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Computing Khovanov—Rozansky
homology and defect fusion

NiILS CARQUEVILLE
DANIEL MURFET

We compute the categorified sl(N) link invariants as defined by Khovanov and
Rozansky, for various links and values of N . This is made tractable by an algo-
rithm for reducing tensor products of matrix factorizations to finite rank, which we
implement in the computer algebra package Singular.

18D05; 57R56

1 Introduction

In this paper we present the first method to directly compute Khovanov and Rozansky’s
sl(N) link homology for arbitrary links. This is made possible by our implementation
in the computer algebra system Singular of a technique for explicitly fusing topological
defects in Landau—Ginzburg models or, what is the same, reducing tensor products of
matrix factorizations to finite rank.

Before explaining our approach, we recall the definition of Khovanov and Rozansky’s
sI(N) link homology. The starting point is the link diagram D of an oriented link L.
If there are m strands, then one introduces “potentials” xiN Tl ie{l,...,m}, one
for each strand. In the example of the Hopf link we can decorate the link diagram D
as follows:

x{VJrl xé\’+l N+1 N+1

Next one “resolves” crossings by replacing ™ and »{ by certain combinations of
the local diagrams ){ and ><.1 More precisely, one associates complexes of matrix

IWe do not use the (representation theoretically more appropriate) “wide edge” depiction of Khovanov

and Rozansky [21] for the second diagram. This is done to facilitate the interpretation in terms of
Landau—-Ginzburg models below.
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490 Nils Carqueville and Daniel Murfet

factorizations to each crossing: The construction of Khovanov and Rozansky [21]
provides an assignment

xN—i—l XN+1 x.N+1 xN-I-l
i J 1 J
(1-1) > < = x. = x,
N+1 N+1 NL1 N+1
X[ Xk xl xk

where X and X are certain (4 x4)—matrices with entries in Q[x;, x;, X, x;] such that
XzzXZZ(XI-N"'l—i—x}V"‘l—x,]{V“—xlNH)-id4x4. That is, X and X are matrix fac-
torizations of the sum of outgoing potentials minus the sum of incoming potentials.

The “resolution” assigns two-term complexes of matrix factorizations to over- and
under-crossings:

(1-2) X 2(0—>g—>x—>o), X 2(0—>X—>g—>o),

where we suppress certain shifts with respect to an internal grading of X and X
and the underlined component has cohomological degree zero. For each crossing the
matrices X, X depend only on the variables x;, x;, Xk, X; occurring in the incoming
and outgoing potentials.

For two general matrix factorizations X, X’ of polynomials W, W', respectively, there
is a tensor product matrix factorization X ® X’ of W + W’. To each crossing in a link
diagram D of a link L one associates the appropriate complex in (1-2), and then one
takes the tensor product of all these complexes to produce the total complex C(D).
It has a bigrading which is induced by the cohomological grading of the two-term
complexes (1-2) and the internal grading of the matrix factorizations. The main result
of [21] can now be summarized by the fact that the cohomology H (L) of C(D) is an
invariant of L which is conveniently encoded in the Poincaré polynomial

KRy(L)= > t'q/ dimg(H"/ (L)).
i,jeZ
This is indeed a more refined invariant than the uncategorified s[(/V) link invariant of
Reshetikhin and Turaev [30] which can be recovered as the graded Euler characteristic

KRy (L)|s=—1- A “reduced” version of the above construction leads to link invariants
KRy (L, K) that a priori depend on the choice of a component K of L.

Since the definition of Khovanov—Rozansky homology is very explicit, one might
expect that these invariants can be computed in a straightforward way. However, there
is a technical impediment that has prevented direct computations until now.
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Computing Khovanov—Rozansky homology and defect fusion 491

In a link diagram any oriented strand is incoming and outgoing with respect to some
crossing, so C(D) is a complex of matrix factorizations of zero, that is, it is a complex
in the category of Z,—graded complexes. Each of these Z,—graded complexes has
a differential given by a matrix which involves the variables x; labeling edges in
the link diagram, so determining H (L) means computing the cohomology of large
square-zero matrices in many variables. A computer algebra package such as Singular
computes cohomology by finding Grobner bases, and in the case of Khovanov—Rozansky
homology the number and the degrees of the generators of the ideals involved are such
that naive approaches exhaust memory and computing power very quickly, making
it impossible to determine invariants in all but the simplest examples this way. We
mitigate this problem by inserting an intermediate step, which we call web compilation,
based on techniques developed by Dyckerhoff and the second author [12].

To see the problem more clearly, let us consider the general situation of two matrix
factorizations X, X’ of Wi(x)—W,(y) and W, (y)— W3(z), respectively, where W,
has an isolated singularity at the origin. Then X ® X’ is a matrix factorization
of Wi(x)— Wj3(z), but it is of infinite rank over Q[x, z] as it depends also on the
variables y. It is a basic fact that X ® X’ is isomorphic to an object F of finite
rank in the triangulated category of matrix factorizations of Wj(x) — W3(z) over
Q[x, z]. However, only recently a general construction of F as well as the isomorphism
X ® X' — F was given in [12]. We reformulate the details of the construction in
Section 3, but the main idea is that first one “inflates” the matrix of the differential of
X ® X' by replacing each y —monomial by the matrix that represents its multiplication
on the Jacobian Q[y]/(d,, W>) in some chosen basis. The inflated matrix B is the
differential of a finite rank matrix factorization, and is endowed with an idempotent
€ = ¥ o . The finite-rank matrix factorization F homotopy equivalent to X ® X' is
given by the splitting of € (up to shifts).

We have implemented the above construction using the computer algebra system Sin-
gular [4]. This effectively computes tensor products of finite-rank matrix factorizations
and, in particular, Khovanov—Rozansky homology. We spell out the details of the
construction in Section 3 and in Section 4 we present the results for link invariants
obtained in this way. In particular we compute unreduced and reduced Khovanov—
Rozansky homology for all prime links with up to 6 crossings for various values
of N.

Our method could be straightforwardly applied to compute the colored homological
s[(N) link invariants of Wu [34], to the categorification of the Kauffman polynomial
and to virtual links [20]. Unfortunately our approach is not applicable to the categorifi-
cation [22] of the Homfly polynomial, as the potentials that occur in this theory are not
isolated singularities.
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Let us mention another motivation: the fusion of topological defects in Landau—
Ginzburg models. The latter are two-dimensional topological field theories which
govern the “physics” of domains on a worldsheet. The boundary conditions at the line
separating two neighboring domains are called defects; see eg Kapustin [16] or Davydov,
Kong and Runkel [8]. If two such domains are governed by Landau—Ginzburg models
with potentials W7 and W), then the defects are described by matrix factorizations X
of Wi — W, see Brunner and Roggenkamp [3].

One may also consider more than two domains and defects between them. For example,
there can be a defect X between theories W; and W, , and another defect X’ between
W, and Wj. Because of their topological nature (and in the absence of field insertions in
the domain with potential W), ) the defects may be moved arbitrarily close to one another.
The limit of this process is called the fusion of the two defects, and it is described by the
matrix factorization X’ ® X’ [3]. Computing a finite-rank representative of this tensor
product in the homotopy category of matrix factorizations represents the process of
“integrating out” the “unphysical” variables on which W, depends. In this way fusion
endows the set of all Landau—Ginzburg models with the structure of a bicategory; see
the first author and Runkel [5; 6], Lazaroiu and McNamee [24] and McNamee [26].

With this interpretation in mind let us now briefly revisit the resolutions (1-2) in terms
of the matrix factorizations (1-1) that are at the heart of the Khovanov—Rozansky
construction. It is natural to interpret X and X as defects between Landau—Ginzburg
. . N+1 N+1 N+1 N+1 . .
models with potentials x; + x; and x;' " + X, . In this sense computing
Khovanov—-Rozansky invariants boils down to repeatedly fusing defects in Landau—

Ginzburg models.

From this point of view, once one has replaced each crossing in a link diagram with
either of the two resolutions J{ or », we can interpret the resulting graph as a slice
of a worldsheet foam (see Khovanov and Rozansky [19] and Mackaay, Stosi¢ and
Vaz [25]) with defect lines: to every edge i we associate a Landau—Ginzburg model
with potential xiN *1 and to every point we associate a defect. To a point on an edge i
we assign the invisible defect 7, and to a point that is a vertex we associate the matrix
factorization X as before. This perspective agrees with the construction of Khovanov
and Rozansky [21] as the matrix factorization X associated to ){ is given by the

(external) tensor product I &® I .

The paper is organized as follows. In Section 2 we review basic facts about graded
matrix factorizations and fix our notation. In Section 3 we present our method for
computing Khovanov—Rozansky homology, taking for granted the matrix factorizations
X and X. In Appendix A we provide an alternative construction of this basic data
in terms of autoequivalences of triangulated categories arising from adjunctions of
symmetric polynomials.
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Computing Khovanov—Rozansky homology and defect fusion 493

In Section 4 we present a discussion of our results for Khovanov—Rozansky homology
of links with up to 6 crossings and three components.

Acknowledgements We thank N Behr, S Cautis, S Gukov, M Khovanov, T Licata,
J Rasmussen, R Rouquier, I Runkel, C Stroppel and G Watts.

