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On sections of hyperelliptic Lefschetz fibrations

SHUNSUKE TANAKA

We construct a relation among right-handed Dehn twists in the mapping class group
of a compact oriented surface of genus g with 4g 4 4 boundary components. This
relation gives an explicit topological description of 4g + 4 disjoint (—1)-sections of
a hyperelliptic Lefschetz fibration of genus g on the manifold CP2 # (4g + 5)CP?2.

S7N13; 20F34

1 Introduction

Lefschetz fibrations relate the topology of symplectic 4—manifolds to the combinatorics
on relations in Dehn twist generators of mapping class groups of surfaces. It is well-
known that a Lefschetz fibration of genus 1 on the manifold E(1) = CP? #9CP?
constructed by blowing up nine intersections of two generic cubics in CP? has twelve
singular fibers and nine disjoint (—1)—sections. Korkmaz and Ozbagci [7] constructed
a relation among right-handed Dehn twists in the mapping class group of a torus with
nine boundary components to locate a set of nine disjoint (—1)—sections in a Kirby
diagram of E(1). Itis also known to algebraic geometers that a hyperelliptic Lefschetz
fibration of genus g on the manifold X = CP2#(4g + 5)CP? has 8g + 4 singular
fibers and 4g + 4 disjoint (—1)-sections for g > 2 (see Saito and Sakakibara [10,
Section 3] and Kitagawa and Konno [6, Remark 1.1]).

In this paper we construct a relation among right-handed Dehn twists in the mapping
class group of a compact oriented surface of genus g with 4g +4 boundary components
to locate a set of 4g + 4 disjoint (—1)—sections in a Kirby diagram of Xg. In the
case g = 2, our relation can be considered as an improvement of Onaran’s relations
[9] in mapping class groups of surfaces of genus two with at most eight boundary
components.

In we review basic relations in mapping class groups and produce two
relations on a torus with eight boundary components. Combining these relations, we
construct a new relation on a surface of genus g with 4g 4 4 boundary components in
[Section 3| In|Section 4| we apply the relation to visualize 4g +4 disjoint (—1)—sections
in a Kirby diagram of a hyperelliptic Lefschetz fibration of genus g.
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2 Building blocks

In this section we review basic relations in mapping class groups and produce two
relations on a torus with boundary both used in the next section.

2.1 Basic relations in mapping class groups

Let Xg , be a compact oriented surface of genus g with r boundary components
and Diff; X, , the group of orientation-preserving diffeomorphisms of Xg , fix-
ing the boundary 90X, pointwise equipped with the C>°—topology. The group
mo(Diff 4 Xg ) of path-components of Diff { ¥, , is called the mapping class group
of ¥4, and we denote it by M, ,. We denote by Fy , the free group generated by
all isotopy classes Sg,» of simple closed curves in the interior of X, ,. There is a
natural epimorphism w : Fg , — M, , which sends (the isotopy class of) a simple
closed curve a in the interior of X , to the right-handed Dehn twist 7, along a. We
set Rg,r :=Kerw.

A word in the generators Sy , is called positive if it includes no negative exponents. We
put y(c) :=tgl -+ 15, (c) € Sg,r for c € Sg,r and W =a;" ---ai' € Fgr (ay,....a,
in Sg.r, €1,...,& in {£1}). We often denote a~! by a for an element a of Sg,r . For
two words Wy, W € Fg ,, we denote Wy = W, if w(W;) = w(W>). If the relation
W) = W, holds for Wy, W, € Fg ,, we obtain another relation VW V1=V W,V -1,
which is called a conjugate of Wi = W,, for every V € Fg ;.

We recall definitions of basic relations in mapping class groups.

Definition 2.1 [3] (1) For disjoint simple closed curves a,b in the interior of
X, we have arelation ab = ba in Fg , called a commutativity relation. A regular
neighborhood of @ U b is the disjoint union of two annuli.

(2) For simple closed curves a, b in the interior of X , which intersect transversely
at one point, we have a relation aba = bab in Fg , called a braid relation. A regular
neighborhood of a U b is a torus with one boundary component.

(3) For simple closed curves o, 0,y, 01,82, 83,04 in the interior of X, , shown in
we have a relation §18,8384 = yoo in Fg , called a lantern relation. The
union of §1, 82, 83, 84 bounds a sphere with four boundary components in Xg ;.

