induction step.

The idea in [15, Lemma 4.3] was the following: given a solid torus N representing the
positive torus knot K, take a neighborhood of a Legendrian Hopf link N (L{)UN(L»)
in its complement. Then, in the complement of Ny U N(L{) U N(L;), joina (P,q)-
curve on dN (L) to a (¢, P)—curve on dN(L,) with a standard convex annulus A
having no bypasses (this could be achieved after possibly destabilizing L LI L, ). One
could then calculate the intersection boundary slope of —d(N(L1) U N(L,) U N(A))
to be identical to one of the N lk . This established item (3). Then, in that same lemma,
item (4) was shown by observing that if N; had the same boundary slope as an N k.
but with less than anlC dividing curves, then N; would in fact thicken.

Construction 3.2 and Lemmas 3.3 and 3.4 in [7] then combine to establish item (5),
using C; = 1. Again, we include the ideas in those results below, as we will use similar
arguments shortly in the induction step.

The idea in [7, Construction 3.2] was to take one of the universally tight N k with
convex meridian discs having bypasses all of the same sign, and build S3 with the
tight contact structure around it. Specifically, we joined two oo’ —longitudes on N, k
by a standard convex annulus A, so that if we then let R = N, kKU N(A), we had that
R was diffeomorphic to 7% x [0, 1], with a [0, 1]-invariant contact structure on N (A).
Thinking of R as fibering over an annulus with fibers representing the torus knot, the
contact structure on R could then be isotoped to be transverse to the fibers, hence a
horizontal contact structure, and therefore universally tight. With appropriate choice
of dividing curves on A, we could then assure that the two toric boundaries of R
represented those of standard neighborhoods of our desired Legendrian Hopf link, and
gluing in such neighborhoods gave us S with the tight contact structure. This showed
that the le exist.

The idea in [7, Lemma 3.3] was to show that the N lk are nonthickenable by examining
the complement M| k—g3 \ VY. k Specifically, since the positive torus knot (P, q) was
a fibered knot (w1th fiber ) with periodic monodrorny, M kK had a Pg—fold cover
M, Mk =~ S1x 3. We then showed that the S fibers in M, Mk could all be made Legendrian
of the same (negative) twisting —(A1k + B1). We then assumed for contradiction, that
N lk thickened, and showed this resulted in a new Legendrian, topologically isotopic to
the S fibers, with twisting —/ > —(A 1k + B;). We then cut ¥ into a polygon P to
obtain a solid torus S! x P which we showed was in fact a standard neighborhood of
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a Legendrian of twisting —(A1k + By); crucial to this calculation was the fact that
on dN lk the Seifert longitude intersected the dividing set exactly 2(—yx(K)) times.
Finally, we showed we could tile enough copies of S! x P together to enclose the
Legendrian with twisting —¢’ inside a standard neighborhood of a Legendrian with
twisting —(A1k + By). This was a contradiction, and showed that the N. lk failed to
thicken.

Finally, [7, Lemma 3.4] computed rotation numbers. a

Our second key lemma used in proving Theorem 1.1 is the following induction step,
which, along with the base case of positive torus knots, will show that if the iterated
torus knot K, = ((P1,41), ..., (Pr,qr)) is such that P; > 0 for all i, then K, fails
the UTP.

Lemma 3.3 Suppose K, satisfies the Inductive Hypothesis, and K, is a cabling
where P,y1 > 0; then K, satisfies the Inductive Hypothesis, and thus fails the UTP.

The main idea in the argument used to prove this lemma will be that since K, satisfies
the Inductive Hypothesis, there is an infinite collection of nonthickenable solid tori
whose boundary slopes form an increasing sequence converging to —1/A4, in the
C’ framing (which is oo in the C framing). As a consequence, cabling slopes with
P, 1 >0 inthe C framing are clockwise from infinitely many nonthickenable boundary
slopes; we will use this to show that such cabling knot types with P,4; > 0 have a
similar sequence of nonthickenable solid tori.

Our third key lemma is the following, which along with Theorem 3.1 and the fact
that negative torus knots satisfy the UTP (see [6]), will show that if at least one of the
P; <0, then K, satisfies the UTP.

Lemma 3.4 Suppose K, satisfies the Inductive Hypothesis, and K, is a cabling
where P,4q < 0; then K, satisfies the UTP.

Proof This is the case where ¢, +1/pr+1 € (—1/A4,,0) in the C’ framing, we know
K, satisfies the Inductive Hypothesis, and we wish to show that K, satisfies the
UTP. The proof is identical to that of Steps 1 and 2 in the proof of [15, Section 6,
Theorem 1.5], the key being that since —1/A4, < gy+1/pr+1 <0, this cabling slope is
shielded (in the Farey tessellation by an arc from —1/A4, to 0) from any N, rk that fail
to thicken. O

In the following Section 4 we prove Lemma 3.3; this will then complete the proof of
Theorem 1.1.
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4 Positive cablings that fail the UTP

Now that we know that the base case holds for positive torus knots, we begin to
prove Lemma 3.3 — for the whole of this section we will thus have that P,; > 0,
K, satisfies the Inductive Hypothesis, and we work to show that K, satisfies
the Inductive Hypothesis. It will be convenient to break the proof of Lemma 3.3
into two cases, Case I being where P,+1/¢r+1 > w(K,), and Case II being where
w(K;) > Pri1/qr+1 > 0. However, we first note the following.

Lemma 4.1 Let K, be an iterated torus knot with P; > 0 foralli. If 0 < k| < k>,
then —(k1 +1)/(A, k1 + B;) is clockwise from —(k, 4+ 1)/(A,k, + B,) in the Farey
tessellation.

Proof Following Lemma 2.1 and Remark 2.4, in the standard C framing we have that
(k1 +1)/(Ay, — By) < (ky + 1)/ (A, — B,); changing coordinates to the C” framing
yields the result. |

We now directly address the two different cases in two different subsections.

4.1 Casel: P, 11/q9,+1 > w(K,)

We work through proving items (2)—(5) in the Inductive Hypothesis via a series of
lemmas. The following lemma begins to address item (2).

Lemma 4.2 If Pry1/qr+1 > w(K;), then

(Kr41) = Apg1 — (Pry1 — gry1w(K,)) > 0.

Proof The proofis similar to that of [6, Lemma 3.3] (note thatour A, +1 = Pr+19r+1)-
We first claim that #(K,41) < 0. If not, there exists a Legendrian L, ; with
t(Ly4+1) = 0 and a solid torus N, with L, as a Legendrian divide. But then
we would have a boundary slope of Pr4+1/qr+1 > w(K,) in the C framing, which
cannot occur.

So since (K, 41) <0, any Legendrian L, must be a ruling on a convex dN, with
slope 0> s> 1/1(K;) inthe C’ framing. But thenif s =—X/u>1/1(K,), we have that
t(Ly) =—=(pr1r+qrr1) <=A(pr41—1(Kr)qr41) =—(pr41—1(Kr)gr+1). This
shows that tb(K, 1) is achieved by a Legendrian ruling on a convex torus having slope
1/U)(Kr) in the standard C framing; thus E(K,q.]) = Ar+1 — (Pr—l—l —qr+1 U)(Kr)),
using Equation (2) and recalling that the twisting of the Legendrian ruling is —1/2
times the geometric intersection number of the ruling with the dividing set.
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Finally, note 4,41 —(Pr+1—¢r+1w(Kr)) = Ar 41— (@r41(Ar —w(Ky)) + pr41) >
Ars1— (qr2+1Ar + pr+19r+1) = 0. For the first equality we use Equation (1), and
for the inequality we use the fact that w(K,) > 0 via the Inductive Hypothesis. O

With the following lemma we prove that items (3) and (4) of the Inductive Hypothesis
hold for K, 41; we refer the reader to the comment following the Inductive Hypothesis
for the precise meaning of the case when N, both can be thickened, and fails to
thicken.

Lemma 4.3 If P, 1/q,+1 > w(K,), let N, 41 be a solid torus representing K, 11,
forr > 1. Then N, can be thickened to an Nrk_;_l for some nonnegative integer k'.
Moreover, if N,y fails to thicken, then it has the same boundary slope as some N k

r+1-’
as well as at least 271]::'_1 dividing curves.