2 Preliminaries

2.1 Graded matrix factorizations

Let R = @,;>¢ Ri be a graded ring. A (Z x Z;)-graded R-module is a graded
R-module X together with a decomposition X = X° @ X! as graded submodules.
An element of (X?) ; has bidegree (i, j) and if ¢: X — Y has bidegree (a,b) if
(X)) € X' and ¢(X;) € Xj4p forall i, .

Let W € R,. be a homogeneous element of even degree that we call a potential. A
graded linear factorization of W is a pair X°, X! of graded R—modules together with
a pair of R-linear maps (d2, d)l() of degree c, as in the diagram

X° %, x! A, X°
such that d)(} od/{, =W-1x1 and d)l(od)(} = W -1yo. Itis equivalent to say that X isa
(Z x Z.5)—graded R—module together with an R-linear endomorphism dy of bidegree

(1, ¢), the differential, such that d )2( =W -1ly. A graded R—module is a graded linear
factorization of zero concentrated in Z,—degree zero.

A morphism ¢: X — Y of degree e between graded linear factorizations is an R-linear
map of bidegree (0, e) satisfying dy o = ¢ ody. A graded linear factorization X is
a matrix factorization if each X' is a free graded R-module, and a finite-rank matrix
factorization if each X' is a free graded module of finite rank. In this case, if we write
each X7 as a finite direct sum of grading shifted copies R{b;} of R, the differential
dy 1is represented by an odd matrix with homogeneous entries (given an integer m1,
M {m} denotes the R—module M with the shifted grading M {m}; = M;_,,).

Given morphisms ¢, ¥: X — Y of graded linear factorizations of W, a homotopy from
¢ to ¥ is an R-linear bidegree (—1,—c) map A: X — Y such that dy oA+ Aody =
Y — ¢. We define the homotopy category of graded linear factorizations HF(R, W)
to be the category of graded linear factorizations modulo the homotopy relation. We
write HMF(R, W), respectively hmf(R, W), for the full subcategories of matrix
factorizations and finite-rank matrix factorizations in HF(R, W).
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If X is a graded linear factorization of W and m € Z then the grading shifted module
X {m} is a graded linear factorization with the differential of X and decomposition
X{m} = X%m} ® X'{m}, and so a degree ¢ morphism X — Y is the same as a
degree zero morphism X — Y{—e}. The suspension of X, denoted X (1), is the
graded linear factorization (—d ), d )(}).

Let X, Y be graded linear factorizations of W, W’ € R,., respectively. The graded R—
module Homg (X, Y) = ;7 Homg (X, Y); has an obvious Z,-decomposition into
even and odd maps, and equipped with the differential d(o) = dy oo — (—1)*l@ o dy
this is a graded linear factorization of W’ — W. In particular if W = W’ we have a
(Z x Z.5)—graded complex.

Given graded linear factorizations X, Y of W, W’ € R, respectively the tensor product
X ® Y (all tensor products in this section are R-linear) is a graded R—-module with a
natural Z,—decomposition and differential dygy = dxy ® 1 + | ® dy making it into
a graded linear factorization of W + W', The notation here implicitly involves Koszul
signs.

2.2 Cyclic Koszul complexes

Let us recall the definition of the cyclic Koszul complex from [21, Section 2]. Let
R=@;>( Ri beagradedring. If a, b € R are homogeneous with deg(a)+-deg(h) =2¢
then {a, b} denotes the graded matrix factorization of ab given by

b
R R{c —deg(a)} — R.

For two sequences a = (ay,...,dy) and b = (by, ..., b,) of homogeneous elements
in R satisfying deg(a;) + deg(b;) = 2¢ for each i, we define

ta.b}:=1{a,b1} Q- ®{an, bn}

which is a graded matrix factorization of ) ; a;b; € Ry.. A better way to present
the differential on this tensor product is to introduce formal symbols 6; of bidegree
(—1,deg(a;) — ¢), so that when we write R6; we mean R{deg(a;) — c} placed in
cohomological degree —1. The graded free module F = ; Rf; and its exterior
algebra /\ F' acquire both a Z-grading from these cohomological degrees, and a
grading in the usual sense. We define differentials §1+ on /\ F of bidegree (+1,c) by

5= (o 0i67)~ () 8- = (P abi) A ().
i i
On the Z,—folding of A F the map § = 6+ + d— has bidegree (1, ¢) and squares to

multiplication by ), a;b;, so the pair (/\ F,d) is a graded matrix factorization of this
potential, canonically isomorphic to {a, b}. We will identify these two factorizations.
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3 Compiling decorated webs

Khovanov—Rozansky homology KRy is a categorification of the polynomial link
invariant Py which was constructed from the representation theory of the sl(N)
quantum group in [30]. In this section we recall the definition of KR and explain
our technique for computing it in terms of webs of matrix factorizations and their
compilation.

The construction of Py (L) for a link L is a two-step process. The first step starts
from the link diagram of L and replaces each crossing ™ or »{ by either the
singular crossing » or the smoothing )1, where both strands of a smoothing are
actually divided by a bivalent vertex called a mark that we do not explicitly show in
our graphs.? From a link diagram with s crossings this produces 2° oriented planar
graphs I whose vertices are either bivalent with one incoming and one outgoing edge,
or four-valent of type (. If I" has r edges and we label each edge by distinct integers
1,...,r, then we call it a state graph. To each state graph I" the construction of [27]
associates a Laurent polynomial px(I") € Z[¢g*'] that is uniquely determined by its
value [N] = (¢V —¢™)(¢g—¢~1)~! for an oriented circle, and the MOY relations
[21, page 4].

In the second step one produces from the link diagram D a linear combination of these
2% graphs I'; by resolving each crossing in the link diagram according to

wv X =) (e X XK ) X

Denoting by g% the product of the s g—monomials associated to the graph I'; by (3-1),
28
Py(L) =) q% pn(T)).
j=1
Khovanov and Rozansky categorify both steps in the above construction.

To present their categorification we consider the general notion of a web of matrix
factorizations and its compilation. To compute KRy we will need the special case
that involves only the two matrix factorizations associated to J{ and . However,
the general case is also of interest, eg for the multiple fusion of topological defects in
Landau—Ginzburg models.

2 As mentioned in Section 1, instead of introducing labeled edges now already as in [27], or wide edges
with three-valent vertices as in [21], we prefer to formulate the construction in terms of the vertex .
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Definition 3.1 A web F is an oriented graph with a nonempty set of vertices V' and
a nonempty set of oriented edges E . Edges are allowed to begin or end (but not both)
on an auxiliary “vertex” which we call the boundary, but we stress that whenever we
refer to vertices we never mean the boundary. An edge is internal if it does not begin
or end on the boundary, and external otherwise.

Let & be a field of characteristic zero and ¢ > 0. A decoration of F is an assignment
as follows:

e For each edge e a set of variables x, and homogeneous potential W, € k[x,.] of
degree 2c¢, where we give the ring variables degree two, such that the potential
has an isolated singularity,

dimy (k[x,]/(9x, W)) < o0.

Here (dx, W) denotes the ideal generated by all the partial derivatives of W,.
For distinct edges e, ¢’ the sets x, and x,- are disjoint. We say that the variables
in x. lie on the edge e.

e For each vertex v a matrix factorization X, of the difference between the
incoming and outgoing potentials at v. More precisely, let 7, denote the set of
incoming edges at v and O, the set of outgoing edges (either of which may be

empty) and set
Wv == Z We - Z Wg.

ecOy ecly

Let x, denote the set of variables lying on edges incident to v, so that Wy, € k[x,].
Then X, is a finite-rank graded matrix factorization of W, over k[x,], with a
chosen homogeneous basis.

To any decoration we associate the total potential and total matrix factorization, as
follows. Let x be the set of all variables in the decoration. For each vertex v there is
the inclusion @y : k[xy] — k[x] and we define the total matrix factorization by fixing

once and for all an ordering V' = {vy, ..., vs} on the vertices, and thereby defining
X = ®‘P:(Xv) =Xy, Q-+ Q Xy,.
vel

Let O denote the set of edges ending on the boundary, and 7 the edges beginning on
the boundary. Since the internal potentials cancel, X is a finite-rank graded matrix
factorization over k[x] of the total potential

W= Wy=Y We—> W

velV ecO eel
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The chosen homogeneous bases of the X, determine a homogeneous basis of X. Notice
that if the original web is closed, meaning that / and O are both empty, then W =0
and X is a (Z x Z,)—graded complex.

Example 3.2 If we begin with a state graph I" of a link diagram and replace each
smoothing ){ by a smooth vertex > then we obtain a closed oriented planar graph
whose vertices are of types » and . We define a decoration of this state web by
fixing an integer N and assigning to each edge i a single variable x; and the potential

N+

; . Choose two finite-rank graded matrix factorizations

X, X € hmf(k[u,x,y,z],uN+1 4 xNFL_ N+l —ZN+1)

(whose dependence on the variables we do not usually display) and make the following
assignments of matrix factorizations to vertices:

X_N-H xN'H XN-H xN—H
i J 1 J
(3-2) = X (Xi, Xj, X, X]), = X (xi, Xj, Xp, X1)
N+1 N+1 N+1 N+1
Xl Xk .Xl Xk

Since the web is closed, the total matrix factorization will be a finite-rank (Z x Z,)—
graded complex C(I") over the polynomial ring of all edge variables. As we will see
below, the cohomology H(I") of this complex is finite-dimensional for general reasons.

