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The Fox property for codimension one embeddings of
products of three spheres into spheres

LAERCIO APARECIDO LUCAS
OSAMU SAEKI

Fox has shown that for every closed connected surface smoothly embedded in S?,
the closure of each component of its complement is diffeomorphic to the closure of
the complement of a handlebody embedded in S3. In this paper, we study a similar
“Fox property” for smooth embeddings of S? x §9 x §” in SPTI+r+1,

57R40; 57Q45

1 Introduction

For positive integers p, g and r, let 79 C SP+4%1 be the boundary of a tubular
neighborhood of S” standardly embedded in S?14%1. Note that £79 = S? x S9.
Consider SP14%1 to be standardly embedded in SPT9+7+1  Let N_f’q’r (= S? x
S49 x D"*1) be a tubular neighborhood of £79 in SPFT4+7+1 and NP9 be the
closure of SP4H7+1 < NP9" The main result of this paper is the following.

Theorem 1.1 If 1 < g <r,3=<qg+r,andeitherr #qg+1orr =g+ 1 is
even, then for each smooth embedding f": S1x87x 8" — S9T7+2  there exist a
pair of smooth embeddings f. : N_f/’q/’r/ — S9tr+2 apnd oo NPT 5 gatrt2
for some permutation (p’,q’,r") of (1,q,r) such that the closures of the connected

components of S97"+2 <\ Im f are diffeomorphic to the closures of S97"12 < Im f
and S92 <Im f_.

Theorem 1.1 can be considered as an analogue of the following classical result of Fox.
Let F be a closed connected orientable surface. The image of a standard embedding
F—S3 splits S 3 into two handlebodies. Fox [3] has shown that for every smooth
embedding f: F — S3, the closure of each of the two components of S3~ f(F) is
diffeomorphic to the closure of the complement of a handlebody embedded in S3.

Katanaga and the second author [5] have formulated a “Fox property” for dimension four
and we now extend this to higher dimensions. Using the notation that we shall use in
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Section 1, let M be a smooth closed connected (7 — 1)—dimensional manifold for which
a set of “standard embeddings” f,: M — S", 0 € S, is given. Furthermore, denote by
N{ and N the closures of the two components of S" ~ fo(M). (It is often the case
that N are regular neighborhoods of some lower-dimensional polyhedra embedded in
S™ with their boundaries smoothed.) Then a smooth embedding f: M — S" is said
to have the Fox property if, for some o € S, there exist a pair of smooth embeddings
J+: N7 — 8™ and f_: N2 — S™ such that the closures of the two components of
S" ~ f(M) are diffeomorphic to the closures of S$” ~Im f} and S” ~Im f_. We
can define the same concept in the TOP and the PL categories as well, where we
always impose the condition that the embeddings should be locally flat. Note that in
the literature, some examples of manifolds whose codimension one embeddings always
have the Fox property are known. Embeddings of spheres S”~! in S” have the Fox
property according to the generalized Schonflies theorem (Alexander [1], Brown [2]
and Smale [14]), where in the case n = 4 we work in the TOP category because of
the still-unsolved smooth and PL Schonflies problems. Embeddings of products of
two spheres S? x S? in SPT9+! (Alexander [1], Goldstein [4], Kosifiski [8], Neto
and the authors [9], Rubinstein [13] and Wall [17]), embeddings of the quaternion
space in .S 4 (Katanaga and the second author [5]) and also of the 3—dimensional torus
St xS!xS!in S* (the authors [12]) all have the Fox property, where again we need
to work in the TOP category for n = 4 because of the unsolved Schonflies problems.

In view of Theorem 1.1, we can say that every smooth embedding of S! x S9 x S”
into S9T7+2 1 < ¢ <r, 3 <q+r, has the Fox property, provided r # ¢ + 1 or
r =¢+1 is even.

We can also define a stronger property as follows. The Alexander torus theorem [1]
states that every smoothly embedded torus in S3 bounds a solid torus. Generalizing
this result, we say that a smooth embedding f: M — S” has the Alexander property
if the closure of one of the two components of S$” ~ /(M) is diffeomorphic to N or
N2 for some 0 € S. Embeddings of spheres and products of two spheres all in fact
have the Alexander property (with the usual proviso about dimension 4).

Note that the Alexander property implies the Fox property. This can be seen as follows.
Suppose that the closure C of a component of S" ~ f (M) is diffeomorphic to N7 .
Then, let f—: N° — S™ be the standard embedding, while we set f}: N — S" to
be the composition of a diffeomorphism N{ = C and the inclusion C < S™. Then,
we see that the closures of the components of S” ~ f(M) are diffeomorphic to the
closures of S ~Im f} and S” ~Im f_.
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In the case of S? x S9x S”, an embedding S? x S9 x S" — SPH4T+1 is standard!
if its image coincides with the boundary of a tubular neighborhood of a product of two
spheres standardly embedded in S?T9+"+1 or more precisely, if its image is isotopic
to BN_f/’q/’r/ = NP4 (= SP' x §9 x S"") for some permutation (p’,q’, ") of
(p,q,r). In[11], the authors have shown that if 2 < p <g <r and either p+¢g #r or
p+q =r is even, then every smooth embedding f: S? x S x §" — SPTI+r+1 hag
the Alexander property. Furthermore, for 1 < p < g <r with r = p 4+ ¢ odd, we have
constructed infinitely many smooth embeddings f;,: S? x S9 x S” — SPTa+r+1
n € Z ~ {0}, which do not have the Alexander property. In this paper we will show
that in fact, they do not have the Fox property, provided n # 0, —1 (see Theorem 3.2
in Section 3). This means that the embeddings f;, n # 0, —1, constructed in [11] are
highly knotted. This answers the question posed at the end of [12]. This also shows
that Theorem 1.1 does not hold if » = ¢ + 1 is odd.

