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Obstructions for constructing equivariant fibrations

ASLI GUCLUKAN ILHAN

Let G be a finite group and H be a family of subgroups of G which is closed under
conjugation and taking subgroups. Let B be a G—CW-complex whose isotropy
subgroups are in H and let F = {Fg}gex be a compatible family of H—spaces. A
G —fibration over B with the fiber type F = {Fg}gex is a G—equivariant fibration
p: E — B where p~!(b) is G, —homotopy equivalent to Fg,, foreach b € B. In
this paper, we develop an obstruction theory for constructing G —fibrations with the
fiber type F over a given G—-CW-complex B. Constructing G —fibrations with a
prescribed fiber type F is an important step in the construction of free G —actions on
finite CW—complexes which are homotopy equivalent to a product of spheres.

57825; 55R91

1 Introduction

In 1925, Hopf stated a problem which was later called the topological spherical space
form problem: Classify all finite groups which can act freely on a sphere S”, n > 1.
One variant of this problem was solved by Swan [14]. He proved that a finite group
acts freely on a finite complex homotopy equivalent to a sphere if and only if it has
periodic cohomology. By using Swan’s construction and surgery theory, the topological
spherical space form problem has been completely solved by Madsen, Thomas and
Wall [9]. It turns out that a finite group G acts freely on a sphere if and only if G has
periodic cohomology and any element of order 2 in G is central (see [9, Theorem 0.5]).

One of the generalizations of this problem is to classify all finite groups which can
act freely on a finite CW—complex homotopy equivalent to a product of k—spheres
S"t x ... x S"k for some ny,...,n;. Recently, Adem and Smith [1] gave a homotopy
theoretic characterization of cohomological periodicity and as a corollary they obtained
a tool to construct free group actions on CW—complexes homotopy equivalent to a
product of spheres. More precisely, they have shown that a connected CW—complex X
has periodic cohomology if and only if there is a spherical fibration over X with a
total space E that has a homotopy type of a finite dimensional CW—complex. As
a consequence they proved that if G is a finite group and X is a finite dimensional
G —-CW-complex whose isotropy subgroups all have periodic cohomology, then there
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is a finite dimensional CW—complex Y with a free G —action such that ¥ ~ S"” x X .
As remarked in [1], the second result can also be obtained using the techniques given
by Connolly and Prassidis in [3]. More recently, Klaus [6] proved that every p—group
of rank 3 acts freely on a finite CW—complex homotopy equivalent to a product of
three spheres using similar techniques.

The method used by Connolly and Prassidis [3] is to construct a spherical fibration
inductively over the skeleta by dealing with cells in each dimension separately. This
is a standard strategy in obstruction theory. Note that if there is an orientable G—
spherical fibration over the n—skeleton of a CW—complex, then its restriction to the
boundary of each (n+41)—cell o will be an orientable G, —fibration with the fiber Fg, ,
where G, is the isotropy subgroup of o. Associated to this G, —fibration over do,
there is a classifying map from do to the space B Autg, Fg, where Autg, Fg, is
the topological monoid of self G;—homotopy equivalences of Fg . Combining the
attaching map of o with the classifying map gives us an element in the »—th homotopy
group of B Autg, Fg,. Therefore we obtain a cellular cochain which assigns a
homotopy class in 7, (B Autg, Fg,) to each (n+1)—cell. This cochain vanishes if
and only if the G —fibration over the n—skeleton extends to a G —fibration over the
(n+1)—skeleton. In the situation Connolly and Prassidis consider, this cochain can be
killed by taking fiber joins. Using this idea, Unlii [17] gives a concrete cell-by-cell
construction of G —spherical fibrations in his thesis.

In obstruction theory, one often has obstructions as cohomology classes which tells
when a construction can be performed on the next skeleton after some modifications. In
other words, the cohomological obstruction class vanishes if and only if the restriction
of the construction to the (n—1)-skeleton extends over the (n+1)—skeleton. Having a
cohomological obstruction is better than having a cochain class as an obstruction since
a cohomology class is more likely to be zero. Note that if p: E — B is a G —fibration
and b € BH then the fiber p~'(b) is an H —space. When B H is connected for
H < G, there is an H-space Fg such that for every b € B | the fiber p~'(b) is
H-homotopy equivalent to Fgr. Moreover, if B is connected for every H < G,
the family of H—spaces Fg forms a compatible family (see Definition 2.5). In this
case, the G-fibration p: E — B is said to have the fiber type { Fg}. In this paper, we
notice that the cohomological obstructions for constructing G —fibrations with a given
fiber type live in Bredon cohomology of B with coefficients in m, r (see Section 4
for the definition) and we prove the following theorem.