Example 3.3 Consider the web

—(——0
u v
N
with vertices u, v and edges e, ¢/ which are external and internal, respectively, and
we imagine the boundary to the left. A decoration would consist of e—variables x,

¢/ —variables x’ and homogeneous potentials W € k[x], W’ € k[x'] with isolated
singularities together with a matrix factorization X of W — W’ and Q of W'.

The total matrix factorization X ® Q is an object of hmf(k[x, x’], W) which can be
viewed as an infinite-rank matrix factorization over k[x] of W . In this way, if we were to
fix X and let Q vary, we can view X as a functor HMF(k[x'], W') — HMF(k[x], W).

The relevant problem for Khovanov—Rozansky homology is: given a decorated web F
how do we compute a finite-rank representative for the total factorization? To avoid
triviality we assume that there is at least one internal edge.
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Let xin: denote the set of all variables lying on internal edges (the internal variables)
and x.x the set of all variables lying on external edges (the external variables). Clearly
W only depends on the external variables, so the canonical inclusion @: k[xex] — k[x]
induces a functor

@« hmf(k[x], W) — HMF(k[xex], W)

defined by taking a graded matrix factorization of W over k[x] and viewing it as a
factorization of W over the smaller ring. We refer to this functor as the pushforward.
There are two things to note: firstly, that a finite-rank free module over k[x] will
necessarily be of infinite-rank over k[xc] so the pushforward produces infinite-rank
matrix factorizations, and secondly that the case where x.x is empty and W = 0, so
k[xext] = k, is of primary interest for our later discussion of link homology.

It is well-known that because all involved singularities are isolated the pushforward
of the total factorization @4 (X), while infinite-rank, is still homotopy equivalent to
a finite-rank factorization. Finding this equivalent finite-rank factorization is what
we mean by computing the pushforward. The reader might like to consider the total
factorization X = C(I') from Example 3.2, where k[x¢x] = k and an example of a
finite-rank matrix factorization equivalent to ¢, (X ) is the cohomology H(I") viewed
as a (Z x Z,)—graded complex with zero differential. Since Khovanov—Rozansky
homology will be built out of the H(I"), such computations are the central motivation
of this paper.

In practice this computation is hard to do, so we introduce an intermediate notion:

Definition 3.4 Consider a pair (C, €) consisting of a finite-rank graded matrix factor-
ization C of W over k[x.x] together with an idempotent endomorphism € of C (that
is, €2 is homotopic to €). We say that the decorated web F above compiles to (C, €)
if there exist morphisms

Y C—9u(X), D pu(X) —C
such that ¥ o} = 1,, (x) and ¥ o = € in HMF(k[xex(]. W).
It is a short step from a compilation to a finite-rank representative for the pushforward:

Remark 3.5 Suppose that (C, €) compiles F. The category hmf(k[xcx], W) has split
idempotents, and moreover idempotents in this category can be split algorithmically.
So it is possible in practice to find a finite-rank graded matrix factorization F and
morphisms f, g as in the diagram

S

s
F C Px(X)
& ¥

Algebraic € Geometric Topology, Volume 14 (2014)



Computing Khovanov—Rozansky homology and defect fusion 499

such that fog = 1F and go f =€ in hmf(k[xcx], W). Then f o4 is a homotopy
equivalence and F is a finite-rank model of ¢, (X).

By reformulating a result of Dyckerhoff and the second author [12] we can explicitly
construct a pair (C,¢€) compiling F. We will use the phrase “compiling a web”
synonymously for “computing the pushforward of the total matrix factorization of a
web”. This explicit construction is the key to our calculations, but in order to preserve
the flow of the narrative we delay the details to Section 3.1 and return now to the
construction of Khovanov—Rozansky homology.

In [21] there are defined two basic matrix factorizations X and X (our notation is
different, but the explicit definitions are given in (A-7) below). Let D be a link diagram
foralink L, and let C be the set of crossings in D. If we replace each crossing by either
>< or >< we obtain a resolution I" of D, and if we associate matrix factorizations to
both types of four-valent vertices by assigning X to » and X {—1} to ™ then I’
becomes a state web as explained in Example 3.2. Promoting every resolution I'
to a state web using these local assignments, and writing C(I") for the total matrix
factorization, it is shown in [21] that there is a series of homotopy equivalences of
matrix factorizations which together give a categorified version of the MOY relations:

X2 N-2 X2

(3-3) C( )(1); C( ){2—N—2z’}
FO)0=@<()
wo e[ ) )=e( X Jmee( X )
y \x3 X4 X3 X4 X3
oo oo )=e(=)
4 3 4 3 N . .
® C( )(1){3—N+2i}}
|:i=0 x4> <x3
(3-6) C( )@C([ ><)’=VC( )@C(x [)
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The parity of a resolution I' is the number of components of the graph obtained from I"
by replacing each vertex »{ or » by the smoothing J{ modulo 2. The parity of a link
is the parity of any of its resolutions I".

Next Khovanov and Rozansky define morphisms xo: X — X and x;: X — X
(the explicit matrices are recalled in Appendix A.2 below). These morphisms define
two-term complexes of matrix factorizations

Y] = (o—>g{1—zv}ﬁ>)r{—zv—1}—>o),
C[] = (o_>Xﬂ>g{N—1}—>o),

where the underlines denote cohomological degree 0 and grading shifts are inserted to
match (3-1). The Khovanov—Rozansky complex is

C(D) =) Clel.
ceC
Here the tensor product is over the polynomial ring R of all internal and external
variables. By construction C(D) is a (Z X Z x Z)—graded complex of matrix fac-
torizations of zero, and we denote its components of cohomological degree i and
internal Z—degree j by C’/ (D). It is shown in [21] that the cohomology of C(D)
is concentrated in only one Z,-—degree which is given by the parity of L and is
independent of the choice of link diagram D of L. This is the Khovanov—Rozansky
homology H(L). Its Poincaré polynomial is the Khovanov—Rozansky invariant

KRy(L)= Y t'q/ dimg(H"/ (L)).
i,jEZL

There is also a reduced version of Khovanov—Rozansky homology which depends
on the choice of a component K of the link L. If i is a label assigned to an edge
lying on K in the link diagram D, then we set C(D, K) = Qe Clel ®r (R/(x0)).
The cohomology of C (D, K) is another link invariant, and we call it the reduced
Khovanov—Rozansky homology H(L, K). It is nontrivial in both Z,—degrees, but
there is a simple relation between them, as we will prove in Appendix C:

Lemma 3.6 Let H*(L, K) denote the component of H(L, K) in Z,—degree k. If
p denotes the parity of L then there is an isomorphism of (Z x Z)—graded QQ —vector

spaces
HPYYL,K)~ H?(L, K){N —1}.

In view of this we define the reduced Khovanov—Rozansky invariant KR 5 (L, K) as
the Poincaré polynomial of H? (L, K).
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Finally, let us show that we can compute Khovanov—Rozansky homology by compiling
appropriate webs. By definition, in each cohomological degree the components of C (D)
are direct sums of the matrix factorizations C(I") of zero, where I' is a resolution of
the link diagram D. As explained earlier we promote I" to a state web by decorating it
with potentials xiN *1 and matrix factorizations % , X. In order to compute Khovanov—
Rozansky homology the first step is to compile these state webs, ie to replace each
cohomological component of C(D) by the finite-dimensional (Z x Z)—graded Q-

vector spaces which are the direct sums of the compilations of the C(I").

In the second step we have to compile the differentials (which we denote d ) of C(D),
ie replace them by the maps that they induce on the compilations of the state webs;
at this point we have a Z—graded complex of Z-—graded Q—vector spaces, and we
simply take cohomology to obtain the link invariant H(L). Since by construction the
differentials of C(D) are direct sums of maps of the form 1®--- 1R ;i Q1 ®---R1,
we can compile the d, as in the following general situation.

Let us consider two decorated webs with identical underlying graphs and edge as-
signments, and whose matrix factorizations X, at vertex v are the same for all but
one vertex v; to which the second web assigns X, ;i . We further assume to be given
a morphism ¢: Xy, —>Xl’,!_ whichinducesamap =19 Q1 Q¢ R1®---®1
between the total matrix factorizations

X=XU1 ®"'®XU,'_1 ®XU[ ®Xv,-+1 ®"'®Xvs,

X/:le Q- ® Xy, ®X1/;i ® Xy ® - ® Xy,
In the notation of Remark 3.5 we have idempotents € =¥ oy and €’ =¥’ oy’ which can
be split in hmf(k[xex(], W) by morphisms f, g, f”, g’ and matrix factorizations F, F’

suchthat fog=1p, ffog’=1p and go f =¢,g’ o f/ =€’. Since ¥ is natural
(see [12, Lemma 7.6]) there is a commutative diagram (where we omit grading shifts)

X ® X’
ﬂl lw
a ¢®1 / a
X k] K[xind/ (i) (1) ———— X @xx;] K[ Xind / (x5 (1)
] E
F fro(®®1)og F

and thus the compiled morphism [’ o (® ® 1) o g is what ® induces between the
web compilations F and F’. Note that we need no knowledge of the maps ¢, ¥ from
Theorem 3.8 in this computation.
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In this way we compile every differential d,, in C(D) and compute the s[(N) link
homology H(L). Its reduced variant is obtained in the same fashion after one sets
x; = 0 everywhere in C(D). We have implemented this method to automatically
compute the invariants KRy and KRy in Singular; see [4]. Another option to compute
H(L) would have been to use the MOY relations (3-3)—(3-6) algorithmically and thus
reduce every link diagram to unlinked circles, to which [21] associate a shift of the
Jacobian of the potential xV 1. We prefer our approach as it allows us to compile
arbitrary webs (and in particular the invariant associated to arbitrary tangles in [21])
and may be straightforwardly applied to compute other categorified link invariants such
as those of [20; 34].

