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On the autonomous metric on the group of
area-preserving diffeomorphisms of the 2-disc

MICHAEL BRANDENBURSKY
JAREK KEDRA

Let D? be the open unit disc in the Euclidean plane and let G := Diff(D?, area) be
the group of smooth compactly supported area-preserving diffeomorphisms of D?.
For every natural number k we construct an injective homomorphism Z*¥ — G ,
which is bi-Lipschitz with respect to the word metric on Z* and the autonomous
metric on G . We also show that the space of homogeneous quasimorphisms vanishing
on all autonomous diffeomorphisms in the above group is infinite-dimensional.

57505

1 Introduction

1A The main result

Let D2 C R? be the open unit disc and let H: D> — R be a smooth compactly
supported function. It defines a vector field

oH o0H
Xu(x,y)= _Wax + 5%

that is tangent to the level sets of H. Let /& be the time-one map of the flow #;
generated by Xz . The diffeomorphism / is area-preserving and every diffeomorphism
arising in this way is called autonomous. Such a diffeomorphism is relatively easy to
understand in terms of its generating function.

It is a well known fact that every smooth compactly supported and area-preserving
diffeomorphism of the disc D? is a composition of finitely many autonomous dif-
feomorphisms; see Banyaga [2]]. How many? In the present paper we are interested
in the geometry of this question. More precisely, we define the autonomous norm
on the group G := Diff(D?, area) of smooth compactly supported area-preserving
diffeomorphisms of the disc by

| fllau ;= min{m € N | f = hy--- hy, where each h; is autonomous}.
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The associated metric is defined by dauw(f.g) := || fg '|lau. Since the set of au-
tonomous diffeomorphisms is invariant under conjugation the autonomous metric is
bi-invariant.

Theorem 1 For every natural number k € N there exists an injective homomorphism
Zk — Diff(D?, area) which is bi-Lipschitz with respect to the word metric on Z k
and the autonomous metric on Diff(D?, area).

1B Remarks

(1) We show in the proof of that the embedding of Z* is constructed to be
in the kernel of the Calabi homomorphism C: G — R (see|Remark 2.2|for a definition
and Banyaga [2]], Calabi [[10] and McDuff and Salamon [19] for more information).

(2) Gambaudo and Ghys defined in [[13} Section 6.3] the autonomous metric on the
group of area-preserving diffeomorphisms of the 2—sphere and showed that its diameter
is infinite.

(3) For each p €1, 00) the group G may be equipped with the right-invariant L?—
metric; see Arnol’d—Khesin [1]] for a detailed exposition. Results similar to ours with
respect to the L? —metric were obtained by Benaim—Gambaudo in [3]] and by the first
named author in [[7].

(4) In a greater generality, the autonomous metric is defined on the group Ham(M, w)
of compactly supported Hamiltonian diffeomorphisms of a symplectic manifold. It
would be interesting to know if such a metric is always unbounded.

(5) Even more generally the autonomous metric can be defined as follows. A compactly
supported diffeomorphism / of a manifold M is called autonomous if it is the time-one
map of a time-independent compactly supported flow /z;. The group Diff(D?) of all
smooth compactly supported diffeomorphisms of the disc is generated by autonomous
diffeomorphisms and hence the autonomous metric can be defined as above. However,
it is known due to Burago, Ivanov and Polterovich [9]], that the autonomous metric is
bounded in this case.

(6) Since the autonomous metric is bi-invariant, investigating geometric properties
of embeddings of nonabelian groups has to be done with respect to some bi-invariant
metrics. At the time of writing this paper such metrics are not well understood. In
we prove an algebraic result which may indicate some good geometric
properties. More precisely, for a nonabelian free group of rank two we construct
an injective homomorphism F, — G and prove that the image of the induced ho-
momorphism Q(G) — Q(F,) on the spaces of homogeneous quasimorphisms is
infinite-dimensional.
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1C Comments on the proof of

Let us start with a definition. A function ¥: I' = R from a group I' to the reals is
called a quasimorphism if there exists a real number 4 > 0 such that

[W(gh)—y(g)—v ()| =4
for all g,h € I'. The infimum of such numbers A is called the defect of ¥ and is
denoted by Dy,. If ¥ (g") =ny(g) forall n € Z and all g € ' then ¥ is called
homogeneous. Any quasimorphism 1 can be homogenized by setting

V(g):= lim —W(gp).

p—>+oo P

The vector space of homogeneous quasimorphisms on I' is denoted by Q(I"). For
more details about quasimorphisms, see eg Calegari [11]].

The first part of the proof is to show that the space Q(G', Aut) of homogeneous quasi-
morphisms on Diff(D?, area) that are trivial on the set of autonomous diffeomorphisms
is infinite-dimensional. This is done by constructing (for # > 3) an injective linear map

Gn: Q(Bu, Ap) — Q(G, Aut),

where B, denotes the braid group on n—strings and 4, C B, is a certain abelian

subgroup defined in

Remark 1.1 Notice that the existence of a nontrivial homogeneous quasimorphism
¥: G — R thatis trivial on Aut C G implies that the autonomous norm is unbounded.
Indeed, for every f € G we have that [ (/)| = [ (h1--- hm)| < mD,, and hence for
every natural number n we get || f"||aw = (|¥'(f)|/ Dy )n > 0, provided ¥ (f) # 0.

