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On the universal s/, invariant of boundary bottom tangles

SAKIE SUZUKI

The universal s/, invariant of bottom tangles has a universality property for the
colored Jones polynomial of links. A bottom tangle is called boundary if its compo-
nents admit mutually disjoint Seifert surfaces. Habiro conjectured that the universal
sl, invariant of boundary bottom tangles takes values in certain subalgebras of
the completed tensor powers of the quantized enveloping algebra Uy (s/;) of the
Lie algebra s/;. In the present paper, we prove an improved version of Habiro’s
conjecture. As an application, we prove a divisibility property of the colored Jones
polynomial of boundary links.

57TM27; 5TM25

1 Introduction

In the 80s, Jones [9] constructed a polynomial invariant of links. After that, Reshetikhin
and Turaev [20] defined an invariant of framed links whose components are colored
by finite dimensional representations of a ribbon Hopf algebra. The colored Jones
polynomial is the Reshetikhin—Turaev invariant of links whose components are colored
by finite dimensional representations of the quantized enveloping algebra Uy (sl5).

The universal invariant associated with a ribbon Hopf algebra is an invariant of framed
links and tangles whose components are not colored by any representations; see
Hennings [8], Lawrence [13; 14], Reshetikhin [20], Ohtsuki [19], Kauffman [11]
and Kauffman and Radford [12]. The universal invariant has the universality property
for the Reshetikhin—Turaev invariant. By the universal sl, invariant, we mean the
universal invariant associated with Uy (s/,). In particular, one can obtain the colored
Jones polynomial from the universal s/, invariant.

A bottom tangle is a tangle consisting of arc components in a cube such that each
boundary point is on the bottom line, and the two boundary points of each component
are adjacent to each other; see Figure 1(a) for example. We can define the closure link
of a bottom tangle; see Figure 1(b). For each link L, there is a bottom tangle whose
closure is L. In [5], Habiro studied the universal invariant of bottom tangles associated
with a ribbon Hopf algebra, and in [7], he studied the universal s/, invariant in detail.
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Figure 1. (a) A bottom tangle 7' (b) The closure link of 7'

The universal s/, invariant of n—component bottom tangles takes values in the com-
pleted n—fold tensor power Uy, (sl5)®" of Uy (sl,). By using bottom tangles, we can
restate the universality of the universal s/, invariant: the colored Jones polynomial of
alink L is obtained from the universal s/, invariant of a bottom tangle whose closure
is L, by taking the quantum traces associated with the representations attached to the
components of links (cf [5]).

We are interested in relationships between the algebraic properties of the colored Jones
polynomial and the universal s/, invariant and the topological properties of links and
bottom tangles.

Eisermann [2] proved that the Jones polynomial of an n—component ribbon link is
divisible by the Jones polynomial of the n—component unlink. Habiro [4] generalized
this result to links which are ribbon concordant to boundary links. Habiro [7] also
proved that the universal s/, invariant of n#—component, algebraically split, 0—framed
bottom tangles takes values in certain small subalgebras of the completed tensor
powers of Uy (sl,), and gave a divisibility property of the colored Jones polynomial of
algebraically split, 0—framed links.

In [23], the present author proved improvements of Habiro’s results for algebraically
split, O—framed bottom tangles and links, in the special case of ribbon bottom tangles
and ribbon links.

In the present paper, we study the universal s/, invariant of boundary bottom tangles.
A bottom tangle is called boundary if its components admit mutually disjoint Seifert
surfaces; see Figure 2 for example. We can obtain each boundary link from a boundary
bottom tangle by closing. Habiro [7] conjectured that the universal s/, invariant of
boundary bottom tangles takes values in certain subalgebras of the completed tensor
powers of Uy(sl,). We prove an improved version of Habiro’s conjecture (Theorem 1.2),
and give a divisibility property of the colored Jones polynomial of boundary links
(Theorem 1.6).
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Figure 2. A boundary bottom tangle

1.1 Main result

The quantized enveloping algebra Uy = Uy (sl;) is an h—adically completed Q[[/]-
algebra (see Section 2.2 for the details). We set ¢ = exp h.

Habiro [7] proved that the universal s/, invariant J7 of an n—component, algebraically
split, O—framed bottom tangle 7" is contained in the Z[q, q ~!1—subalgebra (Z/Iev)‘g’"
of Uj &1 In [23], we defined another Z[q, g~ ']-subalgebra Uy Jevy~®n (ueV)@m
and prove the following theorem. (See Section 2.3 for the definition of U v, and see
Sections 6.1-6.4 for the definition of the completion (U, eV)A®" of (Ug e")®” J)

Theorem 1.1 [23] Let T'_be an n—component ribbon bottom tangle with 0—framing.
Then we have Jr € (U;V)’@".

The main result of the present paper is the following.

Theorem 1.2 Let T be an n—component boundary bottom tangle with 0—framing.
Then we have Jr € (UqCV)A‘X’".

Remark 1.3 Habiro [7, Conjecture 8.9] conjectured Theorem 1.2 with (U eV)A®"
replaced with the Z[q, ¢~ !]-subalgebra Uy ey~ ®" which includes (% eV)A®” The
definition of our algebra (U evy~®n appears to be more natural than that of (U vy~ ®"

though we do not know whether the inclusion (U eV)A®" C (U vy ®n i proper or not.

Since every 1—component bottom tangle is boundary, Theorem 1.2 for n = 1 gives a
possible improvement of the following theorem.

Theorem 1.4 (Habiro) Let T be an 1—component bottom tangle with 0—framing.
Then we have Jr € (Ug")".
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Theorem 1.4 follows from [7, Theorem 4.1] and the equalities
Inv(lUy") = ZWU) = Z((U5*)),

which is implicit in [6, Section 9]. Here, for a subset X C Uy, we denote by Inv(X)
the invariant part of X, and by Z(X) the center of X .

If we use the one-to-one correspondence described in [5, Section 13] between the set of
bottom tangles and the set of string links, then we can define the Milnor p invariants
[17; 18] of a bottom tangle as that of the corresponding string link. See [3] for the
Milnor p invariants of string links. In fact, all the Milnor p invariants vanish both
for ribbon bottom tangles and for boundary bottom tangles. It is natural to expect the
following conjecture.

Conjecture 1.5 Let T' be an n—component bottom tangle with 0—framing with van-
ishing all the Milnor v invariants. Then we have Jr € (quV)A@".

The converse of Conjecture 1.5 is also open.

1.2 Application to the colored Jones polynomial

We give an application (Theorem 1.6) of Theorem 1.2 to the colored Jones polynomial
of boundary links. This result is parallel to the result in [23] for ribbon links.

We use the following g—integer notation:
{i}q = ‘]i -1, {i}q,n = {i}q{i - 1}q i —n+ l}q» {n}q! = {”}q,na
il =t/ Mg la! =[lalr =g+ Wa [ ] = tidg/tnig!

fori eZ,n>0.

For m > 1, let V}, denote the m—dimensional irreducible representation of Uy, . Let
‘R denote the representation ring of Uy over Q(¢'/?), ie, R is the Q(q'/ 2)—algebra

R = Spang,1/2){Vim | m = 1}

with the multiplication induced by the tensor product. It is well known that R =
Qg [val.
For / > 0, set l
-1
P = H(Vz _qi+1/2 _q—i—1/2) eR.
i=0
= q(1/2!

/

Pr=——P R,
ATV
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which are used in [7] to construct the unified Witten—Reshetikhin—Turaev invariants for
integral homology spheres. We denote by J; .5, i the colored Jones polynomial

......
of L with i —th component L; colored by i’}’i . Habiro proved that Theorem 1.2 implies
the following result.

Theorem 1.6 [7, Conjecture 8.10] Let L be an n—component boundary link with
0—framing. For [ > 0, let I; denote the ideal in Z[q, q~'] generated by {I —k}4!{k},!
fork =0,...,1. Forly,...,I, >0, we have

Iy 5 5 e — 2V oo I
L’Pll""’Pln {l}q I l; I
where j is an integer such that [; = max{/;}1<j<n, and flj denotes the omission of Il]. .

Remark 1.7 For m > 1, let &, = Hd|m(qd — 1)#m/d) ¢ 7]4] denote the m—th
cyclotomic polynomial, where | | d|m denotes the product over all the positive divisors d
of m, and p is the Mobius function. In [22], we proved that for / > 0, the ideal [;
is the principal ideal generated by [[,,,>, CDZQ"” with t; ,, = max{0, [(/ +1)/m] —1},
where, for r € Q, we denote by |r | the largest integer smaller than or equal to 7.

Theorem 1.6 is an improvement of the following result in the special case of boundary
links.

Theorem 1.8 (Habiro [7, Theorem 8.2]) Let L be an n—component, algebraically

split link with O—framing. For [1,...,[, > 0, we have
20+ 13g,0,+1 1
A T

where j is an integer such that [; = max{/;}1<i<p-

1.3 Examples

Let Tp be the Borromean bottom tangle depicted in Figure 3(a), whose closure is
the Borromean rings. Since we have Jr, ¢ (l7qu)A®3 (cf [23]), it follows from
Theorems 1.1 and 1.2 that the Borromean rings is neither boundary nor ribbon, as is
well known.

More generally, for n > 3, let M, be Milnor’s n—component Brunnian link depicted
in Figure 3(b). Note that M3 is the Borromean rings. Since there is a nontrivial
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Milnor p invariant of M, of length n (cf [17]), M}, is neither boundary nor ribbon.
We can prove this fact also from Theorem 1.6 and

Tnigipr By = CD" T 2TERR1(g) 2 02(9)" 2 @3 () Ra(g)"
£ D1(q)" P29 P3()ZIg, 7],

which we will prove in a forthcoming paper [21].

(a) (b)
Figure 3. (a) Borromean rings (b) Milnor’s link M,

1.4 Organization of paper

The rest of the paper is organized as follows. Section 2 contains preliminary results
about bottom tangles, the quantized enveloping algebra Uy, and the universal s/,
invariant of bottom tangles. In Section 3, we recall from [7] Habiro’s formula for the
universal s/, invariant of boundary bottom tangles, and then give a modification of his
formula. In Sections 4, 5, and 6, we prove Theorem 1.2.

2 Preliminaries

In this section, we give preliminary results about bottom tangles, the universal envelop-
ing algebra Uy, and the universal s/, invariant of bottom tangles.

2.1 Bottom tangles and boundary bottom tangles

A tangle (cf [10]) is the image of an embedding

(]_[o 1]) (]_[Sl) < [0, 1P,

with m,n > 0, whose boundary is on the two lines [0, 1] x {%} x {0, 1} on the bottom
and the top of the cube; see Figure 4(a) for example. We equip the image with both an
orientation and a framing. Here, at each boundary point, the framing is fixed on the
lines [0, 1] x {%} x {0, 1} as in Figure 4(b), where the thin arrows represent the strands
of the tangle, and the thick arrows represent the framing.
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(®)
Figure 4. (a) A tangle (b) The framing on the boundary

A bottom tangle (cf [5; 7]) is a tangle consisting of arc components such that each
boundary point is on the line [0, 1] x {%} x {0} on the bottom, and the two boundary
points of each component are adjacent to each other. We give a preferred orientation of
the tangle so that each component runs from its right boundary point to its left boundary
point. For example, see Figure 5(a), where the dotted lines represent the framing. We
draw a diagram of a bottom tangle in a rectangle assuming the blackboard framing;
see Figure 5(b).

For each n > 0, let BT, denote the set of the ambient isotopy classes, relative to
boundary points, of n—component bottom tangles.

The closure link cl(T) of a bottom tangle 7T is defined as the link in R* obtained
from 7" by closing; see Figure 1 again. For each n—component link L, there is an
n—component bottom tangle whose closure is L. For a bottom tangle, we can define
its linking matrix as that of the closure link.

A Seifert surface of knot K is a compact, connected, orientable surface F in R3
bounded by K. An n—component link L = L; U---U L, is called boundary if it
has n mutually disjoint Seifert surfaces Fi,..., Fy in R3 such that L; bounds F; for
i=1,...,n.