3.1 The explicit idempotents

We continue with the earlier notation, so F is a decorated web with total factorization
X. In this section we present a pair (C, €) compiling F.

The starting point is a list of polynomials acting null-homotopically on X, and a
corresponding list of null-homotopies. Let v be a vertex, e an edge beginning at v and
x a variable lying on e. Then (Xy, dy) denotes the matrix factorization assigned to v.
Certainly none of the potentials associated to the other edges incident at v involve x,
so from the identity d2 = (3_ reo, Wr =2 rer, Wr) - 1x, we deduce that

8x(dv) “dy +dy-0x (dv) = 8x(VVe) : 1XU-

That is to say, dx(W.) acts null-homotopically on X; with null-homotopy dx(dy).
But then the same is true of X, of which X, is a tensor factor, provided we interpret
Ix(dy) as 1®---R1R®dx(dy) ®1®---® 1 on X with suitable factors of the identity
inserted, and Koszul signs.

Let I denote the ideal in k[xiy] generated by the set of polynomials § = {0x(W,)}x.e,
where e ranges over all internal edges in the web and x over each variable lying on e.
We refer to J = k[xiy]/I as the internal Jacobi algebra of F. It is the tensor product
of the edge Jacobi algebras,

J = @ klxe)/ (e, We),

where e ranges over all internal edges, and so J is finite-dimensional by hypothesis.
Note that
klx]/T = k[Xex] @k J

is a graded free k[xex]—module of finite rank, and consequently the quotient X /8 X =
X ®k[x1kl[x]/I is a finite-rank graded matrix factorization of W over k[xy]. At this
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point we can apply the main result of [12] to give an explicit idempotent
1 n
e= (=D ([Tox(d)) o ArcxY",
n!
X,V

such that the pair (X /(8§ X)(n),€) compiles the web.? Here 7 is the total number of
internal variables, the product is over all internal variables x lying on an edge with
origin v, and At(X) is the Atiyah class; see (3-7) below. For theoretical purposes (for
example if one wanted to pursue a residue formula for the Euler characteristic of X, or
the correlators of [19]) this compilation is the right one. But for implementation on a
computer it is better to choose the sequence § differently, so that the connections in
the construction (see below) become simple operations on polynomials.

Let x be an internal variable lying on an edge e. Since k[x.]/(dx, We) is finite-
dimensional, there is an integer a > 0 such that x¢ € (dx, W, ). For simplicity, let us
assume that this a has been chosen large enough so that it works for every internal
variable,* and write

x = Z bxy 'ay(We)

YEXe

for some polynomials by . If e has origin v and we define A, = Zy bxy -0y (dy)
then

hrdy +dy Ay =x 1y,

We also write A, forthemap 1 ® - - ® 1 @A, ® 1 ®---® 1 on X, which gives
a null-homotopy for x - 1x. We can now apply the main theorem of [12] to the
sequence of polynomials x{i = {x%}xex,, and null-homotopies {Ax}xex;,. Again
the formula for the idempotent will involve an Atiyah class, and to make this explicit
we choose a connection on X. The algebra k[xiy] is a free module over the subring
kixg, )= k[x{,x7,...] with a basis given by monomials in the internal variables xB,
where the degree of each variable is smaller than «a, that is, §; < a for each i. From

now on, let B stand for such tuples of integers.

The Kihler differential on k[x{ ] extends using this basis to a k—linear flat connection
Ve k[xin] —> k[xin] kx4 ] Qllc[xgn]/k

3Strictly speaking this is not correct, as the pair (X /(8 X)(n),€) will split in the category of graded
matrix factorizations not to X butto X{p} for some nonzero integer p. We choose not to address this
point since this is not the version of the idempotent that we actually compute with. In our approach below
such subtleties will be taken into account.

4For sI(N) homology, the integer N will work: the partial derivatives (W) will be N powers
of ring variables.
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defined for a polynomial f(x) in the internal variables by

x4

d
V() =3 VB By,
x,B

where we write /=) 5 f};xﬂ for polynomials fg = fg(x) in k[x{! ] and monomials
xP as above, restricted to degree smaller than a in each variable, and the sum is over

all internal variables x. For example, if x is an internal variable then
V(A 4+ x2 4+ x4+ 2x4T) = V(1 +x%) -1 + (1 +2x9) - x?)
= (1 +2x2)-d(x%).

Tensoring with k[xcx] we get a flat k-linear connection (denoting Qllv[x oX i/ klxe]
by Ql ) nt
V: k[x] — k[x] Rk X e, x4 ] Q'

which is “standard” in the sense of [12, Section 8.1] (essentially, a hypothesis of zero
characteristic). The upshot is that for each internal variable x we have defined a
k[xexe]-linear operator dyxa on k[x]. It is obvious that dx« is, modulo x¢, just division
by x% without remainder:

Lemma 3.7 Given f € k[x] write f = x%g + h for a polynomial h of x—degree
smaller than a. Then

Oxa(f) =x-0xa(g) + &

Using our fixed homogeneous k[x]-basis for X we extend V to a flat k—linear con-
nection

Vi X — X ®fxpxt) @
The Atiyah class
(3-7) At(X) := [dx. V]

is a k[xcx, x{ |-linear morphism of matrix factorizations, which up to homotopy does
not depend on the choice of connection. Composing the Atiyah class with itself # times,
where 7 is the number of internal variables, gives a map X — X ® Q" =~ X where
we implicitly choose an ordering x1, X3, ..., X, of the internal variables and identify
d(x{) Ad(x§) A--- Ad(xy) with 1. This map At(X)" induces a k[xex]-linear map
on the quotient

X/ (x5 X) = X @y, klXind / (x{7,)
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which is a finite-rank graded matrix factorization of W over k[x.x]. The homotopies
Ax also give k[xex]-linear maps on this quotient, and we define a k[x¢x]—linear
endomorphism of X/(x% X) by

(3-8) ¢ = %(—1)(@‘) (]‘[ AX) o At(X)".

With this notation:

Theorem 3.8 There is a diagram in HMF (k[x¢x], W)

nt

(3-9) X/(x2 X )tn(c —2a)}in) % pu(X)

with %} oy =€ and Y o = 1,, (x). That is, the pair

(X/(x2X){n(c—2a)}n).€)

compiles the decorated web F .

Proof This follows from the main theorem of [12], with the caveat that the theorem
just cited only discusses ungraded matrix factorizations. Let us justify why € has
degree zero; the same argument will show that the specific maps ¢ and i given in
[12] both have degree zero.

For each internal variable x, A, has bidegree (—1,2a —c¢) on X, so the product over
x has bidegree (—n,n(2a —c)). The degree of At(X)" = [dy, V]" has a contribution
of (n,nc) from the n copies of dy plus a contribution from the operator dyxa for
each internal variable; each such operator has degree —2a, so At(X)" has bidegree
(n,n(c —2a)) and the product € has bidegree (0, 0). m]

Remark 3.9 A computer understands only matrices, so let us spell out how we write
€ as a matrix. Let {&;}; denote our homogeneous basis for X as a k[x]-module and
let O be the matrix of dy in this basis. Then with x# denoting a monomial in the
internal variables with all exponents 8; < a, we see that {x#} g gives a k-basis of
k[xin)/(x{,) and therefore {xﬂéj }8,j 18 @ k[xex]-basis for X /(x{ X).

int
The matrix Q' of the differential dy in this basis is obtained from Q by a process we
call inflation: Q is a matrix of finite size with entries in k[x] = k[Xex] ® k[Xin. For
any monomial x% in the internal variables let My« be the scalar matrix representing
the k-linear map of multiplication with x% on k[xi,]/(x{,). We can write every
entry of Q in the form ), pex® with py € k[xex]. Then Q' is obtained from D by
replacing every such entry by the “inflated”, matrix-valued entry ), po Mxe. The

same kind of inflation gives us the matrix of A, in the new basis.
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Next we index the variables xiy = {x1, X2,..., x5} and use [12, Corollary 10.4] to
write

€= 5(—1)@ > sgn(r)(l_[ kxf)[aru» dx]- -+ [9e(n), dx],

TeS, i=1

where 0; = 0x;. Let 0: X/(x{ X) — X be the k[xex]-linear map defined by
o(xﬂéj) = xﬂéj and let m: X — X/(x{{ X) be the projection. The commutator
[0j,dx] on X/(xZ X) is equal to the composite 7 0 d; ody oo . Let div;(f) denote
the division of f by x]‘.’ without remainder and for any monomial x¢ in the internal
variables let L; yo be the scalar matrix representing the k-linear map on k[xiy]/(x5),)
which is multiplication by x¢ followed by div;. Since 7 0d; = m odiv; (Lemma 3.7)
the matrix of [0}, dx] in the new basis is obtained from Q by writing every entry of
Q in the form ), pox* with py € k[xcy] and then replacing such an entry by the
matrix ), paLj xe.