Proof In this case, for the C' framing, we have either p, 411 >0 or ¢,41/pr+1 <
1/1(K,) (the latter being relevant only if 7(K,) < 0); in other words, ¢,11/py+1 is
clockwise from 1/7(K,) in the Farey tessellation. The proof in this case is nearly
identical to the proof of [15, Lemma 4.4]; we will include the details, however, as certain
particular calculations differ. Moreover, we will use modifications of this argument in
Case II and thus will be able to refer to the details here.

Let N, be a solid torus representing K, 1. Let L, be a Legendrian representative
of K, in S3\ N, and such that we can join N (L,) to dN, 11 by a convex annulus
A(py41.4r+1) Whose boundaries are (py+1,9r+1) and oo’ rulings on dN(L,) and
0N, 41, respectively. Then topologically isotop L, in the complement of N, so that
it maximizes tb over all such isotopies; this will induce an ambient topological isotopy
of A(p, 1 1.qr41)» Where we still can assume A(p, . | 4, ) is convex. A picture is shown
in (a) in Figure 1. In the C’ framing we will have slope(Tyn (r,)) = —1/m where
m >0, since 1(K,) <0. Now if m = 7(K,), then there will be no bypasses on the
ON(Ly)-edge of A(p, . .q,.1)- since the (py41,¢r41) ruling would be at maximal
twisting. On the other hand, if m < 7(K,), then there will still be no bypasses on the
ON(Ly)-edge of A(p, . ,.q,41)> Since such a bypass would induce a destabilization
of L,, thus increasing its tb by one — here we are using the twist number lemma,
Lemma 2.5 above. To satisfy the conditions of this lemma, we are using the fact
that either p,41 >0 or ¢,+1/pr+1 < 1/t(K,). Furthermore, we can thicken N, 41
through any bypasses on the dN,1—edge, and thus assume A(p, ., 4., ) is standard
convex.

Now let Ny := Ny+1 UN(Ap, 1 1.4,41)) Y N(Lr). By the Inductive Hypothesis we
can thicken N, to an N, rk with intersection boundary slope —(k + 1)/(A,k + B;)
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where k is minimized over all such thickenings (if we have k = 0, then we will have
N, 41 thickening to a standard neighborhood of a knot at maximal Thurston—Bennequin
number — see the proof of [15, Section 2, Theorem 1 1]; so we can assume k > 0). Then
consider a convex annulus A from N (L) to N, such that A is in the complement
of N, and 3.4 consists of (Pr+1,¢r+1) rulings. A picture is shown in (b) in Figure 1.
By an argument identical to that used in [15, Lemma 4.4], A is standard convex; we
briefly recall the details below for completeness.

‘\A(Pr—i-laqr—i-l)

(@) (b)
Figure 1: N, is the larger solid torus in gray; N(L,) is the smaller solid
torus in gray.

Certainly there are no bypasses on the dN (L, )—edge of A'; furthermore, any bypasses
on the dN, k—edge must pair up via dividing curves on 9N, k and cancel each other
out as in part (a) of Figure 2, for otherwise a bypass on dN(L,) would be induced
via the annulus A as in part (b) of Figure 2. As a consequence, allowing N/, k to thin
inward through such bypasses does not change the boundary slope, but just reduces
the number of dividing curves to less than 211’,c . But then by the Inductive Hypothesis
we can thicken this new N,k to a smaller k—value, contradicting the minimality of k.
Thus A is standard convex.

Now four annuli compose the boundary of a solid torus N, r+1 containing N,y : the two
sides of a thickened A; N ,k\a,Z ;and IN (L ,)\aﬂ. We can compute the intersection
boundary slope of this solid torus. To this end, recall that slope(Iyn(z,)) = —1/m
where m > 0 (m = 0 would be the ¢ case which we have taken care of above). To
determine m we note that the geometric intersection number of (p,41,¢r41) with T’
on dN¥ and dN(L,) must be equal, yielding the equality

(3) Pr+1+mqri1 = pra1k + pro1 +qr1(Ark + By).
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S

IN INFK

() (b)

Figure 2: Part (a) shows bypasses that cancel each other out after edge-
rounding. Part (b) shows a bypass induced on dN(L,) via A.

These equal quantities are greater than zero, since ¢, 1/ pr+1 is clockwise from —1/m
(and —(k +1)/(A;k + B;)) in the Farey tessellation — we note here that this will yield
(Ay41k" + B, 1) > 0 for the calculations below. In the meantime, however, the above
equation gives

m= prqq + Ak + B,.

qr+1
We define the integer k' := k /q,+1. We now choose (p;_H , q;_H) to be a curve on
these two tori such that p,+1q; e p; +19r+1 =1, and we change coordinates to a

framing C" via the map ((pr+1.9r+1)s (P) 4154y 41)) = ((0, 1), (=1,0)). Under this
map we obtain
‘1;+1(Ark + By) + p;+1(‘]r+lk, +1)
Ap 41k’ + By
4y 1 (Pra1k' + Ark + By) + py
Ary1k’ + Bryg .

slope(FaNrk) =

’

slope(Can(L,)) =
We then obtain in the C’ framing, after edge-rounding (see [13, Section 3.3.2]), that
the intersection boundary slope of N, 41 is

1
Arg1k’ + Bryy

slope(FaﬁrH) = slope(I'ynic) — slope(Tan(z,)) —

B k' +1
A1k’ + Bryy

The first two summands in the equation have opposite signs since, to form Bﬁrﬂ,
we use the same orientation coming from dNJ for the annulus IN}\3.A, and the
opposite orientation coming from dN(L,) for the annulus N (L,)\d.A. Also, the
third summand, —1/(4,+1k" + B,+1), comes from the fact that, after edge-rounding,
the two annuli coming from the two sides of a thickened A each contribute one
intersection of I'y#, , with the new meridian curve.
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This shows that any N,y representing K,41 can be thickened to one of the N, rk 1
and if N, fails to thicken, then it has the same boundary slope as some N/ k . We
now show that if N, fails to thicken, and if it has the minimum number of d1v1ding
curves over all such N, ; which fail to thicken and have the same boundary slope

as Nr+1’ then N, 4 is actually an NrkJrl

To see this, as above we can choose a Legendrian L, that maximizes tb in the comple-
ment of such a nonthickenable N, 1, and such that we can join N (L,) to dN, 41 by
a convex annulus A, | 4,.,) Whose boundaries are (p,+1,¢r+1) and oo’ rulings on
dN(L,) and ON, 41, respectively. Again we have no bypasses on the dN(L,)—edge,
and in this case we have no bypasses on the dN,+—edge since N, fails to thicken
and is at minimum number of dividing curves.

As above, let Ny := Ny 1 UN(Ap, 4 1.4,41)) Y N(Ly). We claim this N, fails to
thicken. To see this, take a convex annulus A from 9N (Ly) to N, , such that Aisin
the complement of N,; and dA consists of (Pr+1,4r+1) rulings. We know A is
standard convex since the twisting is the same on both edges and there are no bypasses
on the dN(L,)—edge. A picture is shown in Figure 3.

Figure 3: Shown is a meridional cross-section of N, . The larger gray solid
torus represents N, 41 ; the smaller gray solid torus is N(L;).

Now four annuli compose the boundary of a solid torus contammg N, 41: the two
sides of the thickened A, which we will call A4 and A_; 9N, \d.4, which we will
call A,;and ON(L,)\d.A, which we will call Ay, . Any thickening of N, will induce

a thickening of N, to N, r+1 via these four annuli.

Suppose, for contradiction, that N, thickens outward so that slope(I'yn, ) changes.
Note that during the thickening, Ay stays fixed. We examine the rest of the annuli by
breaking into two cases.

Case 1 After thickening, suppose A is still standard convex; that means both ,ZLL
and A_ are standard convex. Since we can assume that after thickening A, is still
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standard convex, this means that in order for slope(I'jy;, ) to change, the holonomy
of "4, must have changed. But this will result in a change in slope(I'yn, ), since
Ay, stays fixed and any change in holonomy of I' 7, and I' 7_ cancels each other out
and does not affect slope(I"yn; ). Thus we would have a slope-changing thickening
of N, 1, which by hypothesis cannot occur.