The map G, is defined in and is induced from the construction due to
Gambaudo and Ghys [[13]. The fact that the quasimorphism G, (¢) is trivial on the set
of autonomous diffeomorphisms provided ¢ is trivial on A, is proved in[Section 3] The
latter proof consists of two steps. First, we show that G, (¢) is trivial on autonomous

diffeomorphisms generated by certain Morse-type functions (Theorem 3.2). Secondly,
the set of Morse-type functions is dense in the set of all functions with respect to the

C!—topology, and
Gn(p): G — R

is a continuous function; see [Theorem 3.4

It is known that the space Q(B;,, A,) is infinite-dimensional (seeSection 3C)) and hence
we obtain that Q(G', Aut) is infinite-dimensional. Let ¢;: B3 — R be homogeneous
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798 Michael Brandenbursky and Jarek Kedra

quasimorphisms comprising a set of £ linearly independent elements of Q(B3). It
follows that the map ®: G — R defined by

O(f) = (G3(1)(/). ... G3(@r)(S)).
is Lipschitz and its image is quasi-isometric to the whole of R k.

The second part of the proof is a construction of a homomorphism Z k - G with the
required properties. It is in fact a section of the map ®: G — R k mentioned above. It
is defined by constructing & diffeomorphisms f; € G with disjoint supports (hence
commuting) such that G3(¢;)( fj) = J;;, where §;; is the Kronecker delta.

Remark 1.2 The above map ® is a quasimorphism, if one defines an R¥ valued
quasimorphism analogously to the real valued one using an L?-—norm. Observe that
there exists a nontrivial homogeneous quasimorphism F, — R k on the free group of
rank two with the image quasi-isometric to R¥ for every k € N . This follows from
the fact that Q(F5) is infinite-dimensional. However, none of such quasimorphisms
admits a homomorphic section over Z k for k >2.

2 The Gambaudo-Ghys construction
Let us recall a construction, due to Gambaudo and Ghys [[13, Section 5.2], which
produces a quasimorphism on G from a quasimorphism on the pure braid group P;.

Let g, € G be an isotopy from the identity to g € G and let z € D? be a basepoint.
For y € D? we define a loop yy .: [0,1] — D? by

(1—31)z+3ty for 7 € [0, 1],
Vy,z(t) = 1 g3r-1(») forr € [1. %],
(=30g(»+ (Br—2)z forre[3.1].

Let X,(D?) be the configuration space of all ordered n—tuples of pairwise distinct
points in the disc D?. It’s fundamental group (X, (D?)) is identified with the
pure braid group P,. Let z = (zq,...,z,) in X,(D) be a base point. For almost
every x = (X1,...,Xy) € Xn(D?) the n—tuple of 100ps (Vx,.z(»- - Vxp.z,) is a based
loop in the configuration space X, (D?). Since the group G is contractible (see eg
[22] Corollary 2.6]), the based homotopy class of this loop does not depend on the
choice of the isotopy g;. Let (g, x) € P, =11 (X, (D?), z) be an element represented
by this loop.
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Let ¢: P, — R be a homogeneous quasimorphism. Define the quasimorphism
®,: G — R and its homogenization ®,: G — R by
D, (g?)

(1) <I>n(g):=/ ¢(y(g:x))dx and ®,(g):= lim :
Xn(Dz) p—>+00 p

Remark 2.1 The assertion that both the above functions are well defined quasimor-
phisms is proved in [6, Lemma 4.1]. Using the family of signature quasimorphisms on
P, (one for each n), Gambaudo—-Ghys showed that dim(Q(G')) = co. This fact was
also proved in [3].

Remark 2.2 The Calabi homomorphism C: G — R may be defined as follows:

C(g) :/OI/DZH(x,t) dxdt,

where H(x, ) defines a flow whose time-one map is g, see eg [[19, Lemma 10.27]. The
group P, is infinite cyclic, hence every homogeneous quasimorphism ¢;: P, — R
is a homomorphism. Since the kernel of the Calabi homomorphism C is a simple
group [2]], we have that ®,(g) = C-C(g) for every g € G, where C is a real constant
independent of g. A proof of this equality which does not rely on the theorem of
Banyaga can be found in [12].

The above construction defines a linear map Q(P,) — Q(G). Let

Gn: Q(By) — Q(G)

be its composition with the homomorphism Q(t): Q(B,) — Q(P,) induced by the
inclusion ¢: P, — Bj,. Let A, C B, be an abelian group generated by braids 71; , shown
in[Figure 1] Recall that Q (B, A,) denotes the space of homogeneous quasimorphisms
on B, that are trivial on A4, and that Q(G , Aut) denotes the space of homogeneous
quasimorphisms on G that are trivial on autonomous diffeomorphisms.