Figure 5. (a) A 3—component bottom tangle 7" (b) A diagram of T

For a 1—component bottom tangle 7 € BT, there is a knot K7 =T Uy €0, 1]3,
where y is the line segment in the bottom [0, 1] x {%} x {0} such that dy = dT .
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A Seifert surface of a 1-component bottom tangle 7" is a Seifert surface of the knot K
contained in [0, 1]*. A bottom tangle 7" = T U---U T}, is called boundary if it has n
mutually disjoint Seifert surfaces Fy, ..., F, in [0, 1] such that Kr, bounds F; for
i =1,...,n. For example, see Figure 2 again. Obviously, for each boundary link L,
there is a boundary bottom tangle whose closure is L.

2.2 Quantized enveloping algebra U,

We recall the definition of the universal enveloping algebra Uy, (s/;) of the Lie alge-
bra s/, and its ribbon Hopf algebra structure. We follow the notation of Habiro [7].

We denote by Uy, = Uy(sl,) the h—adically complete Q[A]—algebra, topologically
generated by H, E, and F, defined by the relations

K- K1
HE—-FEH=2FE, HF-FH=-2F, EF—FF=—w———,
ql/z_q—l/z
where we set
hH
q =exph, K=qH/2=exp—2.

We equip Uy, with the topological Z—graded algebra structure such that deg £ =1,
deg F = —1, and deg H = 0. For a homogeneous element x of Uy, the degree of x
is denoted by |x]|.

There is a complete ribbon Hopf algebra structure on Uy, as follows. The comultiplica-
tion A: Uy, — U, ®Uy, the counit &: Uy, — Q[4]), and the antipode S: Uj, — Uy, are
given by
AH)=H®1+1®H, &H)=0, S(H)=-H,
AE)=EQ1+KQE, &E)=0 S(E)=-K'E,
A(F)=F®K '+1®F, &F)=0, S(F)=-FK.

Set

(1) D =qU/MHSH _ o (i @ H) e US?,
) F® = F"K" /In]y! € Up,

3) e=(q'"?—q7"ME €Uy,

for n > 0.
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The universal R—matrix and its inverse RT! € U,QUj, are given by
R=DY q/2mo=0 o g—n g on,
n=0
R'=D7' Y (-1)"FW g K™"e",
n=0

We have R*! = > n>0 a;f ® BE, where for n > 0, we set formally

tn ® (= oF ® BiF) = D(q1/Dnn=D) F) k= @) o).

@y ® By = D7H(=1)"F™W @ K™"e").
Note that the right hand sides are infinite sums of tensors of the form as x ® y with
x, y € Uy. We denote them by a,:l': ® ,8,:,': for simplicity.

The ribbon element and its inverse r*!

r= Z(x;K_I,B; = Zﬂ;Ka;, = ZanKﬂn = Z,@nK_lan.

n=0 n=0 n=0 n=0

€ Uy, are central elements given by

We use a notation D =Y D’ ® D”. We use the following formulas.

€y > D"®D =D,

©) (A®1)D = D3 D3, (1® A)D = Dy3 D13,

(©6) (e®1)(D)=1=(1®¢)(D),

0 (1®S)D=D""=(S®1)D,

®) D1 ®x)=(K* ®x)D, D(x®1) = (x® KD,

where D13=) D'®1® D", D,3=1® D, D1, =D®]1, and x € U, homogeneous.

2.3 Subalgebras of Uy

In this section, we recall from [7] the subalgebras Uy, 4, l_]q and quv of Uj. Recall
from (2) and (3) the definitions of F™ € Uy, and e € Uy, respectively. Similarly, set

E® = (g™ E)" /Inly! € Uy,
S =(@—-1)FK Uy,

for n > 0.

Let Uz 4 denote the Zl[q, g~ ']-subalgebra of U} generated by K, K~!, E®  and
F® forn>1.

Algebraic & Geometric Topology, Volume 12 (2012)
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Let Uq denote the Z[g, g~ !]-subalgebra of Uz , generated by K, K~!,e and f. Let
(7;" be the Z[q, g~ ']-subalgebra of Uq generated by K2, K=2, ¢ and f.
Remark 2.1 Fori €Z,n >0, set
1/2 q —i/2
[il= W [n]! = [n]---[1].

Let Uz be the Z[q'/?, ¢~ 1/2]-subalgebra of U, generated by K, K~', E® =
E"/[n]!, and F® = F"/[n]! for n > 1 (Lusztig’s integral form; cf [15]). We have

Uz = UZq ®Z[q g~ 1] Z[ql/z 1/2]-

Let U be the Z[g'/2, g~'/?]-subalgebra of U, generatedby K, K~ !, (¢1/2—¢~V/2)E
and (¢'/2 —g~'/2)F (cf [1]). We have

l_] — Uq ®Z[q,q—1] Z[ql/Z’q—l/Z].

There is a Hopf Z[q, ¢~ !]-algebra structure on Uz, 4 inherited from Uy, (cf [15; 23]).
We have

m
) A(E(m)) — Z EMm=0 i ® E(j)’
j=0
~ m ~ . . ~ .
(10) A(F(m)) — Z Fm=i) ki ® F(j),
j=0
(12) S:|:1 (ﬁ(m)) — (_l)mq—(l/Z)m(m:Fl)K—m f(m)’

for i € Z,m > 0. Similarly, there is a Hopf Z[g, ¢~ !]-algebra structure on Uq inherited
from Uy, (cf [1; 7]).

Let U, 9 denote the Cartan part of Uy, ie, the subalgebra of Uj, topologically generated
by H Let U 9 denote the Z[g,q ']~ subalgebra of Uq generated by K and K~1. Let
Uy, 7¢'0 be the Z[q ¢~ !]-subalgebra of Uq generated by K2 and K—2. We have

Ul =U0,nUp, U8 =0"nU..
2.4 Adjoint action

In what follows, we use the following notation. For m > 0, let Ay, > U h‘g”"
denote the m—output comultiplication defined by Al = ¢ Al = idy,, , and

Alm] — (A ®id§l:"_2) o Alm=11,

Algebraic & Geometric Topology, Volume 12 (2012)
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for m > 2. For x € Uy, m > 1, we write
A[m](x) — ZX(I) ® -+ ® X(m)-
For mq,...,m; >0, set
(13) Almomil = Almil g .. @ Almil. 81 U,?”“*"'*’"'.
We use the left adjoint action ad: U,®Uj, — U}, defined by
(14) ad(x® ) = x>y =Y x1)rS().

for x, y € Uy. We use the following proposition.

Proposition 2.2 [23, Proposition 3.2] Fori =0, 1, we have
Uzqv> KUY C KU

We also use a right action ad: U,®Uj, — Uy, which is the continuous Q[[4]—linear
map defined by

ad(y ®@x) =y<ax:= ZS_I(X(z))yX(l),
=> 87' @) y.

for x, y € Uy. Proposition 2.2 implies the following.

Corollary 2.3 Fori =0, 1, we have
K qu" aUz,q4 C K U;".

2.5 Universal s/, invariant of bottom tangles

For an n—component bottom tangle 7" =77 U---U T, € BT, , we define the universal
sl invariant Jp € U h®” as follows (see Ohtsuki [19] and Habiro [5]).

We choose and fix a diagram of 7" obtained from the copies of the fundamental tangles
depicted in Figure 6, by pasting horizontally and vertically. We denote by C(T') the
set of the crossings of the diagram. For example, for the bottom tangle B depicted in
Figure 7(a), we can take a diagram with C(B) = {c1, ¢»} as depicted in Figure 7(b).
We call a map

s:C(T) — {0,1,2,...}

a state. We denote by S(7') the set of states of the diagram.
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\\ /\/U/\

Figure 6. Fundamental tangles, where the orientations of the strands are arbitrary

Figure 7. (a) A bottom tangle B € BT, (b) A diagram of B (c) The labels
which are put on the diagram of B

Given a state s € S(T'), we attach labels on the copies of the fundamental tangles in
the diagram following the rule described in Figure 8, where “S’” should be replaced
with id if the string is oriented downward, and with S otherwise. For example, for
a state t € S(B), we put labels on the diagram of B as in Figure 7(c), where we set
m=t(cy) and n =t(c,).

U K S/(Ots(c);'\ S/(ﬁs(c)) /
ot m N o)y NS B

Figure 8. How to place labels on the fundamental tangles

We define an element Jr s € U, hé’” as follows. The i —th tensorand of Jr 4 is defined
to be the product of the labels put on the component corresponding to 7;, where the
labels are read off along 7; reversing the orientation, and written from left to right.
We identify the labels S’ (aii) and S’ (,Bii) with the first and the second tensorands,
respectively, of the element S’ (ozii) ®S’ (,BZi) eU }?2. Also we identify the label K +1
with the element K*! € U,. Then, JT,s is a well-defined element in Uh®”. For
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example, for the state 1 € S(B) with t(c;) = m and t(cp) = n, we have

JB,t = S(otm)S(Bn) @cn Bm
— Z q(l/2)m(m—1)q(1/2)n(n—1)S(D/1 ﬁ(m)K—m)S(Dlz/en)(gD/zﬁ(n)K—n D/l/em
— (_1)m+nq—n+2mnD—2(F"(m)K—2n€n®ﬁ(n)K—2mem) c U®2,

where D =) D| ® D] =} D), ® D}. Note that Jr,; depends on the choice of the
diagram.

Set Jr = Z JT,s.
seS(T)
For example, we have
Z Jps = Z (—1)ym+ng=n+2mn p=2( F(m) g=2n,n g ) g=2mm)
teS(B) m,n=0

As is well known [19], J7 does not depend on the choice of the diagram, and defines
an isotopy invariant of bottom tangles.

3 Universal invariant of boundary bottom tangles

In this section, we recall Habiro’s formulas for boundary bottom tangles at the topo-
logical level (Proposition 3.1), and at the algebraic level on the universal s/, invariant
(Proposition 3.3). Then, we modify these formulas into a form more convenient for
our purpose. In the last section, we give an outline of the proof of Theorem 1.2.

In what follows, we use the following notation. Let n: Q[[4]] = U}, be the unit morphism
and u: U®2 — Uj, the multiplication of Uj,. For g > 0, let ul¢l: U®g — Uy, denote
the g—1nput multiplication defined by /L[O] =, [L[l] =1dy, , and

M[g] - M[g 14 (1 ®1d®g 2)’
for g > 2. For g{,...,2, >0, set
15) pletgnl = el g .. g g lenl. Ul§g1+...+gn N U}?n'

3.1 Habiro’s formula (topological level)

Let T =T, U---UT, € BT, be a boundary bottom tangle and F7y,..., F,, mutually
disjoint Seifert surfaces such that dF; = K7, fori =1,...,n. We can arrange T with
the surfaces Fi,..., Fy as depicted in Figure 9, where the dotted lines in the rectangle
represent a tangle D(7”) which may intertwine, while the bottom half is precisely
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as depicted. Note that D(7”) is obtained from a bottom tangle 7’ € BT, by first
duplicating each component and then reversing the orientation of the inner component
of each pair of duplicated components. Here g = g1 +---+ g, with g; = genus(F}).

D(T")

B P00

Figure 9. How to arrange Seifert surfaces

Let yjp be the tangle as depicted in Figure 10(a). For U € BT54, g = 0, let Yb®g U)
be the bottom tangle obtained from D(U) by gluing y,‘)g’g to the bottom as depicted in
Figure 10(b). Here, as usual, the tensor product of tangles is obtained by placing them

side by side.

|
.,\ ,\ N ,\:

(a) (b)
Figure 10. (a) yp (b) Yb®g(U) € BTy for U € BTy,

For g > 0, let ,u[g] be the tangle as depicted in Figure 11(a). For g,..., g, >0, set
[gla"'agn] — /Jl/[bgl] ® .. ® /»L[bgn]~

For V€ BTg, 1..4g,,let [L[gl’ ’g"](V) € BT, be the bottom tangle obtained from V'
by gluing the product i, g1:-8n] 45 the bottom as depicted in Figure 11(b).