Theorem 1.1 Let G be a finite group and H be a family of subgroups of G which

is closed under conjugation and taking subgroups. Let B be a G—-CW-complex
whose isotropy subgroups are in M such that B is simply connected for every
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H €1s0o(B). Let F = {Fg } e be a compatible family of finite H-CW-complexes
and p: E, — B" be a G —fibration over the n—skeleton of B with the fiber type
{Fg}gey wheren > 2.

(1) There is a cocycle ayp € C?'fl (B; mtpn,7) which vanishes if and only if p extends
to a G —fibration over B"*! with a total space G—-homotopy equivalent to a
G —CW-complex.

(2) The cohomology class [a] € Hg;Jf]_[l (B;my,7) vanishes if and only if the G —

fibration p|gn—1: p~'(B""') — B""! extends to a G —fibration over B"*!
with a total space G —homotopy equivalent to a G —CW-complex.

Moreover if B is a finite G—CW-complex then the total space of the obtained fibration
has the G —homotopy type of a finite G—-CW-complex whenever E, has the G—
homotopy type of a finite G —CW-complex.

To prove this theorem we first define an obstruction cochain in the chain complex of
Bredon cohomology and show that it is a cocycle. We call this cocycle an obstruction
cocycle. Then we show that the difference of obstruction cocycles of any two extensions
of the G—fibration p|gn—1 is the coboundary of a cochain called the difference cochain.
If there is an extension of p|gs—1 to a G—fibration over B"T1, then the obstruction
cocycle of the restriction of this extension to B” vanishes. This means that the
obstruction cocycle of p is a coboundary and represents a cohomology class which
vanishes. This proves the “if”” direction of the above theorem.

For the “only if” direction it suffices to show that for every cochain d there is a G-
fibration g over B" with g|gn—1 = p|pn—1 such that d is the difference cochain of
the extensions p and g of p|gn—1. Here the most technical part is the construction
of a G—fibration ¢ with these properties. That is because it is not clear how to glue
G —fibration p|gn—1 to G —fibrations over the n—cells corresponding to the cochain d.
For quasifibrations it suffices to take the adjunction of the total spaces to glue two
quasifibrations over different base. However, in order to obtain a fibration one needs to
put some G —tubes between total spaces of these G —fibrations to create enough space
to deal with G—homotopies. We use a generalization of a result due to Tulley [16] to
produce a G —fibration ¢ with the required properties.

The paper is organized as follows: Section 2 contains definitions and preliminary results
on equivariant fibrations. In Section 3, we give a method to glue G —fibrations over
different base spaces by generalizing a construction due to Tulley [16]. Finally, we
prove Theorem 1.1 in Section 4.
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2 Equivariant fibrations

In this section, we give the basic definitions of the equivariant fibration theory. We
refer the reader to Liick [8] and Waner [19] for more details.

Definition 2.1 Let G be a finite group. A G—map p: E — B is called a G—fibration
if it has the G -homotopy lifting property with respect to every G—space X, that is,
given a commutative diagram of G —maps

Xx {0y " E
e p

XxI —— B
H
there exists a G—map H: X x I — E such that pfl = H and ﬁ|Xx{o} =h.

Equivalently, a G-map p: E — B is a G-fibration if there is a G—map
A Qp ={(e,w) € Ex B! | p(e) = w(0)} - ET

such that A(e,w)(0) = ¢ and pA(e,w) = w. The G-map A is called a G-lifting
function. In the nonequivariant theory, Dold [4] proved that being a fibration is a local
property. The same proof applies to the equivariant case.

Definition 2.2 A covering U/ of G—invariant open sets of B is called numerable
G —covering if U is locally finite and there is a G—map fy: B — I such that U =
J571(0, 1] for every U € U.

Theorem 2.3 A G-map p: E — B is a G —fibration if there is a numerable G —
covering U of B such that p|y: p~"(U) — U is a G —fibration for each U e 4.

The notion of an equivalence between G —fibrations is defined naturally as follows: Let
pi: E; — B be a G-fibration for i = 1,2. A fiber preserving G-map f: E; — E;
is called a G—fiber homotopy equivalence if there is a fiber preserving G—map
g: E; — Ey such that the compositions fg and gf are G-homotopy equivalent
to identity maps through G'—homotopies which are fiber preserving at each time ¢ € 1.
In this case, we write p; ~g p». As in the nonequivariant case, a fiber preserving
G -homotopy equivalence between G —fibrations is a G—fiber homotopy equivalence
(see May [10, page 50] for the proof of the nonequivariant case).

Algebraic € Geometric Topology, Volume 12 (2012)



Obstructions for constructing equivariant fibrations 1317

In [12], Stasheff proved a classification theorem for nonequivariant fibrations up to
fiber homotopy equivalences. When a G —fibration is over a path-connected space with
trivial G—action, the fiber at each point in the base has a natural G —space structure
and all fibers are G—homotopy equivalent with respect to this structure. In this case,
the theory of G —fibrations is essentially the same as the nonequivariant one and we
have the following classification theorem.