Figure 1: Braid »;,
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Theorem 2.3 Let n > 3. The image of the linear map
Gn: Q(By, An) — Q(G, Aut)

is infinite-dimensional. In particular, the diameter of (G , d o) is infinite.

Remark 2.4 [Theorem 2.3|answers the following question posed to the first author by
L Polterovich:

Does there exist a quasimorphism on G , given by the Gambaudo—-Ghys construction,
which vanishes on all autonomous diffeomorphisms in G'? In other words, does there
exist a nontrivial element in Im(G,) which vanishes on all autonomous diffeomor-
phisms?

3 Proofs

3A Evaluation of the map G, on autonomous diffeomorphisms

Denote the space of autonomous compactly supported Hamiltonians H: D> — R
by H.

Definition 3.1 We say that a function H € H is of Morse-type if:
(1) The boundary of the support of H is a simple closed curve.

(2) The function H has no degenerate critical points in the interior of its support.

(3) If x, y are two distinct nondegenerate critical points of H then H(x) # H(y).

Theorem 3.2 If ¢, € Q(By, Ay) then ®,(h) = 0 for every autonomous diffeomor-
phism h generated by a Morse-type function H .

Proof The statement follows from [6, Theorem 4.5]. More precisely, it is shown there
that

Bu(h) = G () (h) = /T H du.

where 7T is the Reeb graph of H, #’: T — R is a function induced by H and du is a
measure on 7. All the objects above are defined in [|6, Section 4.2]. In particular, it
follows from the definition of the measure du that it is trivial if @,(n;,) = 0 for each
i. Hence ®,(h) = 0, and the proof follows. |

Remark 3.3 The idea of the proof relies on the fact that n points on different level
curves trace a braid conjugate to a braid in 4,.
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3B The continuity of the Gambaudo-Ghys quasimorphisms

The aim of this section is to prove the following result which will be used in the proof

of Theorem 2.3

Theorem 3.4 Let H € H and {Hy}32 | be a sequence of functions such that each
Hy € H and Hy — H in C!—-topology. Let hy and hy k be the time-one maps of the
Hamiltonian flows generated by H and Hj., respectively. Then

lim ®,(h ) = Pul(h).
k—o00

The proof is presented below as a sequence of assertions and the theorem follows

immediately from
Let g€ G and {gt};zo € G such that gg =1d and g = g. We denote

B 1 1 Kl gr(x)—g:(») )‘
B({g:}) = /02xD2 Zﬂ/O 8[(||gt(x)—gt(y)||

where || - || is the Euclidean norm. &({g;}) is well defined by [14, Lemma 1]. Denote
B(g) 1= inf ®({g:)),

dtdxdy,

where the infimum is taken over all isotopies g; € G' joining the identity with g. By
[14, Lemma 2] we have for all g and / in G' that

&(gh) = 6(g) +&(h).

Thus the following limit exists:

£(g) = lim %"").

n—>oo

Proposition 3.5 Let g € G, and let ¢,: B;, — R be a homogeneous quasimorphism.
Then

|Pn(g)] < C12(2).

where Cy > 0 is independent of g.

Proof The proof of this proposition is very similar to the proof of |3, Lemma 4].
Let x = (x1,...,X) € Xy(D?) and g; € G joining the identity with g. Following
[3 Section 4.1], to every ¢t € [0, 1] and 1 <, j <n we associate the unit vector

gt(xi)_gt(xj)
lgs(xi) — ge (Il

u(t,xi, xj) =

Algebraic € Geometric Topology, Volume 13 (2013)



802 Michael Brandenbursky and Jarek Kedra

Consider a map ux; x;: [0,1] > § I where t — u(t, x;, xj). The change of variables
induced by the map uy; x; leads to the equality

@ oeh = [ 5 [ #uglg@idodsdy,

D2xD?2 2

where # stands for cardinality. Consider the braid y(g; x) defined by the isotopy g;.
Let S C S'! be the set of all points @ in the circle for which the projection onto the
line orthogonal to w is injective on the set {x1, ..., x,}. The number of times the i —th
strand overcrosses the j—th strand is bounded by #{u;il, xj (w)}+4, where w e ST\ S.
The constant 4 comes from the fact that we close a path g;(x). Let /(y(g; x)) denote
the length of the braid y(g;x) with respect to the Artin generators {o; };’_11 of B,.
Note that the measure of the set S is zero. It follows that for a generic w € S'!, ie for

we ST\ S, we have
n

(y(g:x) < > (#uy! (@)} +4);
i#j
see also the proof of [3, Lemma 4]. Consequently, we have that

3) r(gn <y / (g (@)} +4) do.

i#]j
Note that since ¢, is a homogeneous quasimorphism there exists a positive constant
A such that |g,(a)| < A-I(er) for each o € By. Let up x,; x; be the above function
corresponding to the diffeomorphism g?. It follows from |(2)[ and |(3)| that

lan(g)‘ <4 lim Ir(e%:) ;.