(4) An ordered n—tuple (cy,...,c,) of simple closed curves in the interior of Xg ,
is called a chain of length n if ¢; and c;41 intersect transversely at one point (i =
1,...,n—1) and other ¢; and c; never intersect. For a chain (cy, ..., czg+1) of length
2g +1 on X4 o, we have a relation (¢ -+ C2g41C2g41 cvc)?=11in Fg,0 called a

hyperelliptic relation (see [Figure 2)).
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Figure 2: Hyperelliptic relation

Remark 2.2 Let a and b be simple closed curves in the interior of X, , and ¢ the
simple closed curve f5,(a) = p(a). Then we have the relation ¢ = bab in For. If
a and b intersect transversely at one point, we have another relation b = aca. This
relation together with the relation ¢ = bab yields a braid relation aba = bab.

2.2 Two relations on a torus with boundary

In this subsection we construct two relations on a torus with eight boundary components.
The first relation is the following.

Proposition 2.3 Relation (A) For simple closed curves in the interior of ¥ g shown

in we have the relation

a1a2515253545586 = a5a4b2c740104a10a3b25302a5a3a8b258530305a11.

We make use of the five-holed torus relation found by Korkmaz and Ozbagci [[7]] in

order to prove [Proposition 2.

Lemma 2.4 (Korkmaz-Ozbagci [7]) For simple closed curves in the interior of X 5
shown on the right in we have the relation

8251(12)/53 = a5b2a3a4a5b201a6a3b202a8.
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Figure 3: Relation[(A)]

Remark 2.5 The relation in is deduced from the original five-holed torus
relation

5251612)/83 = a5a3a4b201a6a3b202a8a5b2

(see [7, Section 3.5]) by using commutativity relations and conjugations.

Figure 4: Five-holed torus relation
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Proof of Applying commutativity relations and conjugations to the
five-holed torus relation in |[Lemma 2.4, we obtain

a2818283y = asbyazagasbyoiagaszbyoras = agbragagazasasbyoragazbrozas

= aga3a4a5b201a5a3b202a5a8b2&8.
Multiplying both sides of this relation by ¥, we have
612818283 = aga3a4a5b201a6a3b202a5a8b2587.

We embed X 5 into X ¢ and take simple closed curves ay,ag, 84,03 in the interior
of X1, shown in Then we have a lantern relation

54611613618 = )yY03dy.
Combining these relations and applying commutativity relations, we obtain

agazaya818,8384 = agazasasbyorasazbyorasagbragyyosag

= agaszasasb,oiagaszbrorasaghrdgozag.
Multiplying both sides of this relation by asag, we have a relation
(A1) 10261628384 = agasbro1agaszbr,orasagbyagosag
on Y.

We change the name §, of a curve in relation [(A1)|[into ¥ (shown on the right in
and apply commutativity relations and conjugations to it to obtain

a1a2818384y = asasbyoiagazbyorasaghydgosag
= a5a4b254a401a6a3b202a5a8b25803a9

= a4daeazbrorasagbrdgozagasasbrdsoy.
Multiplying both sides of this relation by ¥, we have
10810384 = agagaszbrorasagbrdgosagasasbrasoyy.
We embed X; ¢ into X 7 and take simple closed curves aj¢, 82, 5,04 in the interior
of X1 7 shown in Then we have a lantern relation
8785a4a6 = y04dyg.
Combining these relations and applying commutativity relations, we obtain
a4a6a10208182836405 = agacazbyorasaghydgozagasasbrasoyyosarg

= a4a6a3bzaza5a3b2c'1803a9a5a4b2c7401 04d10.
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Figure 5: Embedding of X, ¢ into X 7 (I)

Multiplying both sides of this relation by ag¢as, we have a relation
(A2) 61161281 82838455 = a3b202a5a8b25803a9a5a4b2540104a10
on 21,7 .

We change the name @; of a curve in relation [(A2)| into y (shown on the right in
[Figure 6)) and apply commutativity relations and conjugations to it to obtain

428182838485y = azbyozasaghyagozagasasbrisoio4ayo
= a3b267302a5a3a8b25803a9a5a4b2540104a10
= a3byazorasazagbrdgazozazagasashriso104a19
= a3a9a5a4b2&40104a10a3b2&302a5a3agb258a_303.
Multiplying both sides of this relation by 7/, we have
128162030405 = azagasasbraso104a10a3brdzorasazagbragazosy.
We embed X; 7 into X g and take simple closed curves a1, a1, d¢, 05 in the interior
of ¥, g shown in Then we have a lantern relation
86(11613(19 = YyOos5d1q.
Combining these relations and applying commutativity relations, we obtain
a3agayaz81603848586 =azagasasbrdso104ai0a3brazorasazagbragdzozyyosan

=azagasashydso104ai0a3bra307as5a3a3brdgazo30sayy .

Algebraic € Geometric Topology, Volume 12 (2012)



On sections of hyperelliptic Lefschetz fibrations 2265

Figure 6: Embedding of X 7 into ¥; g (I)

Multiplying both sides of this relation by @gas, we finally obtain relation [(A)] This
completes the proof of O

The second relation constructed in this subsection is the following.

