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Higher cohomologies of modules

MARIA CALVO
ANTONIO M CEGARRA
NGUYEN T QUANG

If C is a small category, then a right C-module is a contravariant functor from C
into abelian groups. The abelian category Modc of right C-modules has enough
projective and injective objects, and the groups Exty,; 4 c (B, A) provide the basic
cohomology theory for C-modules. We introduce, for each integer r > 1, an
approach for a level-r cohomology theory for C—modules by defining cohomology
groups Hg (B, A), n = 0, which are the focus of this article. Applications to the
homotopy classification of braided and symmetric C—fibred categorical groups and
their homomorphisms are given.

18D10, 55N25; 55P91, 18D30

1 Introduction and summary

Among the Ext groups in the category Ab of abelian groups, only Homap (B, A) and
Ext}&b(B, A) are relevant since all groups Ext), (B, A) vanish for n > 2, and there is
nothing to say about the latter. In the fifties, however, Eilenberg and Mac Lane [27;
28; 29; 43] introduced what are now known as higher cohomology theories for abelian
groups: for each integer r > 1, the level-r cohomology groups of an abelian group B
with coefficients in an abelian group A4 are defined to be the cohomology groups of the
Eilenberg—Mac Lane complex K(B,r+ 1) with coefficients in 4, up to a dimension
shift, that is,
H"(B,A) = H"T"(K(B,r+1),4), n>0.

In the beginning, these higher-level cohomology groups were studied primarily with
interest in algebraic topology. For example, Copeland [20, Proposition 9] proved
a remarkable classifying fact stating that, for each k € H"(B, A), n > 3, there
exists a pointed CW-complex (X, *), unique up to homotopy equivalence, such that
g1 (X, %) = B, meqn(X, %) = A, mi(X,%x) =0 forall i #r+ 1,r+n, and k is the
(unique nontrivial) Postnikov invariant of (X, %) (see Whitehead [60, Chapter IX]). But
later, these cohomologies of abelian groups found an application in solving purely al-
gebraic problems. Thus, for instance, the classification result for symmetric categorical
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groups P =(P,®,1,a,r,l,c), which appeared originally in the unpublished thesis of
Sinh [54] (where they are called Picard categories), is stated in terms of the associated
abelian groups B = P, the group of iso-classes of its objects, 4 = [P, the group of
automorphisms of its unit object, and a second-level cohomology class k € H23 (B, A),
canonically deduced from the coherence pentagons and hexagons in P. Previously, as a
consequence of having Extib(B, A) =0, Deligne [21] had proved that the classification
of strictly commutative symmetric categorical groups (ie, when ¢x x = 1xgx ) is trivial,
in the sense that only the two abelian groups B and A above are a complete invariant for
the equivalence type of such a strictly commutative symmetric categorical group. Later,
an extension of Sinh’s results was proved by Joyal and Street [41], where they stated a
classification theorem for braided categorical groups (defined similarly to symmetric
categorical groups, but where the usual symmetry condition ¢y x¢x,y = lxgy is not
assumed), in terms of elements of the first-level third cohomology groups H. 13 (B, A).

If C is a small category, then the category Modc of right C—modules has objects the
contravariant functors 4: C°® — Ab from C into abelian groups, with morphisms
the natural transformations. This is an abelian category with enough injectives and
projectives, and the abelian groups Exty, (B, A) provide the basic cohomology
theory for C—modules. For instance, if Z: C°® — Ab is the constant functor with
value Z, then the groups H"(C, A) = Ext{; 4 o (Z, A) are the cohomology groups of
the category C with coefficients in the C-module A, studied by Roos [52], Watts [59],
Mitchell [46] and Baues and Wrisching [3], among other authors. In this paper we
introduce, for each integer r > 1, an approach for a level-r cohomology theory for
C —modules by defining cohomology groups

(1) H¢ (B, A) = H"*'(holimc K(B,r+ 1), holimc *; 4), n >0,

which we believe enjoy many desirable properties and are the focus of this article. In
the case where C is the trivial category with only one arrow, these level-r cohomology
groups reduce to those of Eilenberg—Mac Lane above for abelian groups. When C is
a group G (that is, C has one object and all its morphisms are invertible), then the
first-level cohomology groups of a G—module B with coefficients in a G—module A4,
Hg’l (B, A) coincide with those “abelian” cohomology groups Hg,ab(B , A) studied by
Cegarra and Khmaladze [15], while the second-level cohomology groups Hg,z(B ,A)
coincide with the “symmetric”” cohomology groups H, g,S(B, A) treated by same authors
in [16].

The results here are mainly of algebraic interest, but they may also be considered within
the homotopy theory of diagrams of spaces, as has been studied by various authors such
as Dror, Dwyer and Kan [23], Dwyer and Kan [26], Dror Farjoun [24], Dror Farjoun
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and Zabrodsky [25], Moerdijk and Svensson [47; 48] and Chachdlski and Scherer [17].
The contents of the paper can be summarized as follows:

We begin by providing a brief account of the cohomology of simplicial sets. Here, at
the same time as fixing notation and terminology, we review necessary aspects and
results concerning cohomology groups of small categories, simplicial sets and diagrams
of simplicial sets that will be used throughout the paper. The main notion we need
to establish is that of the cohomology groups H"(holim¢ X, A), for X: C°? — §
a diagram of simplicial sets, and A: C°® — Ab any C-module, since it leads to
the definition of the level-r cohomology groups of C—modules (1), H(i”:’ (B, A4). A
significant component here is the construction of a manageable and lucid cochain
complex C(E’r(B, A), called the complex of level-r cochains, for computing higher
cohomologies of C-modules:

Theorem 3.3 For any two C —-modules A, B, there are isomorphisms

HE (B.A)= H"CS (B.A). r>1.

As one of the relevant consequences of the above isomorphisms, we prove the expected
isomorphisms and monomorphism for levels r and r + 1, namely:

Theorem 3.4 For n <r+ 1, there are natural isomorphisms
HE,HI(B, A) = H(é,r(B, A),

and a monomorphism
HEE2 (B, A) — HEE2 (B, A).

In this paper, we use mainly the cohomology groups H¢ (B, A) for n < 3. Hence, we
pay particular attention to low-dimensional cocycles and coboundaries. We explicitly
describe the cochain complexes C(E,1 (B, A) and C(E,z(B’ A), and specifically analyse
their corresponding truncated subcomplexes that, respectively, yield the first- and
second-level cocycles and coboundaries in dimensions < 3. This analysis allows us to
quickly obtain interpretations for the cohomology groups H¢ (B, A) for n <2, in
terms of C-module homomorphisms and extensions. More precisely, for any r > 1,
we prove:

Theorems 5.1 and 5.3 For any two C-modules A4, B, H(g r(B, A) = 0, and there
are isomorphisms H(I: r(B, A) = Homwoac (B, A) and H(é r(B, A) = Extumodc (B, 4).
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The remaining results in the article focus on the cohomology groups H(é, (B,A4),1t0
whose elements we give a natural interpretation in terms of equivalence classes of
braided or symmetric C—fibred categorical groups, P = (P, P,®,1,a,r,l,c), that s,
categories fibred in groupoids, P: P — C, enriched with a locally compact monoidal
C —structure by C—functors ®: P x¢c P — P and I: C — PP, and corresponding
coherent associativity, unit and commutativity C —fibred constraints. Indeed, a main
objective of this paper is to state and prove precise classification theorems for braided
and symmetric fibred categorical groups by generalizing the aforementioned results
for the nonfibred case stated by Joyal and Street [41] and Sinh [54]. To do so, we
consider the 2—categories that braided and symmetric C—fibred categorical groups
form, respectively denoted by BCG . and SCG ., and our approach to the issue
mainly consists in proving (see Theorems 7.2 and 6.15):

Theorem There are biequivalences of 2—categories

o 22, %% peac. Be) < Beg,,..

7> .
23, = Psd(C*,SCQ) I SCG, .,
where

o Zé | (resp. Z(% ,) is the 2—category of first-level (second-level) 3—cocycles of
C —modules, whose objects are triples (B, A, h) with A and B two C -modules
and h a first-level (second-level) 3—cocycle of B with coefficients in A;

e Psd(C°, BCG) (resp. Psd(C°P,SCG)) is the 2—category of pseudotunctors
from C°P to the 2—category of braided (symmetric) categorical groups.

With the biequivalences Pc above, we develop a “factor sets theory” for braided or
symmetric fibred categorical groups, like Schreier and Eilenberg—Mac Lane did for ordi-
nary group extensions. The biequivalences denoted by f(C in (2) are actually monoidal
enriched versions of the so-called Grothendieck construction (see Grothendieck [37;
36]) biequivalence between the 2—category of contravariant pseudofunctors from a
category C to the 2—category of small 2—categories and the 2—category of fibred
categories over C, by Giraud [33; 34] (see also the paper by Vistoli [58], for a recent
treatment). In regard to these biequivalences f(C in (2), we should note that the result
is presumably known to experts but, since it does not appear in the literature (to the
authors’ knowledge), we have included it here with the aim of making this paper as
self-contained as possible.

By taking quasi-inverses of the biequivalences (2), we deduce our main classification
applications for braided and symmetric fibred categorical groups and their homomor-
phisms. We introduce the category of first-level (resp. second-level) 3—cohomology
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classes, H<3C,1 (Hé,Z), whose objects are triples (B, A, k) with A and B two C-
modules and k € H(é’l(B,A) (k € H(é’z(B,A)). An arrow (p,q): (B, A, k) —
(B’, A’ k") consists of C-module homomorphisms p: B — B’ and q: A — A’, such
that p* (k') = g« (k) € Hé’l (B, A’). Then, we prove:

Theorem 7.5 There are classifying functors cl: BCG . — ”H?C , and cl: SCG | —
H(3C ,» written

F,m F
® 5 P& ((moP. 1P ksP) T (B P ks PY),

which have the following properties:

e Both classifying functors are essentially surjective on objects. That is, for any
object (B, A, k) of ’H% | (resp. 7—[% , ), there is a braided (symmetric) C —fibred
categorical group P with an isomorphism cl(P) = (B, A,k).

e For any isomorphism (p, q): cl(IP) = cl(IP’), there is a braided C —fibred equiv-
alence F: P — P’ such that cI(F) = (p.q).

e cl(F) is an isomorphism if and only if F is a braided C —fibred equivalence.

e Forany given (p, q): cl(IP) — cl(IP’), the set of monoidal C —fibred isomorphism
classes, [F], of braided C —fibred functors F: P — P’ with cI(F) = (p,q) is
a principal homogeneous space under the abelian group Hé}l (B, A). Hence,
there is a (nonnatural) bijection

{[F]: P — P’ | cl(F) = (p.q)} = H {(B. A).

(cf Joyal and Street [41, Theorem 3.3] and Cegarra and Khmaladze [15, Theorems 22,
241, [16, Theorem 3.12]).
For any C—modules B, A4, let BCG | .[B, A] (resp. SCG.[B, A]) denote the set of
braided C —fibred equivalence classes of those braided (symmetric) C —fibred categorical
groups P with my[P = B and 7P = A. Then, for any integer r > 2, we have:
Theorem 7.6 There are natural bijections

HE ((B.A) = BCG.[B.A]. H (B.A)=S8CG,.[B.A]
We should recall here the classical result by Deligne in [21, Proposition 1.4.15], where

he states that there is a natural bijection Extﬁ,,od o (B, A) =Pic|.[B, A], where the latter
denotes the set of braided C —fibred equivalence classes of those strictly commutative
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symmetric C—fibred categorical groups P with 7¢olP = B and 7m{[P = 4. Hence, the
natural inclusions

ExtRjoac. (B, 4) € HE 5 (B, A) € HZ (B, A)

are, in general, strict. Also, we should mention the work of Breen [8] (see also Al-
drovandia and Noohi [1]), where he offers an excellent discussion about the cohomology
classification of symmetric and braided categorical group stacks over an arbitrary site C.
However, Breen’s results are far from being as explicit as ours in this work in terms of
cocycles when C is discrete.

The plan of this paper, briefly, is as follows. After this introductory first section, the
paper is organized in seven sections. In Section 2, at the same time as fixing notation
and terminology, we review some aspects concerning cohomology groups of small
categories, simplicial sets and diagrams of simplicial sets. Section 3 mainly includes
the definition of the level-r cohomology groups of C-modules, H(’f’r(B, A), and
the construction of the cochain complexes C(E,r(B , A) for computing them. Next, in
Section 4, we pay particular attention to the complexes C((':’1 (B, A) and C((.i,z(B ,A),
with an explicit description of the level-r cochains that are low-dimensional cocycles
and coboundaries. Section 5 is devoted to showing natural interpretations for the coho-
mology groups H(é’r(B, A) and Hé,r(B , A), in terms of C-module homomorphisms
and extensions, respectively. Section 6 is long and very technical, but crucial to our
discussions. Here, we mainly show in detail how the 2—category of braided C —fibred
categorical groups is biequivalent to the 2—category of pseudofunctors from C°P to the
category of braided categorical groups. In Section 7, we include our theorems on the
homotopy classification of braided and symmetric C —fibred categorical groups and their
homomorphisms by means of the cohomology groups Hé’r(B, A) and H(é’r(B, A).

2 Cohomology of diagrams of pointed simplicial sets

The material of this section is fairly standard, so the expert reader may skip most of it.
In general, we employ the standard symbolism and nomenclature to be found in texts
on the cohomology of simplicial sets, and we refer to Bousfield and Kan [6], Gabriel
and Zisman [32], Illusie [40], Mac Lane [44], and mainly to Goerss and Jardine [35]
for the background.

2.1 Cohomology of small categories and simplicial sets

If C is a small category, then a functor A: C°? — Ab, where Ab is the category of
abelian groups, is called a C—module. We write Modc for the category of C-modules.
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There is a “global sections” functor l(i_I_l’l(ci Modc — Ab, given by

l(i_r_nC(A) = {(au) € 1_[ Ay |o*ay = ay forevery o: v — u in C},
ueObC

where we write 6* for A(c0), and, since the category Modc has enough injectives, we
can form the right derived functors of l<iI_n(C . These yield the cohomology groups of C
with coefficients in a C—module A, due to Roos [52], Watts [59], Mitchell [46] and
Baues and Wrisching [3]:

H"(C, 4) = (R"lim¢)(4), n=0.

Cohomology theory of small categories is itself a basis for other cohomology theories
such as, for example, the cohomology theory of simplicial sets with twisted coefficients.
Recall now that the simplicial category, denoted by A, has objects the ordered sets
[n] = {0,...,n}, n > 0, and its arrows are weakly monotone maps c: [m] — [n].
Throughout, we shall regard each ordered set [1] as a category with exactly one arrow
Jj — i whenever i < j; then, a weakly monotone map [m] — [n] is the same as a functor,
and A is viewed as a full subcategory of the category of small categories, denoted by
Cat. As is usual, for X: A°P — Set any simplicial set, we write ¢*: X, — X, for the
map induced by a map c: [m] — [n] in the simplicial category, and d;: X;, — Xy—1
for its corresponding face maps. The category of simplicial sets is denoted by S.

If X is a simplicial set, then its category of simplices, denoted by | A X, is the category
whose objects are pairs (x,[m]), where [m] € A and x € Xy, ; an arrow (x, [m]) —
(y, [n]) is a weakly monotone map c: [m]— [n] such that ¢*y = x. A coefficient system
on X isan [, X -module, that is, a functor A: (f, X)°° — Ab, and the cohomology
groups of X with coefficients in A are, by definition,

H™"(X,A) = H"([, X, 4), n=>0.

The functor nerve N: Cat — S, associates to any small category C the simplicial set
NC = Cat(—, C): A’ — Set, whose n—simplices are the functors o: [n] = C, or
tuples of arrows in C

o= (O’j ﬂo—l’)osifjﬁn

such that 0;,j0; x = 0 . and 0;; = 15;. Several times, we shall identify such a simplex
o € N,C with the basic string

o (o}
(01,...,0p) = 00<—1---<10p,
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where 0; = 0;_1 ;. There is a functor by Illusie [40, Chaper VI, (3.1.2)]

3) JANC — C, ((0.[m]) S [n])) — (60 2 70),
that induces, for any C—module A4, canonical isomorphisms [40, Chaper VI, (3.4.2)]
H"(C,A)~ H"(NC,A), n>0,

(see also Gabriel and Zisman [32, Appendix II, Proposition 3.3], Baues and Wrisching
[3, Proposition 8.5] and Goerss and Jardine [35, Chaper IV, Lemma 2.11]).

The functor N fully embeds Cat in the category of simplicial sets as a reflective
subcategory, with reflector the categorization functor C: S — Cat, Mac Lane [45, 1L,8],
which can be described as follows. For any simplicial set X', one forms the graph whose
objects are the O—simplices of X and whose arrows x — x’ are those 1-simplices
y € X1 such that dgy = x and d;y = x’. Then CX is the quotient category of the
free category of this graph by the relations sox = 1 if x € Xy, and (d»z)(doz) =d;z
if z € X,. For each simplicial set X, the unit of the adjunction u: X’ — NCX is the
simplicial map carrying a simplex z € X}, to the simplex uz € N,CX with

N 5 el B0 Rl Sl U] R T [ Gl D n—i ji P
uz;j =[d, “dj dozl: dy 'dyz—d{ 'dyz, 0=<i<j=n,

where, for each y € Xy, [y]: dpy — dip denotes the arrow in CX that y defines,
and each d" = dj " di: Xy — Xu_m denotes the m—fold iterated composition of
the k—th face operators of X . The counit of the adjunction is an identity, that is, for
any small category C, CNC =C.