The above argument implies the following result, which appeared in the proof of [5,
Theorem 9.9].
Proposition 3.1 (Habiro [5]) For a bottom tangle T' € BT, the following conditions
are equivalent.
(1) T is a boundary bottom tangle.
(2) There is a bottom tangle T' € BT»,, g > 0, and integers gy,...,8n > 0
satisfying g + -+ gn = g, such that

(16) T = M[gl ----- g”]Yb®g(T/).
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. Vi
2g endpoints g1 g |
V —— —_—
[g]_/_b [g1,-58n] _i"'..."‘ ,"'...,'\\5
pp = W Iy (V)= o R
n
(a) (b)

Figure 11. (2) pp (b) ul¥V"""(V') € BT, for V € BTy, 4.1,

3.2 Habiro’s formula (algebraic level)

Recall from [5, Proposition 9.7] the commutator morphism Yg: H @ H — H for a
ribbon Hopf algebra H . In the present case H = Uy, the morphism Yy, : UpQU, — Uy,
is the continuous Q[/A]-linear map defined by

Yo, (@) = 3 x e (BeS (@ 1)) ) @ > o
k>0

for x,y € Uy.
Lemma 3.2 (Habiro [5]) (i) For each bottom tangle T € BT,g, g = 0, we have
be®g(T) = Yﬁg(JT).
(ii) For each bottom tangle T' € BTg, t..+g,, &1,--.,8&n = 0, we have

— [glw"sgﬂ]
1y gn](T) 2 (JT)

Proposition 3.1 and Lemma 3.2 imply the following.

Proposition 3.3 (Habiro [5]) For a boundary bottom tangle T € BT, and a bottom
tangle T' € BT, satisfying (16), we have

3.3 Modification of Habiro’s formula (topological level)

In this section, we modify Proposition 3.1.

We decompose the operator Yb®g : BT, — BTy into the two operators vgbg BTy —
vl;@g(B T5g) and Yb®g: vl;@g (BT>g) — BTy as follows.
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Let vp, be the tangle as depicted in Figure 12(a). For U € BT5g, g >0, let U= vl;@g(U)
be the 2g—component (nonbottom) tangle obtained from U by gluing vgbg to the
bottom as depicted in Figure 12(b).

Set Yb@’g(ﬁ) = Yb®g(g). Note that I_’b‘g’g(ﬁ) = ME)4""’4](D((7)) as depicted in
Figure 12(c), where D(U) is defined in a similar way to that for bottom tangles.

\ /

:lM U_ """"""""" J \‘ TPe0) = LW) w)

Figure 12. (a) v, (b) U = vREU) () Y®g(U) € BT,

By the definitions, we have ¥, #¢ = Y,®€ 0v®# Thus, we can modify Proposition 3.1
by replacing (2) with (2°) as follows.
Proposition 3.4 For a bottom tangle T € BT,,, the following conditions are equivalent.

(1) T is a boundary bottom tangle.

(2’) There exist a 2g —component tangle T e vgz’g(Bng), g > 0 and integers
g1,...,8n > 0 satisfying g1 + -+ + gn = g, such that

For a boundary bottom tangle 7" € BT,,, we call (T; g1,....8n) asin (2°) a boundary
data for T .

3.4 Modification of Habiro’s formula (algebraic level)

In this section, we modify Proposition 3.3.

Let Y: U,®Uj, — Uy, be the continuous Q[]-linear map defined by
(17 Y(x®y) =) xyKS(re)KSCx)ra),

for x,y € Uy.

Note that we can define the universal s/, invariant J7 € U, h®2g of atangle 7' consisting
of arc components in a similar way to that of bottom tangles (cf [5]).
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Proposition 3.5 Let T € BT, be a boundary bottom tangle and (T 181,....8n) a
boundary data for T'. We have

Jr = M[gl,u-,gn]?@g(tjf).

Proof By Proposition 3.4 and Lemma 3.2(ii), it is enough to prove that
- —YV® ~
J)_/b®g(T) =Y g(JT)
for T e vgz’g(BT2g).

Let W = W;U---UW, be atangle which consists of arc components whose boundary
points are all on the bottom. For i = 1,...,n,let (1®71® Ay ® 19771)(W) be the
tangle obtained from W by duplicating W;, and (1®~1 ® S, ® 1%77%)(W) the tangle
obtained from W by reversing the orientation of W;.

It is well-known that
J®i-1gA,@19n—iyWw) = (1271 AQ 12" ) (Jy),
J(1®i_1®Sb®l®’1_i)(W) = (1®i_1 & § ® 1®n_i)(Jw),

where §(x) = K S(x) for x € U, (cf[5, Section 7.5], where k =}, - S(Bn)atnr 1 =
K~ in the present case).

Note that D(T) = (1 ® Sb)®gA?2g(f) by the definitions. Thus, if we write Jz =
Y X1 ®: ® Xzg, then we have

Toid = (1@ 5)®EA® (J5)
= le(l) ® KS(x1(2)) ® X2(1) ® KS(x2(2)) ® -+ ® X2g(1) ® KS(x24(2))-

Recall that we obtain Y, b®g (T) from D(T) by gluing /L[b4 """ 4 This implies

be®g(f) = ZX1(1)KS(Xz(z))KS(Xl(z))X2(1)®
@ Xog 1 () KS(X242) KS(X2g—1(2))X2¢ (1)
= I_’®g(J7:).

See Figure 13 for an example with g = 1.

Hence we have the assertion. O
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X1 2() (T
,‘___“ ’—‘--(—§N\
):1_ )2 S KS(x1(2) KS(x22))
S i LN ':
| N | - ~ 1 ” \\:\:', \‘ .
Fooroo Yo(T)=|: NN ! !
Jp=2x1®x2 Iy, @ = 2 X110 KS(x22) KS(x1(2))X2(1)

Figure 13. T € BT 5, Yy (T ) € BT and their universal s/, invariants

3.5 Commutator maps

In this section, we study the commutator map Y of Uj,.

Let Y: U,®Uy, — Uy, be the continuous Q[[4]-linear map defined by

Yx®p) =Y xS~ (r@)SEx@)ya)-

for x, y € Uy. Note that

(18) Yx®oy) =Y (xS (re)ra
(19) = ZX(D(S(X(z)) 4y)
(20) =Y xS > S(x@)).

By the following lemma, we can study Y by using Y, > and <.

Lemma 3.6 For x, y € U, we have
Yxr®y) =) Y(xa) ®ye)((xe) > K <ym)).

Proof We have
Yx®y) =) x1yKS(@)KS(x@)ya)
=> xS ) KAS(x@2) )
= xS (1) S(x@)x 3 K> S(x@) vy
=Y xS @) Sy ST )X K S (x@y)ya)
=Y Y (xa) ® yo)((x@ > K*) < y)).

where the second identity follows from Kz = S™2(z)K for z € Uj,. a
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The rest of this section is devoted to studying the map Y.

Lemma 3.7 For x, y,z € Uy, we have

2D Y(xy®z) =Y (xa1)> Y (¥ ®z2))Y (x2) ® 2(1)).
(22) Y(x®yz) =Y Y(xa) ®z) (Y (x@) ® ) a2(1)).

Proof We have
Y(xy®z) =Y (x»nS ' a)S((x») @)z
=Y x1yymS T @) S (@) S(x@)z)
= xayymS T Cw)S(r@)z3)S T @) S(xe)zq)
=Y x1yymS T Cw)S @)z S (x@)x3) S T (2@) S (x@)zq)
=) (Y ®z))Y (@) ® z(1)-
Similarly, we have
Y(x®yz) =Y xS () @)Sx@)(r2)a)
=Y xS C@w)Sx@)z3)S T ze)x3) S T (@) S (@) ya)za)
=) Y@ ®20) (Y (x@) ® ») <2(1))- O

Lemma 3.8 Forx,yeU 0 we have

Y(x® )= e(x)a(p).

Proof It is enough to prove
Y(Hm ® Hn) = 8m,05n,0»

for m,n > 0. By using the formula

m
A(H™) = Z(’f )Hi ® H",
i=0
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for m > 0, we have

e m = 303 (M) (M) iy

i=0j=0
“ m “ n
_ 1N\ _1\J _1\m gn+m
—(Z( 1)(,.))(Z( D (j))( D" H
i=0 j=0

:5n,08m,0- o
Lemma 3.9 We have
(23) Y(Uzq®Uy) C U,
(24) ¥ (U, ®Uszg) C TS

Proof We prove (23). Then (24) is similar. Note that

(25) (1®S*HAU,) c P (K'U @ K T,
i=0,1

since we have

26) (1@ STHAKTH) = KT @ KF!,

n
27) 1® Sil)A(ﬁ(”)) — Z(_l)nq—(1/2)n(n:F1)ﬁ(n—j)Kf QK ﬁ(i),
j=0
(28) (1®STHA(e)=e®1—g/DIFD g g K~ 1e,

Then, (18) and (25) imply

Y(Uzg®Up) C Y (UzqvK'UMHK'TY.
i=0,1
By Proposition 2.2, we have
> (Uzge K'UMKUS € Y (KU (KT c U
i=0,1 i=0,1

This completes the proof. a

In what follows, we use the notation D! =3 D/, ® 3" D/,
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Lemma 3.10 We have

(29) > Y(Uzg®U)DL)®Y (U, ® U DY) C (U2,
(30) > Y(Uzyg®U)DL)®Y(ULDL ®@Uy) C (US)®2,
31 Y YU)DL®Uz4)®Y (U, ® U DY) C (U2,
(32) Y Y (UIDL®Uzg)®Y (UL DL ®Uy) C (T2

Proof First, we prove (30) with D. Let us assume a weaker inclusion
(33) > Y(Uzg®D)RY (D' ®Uy) C (U2,
which we prove later. We have

Y YUz U)D)®Y(U)D"®Uj)
= Y(Uz4®D'U)®Y(U)D"®Uj)
CY Y(Uzg®U)(Y(Uzg®D')<UY)
(34) ® (U >Y/(D"®Uy)Y (U ® Uy)
CY Y(Uzg®UN(UF<UL)® (U2 US)Y (UL ® Uy)
CY Y(Uzy®UD)-US@UY-Y (U@ Uy
C (U;V)@Z’

where the identity follows from (8), the first inclusion follows from Lemma 3.7,
A(X)C X®2 for X =Uj,, U;, Uz,4» and the last inclusion follows from Lemma 3.9.

Now, we prove (33). By (5) and (7), we have
(1®8S7'®1®S)(A®A)(D)=)_ D|_D;®DyD, ®Dj_D|®D;D]_.
where D=)" D/ ® D{/=> D, ® D) and D™'=3" Dy _®D{_=3 D, ®Dj .
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For a € Uz 4 and b € U, homogeneous, we have
Y Y@®D)eY(D"®b)
=) _amDyD; _S(a@) D] D ® Dy DS~ (ba) Dy DY _bq)
—_— > awyDyDy _K1P@lS(am)) kP D) D}
® S~ (b)) Dy _D{ D DY _bq)
=Y an K P?IS(@e) K@ @ 57 (bey)ba)
= Z(a > Kbl klbol @ §71(b4))b,

where by (26)—(28), we can assume that S_l(b(z))b(l) € que", with b(y), b) € Uq
homogeneous. By Corollary 2.3, we have a > K bol ¢ K'b(2)|l7;V. Hence we have

> av KPeh kPl §71(ba)bay c (KP@ITM KPPl 0 T < (U5,
which completes the proof of (33).
We can prove (29), (30) with D~!, (31), and (32) almost in the same way by using

Y Y@®Dy)@Y(heDi) =) (a> KEHPo)KFPalg by S(by)),
Y Y@®D )@V (D! @by =) (ax KP@)KTPolg 71 b))k,
Y YDL®a)@Y (e DL =) KFlrol(kFPolqa) @by S(by).
Y Y(DL@a)@Y(DL®b) =) KHPol(kFlolqa) @ s71(bu)ba).

for a € Uz 4 and b € U, homogeneous. O

3.6 Outline of the proof of Theorem 1.2

We give an outline of the proof of Theorem 1.2. There are two steps.

The first step is in Section 5, where we prove the following proposition.