Proposition 2.6 Relation (B) For simple closed curves in the interior of ¥ g shown

in we have the relation

61102070881828354 = a4a/5/c_16b2a6a3b26_l3 ’E,‘E/NQSCZZd?,b2a3a5b26_l6‘[1'//.

We make use of the four-holed torus relation found by Korkmaz and Ozbagci [[7] in

order to prove [Proposition 2.6

Lemma 2.7 (Korkmaz-Ozbagci [7]) For simple closed curves in the interior of ¥ 4
shown on the left in we have the relation

_ 2
azayary = (azagbrazasby)”.

Remark 2.8 The relation in[Lemma 2.7]is not the exact four-holed torus relation but
the relation written in a more symmetric form (see [7, Section 3.4, Remark]).

Proof of |[Proposition 2.6f We consider the four-holed torus relation reviewed in
We then embed X 4 into Xy 5 and take simple closed curves a5, ag, 8, ©
in the interior of £ 5 shown in Then we have a lantern relation

— /
S1agasas = ytas.
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Figure 7: Relation[(B)]

Combining this relations with the four-holed torus relation, and applying commutativity
relations and conjugations, we obtain a relation

- = = = ’
(B1) ayazasagdy = asasasbrazasbrasasbrazashyy -asytas
= a4b2a3a6b2a4a5b2a6a3b2561a’5

= a4a5b2a6a3b256ra'sa4b2a3a6b2

Figure 8: Four-holed torus relation
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on 21,5.

Figure 9: Embedding of X 5 into X6

We change the name a; of a curve in relation [(BI)| into y (shown on the right in

to obtain
ya2a7a351 = a4a5b2a6a3b2561a’5a4b2a3a6b2.

We embed X 5 into X ¢ and take simple closed curves al,a;, 85, T’ in the interior
of ¥ ¢ shown in Then we have a lantern relation

asaza 8, = yt'ay.

Combining these relations and applying commutativity relations and conjugations, we
obtain a relation

(B2) a1a2a7a35152 = d4a4a5b2a6a3b256ra;a4b2a3a6b27-&3yt’ag
= a5b2a6a3b256raga4b2a6a3b253 ‘L',a:‘

= b2a6a3b253 r'a;a5b2a6a3bzd6ra’5a4.
on 21,6 .

We change the name ag of a curve in relation [(B2)| into y (shown on the left in

to obtain

a1a2a7y5182 = b2a6a3b253t’a;a5b2a6a3b256ra’5a4.
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Figure 10: Embedding of X; ¢ into 2 7 (II)

We embed X ¢ into X 7 and take simple closed curves a?, ag, 83, t” in the interior
of X 7 shown in Then we have a lantern relation

A " n
53613616615 =Yt ds.

Combining these relations and applying commutativity relations and conjugations, we
obtain a relation

(B3) a1a2a7a8818283 = 6_16b2a6a3b2c73 r’aga5b2a6a3b256raga47-dgyr”ag’
— = = 1! = " "
= debrasazbrazt ayasbracazbrdstt” asas

= b2a3a6b266tr”a4a’5/d6b2a6a3b2c73 r/agas .

We change the name a; of a curve in relation into ¥ (shown on the right in

to obtain
)/61261761851 5283 = b2a3a6b2&6rr”a4a’5/66b2(16a3b253 r/a;a5 .

We embed X ;7 into Xy g and take simple closed curves ay,a), 84, 7" in the interior
of ¥ g shown in Then we have a lantern relation

! n_n
Ssaraza, = ytay,.
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Figure 11: Embedding of ¥, 7 into £ g (II)

Combining these relations and applying commutativity relations and conjugations, we
finally obtain relation

a1a2a7a851828384 = 53b2a3a6b256fr”a4a/5'675b2a6a3b2573 r/a;a57 . 672]/‘[///61;/

= 53b2a3a6bzc_z6rt”a4a/5/c76b2a6a3b253 ‘L'/‘L'///Cl5ax

= a4a/5/56b2a6a3b2&3 ‘[/‘E///asai{ag b2a3a6b2&6tr”.

This completes the proof of O
Remark 2.9 Both of relations [(A)| and [(B)] are different from the eight-holed torus

relation of Korkmaz and Ozbagci [7]] though the constructions are similar.

3 Constructions

In this section we construct a new relation on a compact oriented surface of genus
g with 4g + 4 boundary components by combining copies of relations and
obtained in the previous section.