Theorem 2.4 Let Autg(Fg) be the monoid of G —equivariant self homotopy equiva-
lences of a finite G —-CW-complex Fg. If B is a CW—complex with trivial G —action
then there is a one-to-one correspondence between the set of G —fiber homotopy equiv-
alence classes of G —fibrations p: E — B with fibers having the G —homotopy type
of Fg and the set of homotopy classes of maps B — B Autg(Fg). The equivalence is
obtained by taking the pullback fibration from the universal fibration over B Autg(Fg).

This classification theorem can be proved by using the same techniques and ideas from
Stasheff [12]. Also, Waner constructs a classifying space for a more general set of
equivariant fibrations in [18] and the above theorem can be obtained as a special case
of his result.

The monoid Autg(Fg) is not connected in general. However, its connected compo-
nents are homotopy equivalent via the maps (Autg(Fg), f) — (Autg(Fg), g) with
¢ — g¢f ! where f~! is the homotopy inverse of /. Furthermore, when the map
w1(B) = [Fg, Fglg is trivial, BAuté (Fg) classifies G-fibrations p: £ — B with
trivial G —actions on the base where Auté (Fg) is the connected component of identity
in Autg(Fg) (see Adem and Smith [1] for nonequivariant case).

For G —fibrations whose G —action on the base is not trivial, we need to consider the
collection of equivariant spaces. Note that if p is a G—fibration over B and b € BK
then the space p~!(b) is closed under K —action and hence a K —space. Moreover, when
BX is connected, the spaces p~!(b) and p~!(b’) are K—homotopy equivalent for
every b, b’ € BK . On the other hand, when H¢ < K, we have h(ab) =a(a~"ha)b=ab
for every h € H and b € BX  hence ab € BH . Clearly, the H—space p~'(b), where
the H-action on p~!(b) is given by conjugation and the H—-space p~!(ab) are
H—-homeomorphic. Therefore, when BH is connected for every isotropy subgroup H
of B, the spaces p~!(h) and p~!(ab) are H-homotopy equivalent for every isotropy
subgroups H, K with H% < K.

Definition 2.5 Let H be a family of subgroups of G which is closed under conjugation
and taking subgroups. A family F = {Fg } gey of H-spaces is said to be a compatible
family if Fg is H-homotopy equivalent to Fg for every H, K € H with H* < K
for some @ € G where the H —action on Fg is givenby i-y =a"'hay.
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Let F = {Fyg}Hgey be a compatible family where H contains the isotropy subgroups
of B. We say p: E — B is a G—fibration with the fiber type F = {Fg}gey if
Fg ~p p~'(b) for every b € BH and for every isotropy subgroup H of B. When
BH s connected for every H € #, every G—fibration over B is a G—fibration with
the fiber type F. However, a G-fibration p: E — B does not necessarily have a
fiber type.

3 Tulley’s theorem for G —fibrations

The aim of this section is to prove an equivariant version of a theorem due to Tulley
(see [16, Theorem 11]). The proof uses the same ideas and methods from [16; 15].

Theorem 3.1 Let p;: £y — B and p,: E; — B be G —fiber homotopy equivalent
G —fibrations. Then there is a G —fibration g over B x I such that q|px{oy = p1 and

q|Bx{1y = p2-

We call the G—fibration ¢: Z — B x I in Theorem 3.1 a G—tube between p; and
p2. Let f: Eq1 — E, be a fiber preserving G —map between G —fibrations p; and p,
over B. Recall that the mapping cylinder M of f is the adjunction space E1xIUr E;
where f(e) = (e,0) for each e € E;. We define the G-map ps: My — B over B

by pr(x,s) = p1(x) and pr(y) = p2(y) forany x € Ey, y € E;,and s € [.

Lemma 3.2 Let f: Ey — E, be a fiber preserving G —map between G —fibrations
p1 and py over B. Then the induced G —map py: My — B is a G —fibration.

Proof The proof is similar to the proof of [15, Theorem 1]. Let A;: ), — Ell
be a G-lifting function for p;, i = 1,2. Since Qp, = Q) x I UF Qp, where
f (e,w) = (f(e),w), to show that pr is a G—fibration it suffices to construct a
G-map A: Qp, x I — Mfl such that Alg, x{0y = Ao o] pri((e, w),s) = w, and
M(e, ®),5)(0) = (e, 5).