P> Jx,(D2?) p
n -1
<4 lim Yl Js1 iyl @)+ d)do
P70 JXu(D?) p

<(@n)"” zApli“o‘oEZ/szpz Sl(#{upx x; (@)} +4) dodx; dx;

<(@2n)"%4 Jlim —Z2n(’5({gtp})
l#/

where g; , is any isotopy from the identity to g#. Since the above inequalities hold
for any isotopy between the identity and g? we have

[Bu(e)] < @m~"nn—1)4 fim EED < @y 12(e)

and the proof follows. |
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Now we will recall a definition of the right-invariant L2 —metric on G . It is defined as
follows. Let

1 2
Latedi= [ ar ([ 1ol a)

be the L2-length of a smooth isotopy {g/}sef0,1] C G , where |g;(x)| denotes the
Euclidean length of the tangent vector g;(x) € T, D?. Observe that this length is
right-invariant, thatis, L,{g;o f} = L,{g;} forany f € G . It defines a nondegenerate
right-invariant metric on G' by

dy(go. g1) = ié{lthz{gz},
where the infimum is taken over all paths from gg to g;. See Arnol’d—Khesin [1]] for

a detailed discussion.

Corollary 3.6 Let g € G, and let ¢: B, — R be a homogeneous quasimorphism.
Then

|®n(2)] < C3d2(1d, g),

where C3 > 0 does not depend on g .

Proof It follows from [14, Theorem 1] that for any g € G there exists a universal
constant C > 0, such that £(g) < Cd,(Id, g). Now take C3 = C - Cy, then the
statement follows from |

Lemma 3.7 Let FF € H. Then forany ¢ >0 and p € N there exists §, > 0, such that
if HeH is §p—close to F in C I _topology, then

dz(flp,hf) <e,
where f; and h; are the Hamiltonian flows generated by F and H .
Proof For the convenience we normalize the area of D? to be 1. It is enough to show
that for all p € N there exists §, > 0 such that

&
max ||VF(X) —VH(X)“ < 51, = dz(flp,hf) < —.
xeD? 2

Note that dz(flp, hf) =d,(d, flphl_p) < Ly({fPh;’}). Tt follows from [21], Propo-
sition 1.4.D] that
S hi ")
at (X) = p-(XF—X(Hft*p))(ftpht—p(x)).

Algebraic € Geometric Topology, Volume 13 (2013)
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Thus
IS h?)
H tatt (.X) = p H (XF_X(Hft—I’))(ftpht—l’(x)) H

’

= p-|(VF=va)

(S hy P () |

Note that f; is an autonomous Hamiltonian flow. Thus Ff;(x) = F(x) for all x € D?
and t € R. It follows that for all x € D? and all p € Z,

‘—p _
VEw2) DSt D igrnrr ) = VEGP 0 ()
We get the following inequality:
d2 (flpa hf) |

1 _ 2
= p/o (Lz ||(Dﬁ p)(ftpht_p(x))”]z\/l . ||VF(ht—P(x)) _VH(ht_p(X))”z dX) dt,

where || - || is a matrix norm. Denote
€
Mpr, ;=  max D! and 0p = ————.
th xeDz’te[(),l] ||( f;‘ )(X)”M 4 2p(met)p

We get the following inequality:

d>(f{.h7) = pMpy)? max [VF(x) = VHE)| < 5.

It follows that if H is §,—close to F in C'-topology, then d»(f 7, h%) < e. O

Proposition 3.8 Let F € /. Then for any ¢ > 0 there exists 6 > 0, such thatift H € H
is §—close to F in C' —topology, then:

(@) = Ba(h)| <e,

where f and h are time-one maps of flows generated by F and H .

Proof Fix some ¢ > 0. Let Dg, be the defect of the homogeneous quasimorphism
®,: G — R, and let C3 be the constant which was defined in [Corollary 3.6 Take

p € N such that (Dg, + C3)/p < e. It follows from [Lemma 3.7] that there exists
8p > 0, such that if H is §,—close to F in C!—topology, then d(f?,h?) < 1. Thus

we obtain
DEn + ‘En(fph_l’)}
» .

®0(f) = Bu(h)| = %\En(fp) — B, (h?)| <

Algebraic € Geometric Topology, Volume 13 (2013)
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It follows from that
|®n(fPh™P)| < C3da(1d, fPh™P) = C3dy(fP. hP) < Cs.

Thus
— — D@n +C3
}CIDn(f)—CDn(h)|<T<8. O

3C Proof of Theorem 2.3

Let n > 3 and denote by
An = (nin|2=<i=n)

the abelian subgroup of P, generated by braids 7;,, shown in[Figure 1} Let Q(Bj, A,)
be the space of homogeneous quasimorphisms on B, which are identically zero on
the group A4,. It follows from [4, Theorem 12] that the space Q(Bj) is infinite-
dimensional. The restriction of every homogeneous quasimorphism on an abelian
group is a homomorphism, hence the space Q (B}, A,) is also infinite-dimensional.
The following theorem was proved by Ishida; see [16, Theorem 1.2].