3.1 Higher genus

We assume g > 3. For integers m,n (0 < m < n) and words Wy, Wya1,..., Wy
in Fg ,, we denote the product Wy, Wy, 1 --- Wy, (respectively Wy, --- Wy, 1 Wp,) by
[T, Wi (respectively []iL, Wi).
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Theorem 3.1 Relation (Hg) For simple closed curves in the interior of Xg 4444
shown in|Figure 12| we have the relation

2
8182+ 84g1304g44 = 1_[ Bi"Biti_17i_y - B1o104asg+3Blosa1 piosol
X 1_[ Bi Biti—17{_; - Bg0104a3gBo02a35—1B40305
i=2

in Mg 4644, where

Bri=aserab), Bri=as(01), BT = asysas (1),

. r ".__
Be = ase11(bg)s By = as,3(bg)s Bg 1= az, 3a3512(Dg)s
Bi = asi—3 (i), /31/ ‘= az; (i), :Bz// = asi-3 (bi), ﬂz{// = ‘73i(bi)’

andi =2,...,g—1.

Proof We combine two copies of relation [(A)|and g — 2 copies of relation to
obtain the desired relation. We first consider two relations for simple closed curves

shown in[Figure T3] One is a copy of relation [(A)}
a5aﬁ¢815486528355
= bia =y b1do’. bia =/ _/
=d1d3g+401d3g44010403g430301030,010303g450103g4503030507
Applying commutativity relations and conjugations, we obtain a relation
/
04615518283545556

_ - ! ! - / - - ! !
= a1a303g+4b103g440,04a3g13a3b1030,a1a3a3¢45D10344 5030307

— !/ / / n__r __/
= a1a2B10104a3g+3P10,a1$10505.

— ~ r— — "o— = =
Note that ,31 = a3g+4b1a3g+4, 1= asbia; and ,81 = a3g+5a3b1a3a3g+5 by

The other is a copy of relation [(B)}
ayara,ag78389810 = asd’sagh brast;t!"asa,azh byagtit!
1d2d708070809010 = d4d5deb2ded302d3T T d50,030203060206T1T
Applying commutativity relations and conjugations, we obtain a relation

/ _ /= — " /= — I
a1a2a7a8875889810 = a5a4a3b2a3a6b2a6t1 3] a4a5a6b2a6a3b2a3t1 T -

We embed two copies of X g in|Figure 13|into X5 1, as shown in|Figure 14
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Figure 12: Relation[(Hg )] for g > 3

Combining these relations and applying commutativity relations and conjugations, we
obtain a relation

(C2) a%ag818283846586676889810

= 5567;6156126_13b2a3a6b26_l6’[1 r{’a4a/5676b2a6a3b25l3 ’[i ‘Ei”a_léz
’ ! rt "1/
ra1a2P10104a3g 4310501810305
= ﬁ3b2a3a6b256r1 r{/a4a/5c76b2a6a3b253 ‘Ei ‘Ei//

!/ ! " __r !
P10104a3g+3P,05a18,03075

!/ !’/ n__r__/
B1010,a3g+3P10,a1B10305

. 53b2a3a5b25611 ‘L’;/.

= a4a'5676b2a6a3b253 ‘L’i ‘L’{N .
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Figure 14: Embeddings of two copies of X g into Xj 12 (I)

We next consider relation [(C2)] and another copy of relation [(B)] for simple closed
curves shown in [Figure T3}
n

ro _ ! = — " /= —~
a4a5a10a11511512513814 = aga7a6b3a6agb3a9r2t2a7a8a9b3a9a6b3a6t2t2
We embed X, 1, in[Figure 14|and X g in[Figure I5]into X3 ;6 as shown in[Figure 16]
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Figure 15: Another relation [(B)]

7 Ti, a. K "

Figure 16: Embeddings of X5, and X g into X3 i

Combining these relations and applying commutativity relations and conjugations, we
obtain a relation

/
(C3) ayya11016263640586876869010011012013914
= 67,767861861/76_16b3a6619b367972T£,a7a/86_19b3619616b36_l6Té‘[é”(i467/5
!/ = - ! _mn !/ ! ! n__r __/
~agasasbragazbraszt ) - f10,0,a3¢13B105a1B10507%

. 673[)2613616[726761'1 ‘L’{/
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= 56b3a6a9b35912ré’a7agc_19b3a9a6b3c76r£ré” . d6b2a5a3b253r{ ‘Ei//
’ ’t "1 1 = = "
B10104a3g13B105a1B10505-d3zbrazashrdetiT;
= a7ag59b3a9a6b3é6rété” . 076b2a6a3b253 ’L'i ’Ei//
’ ’ ot "ol gl dab b-a "
':310104a3g+3:3102a1/310305'a3 20306020671 Ty

. a_6b3a6619b36_191'2‘[£/.