Define A: Qp, x I —>Mf1 by

)»(e w S)(t) — {()\'l(e, a))(l),S—[) t<s,
S PSR

where z = foldi(e,w)(s) and w’ is given by w’(¢) = w(s +¢) when s +¢ <1 and
w’(t) =1, otherwise. Clearly, A is a continuous G'—map which satisfies the relations
)\|Qp1 x{0} =Azo f, pri((e,w),s) = w, and A((e, ), s)(0) = (e, s). O
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In order to prove Theorem 3.1, it suffices to construct G —fibrations gy: Z; — B x [ and
q2: Z» — B x 1 with q1|px{o} = P1, q1]Bx{1} = q2|Bx{0} = Py and q2|Bx{1} = P2
where f is the fiber preserving G—map between p; and p,. That is because once
we have such G —fibrations, we can obtain a G —tube between p; and p, by gluing
g1 and g, as follows. Let Z = Z{ U;; My x I U;, Z, where i1(x) = (x,0) and
ir(x) = (x,1) for every x € My . Define the G-map ¢: Z — B x I by

(1(q1(2)). 72(q1(2))) zeZ,
q(2) = { (m1(q2(2)). %+ 372(q2(2))) z € Zs,
(pr(x), (1 +1)) z=(x,1)€ Myx1,

where 7; is the projection map to the i —th coordinate. Since we can extend the lifting
functions for ¢; and g5 to lifting functions for ¢|gx[0,6/9) and q|Bx(a/9,1], respectively,
G -maps ¢|px[0,6/9) and gpx(a/9,1] are G —fibrations. Therefore ¢q: Z — Bx I is a
G —fibration by Theorem 2.3.

Proposition 3.3 Let Z, = {(e,s,1) € Ey x I xI | s+t =1} Uf Ey x1I in
My x I, where f: E; x {0} x I is defined by f(e,0,t) = (f(e),t). Then g, =
(pr xid)|z,: Zy — B x I is a G —fibration with q3|px{0y = Py and q2|px{1} = p2-

Z,
s

f | BxI

Proof Letr: My x 1 — Z, be defined by r|g,x; =idg,xs and

(x,8,1) s+t=1,

7 X,8,1) = :
|Eyxrxr( ) {(x,t,t) otherwise.

Then r is a fiber preserving G -retraction. Let H: X x I — B and h: X — Z; be
given G-maps with H |y = p2oh. Since ps xid is a G—fibration, there is a
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G-map H: X xI - M ¢ x I which makes the following diagram commute:

h o
X x {0} Zy ¢ My x 1
prId
Xx] —— Bx] —— BxI
H

Then the G-map H: XxI— Z, defined by H = rH satisfies pzﬁ = H and
Hlxxgoy =h. 0

Definition 3.4 Let p;: E; — B be a G-fibration for i = 1,2 with E; € E, and
p2lE;, = p1- Then p; is said to be a G—deformation retract of p, if E; is a
G —deformation retract of E, via fiber preserving G —retraction, that is, if there is a
G-map H: E;xI — E, suchthat Hy=idg,, H(e,1) € E{ and p, H(e,t) = ps(e)
for every e € E,. If H also satisfies the relation H(e,t) = e for every e € E1, we
say pj is a strong G —deformation retract of p,.

To show that there is a G—tube ¢1: Z1 — B X I between p; and py, we need the
following proposition. The nonequivariant version of this proposition is proved by
Tulley [16] and used in a recent paper by Steimle [13].

Proposition 3.5 If p, is a strong G —deformation retract of p, then the G —-map
q=(pyxid)|z: Z - Bx 1 where Z ={(e,t)e E; xI |e€ Ey whent >0} isa
G —fibration.

N

f { BxI

Proof We are using the same approach that is used in the proof of Theorem 3.1 in
Langston [7]. Let H: E, x I — E, be a strong G —deformation retraction of the
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G —fibration p; onto py. Let A: Qp, — E 21 be a G -lifting function for p,. Define a
G-map 1': Q4 — Z! by m3 (M ((e, @2(0)), (@1, 2))(t)) = @2(z) and

H(A(e,w1)(1),t/w3(2)) w2(t) >0, wa(t) = ¢,
71 (M ((e, 02(0)), (w1, w2)) (1)) = e t=wy(t) =0,
H(h(e. 1)), 1) 150, 1> ().

Clearly, gA'((e, 2(0)), (@1, ®2)) = (w1,w2) and A'((e, w2(0)), (w1, ®2))(0) = e.
Therefore we only need to check the continuity of 1A at t = 0. For this it suffices to
show that the adjoint map m;A": Q4 x I — E; is continuous at f = 0.

