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Brunnian braids on surfaces

VALERY G BARDAKOV
ROMAN MIKHAILOV
VLADIMIR V VERSHININ
JIE WU

We determine a set of generators for the Brunnian braids on a general surface M for
M # S? or RP?. For the case M = S? or RP?, a set of generators for the Brunnian
braids on M is given by our generating set together with the homotopy groups of a
2—sphere.

57MO07, 57TM99; 20F36, 55Q40

1 Introduction

Let M be a compact connected surface, possibly with boundary, and let B, (M)
denote the n—strand braid group on a surface M . From the point of view of braids,
compactness of a surface is not essential: braids stay the same if you replace a boundary
component by a puncture. However the number of punctures must be finite, so that the
fundamental group and the braid groups will be finitely generated.

A Brunnian braid means a braid that becomes trivial after removing any one of its
strands. The formal definition of Brunnian braids is given in Section 2. A typical
example of a 3—strand Brunnian braid on a disk is the braid given by the expression
(o 10,)3, where o, and o, are the standard generators of the 3—strand braid group
(01,02 | 010201 = 020103).

Let Bruny, (M) denote the set of the n—strand Brunnian braids. Then Brun, (M) forms
a subgroup of B, (M). A classical question proposed by G S Makanin [19] in 1980
is to determine a set of generators for Brunnian braids over the disk. Brunnian braids
were called smooth braids by Makanin. This question was answered by D L John-
son [12] and GG Gurzo [11]. JY Li and J Wu [16; 23] gave different approach to this
question. In the 1970s, H Levinson [14; 15] defined a notion of k—decomposable braid,
which becomes trivial after removal of any arbitrary k& strings. In his terminology a
decomposable braid means 1-decomposable and therefore, Brunnian.
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AJ Berrick, FR Cohen, Y L Wong and J] Wu [2] gave a connection between Brunnian
braids and the homotopy groups of spheres. In particular, the exact sequence

(1-1) 1 — Brun, 4 (S?) — Brun,(D?) — Brun,(S?) — 7,1 (S%) — 1
was proved for n > 4.

J Birman [3, Question 23, page 219] asked how to determine a free basis for the
intersection Brun,(D?) N R,—; where

Ry—1 = Ker(Bu(D?) — B,(5?)).

Her motivation was that the kernel of the Gassner representation is a subgroup of
Brun,(D?) N R,_; . From the exact sequence (1-1) it follows that Birman’s question,
for n > 5, is about a free basis of Brunnian braids over the sphere S2. As far as we
know this question remains open.

The purpose of this article is to determine a set of generators for Brun, (M) for a
general surface M . We are able to determine a generating set for Brun, (M) except in
two special cases, where M = S?2 or RP2. For the case M = S? or RP?, we are able
to determine a generating set for a (normal) subgroup of Brun, (M), with the factor
group given by 7,_1(S?).

Recall the notion of the symmetric commutator product (see Li and Wu [17] and
Mikhailov, Passi and Wu [20]). Given a group G, and a set of normal subgroups

Ry, ..., R, (n>2), the symmetric commutator product of these subgroups is defined as
[Ri..... Rals == [ [Rot)- Re):-- - Romy)-
oEX,

where %, is the symmetric group of degree .

Let P,(M) be the n—strand pure braid group on M . Let D? be a small disk in M .
Then the inclusion f: D? < M induces a group homomorphism

S Pn(Dz) —> Py(M).
Recall that the pure Artin braid group P,(D?) is a subgroup of the braid group

B, ={01,...,04—1 | 0i0;+10; = 0;+10i0;41, i =1,...,n =2,

0;0; = 0j0;, |i —j| = 2).
generated by the elements

=i 1Oin 0020 g7 g
Aij = 0j-10j—2"0i+10;0j £+ 0;_,0;_y,
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for 1 <i<j<n.Let A; j[M]= fi(A; ;) andlet {A; j[M])* be the normal closure
of A; j[M] in P,(M). Note that a set of generators for (A4; j[M W is given by
BA; j[M 187! for B € P,(M). Thus a set of generators for the iterated subgroup

[(ALaMIVT, (A2l MIT . (A1 nl M) P
can be given.

Now we compute Brun, (M) as follows.

Theorem 1.1 Let M be a connected 2—manifold and let n > 2. Let

Ru(M) = [(A1a[MIN, (A2 al MI)T, ., (Anr al MI) T s

(1) If M # S? or RP?, then
Brun, (M) = R, (M).
(2) If M = S? and n > 5, then there is a short exact sequence
Ry(S?) < Bruny (S?) — 1,1 (S?).
(3) If M =RP? and n > 4 then there is a short exact sequence
R, (RP?) < Brun, (RP?) — 7,_(S?).
Remark (1) Assertion (2) fails for n = 3,4. A free basis for Bruny(S?) was given

in [2]. Assertion (3) fails for n = 2, 3. For the cases n < 3, our result is given in
Propositions 3.3, 3.6 and 4.9 by explicit computations.

(2) In the classical case where M = D?, assertion (1) gives a better format for
answering Makanin’s question as we describe Brunnian braids as an explicit iterated
commutator subgroup. In this case the assertion was proved in [17]. Assertion (2) was
essentially given in [2, Theorem 1.2]. Here we give an explicit determination for the
kernel of Brun,(S?) — m,—;(S?) for n > 5. Assertion (3) gives a new connection
between Brunnian braids and homotopy groups. The first case in assertion (3) (n = 4)
is that the Hopf map S® — S? lifts to a 4—strand Brunnian braid on RP?.

(3) For the classical case, the inclusion
R, (D?) < Brun,(D?)

was observed by Levinson [15, page 53].
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By Corollary 2.5, Brun, (M) is a normal subgroup of B,(M) for n > 3. As an abstract
group, Brun, (M) is a free group of infinite rank for n > 3 with M # S? or RP?, for
n>5 with M = S? and for n > 4 with M = RP?. A natural question is whether the
factor group B, (M )/ Brun, (M) is finitely presented. Our answer to this question is
positive.

Theorem 1.2 Let M be a connected compact 2—manifold. Then the factor groups
P,(M)/Brun, (M) and B,(M)/Brun,(M) are finitely presented for each n > 3.

The article is organized as follows. In Section 2, we give a review on Brunnian braids.
The determination of a generating set for Brunnian braids is given in Section 3. In
Section 4, we compute the 3—strand Brunnian braids on the projective plane. The
proof of Theorem 1.2 is given in Section 5. In Section 6, we give an algorithm for
determining a free basis for Brunnian Braids. In the Appendix we prove the technical
results stated in Section 4.

2 Brunnian braids

2.1 Configuration spaces and the braid groups

Let M be a topological space and let M" be the n—fold Cartesian product of M . The
n—th ordered configuration space, F(M,n) is defined by

F(M,n) ={(x1,....xp) € M" | x; # xj fori # j}

with the subspace topology on M"™. The symmetric group X, acts on F(M,n) by
permuting coordinates. The orbit space

B(M,n)=F(M,n)/ %,

is called the n—th unordered configuration space. The braid group B, (M) is defined
to be the fundamental group 7{(B(M,n)). The pure braid group P,(M) is defined to
be the fundamental group 71 (F (M, n)). From the covering F(M,n) — F(M,n)/ Z,,
there is a short exact sequence of groups

l—- P,(M)— B,(M)— X, — 1.

A geometric description of the elements in B,(M) can be given as follows. Let
(g1, ...,qn) be the basepoint of F(M,n) and let

p: F(M,n) - F(M,n)/ X,
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be the quotient map. The basepoint of F(M,n)/ X, is chosentobe p(qi,...,qn). Let
[A] be an element in 71 (F(M,n)/Z,) represented by a loop A: S! — F(M,n)/%,.
Since
p: FiM,n) — F(M,n)/ %,
is a covering, the loop 4 lifts to a unique path x: [0,1] = F(M,n) starting from
A(0) = (q1,...,qn) and ending with A(1) = (¢g (1), - - - » 4o (n)) for some o € Xy, Let
AO) =i (@)..... n(2) € F(M,n) € M".
Then X,-(t) #* Xj (t) for i # j and any 0 <¢ < 1. The strands
(i), 1=i <n)

in the cylinder M x [0, 1] give the intuitive braided description of A. The precise
definition of geometric braids is as follows.

Let {p1, p2,-.., pn} be n distinct points in M . Consider the cylinder M x I. A geo-
metric braid

p=1p1,--. Pn}
at the basepoints {p1, ..., pn} is a collection of n paths in the cylinder M x I such

that p;(z) = (A;(¢),t) and
@) A1) = po)ys--->An(1) = po(n) for some o € Zy;
Q) Ai®)#Aj()for0<t=<landi #].