Theorem 3.9 The map G,: Q(B,) — Q(G) is injective.

In particular the map G,: Q(By, A,) — Q(G) is also injective. It follows from
[20, Theorem 2.7] that Morse-type Hamiltonians form a C ! —dense subset of 7, hence
[Theorem 3.2|and [Theorem 3.4|imply that the image of Q(B;, A,) under the map G,
lies in Q(G, Aut) and the proof follows. m|

3D Proof of

Let us start with the following basic result, which is interesting in its own right.

Lemma 3.10 Let I be a group and let V C Q(I') be a k—dimensional subspace,
where k € N . There exist elements g1,...,gr €' and ¥, ..., ¥, € V such that

Vi(g j) = 5ij,
where §;; is the Kronecker delta.
Proof We prove the statement by induction on the dimension. For k = 1 it is

clearly true. Let V' C Q(I") be a k—dimensional subspace. According to the induction
hypothesis there exist ¢; € V and g; € I' such that ¢;(g;) =§;;, where 1 <i, j <k—1.

Algebraic € Geometric Topology, Volume 13 (2013)
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Let ¢ € V be such that the vectors ¢y, ..., @i are linearly independent. Denote

Vi = Qg —Z;:ll(pk(g,-)(pi. We get that ¥ (gj) =0 for j =1,...,k—1. The above
linear independence implies (possibly after multiplying v by a nonzero constant) that
there exists gx € I' such that ¥ (gx) = 1.

Let ¥ = ¢; — @i(gr)V¥r, where 1 <i <k — 1. We obtain that ¥;(gz) = 0 and
Vi(gj) =4 foreach 1 <i, j <k —1. Thus the k—tuples ¥1,..., ¥ and g1,..., gk
satisfy the statement of the lemma. a

Now we start proving the theorem. Let » = 1/k. Denote by D, an open disc in the
Euclidean plane of radius r centered at zero. Let
G, .= Diff(D,, area)

be the group of smooth compactly supported area-preserving diffeomorphisms of D, .
Gambaudo—Ghys construction is valid in the case of G, as well, ie every homogeneous
quasimorphism ¢,: B, — R defines a homogeneous quasimorphism 5,,3,: G, —>R.
This construction defines a homomorphism G, ,: Q(B,) — Q(G,).

The vector space
Im (gn’r|Q(Bn9An)) - Q(Gr’AUt)

is infinite-dimensional for n > 3. The proof of this fact is identical to the proof of

As an immediate consequence of [Lemma 3.10| we have the following fact:
for each n > 3 there exist {gi,n}fle € G, and {6,-,,,,,}5.‘:1 € Im (g,,,,|Q(Bn,An)) C
0(G,, Aut) such that

6i,n,r (gj,n) = 81‘]',
where §;; is the Kronecker delta.
We extend every diffeomorphism in G, by identity on the unit disc D? and get an

injective homomorphism i,: G, — G .

Lemma 3.11 The following identity holds on the space Q (B3, A3):
g3,r = Q(iy)0Gs.
Equivalently, for each 5” €Im (g3,,|Q(B3,A3)) C O(G, Aut) and g € G, we have

D;,(g) = 3(ir(9)),

where ® is defined using the same quasimorphism ¢3 in Q(Bs, A3).
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Proof Denote by X3(D,) the space of all ordered 3—tuples of distinct points in D, .
It follows that

— D. p.
B30, (g) = lim ( / @3(y(g¥;x)) dx + / @3(y(g?:x)) dx)
p—>+00 \Jx;3(D,) p X3(D2)\X3(D;) p
_ p.
=<I>3,,(g)—|-/ lim —<p3()/(g X)) dx.
X3(D2)\X3(D,) P>F00 P

By definition, i,(g) =Id on D2\ D, . It follows that for x € X3(D?)\ X3(D,) the
braid

. mxp  p—1
v(&Pix) =a1pxoBpxon, 3" 0By 0 px,

where the length of the braids a1, x and ay , x is bounded for all p and x. It follows
that for all x € X3(D?)\ X3(D,) we have

Mx, —1
hn ) L ¢3Bpxom st e b))
p—>+oo p p—>~+00 p

0,

where the last equality follows from the fact that homogeneous quasimorphisms are
invariant under conjugation and that ¢3(1n2,3) = 0, because ¢3 € Q(B3, A3). Hence

. p3(y(gfix)
lim == """ dx =0,
X3(D2)\X3(D,) P10 V4

and the proof of the lemma follows. |

Remark 3.12 Let inc: B,_; — B, be the standard inclusion of braid groups. A
homogeneous quasimorphism ¢, € Q(B,,) is called kernel quasimorphism if g, (o) =0
for each @ € Im(inc). In the proof of we used the fact that the space
of kernel quasimorphisms on B3 contains the space Q(B3, A3), ie we used the
fact that @3(n2,3) = 0. If we replace the space Q(By, A,) by the space of kernel
quasimorphisms on B, then[Lemma 3.11] will hold for » > 3. In what follows we use
the fact that the space Q(B3, A3) is infinite-dimensional, and it is not known what
is the dimension of the space of kernel quasimorphisms on B, for n > 3 (for more
information about kernel quasimorphisms, see [18]]), hence we restrict ourselves to the
case n = 3.