Case 2 After thickening, suppose A is no longer standard convex. Now note that
there are no bypasses on the dN(L,)—edge of A; furthermore, any bypass for Ay
on the dN,—edge must be cancelled out by a corresponding bypass for A_ on the
dN,—edge as in part (a) of Figure 2, so as not to induce a bypass on the dN (L,)—edge
as in part (b) of the same figure. But then again, in order for slope(I'an, ) to remain
constant, the holonomy of I" 4, must remain constant, and thus slope(I'yn, ) must also
have remained constant, with just an increase in the number of dividing curves.

This proves the claim that N, does not thicken, and we therefore know that its boundary
slope is —(k +1)/(A,k + B,). Furthermore, we know the number of dividing curves
is 2n where n > n’r‘ Suppose, for contradiction, that n > nlrC Then we know we
can thicken N, to an N,k , and if we take a convex annulus from dN, to 0N, ,k whose
boundaries are (p, 41, ¢r+1) rulings, by the Imbalance Principle there must be bypasses
on the dN, —edge. But these would induce bypasses off of oo’ rulings on N, 41, which
by hypothesis cannot exist. Thus n = n’r‘ , and by a calculation as above we obtain that
the intersection boundary slope of N, ; must be —(k’ +1)/(A,11k" + B,11) for
the integer k' =k /qy+1- O

We now finish the proof of item (2) of the Inductive Hypothesis.
Lemmad.4 If Pr1/qr1+1 > w(K,), then w(K,41) =tb(K,41).

Proof Using Lemma 4.3, we need to show 1/1(K, 1) <—(k'+1)/(Ay+1k’+ Br+1)
for any candidate N, rkjrl . But changing to standard C coordinates, this means we need
to show that 1/tb(K,4 1) < (k' +1)/(A,4+1 — By41). So, to this end, take an Nrkjrl
with boundary slope (k" + 1)/(A,+1 — Br+1); as in the proof of Lemma 4.3, this
N rk_;_l sits inside an N, rk, and we know by the Inductive Hypothesis that 1/tb(K,) <
(k+1)/(A; — B;). Thus, since by the Inductive Hypothesis N, rk is universally tight,
we can embed N, rk contactomorphically into an abstract N2; so in this abstract tight
solid torus, N, ,k thickens to a standard neighborhood of a Legendrian at tb(K,). But
then, just as in the proof of [15, Theorem 1.1], this induces a thickening gf N rkJ/rl (in the
abstract tight solid torus) to a standard neighborhood of a Legendrian at tb(K, +1); as in
that proof, this uses the fact that P, 1/¢g,4+1 > w(K,). Thus, to prevent overtwisting,
we must have that 1/tb(K, 1) < (k' +1)/(A;41— Br11). O
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We conclude this subsection by proving item (5) of the Inductive Hypothesis, using a
construction and two lemmas. We begin with the construction, which shows that the
candidate N 1 exist for k' > C, 41, where C,41 is some positive integer.

Construction 4.5 We know by the Inductive Hypothesis that there exists a C, such
that if & > C,, then the N exist and fail to thicken, and have convex meridian discs
with bypasses all of the same sign. So suppose k/q,+1 € N for some k > C,. We
will show that NV rkJ/rl exists for k" := k/q,4+1. Then C,4; will be the least such
k/qr+1 € N.

The idea is to build S3. We first take one of the two universally tight candidate Nk +1 ,
with intersection boundary slope —(k” + 1)/(A4,+1k" + B,+1), and with convex
meridian discs having bypasses all of the same sign; thus the two possible contact
structures on N , differ by —id. We then show that we can use such a Nk p +1 to
build N, K'qri1 essentlally running backwards the decomposition from Lemma 4.3
above — since the N}'9r+1 inductively exists in S3, we will then be done. To this end,
let A be a standard convex annulus joining two oo | —longitudes on INK +1 , so that
if we then let R = N, rk_;_l U N(A), we have that R 1s diffeomorphic to T2 x [0, 1],
with a [0, 1]-invariant contact structure on N (A). Furthermore, we can think of R as
containing a horizontal annulus joining 72 x {0} to T2 x {1}, and such that the original
oo’ 1 —longitudes on oN rk_;_l intersect this horizontal annulus ¢, 4 times; thus, with
an appropriate choice of oo/, —longitude for 72 x {i}, the original oo, 41~ longitudes
on AN¥ fq1 € NOW (Pr41,¢r41) curves on T2 x{i}.

We will thus think of R as fibering over the horizontal annulus with fiber circles
representing the knot type K, 1. For either choice of the two universally tight contact
structures on Nrk_;_l , the contact structure on R can be isotoped to be transverse to
the fibers of R, while preserving the dividing set on R. Hence the contact struc-
ture is horizontal, and therefore universally tight. Furthermore, with appropriately
chosen dividing curves on A, we can obtain intersection boundary slopes (on the
two boundary tori 72 x {0} and T2 x {1}) of —(k'q,+1 + 1)/(A,k’q,+1 + B,) and
—1/(py41k’ + Ark + B,); ie, the intersection boundary slopes of a N,k/qurl and a
Legendrian of twisting —(p,+1k" + Ayk + B;).

We now glue, onto the 7% x {1} side of R, a standard neighborhood of a Legendrian L,
of twisting —(p,+1k’+ A,k + B, ); we claim the resulting solid torus N, is one of the
N ,k "ar+1, To see this, look at a g, 41 —fold cover of N, , and examine its convex meridian
disc D, (which is also the same convex meridian disc D, for the N, downstairs). The
disc D, is formed by taking ¢, meridian discs from the g, copies of lifts of Nk +1 ,
and first banding them together via bands coming from the [0, 1]-invariant N (A), and
then finally gluing in the convex meridian disc for the standard neighborhood of a
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Legendrian. But now evaluating the relative Euler class (of £) on D, , we note that these
bands and the meridian disc for the standard neighborhood yield no obstruction, and

thus we obtain +k'q, 11, as each of the ¢, 41 meridian discs from NrkJrl yields +k’.
We then know inductively that this , ,k/q”rl (and hence N rkjrl ) exists in S3. m|

We now show that the N rk_;_l coming from the above construction in fact fail to thicken.
Lemma 4.6 The N r’j_l from Construction 4.5 fail to thicken for k' > Cy 4.

Proof To show that N/ k , fails to thlcken by Lemmas 4.1 and 4.3 it suffices to
show N, k | does not thlcken toany N¥ +1 , where k" < k’. Inductively, we can assume
that N, 3 falls to thicken for k > C,; in particular, the N/ K'ar+1 that contains N, k

fails to thicken. So let k = k’q, 4. Then define M, k=83 \NJS, k and define M K’

Py F+1
S \Nr—H

We first make some purely topological observations, which in the rest of this proof we
will refer to as the topological observations. We begin by observing that K, ; is a
fibered knot, and has periodic monodromy — see, for example, [1]. One way to see this
is as follows. We think of K, embedded on dN,, and let ¥, be a Seifert surface
for K, 4. Furthermore, we note that X, can be formed by taking g, copies of
the Seifert surface X, for the Seifert longitude on dN,, and P, 4 copies of a meridian
disc D, for N,, and banding them together with P, g, positive (half-twist) bands.
We then observe that if we take a slightly larger N, D N, there will be ¢, separating
simple closed curves on X, that are in fact preferred Seifert longitudes for dN;, and
thus bound Seifert surfaces X, for the knot K, in the complement of N/ (all g,4;
of which are subsurfaces of X, 1). In fact, the monodromy for ¥, ; is reducible
along these ¢,4; curves; that is, if we call 0,4 := X,4+; N N/, the monodromy
will take 0,41 to itself, and sweep out the interior of N/. Moreover, the monodromy
will restrict to being periodic on o, 41, of period P,1¢,+1, as repeated application
of the monodromy cycles through the P,;¢,+1 bands. Then, since positive torus
knots have periodic monodromy, inductively we can assume that the exterior of N,
fibers periodically with the g, copies of the X,’s. As a result, there is a positive
integer m, 41 such that ¢"*+1 = id (where here ¢ is the ¥, —monodromy), and
such that P, g, divides m, 1.