Let p={p1.....pn} and p' ={p}..... p,} be two geometric braids. We say that p is
equivalent to p’, denoted by p ~ o, if there exists a continuous sequence of geometric
braids

pf =A%) ={(Aj@).1), ....(Ay(), 1)}, 0=<s=1,
such that
(1) A{(0) = p1,...,A5(0) = py foreach 0 <s < I;
2) A1) =A%1),....A5(1) =A%(1) foreach 0 <s < 1;
3) A%=Xand A' =1\,

In other words p ~ o if and only if they represent the same path homotopy class in
the configuration space F(M,n). We also use the term geometric braid to mean an
equivalence class of geometric braids.

Algebraic & Geometric Topology, Volume 12 (2012)
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The product of two geometric braids S and S’ is defined to be the composition of
the strands. More precisely, let 8 be represented by p = {p1, ..., pn} With p;(1) =
Po(1):---» Pn(1) = ps(my and let B’ be represented by p’ = {p}..... p,). Then the
product BB’ is represented by

P* 0 = AP1* Py (1ys -+ P ¥ P(ny b
where p; * o] ) is the path product.

2.2 Removing strands

A simple (half-open) curve in a space M is a continuous injection §: RT=[0, co) — M .
The distinct points {p1,..., py} in M are said to be well-ordered with respect to a
simple curve @ if there exist points # € [0, 1] with 0 <¢; <, <--- < t, such that
pi =06() for 1 <i <n.

Let p=(pi1,....pn) and p’ = (p}..... p,) be two sets of n distinct well-ordered
points with respect to 6 with p; = 6(¢;) and p; = 6(t]). Define

L(p,p)(s) ={L(p.p)i(s) = 0((1 —s)ti +st)) |1 =i <n}
for 0 <s<1; L(p,p’)(s) € M". Observe that, foreach ] <i < j <mand 0 <s <1,
(1 =)t + st < (1= 5)tj + st}

as t; < tj and t] < tjf. So L(p,p’)(s) is a set of n distinct well-ordered points with
respect to 6 for 0 <s <1.

Now let p= (p1...., ps) and p’ = (p}..... p,) be two sets of n distinct points on
the curve 6. There exist unique permutations o, T € X, such that

Po = (Po(1) - -+ Pomy) and Py = (Pl(ys -+ Py(ny)
are well-ordered with respect to 8. We call
—1 X
L(p0'7 p{r)a {L(p0'7 p{[)a_l(i) | 1 E l En}
an n—strand 0 —linear braid from p to a permutation of p’.

Let M be a space with a simple curve 6 and let the basepoints (p1, pa,..., pn) of
the braids on M be well-ordered with respect to 6. The system of removing strands
di: By(M)— B,_1(M) is defined as follows:

Definition Let 8 € B,(M) be a braid represented by A = {A,...,A,} with

A(l) = Po(1)s- - JAn(l) = Po(n)-

Algebraic & Geometric Topology, Volume 12 (2012)
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Then the braid d;(B) is defined to be the equivalence class represented by the path
product of the strands given by

L*{}‘-1,---,)\i—l’)\i—l—l,---,)\n}*L/,

where L is the 6-linear braid from (pi,..., py—1) 0 (P1,- -, Pie1s Pi+1r---»> Pn)»
and L' is the 6-linear braid from (py(1), ..., Po(i=1)> Po(i+1):-- -+ Po(n)) tO @ per-
mutation of (pq,..., pu—1).

It follows from this definition that the operation d; does not depend on the choice
of A in the class 8. Intuitively, the operation d;: B, (M) — B,_1(M) is obtained by
forgetting the i —th strand and gluing back to the fixed choice of the basepoints using
0 -linear braids.

From now on we always assume that the space M has a simple curve 6 and that the
basepoints of the braids on M are located on the curve 6 starting with a set p of
well-ordered points with respect to 6 and ending with a permutation on p. Recall that
there is a short exact sequence

l—- P,(M)— B,(M)— X, — 1.

The braid group B,(M) acts on the right on the letters {1,2,...,n} through the
epimorphism B, (M) — X, , which can be described as follows. Let 8 be represented
by an n—strand geometric braid

A={i@)|1=<i=<n}
with A;(0) = p;. Then i - 8 is given by the formula
Ai(1) = pi.g
for 1 <i <n.
Proposition 2.1 [2, Proposition 4.2.1(1)] Let M be a space with a simple curve.
Then the operations
di: By(M)— B,_1 (M), 1=<i=<n,

satisfy the following identities:

(1) did;j =djdiyy fori > j.

(2) di(BB') =di(B)d;.p(B). O

Corollary 2.2 The map d; is homomorphism when restricted to the pure braid
group Py,(M). o

Algebraic & Geometric Topology, Volume 12 (2012)
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Note In [2], the removing-strand operations are labeled by dy, . .., d,—1 to coincide
with simplicial terminology. The above identities are directly translated from [2,
Proposition 4.2.1(1)].

2.3 Brunnian braids

Definition 2.3 Let M be a space with a simple curve. A braid € B, (M) is called
Brunnian if d;(B) = 1 for each 1 <i <n. The set of n—strand Brunnian braids is
denoted by Brun, (). For convention, any 1-strand braid is regarded as a Brunnian
braid.

Intuitively a Brunnian braid means a braid that becomes trivial after removing any one
of its strands. If B, 8’ € Brun, (M), then

di(BB') = di(B)d;.p(B) = 1

for 1 <i <n and so the product B8’ € Brun,(M). Similar 87! is Brunnian provided
B is. Thus Brun, (M) is a subgroup of B,(M).

Proposition 2.4 Suppose M is a space with a simple curve. Then the subgroup
Brun, (M) N P,(M) is normal in B,(M) foreachn > 1.

Proof Let 8 € Brun,(M) N P,(M) and let y € B,(M). Then
di(yBy™") = di(yB)di.op)(y ")
= di(y)diy(B)di.cop)(y ")
=di(y)di.yp(y™")

for 1 <i <n. Since § € P,(M), the elements y and yf have the same image in
¥p=By(M)/Py(M) and so i - (yB) =i -y. The assertion follows from the equation

L=d;i(1) =di(yy™") = di(y)diry (v ") = di(¥)di.upy (v ). o

Corollary 2.5 Let M be a space with a simple curve. Then Brun, (M) is a normal
subgroup of B, (M) forn > 3.

Proof According to [2, Proposition 4.2.2], Brun,(M) < P,(M) for n > 3 and hence
the result. a

The case n = 2 is exceptional, since Corollary 2.5 does not hold in this case.

Algebraic & Geometric Topology, Volume 12 (2012)
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Proposition 2.6 Let M be a connected 2—manifold. Then Brun,(M) is a normal
subgroup of B,(M) if and only if w1 (M) = {1}.
Proof If m{(M) = {1}, then Bo(M) =Bruny,(M) as B;{(M) =m(M).

Suppose that (M) # {1}. Let D? be a small disk in M ~ dM . The inclusion
f: D?> — M induces canonical maps

(f. f): F(D?,2)>> F(M,2) and (f, f): F(D?,2)/ 3, > F(M,2)/X,.

Thus there is a commutative diagram of short exact sequences of groups

l —> P,(M) — B,(M) — ¥, —> 1

1 —> Py(D?) — By(D?) — =, —> 1.

Let o7 be a generator for B,(D?) = Z. Then (f, f)«(o1) # 1 in By(M) as it has
nontrivial image in ¥, = B,(M)/P,(M). From the commutative diagram

By(D?) —I% ()

-

By(D?) = {1} L By(M)

for i = 1,2, the element B = (f, f)«(01) is a Brunnian braid on M . Let p; be the
basepoint of M . Choose a loop

w: [0,1] > M

with w(0) = w(1) = p; representing a nontrivial element in 71 (M). Take the second
basepoint p, such that p, is not on the curve ([0, 1]) and construct a 2—strand
braid y represented by

p(t) ={p1(t), p2(2)}

with p1(¢) = (w(t),t) and p,(t) = (pa,t) for 0 <¢ <1 in the cylinder M x I. Then
dq(y) =1 as represented by the straight line-segment given by p,, and d,(y) =[w] # 1
is the path homotopy class represented by w. Observe that y is a pure braid. We have

Algebraic & Geometric Topology, Volume 12 (2012)
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di(y~") = (di(y))~". From
di(yBy~") = di(¥)diy (B)d1.¢op (™)
=d(y)d1(B)d2(y ")
=d(y)d,(B)da(y)™"

=1-1 .[a)]—l

#1.
the conjugate y,B)/_l is not Brunnian and so Brun, (M) is not normal. This finishes
the proof. O