Let (eq,w1,q,®2,4,%) be a net converging to (e,w;,w;,0). Let U be an open
neighborhood of e € E;. Since H: E; x I — E, is continuous, V = H~1(U) is
open. Since (e,t) € V forevery ¢ € I, there are open neighborhoods A; > e and V; >t
suchthat A;xV; SV forall t € I. Since I is compact, there exist ¢, . .., #; such that
I=;—, Vi.Then A =(;_o Ay, is an open neighborhood of e with the property

that H(Ax 1) CU. Since A is continuous, there is B such that X(ea, 1,4, ta) € A for
every B > a. Therefore A/ (eq, w1 o, W2, 1) € U for every a > B as desired. O

It is proved in [11, Corollary 2.4.2] that when f: E; — E, is a homotopy equivalence
then E is a strong deformation retract of M. The same proof applies to G —fibrations
(see [5, Lemma 2.5.2]). Therefore, by Proposition 3.5, there is a G—tube g; between
p1 and py. Note that p, is also a strong G —deformation retract of py and one can
also use Proposition 3.5 to construct a G —tube between p, and py. This completes
the proof of Theorem 3.1. As an immediate corollary, we have:

Corollary 3.6 Let By, B, and B be topological spaces such that B C By N B,. If
p1: E1— By and p,: Ey — B, are G —fibrations with pi|gp ~g p2|p then there is a
G —fibration over By U;, (B x1)U;, B, extending py and p, whereij: Bx{j}— Bj
are inclusions.

Proof By Theorem 3.1, there is a G—tube ¢q: Z — B x I between p;|p and p;|p.
Without loss of generality, we can consider g over B X [%, %] with g|px(1/3}y = P1

and q|px{2/3} = p2. Let
Z = E\Ug, (p71(B) %[0, 1]) Um, Z U, (p3 ' (B) x[3,1]) Uy, Ea,

where ki: pl_l(B)x{O}—>E1,k2: pl_l(B)x{l}—>E2 and m: pl_l(B)x{%}—>Z,
my: pz_l(B) X {%} — Z are the inclusions. Define a G—map

G: Z— B Ui, (BxI)Uj, By
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by GlE; = pi> 4lzx(1/3,2/31(2,1) = ¢(2) and for j = 1,2 by g(e,7) = p;(e) when
te2(j—1/3.2j —1D/3).

|7

BxI

B B,
Clearly the restriction of ¢ to the following subsets are G —fibrations

{B1U;, Bx[0.3]. Bx[}.3]. Bx[3.3]. Bx[].1]U;, E,}.

Therefore, by Theorem 2.3, ¢ is a G —fibration. a

Theorem 3.7 Let p;: E; — B, i = 1,2, be G—fiber homotopy equivalent G —
fibrations such that E1 and E, have the G —homotopy type of a G —CW-complex.
Then there is a G —tube g between p; and p, whose total space is G —homotopy
equivalent to a G —-CW-complex.

Proof Let f: E1 — E, be a G—fiber homotopy equivalence. Recall that the total
space of the G—tube ¢ we constructed is Z = Z U;; My X [%, %] U Z, where

Zy={(e.t) e My x[0,3]|e € My if 0 <1 <3, e€ Ey if 1 =0},
Zy={(x.s.t) € Eyx I x[3,1]| s +3t <3} Us E> x[3,1].

Clearly, Z is a strong G—deformation retract of My. On the other hand, My is
G -homotopic to £, and hence it has a G—homotopy type of a G-CW-complex. O

Corollary 3.8 A G —fibration p: E — S"~! over (n—1)—sphere with trivial G —action
on the base extends to a G —fibration over a disk if and only if it is G —fiber homotopy
equivalent to a trivial G —fibration.

Proof Since D” is contractible, the “only if” part holds. For the “if” part, let p be
G —fiber homotopy equivalent to a trivial fibration. Consider D” as the cone of S"~1,
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that is, D" = S"~1 x [0, 2]/~ where (y,2) ~ *. Let By = S"~ ! x[I,2]/~, and
By = B=S""!1x{1}. Then ¢|p ~ p where &: B; x Fg — B; where Fg = p~!(x)
for some x € S"~!. By Corollary 3.6, there is a G —fibration extending p. |

Remark In [3], the statement of Corollary 3.8 appears on page 137 but in there the
total spaces were attached directly which results in a G —quasifibration from which one
gets a G —fibration by taking the corresponding Hurewicz fibration.

4 Constructing G -fibrations

In this section, we introduce an obstruction theory for constructing G —fibrations over
G —-CW——omplexes and we prove Theorem 1.1. An adequate cohomology theory to
develop such an obstruction theory is Bredon cohomology. Let us first fix some notation
for Bredon cohomology. We refer the reader to Bredon [2] and Liick [8] for more
detailed information about Bredon cohomology.

Let G be a finite group and H be a family of subgroups of G which is closed under
conjugation and taking subgroups. The orbit category Ory (G) relative to the family H
is defined as the category whose objects are left cosets G/H where H € H and whose
morphisms are G-maps from G/H to G/K. Recall that any a € G with H* < K
induces a G-map a: G/H — G/K defined by a(H) = aK and conversely, any
G -map from G/H to G/K is of this form.