Proposition 3.11 Let T € BT}, be a boundary bottom tangle and (T‘; g1s---,8n) @
boundary data for T . For each state s € S(T') we have
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The second step is in Section 6, where we define a completion (l_/qu)A@” of (l7qev)®”
and prove Theorem 1.2, ie,

Jr = Z M[gl,---,gn]f‘@g(JT s) c (quV)’\@"‘
seS(T)
In the above two steps, we use “graphical calculus” because the proof is too complicated

to be written down by using expressions. In order to do so, in Section 4, we define two
symmetric monoidal categories A, M, and a functor F: A — M.

4 The categories M, A and the functor F: A —> M

In what follows, we use strict symmetric monoidal categories and strict symmetric
monoidal functors. Since we use only strict ones, we omit the word “strict”. For
the definition of symmetric monoidal categories, see for example, Kassel [10] and
Mac Lane [16].

4.1 The category M

We define the symmetric monoidal category M. The objects in M are nonnegative
integers. For k,/ > 0, the morphisms from k to / in M are Z[q, ¢~ ']-submodules

of the Q[/]]-module Homfés[[h]] U };@k, U };@l ) of continuous Q[/]-linear maps from
Uk o UP'.

We equip M with a symmetric monoidal category structure as follows.
e The identity of an object k in M is defined by id; = Z[g,¢~!] idy®k.
The composition of morphisms

k21 Sm

in M is defined by
Y oX = Spang, ,-u{yox|xeX, yeY}

e The unit object is 0, and the tensor product of objects k and / in M is defined
by k+1.
The tensor product of morphisms Z: k — [ and Z": k' — I’ in M is defined
by
Z®Z =Spang, ,~1){p(z®z)|z€Z, ' e Z'},

where ¢ is the natural Q[[/]-linear map

p: Hom@y, 1 (USF. U @ Hom@y,n (USK . UR") — Homy 1 (UK U2+,
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* The symmetry cx ;: k ® | — [ ® k of objects k and / in M is defined by

-1 ~ -
k1 =Zlg.q ltu@k U,

where ty®k y®!: Uh®k+l — Uh®l+k is the continuous Q[[/]]-linear map de-
fined by
Rk uP (X ®y) =y ®x

®k ®!
for x e U™ and y € US> .
It is straightforward to check the axioms of a symmetric monoidal category.

4.2 The category A and the functor F: A —> M

Let A be the symmetric monoidal category with the unit object I, freely generated by
an object A and morphisms

({i}q!) € Homa(1, I),
(n). (ED), (FO) (U2, (U"°) € Homu(1, A),
(DY € Homy (I, A®?),

(e) e Homy (A4, 1),
(A) € Homy(4, A%?),
(1), (Y), (ad), (ad)

for i > 0. (Here (D*') is one morphism, not two morphisms (D*!) and (D71).)
We denote by cxy: X ® Y — Y ® X the symmetry of objects X, Y in A.

€ Hom 4(A4%®2, 4),

We define the symmetric monoidal subcategories Ag, Ay, Aa, and Ay A of A as
follows. On objects, we define Ob(Ag) = Ob(A,) = Ob(Aa) =Ob(A;, a) =O0b(A).
On morphisms, Ag is generated by no morphism as a symmetric monoidal category,
ie, for k,/ >0, k # [, we have Hom 44 (A®k, A®l) = @, and for / > 0, the monoid
Hom 4 (A®!, 480y is isomorphic to the symmetric group S(/) in a natural way. On
morphisms, A, is generated by (), An is generated by (A), and Ay A is generated
by (u) and (A), as symmetric monoidal categories.

Let F: A — M be the symmetric monoidal functor defined by F(A) = 1 on objects
and

F(({itg") = Zlg, g~ i},
F((n) = Zlg.q ' In.
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=Zlg.q97 e,

=Zlg.q" .

=Zlg.q7 1A,

=Zlq.q7 1Y,
=Zlg.q"'ad,
=Z[g.q" 'Tad,

=UYE®D

= GOFD,

_ g0,

=T,
(U0)®2D + (U0)®2D—

for i > 0, on morphisms. Here, for a Z[g, ¢~ ']- submodule X C U, &n , we identify X
with a Z[g, g~ !]-submodule of HomCts AT QA U ®”) by 1dent1fy1ng x € X with the
map fx: Q4] — U®” such that jx (a) = ax for a € Q[A].

In what follows, we use diagrams of morphisms in A as follows. The generating
morphisms in A are depicted as in Figure 14. The composition y o x of morphisms x
and y in A is represented as the diagram obtained by placing the diagram of x on the
top of the diagram of y; see Figure 15(a). The tensor product z ® z’ of morphisms z
and z’ in A is represented as the diagram obtained by placing the diagram of z’ to the
right of the diagram of z; see Figure 15(b).

idg = ‘ C4,.4 =

E®

(ﬁ(i)) —

X
A

7

({itg!)

{i}q!

o [ _

Figure 14. The diagrams of the generator morphisms in 4
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D1 = 5 [z el |=1[=1]z]

(@) (b)
Figure 15. (a) Composition (b) Tensor product

For a diagram of a morphism b: A®% — A®! in A, we call the k edges at the top of
the diagram the input edges of b, and the [ edges at the bottom of the diagram the
output edges of b.

For simplicity, a copy of a generating morphism f of A appearing in a diagram will

be called “an f” in the diagram.

4.3 Some morphisms in .4

In this section, we define morphisms (j¢)[&1>---&n] (A)lm1smi] (oel.jE ® ﬂli), and (Y)
in A.

For g{,...,g, = 0, we define
(/_L>[glw~agn] c HomA(A®gl+"'+gn’ A®n)
in a similar way to (15), and for my,...,m; > 0, we define
(A)[ml ,,,,, my] c HomA(A®l, A®m1+~~+m1)

in a similar way to (13); see Figure 16. Clearly we have

— —
() 15 gn]_\( \( (A ’””—/& /&
W_J W_J
mi mj

(36) ]:((M)[glw-,gn]) — Z[q’q_l]u[gl:magn]’
(37) .F((A)Dnl ..... m[]) — Z[q,q_l]A[ml ..... m/]'

For i > 0, set

(0;) = ({i}") ® (FP) @ (ED) e Hom (I, A%?).
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We depict (®;) as in Figure 17(a).We define
(¢ ® BF) € Hom 4 (I, A%?)
as in Figure 17(b), ie,

(@ ® BF) = ((10) ® (1)) o (idy ®cyq 4 ®idg) o ((DE') ® (©;)).

Fol| 5o
(©1) = [tily! = (o ® ") = ‘

() (b)
Figure 17. (a) A diagram of (®;) (b) A diagram of (o ® BF)

In U,‘?z, we have
FlleFf @ BENN) = (0 @ UHD(FD @)+ (U @ U DH(FD @),
which implies
i ® Bi, af ® B € F(lofF ® BE)) (D).
For j,k € 7Z, since we have
(87 ® S*)(F(laf @ BE) (1) = Fllaif @ BEN(D),
it follows that
(38) ST (ar) ® SK(Bi), S7 (@) ® SK(B7) € F(lat @ BEN().

We define
(Y) € Hom4(A%®?, 4®1)

as in Figure 18, ie,
(Y) = (1) o (idg ®(ad)) o (id4 ®(ad) ® idy)
o((Y) ®idg (U ) ®idg) o (id ®cye2_4) 0 ({A) ® (A)).
By Lemma 3.6, we have
Y = po(idy, ®ad) o (idy, ® ad ®idy,)
o(Y ®idy, ®k*> ®idy,) o (idy, ®Ty@2,y,) o (A® A),
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Figure 18. A diagram of (Y)

where k2 denotes the operator of the multiplication by K?. Hence we have

(39) Y e F((Y)).

5 Proof of Proposition 3.11

The goal of this section is to prove Proposition 3.11. For a subset X C Hom4 (7, A®%),
set

Fm = {J 7B cUp*

BeXx

In Section 5.1, we define a subset Ty C Hom (7, A®), and prove Y®g(J~ s) €
F(Tg)(1). In Sections 5.2-5.8, we prove F(I'g)(1) C (Ue")®g Thus we have

Yo (7 ) e (U8

which implies Proposition 3.11.

5.1 Theset I'; C Homy4 (I, A®%)

Let W be the symmetric monoidal category freely generated by two objects W
and W_ and three morphisms

pw: (W)®% > Wi, ady: Wo@ Wy — Wy, ady: We @ Wo — W

See Figure 19 for example. We define the symmetric monoidal functor Fyy: W — A
by Fyw(W4) = Fiw(W-) = A on objects, and

Fwlpw) = (1),  Fwladw) = (ad), F(ady) = (ad),

on morphisms.
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Wo Wy WeWye Wy WoWw. Wi

W4 W,
Figure 19. A morphism in W

For g = 0, let fg be the set of quadruples b = (by, b, b3, bs) € Hom(A)** of
composable morphisms

I b A®2[1+212+l3 bs A®l4+215 b39 A®l4+15+l6ﬁ>A®g

in A such that
by = (DF)®1 g (0;,) ®-+- ® (O, ) ® (U)®5,
b, € Hom 4 A(A(X>211+212-|-13 A®l4+215)
l»L, 9 b
by € Fyy(Homyy (W @ w5t 1y ®e)),
for Iy,...,lg,51,...,51, = 0, satisfying Condition A below.

Condition A On a diagram of b4 0 b3 0 by o by, from each output edge of (O, ) for
p=1,...,1, we can find a descending path to an input edge of a (Y.

For example, see Figure 20, where the dotted arrow denotes a path as in Condition A
from the right output edge of (Qy,).

Let A: fg — Hom4 (I, A®8) be the composition map defined by
)\’(b19b2’b3,b4) = b4 Ob3 Ob2 Obl.
Set [y = M(T'g) C Hom (1, A®¥).

We consider the sequence of maps
~ A F
'y — I'e CHom4(/, A®&) —5 Homp(0, g).

Lemma 5.1 Let T € BT, be a boundary bottom tangle and (T; g1,...,8&n) abound-
ary data for T . For each state s € S(T), we have Y®g(JT o) € F(T(D).
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Figure 20. An example of b4 0 b3 0 by 0 by with (b1, b2, b3, b4) € f‘g

Proof It is enough to construct an element B € I'g such that I_"X’g(,lf o) EF(B)(1).

Recall from Section 2.5 the definition of J T associated with a fixed diagram of T with
the crossings ¢y, ..., c;. We put the labels S/(ozsjicl_)) and S/(ﬂ;%Ci)) on the crossing ¢;
fori =1,...,1, and put the labels K and K 1" on the maximal and minimal points,
respectively, on strands running from left to right. After that, we multiply the labels
on each strand, and take the tensor product. Thus, there is k > 0 and a permutation
0 € &(2] 4 k) such that

o ® S,(asjicz)) ® S/('B?Ecz)) ® ((71?)®k)’
where, foreach i =1,...,2g, N; > 0 is the number of labels put on i —th strand of T.

By (36) and (38), we have Jz € F(u)(1), where

u= ()M Nelogo (0, ) @ BE, ) @@ (0, 8 BE, ) ® (T2)F).
Here we identify o € &(2/ 4 k) with the corresponding morphism in

HomAg (A®2H-k7 A®2]+k).
By (39), we have
Y@’g(Jis) e F((Y)®8 ou)(1).
Set B = (Y)®€ ou € Hom4(I, A®#). It is not difficult to check that B € Ty as in
Figure 21. In particular, B satisfies Condition A, since foreach i =1, ...,/, the output
edges of (Og(,)) go down to the output edges of u, and there is a descending path

from each output edge of u to an input edge of a (Y) ; see the dotted arrow in Figure 21
for example. a

Algebraic & Geometric Topology, Volume 12 (2012)



On the universal sly invariant of boundary bottom tangles 1027

Figure 21. (Y)®8 ou = byobsobyoby with (b, by, b3, by) € Ty

Proposition 3.11 follows from Lemma 5.1 and the following lemma.
Lemma 5.2 For g >0, we have F(I'g)(1) C (U)®%.

The outline of the proof of Lemma 5.2 is as follows. We define two subsets I'y, I'y C 'y
such that 'y C I'y C Iy, and prove the inclusions

(40) F(Tg)(1) C F(T)(1) C F'(Ty)(1) C F' (T (1) € (UM%,

where F’ is a modification of the functor F, which is defined in Section 5.4. Here, for a
subset X C Hom (7, A®¥), we define 7/(X)(1) in a similar way to that of F(X)(1).