3 Generating sets for Brunnian braids on surfaces

In this section, M is a connected compact 2—dimensional (oriented or nonoriented)
manifold. The classical Fadell-Neuwirth Theorem will be useful in computations.
Theorem 3.1 [7] The coordinate projection

§®. F(M,n) —> F(M,n—1), (X1,...,Xp) > (X1,.+o s Xie1, Xidg1s---»Xn)
is a fiber bundle with fiber M ~ Q,_1, where Q,_; is a set of (n — 1) distinct points

in M. O

Proposition 3.2 Up to a change of basepoint for the pure braid group P,(M) the
homomorphism d; coincides with the homomorphism of fundamental groups induced
by §@ :

di = hi8: Py(M) — Py_y (M),

where h; is the automorphism of w1 (F(M,n—1)) induced by the change of basepoints

(F(M7n_1)s(p17---’pi—lapi+ls~--7pn))_)(F(Man_1)v(pls---vpn—l))' O

Let D? be a small disk in M ~ dM . The basepoints {1, ps....} for the braids on
M are chosen inside D? ~ dD?. The embedding f: D? >> M induces a map

f": F(D?*,n)/ Sy >> F(M,n)/ %,
and so a group homomorphism

fI By(D?) = (F(D*,n)/ Zy) —> Bu(M) = 7ty (F(M,n)/ =)

Algebraic & Geometric Topology, Volume 12 (2012)
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with a commutative diagram

Ba(D?) s Bu(M)

J; :

By(D?)/Py(D*) =2, = % = By(M)/Py(M).

For any braid 8 € B,(D?), we write S[M] (or simply B if there are no confusions)
for the braid f'(B) on M.

Recall that the Artin braid group B, (D?) is generated by o7, ...,0,_; with defining
relations
(1) ojoj =o0jo; for |i — j| = 2;

(2) 0i0i4+10; =0j4+10;0;4 foreach i,

where as a geometric braid, o; is the canonical i —th elementary braid of n—strands

that twists the positions i and i + 1 once with the i th strand above the (i + 1) st and

puts the trivial strands on the remaining positions. Also recall that the pure Artin braid
group P,(D?) is generated by

2 _—1 -1 _—1

Ajj =0j-10j—2+0i+10{ 0; 1 05205

for 1 <i<j<n.

3.1 2-Strand Brunnian braids

Proposition 3.3 Let M be any connected 2—manifold. Then the 2—strand Brunnian
braids are determined as follows:

(1) Bruny(M) N Py(M) is the normal closure of the element A 5 in Bo(M).

(2) Bruny (M) is the subgroup of B, (M) generated by Bruny (M )N P,(M) and o1,
that is Bruny, (M) = (Bruny (M) N Py(M), 01).

Proof (1) Let ((Al,z))B be the normal closure of A1 5 in B,(M). By Proposition 2.4,
Bruny (M) N Py(M) is normal in By(M). Since A1 is a pure Brunnian braid,

(A12)B < Bruny(M) N Py(M).

Algebraic & Geometric Topology, Volume 12 (2012)
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To see the equality, consider the commutative diagram of fiber sequences

Fes M~{p) <> M

N
i

; 2)
M~{p} &2 FM,2) 255 M

]
i s

M:M—>*,

where i(x) = (p1,x) and i1(x) = (x, pp) and F is a homotopy fiber of i, which is
equivalent to a fiber of i’. From the middle row, there is an exact sequence

(B-1) 7 (M) —> m (M ~{p1}) > 7 (F(M,2))

= Po(M) %> 71 (M) = Py(M).
Note that
Bruny (M) N Py(M) = Ker(dy: P,(M) — Pi(M)) NKer(dy: P,(M)— Pi(M)).
Consider the diagram of short exact sequences of groups

(@) —— 2L o Bruny(M) 0 Py(M)

N

(3-2) w1 (M ~{p1}) 3 Ker(dy: Py(M) — Py(M))
I dy
Py(M) Py (M),

where @ € w1 (M ~{p;}) is represented by a small circle around p; . Its commutativity
follows from construction and i, is an epimorphism by the exact sequence (3-1). It
follow from diagram (3-2) that Brun, (M) N P,(M) is the normal closure of i (w)
in Ker(d;). From the commutative diagram

T (M ~{p1}) — 2> 7, (F(M,2))

Tf* T(f,f)*

T (D~ {p1}) =27 2 2 (F(D,2)),

Algebraic & Geometric Topology, Volume 12 (2012)
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we get
izx(@) = AT}
and hence assertion (1) follows.

(2) Note that the braid o; is Brunnian and represents the nontrivial element of
By(M)/Py(M) >~ Z/2. From the short exact sequence

1= P,(M)— B,(M)— X, —> 1,

we get the following commutative diagram

1 — Brunz(M) N Pz(M) — Brunz(M) — 22 —1

| 1

| — > Py(M) ——— By(M) —>= %, —> 1,

and the assertion follows. O

Corollary 3.4 Let M be a connected 2—manifold. Then
By(M)/(Bruny (M) N P,(M))
is the quotient group of B,(M') obtained by adding the single relation

Ajp=o0f=1. O

3.2 Homotopy properties of configuration spaces of surfaces

The following (well-known) fact will be useful for the computations in the next subsec-
tions.
Lemma 3.5 Let M be a connected 2-manifold.

(1) If M # S? or RP?, then F(M,n) is a K(r, 1)—space for n > 1. In particular,
m(F(M,n))=0 forn>1.

(2) m(F(S?%,n)) =0 forn>3.

(3) m(F(RP?,n)) =0 forn>2.
Proof Assertion (1) follows from the fact that M and M \ Q,_; are K(m, 1) spaces
together with Fadell-Neuwirth fibration (Theorem 3.1).
Assertion (2) was proved by Fadell and Van Buskirk [8, Corollary, page 244].
Assertion (3) was proved by Van Buskirk in [22, Corollary, page 82]. a
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3.3 3-Strand Brunnian braids

We will now determine the 3—strand Brunnian braids on M . By [2, Proposition 4.2.2],
Brunn(M) - Pn(M)
for n > 3. Thus the determination is given by
n
Brun, (M) = Brun, (M) N Py(M) = (| Ker(di: Po(M) — Py_1(M))
i=1
for n > 3.
For a subset S in P,(M), we write (S)© for the normal closure of S in P, (M),
while we keep the notation {(S)) for the normal closure of S in B,(M).
Proposition 3.6 Let M be a connected 2—manifold. Then the 3 —strand Brunnian
braids on M are determined as follows:
(1) Bruns(S?) = P3(S?)=7Z/2.
(2) If M # S? or RP?, then
Bruny (M) = [(41,3) 7, (42,5071,
the commutator subgroup of the normal closures in P3(M) of A3 and A3 3,

respectively.

Proof Assertion (1) follows directly from the fact that P3(S?) = Z /2 (which follows,
for example, from [9, Theorem 3.1]) and P,(S?) = {1}. For assertion (2), observe
that dy A; j =1 for k =1, j. Thus

(4i3) " < Ker(ds: P3s(M)— P,(M)) NKer(d;: P3(M)— P,(M))
for i = 1,2 and so the inclusion
[(A41,3) 7. (42,3)F] < Bruny (M)
is clear.

From the commutative diagram of the fiber sequences

M~{p1, pa} 2% F(M,3) %% F(Mm,2)

w T

M~{p)} % F(M,2) 25 M,
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where i3(x) = (p1, p2, x) and i, (x) = (p1, x), together with the facts that 77, (M) =0
and 7, (F(M,2)) =0 (Lemma 3.5), there is a commutative diagram of short exact
sequences

11 (M ~{py. pa}) B Py(M) & Py (M)

(3-4) ldﬂ ldz ldz

* d
T (M~ {p1}) =75 Py(M) 55 Pi(M).
It follows from this diagram that
i34 Ker(dy|) — Ker(ds: P3(M) — Py,(M)) NKer(dy: P3(M) — Py(M))

is an isomorphism. Since d5|: w1 (M ~{p1, p2}) = 71 (M ~{p1}) is induced by the
inclusion

M ~{pi,pr} —> M ~{p1},

Ker(d,|) is the normal closure of [w;] in 71 (M ~ {p1, p2}), where w, is a small
circle around p,. Similarly, the inclusion

M ~{p1, p2} = M ~{p>}
induces a homomorphism
di]: mi (M ~{p1, p2}) —>= w1 (M ~{p2})
with the property that
i34 Ker(dy|) — Ker(ds: P3(M) — P>,(M)) NKer(dy: P3(M) — Py(M))

is an isomorphism and Ker(d|) is the normal closure of the homotopy class [w;] in
w1 (M ~{p1, p2}), where w; is a small circle around p;. Thus

(3-5) i34 Ker(dq|) NKer(d,|) —> Bruns(M)

is an isomorphism. By applying results of Brown [4] and Brown and Loday [5] to the
homotopy pushout diagram of K(s, 1)—spaces

M ~{p1.p2} = M ~{p1}

b

M ~{p} — M,
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we get an isomorphism

Ker(d|) NKer(da]) _
[Ker(d ), Ker(da )] —

(M) =0,

and so,
Ker(d;|) NKer(dz|) = [Ker(d|), Ker(d2|)].