Let us proceed with the proof of [Theorem 1| For 1 < j <k, denote g; :=i,(g;j3) €G.
It follows from that

4 D;3(gj) = 8.
where 6,33 € Q(G, Aut) is defined using the same quasimorphism in Q(Bj3, A3) as

®; 3, € Q(G,, Aut). Recall that the support of each g; is contained inside the disc
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D, . Since r = 1/k, there exists a family of diffeomorphisms {/; } ‘—, in G, such that
hjog;j oh Uand hjog; oh; ! have disjoint supports for all dlfferent i and j between
1 and k. It follows from the definition of Calabi homomorphism, see [Remark 2.2} that
there exists a family {g; }l_1 of autonomous diffeomorphisms in G such that:
o The dlffeomorphlsms g; and g have disjoint supports for i # j, and the
diffeomorphisms g/ and /j o g; o h ! have disjoint supports forall 1 <i, j <k.

o Foreach 1 <i <k wehave C(g;) =C(hjogjoh; .

Denote f; :=h;jog;o hi_l o (glf)_1 and let K := kerC. Note that all of the f; have
disjoint supports, C(f;) =0, each f; lies in K and they generate a free abelian group
of rank k. Let

v Zk—>G,

where W(dy,...,dy) = ldl 0--+0 fkd". It is obvious that W is a monomorphism
whose image lies in K . In order to complete the proof of the theorem it is left to show
that W is a bi-Lipschitz map, ie we are going to show that there exists a constant 4 > 1
such that

k k
- d d
AT N < S8 oo £ A = A Idil.

i=1 i=1

We have the following equalities:
i 5(fj) = Piz(hjogjohy o(g)™) =is(g)+ Pis((g)™") = Pislg)) = 5.

The second equality follows from the fact that every homogeneous quasimorphism
is invariant under conjugation and it behaves as a homomorphism on every pair of
commuting elements. The third equahty follows from the fact that (g )~ ! is an
autonomous diffeomorphism and CD, 3 € Q(G, Aut), and the forth equahty is
Since all f; commute with each other and dD,, 3(fj) = d;j, we obtain

= d d
<D. (flo_ k) |d|
d dy. i,3
||f110"'°fkk||AutZ| ID k — i ’

D; 3 DE:‘J

where D, , is the defect of the quasimorphism ®; 3. The defect Dy, , # 0, because
each ®; 3 € Q(G, Aut) and hence it is not a homomorphism. We set Dy :=max; D, ,
and obtain the following inequality:

k

5) I o0 £ law = (k- D)1 Y 1dil.

i=1

Algebraic € Geometric Topology, Volume 13 (2013)



The autonomous metric 809

Denote M ¢ := max; || fi||auc. Now we have the following inequality:

k k
d d
(©6) L7 o0 £ law < D ldil- |l fill awe < Mg - D Ndlil.

i=1 i=1

Inequalities [(5)| and [(6)| conclude the proof of the theorem. O

Remark 3.13 In fact, the proof of shows that for each k € N there
exists a bi-Lipschitz embedding of Z* into (G, d ;) with the image contained in a
C%-neighborhood of the identity diffeomorphism in G .

4 A relation between Q(G) and Q(F>,)

Let F, denote the free group on two generators, and let o1 and o, denote the Artin
generators of Bj3. The center of both B3 and Pj is a cyclic group generated by
an element A =15 3-13.3. One can show that P3 is generated by 012, 022, A and
Py~ FyxZ(P3),where F, = (012, 022) . In what follows we describe a monomorphism
from F, to G and study the induced map from Q(G) to Q(F,), which is infinite-
dimensional by the theorem of Brooks [{§]].

Let U;, Uy, U3 C D? be open subsets each diffeomorphic to a disc, such that
area(U;) > /4. We also require that z; € U;, where z = (zy, z5, z3) is a basepoint for
71(X3(D?)) = P3. For pairs (Uy, U,) and (U,, Us) let Wy, C Vi, and Wa3 C Va3 be
pairs of two open subsets of D?, cach diffeomorphic to a disc, such that Uy UU, C W5,
U,UU; C W3, VioNUsz =@ and Vo3 NU; = @. Let {h;} be a path in G which
rotates Wi, once, and is identity on the outside of Vi, and on a small neighborhood
of dV7,. Similarly, let {/}} be a path in G which rotates W3 once, and is identity
on the outside of V,3 and on a small neighborhood of V3.