We warn the reader that in the literature, the terminology “Fox’s property” has been
used in different contexts (for example Kinoshita [7] and Suzuki [15]). In this paper,
we always use the terminology “Fox property” in the sense defined above.

The paper is organized as follows. In Section 2, we prove Theorem 1.1. In Section 3,
we recall the construction of the embeddings f;, mentioned above which do not have
the Alexander property, and state Theorem 3.2. In Section 4, we prepare a lemma
concerning diffeomorphisms of S? x S9 x SPT4 which we will use in Section 5 to
show that in fact the embeddings f, do not have the Fox property. In Section 6, we
summarize the results obtained so far and pose some questions. Note that Theorems 1.1
and 3.2 are almost independent of each other, so that if the reader is interested only in
Theorem 3.2, Section 2 may safely be skipped.

Throughout the paper all homology and cohomology groups are with coefficients in Z.
The symbol “[*]” denotes the homology class represented by *. For a space X', “idy”
denotes the identity map of X . The exterior of an embedding (or of its image) is the
closure of the complement to the regular (or tubular) neighborhood of the image of the
embedding.

2 Proof of Theorem 1.1

Let /2 S!xS7x 8" — S977*+2 be an embedding. Let C; and C, be the closures
of the two components of S917+2 <Im /. Our strategy for the proof of Theorem 1.1
is to show that f has the Alexander property, or to proceed as follows.

I'Unfortunately, the explanation given by the authors in [11, Definition 8.1] needs to be corrected.

Algebraic € Geometric Topology, Volume 11 (2011)



3046 Laércio Aparecido Lucas and Osamu Saeki

(1) Construct closed manifolds X; = C; U N:ﬁ/’q/’r/, j =1, 2, for some permutation
(p'.q'.1") of (1,q,7).
(2) Show that X; are homotopy spheres.

(3) Then, show that X; may be assumed to be diffeomorphic to the standard sphere
Satr+2.

We can then conclude that C; are as required. Note that the above Step (2) is nontrivial,
although the proof only uses standard homology calculations and the van Kampen
theorem.

Proof of Theorem 1.1 In the following, f: S x S9 x S” — S9%"%2 is an arbitrary
smooth embedding with 1 <¢g <r, (¢,r) #(1,1),andeither r g+ 1 orr=qg+1is
even. We denote by C; and C, the closures of the two components of S97"+2<Im f.
We identify dC; = dC, with S x S9 x S” by f, and ij: SlxST%xS" — G,
J = 1,2, denote the inclusion maps.

We divide the proof into 5 cases according to the values of ¢ and r, and we subdivide
these into a total of 10 subcases according to the homologies of C; and C,. In Case
(1-1), f has the Alexander property. In Cases (1-2), (2-1), (4-1), (5-1) and (5-2), we
will use standard diffeomorphisms for attaching C; and N+. In Cases (2-2), (3-1),
(3-2) and (4-2), we need to choose particular diffeomorphisms for the attachment. The
key cases are, therefore, (1-1), (1-2) and (2-2), in which the reader can find the main
ideas of proof.

Casel l<g<randr#gqg+1

By Alexander duality, we can show that either C; or C, has the same homology as
St x84, S xS" or S9x S” (for details, see the argument in [11, Section 2]). In
the following, we assume that C; has such a homology.

(1-1) If Hi(Cy) = H«(S9xS"), then by [12, Proposition 1.2 (i)], C; is diffeomorphic
to D? x S9 x S”. Consequently f has the Alexander property and hence the Fox
property.

(1-2) Suppose Hy(C;) = Hy(S! x S9) or Hyx(S' x S”). In the following, we
assume Hy(Cy) =2 Hy(S! x S9) (the other case can be treated similarly). By the same

argument as in [11, Section 2], we see that the natural inclusion

i{:Slxqu{*}eSleqxsrzaCIL)CI
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induces a homology equivalence.

Let 0;: 0C, = S x S9xS” — 3(S! x S x D" *1) be the diffeomorphism obtained
by the natural identification. Let us first show that X; = (S! x S7x D" *1) Uy, C,,
obtained by gluing S! x S9x D" and C, by 6; along the boundaries, is a homotopy
(g + r + 2)—sphere.

By an argument using the van Kampen theorem similar to that in the proof of [12, The-
orem 1.3], we can show that X is simply connected. (The Hurewicz homomorphism
71(Cy) = Hi(Cy) = m1(ST x S9x D" 1) and the identity {(C,) — 71 (C5) induce
an epimorphism 7, (S97"72) = 7,(X;).)

Let us consider the following commutative diagram

(il*;_iZ*)

Hyo(S'xS9x 8"y — 5 Hy(C1) ® He(Cy)

idl lpéBid
Ho(S1x 89 % 57 L2720 pr (915 §9 % Dr+ly @ Ho(Cy).

where ji: S!x S7xS” — S x §7 x D" is the inclusion map, p: Hy(C;) —
Hy(S! x §9 x D"*1) is the isomorphism obtained by the composition

@07

Hy(C)——— Hi(S' x ST x {x})

(011 g1 sasqe)s

ST H (ST % ST % (%))

i

— " S H(S'xS9x D',
and j{: S x 8% x{*} — S! x S9x D"*! is the inclusion map. Then, by comparing
the Mayer—Vietoris exact sequences for (Cj, C,) and (S x §9 x D"+1, C,), we see
that X has the same homology as S9+" 12 Therefore, X is a homotopy (g +r +2)—
sphere.