Together with the isomorphism (3-5) this gives

(3-6) Bruns (M) = [((i3+ (1)) T, (i34 (w2])) F1.

Note that the basepoints {py, p»} are chosen in the interior of the small disk D?. From
the commutative diagram

71 (M ~{p1. p2}) &5 Py(M)

(3-7) Tf* Tfﬁ

71 (D2~ {p1. p2}) B Py(D?),

we have i34 ([w1]) = Af ; and i3, ([wy]) = Aécg Assertion (2) follows from replacing
i34 ([w;]) by A4; 3 in Equation (3-6). a

The projective plane case is dealt with separately in Section 4.

3.4 Colimits of classifying spaces

Given a group G and its normal subgroups Rj,..., Ry, let us define their complete
commutator subgroup as follows

(3-8) [Ri. R, ..., Ry := 1 [ﬂRi,ﬂRJ}.

TUJ={1,2,..n}-iel  jeJ
INJ=o

It is clear that
[[Rl,...,Rn]]gRl m"'mRn
and that the quotient
RiN---NRy
[[Rl’ R21 ey Rn]]
is an abelian group with a natural Z[G/R; ... R,]-module structure, where the action
is defined via conjugation in G. An n—tuple of normal subgroups (Ry,..., R;) is
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called connected in G if either n <2, or n > 3 and for all subsets 1, J C {l1,...,n}
with || = 2,|J| = 1 (without the conditions of formula (3-8)) we have the equality

s (Qe)(11)-le(e)

iel jeJ iel jeJ
We will make use of the following result from Ellis and Mikhailov [6]:
Theorem 3.7 Let G be a group, n > 2, and (Ry,..., R,y) an n—tuple of normal
subgroups in G such that the (n—1)—tuples (Ry,..., R;,..., R,) are connected for
all 1 <i <n. Let X be the topological space arising as the colimit of classitying

spaces K(G/ [];ey Ri. 1), where I ranges over all subsets I  {1,...,n}. Then there
is an isomorphism of abelian groups

Ry N---NR,

) = R TR

3.5 n-Strand Brunnian braids for n > 4

Now we are going to determine Brun,(M) for n > 4. The case Brung(S?) was
determined in [2, Proposition 7.2.2]. Our computation will exclude this special case.

Lemma 3.8 Let M be a connected 2—manifold. Let
di: Py(M) — Pp_1 (M)

be the operation that removes the k —th strand.
(1) Suppose that M # S?* or RP2. Then, for n > 2,

Ker(dy) N Ker(dy) = (Ag..)

for 1 <k <n—1 and therefore
n—1

Brun, (M) = () (Aka)”.
k=1

Moreover iypy: w1 (M~{p1, p2...., pn—1}) — Pn(M) is a monomorphism with
ins (Ker(d]) = (Axn) ",
where i, is given as in (3-3) and
di|: (M ~{p1,.... pn—1}) — T (M ~{p1...., Pk—1. Pk+1:-- -+ Pn—1})

is the group homomorphism induced by inclusion.
(2) If M = S?, then the above statement holds for n > 5.
(3) If M = RP2, then the above statement holds for n > 4.
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Proof Diagram (3-3) can be extended to the general case, and so we have the starting
commutative diagram for n >2 and 1 <k <n-—1

% d
ﬂl(M\{plvPZv---an—l}) C—l> PH(M) —5 Pn—l(M)

(3-10) ldk ldk ldk

[ J 5 d,—
TLM ~Pis ey Phets Phtts - os Pae1}) &5 Py (M) 2255 Py (M)

where i (x) = (p1,... Pk—1-X, Pk+1,---» Pn—1). Let us consider the homomorphism

Ifx: T (M ~{p1,.o o Ph—1s Ph1s - - -5 Pn—1}) = Pnoi(M).
It is a monomorphism except 2 cases:
(3-11) M=S? andn=4,
(3-12) M =RP?andn =3.
For n = 2 this is identical isomorphism. For n = 3 and M = S? m{(M ~ {p;}),

i =1, 2, is the trivial group, so iy, is a monomorphism. For the other cases it follows
from the exact sequence of the fibration and since

n>3 if M #RP?, S?,
m(F(M,n—2))=0 forin>4 if M =RP2,
n=5 ifM=S?
(by Lemma 3.5). For the exceptional case (3-11) m1(S? ~{p1. pk. p3}) is infinite
cyclic and P3(S?) is the cyclic group of order 2. For the exceptional case (3-12)

mi(RP2~{p;}), i =1, 2, is infinite cyclic and P,(R P?) is isomorphic to the finite
quaternionic group Qg [22] (see also Section 4). Thus

inx: Ker(dy|) — Ker(d,) N Ker(dy)

is an isomorphism for the cases

(3-13) n>2 if M # S? RP?,
(3-14) n>3 if M =RP?,
(3-15) n>4 if M =82,

Note that Ker(dy|) is the normal closure in 71 (M ~{p1, p2,..., pu—1}) of the ho-
motopy class [wg], where wy, is a small circle around py . For the same reasons as in
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diagram (3-7), we have i,«((wg]) = A,“C—L}l and so
Ker(dn) N Ker(dg) = ins(Ker(dg))) < (Axa) "

On the other hand, (A . )P < Ker(d,) N Ker(dy) because Ak, lies in the normal
subgroup Ker(d,) N Ker(dy). Thus, for all cases (3-13)—(3-15),

Ker(dy) NKer(dy) = (Ag.a) .

Hence, the result. O

The remaining question is of course how to determine the intersection of the normal
subgroups {(Ax . ) ¥ for general n. The following result is also given by Li and Wu [17,
Equation (4.1)]. (Note: In [17], the proof was given by checking K (s, 1)-hypothesis.
Our proof is given by checking the connectivity hypothesis in Theorem 3.7.)

Theorem 3.9 Let M be a connected 2—manifold and let {p1, ..., p,} be the set of n
distinct points in M ~ dM . Let

dil: NI(M\{pl’---’[’n})—>7TI(M\{pls---’Pi—l,Pi—l-l,---,Pn})

be the group homomorphism induced from the inclusion by filling in the missing
point p;. Then

(Y KertchD) / (Ker(ds . Ktz ... ety s = ma1)

i=1

foreachn > 2.

Proof The surface M can be viewed as a colimit of the spaces M ~| |;c; pi, where
I ranges over all subsets I C {1,...,n}. Denote G := my{(M ~{p1,..., pn}) and
R; :=Ker(d;|). Since punctured surfaces are aspherical, the spaces M ~| |;c; p; are
classifying spaces for groups G/ [ [;c; Ri. Let us check that the connectivity condition
(3-9) holds for every (n—1)—tuple of subgroups (R,..., ﬁm, Ry, 1<m=<n.
For n = 2, 3, the connectivity condition holds by definition. We prove the statement by
induction on n. We fix the number m2: 1 <m =< n, and prove the connectivity (3-9) of
the (n—1)—tuple (Ry,...,Rm....,Ry). Let I,J C{1,...,if,...,n}. Suppose that
I NJ # @. Then the left and right-hand sides of (3-9) are equal to [[;¢; R; and the
condition is proved. So, we can assume that / N J = &. Consider the epimorphism

fJ:G—>G/1_[Rj.

jedJ
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The condition (3-9) is equivalent to the condition
(3-16) fJ(ﬂRi) =) f1(R).
iel iel
Any punctured surface has a free fundamental group and
f7(Ri) = Ker{r, (M <L pk) S (M < pk)}.
kel kel, k#i

By induction we have

(YR =[Ri..... Ry ]

iel
for I ={iy,..., i1} due to Theorem 3.7 and the fact that punctured surface is aspherical.
The same argument shows that

() fr(R) =[fr(Ri)). ... [r(Ri)]

iel

(we repeat argument for the punctured surface with discs glued to |J| boundary
components, the surface remains punctured since M ~ {py,..., py} has at least n
boundary components). The same argument shows that

[[Ril,...,Rim]] = [R,'l, e, Ri\u]Sv
[[fJ(Rh)v s f:](Rim)]] = [fJ(Ril)v s fJ(Ri|1|)]S-

Since f; is a homomorphism, the condition (3-16) and hence (3-9) follow. Again
observe that

[[R],Rz,,Rn]]:[Rl,,Rn]S,

hence the needed statement follows from Theorem 3.7. O

Proof of Theorem 1.1 By Lemma 3.8,

n—1

Brun, (M) = ﬂ ((Ai,n»yP

i=1

and ((Ak’,,))yP = inx(Ker(dy|)). The assertion follows by Theorem 3.9. a
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4 3-Strand Brunnian braids on the projective plane

4.1 Braid group of the projective plane

There exist several presentations of the group B,(RP?). See, for example, van
Buskirk [22] or Gongalves and Guaschi [10]. We will use a presentation similar
to presentations of the surface braid group from [22].