We repeat similar procedures by making use of g —4 copies of relation |(B)

a3i—say;_4a3i+1a3i+204i—184i84i1184i12
= a3j_1d5;_,a3i—3biazi—zas;bidsiti—1 7],
“A3i—pdy;_ dzibiasiaszi—3bidsi—3ti_ T}
fori =4,...,g—1 to obtain relations (C4), (C5), ... and

(C(g—1)) azg—razg—18182---84g-304g—2

2
— / — — / 124
= d3g—5U34_4 1_[ asibjaziazi—3bias;_3t;_;7;_,
i=g—1 g—1
/ / / / 7/ ! - - 124
-B10104a3513B10,a1B10507% 1_[ asi—sbjasi_zasibiasiti_7;_,
i=2

for simple closed curves on Xg_1 4, shown in|Figure 17

We finally consider the other copy of relation [(A)] for simple closed curves shown in

Q
| 2 O

A3g—5a3g_404g+104g+284g+484g82g+184g+3
= a3g-103g+1bgl34410104a3ga343bgl34307
“U3g_103g_303g42bgl3g 12035 30305035 >
Applying commutativity relations and conjugations, we obtain a relation
A3g—s5a5, 404g—184g84g+184g+284g+384g14
= U3¢ 203g-103g+1Dgl3g 110104034035 3bg
“A3g-30203g—103g—303g+2Dgl3412d34-30307
=34 203 1Pg0104a3gfy02a35_1P50305.

Note that

_ - ! - "o - -
Be = asg+1bglzgy1, Pg =asg_3belzg—3, Bg=0a35-3a3542bg03542a34—3

Algebraic € Geometric Topology, Volume 12 (2012)



On sections of hyperelliptic Lefschetz fibrations 2275

Figure 17: Relation (C(g —1))

by [Remark 2.2} We embed g1 4¢ in[Figure T7)and X g in[Figure 18into Zg 4414
as shown in [Figure 12]

Combining these relations and applying commutativity relations and conjugations, we
obtain relation Note that B; = a3j—3bidsi—3, B} = aszibiasi, B} = asi—sbiasi_3

and B = azibiaz; (i =2,...,g—1) by[Remark 2.2 Thus we complete the proof of
[Theorem 3.1 ]

3.2 Genus two

In this subsection we construct a relation on X5 15 similar to relations constructed in
the previous subsection.
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a3g’5\|azg 2

Figure 18: The other relation [(A)]

Theorem 3.2 Relation (Hy) For simple closed curves in the interior of ¥, 12 shown
in we have the relation
816263848586878889810611812 = B107104a138105a1B{0305B20104a12 5020550307

in Mj 12, where

B1:=a,(b1). Bl:=a5(b1). B = a3a0(b1).
132 = a4(b2)7 13/2 = a3(b2)7 /2/ = a3as(b2)-

Proof We first consider two copies of relation for simple closed curves shown in
F1g 0
_ — !/ — / - = ! !
6156114878859510511512 = a1a2b1a201o4a13a3b1a302a1a3a9b1a9a30305a15
a1a15616203848586 = asasbrdso104a12a3b2a302a5a3a3b2a3030305a14.

Applying commutativity relations and conjugations, we obtain relations

— ! ! / ! n __r __/
as5a14070809810011812 = ajsaiProjoai3fio,a1B0505

a1a15816283848586 = ajaasPr0104a12P502a5P5030s.
Note that 81 =ayb1a,, ,3’1 =asbias, ,3/1/ =asagbiagas, By =asbray, ,3,2 =aszb,a;
and B = azagb,agas by Remark 2.2
Combining these relations and applying commutativity relations and conjugations, we

obtain relation Thus we complete the proof of O
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Figure 20: Two copies of relation [(A)]

4 Sections of Lefschetz fibrations

In this section we show that the relation constructed in the previous section gives an
explicit topological description of 4g + 4 disjoint (—1)—sections of a hyperelliptic
Lefschetz fibration of genus g on the manifold CIP? # (4g 4+ 5)CP2.
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We begin with a definition of Lefschetz fibrations (see [4} |8]).

Definition 4.1 Let M be a closed oriented smooth 4-manifold. A smooth map
f M — S? is called a Lefschetz fibration of genus g if it satisfies the following
conditions:

(i) f has finitely many critical values by, ...,b, € S? and f is a smooth fiber bundle
over S2—{by,...,b,} with fiber £, ¢

(i) foreachi (i =1,...,n), there exists a unique critical point p; in the singular fiber
f~1(b;) such that f is locally written as f(z1,z3) = 212 + z% with respect to some
local complex coordinates around p; and b; which are compatible with orientations of
M and S?