By taking connected sum with the inverse of X7 (in the group of homotopy spheres)
if necessary, we can arrange that X is diffeomorphic to the standard (¢ + r + 2)—
sphere, since ¢ +r + 2 > 5 (for details, see Kervaire and Milnor [6]). Therefore,

C, is diffeomorphic to the exterior of a smooth embedding of S! x §9 x D" *1 into
Satr+2.

Now, let N_ be the exterior of the standard embedding of S!xS9x D" 1 into $97+2
(see also Section 3). For the natural identification map 6,: IN_ = S xS9xS” — 4Cy,
let us show that X, = C; Ug, N— is a homotopy (¢ + r + 2)—sphere.

First, note that by Alexander duality we have

Hi(Cy) = Hy(N_) = Hy(S" TV 8977 ST).
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Let j,: S1xS9xS" — N_ be the inclusion map. Note that 1,g,g+1,r,.r +1,g+7r
are all distinct.

Let us consider the Mayer—Vietoris exact sequences for the pairs (Cy, C,) and (S x
S49 x D"T1, N_), respectively

Hy 11 (STT742) — Hi (8! x S1x S™) — Hy(C1) @ Hy(Cy) — Hp(STT712),

Hi o (S92 5 Hi (ST x §9% ST
— Hi (S'x ST D"t @ Hi (N_) - Hp(S9T712).

We see that ipy: Hy (S'xS9%S")— Hy(C,) and jas: Hy(S'xS9%xS")— Hy(N-)
are isomorphisms for k = r,r 4 1, ¢ + r. Therefore, we can construct an isomorphism
7. Hx(Cy) — Hy«(N_-) such that the diagram

(il*a_iZ*)

idl lid b1

(il*a_jZ*)

is commutative. Hence, X, has the same homology as the (¢ + r + 2)—sphere.
Furthermore, we can show that X, is simply connected as before. Hence, X, is a
homotopy (¢ + r + 2)—sphere. Then, by modifying 6, appropriately, we can arrange
so that X, is diffeomorphic to the standard (¢ + r + 2)—sphere. Therefore, C; is
diffeomorphic to the exterior of a smooth embedding of N_ into S977+2,

Consequently, f has the Fox property when 1 <g <r and r #¢q + 1.

Case2 l=¢g<r#2

By the same argument as in [11, Section 4], we have only to consider the two cases
(2-1) Hy(Cy) = H( (ST x S,

(2-2) Hi(Cy) = Hy(S'x S").

(2-1) Suppose Hi(C;) = H«(S! x S!). By the same argument as in [11, Section 4],
we see that the natural inclusion S! x S x {*} — C; induces a homology equivalence.
Then, by the same argument as in Case 1, we can show that X7 = (S'x ST x D" t1)uy,
C, is diffeomorphic to the standard (r 4 3)—sphere for some attaching diffeomorphism
0.

Let us consider X, = CyUg, N—, where 05: ON_ = S1xS1xS"— dC; is the natural
identification map, and N_ (~ S”+1v S” 1y S see Section 3) is the exterior of the
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standard embedding of S xS x D" *1 into S”*3. Let us consider the Mayer—Vietoris
exact sequence for the pair (Cy, C3)

Hi1(S™?) > Hip (S x ST x 87) > Hy(Cy) @ Hi(Co) — Hi(S™?).

Since the inclusion S! x ST x {*} — C; induces a homology equivalence, we see that
ing: Hi(S'x ST xS") — Hy(C,) is an isomorphism for k = r,r + 1. Therefore, by
the same argument as in Case (1-2), we can show that X is a homotopy (r +3)—sphere.

Hence f has the Fox property.

(2-2) Suppose Hy(C;) = Hy(S! x S”). Let us consider the exact sequence
0— Keril* — H1 (8C1)L>H1(C1) — H1 (Cl, 8C1)

Since H;(0C)) = Z &7, H,(Cy) = Z and H;(C;,0Cy) = H"%(C;) = 0, there
exists abase {y1, 2} of H{(0C) =Z®Z suchthat iy, =0 and i;4Yy; is a generator
of Hi (C]) ~7.

Let
ST ST =8Tx S x{x} > S xS xS" =3¢,
be the natural inclusion. There exist y;, y; € H; (S'xS!) such that txy/ =yi, i =1,2.
Then there exists a diffeomorphism 6: S!xS! — S1x S such that §[S! x{*}]= V]
and B 4[{*} x S1]=7y}. Set 6 = 8 xidgr: (S'xS')x S — (S x §')x S”. Then
by an argument similar to that in [11], we see that
i100]g1xgxyxsr: S!x{x}x 8" —3C; — C;

induces a homology equivalence.

By the universal coefficient theorem, we can show that it also induces an isomorphism
of cohomology rings as well. Let n; € H'(C;) = Z and n, € H"(C;) = Z be
generators. Then 7y — 1, is a generator of H”+!(C;) and we have

(101, 04[ST x ) x {x3]) = 1, (i1, sl x ST x {x}]) = 0.

Hence i, coincides with the Poincaré dual of 0[{x} x S!'x 8" e H,.1(3Cy) up
to sign. Furthermore, we see that i{'n, coincides with the Poincaré dual of 6«[S Ix
S1 x {*}] € Hy(C}). Therefore, the Poincaré dual of i {(n1 — ny) coincides with
Oc[{*} x S x {x}] € H,(dCy). This implies that

(11— N, 104 {4} x ST x S]) =0,
and hence i140[{*} x ST x S"]=0in H,1(Cy).
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Let us consider the Mayer—Vietoris exact sequence for the pair (Cy, C5)
Hyy1(S"7) = Hi (ST x ST x S™) - H (C1) @ Hi(C2) — Hi(S™F).