Multiplying together the matrices for the Ax; and [dj, dx]| we have the matrix for €.

Note that in general € the identity €2 = ¢ only holds up to homotopy. However, we can
use the method of lifting modulo a nilpotent ideal [23, Section 3.6] to find an explicit
representative €’ of the class of € that is strictly idempotent. Then one can compute a
splitting of €’ using standard methods.

The conclusion is that we can algorithmically compile any decorated web, ie for
arbitrary tensor products of matrix factorizations one can explicitly compute a homotopy
equivalent finite-rank matrix factorization. In practice it is more efficient to compile
a web by repeatedly computing and splitting idempotents locally instead of doing it
“all at once” for the total matrix factorization. This minimizes the size of the involved
“inflated” matrices and hence the computing time, and can be done as follows: we
choose a path through the underlying graph that connects all vertices, and begin by
reducing the tensor product of the first two matrix factorizations to finite rank (where
we can apply Theorem 3.8 to reduce the pushforward one variable at a time). Then we
compute the tensor product of the result with the next matrix factorization in the path
along the same lines, and iterate the procedure until the whole web is compiled.

We have implemented this construction in the computer algebra system Singular, and
we refer to [4] for a detailed description as well as several commented examples.

4 Computational results

We now present our results for the s[(/NV) Khovanov—Rozansky homology of all prime
links with up to 6 crossings. The explicit Poincaré polynomials are listed in Tables 1
and 2.
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As discussed in the introduction, our construction via the splitting of idempotents
provides the first method to compute Khovanov—Rozansky invariants directly from the
original definition in [21]. However, there have been previous results and proposals for
Khovanov—Rozansky invariants for certain links which relied on indirect arguments.
Before we will discuss our results for links whose Khovanov—Rozansky invariants
had not been studied before, we shall first recall the known results and proposals, and
compare them with our own direct computations.

So far the most extensive results were obtained in [28; 29]. There it was shown that
the reduced Khovanov—Rozansky invariants KR ; of 2—bridge knots can be expressed
in terms of their Homfly polynomial and signature (see eg [17] for the definitions),
and a similar result is true for 2—bridge links. Furthermore, explicit expressions were
obtained for the unreduced invariants KRy with N > 4 for torus knots 75 ,, and the
figure-eight knot 4, . For links with up to 6 crossings and small values of N we can
verify these results and extend them to the cases N =3 and N = 4 where necessary.
We refer to Tables 1 and 2 for further details.

The expressions for KRy (77 ,3) and KRy (77,5) were already given in [14]. Explicit
proposals were also presented for reduced Khovanov—Rozansky invariants of further
torus knots [1; 9; 10] and all prime knots with up to ten crossings [9]; unreduced
invariants for the Hopf link were proposed in [13]. For small numbers of crossings and
small values of N our results verify all these proposals.

Let us now move on to a discussion of Khovanov—Rozansky invariants that have not
been previously studied in the literature. Our method allows to compute reduced
and unreduced homologies alike, and it does not discriminate against any types of
links. The main limiting factors for the computations to finish on the ordinary PCs
we had access to are the number of crossings and the value of N . In the language of
Section 3, these determine the number of vertices in the webs to be compiled and the
size of “inflated” matrices, respectively. Currently this allows us to calculate Khovanov—
Rozansky invariants for links with up to 6 crossings and 3 components; future computer
generations will push these limits further.

The unreduced and reduced Khovanov—Rozansky invariants that we obtained are
collected in the tables below. For links with more than one component it matters how
the components are oriented relatively to one another. We indicate this by referring
to different “versions” of all the links with at least two components in the tables. For
example, 4% (vl) and 4% (v2) denote the two versions of Solomon’s link. Note also that
we do not list their mirrors separately as the mirror has the same Khovanov—Rozansky
invariant after the substitutions

ql—)q_l, t—>t
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We conclude by listing some observations and comments on our results; we let the
Tables 1 and 2 speak for themselves otherwise.

e In all our examples the choice of a marked component for reduced Khovanov—
Rozansky homology does not affect the invariants, ie

KRy (L, K) =KRy(L, K

for all components K, K’ of the link L.

¢ Unreduced Khovanov—Rozansky homology is nontrivial only in one Z,—degree,
but reduced homology is nontrivial in both Z,—degrees. In fact the even and odd
components are the same up to a grading shift by N — 1; see Lemma 3.6. For this
reason we defined and list the Poincaré polynomials KRy only for the Z,—degree
given by the parity of the link. The invariant for the opposite Z,—degree is then
obtained by multiplication with ¢™¥V~!.

e The choice of relative orientation of components, called the version of a link above,
can be detected by Khovanov—Rozansky homology for some but not all links. More
precisely, both the reduced and unreduced invariants depend on the version in the case
of the links 4%, 6%, 6%, 6%, 6?, 63, 63 in our examples.

e Also for some examples that are not covered by the work of Rasmussen [28; 29] we
do offer expressions for their Khovanov—Rozansky invariants for arbitrary . In some

cases these are simply guesses that are true for all values of NV that we considered.

However, for the 2—component links 4% 1), 4% v2), 5% 1), 5% v2), 6% (vl) we took
advantage of [14, Equation (5.5)] which proposes for any 2—component link L with
components K; and K, arelation between KR (L) on the one hand and KRy (K1),
KRy (K3) and a certain expression involving integers Do s, that count BPS states
on the other hand. For the examples mentioned it is straightforward to extract integers
Dy s, from our results for KR, (L) and KR3(L) such that [14, Equation (5.5)] is
satisfied, and this then in turn allows to use [14, Equation (5.5)] to propose an expression
KRy (L) for arbitrary N.

e An interesting question is whether Khovanov—Rozansky homology can distinguish
mutant pairs of links. It is known that KRy forodd N is invariant under mutations [15],
and that KR, cannot resolve the simplest mutant pairs which have 11 crossings. Thus
testing whether Khovanov—Rozansky homology can detect mutation is presently beyond
the capabilities of our code when run on ordinary PCs.

5We also note that the parameter « left unexplained in [14] turns out to be twice the linking number in
our examples.
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Table 1: Unreduced Khovanov—Rozansky s[(N) invariants for prime links
up to 6 crossings

link L

KRy (L)

22 (v1&v2)

&

N N

N - N -
—-1(9 4 9 —9q
qN 1( - ) +q2N( -
q9—q q9—q
Checked up to N = 11. Agrees with proposal of [13].

2 N _ _,—N
) tz_qN+1(fi fI_l )12
q—4q

w
—

2N—2(qN—‘]_N A
q—q7! q-q-
Checked up to N = 11. Extends result of [29] to N =3 and N =4.

—N+1

q q—l(l +qut—l)q4t—2)

1

e

N _ ,—N N—1_ —N+1
q 11_1 i q lI_l (q2N+1t—2 gt +q—1t+q—2N—1t2)
q9—q q9—9q
Checked up to N = 5. Extends result of [29] to N =3 and N = 4.
42 (v -
1O g *N (qz_ZN(qu—l)zt4
(¢>—-1)?

N\
N

+@? =g+t + gV @+ =N (1 0@ + - 1))

Checkedupto N = 5.

s D

42 —2-6N
1 q
W(q2t3(q2_q4 +1) +q4N(q6(q2 D422 +t4)
Db —?V (gt 1t =g P+ 0+ 1+ D) + 02 - 1)
et Checked up to N = 5.

51

N_ N N—1_ _—N+1
q4N—4(‘] ‘1_1 n q q_l q—l(l +q2Nt—1)(q4t—2 +q8t_4))

q9—4 q—q

&

Checked up to N = 6. Extends result of [29] to N =3 and N = 4.

1 1 ¢ 2 2 3P

KRy= s+ + 5t st st st stom
KR3:%+%+%+%+%+%+%+%+%+%
a° q* ¢ q® q* ¢ ¢ ¢ 4% ¢
» AL R AR L
(112 (114 (112 (120 (118
o PREVTERNPUITI I OF
a ¢ ¢ ¢ ¢ 47 4P q

+12+t2+22+t3 t3 t3
qll q9 q7 q19 q17 q15
t# 4 4 t3 t3 t3

tm+t Tttt ot
q19 q17 q15 l]27 (125 q23
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2T AT E T T e T g
KR +1+1+t2+12+t3+t3+t4+t4 t5+t5
2 3= —75 e iy i 5 ey e e 0z 57 5
61 1) q12 qIO qS q14 q12 q20 q18 q18 (]16 q24 q22
N & 216 26 46
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63 (1)

®

_4 g ¢ 2¢° 2¢ 2t 22 2 P
KRy=-+4g+-5+>+—+—+—+—F5+—5+—=
q t t t t q q q q
2. 7 a® ¢ q® q* 2¢° 2¢% 2 247
KR:=9+ — a4 47524004422 4 4 4 29 =49 2,29 ,,,
e i L A E s A R R
+ZZ+2t2+2t2+t2+;2 PRI
g2 g8 " qb gt g2 q10 T 48
N s, g AN 6,2 2,2 2, 4
m(‘i 2@ =¢" +0+¢" (@@ =D+ @ =Dt + 1)

V(B =P+ + PP+ )+ 0P - 1)))

Checkedupto N = 3.