5.2 Thesubset I'; C T,

In this section, we define the subset F/ CcTyg

For g > 0, let I" be the set of 7—tuples (b1 d,w,k,o,bs,bs) of morphisms in A,
such that (b;,0 0 (d QW Kk), b3, by) € Fg is well-defined, 0 € Hom(Ag) and

bl — (D:|:1>®11 ® (®Sl) R (®S12) ® (U )®l3’

q
I
d e HOH]AM(A®211, A®l4), w = ® ((A)[mpanp])’ k = (A)[i‘l ..... rl3]’
p=1
for ly,.... 14,851,805, =0, my, ... .my,,ny,...,n5,71,...,77, > 1. See Figure 22

for an example of 0 o (d @ w @ k) o by.
Let «: f'g — f‘g be the map defined by

K(bl,d,w,k,(f,b3,b4) = (b1,00(d®w®k),b3,b4).
Set f‘fg = K(f‘i‘,) cTy and Iy = )\(f‘g,) C Ty.
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Ao BBl ee el
VS [ [AR= A

Figure 22. An example of 0 o (d ® w ® k) o by for (by,d, w,k,0,bs,by) € F;,

5.3 Proof of F(I'p)(1) € F(T,)(1)

In this section, we define a preorder =< on I'g, and prove the following two lemmas,
which imply F(I'g)(1) C F(Tg)(1).

Lemma 5.3 For B <X B’ in Ty, we have F(B)(1) C F(B')(1).
Lemma 5.4 Foreach B € T'g, there exists B’ € I'y such that B < B’.

The preorder < on I'y is generated by the binary relations =; for i =1,...,8 on
Hom(.A) defined by the local moves on diagrams as depicted in Figure 23, where in
each relation, the outsides of the two rectangles are the same. Note that I'g is closed
under =; fori =1,...,8, ie, for B =>; B’ in Hom(A), if B € T'y, then B’ € T'.
In particular, we can check that each =>; preserves Condition A.

Figure 23. Local moves =; fori =1,...,8
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Proof of Lemma 5.3 It is enough to prove that, for B=>; B’ in I'y with i €{1,...,8},
we have F(B)(1) C F(B')(1).

The cases i = 1,2, 3,4 are clear. Ihe cases i=5,6 fgllow fl‘OI‘ll Lemma 3.7. The
cases i = 7,8 follow from (5), A(U)) C (U)®* and U C u((UD)®?). a

The rest of this section is devoted to the proof of Lemma 5.4. We divide Lemma 5.4
into the following two claims.

Claim 1 For b = (by,by,b3,b4) € f‘g, there exists b’ = (b], b}, b5, b}) € F with
b, € Hom(Ap) such that A(b) < A(b').

Claim 2 For b' = (b},b}.b}.b)) € F with b, € Hom(Ay), there exists b” =
(b7, by, b, bY) € T such that A(0) < ("),

Roughly speaking, we prove Claim 1 by reducing the number of the {u)’s of b, by
using =>; for i = 3,..., 6. For that purpose, we define “{u)—complexity” functions

| [, m: Hom(A, A) = Z>o

as follows. Given an element b € Hom(A, a), we color each edge of a diagram of b
with an nonnegative integer. First, we color each edge on the top with 0. Then, we
color the edges below inductively as in Figure 24(a). We define |b| as the maximal
integer on the edges on the bottom. We define m(b) as the number of the edges on the
bottom colored with |b|. For example, for the colored morphism f € Hom(A, A) in
Figure 24(b), we have | f| = 3, and m(f) = 2.

O 0 O Oy Of O O O) O O

><YAf:

i i+j+1

(a) (b)
Figure 24. (a) How to color the edges (b) An example of the coloring

We use the following lemma.

Lemma 5.5 For every B € Hom(Ay A), there exists B, € Hom(Ay,) and Ba €
Hom(Aa) such that B X By o Ba and |B| = |Bj, 0 Ba|.

Proof We can realize a path from B to By o Bx with some B, € Hom(A,) and
Ba € Hom(Ap) by using =, , which preserves | | as in Figure 25. O

Algebraic & Geometric Topology, Volume 12 (2012)



1030 Sakie Suzuki

i+j+1

i+j+1 i+j+1 i+j+1i4+j+1
Figure 25. The coloring before and after we apply = »

Proof of Claim 1 We use double induction on |b,| and m(b,). If |by| = 0, then
we have b, € Hom(AA). We assume |by| > 0. It is enough to prove that there
exists a = (ay,ds,a3,a4) € f‘g such that A(b) < A(a) satisfying either |b,| > |a,|, or
b2| = |az| and m(b3) > m(az).

By Lemma 5.5, we can assume by = b ;, 0 by A with b, , € Hom(Ay) and by A €
Hom(A,). Since |by ;| = |bs| > 0, there is a (1) at the bottom of b, whose output
edge is colored by |b,|. We define a = (ay,a»,a3,as) € I'g as follows.

(1) If the output edge of the (u) is connected to the left input edge of an (ad) (resp.
the right input edge of an (ad)), then let a be the element obtained from b by
applying =3 to the (ad) (resp. =4 to the (ad))in A(b) as in Figure 26(a) (resp.

().
k(! kil k(! k!l
|52 by az [ba|| b2 a
by =3 as by =4 | as
‘\\,| b4 ‘\I‘;;I a4 |‘/,’ I F;',: as
(a) (b)
Figure 26. How to obtain @ = (ay, a3, as, ds) € f‘g from b, where k,[ >0,
k+1+4+1=|by|

(2) If the output edge of the {(u) is connected to the left (resp. right) input edge of

a (Y), then let a be the element obtained from b by applying =5 (resp. =¢)
on the (Y') in A(b) as in Figure 27(a) (resp. (b)).

If m(b,) = 1, then we have |by| > |a,|. If m(by) > 1, then we have |b,| = |a,| and
m(by) > m(ay). This completes the proof. a

Proof of Claim 2 We transform 5} ob/ into b ob7 such that b” = (b}, b5, b}.b}) €
fg, by the two steps as in Figure 28. That is,
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kolj k1] Jrk1 Tkl
ol R s R
T e

by =5 ||Y ¥ }F,/aa ¥ \LF,/ by = as
| by I\A\) as R
(@) (b)
Figure 27. Howtoobtaina:(al,az,a3,a4)efg from b, where j,k,/>0,
k+1+4+1=|by|

(i) we can transform b), into o o (A)[’"l""’ml] for some 0 € Hom(Ag), [ > 0,
my,...,m;>1 by using =1, and

(ii) we can transform ((A)"! @ (A)yo (DEYY, m,n > 1, into a o (DE!)®M1
for some a € Homy, (2mn, m +n), by using =,, =7, and =3 as depicted
in Figure 29.

S| e
Slz b’ /\ [‘\ H T
PN 3 v L.
b’ € Hom(Ap) =< o
S| e }bi/
TP Lt L9
. v—yv-- v I AA - | Alll - A }b’{
- o
Figure 28. How to transform b’ o b} to b} o b
Hence we have the assertion. O

5.4 The functor 7’ and proof of F(I'y)(1) € F'(T;)(1)

In this section, we define the symmetric monoidal functor F’: A — M and prove

F(Tp)(1) C F'(Ty) (D).

For n > 0, we equip U, }‘?” with the topological Z™—graded algebra structure such that
deg(x1 ® - Qxy) = (|x1|, el |x,,|),

for homogeneous elements x1, ..., x, € U, with respect to the topological Z —grading
of Uy, defined in Section 2.2.

For k,l > 0, we callamap f: U h®k —U h®l homogeneous if it sends each homo-
geneous element to a homogeneous element. We call a morphism X: k — / in M
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K )
YWty

Figure 29. How to transform ((A)" @ (A)")o (D*!) into ao (D*!)®"",
where p € Hom(Ag)

homogeneous if it is generated by homogeneous maps as a Zlq,q~']-submodule
of Homasﬁh]] v h®k, U ,;@l ). Note that the image by the functor F of each generator
morphism in A except (A) in Section 4.2 is homogeneous.

We define 77 in the same way as J except that we set F'({A)) =37 Zlg, g4,
instead of F({A)) =Z[q,q '1A. Here, for j €Z, A;: Uy, — U, ®Uy, is the continuous
Q[[h]-linear map defined by

Aj(x) =) X1y ® pi(x2):
for x € Uy, where p;: Uy — Uy, is the projection map defined by
oy o itlyl=,
Piy) = {0 otherwise,

for y € Uy homogeneous. Since F'({A)) is homogeneous, F’ sends each generator
morphism in A to a homogeneous module. Moreover, since the compositions and the
tensor products of homogeneous objects in M are also homogeneous, the image by F’
of each morphism in A is homogeneous.

We prove F (Fg,)(l) cF (Fé,)(l). For x € Uy, a finite linear combination of homoge-
neous elements, it is easy to check that

(41) Ax) =) Aj(x),
JEZ
) F{A)) = (Zlg.q7 1A (x) C ( > 7, q‘I]AJ-) (x) = F((AD ().

JEZL

(In fact, (41) is true for all x € Uy. However, (42) is not, since ZjeZ Zlq, q_l]Aj
consists of finite linear combinations of A; for j € Z.)
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Note that each (A) in a diagram of B € I'y is contained in a (A AYPIE@M)Y in a
(AP F)Y orina (A )[”](UO) for m,n > O By (42), we can prove that

FUME™)(1) € F(A)HE™)(1).
FUAWIFM) 1) € F' (AW FEM) 1),
for m,n > 0, by using induction on n. For y € U}?, we have
FUADG) = (Zlg. ¢~ "1D0) (1) = F/(A) ().
Thus, we have F(B)(1) € F'(B)(1), which completes the proof.

5.5 The subset I‘;’ - l“é

In this section, we define the subset I’g C Fé.

In what follows, we color each edge of a diagram of B € Fé with d, w,k or @ as
follows. First, we color the output edges in by of (D*!)’s, (®;)’s, and (17;)) ’s with
d,w, and k, respectively. Then, we color the edges below as in Figure 30(a). See
Figure 30(b) for an example of G € I'), with the coloring.

XY

yxxx)\x
x Y x g o x
1% g O

(a) (b)
Figure 30. (a) How to color the edges (b) An example of the coloring

For g > 0, let f’g C I"é, be the subset consisting of b = (by,d, w, k, 0, b3, bs) such
that
(C4x) d and k are the identity morphisms in A4,

(Caq) in (Aok)(b), there is no (ad) (resp. (ad)) with the d —colored left (resp. right)
input edge, ie, the first / input edges of b3 = d®l R(Y)8" @ (quvo)@” are
not colored by d,

(Cy) there is no (Y) with both the left and the right input edges colored by d.
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See Figure 31 for an example of b3 00 0(d @ w ® k) ob;.
Set f‘gzlc(f’g)cf',
" o__ =~ /
Iy =A(Tg) CTy.

e TR ee e,
L | [IAA A T[]«

w . K[abeesd wiko o,

Figure 31. An example of b300 0(d @ w ® k) o by for (by,d, w,k,o,bs,bs) € Fg,’

5.6 Proof of F/(I',)(1) c F'(T2)(1)

Similarly to Section 5.3, we define a preorder <’ on Fé, , and prove the following two
lemmas, which imply F"(Tg)(1) € F'(Tg)(1).

Lemma 5.6 For B <" B' in Ty, we have F'(B)(1) C F'(B')(1).
Lemma 5.7 For each element B € Fg,, there exists B’ € Fg,’, such that B <’ B’.

The preorder <" on T’y is generated by binary relations =>; for i =9,...,13 on I';.
In the present case, we divide the definitions of the binary relations into three. Cor-
respondingly, the proof of Lemma 5.6 is divided into these of Lemmas 5.9, 5.11
and 5.14.

For B € Fg,, let Ng(B) > 0 be the number of the {u)’s colored by d (ie, the number
of the {(u)’sin by), Ni(B) = 0 be the number of (A)’s colored by k, Na(B) > 0 the
number of the (ad)’s with d—colored left input edges and the (ad)’s with d —colored
right input edges, and Ny (B) > 0 the number of the (Y)’s with both the left and the
right input edges d—colored. For example, for G € I') as in Figure 30(b), we have

N4(G) =2, Ne(G) =1, Na(G) =1, and Ny (G) = 1.