Let B be a G—-CW-complex whose isotropy subgroups are all in H. A coefficient
system for the Bredon cohomology is a contravariant functor M: Ory(G) — Ab,
where Ab is the category of abelian groups. A morphism 7: M — N between two
coefficient systems is a natural transformation of functors. Note that a coefficient system
is a Z Ory (G)—module with the usual definition of modules over a small category.
Since the Z Ory(G)-module category is an abelian category, the usual notions for
doing homological algebra exist.

Given a local coefficient system M : Ory(G) — Ab, one defines the cochain complex
C},(B: M) of B with coefficients in M as follows: Let CJ}(B; M) be the submodule
of @ prey Homz (Cy (BH:7), M(G/H)) formed by elements ( /(H))gey which
makes the following diagram commute:

c,85:7) L% mG/K)

anl M@l

c,8H:2) L v
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for any H, K € H with H* < K. Here a: BX — B is given by a(x) = ax for any
x € BX and @, denotes the induced map between the chain complexes. The coboundary
map d: C3)(B; M) — C;’[H(B; M) is defined by (6f)(H)(t) = f(H)(dt) for any
H € H and for any (n+1)—cell t of BH .

Definition 4.1 The Bredon cohomology Hg, , (B; M) of G-CW-complex B with
coefficients in M is defined as the cohomology of the cochain complex CJ;(B; M).

Let 7 = {Fyg}Hgey be a compatible family. Since F is compatible, we can consider
the universal K —fibration ug: Ex — B Aut}((F 'k ) with trivial K—action on the base
as an H —fibration with the fiber Fg via conjugation action whenever H¢ < K. Let
a. B Autf( (Fg) > B Autg(F ') be the classifying map of this fibration. Define a
contravariant functor z, r: Ory(G) — Ab by letting

70, 7(G/H) = my(B Autfy (Fp)).
Zn 7@ G/H — G/K) = n:(@): 7n(B Auth (Fi)) — m,(B Auth, (F)).

From now on we assume that B is simply connected for every H € Iso(B), where
Iso(B) is the set of isotropy subgroups of B. Let p: E — B, be a G-fibration
over the n—skeleton of B with the fiber type F = {Fg}gen where n > 2. For
every H € H, the map ppg: p_l(B,fI ) —> B,fl is an H -fibration. In particular,
the H —fibration pg is classified by a map ¢, g: B,fl — B Autllq Fg when H is
an isotropy subgroup. For an arbitrary H € H and (n+1)—cell o of B,{I with an
attaching map f,: S"” — B,? 7 C BH  the G,—fibration f*(pg) is classified by the
map ResIG{" °0¢,.G, © fo. Here, Resg": B Autéa Fg, — B Aut}{ Fpgr is induced by
the relation H < G,. When H € Iso(B), the maps Resg" °¢p G, © fo and ¢, g o fo
are homotopic since they both classify the H—fibration f.f(pm). Moreover, when
H, K € H with H% < K, we have ZioResIG(” ~ ResIG{“" oa for every (n+1)—cell ¢
of BX.

We define

ap € [ ] Homz(Cyy1(B™). mu(B Auty Fp))
HeH

by ap(H)(0) = (Resg"),k[(j)p,c;(7 o fo] for every H € ‘H and for every (n+1)—cell o
of BH with an attaching map f,: S — B,’? . For ap to be a cochain, the following
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diagram must commute up to homotopy

st _Jo, pGo B Aut}, Fg,

| -l 7|

Jao G ®p.Gao I
S*" — B/ —— B Autg Fg,,

¢1),Gg
—_—

for every a € G. The first square commutes because B has a G—CW-complex structure.
Since a is the classifying map of the G4, —fibration ug, and ¢, g, is the classifying
map of pg, , the pullback of the universal G, —fibration ug,, by the composition
ao¢pG, is Gao—fiber homotopy equivalent to the fibration pg, considered as an
Ggo—fibration. On the other hand, the pullback of the Gy —fibration pg,, by a is
G 4o —fiber homotopy equivalent to the fibration pg, , 80 (.G, ©@)* UGy G uo PGy -
Therefore the G4, —fibrations (@o¢, g, )*ug,, and (¢p,G,, ©@)*ug,, are G4o—fiber
homotopy equivalent. By Theorem 2.4, the maps ao¢, g, and ¢, g, @ are homotopic
and hence ), is a cochain in C;_’fl (B, 7wn,r).

Proposition 4.2 «,, is a cocycle.