We return to contact topology, and now we specifically let X, be a Seifert surface for
a preferred longitude on IN¥ r415> 80 Zy4q is a surface of genus g’ with one boundary
component. As noted in the topological observations, there are g, separating simple
closed curves on X, that are in fact preferred longitudes for d/V, ,k , and thus bound
Seifert surfaces %, for the knot K, . We will let g denote the genus of such a Seifert
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surface X, . Also we will call 6,41 :=%,41 N N,k; S0 Xyp41 =0,41 U (Uj’:ﬁl Ef);
see Figure 4.

Er+1

Figure 4: Shown is a Seifert surface ¥,,; for a preferred longitude on
BNrkJ/rl . In the figure, ¢,41 = 3, and thus the three separating simple closed
curves, indicated by dashed gray lines, separate three Seifert surfaces for
preferred longitudes on 9N ; these Seifert surfaces are indicated as X!, X2
and E;. The complement of E} U Ef U Ef in ¥,4q 1S 0441 it is formed
by banding together (using Py 4+1¢r+1 _bands) P, 41 meridian discs for N,
with ¢, 11 = 3 collar annuli of the 3% .

We now look at various finite covers of M rk4/—1 that are obtained by cutting M rk_/H
along ¥,4 and then cyclically stacking copies of these split-open M rkjrl . We first
look at a P,y1q,41—fold cover obtained in this fashion, and, due to the topological
observations above, focus in on the lift of the space N, ,k \ N rkj/Ll which contains o, 4.
If we arrange that downstairs 8N,k has Legendrian rulings that are (Pr4+1,¢r+1)
cables (which are oo’r +1—rulings on aNrk_/H ), then upstairs, in the P,41¢q,41—fold
cover, the lift of X, rk \ N r";l can be fibered by Legendrian fibers all with twisting
—(A,+1k" + By11). The reason for this is as follows. First of all, the oo’H_1 —rulings
have twisting —(A,4+1k" + B,+1) on ON rk_;_l , and intersect the oo, —longitude
positively P, 1¢,41 times; hence upstairs in the P, 1¢,1—fold cover they will lift to
Legendrians of twisting —(A4,+1k’+ B, +1). As aresult, the standard convex annulus A
from Construction 4.5 will be fibered by Legendrians of twisting —(A,+1k" + By41)
upstairs in the cover as well. Moreover, the (Py41,¢r41) rulings on dN(L,) in
Construction 4.5 also have twisting —(A4, 41k’ + B,+1), and in the cover will become
longitudinal (P, 41, 1) rulings, but still with twisting —(A, +1k’+ B, +1). Furthermore,
the lift of N(L,) will have convex boundary with two longitudinal dividing curves (a
different longitude, of course). Thus we see that the contact structure on this lift of
N(L,) is just a standard neighborhood of one of the ruling curves (pushed into the
interior of the solid torus), and thus the solid torus can be fibered by Legendrians of
twisting —(Ar+1k/ + Br41).

Note that the rest of the cover (outside the lift of N, ,k \N rk_;_l ) is fibered (horizontally)
by the copies of the ¥, ’s. We now make an inductive hypothesis, which one may think
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of as part of item (5) of the main Inductive Hypothesis, which specifies part of why
the candidate XV, ,k fail to thicken. Specifically, using the proof of [7, Lemma 3.3] for
the case of positive torus knots as our base case (see also the discussion in Lemma 3.2
above), inductively we may assume that the monodromy for the fibered space M, ,k
is periodic, with period that divides a positive integer m1,, and such that a resulting
m, —fold product cover can be fibered by Legendrian fibers that all have twisting
—sy(Ark + B,), where s, is again some positive integer (for the base case of positive
torus knots, m; = P;q; and s; = 1). As we proceed with the current proof of the
present lemma, we will show that this inductive hypothesis holds for M rk_/H as well (for
appropriate m,4+q and s,4+1). It will be convenient for us, however, to take m, , and
multiply it by —x(K,) to get a new m, ; in other words, we can assume that —x(K;)
divides m, and s,, and we will still have the m,—fold product cover of M,k being
fibered by Legendrians all having twisting —s,(A4,k + B;).

As a consequence of this and the above topological observations, we can now pass
to another finite cover, and cyclically stack m, copies of our P, ;¢,+1—fold cover
of Mrk_;_l to obtain Mrk_;_l =S x ¥, 41. Furthermore, if we restrict to ST x or+1 C
S! x ¥,41, the space S' x 0,41 can be fibered by Legendrians all of twisting
—Sr+1(A,41k" + B, 1), for some positive integer s, 1, with respect to the product
framing. However, at the moment all we know is that the ¢, 1| copies of S! x I, can
be fibered by topological copies of these Legendrian fibers in S! x 0,4 1 ; what we will
show is that in fact S! x ¥, can be fibered by Legendrian copies of the fibers in

S!x 0,4 1. (The topological picture is shown in Figure 5.)

To this end, we first establish some notation; downstairs let 77 = 3N,k . As just
mentioned, we may assume that the rulings on 7" are copies of oo/, 41 (e, (Pry1,qr41)
cables on 7'), and assume the space N,k \ N rkJ/rl bounded by T lifts to S! x 0,41,
where all the S fibers are Legendrian isotopic to lifts of oo’r 4 and have twisting
—5y41(Ay 41k’ + B,41) for some positive integer s,4,. We will call these S'
fibers S rl +1» and note that they are topologically isotopic to the S ! fibers in the
product space S! x ¥, ;. We also have that if we think of M, ,k as bounded by T,
then M,k lifts to g, 41 copies of S! x X, for a different S, where all the S fibers
are Legendrian isotopic to lifts of o)., and have twisting —s, P,4+1(A,k + B,). We
will call these S fibers S!, and emphasize that these are not the same as the S'!

’s.
~ 1, r+1
However, we will show that in fact, all of M rk 1 can be fibered by Legendrian Sl

i1 S
On the Seifert surface X,;, recall that we have labelled the ¢, X,’s as Ef.
Now let ai 41 be 2g’ disjoint arcs on ¥,4+1, each with endpoints on BE,H., and
such that if we cut along the o 41 We obtain a polygon P,iy. Also, let a’r’ j be
2g disjoint arcs on X7 ‘that, when we cut along them, yield polygons P/ . Thus we
have solid tori S, x P embedded in M rkjrl . We can calculate the boundary slopes
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¢r+1 copies of S x I,

Figure 5: Shown is MF +1 , with the ¢, copies of S! x X, indicated by
the gray dashed cylinders; the complement of the gray dashed cylinders is
S! x 0,41. The top and bottom of the figure are identified.

of these solid tori using the framing coming from the lifts of co.; this calculation
is similar to that in [7, Lemma 3.3]. Specifically, note that a longitude for this torus
intersects I", 2s, Pr4+1(A,k + B,) times, and a meridian for this torus is composed
of 2 copies each of the associated 2g arcs ], ».j» as well as 4g arcs Bi from 9%} .
Now since 821 is a preferred longitude downstairs in M rk , we know that T" intersects
these B;, 2(—x(K;)) = 2(2g — 1) times positively; see Remark 2.4 above. But then
the edge-rounding that results at each intersection of an S! x B; with an S} x o, r.j
yields 4g negative intersections with I'. Thus we obtain after edge-rounding that
the boundary slope is —1/(sy Pr+1(A,k + By)); as a consequence, we see that the
solid torus S} x P/ is simply a standard neighborhood of a Legendrian of twisting
—(sr Pr+1(Ark + By)). We will use this shortly.