Since i1xY> = 0 and i14); is a generator of H1(C;) = Z, iy, must be a generator
of Hi(Cy) = Z. We also see that ir«0x[{*} x S! x S”] must be a generator of
H,1(Cy) = Z. Furthermore, izy: H>(S! x S x §”) — H,(C,) is an isomorphism.

Let 0;: 0C; = S x S x §” — S x S x S” be the diffeomorphism defined by
61 =60~ and set X; = (S! x D? x S") Up, C5. Then, by using the Mayer—Vietoris
exact sequence

Hy 1 (X1) = H(S' xS x S™) — Hi(S' x D* x S™) @ Hy(Cy) — Hi (X)),
we can show that X is a homotopy (r + 3)—sphere.

Let us consider X, = Cy Uy, N—, where N_ (=~ Stv 82 v Sty is the exterior
of the standard embedding of S! x D? x S” into S” 3, and 6,: IN_ — 9C; is the
diffeomorphism defined by 6, = 6. Then, by the Mayer—Vietoris exact sequence

Hyy1(X2) = Hi(S' x ' x S™) - Hi(Cy) @ Hi(N-) > Hi(X>),
we see that X, is also a homotopy (r + 3)—sphere.

Therefore, f has the Fox property.

Case3 l<qg=r

By the same argument as in [11, Section 4], we have only to consider the two cases:
Hy(Cy) = Hy(S9x S9) or Hy(Cy) =2 Hy(S' x S9). In the former case, the same
argument as in (1-1) works. In the following, we suppose Hy(Cy) = Hy(S! x S§9).

By the Mayer—Vietoris exact sequence
Hyi1(S?12) — Hy (S x S9x S9) — Hy(C1) ® Hy(Cy) — Hy (S22,
we see that there exists a base {y1,y2} of Hy(S! x S9x S9) =~ Z @& Z such that

i1xY2 = 0,114y is a generator of H,(C) = Z,

ir2«y1 = 0,124)> is a generator of H,(Cy) = Z.

Let 11 S9x S = {x} x S9 xS - S! x S x S be the natural inclusion. Since
tx: Hg(S9%x S7) — Hy(S' x S9x §9) is an isomorphism, we have y;, v} € Hg(S7 x
S9) such that txy] = y;, i =1,2.
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There exists a matrix (Z 2) e GL(2,7Z)
such that Yy =a[S9 x {x}] + b[{x} x SY],

¥y =c[ST x {x}] 4 d[{x} x S1].
(3-1) Let us first consider the case where ¢ > 3 is odd. Set

G, = {("“ “12) € GL(2,7Z)

dz1 dzp

ay) =ax #ajp =ay (mod 2)} :

Then, we see that at least one of the following matrices lies in G :

a c a+c c a a+tc
(ha) Giaa) (osa)
Then by Wall [16] (see also Golstein [4] and the authors [10]), there exists a diffeomor-
phism 6: S9x S7 — S9x 9 which realizes one of the above matrices as the induced
automorphism of Hy(S9xS79) = Z @Z with respect to the base {[S7 x {*}], [{*}xS9]}.
For the diffeomorphism 6 = id g1 x8: S! x (S9x S7) — S x (589 x 59), we have
one of the following.

(@) Ox[{*} x ST x {x}] =1 and Ox[{*} x {*} x SI] = y»,
(b) Oul{s} x ST x {3 = y1 + 2 and Ox[{} X {x} x §] = p,,
(©) Ox[{x}x ST x{x}] =y and Ou[{*} x {x} x S = y1 + ».

Set X1 =(S'x S?x DIty Uy, Oy,

where 6 = 071: 9C, — 3(S! x S x DIt1). Let us consider the Mayer—Vietoris
exact sequence

Hyi1(X1) — Hy(S' x 89 x §9)
j *,_. *9*

UteT2:09 | 11 (ST x S9x DI+ @ Hy(Ca) — H,y (X)),
where j;: S!x 87 x S9 — S! x 9 x DI*! is the natural inclusion. In cases (a)
and (b), we have that ji[{x} x {x} x S9] =0, ji«[{*} x ST x {*}] is a generator
of Hy(S! x S9 x DIT1), and —ip,0«[{*} x {x} x S9] is a generator of Hy(C,).
Hence, the map (ji«, —i2«6+) is an isomorphism. In cases (a) and (c), we have that
Jra[{}xS9x {*}] is a generator of Hy(S!xSIx DITY), —is, Ox[{}xSIx{x}]=0,
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and —ip«0x[{x} x {*} x S9] is a generator of Hy(C,). Therefore, again the map
(J1%» —i2%04) is an isomorphism.

Let us now study the Mayer—Vietoris exact sequence
2.1) Hg2(X1) = Hyp1(S' x ST x S9)
Utem20) | g (ST % ST x DITY) @ Hy 1 1(Ca) — Hyr (X1).
For this purpose, set
P, =a[ST x S x {x}]+ b[ST x {x} x §9],
P, =[S x ST x {x}]+d[S! x {x} x §Y],

which constitute a base of H,41(S 1% 89 x S9). Let us show that i1, is a generator
of Hq+1(C1) and i1*72 =0 in Hq_|_1(C1).