Let U :=U; UU, UU; and let Gy be the subgroup of G which consists of diffeo-
morphisms that preserve pointwise the set U. Let

Tr: Gy — Ps,

where Tr(g) is the homotopy class of the loop (g:(21), g:(22). g:(23)) in X3(D?).
Here {gt}}zo is any isotopy from the identity map to g. Since the map Tr is a
homomorphism, which sends /7 to 012 and /) to 022, the diffeomorphisms /; and /)
generate a free group in G . Let

sy: F, — G

be a monomorphism, where SU(GIZ) = h; and SU(O'22) = h/l . Denote a; = area(U;)
and a = area(U).
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Theorem 4.1 Let Q(sy): Q(G, Aut) — Q(F;) be the map induced by the homo-
morphism sg;. Then

Jim dim(Im(Q(sv7))) = oo.

Proof Let N € N. We are going to show that there exists € > 0 such that whenever
|a—m| <& we have dim(Im(Q(sy))) > N . Notice that every ¢ € Q(B3, A3) vanishes
on A. Since dim(Q(B3, A3)) = oo and Pj is a subgroup of finite index in Bj, it

follows from that there exists a family of quasimorphisms {(pi}f\; | in

Q(B3, A3) and a family of braids {ﬂi}f\; , Which are words in 012, 022, such that

¢i(Bj) = 8;j. Denote gy, := sy(Bi), ie each gy; is a time-one map of an isotopy
g¢,i which is a composition of a number of isotopies /1, and 4, that twist the U; in
the form of the braid 8;. We are going to show that there exists & > 0, such that if
|a — 7| < e then the matrix

MyxN = (Q3(¢i)(gU,j))1§isj5N

is nonsingular, where G3: Q(B3, A3) — Q(G, Aut). This will imply that the vectors
{OQ(sv)(G3 (<p,-))}l.]\i1 are linearly independent in Q(F,).

It is easy to show that there exists ¢ > 0, such that each N x N matrix with entries
mj is nonsingular provided that 1 <m;; < 12 and |m;j| < ¢’ forall i # j. Denote
X3(U) :=X;3 (U?:l U;). Since each ¢; € Q(Bj3, A3) is invariant under conjugation
in B3 and vanishes on the braid 13,3 we have

i (y(gf) ;3 %)) 0 ifi
/ lim ’#dx:{ ifi ).
X3(U) P~>+o0 p 6ay-ay-ay ifi =j.
It follows that
(7 G3(pi)(gu,j)
pi(y (gt 1 x))
/ lim ——2U.J dx .
X3(D2)\X;(U) P>+00 P

0i(y(g4;: X))
6ay-ay-as +/ PRULTT gy otherwise.

X3(D)\X3(U) P>+00 p

For x € X3(D?) denote by cr(gg ;> x) the length of the word in generators 01,03,
which represents the braid y(gf} ;>X) and is given by p concatenations of flows g; ;.
Let

cr(Bi) :==cr(gui;z) and M. := max cr(Bi),
1<i<N
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where z = (2, z2, z3) . It follows from the construction of diffeomorphisms g ;, that
for each x € X3(D2) and 1 <i < N we have
cr(y(gg,: X))
im ————— <M.
p—>+o0 p

For each y € B3 denote by /(y) the word length of y with respect to the generating
set a1, 0. Since each ¢; is a homogenous quasimorphism that vanishes on oy, 07, we
obtain

l9i(¥)| = Dg; - 1(y).
Denote
Mp := max Dy,.
1<i<N

It follows that for each x € X3 (Dz) and 1 <i,j <N we have

loi (v (gf, 3 X)) 1I(y(gf, 3 X))
m —— 2O <Mp lim ——LI
p—>+oo p p—~>+00 p
cr(y(gh ;X))
<Mp lim ——LI 77 <onpom,,.
p—>+o0 P

Take ¢ > 0, such that

Mp - M, - area(X3(D?) \ X3(U)) < min{;. &'}

Equality [(7)] yields
G3(pi)(gu, )l =€ ifi#j and 1=Gs3(pi)(gu,) = 12,
hence the matrix My %y is nonsingular and the proof follows. |

5 Comparison of bi-invariant metrics on G and other com-
ments

5A The Hofer metric

The most famous metric on the group of Hamiltonian diffeomorphisms of a symplectic
manifold (M, w) is the Hofer metric; see Hofer [[15] and Lalonde and McDuff [[17]].
The associated norm is defined by

1
Il f | Hoter := inf/ osc(Fy) dt,
F: Jo
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where F; is a compactly supported Hamiltonian function generating the Hamiltonian
flow f; from the identity to f = fi. The oscillation norm is defined by

osc(F) = max F —min F.
M M

Example 5.1 Let f € G' be a diffeomorphism generated by a time independent and
nonnegative Hamiltonian function F. This implies that all powers of f are also
autonomous and hence || /" ||aye = 1 for all n € Z. On the other hand, the Calabi
homomorphism is positive on f and hence | /" | gofer = const |n|C(f), for some
positive constant.