Proof Foran H €Iso(B), ap(H) € C"! (BH , 7,(B Autg Fy)) is the obstruction
cochain for extending the map ¢, g: B,fl — B Autfi Fpg to the (n+1)—skeleton
of BH . Therefore, by classical obstruction theory, we have

(Bap) (H)(z) = 8(p(H))(z) =0

for any (n+2)—cell T of BH . On the other hand, for arbitrary H € H, we have
(Sap) (H)(7) = (Reso ) (8p(G7)(7)) = 0. So, St = 0. O

We call «) the obstruction cocycle. From now on we assume that the total spaces of
G —fibrations that we consider have the homotopy type of a G—-CW-complex unless
otherwise stated.

Proposition 4.3 A G —fibration p: E, — B, with the fiber type F = {Fy}mecu,
where Fg is a finite H-CW-complex, extends to a G —fibration over the (n+1)-
skeleton By, if and only if ap = 0. Moreover if E, has the G—-homotopy type of
a finite G —CW-complex then the total space of the fibration that we obtain has the
G —homotopy type of a finite G —CW-complex.

Proof 1If the obstruction cocycle is zero, then [¢g, © fo] = 0 for any (n+1)—cell o
of B. By Theorem 2.4, the restriction p|y, is Gs—fiber homotopy equivalent to
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the trivial G —fibration &: do x Fg, — do. Let Bo: do0 x Fg, — p~'(d0) be the
G —fiber homotopy equivalence between them. By Corollary 3.8, p|y, extends to a
Gy —fibration py: Z — o over o. Let us define

E = ( [ Gx6,(Zui (p"(00)x 1))) Ui, E,
061n+1
where [, is the set of representatives of G —orbits of (n+1)—cells and i;’s are the
corresponding inclusions for j = 1,2. Let g: E’ — B, 41 be defined by relations
4|z = Do, qlp-1(0)x1 = Plas xid and ¢|g = p.
By Theorem 2.3, the G-map ¢ is a G—fibration.

Since all the fibers and the base space have the G —homotopy type of a G —-CW-complex,
E’ is G-homotopy equivalent to a G—-CW-complex. More precisely, for each orbit
representative o € I,41, we can deform G xg, (Z Ui, (p71(00) x I)) Ui, E to
G Xg, (0 x Fg,)Ug, E relative to E viaa G—map as shown in Figure 1. m|

Figure 1

Proposition 4.3 proves the first part of Theorem 1.1. The second part of the theorem says
that if ¢, is cohomologous to zero, that is, a = d for some cochain d € CJ} (B, y, 7)
then the G —fibration p|p, _,: p~ Y (B,_1)— B,_; extendstoa G—fibration over B, | .
In order to prove this, we redefine p over the n—skeleton relative to the (n—1)—skeleton
in such a way that the obstruction cocycle of this new G —fibration vanishes.

Let p; and p, be G-fibrations over B, whose restrictions to B,_; are G —fiber
homotopy equivalent. Then by Corollary 3.6, there is a G —fibration ¢: Z — (B x I),
with g|p,x{0y = p1 and ¢|p, x{1} = p2- Let ¥, g: (BE xI), — BAutIILI Fg be the
classifying map of the fibration gz for H €Iso(B). Note that the composition W, g oi;
gives a classifying map for the H —fibration p ]H where i;’s are the corresponding inclu-
sions. As before, the map Resg"e oW, G, © fae is homotopic to @ OReS% oW, g,o fe for
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every (n+1)—cell e of BX x I with the attaching map f,: S"~! — B,,G ¢ and for every
HY < K. Therefore, the map dp, q.p, € [ e Homz(Co(BH), 7,(B Autl, Fpy))
defined for an n—cell © of BH by

dpy g9 (H) (1) = (=1)" (ResS ) [W, 6. © fexi],

is a cochain in C}}(B;my 7). We call dp, 4,p, the difference cochain. As in the
standard theory, we have the following.

Proposition 4.4 6dy, 4.5, =0p, —ap,.

Proof It suffices to show that dp, 4, p, (H) =ap, (H)—0p, (H) for every H € Iso(B).
Let og € C" Y (BH x I, 7,(B Aut{q Fr)) be the obstruction cocycle to the extension
of W, g to (BH x I),41. Then §og =0. On the other hand, oy (H)(#) = Yy, H0 fo]
for every (n+1)—cell 8 of B¥ x I. Therefore, as in the proof of the corresponding
result in the standard theory, we have

0= (bog)(H)(ox1)
= ow(H) (0 x I) + (=1)" ! (og(H)(0 x {1}) — 0w (H)(o x {0}))
=[Wg 10 faoxt]+ (1) T ([ Wy i o foxiiy] = W, 1 © foxio}])
= (=1)""(dp,.q.p, (H)(30) + atp, (H)(0) — atp, (H)(0))
= (=1)""1(8dp, q,p, (H)(0) + ap, (H)(0) — atp, (H)(0))

for any (n+1)—cell o of B¥ . This implies that for every H € G and for every
(n+ 1)—cell 0 of B¥ we have

8dp,.q.p: (H)(0) = (ap, —ap,)(H)(0)
and hence 8dp, 4, p, = 0tp, —p,. O

Proposition 4.4 immediately implies the “if”” direction of Theorem 1.1(2). To see this,

note that if the G —fibration p|p _, extends to a G—fibration p over B, then
0

n—1

——
8dp.g.515, = %% — Uplp, = U
hence the cohomology class [«,] vanishes. For the “only if” direction, we need the
following observation.