(iii) no fiber contains a (—1)—sphere.

Remark 4.2 We always assume that a Lefschetz fibration is relatively minimal, it has
at most one critical point on each fiber, and the genus of the base is equal to zero. A
more general definition can be found in [4, Chapter 8].

Suppose that g > 2. According to theorems of Kas and Matsumoto, there exists a
one-to-one correspondence between the isomorphism classes of Lefschetz fibrations
and the equivalence classes of positive relators modulo simultaneous conjugations

¢ en~wler) - wien),
and elementary transformations
C1 " Ci*Cit1 " Cn~C1 " Citl "’i_ﬁl(ci)"'cn’
Cloe CivCig1 - Cn~Cpoe(Cit1) Ciee Cn,
where ¢; --- ¢y € Rg 0 is a positive relator in the generators Sg o and W € Fy o. This

correspondence is described by using the holonomy (or monodromy) homomorphism
induced by the classifying map of f restricted on S —{by,...,b,} (see [48]).

Definition 4.3 Let f : M — S? be a Lefschetz fibration of genus g. A smooth map
5 :S? — M is called a section of f if it satisfies f os =idg2. A section s of f
is an embedding of S? into M . The self-intersection number of the homology class
sx([S?]) € Hy(M;Z) is called the self-intersection number of s. A section of f with
self-intersection number k is often called a k —section.
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For a positive integer r, we attach r disks to the boundary components of X4 , to
obtain a closed surface X ¢ and an embedding Xg , <> X . This embedding induces
a natural commutative diagram

Il —— Rgr —— Fgr Z, Mg, —— 1

Ll I
1 E— Rg’() > Fg,() z > Mg’o 17

where the two horizontal sequences are exact. If two words W and W, in Fg , satisfy
Wi = W,, then we have A(W;) = A(W>) in Fg . In this case we call the relation
Wi = W, alift of the relation A(W;) = A(W,).

Lemma 4.4 [1;2;/11] Let f: M — S? be a Lefschetz fibration of genus g and
c1+++cn € Rg,o a positive relator corresponding to f. Suppose that there exists a
relation a,---a, = 8{“ --~8£€’ (@i,....an € Sgr, k1,...,ky >0) in Fg, which is
a lift of the relation ¢y --- ¢, =1 in Fg o, where 81, ...,8, are simple closed curves
parallel to the boundary components of X4 ,. Then f admits disjoint r sections
S1yevnsSp: S2 — M with self-intersection number —ki,...,—k,, respectively.

For a chain (cy,...,cg41) of length 2g + 1 on X, o, we obtain a Lefschetz fibration
Xg— S 2 of genus g associated to the hyperelliptic relation
(C1++Cog41C2g41--c1)* =1 in Fgp.

The total space X, of this fibration is known to be diffeomorphic to CIP 2#(4g+5)CP?
(see [4; 15]).

We denote the positive word on the right-hand side of relation by U, for g > 2.
We consider the above embedding X, <> ¥g o and the commutative diagram for

r=4g +4. By Theorems and relation Ug = 8182+ 84g4+384g+4 in
Fgag+4 is alift of the relation A(Ug) = 1 in Fg o. This implies that the Lefschetz

fibration Y, — S2 of genus g associated to the relation A(Ug) = 1 admits disjoint
4g + 4 sections with self-intersection number —1 by virtue of

Theorem 4.5 The two Lefschetz fibrations X and Y, are isomorphic to each other.

Proof Suppose that g > 3. We set

¢y = May), ci=AMbi) (G=1,...,2),
Cog+1:=AMazg—1), caiv1:=Aasz;) (=1,....,g-1).
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Since (ay,by1,a3,by, ... ,a3g_3,bg,azg_1) is a chain of length 2g + 1 on g 4544,
(c1,¢2,¢3,C4,...,C2g-1,C2g,C2g+1) is a chain of length 2g +1 on Xg . It is easily

seen from [Figure 12]that
Masg+3) = Masg+a) = Mazg+s) = Ao]) = Aoy) = c1,

Masg) = Mazg+1) = Mazg+2) = A(01) = A(04) = 241,

May) = A(o3) = M(0%) = c3,

Mo2) = A(o3) = A(0s5) = €291,

M) =AM y) = cai1,

AMriz1) = ATL)) = c2it1,
fori =2,...,g— 1. Hence we obtain

2

)\(Ug) = 1_[ (521‘4.1 (CZi)CZi_l (c2i) : c%i-]) ‘cy (CZ) . Cf ‘c3 (CZ) *C3C1 " cic3 (CZ) . C§
i=g—1
g—1