Theorem 4.1 The group B, (RP?) can be presented as having the set of generators

0—1’0—27--'70—}1—1’/0’

where in the braid p the first string represents a nontrivial element of the fundamental
group and the rest of the braid is trivial; the generators 01,05, ...,0,—1 are the images
of classical braid generators of the disk; the set of defining relations is the following:

0i0i+10; = 0j4+10i0i4+1, [ =1,2,...,n—=2,
0i0j = 0j0;, li—j|>1,
PO = 0ip, i #1,

-1 -1 -1
0y POy p=po; poy,

P> = 0102+ 04202 | Op_3 0207,
The proof of Theorem 4.1 is given in the Appendix.

Remark 4.2 Geometrically, the element p can be depicted similarly to that of [1,
Figure 10].

There is a canonical homomorphism z: B,(RP?) — %, t(0y) = (i,i +1), t(p) =e.
The kernel, Ker(z), is the pure braid group P,(RP?). This group was studied in [10].
We will find a presentation for P3(RP?) which we shall use later. Consider at first the
group B,(RP?). We have

By(RP?) = (p, 01 | o7 ' poy ' p = poy ' poy. p* =07).

This group has order 16 and P,(RP?) is isomorphic to the quaternion group Qg of
order 8 [22]. The relation p* = 012 gives that P,(RP?) is normally generated by p.
Let us define the following element of P,(RP?):

u=01p0; L
The Reidemeister—Schreier method (see [18, Theorem 2.9]) gives the presentation

(4-1) Py(RP?) = (p,u | pup =u, p* =u?).
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This presentation is equivalent to
Py(RP?) = (p,u | pup=u—", p* =u?),
which appears in Lemma 4.6.
Consider now the case n = 3. We have
B3(RP?) = (p, 01,05 | 010201 = 02,0102, pos = 02p,
o; oy p=poylpoy. p? = o10501).

To construct a presentation for P3(RP?) we use the Reidemeister—Schreier method.
As representatives of cosets of the normal subgroup P3(IRP?) in the group B3(RP?)
we take the elements: e, 01, 03, 0,01 0103, 010207. Then by [18, Theorem 2.7] the
group P3(RP?) is generated by elements

ka(ka)™,

where a € {p,01,0,}, k € {e,01,0,,0,01,0102,010,01} and the bar denotes the
mapping from words to their coset representatives [18, page 88]. Having in mind that
02p0, ' = p, we obtain that the group P3(RP?) is generated by

~1 —1,_—1 2 2 _—1
Py U=01p0] , W=0301p0, 0, , A1z, Azz=0;, A13=020{0, .

The following set of defining relations is obtained by application of Reidemeister—
Schreier method [18, Theorem 2.9]:

A1pA13AT, = A3 A13Azs, A1 =01 (A13423) AT, = A13423,

(4-2) pArsp = Ans, u(As3 A3 An)u! = A5 A1z Ass,

(4-3) pAw ™ Ap)p™ = w ™ Az, p(AT w)p™ = w,
p(Auw)p " =u,

4-4) u(A2_31w_1A23)u_1 =w 4,3, u(A;31 wyu" ! =w,

(4-5) Ay A13Aas A = p2,  AnnAis =p%, ApdAaz =u’,

(4-6) Ay3Az = w?.

From these relations we have the following formulas for conjugation by 415, p, u:

A1 A13A7, = Aj3 A13A2s,  A12An AT, = Ass A3 A2z A3 Aas,
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(4-7) ApwAp, =w,

(4-8) pwp~ ! = w_1A1_31w2, pAzp ! = w_lA_;w,
pAz3p" = Aps,

(4-9) uwu ! = w_lA;;wz, uA23u_1 = w_lA;;w,

(4-10) uA13u_1 = u)_lA;31 wA;3lwA23w.

Remark 4.3 Relation (4-7) can be more easily seen directly from the relations in
B; (RPZ) . Relations (4-8) are obtained from relations (4-3). Relations (4-9) are obtained
from relations (4-4). Relation (4-10) is obtained from relations (4-6) and (4-9).
We see from these formulas that the subgroup

Us(RP?) = (w, A13, A3 | A13423 = w?)

is normal in P3(RP?). Geometrically, it can be identified with 7; (RP? ~ {p;, p2})
which is included in the short exact sequence (see diagram (3-4))

71 (RP2~ {p1, pa}) <5 P3(RP?) % Py(RP?)
and so Uz (RP?) is the free group of rank 2 and P3(RP?)/Us(RP?) ~ P,(RP?).

We can exclude the generators A5, A3 from the list of generators for P3(RP?),
using the formulas

4-11) Ap = u,o_lu_lp, Az = w2A2_31.

The proof of the following statement is given in the Appendix.

Lemma 4.4 The group P3(RP?) is generated by elements
Py U, w, Aps

and has the following relations:

40 pwp ™" =w " Ay3, pAr3p~ " = Ass,

(1" pwp = Arzw, p ' Azzp = Aps,

2) uwu~ ! = w_lA;;wz, MA23M_1 = w_lA;;w,

2" u lwu = A;;w, u Ayyu = A2_31wA;31w_1A23,
3) p tup~tum! = wA;;w, u oy = A;31.
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Remark 4.5 A similar presentation was constructed in [10, page 765], but in the list
of relations there, in the fourth relation of formula (3) instead of

Py By 3pr = 32_,13/0332,3/73_132,3,
it should be
p3 ' B2 3py = By 3p3B33p5 ' Bas.

Let us introduce new generators @ = pw, b = wu. Then we have from Lemma 4.4
the following statement.

Lemma 4.6 The group P3(RP?) can be generated by elements
a, b, w, A23

and has the following relations:

4 awa™! = w_1A23, aA23a_1 = w_1A23w,

(C) a 'wa=w45;, a 'Aryza=w4w,

Q) bwb™' = Ajw,  bAbT' = A5,

(5 b~'wb = Ay w, b Axb = 453,

(6) bab™ ' =471, a’? = b2,

In particular, {a,b) ~ P,(RP?) < P3(RP?). i

From this lemma we have the following statement.

Proposition 4.7 There exists the split short exact sequence

d
1 — U3(RP?) —> P3(RP?) —> P,(RP?) —> 1,

and hence P3(RP?) = U3(RP?) X P,(RP?). i

This proposition was proved by Gongalves and Guaschi [10]. It was also proved there
that for » = 2,3 and for all m > 4 the short exact sequence

1 — Pp_n(RP?\ {x1,X2,...,X}) — Pu(RP?) — P,(RP?) — 1

does not split.
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4.2 3-Strand Brunnian braids on the projective plane

In order to pass to Brunnian braids recall the geometric interpretations for the generators
p, u, w. We represent RP? as a 2—gon L where opposite points on the two edges are
identified in the standard manner. In the braid p, the second and the third strings are
just two parallel lines. Its first strand passes through the edge of L. The braids # and w
are defined in a similar manner. In u, the second strand passes through the edge and, in
w, the third one. The braid A,3 is defined as in the braid group of a disk. Remember
that the presentation for P,(RP?) is given by formula (4-1). Hence the maps

dy,ds,ds: P3(RP?) —> P,(RP?)

act on the generators by the rules

a — u, a — pu, a —> p,
b — up, b — u, b — u,
dy: dy: ds:
Azz —> Apz, Az —> 1, Az — 1,
w  —> u, w  — u, w — 1.

From the exact sequence of Proposition 4.7 we see that Brunz(RP?) is a subgroup
of U;(RP?) and so in our study of Brunnian braids on RP? we can restrict ourselves
looking at U3 (RP?) and the action of d; and d5 on it. We write the action of d3 as
supplementary information.