Now we switch our attention to the S'! »41 S and note that the arcs ozi | thatstay in 041
represent an interval’s worth of S 1 , fibers of twisting —sr+1 (Ar+1k + Br+1) and
hence represent standard convex annuh in the space M The arcs o} 41 that
leave 0,4 represent convex annuli that are fibered by Legendrlan Ay ! ’s only when
restricted to their intersection with the lift of the space N, k \ N bounded by T. So
what is of interest is a convex annulus A; with boundary components on T that both
have twisting —s, +1(A4,+1k" + B,+1), and which is fibered by topological copies of
the S, ,’s, but which is embedded in one of the ¢, lifts of Mk.
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So suppose, for contradiction, that there exists a bypass on one of the A;’s. We look
at what passing through this bypass will do on the lift of 7' to which A; is attached,
we use the framing on the lift of 7' that comes from the lifts of oo).. First, recall
that we know that ¢, 1/ py+1 is clockwise from —(k 4+ 1)/(A,k + B;) in the Farey
tessellation; as a result, we know that the bypass of interest is on a ruling with slope 1/¢’
that is clockwise (in the Farey tessellation) from the dividing slope s of the lift of 7".
Moreover, we know what this dividing slope s is; itis — (K, )/(—=s; Pr+1(Ark+ B;)),
since the original preferred Seifert longitude on 7" lifts to the meridian on the lift of 7.
But, since —x(K,) divides s,, this means in lowest terms, s = —1/¢ for some .
As a result, passing through the bypass would yield a new torus 7, on which is a
longitudinal curve y topologically isotopic to the S,1 ’s, but with twisting greater than

—S ,_|_1(A k + B,). But if we then split the S} x ¥; that contains the A; along
arcs o yj to obtain S} x P,] , and then pass to a finite cover of the base by tiling
copies of S, N PJ (similar to what we did in [7, Lemma 3.3]), we will enclose y in a
standard neighborhood of a Legendrian of twisting —s, P,41(A4,k + B;), which is a
contradiction. Thus A; must be standard convex.

By similar reasoning, if we look at the convex annuli inside one of the lifts of M/ k
that are in fact S rl 41 X, ¥D they will be standard convex. Splitting the lift of M| k
along these annuli then yields an S, 1 | X P,j ; the resulting boundary torus will have a
characteristic foliation that matches that of the standard neighborhood of a Legendrian
with twisting —s, 4 1(A,+1k’+ B,+1), by a similar edge-rounding calculation as above.
Now since the contact structure on the lift of M, ,k can be isotoped to be horizontal, and
hence tight, we thus know that the contact structure on S, ! | X P/ can be isotoped so
that all the S ! , fibers are Legendrian with twisting —Sr+1 (Ay 1k’ + B,+1) Asa
result, the contact structure can be isotoped so that all of the S ! , fibers in M k

Legendrian of twisting —s,4+1(Ay+1k" 4+ By41).

Thus the argument that N, k - fails to thicken proceeds exactly as in [7, Lemma
3.3]; specifically, if Nr 1 thlckens, then there exists a curve ' upstairs in Mr 1
which is topologically isotopic to the S rl 41 ’s but has greater twisting. However, if
we then split the whole ¥, 1 along arcs !, 4 to obtain Sr1 41 X Pry1, the resulting
boundary torus will have a characteristic foliation that matches that of the standard
neighborhood of a Legendrian with twisting —s, 1 (A, +1k"+ By 1), since the dividing
curves on the lift of N rkjrl intersect 0%, 41 exactly 2(—x(K,41)) times and hence
a similar edge-rounding calculation applies as above. If we then pass to a finite
cover of the base by tiling copies of S rl 41 X Pry1 (similar to what we did in [7,
Lemma 3.3]), we will enclose )’ in a standard neighborhood of a Legendrian of
twisting —s,+1(A4,4+1k" + B,+1), which is a contradiction. |
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We conclude with the following lemma that calculates rotation numbers; this will
complete the induction step for Case I.

Lemma 4.7 Any nonthickenable N rkJ/FI have contact structures that are universally
tight and have convex meridian discs D whose bypasses bound half-discs all of the
same sign; ie, 1(0D) = +k’. Also, the preferred longitude on ON rk_;_l has rotation
number zero for k' > 0.

Proof We first prove that the contact structure on a candidate Nrk_;_I which fails
to thicken is universally tight. To see this note that from Lemma 4.3 above, and
the Inductive Hypothesis, such a candidate Nrk_;l is embedded inside a Nrk with a
universally tight contact structure. Now there is a ¢, —fold cover of N, ,k that maps a
total of g, lifts (say, N rkJ/rl) to N rkjrl , the lifts themselves each being an S! x D2,
This cover in turn has a universal cover R x D? that contains ¢, 4 copies of a universal
cover Rx D? of N rkjrl . Since, by the Inductive Hypothesis, the universal cover of Nrk
has a tight contact structure, a tight contact structure is thus induced on the universal
cover of Nrki_l .

Now recall that N, rk is formed from N rk_;l by first joining 0o’ —longitudes on dN rk_;l
with an annulus A to get a thickened torus R = T'2 x [0, 1], and then gluing in a
standard neighborhood of a Legendrian knot. Thus, since N,k has bypasses all of the
same sign, by similar reasoning as that in Construction 4.5, it follows that a horizontal
annulus in R has bypasses all of the same sign. We will thus have that N, rkjrl must
have convex meridian discs all of the same sign. The computation of rotation numbers
for the meridian curve follows.

To show that the preferred longitude on E)Nrk;1 has rotation number zero, we use an
argument similar to that used in [7, Lemma 3.4]. We call the meridian disc D, for N, ,k
and the Seifert surface X, for the preferred longitude on 8Nrk. If we then look at the
(Py+1,49y+1) cable on BN,k, we can calculate its rotation number as

1((Pr41,9r+1)) = Pra1 1(0Dy) + qr 11 1(0%y) = Pry1(£gr+1k").

But then since this same knot is a (P,41¢,+1,1) cable on aNrk_H , we have that

t(Pr+1.9r+1)) = Prr1qr+1(£k’) + ¢r 11 1(0X), where X is a Seifert surface for
the preferred longitude on dN, rk;l . This implies that r(d%) = 0. O

4.2 Casell: w(K,;)> P, +1/4r+1>0

As in Case I, we work through proving items (2)—(5) in the Inductive Hypothesis via a
series of lemmas.

We begin by proving item (2) in the Inductive Hypothesis.
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Lemma 4.8 If w(K,)> Pri1/qr41 >0, thentb(K, 1) = w(K,41) = Ay11.

Proof The proof is almost identical to that of Step 1 in the proof of from [15, Section 6,
Theorem 1.5]; we will include the details, though, since certain aspects differ. We
first examine representatives of K, at maximal Thurston-Bennequin number tb.
Since there exists a convex torus representing K, with Legendrian divides that are
(pr+1,9r+1) cablings (inside of the solid torus representing K, with slope(T") =
1/1(K,)) we know that tb(K, 1) > Pr11¢r+1 = A,41. To show that tb(K, 1) =
Ay 11, we show that #(K, 1) = 0 by showing that the contact width w(K,+1,C") =0,
since this will yield to(K,4+;) < w(K,4+1) = A,4+1. So suppose, for contradiction,
that some N, has convex boundary with slope(I'yn, ) = s > 0, as measured in
the C’ framing, and two dividing curves. After shrinking N, if necessary, we may
assume that s is a large positive integer. Then let .4 be a convex annulus from IN, 41
to itself having boundary curves with slope oo’. Taking a neighborhood of N, ;U A
yields a thickened torus R with boundary tori 77 and 75, arranged so that 77 is inside
the solid torus N, representing K, bounded by 7.

Now there are no boundary parallel dividing curves on A, for otherwise, we could pass
through the bypass and increase s to oo’, yielding excessive twisting inside Ny 4.
Hence A is in standard form, and consists of two parallel nonseparating arcs. We
now choose a new framing C” for N, where (p,+1,¢r+1) > (0,1); then choose
(p”.q") — (1,0) so that p”q, 11 —q" pr4+1 =1 and such that slope(I'r,) = —s and
slope(I'T,) = 1. As mentioned in [6], this is possible since I'r, is obtained from I'r,
by s + 1 right-handed Dehn twists. Then note that in the C’ framing, we have that
Gr+1/ Pr+1 > slope(I'r,) = (4" + qr+1)/(P" + pr+1) > ¢"/p", and g, 41/ pr 41
and ¢”/p” are connected by an arc in the Farey tessellation of the hyperbolic disc (see
[7, Section 2.2.3]). Thus, since 1/7(K;) is connected by an arc to 0/1 in the Farey
tessellation, we must have that (¢” + ¢, +1)/(p” + pr+1) > 1/1(K,). Thus we can
thicken N, to one of the solid tori with slope(I") = —(k 4+ 1)/(A,k + B,) which fails
to thicken. Then, just as in [6, Claim 4.2], we have the following:

(i) Inside R there exists a convex torus parallel to 7; with slope ¢, +1/pr+1-
(i) R can thus be decomposed into two layered basic slices.
(iii) The tight contact structure on R must have mixing of sign in the Poincaré duals
of the relative half-Euler classes for the layered basic slices.
(iv) This mixing of sign cannot happen inside the universally tight solid torus which
fails to thicken.