16 12 14 10 12 10 6 8 4
2 _2 4 4 a9 297 ¢ 24 20 4 4
63(V2) KRZ_q +q + Z6 + 15 + [5 + Z4 + [4 + t3 + 12 +[2 + t
22 24 16 18 20 22 12 14
_ 4, 6, 8, 4 q q q q q q 3q
@ A A BT
L300 a2 247 260 200 ¢ g™ a® d°
t4 4 3 13 12 12 12 12 t t
KR N 1 N 2B 2t 3t
3 2=+ 5t+t=+—+F75+7+5
63(v1) (15 613 q7 qll q13 qll q9
KR_l 1 1 2 2 B33 2t st et 4t
PR T g m e a tm tre t nn
+t6 Jr2t6 216 0
l]24 q22 q20 qIS
2 a ¢ 7@ q
3 KR, == +3 3,2 4 .94 9
63(V2) 2 q+ 6]+6] +t4 +t4 +[2 +l
q8 2q10 2q12 q14 q4 3q6

@

— 2 2 4 6
KR3—4+q7+5q +39" +¢q +IT+IT+ZT+IT+[7+IT

38 10 1 2
T A A
12 12 t t

Table 2: Reduced Khovanov-Rozansky s[(/NV) invariants for prime links up
to 6 crossings

link L

KRy (L)

2% (v1&v2)

-N

3N
1—N+ q

-1 _ 1—
a4 t

q*-1
Checked up to N = 18. Extends result of [29]to N =3 and N =4.

2
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[O%)

1
q4Nl_3 +(]2+2NZ_2 +q—2+2N

Checked up to N = 16. Agrees with results of [28; 29].

=

~

T+ g™ V2 4 g% 4ag™2 472N 2
Checked up to N = 7. Agrees with results of [28; 29].

e

&
N
—~
<
=
=

1 1_5Nl‘4 _3N_ll‘4

q
+

7> -1 q*—1

Checked up to N = 6. Extends result of [29]to N =3 and N =4.

ql—N+q—N—1 1_3Nt2—q

)

t+gq

AN\
N/

N
42 (v2)
1 g3N+5 SN+3 5N—1 3N+1
A\ q3N—3 9 + q + q 4 q
(2-1)*  (¢2—1)t* 3 12

o
N

Checked up to N = 8. Extends result of [29]to N =3 and N =4.

(

W

1

q474N —|—(]74le +q276Nt3 +q7474Nt4 +q7276Nt5

Checked up to N = 7. Agrees with results of [28; 29].

&

w

2

C]2_2N+(1_ NI+L]2_4NZ‘2 +q_2_2Nt2 +q_4NZ3 +q_2_4NZ4+q_6Nt5

Checked up to N = 4. Agrees with results of [28; 29].

2

&3

57 182) N-1__,1-N _N+1 3-N
1-nN, 4 T —q gVt g3 —N-1

+ + +q l-H]1_3Nl2+(]_N_3l2+q_3N_ll3

q

Checked up to N = 4. Extends result of [29]to N =3 and N =4.

2+q2NZ_2 —|—q2t_1 +tq_2 +q2_2Nt+q_2sz —|—q_2N_2z3—|—q_4Nt4

Checked up to N = 2. Agrees with results of [28; 29].

(1_2 +C]2_2N +(]2I_2 +C]4_2Nt_1 +2q_2Nt+q2_4Nt2 +q_N_2t2 +q_4Nt3

g 2N=A3 AN

Checked up to N = 4. Agrees with results of [28; 29].
3+q2N+2t_3+q4t_2+q2Nt_2+q21_1 +q2N—2t_1 +tq_2+q2_2Nt+t2q_4
+q_2N12+q_2N_2t3

& &3 ®

Checked up to N = 3. Agrees with results of [28; 29].
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(42—1)¢° T R E R

Checked up to N = 5. Extends result of [29] to N =3 and N = 4.

qSN_5(1+q2N+10_q12 N6 8 2N+2 q4)

62 (v2)

T

2N _ g2
GV SN+2 L 6N (AN+2,2 | (AN3 | ON+2,4 - /6
g2 —

Checked up to N = 3. Extends result of [29] to N = 3.

63 (v1)

&

e A S L A
K=t at gttt mt e
12 22 2 3 3t 3t 5 6 6
Sttt st et et et et 2t o

63 (v2)

@

10 4 2

20t 3 ‘

KR, = 3¢° +q—+ e’ +[i+q—+t+—
92

12 12 t

12 14 6 2
— 2 3 q t
KR3=2q2+3q4+q—4+q—4+—+q—+i+1—+q—+q t+—
t t q
62 (v1 _aN—
50D ¢V 3(q4N+6 N L 2NH62 L ANE2,2 | AN 3 +q2N+4 3
@ +2g?NH24 +f1 —q* )
g% —1
Checked up to N = 4. Extends result of [29] to N =3 and N = 4.
6% w2 AN gTN+3 _  5N+5 . g7V . 245N +1 . g3N+3 . ¢SN-1
(¢>—1)¢® 3 14 3 3
3N+1 5N—3 3IN—-1
L1 L1 L1

Checked up to N = 4. Extends result of [29] to N =3 and N = 4.

63 1)

@

KR, =2+ L 2
) = +[7+q7
1 # s 22
KR3 =3+ — +¢° +Etat st
q q q

63 (v2)

@

ﬁ2=4+—+—+—+—+

g% 3¢* 24* 2t 3% 13
q*  ¢°
g® gt 2¢® 2¢% 2t 22 2 43

2
KR3 =5+ — +2¢° tEt gt At
q

q2

% q 9% q

_ 2 3 ) 4 q1° g% 298 2¢% 2t 2¢2 12 3

KR4:6+7+7+3q +2(] +73+72+72+7+72+ 8+7+ 10
q* q t t t t q q q* q
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6% wh) qu_] . qu—l . q5N+1 _q3N+3 . 2q3N+1 . qN+3 . 2q3N—1
4 (2 -1)¢* 3 12 12
N+1
2qN 1-N N-3 —N—-1,2
+ — +4q I+q I+q t
Checked up to N = 3. Extends result of [29] to N = 3.
2
63 (v2) q3_3N+q1_3Nt+q3_5N12+2q_3N_11‘2+2q1_5Nt3+q_5N_lt4
q NIt g TIN=3 1—-7N N IN—1
- + +q" TN N3 TS
q*—1 q*—1

Checked up to N = 3. Extends result of [29] to N = 3.

63 &) - 1 . /2 . /3 +214 /4
= —+—t—+ =+ —
q4 q8 ql() q12 qlo
e N 12 3 2t N 34 N 4 16 16
3= _ _ _ _ _— _— _—
g2 Tgte T T e T ia T 2 T 20
63 (v2) 8 4 2
3
-5 q q q
KRy =2+¢* + "+ +—
@ | gt
10 12 6 8 2
s 2, 4.4 q 29° ¢  q°
KR3 =2+2¢° +¢* + "+ "+ S+ 5+

Appendix A: The construction

The construction as originally given in [21] has many beautiful properties but can strike
the newcomer as looking unmotivated. Why these matrix factorizations, and why these
maps? Things becomes clearer as one reads on [18; 32] but in order to make this
apparent from the outset we are going to take as our starting point a simple adjunction
involving symmetric polynomials.

A.1: Symmetric polynomials and adjunction

Consider the inclusion
¢: A =Q[x1 + x2,x1x2] — Q[x1, x2] =S
of symmetric polynomials in all polynomials. We give the variables x; degree 2. As

with any degree-zero ring morphism, ¢ determines adjunctions between the categories
of graded modules and degree-zero morphisms:
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*

(%
—_—
GrMod(A4) +——_——— GrMod(S), o* s 1.
—_— " =
(0!
Here ¢« denotes restriction of scalars, ¢* = S ® 4 (—) is extension of scalars and
@' =Homy(S, —). Any polynomial f € S can be written uniquely as f; + f»(x1—x2)
for symmetric polynomials f;, so S is a free 4—module on the basis {1, x; — X3}
and we write 1%, (x; — x)* for the corresponding dual basis of Homy4 (S, A) as an
A-module. The important point is that there is an isomorphism of graded S —modules
(here {m} denotes shifting the grading up by m)

¥ S — Homy(S, A){2}, ¥ (1) =2(x1 —x2)", ¥(x1—xp)=2-1%

Obviously we are free to choose the normalization: the factors of 2 will be justified
later. From this we deduce for any graded A-module N a natural isomorphism of
graded S'-modules

(p!(N) = Homy (S, N) = Homy(S,4) @4 N é S®4N{=2} =¢*(N){-2},

so that, up to a grading shift, the left and right adjoints of @, are naturally isomor-
phic. One way to look at this is that the map v has provided us with an adjunction
@« = @*{—2}. We say that the functors ¢, ¢* are biadjoint. By a process of stabiliza-
tion (discussed in the next subsection) this biadjunction will give rise to a biadjunction
on the level of matrix factorizations, which is the starting point for the Khovanov—
Rozansky construction.