If X is any simplicial set, then, by composition with the canonical composite functor

fox 2% nex -2 cx,
any CX -module A gives a coefficient system on X, also denoted by A. The co-
homology groups of X with coefficients in the CX —module A are, by definition, the
cohomology groups of X with coefficients in the system A. For computing these coho-
mology groups H" (X, A), there is a cosimplicial abelian group C*(X, 4): A — Ab,
which is defined in degree p by

CP(X, 4) = [ex, Adgx-

so thata p—cochain of X with coefficients in A isamap f: X, —| |,c x,Av such that
JSx € Agpx, for each x € X},. The homomorphism ¢: C?(X, A) — C?(X, 4) in-
duced by amap c¢: [p] = [¢] in A takes a p—cochain f as above to the g—cochain ¢y f
given by (¢« f)x = f(c*x) if cp = ¢ and (cx f)x = [dq - 1d”’x] f(c*x) if
¢p <q, where [d]™P 1afcl’x]* Adgex — Aqay is the homomorphism induced on
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coefficients by the 1-simplex d ;I_Cp - dgp x of X . In particular, the coboundary oper-

ator on the associated complex of normalized cochains, equally denoted by C*(X, A4),
0P: CP(X,A) — CPT1(X, A) is given by

p
@7 f)x =Y (=D f(dix) + (=D)P g xX]* [ (dps1).
i=0
In Gabriel and Zisman [32, Appendix II, Proposition 3.3], there are shown canonical
isomorphisms:

4) H"(X,A)= H"C*(X,A), n>0.

If Y € X is any subsimplicial set, then the relative cohomology groups are de-
noted, as usual, by H"(X,Y; A). Thus, for any CX-module A, H*(X,Y; A) =
H"C*(X,Y;A), where C*(X,Y; A) € C*(X, A) is the cochain subcomplex making
exact the cochain complex sequence
0— C*(X.Y; A) — C*(X, A) —> C*(Y, A) — 0.

Remark 2.1 Recall from Gabriel and Zisman [32, pages 10, 39], that the fundamental
groupoid, TIX , of any simplicial set X , is the localized category of fractions CX[Z™!]
for ¥ the set of all morphisms of CX. Those CX —modules that factor through the
localization functor CX — I1X are precisely the local coefficient systems on X ; that
is, a local coefficient system on X is a CX —module A: CX°P — Ab, such that for
any x € X, A gives an isomorphism [x]*: A4, x = A4,x. When the simplicial set X’
satisfies the Kan extension condition, then CX = I1X is an isomorphism, whence
every CX —module is locally constant.

In general, the cohomology groups (4) are not invariants of the weak homotopy type of
the simplicial set X', that is, for an arbitrary CX —module A4, the cohomology groups
H"(X, A) cannot be obtained from the geometric realization |X| of the simplicial set.
However, if A is a local system of coefficients on a simplicial set Y, then Quillen
[51, II, Proposition 4] proves that any weak homotopy equivalence of simplicial sets
[+ X — Y induces isomorphisms in cohomology H" (Y, A) =~ H"(X, f*A).

2.2 Cohomology of diagrams of simplicial sets

A cohomology theory of diagrams of simplicial sets comes from the cohomology theory
of simplicial sets thanks to Bousfield and Kan’s homotopy colimit construction [6]. Let
us recall that, for any small category C, the simplicial replacement of a C —diagram of
simplicial sets, that is, a functor, X: C°° — § is the bisimplicial set

Ye(X): A% =S, [p]= [sen,c Xoo-
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The homomorphism induced by a map c: [g] — [p], in A, maps the simplicial set
component at ¢: [p] = C into the component at the composite oc: [¢g] = C, just by
the simplicial set map (7(’)“, co: Xo0 = Xoco attached to the diagram at the morphism
00,c0: 0¢0 — 00 of C. Then, the homotopy colimit of the C—diagram X', denoted

by holimc X, is the diagonal simplicial set of the simplicial replacement, that is,
. — . AOp
holim¢ X = diag ¢ (X): AP — S,

Notice that, for any X: C°° — §, there is a canonical simplicial projection map
holim¢c X' — NC, defined by (z, o) — o, which, by the adjunction C - N, gives a
canonical functor C(ILHI‘I)I(C X) — C. Hence, every C-module 4: C°°P — Ab gives
rise to a C(l}g&gc X')—module, also denoted by A, and therefore the corresponding
cohomology groups

H" (holim¢ X, A)

are defined as in (4). We refer to them as the cohomology groups of the C—diagram X
with coefficients in A.

As we stressed in Remark 2.1, the cohomology groups above cannot be expressed
in terms of the geometric realization space | Iﬁ)n(c X| since A does not generally
define a local system of coefficients on it. However, we have the following invariance
result (see Moerdijk and Svensson [48, Theorem 2.3, Corollary 2.5] for a very general
Invariance Theorem):

Proposition 2.2 Let X,Y: C°? — S be two C —diagrams of simplicial sets, and
suppose that f: X — Y is a pointwise weak equivalence between them (ie, a natural
transformation such that f,: X, — Y, is a weak homotopy equivalence for each object
u € C). Then, for any C-module A, f induces isomorphisms

H"(holimg Y, A) =~ H" (holimc X, A).

Proof Let A: C°°P — Ab be any given C-module. For any two objects u,v € C let
C*(Xy, Ay) be the cosimplicial abelian group of cochains of the simplicial set X, with
constant coefficients in the abelian group A,, and let C**(X, A) denote the double
cosimplicial abelian group with

CP* (X, A) = [Tyen,c C* Xoo. Aap).

The homomorphism cyx: C?:*(X, A) - C?*(X, A) induced by a map c: [p] — [¢]
in A maps an f = (fy) € CP"™(X,A) to cx f = ((cx f)z) € CT"(X, A), whose
component at a g—simplex, say t: [¢] = C, of NC is the dotted map at the top of the
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commutative square below.

(ex /)
(Xeo)m 0T Arg
T(;k,coj f sz’kp,q
(X‘ECO)m w A‘rcp

Since we have an identification diag C**(X, A) =C .(MC X, A), which is natural
both in X and A, the homomorphisms f™*: H”(}MC Y,A) — Hn(}LlilT)l(C X, A)
are those induced in homology by the map f™*: diag C**(Y, A) — diag C**(X, A4).
Now, by hypothesis, all maps f,: X, — Y}, are weak equivalences, whence they induce
cohomology isomorphisms f*: C*(Yy, Ay) — C*(Xy, Ay). Then, every cosimplicial
map CP*(Y, A) - CP*(X, A) is also a cohomology isomorphism, for any p > 0,
and the proposition follows from the generalized Eilenberg—Zilber theorem of Dold
and Puppe [22] (see Goerss and Jardine [35, Lemma 2.6]). O

If Si denotes the category of pointed simplicial sets, then a C—diagram of pointed sets
is a functor X: C° — S,.. This is the same as a pointed C —diagram of simplicial sets in
the natural sense: Let *: C°? — S be the C—diagram which is constant the simplicial
set with only one simplex. Then a pointed C—diagram of simplicial sets means a
C—-diagram X: C°° — S endowed with a C—diagram morphism % — X . There is an
induced simplicial inclusion map holimc¢ * < holimc¢ X', and the reduced cohomology
groups of the C—diagram of pointed simplicial sets, denoted by H" (k&lin}l(c X, A),
are defined to be the corresponding relative cohomology groups, that is, for any C—
module 4,

5) H"(holimc X, A) = H" (holime X, holimg *; A).

Note that there is a simplicial isomorphism holim¢ * = NC, (x,0) <> 0, and therefore
rn . _ ggn . .
H"(holim¢ X, A) = H"(holimc X,NC; A4).

Since, for any X: C°P — S, the retractive diagram X <5 * gives a simplicial retraction
holim¢c X = NC, the restriction homomorphisms in the long exact sequence

agl : n : n rrn :
H"(holim¢ X, A) — H"(holim¢ X, A) > H"(NC, A) > H" (holimc X, 4)
split. Hence, there are isomorphisms

n . ~ 17T . n
H"(holimc X, A) = H (holim¢ X, A) ® H"(C, A).

Remark 2.3 The category of C—diagrams of pointed simplicial sets, S(EOP, has a
closed Quillen model structure, where weak equivalences and fibrations are levelwise
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(Bousfield and Kan [6, page 313], Quillen [51, II, Theorem 4]). Therefore, for any
X: C%® — S, and A: C°° — Ab, Quillen’s homotopical cohomology groups of X
with coefficients in 4, say Q"(X, A), are defined [51, II, 5.1] to be

Q"(X, A) = Homy scor (X, K(4,n)),

the abelian groups of morphisms in the homotopy category from X to the C—diagram
of simplicial abelian groups K(A,n): C°° — SAb obtained by composing A with the
Eilenberg—Mac Lane functors K(—, n): Ab — SAb.

Also, for any X and A as above, Dwyer and Kan [26, 3.2] defined corresponding
cohomology groups, say DK" (X, 4), as the cohomology groups of the (relative to *)
complex whose n—cochains are natural transformations ¢: X, — A (with coboundary
d¢ = > (—1)'d; in the standard way) or, equivalently, as

DK"(X. A) = [X. K(A.m)}gco.

the abelian groups of homotopy classes of pointed simplicial natural transformations
from X to K(A4,n); see Piazenza [50, Theorem 2.6]. When X is cofibrant, then
there are isomorphisms Q" (X, A) =~ DK”"(X, A), by Quillen [51, I, Corollary 1], since
K(A,n) is fibrant in the category of diagrams.

But notice that, in general, the cohomology defined in (5) does not coincide with
Quillen’s homotopical cohomology. This is due to the fact that the homotopy colimit
construction MC: SEEOP — (S{NCQC)4 is not a right Quillen equivalence, between
S(*Cnp and the closed model category of pointed objects over NC (ie, of retractive
simplicial sets over NC), except for example, when C is a groupoid (see Hollander
[38, Theorem 2.7], or Dror, Dwyer and Kan [23] for C = G a group). The closed
model structure on (S| NC), is induced by the usual one of simplicial sets; that is,
where a map is a weak equivalence, cofibration or fibration if and only if it is a weak
equivalence, cofibration or fibration of simplicial sets, respectively.

Indeed, in the case where C is a groupoid there are isomorphisms

HomHoS;C‘)p (X, K(A,n)) = Homg,s|NC). (holim(c X, holim¢ K(4, n))

Now, holim¢ X is cofibrant and, if C is a groupoid, then holim¢c K(A4,n) is fibrant
in the model category (S | NC).. Therefore, there are isomorphisms

Homy,(syne), (holime X, holime K(A,n))=[ holimc X, holime K(4, n)](s INC).

relating morphisms in the homotopy category to homotopy classes of maps in the pointed
comma category (S} NC). Finally, by Goerss and Jardine [35, VI, Lemma 4.13], we
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have isomorphisms

[ holimc X, holime K (4, n)](s INC), = H"(holimc X, A),

whence Q" (X, A) =~ H" (holimc X, A) whenever C is a groupoid.

3 Higher cohomologies of C-modules

As above, if B is an abelian group, then, for each integer m > 2, let K(B,m) denote
the Eilenberg—Mac Lane minimal complex having B as its unique nontrivial homotopy
group at dimension m, that is,

K(B,m): A’ — Set, [n]— Z™([n], B),

is the simplicial abelian group whose n—simplices are normalized m—cocycles of the
category [n] with coefficients in B. For any two abelian groups B and A, and each
integer r > 1, the cohomology groups

H"(B,A) = H"""(K(B,r+1),4), n>0,

define the level-r Eilenberg—Mac Lane cohomology theory of the abelian group B
with coefficients in the abelian group A [27; 28; 29; 43]. Let us now suppose that C
is any given small category. By composing any C-module, say B: C°° — Ab, with
the functor K(—,m): Ab — S, we obtain a C—diagram of pointed simplicial sets,
denoted by

K(B,m): C® - 8S,, uwr> K(B,,m).

Then, in a natural way, we establish the following:

Definition 3.1 Let C be a small category, and r > 1 an integer. For any two C—
modules B, A: C°° — Ab, the level-r cohomology groups of B with coefficients in 4
are defined by

HY (B, A) = H""(holimc K(B.r+ 1), A).

Thus, the cohomology groups H(g’r(B, A) are computed from the relative cochain
complex
T : .
C**'(holimc K(B,r+ 1),NC; A).

However, both for the theoretical and computational interests, it is desirable to have
an explicit description of more appropriate cochain complexes to compute these coho-
mology groups. To do that, recall that, for any abelian group B, the chain complex
of an Eilenberg—Mac Lane space K (B, m) is chain-homotopic to the m—fold iterated
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bar construction on the group algebra B (Z B), which we will denote as A(B, m),
Eilenberg and Mac Lane [28, I, Theorem 20.3]. Thus, the Eilenberg—Mac Lane reduction
quasi-isomorphism (ie, cohomology-isomorphism cochain map)

(6) k: C*(K(B,r+ 1), 4) — Hom(A(B,r + 1), A)

provides the possibility to explicitly compute the level-r cohomology groups of an
abelian group B with coefficients in an abelian group 4, as H'(B, A) = H"C*(B, A),
where

C’(B, A) = Hom(A(B,r+ 1)e4r, A)

is the cochain complex

@) -+« — Hom(A(B,r+ 1), A) ﬁ) Hom(A(B,r+ 1),41,A) —> ---

with dimensions raised by r. One of the main goals of this section is to establish the
counterpart result in the diagrammatic setup by means of certain cochain complexes
C(é’r(B, A), the cohomology groups of which are the level-r cohomology groups
H¢ (B, A), given in Definition 3.1. This cochain complex is defined as follows:

Definition 3.2 For any two C—modules B, A: C°°® — Ab, and r > 1 an integer, let
C(E’:(B, A) be the cochain bicomplex with

C(é,,’r.(B’ A) = HO’GNP(C Hom(‘A(Ba'Ov r—+ 1), Aap)

whose coboundary operator 9: C(é’ :1’° — Ce r’ is given by the formula

®) 0o (x) = S (07 ) + L2 (1) fua,0 () + (1205 fg,0(X).

Then, the complex of level-r cochains of the C—module B with coefficients in the
C-module A4, is defined by

) Ce (B, A) = KerTot(CE (B, A) —> CZ(0, )",

where Tot is the usual total cochain complex construction on double cochain complexes,
the bicomplex homomorphism res is the retraction induced by the zero map 0 — B,
and the notation “e 4 r” at the right indicates that the dimensions of the complex are
raised by r.

Below is one of the main results of this section.

Theorem 3.3 For any B, A: C°° — Ab, two modules over a small category C, and
r > 1, an integer, there are natural isomorphisms

HY (B.A) = H"C (B, A).
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Proof For any two objects u,v € C let C*(K(By,r+ 1), Ay) be the cosimplicial
abelian group of cochains of K(B,,r+ 1) with coefficients in the abelian group A4,,
so that we have the reduction quasi-isomorphism of cochain complexes (6),

k: C*(K(By,r+ 1), Ay) - Hom(A(By,r+ 1), 4y),
which is natural both on # and v.

Let Cé"(K (B,r+ 1), A) denote the double cosimplicial abelian group with
CE&(K(B,r+1), 4) = [Tpen,c C*(K(Byy, 1+ 1), Agp)

The homomorphism cx: CP*(K(B,r+ 1), A) - C?*(K(B,r+ 1), A), induced by
amap c¢: [p] = [¢] in A, maps an f = (fy) € CP"(K(B,r+ 1), 4) to ¢ f =
((cx f)r) e CTP™(K(B,r+ 1), A), whose component at a g—simplex, say t: [g] = C,
of NC is the composite map

*
0.c0 Sre

K(Bro,r‘i‘l)m ﬁK(Btco,r‘i‘l)m An’p

K
Tep.g
|

-
We have a homomorphism of bicomplexes
k: C&*(K(B,1+1),4) — Cg (B, A),
inducing a natural quasi-isomorphism on the total cochain complexes
k: TotC*(K(B,r+ 1), A) —> Totc(g’;(B, A),

since the cochain complex map k: Cé’"(K(B, r+1),4) — C(é”r'(B, A), is a quasi-
isomorphism for every p.

Furthermore, since diag C(E"(K(B,r + 1), 4) = C*(holim¢ K(B,r+ 1), 4), as a
result of Dold and Puppe [22, Theorem 2.15], there is a natural quasi-isomorphism of
cochain complexes

s: TotCZ* (K(B,r+ 1), A) — C*(holimc K(B,r+ 1), A).

By combining the quasi-isomorphisms k and s, both for B as above and the zero
C-module 0: C°°® — Ab, we get the following commutative diagram of cochain
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complexes, induced by the inclusion of C-modules 0 < B,

. . res’ . .
C*(holim¢ K(B,r+ 1), A) —— C*(holim¢c K(0,r+ 1), A)

TotCE* (K(B, 1 + 1), A) —= > TotC&* (K(0, 1+ 1), A)

‘| Ji

TotCE 3 (B, A) = TotC 3 (0, A)

where the three horizontal restriction maps are retractions.