This last statement is due to the proof of [13, Proposition 5.1], where it is shown that
mixing of sign will imply an overtwisted disc in the universal cover of the solid torus.
Thus we have contradicted s > 0. So tb(K;+1) = Pr+1qgr+1 = Ap+1- |
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With the following lemma we prove that items (3) and (4) of the Inductive Hypothesis
hold for K, 4.

Lemma 4.9 If w(K;) > Pry1/q,4+1 > 0, let N,y be a solid torus representing
K, 1, forr > 1. Then N,41 can be thickened to an Nrk_;_l for some nonnegative
integer k’ Moreover, if Ny 41 fails to thicken, then it has the same boundary slope as

some N¥. . as well as at least 2n , dividing curves.

iy
Proof This is the case where p,1+1 <0but g, +1/pr+1€(1/1(K;),—1/A,); we have
that 7(K,11) = 0. We begin as we did in Case I. If N, is a solid torus representing
K, 1, as before choose L, in S3\ N, such that IN(L,) is joined to N, by an
annulus .A( pra1.ar41)» and with tb(L,) maximized over topological isotopies in the
space S3\ N, 1. We will then have three cases to establish the first part of the lemma,
namely that N, can be thickened to an N , for some nonnegative 1nteger k', and
if N, 4 fails to thicken, then it has the same boundary slope as some N

Case 1 Suppose slope(Tyn(z,)) = —1/m where —1/m < qr+1/pr+1; we know
m > 0. Then inside N(L,) is an N, with boundary slope ¢,+1/pr+1. But then we
can extend A(p, ., 4,,,) t0 an annulus that has no twisting on one edge, and we can
thus thicken N, 41 so it has boundary slope oo’. Moreover, since there is twisting
inside N(L,), we can assure there are two dividing curves on the thickened N,
(see [6, Claim 4.1]). So this situation yields no nontrivial solid tori N,; which fail to

thicken; in other words, N, can be thickened to an N, ro 1

Case 2 Alternatively, suppose —1/m > q,+1/ pr+1; note here we must have m > 0
— furthermore, in this case we further restrict to the situation where —1/(m — 1) >
qr+1/Pr+1- Then we can use the twist number lemma (Lemma 2.5 above) to conclude
that there are no bypasses on the dN(L,)—edge of Ay, 4,,,), and so we can
thicken N, through bypasses so that Ay, ., 4., ) is standard convex.

Then, as in Lemma 4.3, we let Ny := N, 11 UN(A(p,, ;.q,41))YN(Ly). We know that
w(K;+1,C") = 0, and we know that the geometric intersection number of the oo/, , | —
rulings on 0N, with Iyn,,, equals p, 41 +mg,41 > 0. As a result, we know
that oo/, 41 18 clockwise from I'ay, ., in the Farey tessellation. Thus, we must have
that the (p,41.¢,4+1)—Tulings intersect I'yn. positively; ie, g, 41/ pr41 is clockwise
from slope(I'yy, ) in the Farey tessellation. As a result, when we thicken to V, ,k as in
Lemma 4.3, we must also have ¢, 11/ py+1 clockwise from —(k+1)/(A,k+ B;) inthe
Farey tessellation, for otherwise we could destabilize L, (in the complement of N, 1)
via an annulus with (p,41,¢,+1)—Tuling boundary on dN (L), and (pr+1,¢r+1)—
Legendrian divide boundary on a torus N, with boundary slope ¢,41/py41 in the
thickened torus cobounded by dN, and ANk .
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Thus, since ¢, 41/ pr+1 is clockwise from both —1/m and —(k +1)/(A,k + B,) in
the Farey tessellation, the calculation of the boundary slope goes through as above
in Lemma 4.3 — see the comment after Equation (3) above, and note that such N,k
exist since —(k +1)/(A,k + B,) - —1/A, as k increases. We conclude that N, 4

k’
thickens to some N, .

Case 3 For the remaining case, suppose —1/m > q,41/pr+1 and m is the least
positive integer satisfying this inequality. Thus —1/(m—1) <qy+1/pr+1. Again look
at the dN(L,)—edge of Ap, ., q,,,)- We claim that this edge has no bypasses. So,
for contradiction, suppose it does. Then we can thicken N (L) to a solid torus where
the (efficient) geometric intersection number of (p,+1,¢r+1) With dividing curves is
less than p, 41 +mgq,41. Suppose the slope of this new solid torus is —A/u < —1/m,
where A > 1 since m is minimized in the complement of N, ;.

We do some calculations. Note first that if m/u > 1, then m > u, which means
m—12> . Thisimplies —1/(m—1) > —1/u > —A/u, which cannot happen, again since
m is minimized in the complement of N, . Thus we must have m/u < 1. But then
the geometric intersection number of (p, 41, ¢r+1) With (=, A) iS Apy+1 +p1qr 41 >

(w/m)pry1+ pgr41 = (m/wW[(n/m)pry1 + wgr+1]1 = pr+1 + mgr41. Thisis a
contradiction.

Thus there are no bypasses on the IN(L,)-edge of A(p, ., 4,.,)- and we can thicken
Ny 41 through any bypasses so that A, 4, ,) is standard convex. The calculations
that show N, thickens to N, K 1 o through as above in Lemma 4.3; in particu-
lar, as above, the nonthlckenable N; k that is used will be such that g,/ pr41 <
—(k+1)/(Ak + B).

This concludes the three cases, Which together show that any N, representing K, 41
can be thickened to one of the N¥ +1 , and if N, fails to thicken, then it has the same
boundary slope as some N, rk; We now show that if N,y fails to thicken, and if it
has the minimum number of dividing curves over all such N, 41 which fail to thicken

and have the same boundary slope as Nk then Ny 41 is actually an N k'

+1’ r+1

To see this, as above we can choose a Legendrian L, that maximizes tb in the
complement of N,;; and such that we can join dN(L,) to dN,4+; by a convex
annulus A(p, . | 4., ,) Whose boundaries are (py+1,¢r+1) and oo’ rulings on N (L)
and dN, 41, respectively. Now since N,4 fails to thicken, we can assume that
qr+1/Pr+1 <—1/m and that there are no bypasses on the dN (L,)—edge, and in this
case we have no bypasses on the dN, ;—edge since N, fails to thicken and is at
minimum number of dividing curves.
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As above, let N, := N, 41 U N(A(pr+1,q,,+1)) U N(L,). We claim this N, fails to
thicken — the proof proceeds identically as above in Lemma 4.3, as does the proof that

Ny 41 isin fact an NrkJrl m|

The following proof of item (5) of the Inductive Hypothesis is similar to that of Case I.

Lemma 4.10 If w(K,) > Pr+1/qr+1 > 0, the candidate N 1 existand actually fa11
to thicken for k' > C, 41, where C, 41 is some positive mteger Moreover, these N
have contact structures that are universally tight and have convex meridian discs Whose
bypasses bound half-discs all of the same sign. Also, the preferred longitude on ON
has rotation number zero for k' > 0.

r+1

Proof The proof that the contact structure on a candidate N 1 Which fails to thicken
is universally tight is identical to the argument in Case I, as are the calculations of the
rotation numbers.

Now we know by the Inductive Hypothesis that there exists a C, such that if kK > C;,
then the N,k exist and fail to thicken. So suppose k/q,+1 € N for some k > C,.
Also assume that ¢,4+1/pr41 < —(k + 1)/(Ayk + B,); we know such a k exists
since —(k +1)/(A,k + B;) - —1/A, as k increases. Then N 1 exists and fails to
thicken as in the argument for Case I for k" := k /¢, 41, and C,+1 will be the least
such k/qr+1 € N. a

This completes the induction step for Case II, and hence the proof of Theorem 1.1.