Also, || £ aw = 1 but limy oo || /1" ||fofer = 0. Here 1/ is the unique diffeo-
morphism in the flow generated by F such that its n—th power is equal to f. This
shows that the identity homomorphism between the autonomous metric and the Hofer
metric is not Lipschitz in neither direction.

5B The restricted autonomous metric

Let S, C Ham(M, w) be the set of autonomous diffeomorphisms generated by Hamil-
tonian functions with the L°°-norm bounded by r > 0. This set is invariant under
conjugations and hence the corresponding word metric is bi-invariant. We call it the
restricted autonomous metric and denote the corresponding norm by || ||, . For all r
these metrics are Lipschitz equivalent. Indeed, it is easy to check that if r < R then

1Al <1/ < TR/rF1If | &

for all f € Ham(M, w). Moreover, we have that || f||aut =< || f||» for every r. This
trivially implies that the main results of the paper hold for the restricted autonomous
metric.

Let f € G be such that f = hj o---0hy with each A; is autonomous generated by a
Hamiltonian H; of the oscillation norm smaller than r. We have

C(f)=/01dz/D2F,a)=/Oldt/l)zXk:I-Ii((hlyto---oh,-_l,t)_l)w
i=1

k
< Zosc H; <kr.
i=1

We thus obtain the following estimate:

CN/r =S

which proves that the restricted autonomous norm is not equivalent to the autonomous
norm for there are autonomous diffeomorphisms with arbitrarily big Calabi invariant.
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SC Fragmentation metrics

Let U C M be a set with nonempty interior. The fragmentation metric dy is a
word metric defined with respect to the generating set consisting of diffeomorphisms
conjugated to ones supported in U. Such a set is invariant under conjugations by
construction and hence the fragmentation metric is bi-invariant.

It follows from the proof of that there is a diffeomorphism f supported in
the set U such that f has arbitrarily big autonomous norm. Clearly, the fragmentation
norm of f is equal to one.

Example 5.2 Suppose that U C D? is a disc of radius 1/2. According to Biran, Entov
and Polterovich [5], the space of homogeneous Calabi quasimorphisms on Ham(D?) is
infinite-dimensional. The Calabi property means that the restriction of a quasimorphism
to the subgroup of diffeomorphisms supported on a displaceable subset is equal to the
Calabi homomorphism.

Consider the subgroup K =kerC C G . It is generated up to conjugation by diffeomor-
phisms supported in U and hence the fragmentation metric is defined on K . (In the
next section we explain that this metric is equal to the autonomous metric induced from
G ) Let g: K — R be a Calabi quasimorphism. Since it is trivial on the generators it
is Lipschitz with respect to the fragmentation norm.

It follows from the proof of [5, Theorem 2.3] that there is an autonomous diffeo-
morphism f € K and a homogeneous Calabi quasimorphism ¢g: K — R such that
q(f) > 0. This implies that f” can have arbitrarily big fragmentation norm. Its
autonomous norm is equal to one.

SD The kernel of the Calabi homomorphism

This is a remark on the geometry of the inclusion kerC = K — G with respect
to the autonomous metric. Observe that the kernel of the Calabi homomorphism is
generated by autonomous diffeomorphisms and let ||g|| oo denotes the corresponding
autonomous norm of g € K.

Lemma 5.3 Leti: K — G be the inclusion. Then

ligllaw = [1£(2) 1l aut

forevery g€ K.
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Proof By definition for each g € K we have [|i(g)||aut < [|€]lau - Let g # Id and
suppose that ||7(g)| aut = 2. It means that the diffeomorphism g = /i o---o0 hy, for
some autonomous diffeomorphisms /4;. It is straightforward to construct autonomous
diffeomorphisms f1, ..., f;n—1 such that:

e The diffeomorphisms f; and f; have disjoint supports for i # j, and the
diffeomorphisms f; and /; have disjoint supports for all 1 <i <m —1 and
l<j=m.

e C(f1)=C(hy)and C(f;) =C(fi—10h;j) for2<i<m-—1.

For example, we can take autonomous diffeomorphisms f; disjointly supported away
from the union of the supports of the /; and with appropriate values of the Calabi
homomorphism. We can write g as follows:

g= (o fiYo(fiohyo f5 o o(fin—20hmao fil))o(fne10hm).

Note that
C(h] Ofl_l) = C(ﬁ—l O//ll' o fi_l) =0

for 2<i <m—1,and C(f;—1 °hm) =0 because C(g) = 0. Since each /; commutes
with each f; and each f; commutes with each f;, the diffeomorphisms /; o fl_l,
fiz1ohjo fl._l for2<i <m-—1,and f,;,— o hy, are autonomous diffeomorphisms,
which finishes the proof. |
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