We now notice the following straightforward five observations: (1) there is an identifica-
tion C .(lﬁl_ir_lg(c K(0,r+1), A) = C*(NC, A); (2) the kernel of res’, the top retraction
in the diagram, is the relative cochain complex C*® (f&lin}l(c K(B,r+1),NC; 4); (3) the
bicomplexes C&*(K(0,1+ 1), B) and C¢3(0, A) are both isomorphic to the double
cochain complex which is the complex C®(NC, 4) constant in the vertical direction;
(4) the vertical complex maps k and s at the right in the diagram are actually the
identity maps on C*(NC, A4); (5) the complex Cé’r(B, A), by definition, occurs in
the diagram as the kernel of the bottom retraction res with its dimensions raised by r,
that is, Cé’r(B, A) = Ker(res)**".

It follows that the complex maps induced on kernels
CE(holime K(B, 1+ 1),NC; 4) <— Ker(res")"+" —> C2 (B, A)

are both quasi-isomorphisms, whence Hg: (B, 4) = H"C¢ (B, A), as claimed. O
One of the relevant consequences of Theorem 3.3 follows:

Theorem 3.4 Let B, A: C°? — Ab be C-modules, and r > 1 an integer. For any
n <r+ 1, there are natural isomorphisms

HE . (B.A)= H} (B, A).

and a monomorphism

H{ijrl (B, A) — H{2(B, A).
Proof All the isomorphisms and the monomorphism above are established through
the suspension-inclusion maps [28, Section 14] A(B,r+ 1)e4+1 — A(B, 1+ 2), which
are indeed the identity maps between the g—chains of A(B,r+ 1) and the (¢g+1)—
chains of A(B,r+ 2), whenever ¢ < 2r + 3. Tt follows that the induced bisimplicial
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map C(E’:H(B, A) — C(E’:H(B,A), on the bicomplexes in Definition 3.2, is an
identity on all (p, g)—cochains with ¢ < 2r + 3. Therefore, the induced suspension
map of complexes

(10) Cér1(B, A) — C& (B, A)

is an identity on n—cochains with n < r + 2, whence the theorem follows. O

4 Low-dimensional cocycles and coboundaries

In this paper we are going to use only the cohomology groups H¢ (B, 4) for n <3,
and for them Theorem 3.4 can be specified as follows:

Corollary 4.1 For any C-modules B, A: C°? — Ab, and r > 2 an integer, there are
natural identifications

HQ (B.A)=H (B, A).
H¢ (B, 4) = HE (B, A),
HE (B.A)=HZ (B, A).
HZ (B.A) = H ,(B.A) C H} ((B. A).

We next explicitly describe the cochain complexes C¢ (B, 4) and C¢ ,(B, A), in-

troduced in Definition 3.2. To do so, we recall the following bar notation: If X is a set,
then for p > 1 any integer,

XPi={(x1,....xp), x; € X},

as is usual; for a tuple of integers p = (p1,..., pr), with r > 1 and p; > 1,
XP=XPU | XP =y |+ | oy), aj € XPI Y
and for a sequence of tuples (py,...,Ps), with s > 1,

P [ XPe = {(Bull - 1Bs), Bie € X<}

Furthermore, for & € Shuf(m, n) any (m, n)—shuffle, then

TX1s s Xm | X 1o+ o Xmtn) = (Xg1s ooy X(men))»

mw(ey] - lomll@myt] - [mtn) == (@g1] - |a7r(m+n))~
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Then, for any two modules B, A: C°® — Ab over a small category C, the complex of
first-level cochains of B with coefficients in A, C(E 1(B , A), is trivial in dimension 0
and for n > 1

C(g,l (B’ A) = HGENI;(C l—Ip c! (Bgov Aap)’

where the product is taken over all 0 € N,C, with p > 0, and the tuples p =
(p1,-.., pr) as above, such that

pHr+Yioipi=n+l
Thus, a cochain in Cg’I (B, A) is asequence [ = (fs)sen,c of normalized functions

Jo: ]—[(Pl

D1 Pr
Dr) BOO | BUO AUP'

.....

For such a sequence, the coboundary operator d: C¢ | (B, A) — C((’;Jrll (B, A) is given
by the formula below, where the three first terms come from (8), and the two last terms
from (7).

(0o (0ry |-+ | err)

= fapoorey |- [ofe) + X0 L (=)™ fg0(ar |+ | )
HDP0) fayoer |+ lap)+ Yoy S0 (~DPF1H fo(oy || djay |-+ y)
+ Y120 Y reshut(orpi ) (DT fofary | [ (e oy ) |- @),

where d: Bf;f) — Bé’f)_l are the face operators of K(Byo,1), € = p1+---+ pi +1i,
and e(7r) is the parity of the shuffle 7.

Similarly, the complex C¢ , (B, A) of second-level cochains of B with coefficients
in A is trivial in dimension 0, and for n > 1

C((}%,Z(B’ A) = HaeNp(C H(pl,...,ps) CI(B(IE)” T ”ng‘z)’ Acrp),

where the product is taken over all o € N,C, with p > 0, and the tuples (p1, ..., Ps),
with p; = (p{, ce, p{j) as above, such that

ps+3 5o (g + 220 pi) =n+2.

Thus, a cochain in Cg’Z(B , A) is a sequence f = (fs)sen,c of normalized functions
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For such a sequence, the coboundary operator d: C¢t ,(B, 4) — Cg’;l(B,A) is
given by

@f)o (B1ll-+-IIBs)
= fdoa(aik,gl “ : ”(IT,BS)
+ Y2 D fano Bill--l1Bs) + (1207 fa o (Bill---11Bs)
+ Y D Lo (Bl Bj—illee] || diet] |-+ o, B4t 1l-+11Bs)
+ 33y (DD LByl B lle] |- N [af ) |-l 1B 11--11Bs)
+ Y0 (CDGHED o (Bl 1Bi—1 1w B 1B+ D1 Bj42ll- 11 Bs).
in which
S rj P/j; R X rj—1 o
Y =2j=124=1 2izo 2B) = Lj=1 2k=1 2neshut(p].p] )"
—1
Z(C) = ZjZl weShuf(rj,rjy1)’
. e . .
éj:p_l'Z;:] 22121 p]iv éj,kzej—l'i'Zt:lpz{'i_k’ :Bj I(Ot{ ||aij)

For future reference we specify the relevant truncated subcomplexes of C¢ | (B, A) and
C¢ ,(B, A) that, respectively, yield the first- and second-level cocycles and cobound-
aries at dimensions < 3. We have the induced suspension map of complexes (10)

al 02 a3
0— C¢,(B, A) —= Cé ,(B, A) —= C¢ (B, A) —= C¢ (B, A) -+

a | | | Js
1 Al o P 3 P 4
0— C{ (B, A) —= C2 | (B.A) —= C |(B.A) —= C{ |(B. 4)---
where
(12) Céi(B. A= [] C'(Bu. 4w

ueO0bC

so that a first (=second) level 1—cochain, f € C (B, A) = Cl (B, A), is a nor-
malized function associating

e ancelement f,(x) € A, to each object u of C and x € By;

(13) CE1(B.A)=]]C"(Bux Bu. A) x [ | C(Bu. Ay).
u o

v—>u

thus a first (=second) level 2—cochain g € Cé (B, A)= Cé ,(B, A) is a normalized
function associating
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e anelement g,(x,y) € A, to each object u of C and x,y € By,

o
e anelement g,(x) € Ay to each arrow v — u of C and x € By;

(14) 3': Cé (B, A) — C¢ (B, A)
is given by (x, y, and o as above)

(15) (alf)u(x’J’)qu(J’)_fu(x+J’)+fu(x),
(16) (0'No(x) = folo™x) — 0™ ful(x);

(A7) C¢ (B, A) =[] C"(BuxBuxBy, Ay) x [ [ C"(Bu | Bu. Au)
u u

x ]_[ CY(Bux By, Ay) ¥ ]_[ CY(Bu, Aw),

T o
vV—>UuU wW—>v—>U

thus a first (=second) level 3—cochain % € Cé (B, A) = Cé ,(B, A) is a normalized
function associating

e anelement /,(x, y,z) € A, to each object u of C and x, y,z € By,

e anelement /,(x | y) € A, to each object u of C and x,y € By,
e anelement /i;(x, y) € Ay to each arrow v % u of C and x,y€ By,

. T o
e anelement /145 ¢(x) € Ay to each pair of arrows w — v — u of C and x € B;

(18) 9*: C& (B, A) — C¢ (B, A)
is given by (x, y,z,0 and t as above)

(19) (0*Q)u(x.y.2) = gu(y.2) — u(x + .2) + gu(x. ¥ + 2) — gu(x. y).

20) (B*)u(x | y) = gu(y,X) — gu(x, ),

Q1) (0*8)o(x.y) =0%gu(x. y) — u(0*x.0%y) + g6 (¥) — 8o (x + ) + &5 (%),
(22) (0°8)0,c(x) = T g0 (x) — gor(X) + g2 (0™ X);
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(23) Cé (B .A)=[]C"'(B;. Au) x]‘[c‘(Bu | By, Au)x [ [C1 (B2 | Buy Au)
u u

x H C(By. Ay) X 1"[ C'(By | By, Av)

_)u

1‘[ C'(Br Aw)x  [[ C'(Bu 4m),

v T O
w—)v—m m—-w—>v—>u

24) CE,(B.A=[]C"Bi. 4)x][C'(Bu| By A) x [ [C"(B] | Bu. Au)
u u u

<[ 1€ Bull Bu. 4wy x [T €' (B 40) x ] €' (Bu | Bu. Av)
" 5 v5u
[] ¢'Biaw)x ] C'(Bu.Am).
wSvSu mSwS>v5u
so that a first-level 4—cochain v € C(é’l (B, A) is a normalized function associating
e anelement ¥, (x, y,z,t) € A, to each object u of C and x, y,z,t € By,
e anelement v, (x | y,z) € A, to each object u of C and x, y,z € By,
e anelement v, (x, y | z) € A, to each object u of C and x, y,z € By,

o
e anelement ¥4 (x, y,z) € Ay to each arrow v — u of C and x, y,z € B,
o
e anelement V(x| y) € Ay to each arrow v — u of C and x,y € By,
o
e anelement Y4 - (x, ) € Ay to each arrows w S v 3 uof C and X,y € By,

Yy T o
e anelement Vg ¢,y (x) € Ay to each arrows m — w — v —u of C and x € By;

while a second-level 4—cochain v € C4 2(B A) is a first-level 4—cochain ¢ €
Cé (B, A), as above, together with a normahzed function associating in addition

e anelement ¥, (x || ) € A, to each object u of C and x,y € By,.
The suspension epimorphism in (11)
(25) S: C¢ ,(B. A) > C¢ ((B. A)
is the obvious projection map. The coboundary
(26) 0*: C¢ ,(B.A) — C¢ ,(B. A)
is given by (x, y,z,t,0,7 and y as above)

QN (@hu(xp.z.0) = hy(y.2.0) —hy(x + y.2,0) + hy(x, y + 2.1)
—hy(x,y,z+1t)+ hy(x,y,z2),

Algebraic € Geometric Topology, Volume 12 (2012)



364 Maria Calvo, Antonio M Cegarra and Nguyen T Quang

(28) (Ph)u(x |y, 2) =hu(x | 2) —hu(x |y +2) + hu(x | p) = hu(x, p,2)
+hu(%x72)_hu(yvz7x)v
29) (@Ph)u(x,y12)=hu(y|2) —hu(x +y | 2) +hy(x | 2) + hu(x, p, 2)
—hu(x,z,y) +hy(z,x, ),
(30)  @*Mu(x || ¥) = —hu(x | ) —hu(y | x).

Bl (B3h)e(x,y,2) =0 hy(x,y,2) —hy(c*x, 0%y, 0%2)
—ho(y,2) tho(x +y,2) —ho(x,y +2) + ho(x, ),

(32) (@h)o(x | y) =0 hu(x | ) =hy(6™x | 6™ y) + ho(x, p) = ho (1, X),

(33) (33/1)0,,()6, y)= T*ha(x» V) —hor(x,y) +hr(0*x’0*)’) _ha,r(y)
+ ho,r(x +) _ha,r(x)’

(34) (33/’1)0’1-,),()6) = V*ha,t(x) —ho,ry (X) + hory (x) — hr,y(a*x)-
And, finally, the coboundary
35) 9*: C¢ 1(B.A) — C¢ ((B. A)

is the composite of (26) with the suspension map (25), that is, it works according to
the same formulas as (27)—(34) above, but disregarding (30).

5 Hcl . and homomorphisms, Hé . and extensions

Let C be a given small category, and let B, A: C°°P — Ab be two C-modules.
Since the group C(&l (B, A) is trivial, by Theorem 3.3 and Corollary 4.1,

(36) HQ (B.A) = H{ (B, 4) =0,

for any r > 1, and there is nothing to say about these cohomology groups.

To analyse the cohomology groups at degree 1, from Theorem 3.3, we have

al
(37) H¢ (B, A)=Z¢ (B, A) =Ker(C¢ (B, A) — C¢ ((B. A)).

where C(é’l(B, A), Cé,l(B, A) and 9! are described in (12), (13) and (14), respec-
tively. Then, recalling that Modc denotes the abelian category of C—modules with
natural transformations as homomorphisms between them, the following is clear from
(37) and Corollary 4.1:
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Theorem 5.1 For any C-modules B, A: C°° — Ab, and any integer r > 1, there are
natural identifications

(38) H¢ (B, A) = He (B, A) = Homyieqe: (B, 4).

We now deal with the cohomology group Hé (B, A), which, from Theorem 3.3, can
be computed as

a! 92
(39) HE (B, A) = H(C¢ (B, A) = C¢ ((B. A) > C (B, A)).

where C(é,l (B, A) and 9? are described in (17) and (18), respectively. Next we shall
prove that first-level 2—cocycles in Z (é’l (B, A) = Ker(d?) are the appropriate data
to construct the set of all C—module extensions of a given C—-module B by a given
C-module A, up to isomorphism.

Recall that the category Modc is abelian, and that such an extension is a short exact
sequence in Modc

(40) E0>A5>EB B0,

where short exactness means that every sequence 0 — 4, g u 2y B, — 0 is an
abelian group extension for any object u of C. The extension E is equivalent to E’ if
there exists a C —module isomorphism ®: E =~ E’ such that ®; =i’ and p'® = p,
and we denote by

Extmodc (B, A)
the set of equivalence classes of extensions of B by 4.

Every 2—cocycle g € Zé (B, A) gives rise to a C—module extension

(41) E(g): 0> A E(@g) 5% B—0,

which is described as follows: for each object u of C, let E(g), be the abelian group
with the same elements as 4, x B, and addition given by

(a.x)+ (b, y)=(a+b+gu(x,y),x+ ).

Note that, so defined, E(g), is actually an abelian group thanks to the normal 2—cocycle
equalities (9%2g)x(x, ¥, z) =0 in (19) for associativity (9%g), (x| ) =0 in (20) for com-
mutativity and g, (0, y) =0 for providing (0, 0) as the zero element. Inverses in E£(g),
are defined by —(a, x) = (—a—gu(x,—x),—x). The C-module E(g): C°°? — Ab is
then defined as the functor that carries each object u of C to the abelian group E(g),,
and an arrow o: v — u to the map o*: E(g), — E(g)y given by

0*(a,x) = (0"a—go(x),0"x),
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which is actually a group homomorphism because of the 2—cocycle condition (21)
(0%2)s(x, ) =0. Similarly, it is easy to see the 2—cocycle conditions (3%g)s,¢(x) =0
in (22) for compositions and g{(x) = 0 for identities imply that E(g): u +— E(g),
is a functor from C°P into abelian groups, that is, a C-module. Finally, the C—
module homomorphisms i and p in the sequence (41), consist of the abelian group
homomorphisms i,: A, — E(g), and p,: E(g)y, — By, u € ObC, respectively
defined by i, (a) = (a,0) and p,(a,x) = x. Therefore, E(g) is easily recognized as
a C-module extension of B by A.

Theorem 5.2 Let B, A: C°°P — Ab be any two C —modules.
(i) Any C-module extension of B by A is equivalent to an extension of the form
E(g), for some first-level 2—cocycle g € Zé (B, 4).

(i) Two 2—cocycles g, g’ € Zé (B, A) produce equivalent extensions, that is,
E(g) =~ E(g’), if and only if they are cohomologous.

Proof (i) Let E be a given C-module extension as in (40). For notational simplicity,
there is no loss of generality in assuming that every i,: A, < E, is the inclusion map,
u € ObC, and let us choose a function s,: B, — E, with p,s, = 1p, and 5,(0) =0.
Then, a first-level 2—cochain g € Cé,l (B, A) is determined by the formulas

o su(x)+s,(p) = gu(x,y)+su(x + y), for each object u of C and x, y € By,

e 5y(0%x) = g (x) + 0™*s,(x), for each arrow v % 4 of C and x € By,.