S5 Transversely nonsimple iterated torus knots

We have completed the UTP classification of iterated torus knots; it now remains to
show that if an iterated torus knot fails the UTP, then it supports transversely nonsimple
cablings. To this end, in this section we prove Theorem 1.2; we do so by working
through two lemmas. The first lemma will give us information about just a piece of the
Legendrian mountain range for K, = ((P1,41),...,(Pr,qr)) where P; >0 for all i;
in the second lemma, we will then use this information to obtain enough information
about the Legendrian mountain ranges of certain cables K, to conclude that these
cables are transversely nonsimple. We will therefore not be completing the Legendrian
or transverse classification for these iterated torus knots. The particular cables K, 4
we focus in on will be knot types corresponding to boundary slopes of dividing curves
on certain nonthickenable tori representing K, ; we will thus establish the transverse
nonsimplicity of K, ; by examining dividing curves on tori that thicken, versus those
that fail to thicken.
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Lemma 5.1 Suppose K, = ((P1,491),...,(Pr,qr)) is an iterated torus knot where
P; > 0 forall i . Then there exists Legendrian representatives L¥ with tb(L¥) =0
and r(Lf) = +(A, — B,); also, Lf destabilizes.

Proof The lemma is true for positive torus knots [5], so we inductively assume it is
true for K,_1. Then look at Legendrian rulings Z;': (representing K, ) on standard
neighborhoods of the inductive Lj_l . In the C’ framing the boundary slope of these
N(LE |)is —1/A,_1,and so t(LE) = —(p, +qr Ay—1) = — P, using Equation (1);
hence tb(ZﬁE) =A, — P.

To calculate the rotation number of Z;':, we use the following formula from [6,
Lemma 2.2], where D is a convex meridian disc for N (L;t_l) and X is a Seifert

surface for the preferred Seifert longitude on dN (Lf:_l):
r(Ly) = P, r(3D) + g, r(0%)
= +qr(Ay—1— Br—1)

= :I:(Pr - BV)’

where for the last equality we are using Equation (1). This gives us
ST (L) = (4, — P) + (P, — By) = A, — By,
ST (L)) = (Ar — Pr) — (—(Pr — By)) = A, — By.

This, along with Lemma 2.1, shows us that Z;" is on the right-most slope of the
Legendrian mountain range of K, , and Zr_ is on the left-most edge. To the former we
can perform positive stabilizations to reach L} at tb =0 and r = A, — B, ; to the latter
we can perform negative stabilizations to reach L, attb =0 and r = —(4, — B;) —
we know such stabilizations can be performed since 4, — P, = Prgq, — P, >0. O

So suppose K, is an iterated torus knot that fails the UTP (which is precisely when
P; > 0 for all i). Then we know that for £k > C, there exist nonthickenable solid
tori N,k having intersection boundary slopes of —(k + 1)/(A,k + B, ), where these
slopes are measured in the C’ framing. Switching to the standard C framing, these
intersection boundary slopes are (k +1)/(A, — By) = —(k + 1)/ x(K;). Now as
k — oo, there are infinitely many values of k + 1 which are prime and greater than
A, — B, . As a consequence, there are infinitely many Nrk with two dividing curves.
Based on this observation, we make the following definition:

Definition 5.2 Suppose K, = ((P1,¢1),...,(Pr,qr)) is an iterated torus knot where
P; > 0 for all i, and let —(k + 1)/(A;k + B;) be such that —1/(4, — 1) <
—(k+1)/(A,k + By) < —1/A,, and such that there exists an associated Nrk with
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two dividing curves that fails to thicken. We then define K r+1 to be the knot type that
isa (—x(Ky), k + 1)—cabling of K,.

So given K, , there are infinitely many such cabling knot types K r+1., all of these being
cablings of slope —(k + 1)/(A,k + B,) as measured in the nonstandard C’ framing
(for different values of k — oc0). The following lemma will then prove Theorem 1.2.

Lemma5.3 K r+1 IS a transversely nonsimple knot type.

Proof We first calculate X(I/{\ r+1). Using the recursive expression from Lemma 2.1
we obtain

X(Kri1) = @re1X(Kr) = Pri1qri1 + Pryi
=2k +1)(—A, + B,).

We now look at the two universally tight nonthickenable N, ,k that have representa-
tives of K r+1 as Legendrian divides. These Legendrian divides have tb = 4,41 =
qr+1Pry1=(k+1)(A,—B;). To calculate rotation numbers, we have two possibilities,
depending on which boundary of the two universally tight N, rk the Legendrian divides
reside. Using the formula from [6, Lemma 2.2], we obtain

t(Ky+1) = gr+11(0%) + Py 1(3D)
= Pry1(£k)
= +k(A, — B,).

We will call the two Legendrian divides corresponding to r = +k(A4, — B;), LriJrl

respectively. We can calculate the self-linking number for the negative transverse
pushoff of L;L_H tobe s/ = 2k +1)(4, — B,) = —X(I€,+1). This shows that L:r_H
is on the right-most edge of the Legendrian mountain range and is at maximal Thurston—
Bennequin number tb. Similarly, L, , is on the left-most edge of the Legendrian

- r+1
mountain range and is at tb.

We now look at solid tori N, with intersection boundary slope —(k +1)/(A,k + B,),
but which thicken to solid tori with intersection boundary slopes —1/(A, —1). Such
tori 9N, are embedded in universally tight basic slices bounded by tori with dividing
curves of slope —1/(4, — 1) and —1/A4,. Legendrian divides on such N, have
tb = (k + 1)(A, — B;); to calculate possible rotation numbers for these Legendrian
divides, we recall the procedure used in the proof of [15, Section 6, Theorem 1.5]. There,
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in Equation (14), we used a formula for the rotation numbers from [6, Lemma 3.8],
where the range of rotation numbers was given by (substituting 4, — 1 for n)

1(Lyy1) € {:l:(Pr—H + (Ar = Dgr41 +qry1 (L)) b(Ly) = Ar — (4r — 1) = 1}-

Now from Lemma 5.1 we know that there is an L, with tb(L,) =1 and r(L,) =
—(A, — By) + 1. Plugging this value of the rotation number into the expression above,
along with p, 1 =—(A,k+ B;) and ¢, +1 =k + 1, yields r(Lr+1) =+k(A4,—By).
We will call the Legendrian divides havrng these rotation numbers L+ il respectlvely.
Important for our purposes is that LjE , have the same values of tb and r as L

We focus inon L, , and Lr 41> and we show that 7_ (L, +1) is not transversely
isotopic to 7— (L 1) despite having the same self-linking number. (Although it is
not needed, and we shall not present it here, we note that there is a similar symmetric

argument showing that 74 (L 1) is not transversely isotopic to Ty (L , —|—1) )

Consider first 74 (L, ;). Being a transverse push-off of a Legendrian divide, it is in
fact one of the dividing curves on 9N, k and is also at maximal self- hnkrng number
for K r+1- Similarly, T4 (L ,41) is one of the dividing curves on dN,, and is also at
maximal self-linking number. Now from [11] we know that K r+1 1s a fibered knot
that supports the standard contact structure, since it is an iterated torus knot obtained
by cabling positively at each iteration. As a consequence, from [8], we also know that
K r+1 has a unique transverse isotopy class at maximal self-linking number. Hence
we know that 74 (L, ;) and T (L ,41) are transversely isotopic. Thus there is a
transverse isotopy (1nducrng an ambient contact isotopy) that takes these two dividing
curves on the two different tori to each other. Thus we may assume that 9.V, rk and ON,
intersect along one component of the two dividing curves; we call this component y .

Now suppose, for contradiction, that 7_(L,, ;) is transversely isotopic to 7 (Lr 1)
These transverse knots are represented by the other two dividing curves on 8N and
8Nr, respectively, and we are therefore assuming that there is a transverse isotopy
taking one to the other. This transverse isotopy will induce an ambient contact isotopy
of S3, including a contact isotopy of the two tori aN,k and 0N, », with y4 sitting on
both of them. Since dN, ,k and 9N, are incompressible in S*\ N (1), we may assume
that after this contact isotopy of S3, 8N,k and N, intersect along their two dividing
curves, which we denote as y4 and y—. We now observe that there is an isotopy
(although, a priori, not necessarily a contact isotopy) of 8Nrk to Bﬁr relative to y+
and y_. We claim that as a result ]Vr cannot thicken, thus obtaining our contradiction.
We do this by noting that the isotopy of 8Nrk to dN, relative to y+ and y— may
be accomplished by the attachment of successive bypasses, beginning with dN ,k and
ending at N, ; thus N, is fixed throughout the process. Since these bypasses are
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attached in the complement of the two dividing curves, none of these bypass attachments
can change the boundary slope. However, they may increase or decrease the number of
dividing curves. Starting with T" = BN,k, we make the following inductive hypothesis,
which we will prove is maintained after bypass attachments:

(1) T 1is a convex torus which contains y4+ and y_, and therefore has slope

(2) T is aboundary-parallel torus in a [0, 1]-invariant 72 x[0, 1] with slope(I'r,) =
slope(I'r,) = —(k +1)/(Ark + B,), where the boundary tori have two dividing
curves.