2 3
T @oier (€20)eniir (€20) - 3ip1) “ eagir (C2g) gy * eags (C2g)
i=2

2
"C2g—1C2g+1 " cag_102g4+1(C2g) " Chg1-

We now prove that A(Ug) ~ (¢1 +* Cog+1C2g 41" ¢1)? for g > 3. Applying elementary

transformations (including cyclic permutations), we obtain the following sequence of
equivalences:

2
2
A(Ug) ~ Crg—1" 1_[ (Ez,-+1 (€2i) - C2i—1€2iC2i—1) *C162€1C3C2C1C3 " ¢ (c2)-¢3
i=g—1 g—1
N1 @i (c20) - cairrcaicair)
i=2 ,
C2g+1C2gCo g1 1C2g—1C2gC2g+1C2g—1 " c2g41 (C2¢)
2
. .« — . . . . - 2 .
. _
l_[ (C2i4+1 i 41 (€2i) - C2i—1€21) - €3C1C207C3C2C1€3 + ¢ (€2)
i=g—1 g—1
JTait @y () - caigrcan)
i=2
2
"C2g—1C2g+1C2gCo5 4 1C2g—1C2gC2g4+1C2g—1 " Cog 41 (ng)
2

2
~C1Cgtr 1_[ €2iC2i41C2i—1C2i " €3€2C1€3C2€1C3 " ¢;(€2)
i=g—1
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g—1
2
T caicaicicaivicai- cago1€2603 4 4 1C2g—102gCog +1C26—1 * crg41 (C24)
i=2
3
. 2
~ 1_[ CiCit1C€3C2C1C3C2C1C3 ¢ (C2) " €
i=2g-2
2g—2
2
: 1—[ Ci+1Ci"C2g—1C2gCog41C2g—1€2gC2g4+1C2g—1 'czg+1(02g)'02g+1
. 2.2
~ CiCi41°C3C2C3C1C2C1C3C
i=2g-2 2¢-2
, 2
: 1_[ Ci+1€Ci"C2g—1C2gC2g—1C5541C2gC2g+1C2g—-1C2g41C2g
~ l_[ CiCi41C€203C2€1€2€1€2C1C3C2
i=2g-2 2¢-2
: 1_[ Ci+1Ci " C2gCg—1C2gC2g+1C2gC2g+1C2gC2g+1C2g—1C2g
5 i=3
~ 1_[ CiCi+1:C1€2€1C1C2€
i=2g-2 261

: l_[ Ci+1Ci " C2g4+1C2gC2g4+1C2g+1C2gC2g+1C2g—1C2g
i=2
1 2g

~C2gC2g4+1C2g—1C2¢g * l_[ CiCi+1-C1C1 - l—[ Ci+1Ci " C2g+1C2g+1

1

i=2g—-2 i=1
2g

~ 1_[ CiCit1-C1C1° Hci+1ci "Cog+1C2g+1

i=2g
1 2
~ Tl [] e
i=2g i=2g+1
1 1
i=2g i=2g+1
1 1
~TT & [T e
i=2g+1 i=2g+1
2g+1 1
~Tle ]«
i=1 i=2g+1

i=1

2g+1 2g
C1C1 - 1—[ Ci+ 1_[61' "Cog+1C2g+1
i=2 i=1
2g+1 2g+1
l_[ Ci- 1_[ CiCrg+1
i=1 i=1
2g+1 2g+1
[Ter [Te
i=1 i=1
2g+1 1

T e T1 ci=(er--cagrrcagrr--

i=1  i=2g+1
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Suppose that g = 2. We set
cr:=May), c:=Aby), c3:=Maz), cqa:=rb2), c¢s:=A(as).

Since (a1, by, a3, bs,as) is achain of length 5 on X5 12, (c1,¢2,¢3,¢4,¢5) is a chain
of length 5 on X, o. Itis easily seen from that

Maz) = Mag) = Maiz) = Moy) = Aoy) = c1,

Mag) = Mag) = Aa12) = A(o1) = (o) = ¢s,

A(0y) = M03) = M(05) = M(02) = A(03) = A(05) = 3.

Hence we obtain
AMUz) = ¢,(c2) - €5 - ¢5(€2) - €31 * e3¢, (€2) - €5 5 (€a) - €2 - ¢5(Ca) - €3C5 - cye5(ca) - 5.