It is plain to see that, thus defined, g is a normalized function. Moreover, we can
prove that g is actually a 2—cocycle, that is, that 3°g = 0 in (18), as follows: it is
well known (see Mac Lane [44, page 121], for example) that the first two cocycle
conditions (9%2g),(x, y,z) =0 and (3°g),(x | ) = 0 are respective consequences of
the associative and commutative laws s, (x)+ (s, (¥) +54(2)) = (s, (x) +5, (1)) +54(2)
and s,(x) + 54,(y) = s4(») + s4(x), in each group E,. We next prove that the third
cocycle condition in (32g)4 (x, ¥) = 0 follows from the equalities o * (s, (x) 454 (y)) =
0*su(x) 4+ 0*s,(y); in fact, on one hand

0" (su(x) +5u(p)) = 0" gu(x, p) + 0 su(x + »)
=0"gu(x,y) —go(x + ) + su(07x +0%y),
and, on the other hand,
0" s5u(xX) + 0 5u(y) = —go(X) + 59(07X) — g5 (1) + 5u(0™y)
=—g0(X)—go(¥) + gu(0™x,0"y) + sp(0"x +0"y).
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Therefore, comparison gives the claimed third 2—cocycle condition for g. And, sim-
ilarly, one sees that the fourth and last 2—cocycle condition (32g)s,¢(x) = 0 in (22)
results from the equalities (o7)*s,(x) = t*0*(s4(x)).

We now recognize that £(g) and E are equivalent extensions due to the existence of
the C-module isomorphism ®: E(g) = E defined by ®,(a, x) = a + s,(x), for any
object u of C, a € Ay, and x € By,.

(ii) Let ®: E(g) =~ E(g’) be a C—module isomorphism making E(g) and E(g’)
equivalent extensions. Write ®,(0, x) = ( f4(x), x) where f,: B, — A, is a map,
for each object u of C. Then f, determines &, by the rule

(42) ®y(a, x) = (a+ fu(x),x) forxe By, acAy,.
Because
@4 ((0, x) +(0, ) = Pu(gu(x. y), x + y) = (gu(x, ¥) + fulx + ), x + y),
whereas
Dy (0, %) + @u(0, y) = (fu(x), )+ (fu(¥), ¥) = (fu¥) + fu(¥) + g, (x, ¥), x + ),
it follows that g, (x,y) = g, (x,») + (8! /)u(x, »). Since
Dy(07(0,x)) = Py(go (x),07x) = (g5(x) + fo(07x),07%x),
where 0: v — u, x € By, whereas
0" @y (0, x) = 0" (fu(x), X) = (0™ fu(x) + g5 (x), 0" x),

it follows that g5 (x) = g& (x) + (3! /)0 (x). Therefore, g = g’ + 3! f, where 3! f is
the 2—coboundary defined by f as in (14), and therefore g and g’ are cohomologous
first-level 2—cocycles.

Conversely, if g =g’ + 3! f, for some f € C(C (B, A), then g and g’ lead to the
isomorphic C-module extensions, E(g) = E (g’ ), just by the maps ®,,, u € ObC,
defined by (42), as we see by retracing our steps. a

As a consequence of Theorem 5.2 above and Corollary 4.1, we get the theorem below.

Theorem 5.3 For any C-modules B, A, and any integer r > 1, there are natural
identifications

(43) HE (B, A) = HE (B, A) = Extyoqc (B. A).
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6 Braided and symmetric fibred categorical groups

As we will state further below, for any small category C, the cohomology groups
H(é,r(B, A) play a fundamental role in the problem of providing a complete invariant
for the classification of braided and symmetric C—fibred categorical groups. These
are categories fibred in groupoids, P — C, equipped with a compact monoidal C -
structure by C—functors ®: P x¢ P — P and I: C — P, and corresponding coherent
associativity, unit, and commutativity C—fibred constraints (see Definition 6.1 for
the details). For this classification, two braided or symmetric C—fibred categorical
groups that are connected by a braided C —fibred equivalence are considered the same.
The problem of giving a complete invariant of this relation arises, and we solve it by
generalizing the results by Joyal and Street [41] and Sinh [54] for the nonfibred case,
and those by Cegarra, Garcia-Calcines and Ortega [13] and Cegarra and Khmaladze [15;
16] for the G—graded case (ie, when C is a group G ). To go further, we recommend
to the reader the work of Breen in [8], where he offers an excellent discussion of this
issue within the general framework of a Grothendieck topos, that is, of the category of
sheaves over a category C endowed with a Grothendieck topology. Indeed, he shows a
cohomological classification for symmetric and braided categorical group stacks over
an arbitrary site C. However, the results are far from being as explicit in terms of
cocycles as they can be when C is discrete, such as we impose in this paper.

This technical section concerns setting up the foundations required to handle braided
and symmetric C—fibred categorical groups as pseudofunctors, which is crucial to
our later discussions and classifying results. By taking into account the well-known
relationship between fibred categories over a category and pseudofunctors on itself,
by Grothendieck [37; 36] and Giraud [33; 34], most of our work here is dedicated
to extending the so-called Grothendieck construction to pseudodiagrams of braided
(resp. symmetric) categorical groups. We give a detailed proof that our enriched
Grothendieck construction process is actually a 2—functor, which makes the 2—category
of braided (symmetric) C—fibred categorical groups biequivalent to the 2—category
of contravariant pseudofunctors from C with values in the 2—category of braided
(symmetric) categorical groups. But we are not claiming much originality, since
extensions of the ubiquitous “Grothendieck construction” have been developed in many
general frameworks; see for instance Street [55], Carrasco and Cegarra [10], Cegarra
and Garzoén [14], Hollander [38; 39], Lurie [42], Carrasco, Cegarra and Garzén [11],
Cisinski [18] or Tamaki [57]. The result proven here would probably be considered
“folklore” by experts, however, being unable to find a published account of it, we have
included it here.
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We have organized the section into seven subsections. Section 6.1 contains a minimal
amount of notation and terminology on Grothendieck fibrations and 2—categories. In
Section 6.2 we mainly include the definitions of braided and symmetric C—fibred
categorical groups, and list some striking examples of them. Section 6.3 is dedicated to
describe the 2—categories that braided and symmetric C —fibred categorical groups form,
denoted respectively by BCG . and SCG ., whose 1—cells are braided C—fibred
functors, and whose 2—cells are monoidal C—fibred isomorphisms. Next, in Section 6.4,
we give an explicit description of the 2—categories Psd(C°P, BCG) and Psd(C°P, SCG),
of pseudofunctors to braided and symmetric categorical groups, respectively, whose 1—
cells are called braided pseudotransformations, and whose 2—cells are termed braided
modifications. The following Sections 6.5 and 6.6 are dedicated to describe in detail the
“enriched” Grothendieck construction 2—functors f(C: Psd(C°P, BCG) — BCG lc and
f(C: Psd(C°, SCG) — SCG | ., which, in the final Section 6.7, we prove are strong
biequivalences of 2—categories.

6.1 Some preliminaries on fibrations and 2-categories

We shall begin by recalling from Grothendieck [36] some needed definitions and
terminology about fibred categories. For the general background on 2—categories used
in this paper we refer to Street [56] and Borceux [4].

6.1.1 Fibred categories, functors, and natural transformations If P: P — C is
any given functor, then, for any object u of C, the fibre category over u, denoted
by P, is the subcategory of P whose objects, called u—objects, are those x of P such
that Px = u, and whose arrows, called u—morphisms, are those arrows f of P such
that Pf = 1,. More generally, if 0: u — v is a morphism in C, then a morphism f
in P such that Pf = o is called a o—morphism. A o—morphism y,: 6*y — y is
deemed cartesian if, for any o —morphism f: x — y, there is a unique ¥—morphism
f’: x = o™y such that y, /' = f. In such a case, the cartesian ¢ —morphism is unique
up to an isomorphism in P, and one refers to 0*y as a pullback of y by o.

The functor P: P — C is called a fibration provided that, for any morphism o: u — v,
and any v-object y, there exists a cartesian 0 —morphism with target y, y5: 6%y — y,
and, moreover, the composition of cartesian morphisms is also cartesian (existence
and transitivity of pullbacks). When a fibration P: P — C is given, the category P
is termed a C—fibred category. If, moreover, every fibre category P,, u € ObC, is a
groupoid, then P is called a category C—fibred in groupoids. It is a fact that in any
category C—fibred in groupoids every morphism is cartesian [36, page 21].

If P = (P, P) and P’ = (P/, P’) are C—fibred categories, then a C—fibred functor
from P to P’ is a functor F: P — P’ such that P’ F = P and, moreover, it is cartesian
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in the sense that it carries cartesian morphisms in P to cartesian morphisms in P’. A
C—fibred homomorphism or C—fibred natural transformation V: F = F’, between
C —fibred functors F, F’: P — P’ is then a natural transformation such that P’ =1p.

6.1.2 2-Categories A 2—category X is just a category enriched in the category
of small categories. Then, X is a category in which the hom-set of morphisms
f:x — y (which are now also called 1—cells) between any two objects x,y € X
is the set of objects of a category Homy (x, y), whose arrows are called 2—cells
and are denoted ¥: f = g. Moreover, the composition is a bifunctor Homy (y, z) X
Homy (x, y) = Homy (x, z), which is associative and has identities 1, € Homy (x, x).
This bifunctor produces compositions of 1—cells and 2—cells respectively, both denoted
here by juxtaposition. On the other hand, composition in each category Homy (x, »)
is denoted by “ - 7.

From now on, we will only consider 2—categories X such that, for any objects x, y, the
category Homy (x, ) is a groupoid. Then, following Gabriel and Zisman’s terminology
[32, Chapter V, Section 1.2], for a such 2—category X', we will denote by

(44) Ho X

the homotopy category of X, that is, the quotient category of the underlying category
of X', with isomorphism classes of 1—cells as morphisms. Hence, a morphism f: x — y
is an equivalence in X if and only if the induced [ f]: x — y is an isomorphism in Ho X".

A 2-functor F: X — ) between 2—categories is an enriched functor and so it takes
objects, arrows and 2—cells in X to objects, arrows and 2—cells in ), respectively, in
such a way that all the 2—category structure is preserved. A 2—functor F: X — ),
is a biequivalence [56, page 570] when each of the functors F: Homy(x,x") —
Homy (Fx, Fx') is an equivalence, and, for each object y of ), there is an equivalence
Fx — y in Y, for some object x of X'.

If X is any 2—category, then
(45) Psd(CP, X)

denotes the 2—category of (normal) pseudofunctors from C° to X', whose 1—cells are
the pseudonatural transformations, and whose 2—cells are the modifications. We refer
to Street [56] for details.

6.2 Braided (symmetric) C—fibred categorical groups

A braided categorical group, Joyal and Street [41, Definition 3.1], is a braided monoidal
category in which every arrow is invertible and every object is regular, that is, where,
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for any object x, the endofunctor y — x ® y is an autoequivalence. In other words, a
braided categorical group is a braided monoidal groupoid such that, for each object x,
there is an object x’ with an arrow x ® x’ — I . Braided categorical groups are also
called braided Gr-categories by Breen [7; 8] and braided (weak) 2—groups by Baez and
Lauda [2] and Aldrovandia and Noohi [1]. A braided categorical group whose braiding
is a symmetry is called a symmetric categorical group by Joyal and Street [41] and
Vitale [5]. Symmetric categorical groups are also termed Picard categories by Deligne
[21] and Sinh [54], group-like categories by Frohlich and Wall [30], and symmetric
(weak) 2—groups in [1; 2]. Below we detail the monoidal fibred categories, in the sense
of Saavedra [53, Chapter I, Section 4.5], we are mainly going to work with.

Definition 6.1 Let C be a category. A braided C—fibred categorical group
P=P,P,®,1I,a,r,l,c)
consists of a category C—fibred in groupoids P = (P, P), two C—fibred functors
R:PxcP—->P, I:C—>P,

where P x¢ P is the C—fibred pullback category, Grothendieck [36, Proposition 6.5],
and C-fibred natural equivalences a, r, I, and ¢ (called associativity, unit and
braiding constraints, respectively), defined by u—isomorphisms

X.,y.zZ X lx X,y
(x®y)®za—y>x®(y®z), x®1ur—>x, Tu®x =X, x®yc—iy®x,

for any objects u of C and x, y,z of P, such that the following four coherence
conditions hold:

(46) x,y:0t Ax@y,zt = (Ix ®ay z¢) ax yozr (Ax,yz ®1;),
“47) (1x®1y) ax,juy =ry®1y,

(48) ayzx Cx,y@z dx,yz = (ly ®cxz) ay xz (cx,y ®1z),

(49) a; %y Cxoyzy), = (x:®1y) a;l  (Ix®c)2),

and, for any u—object x, there is another u—object x” with an #—morphism x®x’ — Tu.

A symmetric C—fibred categorical group is a braided C—fibred categorical group, as
above, whose braiding ¢ is a symmetry, that is, it satisfies that, for any objects u of C
and x, y of P,, the equation below holds.

(50) Cyx Cx,y = lx@y
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If P is any braided C —fibred categorical group, then, for any object u of C, the tensor
product and the associativity, commutativity, and unit constraints can be restricted to the
fibre category over u so that every fibre inherits a braided categorical group structure
P, =Py, ®,Iu,a,r,l, c). Thus, a braided (symmetric) C—fibred categorical group
is the same thing as a stack of braided (symmetric) categorical groups over the discrete
site C; see Aldrovandia and Noohi [1] and Breen [8].

In any braided monoidal C —fibred category, for any object # of C and any u—objects
x, y, the following equalities hold; see Joyal and Street [41, Propositions 1.1 and 2.1]:

rrw =1y, I Cx,Ju =Tx, rx cIu,x:lx,

(51D
rxey =(x®ry) axyru, lx®y Qrux,y =1x®1y.

6.2.1 Some examples To help motivate the reader we show below some striking ex-
amples of braided and symmetric C —fibred categorical groups (see also Example 6.13).

Example 6.2 Let C be a category. A braided C—fibred categorical group, P =
Pc (A4, B, d, £), can be constructed from any system of data consisting of

e a pair of C—modules 4, B: C°°? — Ab,
e a C-module homomorphism d: A — B,

e a biadditive natural transformation &: B x B — Ker(d), such that

§|Img(d)><B =0= ngXImg(d)v

as follows. For any object u € C, an u—object of P is an element b, € B,. For any
morphism ¢: u — v in C, a ¢—morphism a,: b, — b, is an element a, € A, such

If o:u — v and 7: v — w are two composable arrows in C, the composition of
o —morphisms with t—morphisms in PP is defined by

(by 5 ba) (by 2> by) = ( by <227 ).

The tensor product of two o —morphisms is given by addition in B, By, and A,:

/

(bu =% by) @ (b, <5 b)) = ( by + b,

/
ag+ags

by + b))

The associativity and unit C—fibred constraints are identities, and the braiding, at any
u—objects by, b, € B, is given by

gu(buab;)I bu + bz/t — b; + bu
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So defined, Pc (4, B, d, £) is not symmetric in general. However, when & = 0, then
Pc (A, B, d) becomes a symmetric C—fibred categorical group, whose construction
is due to Deligne [21, 1.4.11]. The nonfibred case with d = 0, P(4, B,§), was
considered by Joyal and Street in [41, Example 3.1]. For an instance of Pc (4, B, £),
that is, in the fibred case with d = 0, let 7' be a topological space and let C(7T") denote
its poset of open sets, regarded as a category. Then, if (7, Or) is any ringed space (a
scheme for example), we can take C = C(T'), A = Or = B under addition, while &
is given by the ring multiplication operations O7 (U) x Op(U) — O7(U), for each
openset U of T'.

Example 6.3 For any topological space 7', let C(7T) denote its poset of open sets,
regarded as a category. If F,G € Shap(7T') are sheaves of abelian groups on a space 7,
then the symmetric C(T)—fibred categorical group of local extensions of F by G,
denoted by EXT(F, G), is defined as follows:

For any open set U of T, an U —object of EXT(F,G) is an extension in Sha,(U)
of Fly by Glu,

(52) E0—Gly>EL Fly—o0.

For any inclusion of open sets iy U € U’, an iy, yy—morphism £ — £’, from the
U —object (52) to the U’'—object £': 0 — G|y» — & — F|y» — 0, is an isomorphism
E — &'y in Shpp(U), such that the diagram below commutes.

0 Glu £ Flu 0
|| ! ||
0 Glu &'y Flu 0

Thus EXT(F,G) is a category fibred in groupoids over C (7). The fibre at any open
subset U of T, is the groupoid of extensions of |y by G|y in the abelian category
Shap(U), which is pointed by the split extension

I(U)=0—-G|ly > Glu x Flyv = Flu — 0.

This describes on objects the C(7")-fibred functor I: C(T) — EXT(F,G), and the
C(T)-fibred structure functor

+: EXT(F,G) xc(r) EXT(F,G) — EXT(F,G)
is given by the Baer addition of extensions. For £ and £, as in (52),

E14+E€2:0->Glu—>&E+E = Flu—0
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is the extension in Shap(U) given by the pushout diagram

0—GluxGly —=&1 x5, &2 —=Fly —=0

+ l H

0 Glu E1+E —— Flu —=0.

The canonical isomorphisms

(81 XFlu 82) X Flu E3 =& X Flu (52 X Fly 83)’

induce the C(7T")-fibred associativity, unit, and symmetry constraints, respectively.