We have
di(w*) =dy(wh) =u*, dz(w*) =1,
and since u* = 1 in P,(RP?) then w* € Brun;(RP?). Similarly
dl (A%3) = A%z» dz(A%3) = d3(A§3) =1,

and since A%z = af =1 in P,(RP?) (see formula (4-1)), then A§3 € Brun; (RP?).
For the commutator [w, A,3] we have

di([w, A23])) =[u, A12],  da([w, A23]) = d3((w, A23]) =1,
and A, lies in the center of P,(RP?), so d;([w, A23])=1 and [w, A23] € Brunz(RP?).

Now we are going to determine a free basis for Bruns (RP?).

Lemma 4.8 Let F(S) be the free group (freely) generated by the set S. Given x € S,
let C4(X) = Z/q be the cyclic group of order q generated by a formal generator X.
Let px: F(S) — Cy4(X) be the group homomorphism with p(y) =1 fory #x e S
and p(x) = X. Then Ker(px) has a free basis

1y, x| yeS, y#£x, 1<j<q—1}.
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Proof By using Schreier method, Ker(px) has a free basis
(x4, xTyx) | yeS. y#x.0<j<q—1}
which is equivalent to the generating set in the statement as
. x/1=y~ (x yx)

and hence the assertion. O

Proposition 4.9 As a subgroup of B3(RP?), Brun;(RP?) has a free basis given by
x%, xf', [xf,xz],

[x2,x1].  [[x2, x1], x2],

[x2,x7].  [[x2. x7]. x2],

[XZ’ X%], [[Xz, X?], Xz],
where x; = w and x, = A 3.
Proof Consider the projection py,: F(x1,x2) = C4(x1). (Itis dy in our case.) By
the above lemma, Ker(py,) has a free basis given by

S = {Xf,xz,[xz,xl],[Xz,xlz],[xz,xf]}-

The assertion follows by applying the above lemma to the projection py,: F(x1,x2) —
C3(x2) (d; in our case) restricted to the subgroup F(S) = Ker(px,). a
Let us describe the quotient groups P3(RP?)/Bruns(RP?) and B3 (RP?)/Brun;(RP?).

Proposition 4.10 (1) Let w and A be the images of w and A3 respectively after
applying the natural projection

U;(RP?) —> U3 (RP?)/ Bruns (RP?).
Then
Us;(RP?)/Brun3(RP?) = (0, A | w* = A2 =1, Aw = wA) ~ 74 ® Z,.
(2) The quotient P3(RP?)/Bruns(RP?) has order 64 and is the semidirect product
P3(RP?)/Bruns(RP?) = (U3 (RP?)/ Brunz (RP?)) X P,(RP?).
More precisely P3(RP?)/ Bruns(RP?) is generated by
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and has defining relations:

wt=A%*=1, Aw=wA, bab~ ' =a7', 4 =b?,
(D) a'wa=w'4, a'4a= 4,
(1) awa ' =w 14, ada™' = A4,
) b lwb=wA, b 'Ab=A4,
2" bwb~'=wAd, bAbT' = A.

Proof The first statement follows from Proposition 4.9 and the second statement
follows from Proposition 4.9 and Lemma 4.6. a

Remark 4.11 The relations without primes are equivalent to those with primes.

Using the short exact sequence
(4-12) 1 — P3(RP?) — B3(RP?) — X3 —> 1,

we want to describe B3(RP?) as an extension of P3(RP?) by Z5.

Proposition 4.12 The group B3;(RP?) can be presented as having generators
a, b, w, Ay, o1, o032,
satisfying relations (4)—(6) from Lemma 4.6 and the following relations:

010201 = 020103

(4-13) ol =a*w™?, 0F = Aj.
(4-14) oy laoy =bA3},

(4-15) oy 'hoy = aw™ Aysw !,
(4-16) Ul_lwol =w,

(4-17) oy ' Ayz00 = wrA5;,

(4-18) 05 'aoy = ab(w™! A23)%,
(4-19) 05 'boy = bAss,

(4-20) az_lwaz =bw 4,3,

4-21) 05 ' Ap300 = Ap3.

The proof is given in the Appendix.
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Proposition 4.13 The quotient B3(RP?)/Bruns(RP?) has order 384 and is an exten-
sion of P3(RP?)/ Bruns(RP?) by X3 :

1 — P3(RP?)/Bruns(RP?) — B3(RP?)/Brun; (RP?) — X3 —> 1.
The quotient B3(RP?)/Brunj(RP?) is generated by
w, A, a, b, o1, o0,
and has defining relations:

wt=4%=1, Aw=wA, bab '=a"' a®=0>>

a 'Ba=w'4, a'da=A,

b~ 'ob =wA, bl Ab = 4,

010201 = 020102

of =a*w?, o] =4,
-1 1T -1 _ T2 1= _ = 17 _ 12
0, aoy =bA, o, boy =aAw”, o[ wo;=w, o, Aoy = Aw~*,
02_1a02 = abw?, 02_11902 =bA, 02_11502 =bAw !, 02_11102 = A.
Proof This follows directly from Proposition 4.10(2) and Proposition 4.12. a

5 Proof of Theorem 1.2

5.1 Some lemmas on free groups

Let S be a set and let F'(.S) be the free group freely generated by S. Let Sy be a set
and let xq, x;, ... be additional letters. Let S, = So U {x1,...,x,} be the disjoint
union. Consider the group homomorphism

di: F(Sp) > F(Sy—1), 1=<i=<n,
defined by

X if x € So or x = x; with j <1,
(5-1) di(x) =11 if x = x;,

Xj—1 if x =x; with j > 1.

Roughly speaking, d; is obtained by sending x; to 1 and keeping other generators.
The following lemma is a special case of [17, Theorem 4.3].
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Lemma 5.1 Let d;: F(S,) — F(S,—1) be defined by the formula (5-1). Then

k
ﬂ Ker(d;) = [Ker(d;), Ker(dy), ..., Ker(dy)]s
j=1

for2 <k <n. o
Let H be a normal subgroup of G. A set X of elements of H is called a set of
normal generators for H in G if H is the normal closure of X in G. We say that H
has finitely many normal generators in G if there is a finite set X such that H is the
normal closure of X in G.

Lemma 5.2 Let R; and R, be normal subgroups of G . Suppose that

(1) R; has finitely many normal generators;

(2) R» has finitely many generators (in the usual sense).
Then the commutator subgroup [Ry, R,] has finitely many normal generators.

Proof Let {a;,...,a;} be a set of normal generators for R;. The set of generators
for R; can be given as {g7la;g |1 <i <m, g€ G}. Let {by,...,b,} be a set of
generators for R,. Let H be the normal closure of

{lai.bj]|1<i<m, 1= j<n}.
Now take any r € R, r = b;, ... b;, . Then
lai.r] =lai. bi,] g1lai. biy]g " - gjlai bij, 1g7 " -+ gk—1lai. bilgi L.
where g;j = bj, ---b;;. So [a;,r] € H forany r € R;. Now
[g™"aig. bj]= g '[ai. ghjg"'lg € H,
because ghjg~! € R,. This implies that [Ry, Ry] = H. o

Lemma 5.3 Let M be a connected compact 2—manifold with nonempty boundary.
Let n > 2. Then the subgroup

k
() Ker(di: Pu(M) — Py_1(M)) NKer(dy: Pa(M) — Py_1(M))

i=1

has finitely many normal generators in P,(M) foreach1 <k <n—1.
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Proof The proof is given by induction on k. The assertion holds for £ = 1 by
Lemma 3.8. Suppose that the assertion holds for £ — 1. Consider the short exact
sequence of groups

T (M ~{pi1. ... puot}) S Pa(M) —% P, (M)

Let [wi] € mi{(M ~{p1,..., pn—1}) represented by a small circle around p;. By
Lemma 3.8, for each 1 <i <n—1, the subgroup Ker(d;) N Ker(d,) is the normal
closure of [w;] in w1 (M ~{p1,..., pu—1}). Let R; = Ker(d;) N Ker(d,). Note that
w1 (M ~{p1,..., pn—1}) is a free group with a basis containing the elements [w;] for
1<i<n-1.ByLemma5.1,

because R; is the kernel of
dil: miy(M ~{p1,..., pn—1}) —> 11(M ~{p1,..., Pi—1; Pi+1-- s Pn—1})
for 1 <i<m-—1,and

ﬂ Ri =[R{,Ry,....Rj_1,Rj;1,..., Ri]s.
i€{l,....7,....k}

It should be noticed also that for normal subgroups Hy, H,, H3 of a group G
(1. H3][H>, H3] = [H1 H,, Hs3],
see, for example, Serre [21, identity (2’), Proposition 1.1]. It follows that
k
() (Ker(di) N Ker(dy))

i=1

k
(5-2) = ]‘[[ (| (Ker(di) NKer(dy)). Ker(d)) ﬁKer(dn)]

j=1-ie{l,....],....k}

k
5]_[[ N (Ker(di)ﬂKer(dn)),Ker(dj)].