Note that for B € Ty, we have B € Ty if and only if Ny(B) = Ni(B) = Naa(B) =
Ny (B) = 0. By using induction on N,q(B), Ny(B), Ng(B) and N (B), Lemma 5.7
follows from Lemmas 5.8, 5.10, 5.12 and 5.13.
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5.6.1 Binary relation =9 Let ~>; fori =1,..., 8 be the local moves on diagrams
of morphisms in .4 as depicted in Figure 32, where in each relation, the outsides of
the two rectangles are the same. For B, B’ € Fg,, we write B =9 B’ if there exists
B” € Hom(.A) such that either B »>; B” or B »>, B”, and there exists a sequence
from B” to B’ in Hom(A) of moves ~>; fori =3,...,8.

Lemma 5.8 For B € I'y with Ny(B) > 0, there exists B’ € 'y such that B =9 B’
and Nad(B) > Nad(B,).

Proof We can transform B into B’ satisfying the conditions in the lemma as follows.
Since Nuq(B) > 0, there exists B” obtained from B by applying ~»>; or ~»>,. There
isan (g) in B”, and we continue the transformation as follows.

(1) If the (&) is connected to the left (resp. right) output edge of a (D*!), then we
apply ~>3 (resp. »>4). If the new ((7‘;) ) is connected to the left (resp. right)
input edge of a (i), then we apply ~>5 (resp. ~>¢), otherwise we put its edge
into the k—part.

(e2) If the (&) is connected to an output edge of a (i), then we apply ~>7. Then,
for each new (e), we continue the transformation similarly. If there appears
(g) o (U;), then we apply ~>g.

For example, see Figure 33, where a dotted circle with a number i attached is a place to
where we apply ~>;. It is easy to check that the procedure terminates, and the result B’
is contained in I'y. One can check that Nag(B') = Nua(B) — 1. O

Lemma 5.9 For B =9 B’ in Ty, we have F'(B)(1) C F'(B')(1).
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Figure 33. Binary relation =

Proof It is enough to prove that, for C »>; C’ with j € {l,..., 8} in the sequence
of the local moves from B to B’, we have F'(C)(1) Cc F'(C")(1).

Consider the case j = 1. The case j = 2 is similar. Recall from Section 5.4 that the
image by 7' of each morphism in A is homogeneous. This implies that, for each
b € Hom(1, A®"), 1 > 0, the Z[g, ¢~ ']-submodule F'(b)(1) of U®l is generated
by homogeneous elements of U, &1 . Thus, the case j =1 follows from

Zad(Uq"Di,i---DZ,i(Di D"ex)@UMD] L ®---®U)D) .
Cx®(UNH®"
C Y (e®idy,)U)D] -+ D) L (DLDL)"®@x)@U)D| . ®--®T. D) ..

for m,n > 0 and x € U, homogeneous, where we set D¥! = >.D; . ®D}, for
1 <i <n. Here, we use from [23, Lemma 5.2] the identities

> ad(DL ® x) ® D = x ® KX,
X:ad(D;ED;’E ®x) =g~ x
for x € Uy, homogeneous.
The cases j = 3,4 follow from
(e ®idy,) o (UNH)®*DF') = U = (idy, ®e) o ((U)®*DF!).
The other cases j = 5,6, 7, 8 are clear. Hence we have the assertion. a
5.6.2 Binary relation = ¢ Let »>; fori =9,..., 16 be the local moves as depicted

in Figure 34, where in each relation, the outsides of the two rectangles are the same.
Here, the bottom lines in ~> 1, is the bottom lines of the morphisms. For B, B’ € Fz:”
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we write B =19 B’ if there exist B” € Hom(A) such that B ~»¢ B” and there is a
sequence from B” to B’ in Hom(A) of moves ~>; for i =3,...,8,10,...,16.

Lemma 5.10 For B € I‘g, with Ny (B) > 0 and N,q(B) = 0, there exists B € Fé
such that B =19 B’, Ny(B) > Ny (B'), and Ny(B’) = 0.

Proof We can transform B into B’ satisfying the conditions in the lemma as follows.
Since Ny (B) > 0, there exists B” obtained from B by applying ~>g¢. For each (g)
in B”, we continue the transformation as in (¢1) and (&2) in the proof of Lemma 5.8.
For the (n) in B”, we continue the transformation as follows.

(nl) Ifthe (n) is connected to the left (resp. right) input edge of a {u), then we apply
v>10 (resp. ~>11).

(n2) If the (n) is connected to the bottom of the diagram, then we replace the (n)
with (U;VO) by using ~>13.

(n3) If the (n) is connected to the right (resp. left) input edge of an (ad) (resp. (ad)),
then we apply ~»> 13 (resp. »>14). Then, there appear an (n) and an (g). For
the (), we continue the transformation similarly. Consider the (). Since
Naq(B”) =0, it is not colored by d, ie, it is colored by w or k. By Condition A
in the definition of fg, the (¢) cannot be connected directly to any output edge
of the (®;)’s. Hence the (¢) is connected to either an output edge of a (A)
or the output edge of a (qu ). If the (¢) is connected to the left (resp. right)
output edge of a (A), then we apply ~>15 (resp. ~»>1¢). If the {(¢) is connected
toa (qu), we apply v>g.

For example, see Figure 35. It is easy to check that the procedure terminates, and
the result B’ is contained in I'y. One can check that Ny(B’) = Ny(B) —1 and
Nad(B,):Nad(B)ZO- o
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I

A IS w V8 >
| 1) 16 \_,' .
9 S
l 12 Q.

Figure 35. Binary relation =g
Lemma 5.11 For B =9 B’ in Ty, we have F'(B)(1) C F'(B')(1).
Proof It is enough to prove that, for C »; C’ with j € {9,..., 16} in the sequence
of the local moves from B to B’, we have F'(C)(1) Cc F'(C")(1).

The case j =9 follows from Lemma 3.8.

The case j = 15, 16 follow from

rirom ; —
((8®idUh)oAk)(f(l)U;E(m))={(I;()UqE(m) if k =m-—1,

otherwise,
((idy, ®e) 0 Ag) (FOTIE™) = {F VU E™ g I’;jwf’se
respectively, for k,/,m > 0.
The other cases j = 10, ..., 14 are clear. Hence we have the assertion. O

5.6.3 Binary relation =; for i = 11,12,13 Let =; for i = 11,12,13 be the
binary relations on l"g, defined by the local moves on diagrams as in Figure 36, where
in each relation, the outsides of the two rectangles are the same. It is easy to check that
I‘é is closed under =; for i =11, 12, 13.

Figure 36. Local moves =; fori =11,12,13

Lemma 5.12 For B € Ty with Ny(B) > 0, Naa(B) = Ny(B) = 0, there exists
B’ € T'y such that B =; B" with i € {11,12}, Ng(B) > Ng(B'), and Naa(B') =
Ny(B') = 0.
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Proof The condition N;(B) > 0 implies that there is a (i) colored by d in b,. Since
Naa(B) = 0, the output edge of the (i) is connected to an input edge of a (Y). (Note
that each straight segment in b3 is connected to the left input edge of an (ad) or the
right input edge of an (ad) in b4.) Moreover, Ny (B) = 0 implies that the other input
edge of the (Y') is colored by w or k. Thus, we can apply =>; with i € {11,12} to B
and denote the result by B’ € 'y . Since Ny(B') = Ny(B)—1 and =; preserves Nuq

and Ny, we have the assertion. a

Lemma 5.13 For B € F;, with Ni(B) > 0, Ng(B) = Nu(B) = Ny(B) =0, there
exists B’ € I'y such that B =13 B', Ni(B) > Ni(B'), and Ny(B') = Naa(B') =
Ny(B') =0.

Proof The conditions Ni(B) > 0 imply there exists B’ obtained from B by apply-
ing =13. Since Ny (B’) = Ni(B)—1 and =3 preserves N, Ny and Ny, we
have the assertion. i

Lemma 5.14 For B =; B’ in I'y with i € {11,12,13}, we have F'(B)(1) C
F'(B)(1).

Proof Consider the case i =11. The case i =12 is similar. We can prove the assertion
by two steps as in Figure 37, ie, for C =5 C' in 'y, we have F'(C)(1) C F'(C')(1)
by (21) and (42), and we have

Figure 37. Graphical proof of the case i = 11

Z ad((U) D} 4 -+ D), (DL DD)™)(1) ® X)
®USD| L+ D) 1 (DD oy @U)D! L ®---®U,) D), 4
Cx®U)D| D, (DD ®UD|  ®---@U)Dy ...
for m,n > 0 and x € U homogeneous.

The case =13 follows from A(U, ; ) C (17(?)@2. Hence we have the assertion. a
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5.7 Expansion of the elements in I';/

In the next section, we prove F’ (Fg,’)(l) C (U;V)@’g , which completes the proof of
the sequence (40). Before that, we expand the elements in Tg into “homogeneous”
elements.

First of all, we define notation. For m > 0,n > 1, set
T(m.n) = {(i1..ovin) 1o iin = 0 + o i = m}.
Fori= (i1,...,in) € Z(m,n), set
E'= (O)®MEW ®-..@ EW)  (Uz,g)®",
Fl=O)®"(Fg...@ FiM) c Uz )®".
(EY = (EW) ®---® (E)) € Hom (I, A®™),
(Fy = (Fi)y ®...® (FU) e Hom4(I, A®™").

Clearly, we have _ _ _ _
E'=F(END). F=F(F)D).

We use the following lemma.

Lemma 5.15 Form >0, n > 1, we have
F(ao(EMymyc Y FHEY)D,
i€Z(m,n)
F oo (Fmyme Y FFY)Q.

i€Z(m,n)

Proof The assertion follows from (9) and (10), by using induction on n > 1. |

Let B =bgobyobyoby with b = (b1, by, b3, by) € T} By the condition (Cgy) in
the definition of Fg , we can write b, o by = ¢ o b; with 0 € Hom(Ag) and

153

(43) 51 = (Dil)@ll Q (® ((A)[mp,np]) o (®s,,)) ® ((7(?)@13’
p=1
for I1,05,13=0, s1,...,8,>0,my,...,my,,ny,...,n;, > 1. Note that

12 12

(® (<A>[’"v’"v])o<®s,,>) =@ ({splah) @ (&)™l (FEr)) @ ((a)mlo(ECr))).

r=1 p=1
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For i, € Z(sp,mp) and 1, € Z(sp,np), p=1,...,15, set

44) by, ..., i,,7,)
15

= (p*)eh g (®(<{sp}q!> ® (Fr) ® (ET">)) ® (02)85.

p=1
In other words, b; (1.1, . . ..iz,.17,) is obtained from by by replacing the (A)[ml’]o(f (sp))
with a (Fir), and the (A)"]o (EGP)) with a (E™), for p =1,...,I,; see Figure 38.

g N T m"'DEl... E( B . _)
= - =by(if,1 i7,,1
1 RS TR VPRI V30 1)
L JIAA T T [ i 2
Sp Fop) | | Fow
Fliwo.| [Fi@.0mp))| |EGp.1.1)| |ECp.10p))
ﬂ A & fso3e] | |
Flgure 38. How to obtain  by(i, Ty, ... i1.0,)  with i, =
(i(p,(),l)a D] i(p,O,mP)) € I(Spvmp)»Tp = (i(p,l,])v ey i(p,l,np)) GI(Sp,np)

for p=1,...,1

By Lemma 5.15, we have

F(B)Y1)C Y Flbsobyoooby(iy.1,....i5.1,))(0).
(45) ip€Z(sp,mp)

pEL(sp,np)
p=1,...,0

5.8 Proof of F'(I'})(1) C (ﬁ;V)m

We prove the inclusion F'(Tg)(1) C (U;v)g’f. Let B = by objob;oby with
(b1,bs,b3,by) € I’g such that by o by = 0 o by with 0 € Hom(Ag) and b; as in
(43). By (45), it is enough to prove

(46) F'(baobyoo oby(iy,Ti, ..., i1, 1,)) (1) C (T5)®%,
fori, € Z(sp.mp), 1p € L(sp.np), p=1,...., 1.
We prove (46). First, we study ]-'/(b3 oo 051 (iy,1q,... ,ilz,le))(l). Fix

ip = (l(paoal)’ tete l(p,O,mp)) € I(Sp’ mp)’ lp = (l(pal’l)’ crto l(p,lanp)) € I(Sp’ np)’
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for p=1,...,l,. Onadiagram of 51 (i1,17,...,i;,1;,), we color the output edge of the
<F‘(i(p,0,,))> (resp. (E(’.(Nm))) with alabel (p,0,¢) (resp. (p,1,u))fort=1,...,m,
(resp. u=1,...,np), p=1,...,1[5; see Figure 39(a). We also color the output edges
of the ((7‘;)) ’s in 51 (i1,11,...,i;,77) with symbols ky,..., k;, from the left to right;
see Figure 39(b). Let P be the set of the all labels, ie, set

P={(p.0,t)|[1<t=<mp, 1 <p=bLiu{(p.lLu)|1<u=<np1=<p=l}
Utky, ... .k}

Flip.o)|  [Flw.omp)||[EGpa0)|  |EUw.1.np)

‘(p, 0,1) ‘(p, 0.mp) 1(p.1.1) ‘(p, 1.1p) Ikl T’Q Tkls
(a) (b)
Figure 39. How to color the output edges of 51 (ir,1q,... Jg, ,T;z)

In what follows, since .7-"’((U0))(1) = F(EO))(1) = UO we identify (UO) with
(E (O)) and set iy, =0 for j =1,...,/3; see Figure 40. We call the diagram of (X (’))
for i > 0 with X € {E, F} an X—box.