Example 6.4 The braided C—fibred categorical group of 2—loops of a diagram of
pointed topological spaces (X, *): C°? — Top,, denoted by Hé (X, %), is defined as
follows: let us write (X, *) by

(u > v) = ((Xy, *y) 0—*> (Xus *u))-

Then, an object of Hé (X, %) is a 2-loop in X, based on x*,, for some object u € C;
that is, a map
wu: (S2,%)=(I2,01%) — (Xu, *4)

from the square I x I into X, which is constant *, along the edges. For any morphism
o:u — v in C, a 0—morphism, denoted by [/is]: @, — wy, is the homotopy class
(relative to d7) of a path between 2-loops /hy: w, = 0* w,. That is, it is represented
by a relative map

ho: (13,012 X I) — (Xu, *4)

with /i (s,2,0) = wyu(s,t) and he(s,t,1) = 0*wy(s,t); two such maps /& and /[
are equivalent whenever there exists a map H: (I*,01% x I?) — (X, %,) such that
H(s,t,x,0) = ho(s,t,x), H(s,t,x,1) = hl(s,t,x), H(s,1,0,y) = wu(s,t) and
H(s,t,1,p) = 0c*wy(s,1).

If 0: u — v and t: v —> w are two composable arrows in C, the composition of
o—morphisms with T—morphisms in Hé (X, %) is induced by the usual vertical com-
position of homotopies, according to the formula

ht ho *heohy
(wy [—]> Wy ) (wy [—l wy) = (( Oy [a—>] Wy ),

where
ho(s,t,2x) 2x =<1
heo ho)(s,t,x) =1 0" ’
(0% 0 ho)(s, 1, X) {o*hf(s,t,2X—1) 2x = 1.
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Thus, the fibre category, at any object u of C, is the fundamental groupoid of the
double loop space of (X, *y), Hé (X)u = T1(Q22%(Xy, *4)). The fibred tensor product
is given on objects by concatenation of 2—loops:

*

*

*

*

*

*

®

* — %
& |
» = %
&l
» — »*
I &
&l

*

and on o-morphisms by the horizontal composition of homotopies. The 1-iso-
morphisms giving associativity and unit constraints are defined to be the equivalence
classes of the respective standard homotopies proving the associativity and unit of the
loop composition, and the braiding 1—isomorphisms are the equivalence classes of the
ordinary homotopies showing the commutativity of the second homotopy groups of
spaces, namely

* =k = % * =k = % * =k = % * =k = %
| @u | | * @ |
Ou ~ Fo kK ~ ) JRURS *oe Kk ~ W],  u
| > @l || |on = |
* =k = % * =k = % * =k = % * = Kk = * -

This braided C—fibred categorical group H(ZC (X, %) brings with it all information on
the equivariant weak homotopy 3—type of any diagram of pointed spaces X in which
all homotopy groups 7; (X, *,) vanish for i # 2,3 and any u € ObC.

If we consider the induced diagram of pointed loop spaces (2(X, *), x): C°?P — Top,,
then the C—fibred braiding of 13, (X, %) := TT&(Q(X, %), %) is actually a symmetry.
This is called the symmetric C—fibred categorical group of 3—loops of (X, *).

Example 6.5 Let G be a group, regarded as a category, and let .S’ be a ring on which
an action by ring automorphisms of a group G is given. Then, the Picard symmetric G —
fibred categorical group of the G—ring S, Picg(S), is defined as follows the objects
of Picg(S) are the invertible (right) S —modules, ie, those finitely generated projective
S —modules P with constant rank 1, and, for any 0 € G, a o—morphism P — Q
is an isomorphism of abelian groups f: P — Q such that f(pa(s)) = f(p)s, for
any p € P and s € S. The composition is defined by usual composition of maps,
and thus Picg(S) becomes a groupoid, which is actually G —fibred thanks to the o—
isomorphism id: P° — P, for each ¢ € G, where P° denotes the S-module which
is the same abelian group as P with S—action by p-s = po~'(s). The G—tensor
product is given by the tensor product of modules over S, and the unit G —functor
I: G — Picg(S) is defined by I(0) = 6~ !: § — S. The associativity, unit and
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commutativity constraints are as usual for the tensor product of .S —modules:

PRs(OQ®sR) = (PRsO)®sR, PRsS = P =SQ®P, PRs0=0®gs P,
XQ(YRz) <« (x®)y)Qz X®S <> X5 <> SQX XY < yRx.

Note that the fibre category (over the unique object of G') is the symmetric categorical
group Pic(S) = (Pic(S), ®g) of rank one projective S—module, where the dual
module P* = Homg (P, S) is an inverse of each invertible S'—module P.

We should note that, for any group G, a symmetric G —fibred categorical group is
exactly a stably G —graded symmetric categorical group in the sense of Frohlich and
Wall in [30; 31], where we refer the reader for other interesting examples in the study
of rings in equivariant situations, such as the Brauer symmetric G —fibred categorical
group, Brg(S).

Example 6.6 Let G be a topological abelian group. Then, the symmetric fibred
categorical group of principal G —bundles, B(G), is defined as follows (see Giraud [34]
for more details):

The objects of B(G) are principal G—bundles p: P — T'. A morphism B(G) is a
cartesian diagram, in the category Top of topological spaces,

P/i;Tl

oo, v

PQT’

where ¢: P’ — P is G—equivariant. The base functor B(G) — Top, (¢,0) — o,
makes B(G) a category fibred in groupoids over Top. The fibre at any space T,
B(G)T, is the groupoid of principal G—bundles over 7', which is pointed by the zrivial
principal G-bundle I(T) =T xG —> T.

Given two principal G -bundles over the same space, say p: P —- T and g: Q - T,
we can define a new principal G-bundle over T, P A O — T, where P A9 Q :=
P x7 Q/G is the quotient of the pullback space by the antidiagonal action, that
is, we identify (x,y) ~ (x-g,y-g"'). The G-action on P A® Q is given by
[x,y] g =[x-g, y]. Thus, we have the structure Top—fibred functors (this uses that
G is abelian)

NG B(G) x1op B(G) = B(G), I: Top — B(G).
The associativity, unit, and commutativity constraints

(PASOYAN R PAC(QACR), PAC(TxG)—P, PAQ—>QACP,
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are, respectively, given by the maps

[[x, yl zl =[x, [y, 2ll,  [x, (px, @] x-g, [x,y]= [y, x]

For any principal G-bundle P — T, we have the opposite principal G —bundle P->T,
which is the same space P with G—action p g = p-g~!, and the T —isomorphism
PACP T xG,[x-g,x]— (px,g).

6.3 The 2—category of braided (symmetric) C—fibred categorical groups

For any given category C, we shall describe here two striking examples of 2—categories.
The 2—category of braided C—fibred categorical groups, denoted by

(53) BCG,...
and its full sub—2—category, the 2—category of symmetric C—fibred categorical groups,
(54) SCG ¢,
whose 1—cells are braided C—fibred functors, and whose 2—cells are monoidal C—fibred

isomorphisms, which are defined as follows.

Definition 6.7 If P and P’ are braided C —fibred categorical groups, then a braided C —
fibred functor F = (F, ¢): P — P’ consists of a C—fibred functor F: P — P/, between
the underlying C —fibred categories, together with two C —fibred natural isomorphisms
defined, respectively, by 1-isomorphisms

@x,y: FX® Fy > F(x®Yy), ¢u I'u— Flu,

such that, for any objects u of C and x, y,z of P, the following four coherence
equations hold:

(55) Px,yRz (IFx ®§0y,z) a/Fx,Fy,Fz = F(ax,y,z) Px®y,z (‘Px,y ®1Fz),
(56)  F(rx) ¢x,qu IFx ®pu) = ¢y, Fllx) Qruyx (ou® 1px) =gy,
(57) F(ex,y) ¢x.y = Pyx Cpx py-

Definition 6.8 If F, F': P — P’ are braided C—fibred functors between braided
C —fibred categorical groups, then a monoidal C—fibred isomorphism between them
is a C—fibred isomorphism on the underlying C—fibred functors ¥: F = F’, such
that, for all objects u of C and x, y of P, the following two coherence equations
below hold.

(58) QD;C,y (P ® \ij) = \Ijx®y Px,y» ‘/)1/4 =V, @u.
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If F: P — P’ and F’: P’ — P” are braided C—fibred functors, then the structure
constraints of the composite F'F: P — P”, at any objects u of C and x, y of P,,
are obtained from those ¢ and ¢’, of F and F’ respectively, by the compositions

(59) Xy =F(xy) Opery Ou ' =Flou) ¢y

This composition is associative and unitary, so that the category of braided C—fibred
categorical groups is defined. Actually, this is the underlying category of the 2—
category (53) whose 2-arrows are the monoidal C—fibred isomorphisms. In this
2—category of braided C —fibred categorical groups, the vertical composition of 2—cells
V: F= F and V': F/ = F”, for F, F', F": P — PP’ braided monoidal C—fibred
functors, is given by the ordinary vertical composition of natural transformations
U’ .W: F = F”. That is, the component of ¥’ - W at any object x of P is given by
the composition in P’:

Uy w5
(60) (W W), =W W,: Fx —> F'x =5 F''x

Similarly, the horizontal composition ¥'¥: F'F = G'G, for ¥: F = G: P — P’
and V': F' = G’: P/ — P” two C—fibred morphisms is given by the usual horizontal
composition of natural transformations:

(61) (VW) = G'Wy Wy =W F'W,: F'Fx = G'Gx

The homotopy category (44) of braided C—fibred categorical groups, HoBCG ., is
then the quotient category of all braided C—fibred categorical groups with monoidal
C —fibred isomorphism classes of braided C —fibred functors as morphisms. A braided
C—fibred equivalence is then a braided C—fibred functor inducing an isomorphism
in the homotopy category. It is an easy consequence of a result by Grothendieck [36,
Proposition 6.10] that a braided C—fibred functor F: P — P’ is a braided C—fibred
equivalence if and only if, for all objects u of C, the restriction functor F,: P, — P},
is an equivalence.

The 2—category (54), SCG ., is the full sub—2—category of BCG . defined by the
symmetric C —fibred categorical groups. Note that the corresponding homotopy category
Ho SCQW is a full subcategory of Ho BCQ¢(C .

6.4 Pseudofunctors to braided (symmetric) categorical groups

For any given category C, closely related to the 2—category of braided C—fibred
categorical groups is the 2—category (see (45))

Psd(C°P, BCG)
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of (normal) pseudofunctors P: C°? — BCG to the 2—category BCG of braided cate-
gorical groups (= BCG |, , where 1 is the terminal category), whose 1—cells are called
braided pseudotransformations, and whose 2—cells are termed braided modifications.
For notational accuracy or emphasis, we state bellow these concepts.

Definition 6.9 A (normal) pseudofunctor to braided categorical groups
P: C®P - BCG
consists of mappings associating

e a braided categorical group Py, to each object u of C,

e a braided functor o*: P, — P,, to each arrow ¢: v — u in C,

. . . . T o
 abraided isomorphism (0, 7): t*0* = (07)*, to each pair of arrows w —>v —>u.

These data are required to satisfy the normalization conditions:
(62) 1, =1p, foreach object u of C,

(63) (0,1y) = 14« =(1,,0) for each arrow v % uofC,

.. . V4 T o
and the coherence condition that, for any triple of composable arrows t - w — v — u
of C, the following coherence condition holds:

(64) (o.ty)(r.y)0" = {oT.¥) ¥ {0, 7).
Definition 6.10 If P, P’: C? — BCG are two pseudofunctors of braided categorical
groups, then a braided pseudotransformation T = (T, ¥): P = P’ consists of

e abraided functor T,: P, — P,,, for each object u of C,

¢ a braided isomorphism ¥,: T, 0* = o* T,, for each arrow ¢: v — u in C,
satisfying that

(65) WV, =17, foreach object u of C,

u
. T o . . ...
and, for any pair w — v — u in C, the following coherence condition holds:

(66) \Ijo'-['Tw<O—,‘[>:<U,I>Tu'r*\pa‘lpra*.
Definition 6.11 For any two braided pseudotransformations 7,7’: P = P’, be-
tween pseudofunctors of braided categorical groups as above, a braided modification

M: T = T’ consists of a braided isomorphism M,: T, = T,: P, — P,,, for each
object u of C, such that, for each o: v — u, the following coherence condition holds

(67) V- Myo™* =0*M, - V.
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In the 2—category Psd(C°P, BCG), a braided modification M: T = T’ composes
with a braided modification M'": T’ = T yielding the braided modification M’ -
M: T = T"”, which is obtained from M and M’ by pointwise vertical composition
of braided isomorphisms, that is,

(68) (M'- M)y =M, My,

for any object u of C. Thus, every such braided modification M: T = T’ becomes
invertible and therefore, in this 2—category of pseudofunctors of braided categorical
groups, the hom-categories are groupoids.

The composition 7'T: P = P” of braided pseudotransformations 7: P = P’ and
T’: P’ = P” between pseudofunctors of braided categorical groups P, P’, P": CP —
BCG, is the braided pseudotransformation whose component at any object u of C is
given by the composition of the braided functors 7, and 7,:

(69) (T'T)u = T, Tu,

and whose component at any morphism o: v — u of C, ¥I'T: T/ T,0* = o*T.T,,
is the braided isomorphism obtained as the composite

’ 4

, T/, W T,
(70) OI'T =W T, T\, T!Tyo* == T.o*T, == o*T\T,.
Similarly, the composition M’ M: T'T = S’S of braided modifications M: T = S:

P="P and M": T'= S’: P’ = P” is given, at any object u of C, by the horizontal
composition of the braided isomorphisms M,, and M}, that is, by the formula

71 (M'M),=M,M,=S,M, M, T, =M,S,-T,M,: T,T, = S, Su.
The homotopy category (44) of pseudofunctors of braided categorical groups,
HoPsd(C?, BCG),

is then the quotient category of pseudofunctors with isomorphism classes of braided
pseudotransformations as morphisms. A braided pseudoequivalence is then a braided
pseudo transformation 7: P = P’ that induces an isomorphism in the homotopy
category. It is not hard to see that 7" is a braided pseudoequivalence if and only if for
all objects u of C, the braided functor T,,: P, — P,, is an equivalence of categories.

Remark 6.12 Let U: Psd(C°P, BCG) — Psd(C°P, Cat) be the forgetful 2—functor.
If P: C°° — BCG is any given pseudofunctor to braided categorical groups, then there
is a (strict, genuine) functor P’: C°P — Cat which is pseudoequivalent to UP (see
Giraud [33, Section 5] and Street [56, Corollary 9.2]). Since one can use any selected
pseudoequivalence T: UP = P’ to transport the given braided monoidal structure
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of P to one on P’ such that 7: P = P’ becomes a braided pseudoequivalence, it
follows that every pseudofunctor P: C°°? — BCG is pseudoequivalent to a functor
P’ CP - BCG.

The 2—category SCG, of symmetric categorical groups, is a full sub—2—category of
the 2—category BCG of braided categorical groups. Hence, we have

Psd(C°, SCG) C Psd(C*, BCG),

the full sub—2—category of pseudofunctors to symmetric categorical groups, and the
corresponding full subcategory Ho Psd(C°P, SCG) € Ho Psd(C°P, BCG), which is the
homotopy category of pseudofunctors to symmetric categorical groups.

Example 6.13 Braided crossed modules (see Brown and Gilbert [9] and Joyal and
Street [41, Remark 3.1]), also called reduced 2—crossed modules by Conduché [19], are
systems of data (H, G, d,{, }) consisting of groups G, H, a group homomorphism
d: H — G, a (right) group action of G on H, denoted (4, g) — h8, and a bracket
operation given by amap {, }: G x G — H, subject to the following conditions:

o W' =h3 i, 9h%) = g kg,

© g8 =gy g7 281, hig. Ay = hE, h¥{d(h). g} = h.

A braided crossed module (H, G, d,{ , }) is called a symmetric crossed module by
Aldrovandia and Noohi [1], or a stable crossed module by Conduché [19], whenever

{g1.82H{g2. g1} =1.forall g1,8,€G.

These braided (resp. symmetric) crossed modules are the objects of a 2—category (cf
Noohi [49, Section 8]), denoted by BA M (SX M), whose 1—cells

(. p.9): (H,G.0.{, })—~>(H .G })
consist of normalized maps ¢: H — H', p: G — G’, and ¢: G X G — H’, satisfying
« dq=p9,
e p(g182)=p(g1) p(g2) 0(9(g1.£2)), q(h1h2) =q(h1) q(h2) ¢(3(N1), 3(h2)),

o 0(g1.22)7%Y 0(g122.23) = 0(g2.83) 9(g1. £283).
° {p(gl),p(gz)}'w(gz,gl)=(p(g1,g2)q({g1,g2)})-

If (¢',p.¢"): (H,G,0,{, }) — (H',G',d',{, }) is another morphism between

braided crossed modules, thena 2—cell W: (¢, p,¢) = (¢’, p’.¢’) isamap ¥: G — H',
such that

Algebraic € Geometric Topology, Volume 12 (2012)



382 Maria Calvo, Antonio M Cegarra and Nguyen T Quang

* p'(g)=p(g)3(¥(2)), ¢'(h) = q(h) ¥(3(h)),
o 0(g1.82) V(g1g2) = ¥(g1)P€?) W(g,) ¢'(g1. 82)-

We should stress that there is an interesting description of the 1—cells in BAX M in
terms of braided butterflies (B,t,k,0,p): (H,G,d,{, }) - (H',G',9',{, }) in
Aldrovandia and Noohi [1, Definitions 4.1.3, 7.4.1], that is, commutative diagrams of
groups

/

\/
/\

3/

such that the various maps satisfy the followmg conditions:

e pk =1, and the sequence 1 — H’ 5 B2 G -1 is short exact,
o k(h®®) =p=li(W)b, ((hW"P®)) = b~V (W),
o k{o(b1).o(b2)}f{p(br). p(by)} = by by byby.