Since ¢ is odd, we have the intersection numbers
VIV =V v =00y, =~y ) = £

On the other hand, since i1x)y> =0 in Hy(Cy), there exists a (¢ + 1)—chain A, in C,
such that [0A;] = y,. Then, for the intersection numbers in Cy, we have

Ap-its¥y = %1, Ag-ifxy, =0.
Therefore, we see that i1, is a generator of Hy41(Cy) and 14y, =0.
By a similar argument, we can show that 7,47, is a generator of H,;(C,) and
i2«y1=0.
Then in the exact sequence (2.1), we can show that
(i —i2405): Hy1(S1 x ST x ST) = Hyy 1 (S' x ST x D) @ Hy11(Cr)
is an isomorphism for the cases (a)—(c). Hence, X; is a homotopy (2¢ + 2)—sphere.

Set X, =CUp, N—, where 0, =0: ON_ — 0C; and N_ is the exterior of the standard
embedding of S x S9 x DI*! into $2972 Let us consider the Mayer—Vietoris exact
sequence
(F140%,—j24)
Hieir1(X2) = Hie(S" x $9 % §9)———"" Hy(C1) @ Hp(N-) — Hi(X2).
where j,: S! x S x §9 — N_ is the natural inclusion. Then, by using the same
argument as for X, we can show that X, is also a homotopy (2¢g + 2)—sphere.

Therefore, f has the Fox property.
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(3-2) Let us now consider the case where ¢ > 2 is even. Let 1, denote a generator of
H4(Cy)=Z. Furthermore, let {y", y;'} be the base of H4(dC)=Hom(H,;(dC),Z)
dual to the base {y;, y»} of Hy(dC;). Then, we have

itng =uyf +vy;
for some integers u and v. Since
v={i{ng.v2) = (ng.i1xy2) =0
holds, we have i{n, = uy;.
Let us consider the cohomology exact sequence for the pair (Cy, dCy)
HI(Cy,0Cy) — Hq(cl)i—fmq(acl) — HIY(Cy,0C).
Note that we have
HY(Cy,30Cy) = Hyy2(C1) =0 and HYTY(Cy,0C)) = Hyy i (Cy) = Z.

Therefore, i; maps H9(Cy) injectively to a nontrivial direct summand of H4(3dCy).
Therefore, we must have i{n, = £y

Let {(y{)*. (y;)*} be the base of H9(S7 x §7) = Hom(H,;(S7x §7),7Z) dual to the
base {y[,y,} of Hy(S7x S7). Then, we have

()" — (D" =Ty~ @y
=~ )
= L*lik(nq ~ 77q) = Os
since 1y — ng € H*4(Cy) = 0.

By Poincaré duality, the cup product on H9(S? x S?) defines a symmetric bilinear
form which is unimodular and of even type. Therefore we have

(7)™ = ()™ [STx S9) = £1(=8). ((13)" = ()", [ST x 7)) =2m
for some integer m. Set
£2=(y))" —em(y))* € HI(S? x 87).

Then we have
E2—E =0, ((y)" — &,[STxS87) ==

Set Vi =vyi+emy,. vy =y;,
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which constitute a base of H,;(S9 x S7). Then we see that the base {(y{)*. (y5)*} of
HY(S9 x §9) = Hom(Hy(S9 x §9),Z) dual to the base {y;’, '} of H(S7x S9)
coincides with {(y;)*,&,}. Therefore, for the intersection numbers, we have

!

i =0,y vy =0, 9 yy = £1L
Thus, there exists a diffeomorphism 0: §9x S — S9x S9 such that

Oxl{x} x ST x {x}] = tey{ = y1 +emya,
Ox[{x} x {3} x SU] = 1y = 12,

where 6 =idg1 x8: S! x (S7x S§9) > S! x (59 x §9).
Since 714y, = 0, there exists a (¢ + 1)—chain A, in Cy such that [0A,;] = y,. As
Az (1404 x ST x (#}]) = y2- 0[S T x ST x {x})] = £1,
we see that i150x[S! x S x {}] generates Hg1(Cy). Furthermore, since
Ay - (i1505[ST x {5} x S9]) = y5 - 04[ST x {x} x $9] =0,

we see that i140x[S! x {*} x §9] =0 in Hy41(Cy). Then, by the Mayer—Vietoris
exact sequence

Hyr(S?12) - Hyy (S xS9%S9) — Hyp 1 (C1) @ Hyy1(Co) — Hypy (S22,
we see that i, 0x[S! x {*} x S9] generates Hy1(Cy).

Then the same argument as in Case (3-1) (b) shows that f has the Fox property.

Case4 g=1landr =2

By the same argument as in [11, Section 5], we have only to consider the following
two cases.

(4-1) Hy(Cy) = Ho (ST x S,
(4-2) Hy(Cy) = Hye(S! x S?).

(4-1) When H,(C;) = H.(S! x 1), the natural inclusion

i STx S x {x} — S'xS'x 82 =93C, —
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induces an isomorphism of homology groups in dimension 1. Then, by considering
the commutative diagram

(/)*@(/)*
H'(CH @ H'(C) 205 IS x ST x (x1) @ H'(S' x ST x ()

H*(Cy) & H*(ST x ST x {x}),

we see that | induces a homology equivalence.

Using the fact that 2 = 1 + 1 is even, we see that i14[{*} x {*} x S?] =0 in H,(C;).
Then by the same argument as before, we can show that f* has the Fox property.

(4-2) When H,(Cy) = H«(S' x §?), by an argument similar to that in the proof of
[11, Lemma 5.2], we see that for some diffeomorphism 6: S1x St —» STx St the
composite

9|Sl ><<{>|<}><S2

S'xS'x8?=09C; - C; or
S'xS'x82=90C, > G,

Stxs?
St xs?