i€{l,....7,...k}
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On the other hand, since

k
[ (| (Ker(di) NKer(dy)), Ker(dj)] < [\ (Ker(di) N Ker(dp)),

i€{l,....7,....k} i=1

forevery j =1,...,k, we have

k k
(5-3) (| (Ker(di) NKer(dn)) = [ | (| (Ker(d)) NKer(dy)). Ker(dj):|.

i=1 J=1"0e{1,., 7,0k}
By induction, the subgroup
(| (Ker(di) NKer(dy))
i€{l,e ]k}

has finitely many normal generators for every j = 1,..., k. From the short exact
sequence of groups

dr
TV (M NP1y s Djm1s it 1o oo D)) > Pu(M) —5= Py_1 (M),

the subgroup Ker(d;) has finitely many generators. By Lemma 5.2, the commutator
subgroup

(| (Ker(di) NKer(dn)). Ker(dj)}

i€{l ]k}
has finitely many normal generators for every j = 1,...,k and hence the group
ﬂf-;l (Ker(d;) N Ker(dy)) has finitely many normal generators. The induction is fin-
ished. a

5.2 Proof of Theorem 1.2

The proof is given by two different cases.

Case1l M is a connected compact manifold with nonempty boundary. It is a well-
known fact that groups P,(M) and B,(M) are finitely presented; it can be seen
directly using the fibration of Theorem 3.1 and the fact that an extension of finitely
presented groups is finitely presented [13, Corollary 2, page 140].

By Lemma 5.3,
n—1
Brun, (M) = ﬂ Ker(d;) N Ker(dy)

i=1
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has finitely many normal generators in P,(M). This implies the factor groups
P,(M)/Brun,(M) and B,(M)/Brun, (M) are finitely presented.

Case 2 M is a compact closed manifold. Let M =M~ {¢q1}. Using the exact
sequence of the fibration of Theorem 3.1 and induction on n we conclude that the
inclusion f: M — M induces an epimorphism

SI: Py(M) — Py(M).
Since
Brun, (1) = [( A1)y O (A a) PrOD (A y ) P OD)s,
we have

SIBrung (M) = [(A1a)y T (43,

B

WO (A )y P D]

From the fact that Brun, (1\7 ) has finitely many normal generators in Py (1\7 ), the
subgroup
(A1) P (A2

s

oD (A ) PO

has finitely many normal generators in P, (M).

If M # S? or RP? with n> 3, then, by Theorem 1.1 and Proposition 3.6, the subgroup
Brun, (M) = [( A1)y 70 (A2a) M (Anmr ) PP

has finitely many normal generators in P,(M). Therefore, P,(M )/ Brun,(M) and
B, (M )/ Brun, (M) are finitely presented for M # S? or RP? with n > 3.

If M = S?, then P3(S?)/Brun3(S?) = {1} and B3(S?)/Brun;(S?) = Z/2. For
n = 4, the group Bruny(S?) has 5 generators according to [2, Proposition 7.2.1]. Thus
P4(S?)/Brung(S?) and B4(S?)/Brung(S?) are finitely presented. For n > 5, by
Theorem 1.1, Brun,(S?) is a finite extension of the subgroup

[(Ara)y P S (A ) D (A ) P ST

because m,_;(S?) is finite. Thus Brun,(S?) has finitely many normal generators
in P,(S?) and so the assertion holds for the case M = S2.

If M = RP?, then Bruns(RP?) has 9 generators according to Proposition 4.9. Thus
P3(RP?)/Bruns(RP?) and B3;(RP?)/Brun;(RP?) are finitely presented. For n > 4,
by (3) of Theorem 1.1 together with fact that 7,_;(S?) is finitely generated, the
subgroup Brun, (RP?) has finitely many normal generators, and so the assertion holds
for the case M = RP2. O
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6 An algorithm for determining a free basis for Brunnian
braids

By Lemma 3.8, in order to get a free basis for Brun,, 41 (M), it suffices to determine a
free basis for

6-1) () Ker(di|: mi (M ~{p1,.... pn}) = T1(M ~{p1, 2L, pa}).

i=1
Let M be connected a 2—manifold with nonempty boundary and let w; be a small
circle around p;. Then

T (M ~A{p1..... pn}) = F(So U{[w1], ..., [wn]}),
where 1 (M) = F(Sy). Let S be a set and let 7 be a subset of S. By a projection

homomorphism

w: F(S)— F(T)
we mean here a group homomorphism defined by
x ifxeT,

]T(x):{l if x e S\T.

In our case, the homomorphisms d;| are projection homomorphisms in the following
sense:

Let S = SoU{[w1],...,[wn]} and let

T; = So U1, ..., [wi—1] [wit1], - - - [@n]}
for 1 <i <n. Then
di|: F(S) — F(T})

is the projection homomorphism for each 1 < i < n. The algorithm in [23, Sec-
tion 3] provides a recursive formula to determine a free basis for the intersection
subgroup (");_; Ker(d;|), as follows. For x a reduced word in the alphabet S, and y
a reduced word in the alphabet 7', define p(x, y) by induction on the word length
of y:

(1) w(x,y)=xif y is the empty word;

2) p(x,y)=[u(x,y),z€]1if y=y'z¢ withze€ T and € = +1.

Let V be a set of reduced words in the alphabet .S, and let W be a set of reduced
words in the alphabet 7', a subalphabet of .S. Define a set of words in the alphabet S':

AV)w ={u(x,y)|x €V and y € W}.
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By [23, Proposition 3.3], A({S\T'}) p(r) is a free basis for the kernel of the projection
homomorphism 7: F(S) — F(T). Now for the subsets 77,..., T, of S, construct a
subset A(T1,...,Ty) of F(S) by induction on k for 1 <k <n:

(1) A(T) = AGS\T1}) Fery) -
(2) Let

T2(2) ={we AT |w=L[..[x,y{"]..].y'] withx, y; € T», ¢; = %1 forall j}

and define

AT, T2) = AATD) g0y

(3) Suppose A(Ty,...,Tr_;) is defined so every element in A(T}, ..., T_1) are
written in the form of iterated commutators in F(S) with entries given by
4 powers of elements in S. Let

Tk(k) ={we A(Ty,...,Tr_1) | w=[x§1,...,x§£]withx]- € Ty, for all j},

where [x}',... ,xzz] are the elements in A(T7y,..., Ty_;) that are written as
iterated commutators. Define

A(T], ceey Tk) = A(A(T], ey Tk_l))F(Tlik)).

By [23, Theorem 3.4], A(T},..., Ty) is a free basis for ﬂf;l Ker(d;|) for 1 <k <n.
In particular, A(T1, ..., Ty) is a free basis for (7=, Ker(d;|).

Note In the construction of A(V )y, the words are obtained as iterated commutators
with a fixed choice of commutator brackets from left to right. The above algorithm
is given by iterating the process of A(V ) and so the words in A(Ty,...,T,) are
given in the form of iterated commutators with commutator bracket operations given
as compositions of left-to-right brackets.

7 Appendix: Proofs of statements of Section 4

Proof of Theorem 4.1 We start with the presentation of van Buskirk [22, page 83],
also studied in [10]. It has the 2n —1 generators oy, 05, ..., Op—1, P1,-- -, Pn, Subject
to the following relations:

1) 0i0j+10i = 0j+10i0i+1, i =1,2,...,n—2,
(i1) 0i0j = 0;0;, li—j|>1,
(iii) pj0i = 0ipj, JF#FLI+1,
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(iv) Pi = 0iPi+10i,
-1 -1 2
(v) Pit1Pi Pi+1Pi =0,
(vi) P} = 0102+ 04202 |Op—z+*0207.

Let us show at first that the system (i)—(vi) is equivalent to the system (i)—(iv), (vi) and
the relations

(7-1) ai_l,oioi_lpi=p,-0i_1pi0i, i=1,...,n—1.
We multiply the equality (7-1) by o p;” Lo ,ol._1 on the left-hand side and we obtain

-1 _ —1_—1__—1 2 .
oip; oip; 0; pio; pi=o0f, i=1...,n—1

Then we use the expression

—1 —1
Pi+1 =0; Pi0;

from (iv) and we obtain (v). Hence, the relations (7-1) hold in Bj (RPZ).

Now we show by induction that we can eliminate all the equalities in (7-1) except the
first one, ie for i =1,

(7-2) or ' p1o7 ' p1 = proy ' proy.