Any braided (symmetric) crossed module (H,G,0d,{, }) gives rise to a braided
(symmetric) categorical group P(H, G,0d,{, }), which is defined as follows. The
objects are the elements g € G. A morphism /: g — g’ is an element & € H with
g’ = gd(h), and the composition is multiplication in H . The tensor product is given by

h hy K52 hy
(g1 —> 8D ® (g2 —> g5) = (8182 — £18}).
The associativity and unit constraints are identities, and the braiding is given by the
equation
Cgi.go = 181,82} 182 — 8281
Indeed, this construction (H, G, d,{, })— P(H,G,0,{, }) is the function on objects

of respective biequivalences of 2—categories BA M ~ BCG and SAM =~ SCG (cf
Noohi [49, Section 8]). Hence, for any category C, there are biequivalences

Psd(C%, BX M) ~ Psd(C*, BCG), Psd(CP, SXYM) ~ Psd(C, SCG).

6.5 From pseudofunctors to fibrations: The braided Grothendieck con-
struction

Given a pseudofunctor to categories, P: C°? — Cat, there is a well-known way to
form a single C—fibred category f(c P, called the Grothendieck construction on P,
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due to Grothendieck [37] and Giraud [33; 34]. Below, we enrich the Grothendieck
construction for any pseudofunctor to braided categorical groups P: C°? — B(CG,
assembling it into a large braided C —fibred categorical group

(72) JcP=(/cP.P.® I,a,rl6c),

which is actually a pseudocolimit of the braided categorical groups P, u € ObC (see
Carrasco, Cegarra and Garzén [12, Theorem 3.1]). This braided C —fibred categorical
group f(C P is defined as follows.

The objects are pairs (x,u), where u is an object of C and x one of the category P, .

The arrows are pairs (f,0): (y,v) — (x,u) where 0: v—>u isin C and f: y —>o0*x
isin Py.

The composition is defined by

(g,7) (f, (o, 1)x T%f g,07)

(73) () 2 50 L2 w) - (cow) T ETD (),

As is well-known, this composition is associative and unitary owing to the naturality,
coherence condition (64), and normalization conditions (62) and (63). For any object
(x,u) of f(CP, the corresponding identity is just 1(x ,) = (1x, 14): (x,u) — (x,u).
Thus, [P is a category.

The projection functor P: fCP — C is given by

((y,v) (f’ (x, u)) |£> (vgu).

This is actually a fibration since, for any morphism ¢: v — u in C and any u—object
(x,u) of [P, there is the cartesian o —morphism (1g+x,0): (6%x,v) = (x,u).

The C—fibred tensor product

(74) ®: [cPxc JcP— [cP
is defined by

(.0 L2 oy ® (00 L2 (e uy)

= (y®y".v)

So defined, ® is actually a functor since, for any morphisms of the form

@2 (f®f).0)

(x ®x',u)).

cow) EL ) L2 oy w2 o0 L2 ),
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the equality

(fro)g. D)@ ((f.0)g )= ((f.o)&(f.0)((g. 1) ® (g 1)

follows (by composing with the morphism g ® g": z ® z/ — ™y ® t*)’) from the
commutativity of the outside region in the diagram:

QTS (0,7)x®(0,T) 5

T yt*y’ *o*x@tro*x ———————— (01)*x R (07)*x’
* (o1)*
il (A) Yorrory I (s8) o
TT(r®)) ’ (59) ’ (c)*(x®x)
cerT o7, %Xw
™*(0*x ®0*x') *0*(x ®x')

where the region labelled (A) commutes since <pt* is natural, and the other two commute
by the references given in them.

The associativity C—fibred constraint, at any u—objects (x,u),(y,u) and (z,u)
of fCP,

(75) A(x,u),(y,u),(z,u)- ()@ (Y, u) @ (z,u) = (x,u) @ (v, u) @ (z,u))

is the morphism (ax,y 7, 14): (x ® ) ®z,u) = (x ® (y ® z),u), where ay,y ; is
the associativity isomorphism in the braided categorical group P,. This family of
1—isomorphisms (75) actually gives a C —fibred natural equivalence since, for any three
morphisms in [P of the form (f,0): (x’,v) = (x,u), (g,0): (y',v) = (y,u) and
(h,0): (z/,v) = (z,u), the equality

A(x,u),(y,u),(z,u) ((fv 0) b (gv 0)) b (h, 0))
= ((f7 0) ® ((g7 0) ® (h, 0))) a(x’',v),(y",v),(z/,v)
follows from the commutativity of the following diagram in Py :

R(g®h
X/®(y/®z/)fi> C))'*X®(U*y®0'*2)

w;

ey)es W 2 o*x®0*(y®2)
(f®g)®hl (55) l‘pgi’@z
(c*x®c*y)®c*z o*(x®(y®2))

w;‘?j@l\* /*a7

* * wg;y’z * o
o*(x®y)®0"z —= 0" ((x®y)®2)
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where the inner subdiagram (A) commutes by the naturality of a, and the other is
commutative by the reference therein since o*: P, — Py is a braided functor.

The C—fibred unit functor,
(76) I:C— [P,

is defined on objects by ITu = (I,,u), where I, is the unit object of the braided
categorical group Py, and it carries a morphism o: v — u of C to the o —morphism
of fCP given by the structure unit isomorphism of the braided functor 6*: P, — Py,
(pl"*: I, - o*I,, that is,

(77) Io= (¢ ,0): (Iy,v) > (Iy.u).

Note that /: C — fCP is unitary because of the normalization condition (62). Fur-
thermore, if : w — v and 0: v — u is any pair of composable arrows in C, then the
equality I(o)I(t) = I(o7) follows from the commutativity of the following diagram
in Py

(ot)*

Iy — (c0)*Iy

Ne 68
o oro” (CANA

1

(59 O\
* * %
Ty ——= 1707 1,
r*wf

where both triangles commute by the references given in them, since (o, 7): t¥0* =
(o7)* is a braided isomorphism. Hence, (76) is actually a C—fibred functor.

The unit C—fibred constraints, at any object (x, u) of f(CP,
(78) Foow): (X ) ® (T u) = (xu), iy (Tu, u) ® (x,u) = (x,u),
are respectively given by the morphisms

(rx,14): (x®I,,u) — (x,u) and (I, 1,): (I, ®x,u) —> (x,u),

where r, and /, are the right and left unit isomorphisms in the braided categorical
group P, . These families of 1—isomorphisms (78) actually give C —fibred natural equiv-
alences since, for any morphism of [P, say (f,0): (y,v) = (x,u), the equalities
¥ (x,u) ((fv 0)® ((/)10* ) 0)) = (fv o) ¥ (y,u) and l(x,u) ((‘plg* ,0)® (f» 0)) = (fv o) l(y,u)
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follow from the commutativity of the following diagrams in P,

Y1 f®1 /
f®<pf* (A) o x®[ o*ry
/ L (56)
1 U* (p\’ u
o*x®o*I, i ! o*(x®1y,),
ly
I, ®
e Rf | (A) 1,,®o x 0¥l

/ a* (36)

(po ®1 (plu.x
o*l,@c*x -

o*(I, ® x),

where the regions (A) commute owing to ® being a functor, the commutativity of the
regions (B) follows from the naturality of the right and left unit constraints of P, , and
the third regions commute by the reference therein.

The braiding C—fibred constraint,

(79) Coea). s (6 1) ® (v ) — (1, u) ® (x, u),

at any u—objects (x,u) and (¥, u), is given by the morphism (¢, y, 14): (xX® y,u) —
(y ® x,u), where cy,y is the braiding in P, . So defined, ¢ is natural since, for any
arrow o: v — u in C and any pair of o—morphisms (f,0): (x’,v) — (x,u) and
(8.0): (¥'.v) = (v.u) in [P, the equality € (x.u). (v ((/:0) ®(2.0)) = ((8.0) ®
(f, 0)) ¢(x',v),(»’,v) 18 a direct consequence of the commutativity of the following
diagram in P,

CX/ ’
x'®y V' ex fG*y@a*x
() _— .
feg Co*x.o*y (pg.x
_— 7
0*'XQ0*y —= 0" (x®y) —= 0" (y ®x),
o3y g Cxy

where (A) commutes due to the naturality of the braiding ¢ of P, .

Thus, we conclude that the Grothendieck construction ( fCP, P, ®, 1,a,r, 1, c) yields
a braided C—fibred categorical group since it is straightforward to see that the required
coherence conditions in (46)-(49) follow from the corresponding ones in each braided
categorical group P, for the different objects u of C.
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Remark 6.14 By construction, it is clear that if P: C°? — SCG is a pseudofunctor to
symmetric categorical groups, then f(CP is actually a symmetric C —fibred categorical

group.

6.6 The braided Grothendieck construction 2—functor

The ordinary Grothendieck construction is the function on objects of a 2—functor
Jc: Psd(C°P, Cat) — Cat ., from the 2—category of pseudofunctors to categories to
the 2—category of C —fibred categories (see Giraud [33; 34] and Vistoli [58]). Similarly,
the assignment P fCP, given by the enriched Grothendieck construction (72), is
the function on objects of a 2—functor

(80) f(c: Psd(C°P, BCG) — BCQMC ,
described as follows:

On braided pseudotransformations, it carries any T = (T, ¥): P = P’ to the braided
C —fibred functor

81 JoT =(feT.¢""): [oP = [P
which is defined by

o T wx Ty f,o
(00 L2 ) D Ty LDy,

As is well-known, [T [P — [P’ is actually a C—fibred functor thanks to the
naturality, coherence condition (66), and normalization condition (65). Indeed, it is a
braided C —fibred functor, whose structure C—fibred natural equivalences

JeT
(83) Py Je T ) ® [cT(r.u) = [ T((x,u) ® (v, u)).
(84) 0" Tu— [ TIu,

for any objects u of C and (x,u) and (), u) of fCP, are respectively defined by

JeT u :

(85) Oy vy = @2 102 (Tux ® Ty, u) > (Tu(x @ ), 1),
‘

(86) o = (@l 10): (T u) = (Tl w).

The four coherence equations in (55), (56), and (57), in order for f(CT to be a
braided C—fibred functor, follow from the corresponding coherence conditions for
the various braided functors 7,, u € ObC. To prove that both @‘/CT in (83) and
(84) are natural, let o: v — u be any arrow in C and let (f,0): (x’,v) = (x,u) and

Algebraic € Geometric Topology, Volume 12 (2012)



388 Maria Calvo, Antonio M Cegarra and Nguyen T Quang

(g,0): (y/,v) = (y,u) be any two o—morphisms in fCP. Then, observe that the
commutativity of the diagrams

JcT JeT
JeT' D) ® [T 0) Y [oT( )@ (v) Ty S [oTIv

fC T(fsa) f(CT((f’a) TI
®f<cT(g,U)l JeT L@(g,a)) o JeT ferte

JoT(u)® [oT(y,u) 2 [T, ) ® (1)) Tu*—> [oTIu

follows from the commutativity of the two diagrams below, where the region (A)
commutes by naturality, and the other regions by the references given in them.

Ty(x'® ")
Tyx' @ Tyy' , Ty(c*x®ad*y)
(pozx,cr*’ *
va®Tvgl /(:9) Lvaff,y
Tyo™
Tyo*x ® Tyo*y Pxly Tyo*(x ® y)
\Il(,x®\llgyl (58) l‘l&,(x@y)
o* Ty
oc*Tyx ®0c*Ty,y 2% 0c*Ty(x ® y)
Tux Tuy * U*(p;",uy
(Tux @ Tyy)
Tyl

(PTU g
/ (59) \
TUO'

(pf* (plo*Tu Yy Iy
(59) \
* *
o*1 o*Ty1,.
u U*(plTu utu

On braided modifications, the 2—functor f(c acts as follows: For any two braided
pseudotransformations 7, 7’: P = P’, any braided modification M: T = T’ gives
rise to the braided C —fibred isomorphism

(87) JeM: [T = [T [cP— [P,
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whose component at an object (x,u) of [ P, is defined by
(88) JeM(x,u) = (Myx,1,): (Tyx,u) — (T,x, u).

As is well-known, fCM is actually a C—fibred natural transformation, thanks to the
naturality of the various M, and the coherence condition (67). Moreover, we conclude
that it is actually a braided C —fibred isomorphism since the two coherence conditions
in (58), that is, the commutativity of the diagrams

JeT

JoT@u)® [oT(y,u) s [ T((x,u) ® (v, 1)) Tu

JeT Je
fcM®./£ch lfcM ¢ 7 X
lcT’

JeM ,
fCT’(x,u)®fCT’(y,u)¢—> JeT'(x,u) @ (v, u)), JeTIu JeT'1u,

T/

follows from the commutativity of the corresponding diagrams for the different M,,,
u € ObC, that is,

Tu

Px.y
Tux@Tuy_}>Tu(x®J/) 1y .y
u (OTM (plu
ux®Myy - M, (x®y) !
/ ’ (px’uy / My /
T, xT,y —T,(x®y), Tu1, T,1,.

For any braided modifications M: T = T’ and M'": T' = T"”, where T, T, T":
P =P, theequality [(M'-M)= [-M'-[-M is easily verified (from (60) and (68)),
as well as the equality f(c I =1y, forany braided pseudotransformation 7': P = P
Furthermore, it is easily seen that [1p = 1/_p and,if T: P — P  and T": P’ — P”
are any two composable braided pseudotransformations, then [(T'T) = [T’ [T
as functors, since

J(T'TY(x,u) = (T, Tyx,u) = [T [T (x,u),

for any object (x,u) of [P, and, if (f,0): (y,v) — (x,u) is any morphism of [P,
then

82 ’ 69),(70) 7
JAT'T)(f.0) B @I T (T'T)y f.0) 2 (W, Tyx T)Uox TT, . 0)

(82) (82)
= [oT'Wx Ty f.0) = [oT' [oT(f.0).
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Indeed, they are the same monoidal functors since, for any objects u of C and
(x’ u)? (y, H) of f(cp

e leT (59) , feT feT’ _ Tu T
). f(C ). T e T e Tow f(CT ((px ¥’ Lu) ((pruv Tuy’ »u)

(82) (65 Tu T}, Ty Ty
(Toor 1) (@ )= (Tyel, ¢ 1)
(59) , T/Tu _ JeT'T
- ( x; u) (p(xu) )’
JcT JcT (59) JeT
oD [T QT < [T L) () L)
(82),(65) Ty Ty T (59)  T/Tu T'T
LN (110 1) (o L) = (The o 1) 2 (0™ 1,) = ¢

Therefore, the equality between braided C—fibred functors [(T'T) = [T’ [T
holds.

Similarly, for M: T=S: P= P and M': T'= S’: P’ = P” braided modifications,
we have the equality [(M'M)= [-M' [~ M, since, for any object (x,u) of [P
(61)
JeM' [ M(x,u) =" [oS" (Myx,1,) [cM'(Tyx,u)

20008 Myx, 1) (M Tyx 1)

D (M M)ux. 1) = [(M'M)(x.u).

The above confirms that (80), f(C: Psd(C°P, BCG) — BCG lc» 18 @ 2—functor, which,
from Remark 6.12, restricts to the 2—category of pseudofunctors of symmetric categor-
ical groups. Thus, we have the commutative diagram of 2—functors:

Psd(C, SCG) e, SCG
(89)

Psd(C°P, BCG) A BCG
6.7 Braided Grothendieck construction 2—functors are biequivalences

The ordinary Grothendieck construction 2—functor f(C: Psd(C°, Cat) — Cat . isa
biequivalence of 2—categories (see Giraud [33; 34], Hollander [39] or Vistoli [58]).
The following theorem is the principal result of this section:

Theorem 6.15 For any small category C, both Grothendieck construction 2—functors
in (89) are strong biequivalences, in the sense that:
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(i) For any two pseudofunctors of braided categorical groups P, P’': C°? — BCG,
the functor

(90) f(C: Hompgq(cor,5c0) (P P — Hochg% (fCP, fCP/)

is an isomorphism of categories (rather than an equivalence).

(i) For any braided (resp. symmetric) C —fibred categorical group P, there exist a
pseudofunctor to braided (resp. symmetric) categorical groups P and a strict
braided C —fibred isomorphism (rather than a braided C —fibred equivalence)

1) [P SP.