(3) There is a contact diffeomorphism ¢: S3 — S3 which takes 7% x [0, 1] to a
standard [ —invariant neighborhood of N ,k and matches up their complements.

The argument that follows is similar to [6, Lemma 6.8]. First note that item (1) is
preserved after a bypass attachment, since such a bypass is in the complement of y
and y_, and thus cannot change the slope of the dividing curves. To see that items (2)
and (3) are preserved, suppose that 7" is obtained from 7' by a single bypass. Since
the slope was not changed, such a (nontrivial) bypass must either increase or decrease
the number of dividing curves by 2. We distinguish between two cases below.

Case 1 Suppose first that the bypass is attached from the inside, so that 7/ C N,
where N is the solid torus bounded by 7'. For convenience, suppose 7" = Ty s inside
the T2 x [0, 1] satisfying items (2) and (3) of the inductive hypothesis. Then we form
the new 7% x [0.5, 1] by taking the old 72 x [0.5, 1] and adjoining the thickened torus
between T and T’. Now T’ bounds a solid torus N’, and, by the classification of
tight contact structures on solid tori, we can factor a nonrotative layer which is the new
T? x[0,0.5].

Case 2 Alternatively, if 7/ C (S3\V), then we know that N thickens to an Nrk,
and thus there exists a nonrotative outer layer 72 x[0.5, 1] for S3\ N’, where T} has
two dividing curves. Thus the proof is done, for after enough bypass attachments we
will obtain T = Bﬁr , with ﬁ, nonthickenable. But this is a contradiction, since ]Vr
does thicken. |

This completes the proof of Theorem 1.2.

References

[1] N A’Campo, Sur la monodromie des singularités isolées d’hypersurfaces complexes,
Invent. Math. 20 (1973) 147-169 MRO0338436

Algebraic & Geometric Topology, Volume 11 (2011)


http://dx.doi.org/10.1007/BF01404063
http://www.ams.org/mathscinet-getitem?mr=0338436

2774

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]

[12]

[13]

[14]

(15]

(16]

Douglas J LaFountain

J S Birman, N C Wrinkle, On transversally simple knots, J. Differential Geom. 55
(2000) 325-354 MR1847313

J Epstein, D Fuchs, M Meyer, Chekanov—Eliashberg invariants and transverse ap-
proximations of Legendrian knots, Pacific J. Math. 201 (2001) 89-106 MR1867893
J B Etnyre, Lectures on open book decompositions and contact structures, from: “Floer
homology, gauge theory, and low-dimensional topology”, (D Ellwood, P S Ozsvith,
AT Stipsicz, Z Szabd, editors), Clay Math. Proc. 5, Amer. Math. Soc. (2006) 103—-141
MR2249250

J B Etnyre, K Honda, Knots and contact geometry, I: Torus knots and the figure eight
knot, J. Symplectic Geom. 1 (2001) 63—-120 MR1959579

J B Etnyre, K Honda, Cabling and transverse simplicity, Ann. of Math. (2) 162 (2005)
1305-1333 MR2179731

JB Etnyre, D LaFountain, B Tosun, Legendrian and transverse cables of positive
torus knots arXiv:1104.0550

J B Etnyre, J Van Horn-Morris, Fibered transverse knots and the Bennequin bound,
Int. Math. Res. Not. (2011) 1483-1509

E Giroux, Convexité en topologie de contact, Comment. Math. Helv. 66 (1991) 637-677
MR1129802

M Hedden, An Ozsvdth—Szabé Floer homology invariant of knots in a contact manifold,
Adv. Math. 219 (2008) 89-117 MR2435421

M Hedden, Some remarks on cabling, contact structures, and complex curves, from:
“Proceedings of Gokova Geometry-Topology Conference 20077, (S Akbulut, T Onder,
R1J Stern, editors), Gokova Geometry/Topology Conference (GGT) (2008) 49-59
MR2509749

M Hedden, Notions of positivity and the Ozsvdth—Szabé concordance invariant, J. Knot
Theory Ramifications 19 (2010) 617-629 MR2646650

K Honda, On the classification of tight contact structures I, Geom. Topol. 4 (2000)
309-368 MR1786111

K Honda, On the classification of tight contact structures 11, J. Differential Geom. 55
(2000) 83—143 MR1849027

D J LaFountain, Studying uniform thickness I: Legendrian simple iterated torus knots,
Algebr. Geom. Topol. 10 (2010) 891-916 MR2629769

W P Thurston, HE Winkelnkemper, On the existence of contact forms, Proc. Amer.
Math. Soc. 52 (1975) 345-347 MRO0375366

Centre for Quantum Geometry of Moduli Spaces, Aarhus University
Ny Munkegade 118, DK-8000 Aarhus C, Denmark

dlafount@imf.au.dk

Received: 14 April 2011 Revised: 3 September 2011

Algebraic & Geometric Topology, Volume 11 (2011)


http://projecteuclid.org/getRecord?id=euclid.jdg/1090340880
http://www.ams.org/mathscinet-getitem?mr=1847313
http://dx.doi.org/10.2140/pjm.2001.201.89
http://dx.doi.org/10.2140/pjm.2001.201.89
http://www.ams.org/mathscinet-getitem?mr=1867893
http://www.claymath.org/publications/Floer_Homology/etnyre.pdf
http://www.ams.org/mathscinet-getitem?mr=2249250
http://projecteuclid.org/getRecord?id=euclid.jsg/1092316299
http://projecteuclid.org/getRecord?id=euclid.jsg/1092316299
http://www.ams.org/mathscinet-getitem?mr=1959579
http://dx.doi.org/10.4007/annals.2005.162.1305
http://www.ams.org/mathscinet-getitem?mr=2179731
http://arxiv.org/abs/1104.0550
http://dx.doi.org/10.1093/imrn/rnq125
http://dx.doi.org/10.1007/BF02566670
http://www.ams.org/mathscinet-getitem?mr=1129802
http://dx.doi.org/10.1016/j.aim.2008.04.007
http://www.ams.org/mathscinet-getitem?mr=2435421
http://gokovagt.org/proceedings/2007/ggt07-hedden.pdf
http://www.ams.org/mathscinet-getitem?mr=2509749
http://dx.doi.org/10.1142/S0218216510008017
http://www.ams.org/mathscinet-getitem?mr=2646650
http://dx.doi.org/10.2140/gt.2000.4.309
http://www.ams.org/mathscinet-getitem?mr=1786111
http://projecteuclid.org/getRecord?id=euclid.jdg/1090340567
http://www.ams.org/mathscinet-getitem?mr=1849027
http://dx.doi.org/10.2140/agt.2010.10.891
http://www.ams.org/mathscinet-getitem?mr=2629769
http://dx.doi.org/10.1090/S0002-9939-1975-0375366-7
http://www.ams.org/mathscinet-getitem?mr=0375366
mailto:dlafount@imf.au.dk

	1. Introduction
	2. Definitions, notation and identities
	2.1. Iterated torus knots
	2.2. Legendrian knots, convex tori and the UTP
	2.3. Twist number lemma and the Farey tessellation
	2.4. Imbalance Principle
	2.5. Universally tight contact structures
	2.6. Transverse push-offs of Legendrian knots

	3. Strategy of proof for Theorem 1.1
	4. Positive cablings that fail the UTP
	4.1. Case I: P_r+1/q_r+1 > w(K_r)
	4.2. Case II: w(K_r) > P_r+1/q_r+1 > 0

	5. Transversely nonsimple iterated torus knots
	References