Ols1 x{#}xS2

induces a homology equivalence, where 6 = 8 xidg2: (S1xS1)x 52— (S1xS1)xS2.
We may assume that the upper one induces a homology equivalence. By choosing 6
appropriately, we may assume that O4[{x} x S! x {*}] =0 in H;(C;). Then, by the
same argument as before, we can show that f* has the Fox property.

CaseS5 When 1l <g,q+1=r and r is even.

As in [11, Section 6], we have only to consider the two cases as follows.

(5-1) Hy(Cy) = He(S! x S9),

(5-2) Hy(C)) = Hy(S' x S9T1Y or Hy(Cy) = Hy(S9 x S9T1).

(5-1) When H,(C;) = H,(S! x S9), by the same argument as before, we see that
the natural inclusion

i1 ST x 8§ x {x} - S'x§Ix 59 =9C) —
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induces isomorphisms of (co)homology groups in dimensions 1 and ¢g. By considering
the commutative diagram

1 e 1
HY(Cy) ® HI(C;) ———— H(S'x S%) @ HI(S! x §9)

('/)*
HIT(Cy) -, HI(S! x §9),

we see that /| induces an isomorphism of (co)homology groups in dimension ¢ + 1 as
well.

Furthermore, since ¢ + 1 is even, by an argument using the intersection form on
Hqul(S1 x 89 x S9t1) (for example, see [11, Lemmas 5.1 and 5.2]), we see that
i1x[{*} x {*} x S9F1] = 0. Then, by the Mayer—Vietoris exact sequence

Hy2(S?973) - Hyp ((S'xSI% S — Hy o ((C)® Hyy1(Ca) — Hy (S,

we see that iy [{*} x {*} x S9T1] is a generator of H; ((G)=Z.

Let us consider X7 = (S x S x DI72) Uy, C,, where 01: 9C; — S x §9 x §9+1
is a natural identification. By the Mayer—Vietoris exact sequence

Hi11(X1) = H (S x ST S9TY) — Hy (S x 89 x DI12) @ Hy (Cy) — Hi (X)),

we see that X is a homotopy (2¢ + 3)—sphere.

Set X; = Cy Ug, N—, where N_ (~ Sat1\ §9+2 v §24+1) is the exterior of the
standard embedding of S xS9x D9%2 into S2913 and #,: IN_ — 0C; is the natural
identification. Then, by the Mayer—Vietoris exact sequence

Hyy1(X2) = Hi(S' x ST x STHY) — Hi (C1) @ Hi(N-) = Hi(Xa),
we see that X, is also a homotopy (2¢g + 3)—sphere.

Therefore, f has the Fox property.

(5-2) When Hy(Cy) = Ho (S x S9T1) or Hy(Cy) == Hy(S?x S9T1), we can show
that the natural inclusion

i1 ST x () x ST §1x §9x 59t =9C; — C; or
i (k) x ST x ST - §1 % §9x ST =50, — G,

induces a homology equivalence, using the fact that g+ 1 is even. Then, by an argument
as before, we see easily that f has the Fox property.

This completes the proof of Theorem 1.1. |
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3 A construction

For1<p<g=<r,let 279" = BN_f’q’r = INP 97 (= SPxS9xS") be the product of
three spheres standardly embedded in S?+T9+7+1 a5 constructed in Section 1. Then the
closure of one of the components of S?T9+7+1 7.9 coincides with N _f 4" which
is diffeomorphic to S? x S9 x D" *!. The other one N2+ which is diffeomorphic
to
((DPF1x STy —Int DPFTH1) 5 ST) U (SPT x DI,

is in fact a regular neighborhood of the union of two embedded spheres S?*” and
S49+r in SPFTaT+1 intersecting each other transversely along S”~!. In particular,
NP9 has the homotopy type of the bouquet SP+" v S9T7 v S” .

In [11], we have constructed embeddings f,: S?xSIxS" — SPTI+r+1l pe 740},
which do not have the Alexander property for 2 < p <g <r with r = p+¢q odd. Itis
not difficult to observe that exactly the same construction works also for p = 1 and
r =q + 1 odd. For completeness, let us recall the construction.

Let us write S27 ! as the union
(3.1) ST = (DT % S")Up_ (8" x S" x I) Ug, (S" x D1,

where I =[—1,1], D'5" are (r +1)~disks, and p_: d(D" ' xS") — 8" x S" x {1}
and ¢4: 0(S" x D;'H) — S7 x 8" x {1} are the standard identification maps. Since

S” x I is diffeomorphic to the closure of the complement of two disjoint (r 4 1)—disks
in S”T1 = (S? x DIt U (DPH! x §9), we can write S” x S” x I as the union of

X_=((S?xD)—IntD'TH)xS" and X4 =((DPH'xS9)—IntD]T!)xS”

attached along S? x §7 x S§”, which is a boundary component of each, where D;’;l

are interior disks. Note that the embedding S? x ST x S" = X_NX4y CX_U X4 =
ST xS x I C S?*! defined via (3.1) is standard.