EXIRE
Tkj Ty Ty

Figure 40. How to treat the j—th (_;) for j=1,...,13

T ¥ 99 5ol

S —— |
14 Is lg
Figure 41. How to arrange the diagram of b3 oo o 51 (i,1q,... ,ilZ,le)
After we color the edges, we arrange the diagram of b3 oo o 51 (1,10,....05,1,)

keeping b3 so that each X-box is connected to b3 directly without any crossings as
in Figure 41, where we set b3 = d®l4 (Y )®l5 ® (U""’O)‘X’l6 and the floating boxes
is the diagrams of ({s,}4!) for p =1,...,/,. Here, by the condition (Cyq) in the

Algebraic & Geometric Topology, Volume 12 (2012)



On the universal sly invariant of boundary bottom tangles 1043

definition of I‘/ /, the first /4 input edges of b3 are connected to X—boxes, and by the
condition (Cy) at least one of the input edges of each (Y) in b3 is connected to an
X-box. Note that there are five cases as depicted in Figure 42(c1)—(c5), how a (Y) is
connected to the X—boxes and the (D*1)’s

Thus, we have

47) byoaoby(iy,Ty,....i5,1),)

I
® {Sp}q X(la(l))> QR ® (X( 0(14))> ®R7Z® <l7;v0)®l6’

fora(l),...,a(ly) € P, Xy,..., X, €{E, F},and Z € (Y)®55 o Hom 4 (1, A®%5).

For j =1,...,14, we call the label a(j) isolated. We say the labels a and b as in
Figure 42(c1)—(c5) are adjacent to each other.

(Xlay| (X, (x'a) | x| | (Xia) ﬂ (X12)

(e () (©3)

L[] | [

\=7 b\jl \I;I/“ \;{b
e (e5)

Figure 42. The (Y)’s in b3, where X1, X, € {E, F} and a,b € P

Note that the identity (47) implies
48) F'(b3o0oby(iy,y,. .. ilz,le))(l)

( l_[{sp}q ) U®l4 ®]:/(Z)(1) ® (UCVO)®I6)

Let us consider ) z; ® -+ ® z;, € F'(Z)(1). If the m—th (Y /) (from the left in b3)
is as in (c1), then we can assume z,, € Y(UOX(I“) Q UOX(”’ ). By Lemma 3.9, we
have

(49) Y(O2X @ UOXI) € (tmin(ia, ip)}g) ™" - TS,
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where ({min(i, j)}4) ™! -l_]qev C U;V ®z1q.4-11 Q(¢). For example, we have
Y(OQED @UF®) = ({2}) 'V (U0 @ U F®)
c {2,)7' 0.
If the m—th and the n—th (Y) ’s are as in (c2), then we can assume
Y im®zmeY YOIXP@UIDL) @Y (UK @ UDY).

By Lemma 3.10, we have
50 Y Y(OX@UIDL) @Y (UL X @ UYDY)

C ({min(ig, ip)}gH ™" - (U5 ®2.
Similarly, for (c3), (c4), (c5), we have
S S VOX @UIDL) @Y (ULDL @ UIK™)

C ({min(i, ip)}g)) ™" - (U2,
52 Y Y0P, @ UK @YV (UL X ® U2 DY)

C ({min(i, ip)}g)) ™" - (U7 P2,
53) Y YD, @ UK @Y (UDY @ UXX{™)

C ({min(ig, ip)}g)) ™" - (U7 P2,
respectively.

Let P2 denote the set of unordered pairs {a, b} of mutually adjacent elements a, b € P.
By the above inclusions (49)—(52), we have

Sawewae( [T (minaini™)-@0°"
{a,b}eP?
Thus, by (48), we have
F(byooobi(iy.Ty.....i 1)) (1) C I+ (USH & (TN ® (T °)®')
54
(54) cl- (U®l4 ®(UeV)®ls+l6)

where we set

I5)
1=(1‘[{sp}q!)-( I1 ({min(ia,ib)}q!rl)e@(q>.
p=1

{a,b}eP?
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Let us study ]-'/(174)(U®l4 ® (U"“V)‘g’l5 *+ls). Since the first /4 input edges of by are
connected to the left (resp right) input edges of the (ad)’s (resp. (ad)’s), and the next
I5 + l¢ input edges of b4 go down to the edges of the (i) ’s and to the right (resp. left)
input edges of the (ad)’s (resp. (ad)’s), by Proposition 2.2, (resp. Corollary 2.3) we
have

(55) ]:/(b4)(U®l4 Q (UeV)®l;+l6) C (UeV)®g
By (54) and (55), we have
F'(bsobsoooby(ir. Ty, ....i5.7,))(1) C I-(T)®5.
Thus, for the proof of (46), it is enough to prove
(56) 1€Zlqg.q7").

For k > 1, let ®4(g) be the k—th cyclotomic polynomial in g. For f(q) € Z[q.q~ ],

f(g) # 0, let dj (f(q)) be the largest integer i such that f(g) € QD;'C (9)Z]q.q71].
Since both Hp2=1{5p}q! and n{a,b}epﬁ {min(iy, ip)}4! are products of the cyclotomic
polynomials, in order to prove (56), it is enough to prove

1)
57 dk( H{sp}q!) > dk( I1 {min(z'a,ib»q!)

p=1 {a,b}eP?
for k> 1.
We prove (57). Fix k > 1. Since we have

1 if k|i,
0 otherwise,

di (i1}g) = di (g — 1) = {

for i > 0, it follows that
di({i}gh) = Li/k].
This identity and s, = Z;n:”l i(p,0,0) = ZZ"ZI i(p,1,4) imply

{Sp}q de U(p.0.0)}q! )

di({sp}q!) de {ip,1.0}q")-

u=1
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Thus, we have

I L ,mp
dk( H{Sp}q!) > Z(de {i(p,0.0}q!) + Z dic({i(p,1,u)}q! ))/

p=1 p=1 u=1

=D di(lia}q!)/2

acpP

Il
—

Z dk({ia}q!{ib}q!)"‘ Z dk({ic}q!))/2

{a,b}eP? ¢€Piso
> di(liatqtin}e))/2

{a,b}eP?

= dk( l_[ {ia}q!{ib}q!)/z

{a,b}eP?

de( 1_[ {min(imib)}q!)’

{a,b}eP?

where Pj;, C P denotes the subset consisting of isolated labels. This completes the
proof.

6 Completions
In this section, we define the completion (U qu)A®” of (U ;V)®” , and prove Theorem 1.2.

6.1 Filtrations of U 4 With respect to ad and ad

For a subset X C U;V, let {X )idear denote the two-sided ideal of (74‘“ generated by X .

Ap = (Uz q>e >1deal,

:<Z(UZ4E(”)>U“>> ’ Cé:<2<vz,qﬁ<p’>>z7$>> ,

ideal ideal

p'>p p'zp
5p=<21<(uz,qg<p/>>z<z7;v)> , 51’,=<ZK(Uz,qﬁ(1’/)>Kl7;V)> ,
p'=p ideal p'=p ideal

for p = 0. For X = A,C.C',C.C’, the Xp,p > 0, form a decreasing filtration
of U;V, ie, we have Xp D X4 for p > 0.
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Lemma 6.1 [23, Proposition 5.5]
(i) For p =0, wehave Cp = C,,.
(i) For p >0, we have Cy,, C Ap.
(iii) If p =0 is even, then we have Cp,, = Ap.
Lemma 6.2
(i) For p >0, we have ép = 51/,
(i) For p = 0, we have E’zp CAp.
(iii) If p >0 is odd, then we have Cy, = A,.

Proof The proof is almost the same as that of Lemma 6.1. O

For p = 0, set
Gp=Cp+Cp=Cp+C,.

Corollary 6.3 For p >0, we have G, = Ap.

Proof For p >0, by Lemma 6.1(ii) and Lemma 6.2(ii), we have G,, C 4,.
If p >0 is even, then by Lemma 6.1(iii), we have G, D Cy, = A4p.
If p >0 is odd, then by Lemma 6.2(iii), we have G5, D Cap = A,.

Thus, we have the assertion. O

Corollary 6.4 The filtrations {Ap}p>0.{Cp}p>0, {ép}pZOv {Gpip>o are all cofinal
with each other.

6.2 Filtrations of US* and (U;*)®* with respect to Y

For p >0, let ), be the two-sided ideal in U;V generated by the elements in

Y YOEP ®T,). Y YU @UME®),

p'=p p'zp
S VOF 0T, Y V(00T FP).
p'zp p'=Zp

Lemma 6.5 For p >0, we have ), C Gj.
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Proof It is enough to prove that all the generators of ), are contained in G, .
By (18), (20), and (25), we have
YOPEP) @Uy c Y (UPEP) e K'UL)K'TUS € Cp+Cp C Gy,
i=0,1
Y(L_]q ® U;E(p’)) — Z K quv (S—l (ﬁ;E(P/)) > K U;V)
i=0,1
c Y KUMUEP) > K'UY) C Cp+Cp C Gy,
i=0,1
for p’ > p. Similarly, we have
Y(UQFP) @ Uy C Cp+C) C Gy,
Y (U, @ UPFP)) C C) +C) C Gy,

for p’ > p. Hence we have the assertion. a

Let (D) p be the two-sided ideal in (quV)®2 generated by the elements in

Y YOYEP) @UIDL) @Y (Ug ® UL DY)
q q £ q qg “+)

p'zp

Y Y(OFP) @UDL) @Y (U @ UL DL),

p'zp

Y Y(OEP) @UIDL) @Y (UL DL ® Uy)
q q~x g~ x q/»

p'zp

Y Y(OFP) @ U)DL) ® Y (U DY ®U).

p'zp

Y Y(ODL®UYEP)®Y (U, ® U DY)
q =+ q q qg*~+)

p'zp

Y YD ®UYFP)®Y (U, ® U)DL)
g~ =+ q q qgF+)

p'zp

Y Y(ODL®UIEP) @Y (U)DL ®U,).

p'zp

Y Y(ODL.®UIFP)) @Y (UL DL ® Uy
g~ =+ q qg ¥+ q)-

p'zp

Note that these sets are all contained in (ﬁ;")‘x’2 by Lemma 3.10.
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6.3 Filtrations of (U")®"

For n>1 and a filtration {X},>¢ of l_/;V, define a filtration {Xé”)}pzo of (quV)®n by

X(n) Z(UeV)(X)] 1®X ®(UeV)®n ]
j=1
For n > 1, define the filtration {()'° )1(,")}1,20 of (17;")@’” by