Proof (i) The functor (90) is plainly recognized to be faithful and injective on
objects: Suppose M, M': T = T’ are two braided modifications such that f(CM =
f(C M', where T, T’: P = P’ are braided pseudotransformations. Then, for any object

(x,u) € [P,

(Mux 1) S [ M ey = [ M o) & (Mx 1),
whence Myx = M,;x, for all objects u of C and x of P,. Therefore, M = M’,
and (90) is faithful. To see that it is also injective on objects, let us suppose that
JoT = [cT'. Then, from (82), for the case where o = 1,, (85) and (86), we deduce
that T, = T, for all objects u € C. Moreover, again by (82), now for the case where
f = lg*, we conclude that \IJUT X = \Dg 'x, for any morphism o: v — u in C and
object x of P,. Therefore, T =T’.

To prove that (90) is full, let W: f(C T= f(C T’ be any braided C—fibred isomorphism.
For each object (x,u) of fCP, let us write

\If(x,u) = (Mux, lu)l (Tu, u) — (Tu/x’ u)

for a morphism M,x: T,x — T,x in Py,. Then, for (f,0): (y,v) — (x,u) any
morphism in [ P, the naturality equation W(y ) [cT(f.0) = [cT'(f.0) ¥(yv).
implies that the following diagram is commutative:

Tvf W, x
Tyy — = Tyo*x —— c*Tyx

nyl ja*Mux

T)y —=T)o*x ——=0o*T)x
Then, from the case where o = 1,, we deduce that M,x T, f =T, f M,y for any
morphism f: y — x in P,; thatis, every M,: T, = T,, is natural. And, from the case
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where f = lg*x, we have the equality W, x My,o*x = 0*Myx Y;x for any arrow
o: v—u in C and any object x of P,; that is, the required equation (67) holds.

Furthermore, since it is easy to see that the two coherence conditions in (58) for the
different M,,, u € ObC, that is,

Ty

T Tu Tu
Oxy (Mux @ Myy) = Mu(x®y) ¢xy,  Mug" =",

follow from the corresponding ones for W, that is,

T JcT’

JcT’ JcT Jc
Pxu),(v.0) (V) ® Vi) = Yix,u)@(yu) Plx,u),(y,u)’ Viuoy =0u
we conclude that M : T = T is actually a braided modification, and clearly [~ M =W.

We next observe that (90) is surjective on objects: Let F: fCP — fc P’ be any given
braided C —fibred functor. Then, we obtain a braided functor T;, = (T}, <pT" ): Pu—P,,
for any object u of C, if we write

e F(x,u) = (T,x,u) for each object x of P,,

o F(f.1ly) = (T, f,1,): (Tyx,u) - (T,y,u) for each morphism f:x — y
of Pu,

o w(ljc’u),(y’u):(w,a“y, 1) (Tyx®T,y,u) - (T,(x ® y), u) for any objects x, y
of Pu,

. (pf = ((plTu, 1,): (Iy,u) = (Ty 1y, u).
Furthermore, for each arrow o: v — u in C and each object x of P, let us write
o F(lgex,0) = (Yyx,0): (Tyo*x,v) —> (Tyx,u),
where WUy x: Tyo*x — 0* Ty, x is a morphism in P, . Note that ¥; x = 17, , since F

is a functor and preserves identities. Then, for (f,0): (y,v) — (x,u#) any morphism
in fCP, we have

(f,0) (fi1y) (15%x,0)
F((y.v) == (x,u)) = F((y,v) —— (0*x,v) —— (x,u))
TU ,lv \I/O' )
= (Tyy.v) L2 (7o x v) 220 (T )
(‘I’(rx vasa)

= (Tyy,v) ——— (Tyx,u)).

If 7: w — v is any other arrow in C, then the equality

F(f.0)F(lery, 1) = F((f.0) (1. 7))
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yields the commutativity of the following diagram in Py,

Tyt*f Ty (o,7),
Tpt*y — Twt*o*x A Ty(ot)*x
q’r)’l l‘l’arx
T f T, x
*Tyy *Tyo*x z *o*T,x (01)*Tyx,
(o,T Tux

which, for the respective cases where 0 = 1, or f = lg*, tells us that the two
diagrams below are commutative.

Tyt Ty(o,T)x
Tyt* y—Ith X Twt*o*x .0} Ty(oT)*x
\Il,yl l\llrx \Ilra*xl L\IJUTX
T, T, {0,T) Tyux
*Tvy—j;r*Tx t™*Tyo* x—x>r*a*T —T>(or)*Tux

This means that, on one hand, every W;: Ty t* = t*T, is natural, and, on the other
hand, that the equation (66) holds.

Moreover, every ¥,: Tyo™ = o™ T, is monoidal since, for any objects x, y € Py, we
have the commutative diagrams

(DYT”;O
(pTv (59) (pf’
Tyo*x @ Tyo*y —— Tv(o' X®0*y) —> Tpo*(x ® )
‘IJUX®\IJayl (A) l%(x@y)
o* x Tu
Tux Ty wxs
WX ®0* Ty 0" (T,x ® Tuy) —= 0*Tu(x ® y),
\(59)/
o*Ty
Px.y
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where the commutativity of inner diagrams (A) and (B) hold thanks, respectively, to
the commutativity of the two following naturality diagrams:

F F
F(0*x,0) ® F(0*,v) —— F((c*x,v) ® (%, v)) Tv—— FIv
F(lo*x’a) F((lo*xsa)
®F (15%,,0) l . j@(lg*y,a)) I"L oF l””
F(x,u)® F(y,u) F((x,u)® (y,u)) lu — Flu

Hence, T = (T, \IIT): P = P’ is a braided pseudotransformation, and, by construction
(recall (82), (85) and (86)), it is clear that f(CT = F. This makes the proof of (i)
complete.

(ii)) Let P =(P,P,®,1,a,r,l,c) be any given braided C—fibred categorical group.
Then, recalling that every fibre inherits a braided categorical group structure P, =
(Py,®, Tu,a,r,l,c), apseudofunctor to braided categorical groups

(92) P: C°°® - BCG such that P, = P, for each object u € C,
is defined as follows:

Since P: P — C is a fibration, we can choose a normalized cleavage for it in the sense
of Grothendieck [37, Definition 7.1]; that is, for each arrow o: v — u in C and each
object x of P, we select a pullback x5;: 0*x — x of x by o. Specifically, we choose
X1, = 1x: x = x;sothat I}x =x.

Then, every 0: v — u in C defines a braided functor ¢*: P, — P, by sending
each object x of P, to 6*x, and each arrow f: x — y of P, to the unique arrow
o* f: 0*x — ¢*y in P, making the diagram

Xo
o*x —>Xx
(93) o*f | |7
G*y L y

commute, and for which the structure isomorphisms ¢% y and @] are respectively
those in [P, causing the triangles below to commute.

*
O,>(<

* * Wx,y % (pl
o*x @0y oc*(x®y) ITv——=0c*Iu

94
xo% ‘@y)a Io\lu/(lu)o

XYy,
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To prove the naturality condition for the isomorphisms go”* , let us consider the following
diagram, for f: x — x’ and g: y — » any two morphisms of P,

*

®3.
o*x®ao*y Z o*(x®y)
94
M ©4) %0
Xy
o*fQo*g 93) f®gl (93) o*(f®g)
x/ ® y/

X5 @Yy (x'®)s
/ (94) \
o*x'Q@a*y’ ” o (X' ® ),
(px’.y/

where the inner regions commute by the references in them. Then, the required
commutativity of the outside region follows since (x’® y’)y is cartesian. The coherence
condition (55) for o* is a consequence of the naturality of the associativity constraint

of P: for any objects x, y, z € P,, we have the following diagram

03481

(0*x®c*y)Qoc*z ocF(x®y)Rc*z
T ®enen (94) (x®)o 2
\ / .
a x®y)®:z (94) P @y
) %@y)ea@
0*x®((0*y®c*z) a o (x®y)®2)
TR R0e®z) (93)
%80 8%)
1®<p§,’; (94) XxR(y®z) o*a
@@y “GB(re)
X yQz)o 94) y {
0" x® 0" () - ot (x® (@),
wx,y@z

where region (A) commutes by the naturality of @, and the other inner regions commute
by the respective references in them. Then, the required commutativity of the outside
region holds since the morphism ((x ® y) ® z)o is cartesian. Similarly, the coherence
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conditions (56) and (57) for o* hold: for any objects x, y € P,, we have the diagrams

189"
o*x®Iv o*x®c*Iu
(94) Y
XGQDJ\O'\ xz/®(1u)g
x®1u o)
A) / 94 o*
r (px.Iu
X 93) ‘\(>8>Iu)g
g AN
o*r *
o*x o*(x ® Tu),
* * (Of?t *
oc*x®ac*y c*(x®y)
(94)
Xam ‘%n
X®y
¢ (B) lc (93) o*e
y®x (
Yo @Xo Y®X)o
/ (94) \
o*yQo*x - o*(y ®x),
o7 x

where (A) and (B) commute by the naturality of r and ¢, respectively, and the other
inner regions by the references given in them. Then, the required commutativity of the
respective outside regions holds since both morphisms X, and (y ® x)s are cartesian.

Note that, since the selected cleavage is normalized, it is easily verified that, for any
object u of C, 1} is the identity braided functor on P, . That is, condition (62) holds.

For any pair of composable arrows w S v uof C, the component of the braided
isomorphism (o, 7): t*0™ = (071)*, at any object x € P, is the unique morphism
in Py, making the diagram

95) (0,7) l Xo

Xo
(or)*x —=Xx

commute. By Grothendieck [37, Proposition 7.4], we know that (o, t) is a natural
isomorphism, as well as that the equalities (63) and (64) hold. Furthermore, to see that
it is actually a braided isomorphism, let us consider the following diagrams, where
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X, y are any two objects in P :
* % * % (0;?;{’* * %
tox®roy(pt* — TP (x ® y)
% % *
oaf (X @) (0" (@)
(07X): ®(0*y): (6*x Q0 *y): 3
(0,7)x®{0,7)y 7 (0.T)x@y
95) 0*x®0*y ——0*(x®Y)
Xg®ygl/ y (95)
(x®y)o

(ct)*x®(ot)*y

t™*o™*Iu

(o) Tu

where each inner region is commutative thanks to the reference therein. Then, the
required commutativity of the outside regions in the diagrams follows from the fact
that both (x ® y)sr and (Ju)s are cartesian.

Therefore, by (92)—(95) we have a well-defined pseudofunctor to braided categorical
groups P: C? — BCG. We now recognize that both braided C—fibred categor-
ical groups fCP and P are isomorphic by means of the strict braided C—fibred
functor fCP — [P that carries any object (x,u) of fCP to x, and any morphism
(f,0): (y,v) = (x,u) to Xy f: y — x, the composite of f: y — o*x with the
cartesian morphism x5: 6*x — x.

Finally, note that, whenever the originally given P is a symmetric C—fibred categorical
group, then the above-constructed pseudofunctor P is actually of symmetric categorical
groups. This completes the proof of part (ii) in the theorem. |
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Theorem 6.15 has two key consequences, given below.

Theorem 6.16 For any small category C, the enriched Grothendieck construction
2—functor fC (—) induces equivalences of homotopy categories

HoPsd(C°?, BCG) = HoBCG ., HoPsd(C® SCG) > HoSCG, ..

7 H(g . and braided and symmetric C-fibred categorical
groups

Our classification results for braided and symmetric C—fibred categorical groups will
be given below by exhibiting biequivalences between their respective 2—categories
and corresponding 2—categories of first- and second-level 3—cocycles of C—modules,
which are defined as follows:

7.1 The 2—categories of 3—cocycles
For any given small category C, the 2—category of first-level 3—cocycles of C—modules,
denoted by

Zé,l, (Z 3 if C =1 is the one arrow trivial category),

has objects triples (B, A4, h), where B, A: C°? — Ab are C-modules and

93
heZ& (B, A)=Ker(C¢ (B, A) — C¢ (B, A)),
is a first-level 3—cocycle of B in A. A l1—cell in Z2 | from (B, 4, h) to (B', A", )
is a triple (p,q,g): (B, A,h) — (B’, A’, h'), consisting of morphisms of C-modules
p: B— B’ and g: A — A’ and a 2—cochain g € C(é (B, A"), such that g« (h) =
p*(h') + 0%g, where

. p* ° 9 °
Ce (B, A= CQ (B, A) < C¢&, (B, A)

are the complex homomorphisms canonically induced by p and ¢, respectively. The
composite of (p,q, g) with the morphism (p’,q’, g’): (B, A", h') — (B", A", }h") is
defined by

(r'.4'.8)(p.q.8) = (p'p.q'q. P* (&) + ¢4(2)).
and identities are given by 1(p 4. = (15,14, 0).
For any two morphisms (p,q, g), (p’.q’,g"): (B, A,h)— (B’, A’, I’), the existence of
2—cells in Z%’l between them requires that p = p” and ¢ = ¢’, and, in such a case, such
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a2-cell f:(p,q,g) = (p,q,g’) consists of a 1—ochain f € CCI,I(B, A’) such that
g=g'+0! f. The vertical composition of f witha 2—cell f': (p.q,g") = (p.q.g")
is given by pointwise addition in A’, thatis f'+ f: (p,q,g) = (p.q, g"). The identity
2—cell overa l—cell (p,q,g): (B, A,h) — (B’, A’, h’) is given by the zero C —module
morphism 0: B — A’, and every 2—cell f: (p,q,g) = (p.q. g’) as above is invertible,
with the inverse given by the opposite C —module homomorphism — f/: B — A’. Hence,
the hom-categories of Zé’] are all groupoids.

The horizontal composition of 2—cells f:(p.q.g1) = (p.q.g2): (B, A,h)— (B', A", })
and f': (p.q.87) = (p.q.85): (B, A", h') — (B", A", h") is given by the formula

= (44N (p'p.d'q. p* (&) +4:(g) = (P p.4'q. P (83) +44(82)).

The corresponding quotient category (44) of isomorphism classes of 1—cells, that is,
the homotopy category of first-level 3—cocycles of C-modules, is Ho Z% 1

The 2—category of second-level 3—cocycles of C—modules, Z(é , S Zé | » 18 the full
sub—2—category given by those objects (B, 4, k) with

33
h e Z¢ ,(B. A) =Ker(CZ ,(B. A) —> C¢ ,(B. A)),

a second-level 3—cocycle. The full subcategory Ho Zé , € Ho Z(% , 18 then the homo-
topy category of second-level 3—cocycles of C—modules.

A simple straightforward comparison gives the result below.

Lemma 7.1 For any small category C, there are isomorphisms of 2—categories (those
labelled with the symbol =) making the diagram below commutative:

23, —=>Psd(C®, 23)
(96)
Zg | —Psd(C®, 2])

7.2 From 3-cocycles to pseudofunctors

We define here a 2—functor, denoted by
Pc: Zé’l — Psd(CP, BCG),
through which we shall state as first-level 3—cocycles are appropriate data for the con-

struction of all braided C —fibred categorical groups, up to braided fibred equivalence.
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Every pair of C —modules A, B: C°? — Ab, together with a 3—cocycle / € ch (B, 4),
give rise to a pseudofunctor to braided categorical groups

97 Pc(B, A, h): C®P — BCG,
which is defined as follows:

e At any object u of C, the braided categorical group Pc (B, A, h), has objects the
elements of B, . The hom-sets are given by

Ay, ifx=y,

Hom x’ = .
PC(B,A,h)u( ) {g otherwise.

Composition is addition in A4,. The tensor product is defined by
(xix)@(x/ix’) = (x+x/‘ia>/x+x’).

The associativity isomorphism is

(98) hy(x,p.2): (x+y)+z—=>x+(y+2),

the braiding isomorphism is

(99) hy(x|y):x+y—>y+x

and the 0 of By, is the (strict) unit object.

The equation in (46) follows from the symmetric cocycle condition (9%/),(x, y,z,1)=0
in (27). The coherence conditions in (48) and (49) hold because of the cocycle conditions
(@*h)u(x | y,z) =0 and (33h),(x, y | z) = 0, in (28) and (29), respectively. Also,
the equation in (47) holds thanks to the normalization condition of /4, . Since both B,
and A, are groups, objects and morphisms in Pc (B, 4, h), are invertible, whence
Pc (B, A, h), is actually a braided categorical group for any object u of C.

e Forany arrow 0: v— u in C, the braided functor 6*: Pc (B, A,h), — Pc (B, A,h)y
is given by
(100) (x %) 5 (0% x T4 o*x),
with the structure constraints
ho(x,9): 0*x+0*y > o*(x +y),
(100 a(x.¥) y (x+)
0: 0 — o ™0.

The symmetric 3—cocycle condition (334),(x, y,z) =0 in (31) implies the coherence
condition (55), whereas those in (56) hold thanks to the normalization of %, and (57)
holds owing to the cocycle condition (33/)y (x | y) = 0 in (32).
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. . . . . T (o
 The braided isomorphism 7*0*=>(07)* associated to each pair of arrows w—v—u
of C is given by

(102) hor(x): T80 x = (07)*x,

at any x € By,. This actually defines a braided isomorphism since the corresponding
conditions in (58) hold by the 3—cocycle equality (9°/1)4,¢(x, ¥) = 0 in (33), and by
the normalization condition of /.

The conditions in (62) and (63) are satisfied because the first-level 3—cocycle /4 is
normalized, and the coherence condition in (64) follows from the cocycle condition
(83h)g,,,y(x) =0 in (34). Consequently, Pc (B, A4, ) is actually a pseudofunctor of
braided categorical groups.