Note that H,(S” x S”) is a free abelian group of rank 2 generated by [S” x {*}] and
[{*} x S"], where we choose orientations of the representative manifolds once and for
all. By [4, Proposition 2.5] or [10, Theorem 2.2], for each matrix

(32) ) = (4n +1 2n

;T ) € GL(2,Z)

with n € Z ~ {0}, the automorphism of H,(S" x S") = Z @& Z given by the matrix kj
with respect to the above base is realized by a diffeomorphism ¥,,: S”" xS" — S§" x S”,
since r is odd. By (3.1), we still have

ST = (D"H X S") Uy oy, (S X S" X I) Uy, oy, (S” x DJTT).
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Put X;_ = (D:—gl X Sr) U(p—m/fn X_, f.}_ = X+ U(p+°l/fn (Sr X D£+1),
and consider the embedding f,: S? x S9x S" = X_n )?+ — X_U Y+ = §2r+t,

In [11] we have seen H*(X +) =~ H*(S9 x S”) and H*(X _) =~ H*(S? x S") as
additive groups. Furthermore, the image of the cup product

— HI(X 1)@ H (X ) > HT7" (X 1)
is a subgroup of index |2n|, while that for
< HP(X_)® H' (X_)—> HPT"(X_)

is a subgroup of index |4n + 1|. It is easy to observe that if f has the Alexander
property, then one of the above indices must be equal to 1 or co. Therefore, we can
conclude that the embeddings f;, do not have the Alexander property. Note also that if
m # n, then there exists no diffeomorphism of S2”*1 which takes the image of the
embedding f, to that of f,.

Remark 3.1 For an arbitrary embedding f: S?xS9xS" — SPHI+7+1 | <p<g<
r, letus denote by C; and C, the closures of the two components of SPT4+"+1Im .
Then, as has been observed in [11], C; or C, has the homology of S? x S9, SP x S”
or S7x S”.

When r = p+¢q is odd, for the embeddings f; constructed above, the manifolds C; and
C, have the homologies of S? x S” and S7 x S”. Recall that by [11, Proposition 7.1]
if He(Cy) = Hi(S? x S?), p,q > 2, then C; is diffeomorphic to S? x S x D" T1:
consequently, such an f* has the Alexander property.

In Section 5, we will prove the following.

Theorem 3.2 Suppose 1 < p <q <r,andr = p+q is odd. Then the smooth
embeddings f,: SPxS9xS" — SPT4+tr+1 5 oL, —1, do not have the Fox property
in the smooth category.

Remark 3.3 In [12], embeddings of S! x S x S” into S917*2 whose images do
not bound the product of two spheres and a disk have been constructed. However, they
do have the Alexander property, since the closure of one of the two components of
the complement is diffeomorphic to the closure of one of the two components of the
complement of a standard embedding. Thus, in a sense, the embeddings constructed
for p =1 in [12] are weakly knotted. We do not know if there exist embeddings
S x 8§9x 8" — S92 that do not have the Alexander property for general ¢ and
r. (As has been mentioned above, such embeddings do exist if r = ¢ + 1 is odd.)
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4 Diffeomorphisms of S7 x S9x S" for r = p+g¢

For the proof of Theorem 3.2, we need a lemma concerning diffeomorphisms of
SPxSTxS" withr=p+gqand p+#gq.
Set M = S§? xS x S" with r = p + ¢g. Let us study those automorphisms of
H, (M) =~ Z & Z which are induced by diffeomorphisms of M . Set

ap =[SPxSTx{x}], oy =[{x}x{x}xS5],

which constitute a base of H, (M ). To each diffeomorphism ¢: M — M we associate
the 2 x 2 integer matrix [¢«] = (a;;) € GL(2,Z) by

2
(p*aJ-:Zaija,-, j=12.

i=1

Lemma 4.1 The matrix [¢x] is of the form

+1 O
* £1/°

Proof Let n, € H?(M) and ny, € H4(M) be the cohomology classes Poincaré dual
to the homology classes [{*}xS9xS"]€ Hy4,(M) and [S? x{*}xS"|€ Hy4,(M),
respectively. Note that H? (M) and H?(M) are infinite cyclic groups generated by
np and 14, respectively. Since ¢*: H*(M) — H*(M) is an automorphism, we have
©*np = £np and ¢*ny = £n4. In particular, we have

@ (p ~ ng) = EMp — 1g € HPY(M)=H"(M).
Let & and & € H" (M) be the cohomology classes Poincaré dual to the homology
classes [{*}x {*}x S"] and [S? x S? x{x}] € H, (M), respectively. Note that we may
assume 1, — 1y = &, since ({} x ST x S") N (S? x {x} x S7) = {x} x {x} x S".
Note also that {&1,&,} is the base of H" (M) = Hom(H, (M), Z) dual to {1, a7}.

Then the matrix representative of the automorphism ¢*: H" (M) — H" (M) with
respect to the base {£1,&,} is of the form

+1
( 0 :I:l) '
Therefore, ¢«: H,(M)— H,(M) has a matrix representative, with respect to the dual
base {a1, a5}, of the form
+1 0
( * :I:l) '

This completes the proof. a
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5 Proof of Theorem 3.2

Let C; and C, be the closures of the two components of SPH4T7 1 £, (SPxSIxS").
We may assume

Note that in the notation of Section 3 or [11, Section 9], C; and C, correspond to X_
and X 4, respectively.

Our strategy is to show that the closed manifold C; U N f’q/’r/ obtained by attaching

C; and N. :f:)/’q/’r/ along their boundaries, i = 1, 2, can never be diffeomorphic to the
sphere SP+4+7+1 for every permutation (p’,q’,r’) of (p,q.r).

Let us first show that C; cannot be diffeomorphic to the exterior of NV f 4" embedded
in SP1T4+7+1 Suppose this was the case. Then, by an argument using the Alexander
duality, we see that the manifold

(5.1 W =Cy Uy (DPT! x §9x S7),

obtained by attaching D?+!x S9xS” to C; by using a diffeomorphism ¢: d(D?T1 x
S9 x S") — dCy, should be diffeomorphic to SPTa+r+1,

Let us consider the Mayer—Vietoris exact sequence associated with the decomposition
S.D

O, —Jx)

d=
(5.2) H,(S? xS x S’)(—>H, (C) ® H (DPT!' x §1%x S™) — H, (W),

where j: S? x S9x S" =3d(DPT1 xS9xS") — DPT1 x §9 x S” is the inclusion
map and 0: S? x S? x S” — C; is given by the composition

0: SP x S9x 8" = d(DPT x §9x S")— >8P x §9x §” = 0C;—>C;
with i;: dC; — C; being the inclusion map.