(yD)I(Jn) = { Z (U;V)@)i—l ®) ® (U;V)@)j—i—l ®)'® (U;V)@)n—j‘

1<i<j<n

Y yey'e (yD)p}
+ { Z ([_]qu)(X)i—l ®y// ® (l_]qu)(X)j—i—l ® y/ ® (U;V)Qm—j‘
1<i<j<n
’ " D
dyey' ey )p}

+ {Z(quv)@k_l ®y/ //®(U6V)®ﬂ k’ Zy ®y € (y )p}
k=1

+ {Z(Uvqu)(X)k—l ®y//y/ ® (U;V)@I’l—k ) Zy/ ® y// c (yD)p}

k=1

(n)

Lemma 6.6 Forn > 1, p >0, we have (J)D)(n)CGLp/2J

Proof It is enough to prove that all the generators of (V?) p are contained in GS))/Z Ik
We prove

Y YWOEP @UID)Y @Y (U)D" ®Ug) C Gy .
p'zp

Similarly for the other generators of (J'?) p. For p > 0, let us assume a weaker
inclusion

(58) Y YWIEP®D)®Y(D'®U) CGP.
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Then, similarly to (34), for p’ > p, we have
Y YWOEP @U)D) @Y (U)D" ®Uy)
=Y VOYEP @ D'UNH) @Y (ULD" ® Uy)
Y 770 = (p’ r70 Y 70 = (p’ r70
C Z Y((Uq E® ))(1) ® Uq)(Y((Uq E® ))(2) &® D/) < Uq)
® (U2 Y(D"®Uy)Y (UL ®@Uy)
CY Y (GIEP) 1y @ U Y (UFEP)) 2y ® D) @ Y (D" ® Up)Y (UL ® Uy)
= Y Y@EPWUNYUYEP) @ D)@Y (D' ®U)Y (U ® U,)
pi+py=p’
c Y (Vy YOYEPY @ D)) & (Y(D'®T,)- U
pi+py=p'
c Y YV)(VOEPeD)eY (D U,)-U)
pi+ph=p'
2 ~(2)
c Y Yy Gy
pi+p5=p
2 ~©2) 2 (2)
c Y. G, G, C > G cG

f max(p},p5) Lp’/2
pi+py=p' pi+py=p'

(2)

1€ Gl

Here, the first inclusion follows from Lemma 3.7 and the fifth from (58).
Now, we prove (58). Similar to (35), for b € l_/q homogeneous, we have
Y YWOPEP D)@Y (D'®b)=> (UYEP >k Pl KPole S (byp)b),.
with b1y, b2y € (7q homogeneous such that S_l(b(l))b(z) € (7qu.
If |b(2)| € 27Z, then we have
(U;E(p) > K boh glbol Cp C Gp.
If |be2)| € Z \ 27, then we have
(U(;)E(P) > Kbl glbal c ¢, c G,.
Thus, we have
Y (OPEP » kol kol g §71(bo))bay € G, @ U C GP.

Hence we have the assertion. O
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6.4 Completions

Let (U V)~ denote the completion of U ' in Uy, with respect to the filtration {G},>0,
ie, (U eV) is the image of the map

lim(T"/Gp) > Uy
p

induced by the inclusion U 7 CUy. Since G, = Ap ChP Uy, this map is well-defined.

Let (U eV)A®" denote the completion of (U evy®” in U, 81 \ith respect to the filtration
{Gp }p>0 For n = 0, it is natural to set

GO _ Zlg.q7'] if p=0,
p 0 if p>0.

Thus, we have

UY® =12Zlg.q7").

6.5 Proof of Theorem 1.2

Let T € BT, be a boundary bottom tangle and (T; g1i,-..,8&n) aboundary data for 7.
Let C(T) = {c1,...,c;} be the set of crossings of the diagram of 7" which we fix in
the definition of Jz. We fix this notation in this section.

By Proposition 3.11, we have
/L[gl’m’gn])_/@g(‘lf,s) c (quV)®n’
forse S (T ). In this section, we prove Theorem 1.2, ie,

Z M[gl,---,gn];_z@g(JT,S) c (U;vy\@n‘
seS(T)

It is enough to prove the following lemma.

Lemma 6.7 For each p > 0, there are only finitely many states s € S (T) such that
M[gl ~~~~~ gn]Y@g(JT,s) ¢ G}()n).

with a state s € S (T) treated as a parameter as in the followmg lemma.
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Lemma 6.8 There is amap B: S(T) — I'g. s = BY, satistying the conditions: For
all s € S(T) we have Y®g(J~ s € F’(BS)(I) and we have B® = byobzobyob]
with (b], by, b3.b4) € F” such that

bi‘ — (D:I:l)®ll ® (®S(Cl)) R ® (®S(612)> & <ﬁ£)®l3’

for l1,l3 > 0, and I, = [ is the number of the crossings of T, where all parts of B®
except (Og)) ®...® <®S(612)) do not depend on s € S(T).

Proof We can define B as in the lemma by constructing B® as follows. First, we
choose a state x € S(T) and construct By € I’y so that Y®g(J~ W)€ F(Bx)(l) as
in the proof of Lemma 5.1. For a state s € § (T), let By €Ty obtalned from By by
replacing (O (c,)) with (Oy(,)) for p=1,...,15. By the construction of Bj, we have
Y®g(J~ ;) € F(By)(1). Second, by Lemma 5 4 and Lemma 5.7, we can transform By
into some BX € I‘” by using the preorder < and <’. We have Y®g(J~ L) E ]-"(Bx)(l)
by Lemma 5.3 and Lemma 5.6. Since < and <’ each does not depend on any (Ox(c,))s
we can obtain the desired B € I‘g from B* by replacing (O (,)) with (Oy(,)) for
p=1,..., l5. O

We fix B: S(T) F”, s+ B¥ = byobzobyobi,asin Lemma 6.8. For a state
s € S(T) recall from SCCthH 5.7 the expansion of Bs First, we write by o b] =0 obs
with 0 € Hom(Ag) and

I
B = (p1)oh g (@ 2)1m ) o (6} ) 8 (0

for my,...,my,,ny,...,n;, =1, and then for i, € Z(s(cp), mp), 1 € L(s(cp),np),
p=1,...,1, we set

I
By ... i T = (D)2 (® (£s(ep)la) <F‘">®<ETP>))®<U;’>®’3.

Recall that we have

FBYHC > Flbsobsooobiiy ... i 1,))(0).

(59) ip€Z(s(cp),mp)
peL(s(cp).np)
p=1,..., I
Let
ip = (i(p.0.1) -+ i(p.0.my)) € T(s(cp)mp),

l (l(p,l 1),---,i(p,l,np)) EI(S(CP)vnp)v
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for p=1,...,1. Set

N¥(i1, 1, ...,i5,1) =max{i(p,0,i).i(p,1,j) | 1 ST <mp, 1 =j <np, 1 <p =1y,

NS = min{Ns(illey s 7ille) | ip GZ(S(Cp),mp)» Tp GI(S(CP)’HP)’ 1 E P E 12}

Lemma 6.7 follows from (59) and the following two lemmas.
Lemma 6.9 For r > 0, there are only finitely many states s € S(T) such that N* <r.

Lemma 6.10 For s € S(T) and r > 0 such that N° > 2r, we have
F'(bgobsoo obi(iy,Ty,....i5.1,))(1) C G&,

forall i, € Z(s(cp),mp), 1y € L(s(cp),np), p=1,...,15.
Proof of Lemma 6.9 Note that for i = (iy,...,i;) € Z(k,l), k >0,/ > 1, we have

7 <max(iy,...,I).
Thus we have

S(c S(c
o ::max{ﬁ,ﬁ ‘ 1<p 512} < N%(iy, T ... 000)),
mp  np

for all i, € Z(s(cp).mp), 1, € Z(s(cp).np), p =1,...,1>. Hence we have
(60) w® < N¥.

It is not difficult to prove that, for r > 0, there are only finitely many states s € S(T)
such that w® < r. This and (60) imply the assertion. a

Proof of Lemma 6.10 The proof is similar to the last step of the proof of Lemma 5.2
in Section 5.8. By replacing s, with s(c,) for p =1,..., /5, we use the notation and
results in Section 5.8.

Fix ip € Z(s(cp),mp) and 1y € Z(s(cp). np), for p=1,..., /5. Recall that we color
the output edges of b7 (i1, 11, ...,i;,,1;,) with the labels in P as in Figure 39. Note
that

M := N*(i1.,1q,...,i;, 1)) = max{iy |a € P} > N* > 2r.

Since the filtration {Gp},>0 is decreasing, it is enough to prove

©1) F(bgobyoo obi(ir.Ty.... i, 1,))(1) C Gy ).
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We prove (61). Recall that P, C P denotes the set of isolated labels, and Pﬁ denotes
the set of unordered pairs {a, b} of mutually adjacent labels a, b € P. Set

Py =P\ Pio = Pa.
Set Miso = max{iz| a € Piso} and My = max{i,| a € Py}. It is enough to prove

() F(baobsooobi(ir.T.... i 1)) () CGE (cGE) ).

(i) F'(bsobsooobi(irTi.....ip 1)) () CGE) .

Let us prove (i). Recall from (54) that

]:/(b3 oo ogiv(il’Tl’ . ’ilz’le))(l) C Ugi; ® (U‘qu)®15+16‘

Thus, it is enough to prove

©2) F(ba)(USH @ (U85 He) G .

Recall that the first /4 input edges of b4 are connected to the left (resp. right) input
edges of the (ad)’s (resp. (ad)’s), and the next /s + /¢ input edges of b4 go down
to the edges of the (u)’s and to the right (resp. left) input edges of the (ad)’s (resp.
(ad)’s). By the definition of C, and C,, we have

(63) ad(Uz,,EP ® US') C Cp C Gy,
(64) ad(Uz,, FP @ U') C C) C Gy,
for p > 0. We also have
ad(U* @ Uz g EP) Cad(US ® EP))
(65) Cad(STHEP)®TY)
Cad(UYEP @ US') C Cp C G,
for p > 0. Similarly, we have
(66) ad(U2* ® Uz o FP) c C) C G,
for p > 0. Thus, (62) follows from (63)—(66) and the inclusions
(67) w(Uz,q ® Gp) = n(Gp ® Uz 4) C Gp,
(68) ad(Uz,4 ® Gp) C Gp, ad(Gp, ® Uz 4) C Gp.
for p > 0. We have finished the proof of (i).
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Let us prove (ii). Recall from (48) that
(69) F'(bzo0 obi(iy. Ty, ....i1.11,))(1)
15
C ( H{s(cp)}q!) : (UZ?{; ® F(Z)(1) ® (U 0)®'),
p=1

where Z € (Y)®%5 o Hom4 (I, A®%/5). We study F'(Z)(1) by using the following
inclusions (70)—(74) instead of (49)—(53).

For X1, X, € {E, F} and iq,ip > 0 for {a,b} € P2, we have
(70) Y (U X[ @ UL X)) € (tminfia. i) }g) ™" Vinax(ianis)-
We also have
@y S YOX @ UDy) @ YU X™ © U2 DY

C (minGia, ip)}g) ™" P max(iy.ip)-
72 Y V(@X @ T0D,) @ V(T DL @ T XM)

C (minGia, ip)}g) ™" P max(iy.ip)-
73 Y VO, ® TR @ V(O K © T D

C (tmin(ia. i5)}g) ™" V2 )maxii)
T4 Y V(UyDL @ USF )@Y (U) DL & U X))

C (fmin(ig, i5)}g) ™" - 2 max(in.in)-
By the above inclusions (70)—(74), and by Lemmas 6.5 and 6.6, we have

(75) F@ymc [] (tminG, in)le!) Gﬁ@)y/zr
{a,b}eP?

Thus, by (69), (75) and (56), we have

F(byooobi(iy.Ti.....i,. 1)) (1) CUSH @G @ (U )l

®ly Us+16)
CUzqg ®G a2y

For the rest of the proof, it is enough to prove the inclusion

l I5+1
(76) F Uz © Gy o)) © Gty oy
which follows from (67) and (68). This completes the proof. m|
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