The units and counits of these adjunctions will give rise to the morphisms xo, X1
between X, X mentioned above. The units are described for a graded A-module N
and graded S-module M by

n: N — @x0*(N), n—1Q®mn,
N M — @ pu(M){=2}, m+— 3(x1—x2) ®@m +1® 3(x1 —x3)-m
and the counits are given by
e @ (M) — M, b@mvr+—b-m,
& orp*(N){=2} — N, b@n+—>y(b)(1)-n.

To make the transition from modules to matrix factorizations, we present the biadjunc-
tion in terms of graded bimodules and bimodule maps. It is clear that ¢* is given
by tensoring with the S—A-bimodule 5S4, and likewise ¢4 is represented by the
A-S-bimodule 4Sg. Hence the composite ¢* @y is represented by S ® 4 Ss and
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©x@* by 45 4. Let us abuse notation and reuse 7, ', &, ¢’ for the morphisms between
these bimodules which represent the units

nA—S, avr— ¢(a),
NS — S®4S{-2}, br—I(x1—x2)®b+1® 3(x1 —x2)b,
and counits
e S®4S— S, bbb — bb,
g S{-2} — 4, br— ¥ (b)(1).

Lemma A.1 Viewing a Q[xy, X, y1, V2]—-module as an S—bimodule by identifying
the action of y1, y, with the right action of x1, X, , respectively, there are isomorphisms
of graded S—bimodules

S®4qS =Q[x1,x2,y1,y2l/(¥y1 + y2 — X1 — X2, Y1 Y2 — X1X2),
S = Q[x1, X2, y1, y2l/ (Y1 — X1, y2 — x2).

Moreover it is clear that these isomorphisms can be chosen to make the diagrams

S®4S — Qx1, X2, 1, ¥2)/ (V1 + y2 — X1 — X2, Y12 — X1X2)

(A-1) sl lcan

S ———=— Qlx1,x2, y1, y2l/ (V1 = x1. y2 — x2),
S = Q[XI,XZ,J’I,,VZ]/(J/I_xlvyz_xz)
(A-2) ﬁ/l \p(xl +y1—x2—¥2)

S ®4 512 = Qlx1, x2, y1. y2l/ (1 4+ y2 = X1 = X2, y1y2 = ¥1X2){=2}

commute. In the first diagram the vertical map on the right comes about because
V1 + y» —x1 —xp and y;y, — x1x, belong to the ideal generated by the y; — x;.
We note that the right-hand vertical map in (A-2) is the determinant of the matrix
which writes the regular sequence (y; 4+ y» — X1 — X3, Y1 V2 — X1X2) in terms of
(y1—X1, ¥2 —X3), and if one thinks in terms of Koszul complexes it is clear that (A-1)
is in some sense dual to (A-2). This will be made explicit at the end of Appendix A.2.

Now we make the jump to matrix factorizations. If V' is a homogeneous symmetric
polynomial of even degree then the functors ¢4« and ¢™* lift to a biadjoint pair on the
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triangulated categories of finite-rank graded matrix factorizations

(0*
hmf(A4, V) ————— hmf(S, V).
Ox

Let us fix for example the polynomial V = x{v g xév *1 These triangulated cate-

gories are algebraic, and the general theory of [32, Section 8.1] (see also [31]) applies
to produce an interesting autoequivalence of K ?(hmf(S, V)). Namely, tensoring with
the complexes of graded bimodules

(A-3) 0—>S®48 —>8—>0,
(A-4) 0— S 15 S®4S8{—2} —>0,

determines endofunctors on K?(hmf(S, V)) which are mutually inverse equivalences.
In fact these equivalences are the ones associated by Khovanov and Rozansky to over-
and under-crossings, so the whole theory can be built out of (A-3) and (A-4). But
there is an additional step before we can phrase the construction in the original terms:
Writing T = S /(V) there is an equivalence

hmf(S, V) =~ Db(grmod T)/Kb(grproj T).

The intuition is that a graded matrix factorization of V' remembers the asymptotic part
of a graded free resolution of a graded 7-module. The functors defined on hmf(S, V)
in terms of tensoring with the bimodules S ® 4 .S and S will only depend on the
asymptotic part of the resolutions of these bimodules over T (see Appendix D.1). It is
therefore more economical to replace the bimodules in (A-3) and (A-4) by the matrix
factorizations which remember this asymptotic data, and the bimodule morphisms by
the morphisms of matrix factorizations coming from the asymptotic part of the lifted
morphism to the graded free resolutions.

This process is known as stabilization, and will take place in the next subsection. We
will stabilize S ® 4 .S to a matrix factorization X and S to X. The morphisms ¢ and
n’ will stabilize to morphisms x;: X — X and xo: X — X {—2}, respectively, and
with these stabilizations in hand we will be ready to define the sl(N) link homology.

Remark A.2 The bimodule S ® 4 S is the simplest kind of Soergel bimodule. The
connection between the triply graded s[(N) link homology and Soergel bimodules
was uncovered in [18] and similar ideas give the connection to the bigraded sl(N)
link homology considered here; see [33, Section 2.3] where the theory is presented in
terms of stabilization of Soergel bimodules. The relation to Soergel bimodules is also
explained very clearly in [2].
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A.2: Stabilization

We will now present the explicit matrix factorizations and morphisms which stabilize
the adjunction given in the previous subsection. We begin with a general definition: let
R be a graded ring, W € R, a homogeneous element of even degree and M a finitely
generated graded R/(W)-module. The stabilization of M with respect to W is a
finite-rank graded matrix factorization Xps of W over R together with a morphism
of linear factorizations w: X3y — M with the property that

Hompg(Y, Xps) — Homg(Y, M), fr>mof

is a quasi-isomorphism for every finite-rank graded matrix factorization ¥ of W.

Clearly the stabilization, if it exists, is unique up to homotopy equivalence. Take S =
QI[x1, x2] as before and R = Q[x1, X2, V1, V2]. The reader wanting to compare with
[21, Section 6] should make the change of variables x1, x5, y1, V2 <> X4, X3, X1, X2.
Fix an integer N > 0 and define

N+1 N+1 N+1 N+1
W:y1+ +y2+ —X1+ —X2+ s S1=Yy1+Yy2—X1— X,

li = yi—Xxi, Sy = Y1Y2 —X1X2.

As in Lemma A.1 we identify S ® 4 S and S with the graded R-modules R/(s) and
R/(t). Both are killed by W and thus give R/(W)-modules. The stabilizations of
these R/(W)-modules exist and are described using cyclic Koszul complexes. Note that

N+1  _N+1
Yi X

(A-5) W =wity +watp, wj=———"—",
Yi—Xi

and due to the symmetry of W there are polynomials u1, t5 such that

(A-6) W =ui-(y1+y2—x1 —x2) +uz-(y1y2 — X1x2).

Then in the notation of Section 2.2, we define graded matrix factorizations of W over
R by

(A7) X ={(ur,uz),(y1+y2—x1—x2, y1y2—x1x2)}, X ={(wy,wy), (t1,12)}.

Of course there is some indeterminacy in the choice of the u;, but up to homotopy
equivalence the factorization X does not depend on the choice of the u; (this is a
standard fact, see for example [28, Lemma 3.10], and will also be clear from the
description of X as the solution of a universal problem). Moreover, we can and do
assume that the polynomials u; are invariant under interchanging the x; with the y;,
that is, we arrange that u;(y1, ya2, X1, X2) = u;(x1, X2, ¥1, ¥2). We will manage to
avoid discussing the explicit form of these polynomials, making use only of (A-6) and
the symmetry just mentioned.
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Recall the model of the Koszul complex from Section 2.2: we set F' = R6; & RO,,
where the 6; are formal symbols of Z,-degree —1. Then both X and X have
underlying Z,-graded module A\ F and the differentials are given by

X=(NFBetB) o= si67)=) B-= (T uth) ().
¥ = (/\F, 5y +5_), 5y = (Zzie,.*)— -), .= (Z w,-e,-) AS).

In the Z—-grading on /\ F the differentials with subscripts & increase/decrease degree,
so it is clear that there are morphisms of linear factorizations (viewing modules as
factorizations of zero)

woi X = (\F.Bs+-) — \F/Im(3) = R/s).
wor X = (\F.84+8-) — NF/Im@0) = R/(e).

Proposition A.3 The morphisms me and 7, are the stabilizations of R/(s) and
R /(t), respectively.