By Lemma 4.1, we have @1 = taq + bay for some b € Z. Let B € H,(Cy) = Z
be a generator. Furthermore, set B/ = [{*} x {x} x S"] € H,(DP*! x S9x S") = Z,
which is a generator. Then, by the construction of f,, we have ij,a; = 28 and
i1x0p = £(4n + 1)B (for details, see [11]). Therefore, we have

Oxotp = I15@s0) = i1x(Fay +boz) =E28+b(An+ 1) = (X2 L+ b(4n+1))B.
On the other hand, by Lemma 4.1, we have p,a; = fo;. Hence, we have

Oxtty = i1xpury = i1 (Faz) = £(4n + ).
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Furthermore, we have j.o; =0, since o1 = [S? x ST x {*}] and S? x ST x {x} =
A(DPT1 x S x {x}). We also have jyop, = £8’.

Therefore, the matrix representative of ® = (6, —j«) in (5.2) with respect to the bases
{a1,0,} and {B, B’} is of the form

+2+b@n+1) £@n+1)
( 0 +1 )

According to the exact sequence (5.2), in order to have H, (W) = 0, we must have
£2+b(@n+1)==+1

for some integer b, which is possible only when n = 0, —1. As we have assumed

n # 0, —1, this is impossible. Consequently, the manifold W cannot be diffeomorphic

Let us now show that C; cannot be diffeomorphic to the exterior of N_ = N2’
embedded in SP19+t7*1 For this, let us consider the manifold

W'=C, Uy N_,

obtained by attaching N_ to C; by using a diffeomorphism ¢’: dN_ — dCy. Note
that by an argument using the Alexander duality, we have only to consider the case
where N_ is the exterior of S? x S” standardly embedded in SP+4F7+1.

N_=((D?T!'x 89)—Int DPTIT) x STYU(SPHI x D' 1)~ §PTE §9T7 84

Let us consider the Mayer—Vietoris exact sequence
'=(65,—J%)
Hy(SP x §1x S")——""5 H,(C1) & H, (N-) — H, (W),
where j': SP?xS9xS" =dN_ — N_ is the inclusion map and 6": S?xSIxS" — C;
is given by the composition

0: SPx SIxS" =IN_—2>SP x §9x §" = 8C1L>C1.

By an argument similar to the above, we can show that a matrix representative of @’ is
of the form

+1 0

for some integer b. Therefore, we have H,(W’) = 0 only if £(4n + 1) = %1, which
is possible only if » = 0. Since we have assumed n # 0, this shows that W’ cannot
be diffeomorphic to SPT4T7+1,

(iz +b@n+1) £(@n+ 1))

Consequently, the embedding f,, n # 0, —1, does not have the Fox property. This
completes the proof of Theorem 3.2. O
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Remark 5.1 1In[11, Section 9], we have used the matrix «;, as in (3.2) for constructing
the embeddings f,. Analyzing the proof, we see that we could as well use the matrix

4n+1 8nm
2n  4n—1
for the construction. Let the resulting embedding be denoted by g,: S? x S9x S" —
SP+4+r+1 Then we can show that for g,, n # 0, —1, the closures C; and C, of the
two components of S”T4T7+1 (Im g, both violate the Fox property. In other words,

we can show that none of C;U(DPH!xS9xS"), C;UNP4 (SPxDItIxS"\UC,
or N9"P U C, is diffeomorphic to SPFT4+7+1,

In this paper, we have mainly worked in the smooth category. By using similar
techniques, we can show that Theorems 1.1 and 3.2 are valid in the PL locally flat
category as well. The proofs are almost the same: it suffices to replace diffeomorphisms
by PL homeomorphisms. We also need the solution to the high dimensional PL Poincaré
conjecture proved by Smale (see [14], for example).

6 Summary of results and open problems

Summarizing the results obtained so far, for a smooth embedding f: S¥ x S9x S" —
SPratr+l with 1 < p <q <r, we have the following.

(i) When 2 < p, and either p+¢g #r or p+¢q =r iseven, f has the Alexander
property [11]. In fact, its image always bounds the product of two spheres and a
disk.

(i) When p=1,3<g+r,andeither | +¢ #r or | +¢g =r is even, f has the
Fox property (Theorem 1.1 of the present paper).

(iii) When (p,q,r) = (1,1,1), f has the Fox property in the TOP locally flat
category [12].

(iv) When p =1, there exist infinitely many embeddings such that their images
do not bound the product of two spheres and a disk, but that they all have the
Alexander property [12].

(v) When p + g =r is odd, there exist infinitely many smooth embeddings which
do not have the Fox property ([11] and Theorem 3.2 of the present paper).

We end this paper by posing some problems.
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Problem 6.1 (1) Characterize the exteriors of smooth embeddings f: SPxSIxS" —
SPTa+r+1 especially when they do not have the Fox property.

(2) Let SP+4+7+1 = N, UN_ be the decomposition induced by a standard embedding
of S?xS9xS” into SPT4+"+1 Given arbitrary two smooth embeddings ¢+: N4 —
SPTa+r+1does there exist a smooth embedding f: S? x S9 x S” — §PHa+r+l
such that the closures of the two components of S?T4T"+1 Im f are diffeomorphic
to the exteriors of ¢4 ?
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