We now prove that A(Us) ~ (cjcacscacsescacscacy)?. Applying elementary transfor-
mations (including cyclic permutations), we obtain the following sequence of equiva-
lences:

MUy) ~ creactescacies ¢ (c2) - €3 -cscqcteseacses - es(cq) - 3
~ 05020126‘3020103 “er(€2) -3 ‘C4C§C3C4CSCS “es(cq) 301
~ 20703020103+ ¢, (C2) - €103 - C4C3C3CaCsC3  05(Ca) - €3C5
~ €20 C3C2C1C3C1 €203 CaCTC3C4C5C o5 (Ca) - C5C3
“fCzC%C3CzClC3ClCzC3C4C§C3C4C5C3C5C4C3
AfClC36263C1ClCzC3C4C3C§C4C5C3C5C4C3CQCI
AJClC2€3C2€1C]CzC4C3C4C§C4C5C3C5C4C3CzCl
~ C1C2C3C4C2C1C1C2C3C4C5C4C5C4C3C5C4C3C2C
~ C1C2C3C4C2C1C1C2C3C5C4C5C5C4C3C5C4C3C2C
~ C1C2C3C4C5C2C1C1C2C3C4C5C5C4C3C5C4C3C2Cq
~ C1C2C3C4C5C5C4C3C5C4C3C2C1C1C2C3C4C5C2C
~ C1C2C3C4C5C5C4C3C2C1C1C2C3C4C5C5C4C3C2C

2
= (c1eac304C50504C3C2C1)".
This completes the proof of ]

The next corollary immediately follows from the theorem.

Corollary 4.6 The Lefschetz fibration Xg — S? of genus g associated to the hyper-
elliptic relation admits disjoint 4g + 4 sections with self-intersection number —1.
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By virtue of we can even depict disjoint twelve sections of the Lefschetz
fibration Y, — S? in a Kirby diagram of Y, — vF, where vF is an open fibered
neighborhood of a regular fiber of Y, (see [7, Section 4]). We first construct a handle
decomposition of X; o X D? with one 0-handle, four 1-handles, and one 2—handle
with framing 0 from a fixed handle decomposition of X, . We then attach twenty
2-handles to X; o x D? along the simple closed curves B, 01,0y, a3, By, 05, ay,

1> 03, 05, B2, 01, 04, aya, B, 02, as, B, 03, 05 (see on different
fibers of X5 o xS I ST with framing one less than the product framing of ¥ ¢ xS !
to obtain a handle decomposition of Y, — vF. Thus we have a Kirby diagram of
Y, — vF shown in The framing coefficient of every component of the link
but one with framing 0 is equal to —1. Twelve disjoint sections coming from the

simple closed curves §1,...,8;1, are represented by twelve unknots transverse to each
fiber of the fibration £, ¢ x S I - ST and meeting a fiber at twelve points indicated
by encircled numbers 1,...,12 in Attaching a 2-handle with framing —1

along any one of the twelve unknots together with four 3—handles and a 4—handle to
Y, —vF, we have a handle decomposition of the closed manifold Y.

By virtue of [Theorem 3.1] we can also depict disjoint 4g + 4 sections of the Lefschetz
fibration Yy — S 2 in a Kirby diagram of Yg —vF for g > 3 in a similar way.

The following proposition implies that the largest possible number of disjoint (—1)—
sections of Xy — S? is equal to 4g + 4 for most g.

Proposition 4.7 If g is not equal to k? 4+ k — 1 for any positive integer k, then
the Lefschetz fibration Xg — S 2 cannot admit disjoint 4g + 5 sections with self-
intersection number —1.

Proof Suppose that the Lefschetz fibration Xg — S 2 admits disjoint 4g 4 5 sections
S$1,....84g45 with self-intersection number —1. The orientation of S 2 induces that
of §; = si(Sz) fori =1,...,4¢ + 5. We orient a regular fiber F of X so that
it satisfies [F]-[S;] = +1 fori = 1,...,4g + 5. Blowing down the (—1)—spheres
S1,...,84g45 in Xg, we obtain a 4—manifold X " and the image F’ of F under the
projection Xz — X’. Since

[F]=[F1=[S1]——[Sag+s] in H2(Xg:Z) = Hy(X';Z) ® (4g +5) H(CP?; Z)

and [F]?> =0, we have [F']> = 4g + 5. On the other hand, [F’]*> must be the square
of an integer because [F’] is a multiple of a generator of Hp(X';Z) = Z. It is easy to
see that 4g + 5 is the square of an integer if and only if g is equal to k% + k — 1 for
some positive integer k. |
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Remark 4.8 Two generic degree d curves in CP? induce a Lefschetz pencil of genus
(d—1)(d —2)/2. Blowing up the base locus, we obtain a Lefschetz fibration M; — S?
of the same genus. This fibration has d? sections with self-intersection number —1
and the total space My is diffeomorphic to CP2#d?CP2. It is well-known that the
fibration M3 — S? is isomorphic to X7 — S 2 whereas the fibration My;— S 2 for
d > 4 cannot be isomorphic to Xz — S 2 for any g.
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