Proposition 4.5 Let p: E — B, be a G—fibration over B, with the fiber type F =
{Fr ey where Fp is a finite H—-CW-complex for every H € ‘H. Then for every
d € C§{(B; wn,F), there is a G —fibration q: Z — (B x I ), such that dj, 4 5 = d where
D = q|B,x{1}- Moreover if E has the G—homotopy type of a finite G —-CW-complex
then the space ¢~ (B, x {1}) has the G —homotopy type of a finite G —CW-complex.
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Proof For an n—cell t of B, the Gy—map p;: p~ ' (T)U p~ 1 (0t)x I - TUdIT x I,
where pr|,-1z) = Plp-1z) and prlp—190)xr = Plp-1(37) X 1d, is a G —fibration and
it is classified by the map ¢, G, o m; where 7;: TUdt x I — T is the projection to
the first coordinate. Let E; be the pullback of p; by the map

fe=(fromy, fexid): D" x{0YUS" ' x I ->TUdTx T
where f;: (D", S"1) — (7, 1) is the characteristic map of .

Let X7 ={(x, 1) eD"x{1}|J <|x| <1}, Xo ={(x,1) eD"x{1}| ; <|x| <1}, and
X;={(x, ) eD"x{1}[0 = x| = %}. Let p1: El — X be the induced G,—fibration
(f2 [)*(pr) where f: X — D" x {0} US""! x I is given by

_f@x—x/Ixl. 4x|=3) 3
e b= {(2x—x/|x|, 0) !

Note that pq[sr—1x{1} = JZ(plac) and p1|§n JIx{1} is the trivial Gy—fibration with
the fiber F = p_l( f2(0)), where S"~ 1 is the (n 1)—sphere of radius r.

Since d(G;)(t) € n,(B Autér Fg,), it is represented by a map

Let u =F AutG Fg, Xaul L Fo, F— B AutG Fg, . Then the restriction of the
G, —ﬁbratlon W (u, G. ): E2— X 3 to ST, 174 ! x {1} is the same as the trivial G;—fibration
with the fiber F'. By gluing these fibration with the trivial one over X;, we obtain a
G fibration E} U F x X, U E2 — D" x {1} over D" x {1}. Let p: E;— 7 be the
corresponding G —fibration over 7. As in the proof of Proposition 4.3, the G—map

E = (]_[‘reln G XGT (Et Uil P_l(af) X I)) Ui2 p_l(Bn—l)
7|
By

is a G —fibration over Bj,. Moreover, when E has the G —homotopy type of a G-CW-
complex, so does E.

Letg: EU(p Y (B,_1)x 1)U E— (B x 1), be the G -fibration defined by ¢|g = p,
qlg = P, and q|,~1(B, ,)x1 = P|B,_,; xid. Then d 4 5(G)(7) is represented by
the classifying map

U: D" x{0}US" ! x T UX; UX,UX; — BAutg, Fg,
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where _ _ _ _
q’hD”x{O}US"—lxI = (f’p,Gf”lfr’ \I'|X1 = ¢p,Gf7T1frf
Yix, = ¢, (S0 Plas = Y

Here, ¢y, o (f.(0)) s the constant map at ¢p g, (/z(0)). Since $|an{0}ugn—1 xTUX;

is homotopic to the constant map ¢, . (, (0)) relative to 87721 x {1}, the classifying

map W also represents d(G¢)(t). Therefore, we have d = d,, ;4 5. |
Now we can prove the “only if”” of the main theorem as follows.

Proof of Theorem 1.1 It only remains to show that if «, is cohomologous to zero
then there is a G—fibration over B, which extends p|p, ,. Let o) = 6d for some
d € Hom(C,(B), s, 7). By Proposition 4.5, there is a G—fibration ¢ over B x I such
that d = d,, 4 5 where p = q|p,x(1}- Since ap = dd = ap — a5, we have a5 =0 and
hence p extends to a G —fibration over By . O

Remark In Theorem 1.1, one can replace the assumption that B is simply connected
for every H € H with the assumption that the map 71 (BH) — [Fg, Fglg is trivial
for every H € ‘H. In applications, one often has fibers which are homotopy equivalent
to spheres and one can take fiber joins to make this map trivial.
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