The assignment (B, A, 1) — Pc (B, A, h) is the function on objects of the 2—functor

(103) Pc: ¢, — Psd(C*®. BCG)
described below.

On the hom categories, the 2—functor P¢ carries any 1—cell (p,q, g): (B, 4,h) —
(B’, A’, ") to the braided pseudotransformation

(104) Pc(p.q.8): Pc(B, A, h) = Pc(B', A", I')
defined as follows:
e At any object u € C, the braided functor

Pc(p.q.8)u: Pc(B. A, h)y — Pc(B', A" 1)y

is given by

(105) (x5 x) > (pux = pux),

with the structure constraints

(106) gu(X, ¥): pux + puy = pu(x +y),0: 0 — p,0.
The coherence equations (55) and (57), that is,

gu(x,Y)+gu(x+y.2) +quhu(x.y.2) = hy(pux. puy, puz) +&u(y.2) + gu(x.y+2),
gu(x,Y)+quhu(x | y) = hy(pux | puy)+gu(y.x),

follow from the equality ¢«(h) = p* (k') + 0%g and (19) and (20), respectively. The
equation in (56) holds thanks to the normalization of g.
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e For each arrow o: v — u in C, the braided isomorphism

p i B u
Pe(B. Ay LT DB A ),

o > Jo*

Pc(B, A, h)y Pc(B', A, 1)y

Pc(p,4:8)v
is given by
(107) go(X): ppo™x — 0% pux,
at any x € B,,. The first coherence condition in (58), that is,

gv(U*va*.V) + quhe(x,y) + g (x +y)
= 2o (X) + 8o (¥) + hiy(pux. puy) + 0% gu(x. y),

holds owing to the equality g«(h) = p*(h’) + 3*>g and (21), whereas the second one
follows from the normalization condition g,(0) =0 of g.
The condition in (65), for Pc(p, q, g), is satisfied because the symmetric 2—cochain g
is normalized, and the coherence condition in (66), that is,

quho,c(x) + gor(x) = gr(07x) + g5 (x) + h:r,r(Pux)’
follows from the equality in g«(h) = p*(h’) + 0%>g and (22). Hence, Pc(p.q. g) is
actually a braided pseudotransformation.

If f:(p.q.8) = (p.q.8"): (B,A,h) — (B, A", I), is any 2—cell in Z2 |, then the
associated braided modification

(108) Pc(f): Pc(p.q.8) = Pc(p.q.8)
consists of the braided isomorphisms Pc (f)u: Pc(p. ¢, 2)u = Pc(p.q, g )u givenby
(109) Ju(x): pux = pux,

for any object u of C and x € By,. The first coherence equation in (58) for Pc(f)u,
that is,

g;(x, P+ fux)+ fu(y) = fulx + )+ gu(x, y),
holds because of the equality g = g’ + d' f and (15), whereas the second one follows
from the normalization condition f,(0) = 0. Thus, every Pc(f), is a braided iso-
morphism. Furthermore, the required coherence condition (67) for Pc ( f), that is, the
equality

g;’(x) + fu(07x) = 0" fu(x) + go (x),

follows from the equality g = g’ + d' f/ and (16).
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This makes complete the description of Pc . The verification that it preserves composi-
tions and identities, both vertical and horizontal, is easily done, and we leave it to the
reader. Therefore, Pc: Zé | — Psd(C°P, BCG) is a 2—functor.

Let us now observe that, when (B, 4, h) € Zé’z, that is, if /1 is a second-order 3—
cocycle, then the cocycle condition (334),(x || ¥) = 0 in (30) implies the relation
¢y,x €x,y = 1 for the braiding in every Pc (B, 4, h),. This means that Pc (B, 4, h)
is actually a pseudofunctor of symmetric categorical groups. Hence, the 2—functor Pc
restricts to a 2—functor

(110) Pc: 2, — Psd(C*®, 5CQ).

and we have the commutative diagram of 2—functors:

23, S Psd(C, SCG)
(111)
23 S Psd(CP, BCG)

Below is our key result in the matter here, from which the various later results about
the homotopy classification for braided and symmetric fibred categorical groups and
their homomorphisms are derived.

Theorem 7.2 For any given small category C, both realization 2 —functors Pc in(111)
are biequivalences. Therefore, they induce equivalences of homotopy categories

Ho Z% | = HoPsd(C®. BCG).  Ho Z} , = HoPsd(C™. SCG).

Proof When C = 1, the trivial point category, both 2—functors P = Py: 223 — SCG
and P="Py: Z 13 — BCG, are plainly recognized to be biequivalences from the results
by Sinh in [54, Section 1], about the classification of symmetric categorical groups
(where they are called Picard categories), and Joyal and Street in [41, Section 3], about
the classification of braided categorical groups. Then, for the general case where C
is any small category, the theorem follows since there are commutative triangles of
2—functors

z¢, = Psd(C®, 2}) 2},———>Psd(C*®, 2j)

N N

Psd(C°P, BCG) Psd(C°P, SCG)

where the horizontal isomorphisms are those in (96). O
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7.3 Classification of braided and symmetric C—fibred categorical groups

Recall, from (53) and (54), that BCG lc and SCG lc denote the 2—categories of
braided and symmetric C—fibred categorical groups, respectively. Theorem 6.15 and
Theorem 7.2 above jointly give the following main result.

Theorem 7.3 For any given small category C, both composite 2—functors f(C Pc in
the commutative diagram

P
z, fePe SCG ¢

(112) f vr

Jc Pc
Zé’l C—>BCQ¢C

are biequivalences. Therefore, they induce equivalences between the corresponding
homotopy categories

HoZ3 , > HoSCG

(113) [ [

HoZ¢. | —> HoBCG ..

It follows that, for any braided C —fibred categorical group P = (P, P, ®, I,a,r,l,c),
there is an object

(114) (0P, m P, h¥) e Ho 2¢ |
that is, two C—modules 7¢P, 7{P: C°? — Ab, and a first-level 3—cocycle
(115) h¥ e Z3 | (woP. 7, P)

such that there is a braided C—fibred equivalence
(116) Jo Pe(mP, m P hF) == P,

Such an object (oP, P, 2F) is unique up to isomorphism in Ho Z% |» and, more-
over, it belongs to Ho Zé , if and only if P is actually a symmetric C —fibred categorical
group.

For completeness, we shall next show how this complete invariant (114) can be built
from any given braided C—fibred categorical group IP. We start by choosing a cleavage
for the fibration P: P — C, say {xs: 0*x — x}, where specifically we choose
X1, = lx: x = x and, for any arrow o: v - u in C, ({u)e = Io: [v— lu.

u
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Then, for any object u of C,
e 1oP, is the abelian group of u—isomorphism classes of u—objects of P, where
addition is induced by the tensor product, that is, [x] 4+ [y] = [x ® ¥],

e 1P, is the abelian group of u—automorphisms in P of /u, where the operation
is composition.

If o: v — u is any morphism in C, then the homomorphism ¢*: 7yP, — 7oP, is
given by o *[x] = [0*x], whereas the homomorphism ¢*: P, — 7P, carries any
a: Tu — Tu to 0*a: Iv— Iv, the (unique) v—morphism in P making commutative
the square

o*a

Iv "% Iy

Io ) | 10

Tu——1Iu.

Now, in order to build the 3—cocycle AT, we additionally select

e arepresentative u—object Fy,(x) € x for each object u of C and any x € woPy,

e a morphism ¢,(x,y): F,(x) ® F,(y) > F,(x+y) in P, for each pair x,y €
JTO]P)ua

e amorphism in Py, ¢5(x): Fy(0*x) — o* F,(x), for each arrow o: v — u and
X e 7'[0Pu,

where, particularly, we take
Fu(0) =1Tu, ¢u(x,0)=rF,c), ¢u(0,x) =1F, 0. ¢1,X) =1F, 0> ¢o(0) = 17.
Then, by using the group isomorphisms by Saavedra [53, Section 1, (1.3.3.3)]

§ =8¢ m Py —> Autp, (F,(x)), u € ObC, x € Py,

which carry any a: Tu — ITu to the dotted arrow in the commutative square

Fu() ® Tu —2% F,(x) ® u

r| @ |

Fu) 0= Fy(x),

the first-level 3—cocycle hf e Z<3C (o, w1 P) is canonically deduced from the
associativity constraint, the braiding, the tensor product, and the composition in [P, as
follows:
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¢ for each object u of C and x,y, z € molP,, the (unique) element hf (x,y,2) €
1P, making commutative the diagram

(xy)®1 ou (x+y,z)

(Fu®) ® Fu(y) ® Fu@" 522 Fyx +y) ® Fu(2) Fubx+y+2)
a Fy (x). Fu(y). Fu(Z)j 5(hP(xyz))
Fu) ® (Fuly) ® Fu@) 22 F,00 ® Fuly + 2" 2 Fy x4y +2).

e for each object u of C and x,y € moP,, the element hf(x | y) € 71 P, making
commutative the diagram
Wu (Xsy)
Fu(x) ® Fyly) ———— Fulx+y)
€ Fu (. Fu(y) 8(hy, (x1y))

Ou(y,x) v
Fu(y) ® Fu(x) ™= Fu(y +x) = Fu(x+y),

o
e for each arrow v — u of C and x,y € ngP,, the element hf(x, y) € m1 Py,
making commutative the diagram

Foo™ 08 Fa(ay) 22800, o onp (Pl OE Do 0o
wv(a*x,a*y)l lwu(x,y)
Fy(o*x+a*y) Fulxty)
8(hE (x.y)
Fulo*txty) —2E ety — DT ey,

. T o
e for each pair of arrows w — v — u of C and x € 7P, the element hf’t(x) €
1P, making commutative the diagram

(Par( ) (Fu())or
Fy(t*0™x) Fy((01)*x) —— (07)* Fu(x) Fur(x)
or (a*x)l B(HE ()
Fy(0*x)) o (X F, (X))o v
* Fy(0*x) L@ Fy(0*x) #o ¢ o™ Fy(x) Fubdo F,(x).

Since the composition and tensor in P are unitary and / is a functor, the normalization
of h¥ follows from the naturality of the unit constraints, coherent condition (47),
and (51). The cocycle condition 3hP =0 in (31) follows from the associativity law
for morphisms in P. That 334 = 0 in (33) is a consequence of the fibred tensor
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product ®: P xc P — P being functorial. The equality 94F = 0 in (27) holds
because of the coherence pentagons (46), and 3hP =0 in (31) follows from the
naturality of the associativity constraints. The cocycle condition 3>4® = 0 in (28) and
(29) are verified owing to the coherence conditions (48) and (49). And, finally, the
naturality of the braiding implies that 3*4F = 0 in (32). If P is symmetric, then the
cocycle condition 3*4F = 0 in (30) follows from the symmetry equation (50). Hence
WP e Z%’I(JT()P, m1P), and AP € Zé’z(noP, m1P) if P is symmetric.

The braided C —fibred equivalence (116) is then realized by the normal braided C —fibred
functor f(cPC (molP, 1P, h¥) — P carrying an object (x, u) of chC (moP, 1 P, hT)
to F,(x) and a morphism («, 0): (y, v) = (x, u) to the composite in P of the morphisms

8(a) @0 (x) (Fu()o
Fy(y) = Fy(0*x) ———— 0" Fy(x)

Fu(y) Fu(x),

with the structure u#—isomorphisms @y (X,y): F,(x) ® F,(y) > F,(x+y).

Closely related to the categories of 3—cocycles Ho Z(é , and Ho Zé , are the categories
of 3—cohomology classes, 7—[(30 , and 7-[% , respectively, which play a fundamental role
in stating our classification theorem below. These categories are defined as follows:

Definition 7.4 Let C be any small category. The category ’Hé’l of first-level 3—
cohomology classes of C—-modules has objects triples (B, 4, k), where B, A: CP? —
Ab are C-modules and k € Hé’I(B, A). An arrow (p,q): (B, A, k) — (B', A", k)
consists of C—module homomorphisms p: B — B’ and g: A — A’, such that

p*(K') = qu(k) € HE (B, A).

The composition of arrows is given by componentwise composition of C-module
homomorphisms, that is, (p’,¢")(p.q) = (p'p.q'q).

The category of second-level 3—cohomology classes of C—modules,
Heo SHe s

is the full subcategory given by the objects (B, A, k) with k € H(é ,(B, A).

We are now ready to state the following theorem, where we summarize the classification
results for braided and symmetric C—fibred categorical groups (cf Joyal and Street [41,
Theorem 3.3], and Cegarra and Khmaladze [15, Theorems 22, 24: 16, Theorem 3.12]:
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Theorem 7.5 For any small category C, there is a commutative diagram of classifying
functors

cl 3
HOSEQ¢C - Hc,z P (molP, P, k3P),

(117)
[F]+ (mo F,m F),

HoBCG . —%> 3.

where k3P denotes the cohomology class of the 3—cocycle h in (115), which have
the following properties:

(i) For any object (B, A, k) of H(B’C | (resp. ’Hf’c , ), there is a braided (resp. symmet-
ric) C—fibred categorical group P with an isomorphism (7P, 7P, k3P) =~
(B, A, k).
(ii) For any isomorphism (p,q): (moP, 1P, k3P) = (woP’, w1 P/, k3P’), there is
an isomorphism [F|: P = P’ such that (moF, 71 F) = (p.q).
(iii) (o F, 1 F) is an isomorphism if and only if [ F|] is an isomorphism.

(iv) Forany (p,q): (moP, m P, k3P) — (moP’, m P/, k3P’), there is a bijection
{[F: P —> P’ | noF = p, 11 F = q} = Extyodc (0P, 71 P).

Proof The diagram of classifying functors (117) is obtained from the diagram of equiv-
alences of categories (113), by composing with the following diagram of cohomology
class functors

3 a3
Hofc,z He o (B, A, h) — (B, A,[h)).

Ho 23, — M3, (P.4.8) = (p.q),
where [h] denotes the cohomology class of /. Then, it suffices to prove the correspond-
ing statements to (i)—(iv) in the theorem for these cohomology class functors. Now, it is
quite obvious to see that both are full, surjective on objects, and reflecting isomorphism
functors. However, these cohomology class functors are not faithful. In fact, for any
given morphism (p, q): (B, A,[h]) — (B’, A’,[l]), there is a bijection

{lp.q.8): (B.A.h) > (B'. A".I)} = Extyoac (B. A').

To see this, fix any (p,q,g): (B, A,h) — (B’, A’, ). Then, each 2—cocycle g’ €
Zé,l(B, A’) gives rise to a morphism (p,q, g+ g'): (B, A,h) — (B’A’,}’), and any
other morphism with the same p and ¢ is necessarily written in such a form for some
2—cocycle g’. Moreover, both (p, ¢, g) and (p,q, g + g’) are homotopic if and only
if g/ = 9! f for some f € C((lj’1 (B, A’). This proves the bijection above, since, by
Theorem 5.3, Hé’l (B, A") = Extymod. (B, A'). ]
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If, for any C-modules B, A: C°? — Ab, we denote by
BCG .[B. A]

the set of isomorphism classes in Ho BCG | . of those braided C —fibred categorical
groups P with 7olP = B and 7;IP = 4, and

SCG,.[B. A]

the set of isomorphism classes in HoSCG | . of those symmetric C—fibred categorical
groups P with molP = B and =[P = A4, then, as consequence of Theorem 7.5 above
and Corollary 4.1, we have the theorem below.

Theorem 7.6 For any C-modules B, A, and any integer r > 2, there are natural

identifications
HE (B, A) = BCG.[B. Al.

HR ,(B.A) = H} (B.A) = SCG,.[B. Al.

A symmetric C—fibred categorical group P = (P, P,®, I,a,r, 1, c) is called a strictly
commutative Picard C—fibred category by Deligne [21, Definition 1.4.2] whenever its
symmetry constraint satisfies

Cx,x = lxex

for any object x of P. If, for any C—modules B, A: C°? — Ab,
Pic [B, A] < SCG [B, A]

denotes the subset defined by those strictly commutative Picard C —fibred categories P
with molP = B and 7P = A, then a well-known result by Deligne [21, Proposition
1.4.15] states that there is a natural identification

Picy.[B, A] = Extyyyq.. (B, A).
Hence, in this way, one achieves natural inclusions
ExtRioar. (B, 4) € HZ 5 (B, A) € HE (B, 4).

We shall end by remarking that these inclusions are, in general, strict despite the
equalities H(é (B, A) = Hompedc (B, A) and Hé (B, A) = Extmodc (B, 4), stated
in Theorem 5.1 and Theorem 5.3, respectively.

In effect, let us take C =1, the trivial category with only one arrow. Then, the category
of C-modules is simply Ab, the category of abelian groups. In the case where B
is the cyclic group Z, of order 2 and A is the cyclic group Z4 of order 4, we have
Extib(Zz, Z4) = 0 since, in the category of abelian groups, all groups Ext}, (B, A)
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vanish for n > 2, while H23 (Z4,7Z4) = 7Z,, by Eilenberg and Mac Lane, [29, Theorem
27.1], and H13 (Z,7.4) = Z4, by [29, Theorem 26.1 and (13.6)].
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