In other words we will show that relations (7-1) for i =2,..., n—1 are consequences
of relations (i)—(iv) and (7-2). For i = 2 we start with (7-2) and multiply it by o~ 102_ !
on the left-hand side and by o5 101_ ! on the right-hand side. We get

—-1,_—-1_—1 -1 —1,_—1 _ —1 -1 —
0, 0, 0, P10 P10, 0; =0, 0, p10] P1010,

1 _—1
oy .

We apply relations (i) to this relation on the right-hand side and on the left-hand side,
we obtain

1 1 1 1 -1

-1 _ -1, =1 _—1
0, =0, 0, pP10] P10,

-1 —1_-1_ -1 - -1
0, 0, 0, pP10] P10, o, 03.

Further we apply relation (iii) to permute p; and o, ! in all four appearances of p; in
the last relation, we get

-1, —1 -1, —1_—1 -1 _ -1 -1, —1_—1 -1
0, 0; P10, Oy O, P10, =0, P10, 0 0, pP10] O3.

Now apply relation (i) to the middle parts of both sides of the last relation, and obtain

1 1

-1_—1 -1 _ 1 —1
0, 0y P10y =0] p10;

—1,_—1 — —1,_—1 —1
0, 0 P10y 0, 0 P10y 03.

1

Use relation (iv) in the form py = 0" p10y 1" and obtain

-1 -1, _ -1
0, 20, P2 = P20, P2073.
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This is relation (7-1) for i = 2. Suppose now that for i our statement is true: the
relation

o; ' pio; ! pi = pio; ! pioi
is a consequence of relations (i)— (1V) and (7-2). Multiplying this relation by o, al +1

on the left-hand side and by o; _HO'I_ on the right-hand side and applying relatlons

(1)—(iv) as before we obtain relation (7-1) for i + 1. So all relations (v) can be replaced
by one relation (7-2).

Let us consider, now, relations (iii) and show that all of them are consequences of
relations (i), (ii), (iv) and relations

(7-3) p10i = 0ip1, i # 1.

Let j > 1, then it follows from (iv) that

—1 1 -1, _—1 -1 _—1
Pj =0j_10j_5"* "0 P10y *"0;_50; .

Consider o;p;. Let i < j — 1, then using relations (i), (ii) and (7-3) we have

Oipj = 0i0; 110] Lo proy! ---0]-__120]-__11
= Uj_llaj__lz "'01_10i+1/010'1_1 "'O—j_—lzo—j_—ll
= Oj_—llo—j_lz e 01_1p10i+101_1 .. O—j_—IZO'j_—ll
=o; 110 12 "'(71_1,0101_1 ...O“j__lzo'j__llo'i = pjoi.

If i > j, then using relations (i) and (7-3) we have

0 =0iog Lol .. g1 L Y ol
— ol gl —-1_ -1 -1
i —10j_p 01 "0ip10y - 0;_50;_ 1
-1 __—1 —1 —1 -1 -1
= j_lo‘j_z...o‘l plo—io—l ...gj_zo-j_l
-1 -1 -1 —1 -1 _—1 ey
—O']_IO'j_z"'O'l ,010'1 i U] 20—1 10'1 ,O]O—l.

Hence all relations (iii) are consequences of relations (i), (ii), (iv) and (7-3). So, we
can delete generators ps, ..., pn, and relations (iv) from the presentation and replace
relations (iii) and (v) by relations (7-3) and (7-2) respectively. m|

Proof of Lemma 4.4 Relations (1’) and (2’) follow from relations (1) and (2) respec-
tively. Relation (1) follows from (4-8), and relation (2) is (4-9). The first relation in (3)
follows from (4-11), the second relation in (4-5), and the second relation in (4-8). The
second relation in (3) follows from (4-11) and the third relation in (4-5). To prove
that the statement of the lemma gives a presentation of P3(RP?), denote by P the
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group which has a presentation given by these generators and relations. There exists an
evident homomorphism
¢: P — P3(RP?).
The subgroup Us(RP?) generated by w and Ay 3 is a free subgroup in P as it is free
after the mapping by ¢. It can be seen that the quotient P/U;(RP?) is isomorphic
to P,(RP?) (relations (3)); so ¢ becomes an isomorphism after comparison of exact
sequences:
U;(RP?) < P P,(RP?)

Lk

Us(RP?) 85 py(RP?)) 42 p,(RP?).
This completes the proof. |

Proof of Proposition 4.12 The first relation in (4-13) follows from the definition of
the elements a and w, and the relations of the presentation of B3(IRP?) with generators
p,01 and 0, . The second relation in (4-13) is the definition of A,3.

To construct the formulas of conjugation we can take the corresponding relations from
the paper of van Buskirk [22] and rewrite them in our generators of Pj (RPZ). We can
also prove these formulas using the relations that we already know to hold in B3 (RP?).
Let us do it. At first let us prove (4-17). We start with the two equal expressions
for Aq3:

7-4) o620 =0 020_1,
1 9291 2019

which is true in B3(RP?). We insert 0205 ! in the right-hand part of (7-4):

—-1_2 _ 2 -2
01 0,01 =0201020, .

Then we use the relation p? = 0102201 from the presentation of B3(RP?):

-1,.2_ _ 2 _—1_—1 4—1
0, 0501 =001p°0, 0, A,;.

1

Since Ay3 =02 and w = 0,01 po; o1, we have
2 201F%1 ©2

01_1A2301 = sz;;.
To prove relation (4-16), we start with the definition of w:
0201,001_102_1 =w.
Since po, = 0,0 we have

0201p07 05 = (020105 )p(o207 0y ) = (07 'o201)p(oy oy 1) = o7 way,
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and so
o, "woy = w.
To prove relation (4-15), we start with relation (1) from Lemma 4.4

plwp = Axzw™!,
which is equivalent to
wop = pA23 w_l .

1

Since 07 Ywo; = w and 67 uo; = p we have
1 1 1 1

al_lwual = (pw)w ' Ay3w L.

Using the definition of ¢ and b, a = pw, b = wu, we obtain relation (4-15).

For relation (4-14), we start with the equality
w=(Ad3w™ ) (wAy; w)

and apply the conjugation formulas (1’) and (3) from Lemma 4.4. This gives

1 1

w=(p"'wp)(p~ up~ uT),
which is equivalent to

1 1

(7-5) w=p lwuptu"l.

We rewrite the first equation in (3) from Lemma 4.4 in the form

,o(wA;31 wyupu~ ! =1

1

and multiplying the right-hand side of (7-5) by ,o(wA;31 w)upu~ ', we obtain

w=p lwup tu"! ,o(wA;3l w)upu~ !

We apply (1) of Lemma 4.4 and we get

1 1 1

w=p wup 'u"" p(pAzzwp Hupu".

Using the formulas
A =up 'u"lp, A7} = Aw?,
we obtain
w= p_lwAlszl_;Al_zl or pw = UJA12/0A1_31A1_21-
Conjugating it by o~ ! we have
al_l(pw)ol = qu;;,

which is (4-14).
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2

Formula (4-21) follows from 433 =07

To prove relation (4-20), we start with the first relation in (2’) of Lemma 4.4 and we
rewrite it in equivalent forms

-1

u wu=A;31w<:>l=u_1

wuw_lAzg; S u= wuw_lAzg
or
0_1(0 o1po; ! _1) = 14
2 201p01 0, )02 = WUW 23
which is equivalent to (4-20):

lwdz = bw_1A23.

0y
For relation (4-19), we start with the identity
(bw™ ' A23)(A55 wA23) = bAy;.

Using the formula

1

0'2_ Uoy = A2_31 wA23,

and (4-20), we get
(az_lwaz)(az_luaz) =bA,;.

This is equivalent to (4-19):
oz_l(wu)az = bAy;.

Finally let us prove relation (4-18). We start with the identity
1 = (Ay; wyw ™ Az3.

Using (2') of Lemma 4.4 we get
1= 'wu)w 1 Ays

and then
u= (wu)w ' A,s.

We multiply this equality by pw from the left-hand side
pwu = (pw)(wu)w™" A3,

which is equivalent to
pb = abw™ A5,

Since p and 0, commute, this is the same as

(az_l,ooz)b =abw ' Ay;.
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Multiply this equality by w™! 4,3 from the right-hand side
(05 ' po2) (bw™ ' A23) = ab(w ™' 453)%,

and use (4-20)
o5 pway = ab(w™! Az3)?,

which is equivalent to (4-18):
02_1a02 = ab(w™ ' 4,3)>.

The proof that B3(RP?) has a presentation as in the statement of the Proposition is
the same as the proof of the presentation of Lemma 4.4 with the help of the exact
sequence (4-12). a
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