That 7, stabilizes the diagonal is a theorem of Dyckerhoff [11] and the same argument
settles related cases like mo. We give a new proof in Appendix D using different
methods; methods that will help us stabilize morphisms later. What Dyckerhoff actually
shows (and we recall in Appendix D.1) is that the functors determined by these matrix
factorizations agree with the functors determined by the bimodules, that is, both squares
implicit in the diagram

h f N+1 N+1 w}h f N+1 N+1
m(Q[xlv-XZ]’xl +x2 )—) m(@[yl’J’Z],yl +y2 )

(-)®R/()
incl linc
X

HMF(Qlx. ). xp 1 30" —— HMF(@Q[y1. 32l p 1 3771
X
commute up to natural isomorphism; see also [2]. Here (—) ® R/(t) is the identity
functor (up to relabeling variables) and (—) ® R/(s) = ¢*@x is the result of restricting
to symmetric polynomials and coming back up. Having obtained a description of these
two functors on hmf(.S, x{v Ty xév JFl) in terms of matrix factorizations, it remains to

stabilize the complexes in (A-3) and (A-4), ie we need to stabilize the maps ¢ and n’.

The first observation is that, by the proposition just stated, the map

Hom(1, 775): Homg (X, X' ) — Hompg(X, R/(t))
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is a quasi-isomorphism. By definition the morphism y{: X — X stabilizing ¢ is the
cohomology class of Homg (X, X') corresponding under the above quasi-isomorphism
to the composite

(A-8) X 25 R/(s) S5 R/,

where the second map arises because of the inclusion of ideals (s) < (¢). That is, x;
will be the unique (up to homotopy) morphism making the following diagram commute:

¥ — " L R/»)
(A-9) xll lcan

X—J'n;)R/(t)

We know abstractly that x; exists. With patience one can construct by hand an explicit
matrix for such a map, and this appears to be the approach of [21] where the matrices
are presented without explanation; see also [22, Section 2] and [2, Example 2.3.7].
In [34, Section 7.5] a method is developed for stabilizing module maps of the form
R/(r) — R/(r"), where r,r’ are regular sequences and (r) C (r’), and this can
obviously be used to give an explicit matrix for yi.

We are going to give yet another derivation, based on the observation that the same
perturbation techniques of [12] that go into the construction of the idempotent in
Section 3 also provide an explicit homotopy inverse of Hom(1, 7z,), and therefore a
matrix for y;. The techniques can be used to lift any morphism Y — R/(¢) to a
morphism Y — X, and with other applications in mind we feel it is worth including
the argument here. The statement is given by the next lemma (but we have relegated
the details to Appendix D), for which we need to introduce the polynomial

_ 8u1 8u1 1 8u2 1 8uZ
y = 0 v, 29, (x2 +y2) + 2o (x1 +y1).

Lemma A.4 The partial differential equation
0z az
(A-10) 224 — i —x)+ -2 —x2) =y
I Y2
in an unknown z has a unique polynomial solution 2,(y), and the map x{: X — X
defined by
x1(D) =14Q(0) 0162, x1(62) = (24 y2) - 61 + 3(x1 + y1) - 03,
x1(01) =01 + 03, X1(01602) = 3(x1 + y1 — X2 — y2) - 016,

is a morphism of graded matrix factorizations, making the diagram (A-9) commute up
to homotopy.
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The only obstacle to having an explicit formula for yx; is determining the solution
Q,(y) of the differential Equation (A-10). Fortunately the solution has already been
provided by Khovanov and Rozansky: up to a sign, it is the polynomial a, = %u 2+
(u1 + y1us —wy)/(x1 — y1) of [21, Section 6] (where we set the parameter A of [21]
equal to %).

Lemma A.5 Q,(y) =—a,

Proof Setting y; = x; in (A-6) shows that u; + yjuy — w, is divisible by x1 — yq.
We must show it is a solution of (A-10). All we know of the polynomials u; is that
they satisfy (A-6), and indeed one shows that —a, is a solution of (A-10) by direct
substitution using the y,—derivative of (A-6) to obtain an expression for u1 + yjuy. O

The x; given above agrees with the definition given in [21] for A = %, up to a sign
which arises because they write their differentials and maps in the basis {1, 6,6, =
—016, 01,04}

Next we discuss the morphism xq stabilizing n’. Recall that n’: S — S ® 4 S{—2}
corresponds to the map R/(t) — R/(s){—2} given by multiplication with %(xl +
Y1 —X2 — ¥2). So by definition g is the unique (up to homotopy) morphism making
the following diagram commute:

¥—" SR/
(A-11) Xol l%(xl—l—yl—xz—yz)
X{=2} ——— R/(5){-2}

Rather than use perturbation theory, which is much more complicated in this case, we
obtain o by dualizing x; to get a morphism (x1)V: X — X . Using the standard
properties of cyclic Koszul complexes collected in Appendix B, we can rewrite the
dual of a cyclic Koszul complex as a cyclic Koszul complex; up to signs, grading shifts,
and a change of variables X and X are self-dual, so we get a morphism X — X.
This will turn out to be the desired map xo-

More carefully, we define x, to be the morphism making Diagram (A-12) commute.
The matrix factorizations {w,—¢} and {u, —s} are what we would assign to the dia-
grams (3-2) with the orientation reversed. Switching the x and the y will therefore
give us a map between X and X.

Let ¢: R — R be the Q—automorphism with ¢ (x;) = y; and ¢ (y;) = x;. It is clear
that ¢ sends #; to —t;, s; to —s; and W to —W, so that by pulling back along ¢
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fw, 1) = XV X XV = {u, s}V
Lemma B.4 Lemma B.4
{—t, w} {—s.,u}

(A-12) Lemma B.5 Lemma B.5

{—w,t}{2N —2} {—u,s}{2N —4}
Lemma B.6 Lemma B.6

{w,—t}{2N -2} — — Sl > {u,—s}{2N —4}

0

Diagram: Each vertical map is an isomorphism labeled by the
corresponding lemma in Appendix B.

(equivalently, applying ¢ to the entries of all matrices) we get a morphism of matrix
factorizations of W':

"X
X = {pw. gt} = ¢ {w, ~t} —> ™ {u, —s -2} = {pu, ~ps}{~2} = X {2},
and we define xo to be this map ¢* x;,. Here we use that we have chosen the u; such
that ¢(u;) = u;. If one is careful with signs, it is straightforward to deduce from the
above the explicit form of xq:
xo(1) = 2(x1 +y1 —x2—y2)- 1 +az-6;6,,

X0(61) = =0 + 1 (x1 + y1) - 61,

X0(62) =0 — 1 (x2 + 1) - 61,
X0(0162) = 0,065,

(A-13)

where a, = %uz + (11 + yrus —wy)/(x1—y1) is as before, and we have used the fact
that ¢(a,) = —a,. Again, keeping in mind the change of basis discussed above, this
agrees with the explicit matrices for xo given in [21, Section 6] with their parameter
set to % So far we have just produced a morphism, but it is clear from the explicit
form given above that this morphism actually stabilizes the map n’, completing our
stabilization of the short complexes (A-3) and (A-4).

Lemma A.6 The map xo: X — X {—2} of (A-13) is a morphism of graded matrix
factorizations making (A-11) commute.
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Appendix B: Properties of graded matrix factorizations

Let R =P, Ri be a graded ring. If X is a finite-rank graded matrix factorization of
W € R, over R then the dual factorization is XV = Hompg (X, R), which factorizes
—W . More explicitly, the dual factorization is the pair (—(dy)*, (d3)*).

Remark B.1 If a,b € R are homogeneous with deg(a) 4+ deg(b) = 2¢ then it is clear
that there is an isomorphism {b, a}¥ = {—a, b}, and if we think of these cyclic Koszul
factorizations as exterior algebras on a symbol 8, this isomorphism sends the basis
element 1* to 1 and 6* to 6.

We will need the following basic facts relating the graded tensor and Hom. The proofs
are easy (the standard isomorphisms for graded modules commute with the differentials)
and we omit them.

Lemma B.2 Given W, W’ € R,. and a finite-rank graded matrix factorization X
of W and a graded linear factorization Y of W', there is a natural isomorphism

£ XV ®Y — Hompg(X,Y)
of graded linear factorizations of W’ — W, defined for 7, -homogeneous elements

veXV,yeY andx e X by E(v® y)(x) = (=DPIMy(x) - y.

Lemma B.3 Given X, Y, Z which are graded linear factorizations of W, W', W" €

R, respectively, there is a natural isomorphism of graded linear factorizations of
w’'—-w'—-w

Homg (X ® Y, Z) — Homg (X, Homg (Y, Z)).

In particular if X, Y are finite-rank graded matrix factorizations we have
(B-1) (X®Y)Y =Homg(X ®Y, R) = Homg (X, Homg(Y, R))
~ Homp (X, R) ® Homg(Y,R) = X" ®Y".
We also note that the isomorphism X (n) ® ¥ = (X ® Y)(n) involves no signs, but
the isomorphism X ® (Y (n)) = (X ® Y)(n) involves a sign: x ® y — (=1)"*Ix @ y

for Z,-homogeneous x. Grading shifts {m} can be pulled out of either component of
a tensor product.

In the following let R = €D, R; be a graded ring, and a, b sequences of n homo-
geneous elements in R with deg(a;) 4+ deg(b;) = 2¢. If a = (ay,...,a,) then —a
denotes (—ay, ..., —ay). In describing maps between cyclic Koszul complexes we use
the symbols 6; introduced in Section 2.2.
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Lemma B.4 There is a canonical isomorphism of graded matrix factorizations

{a.b}" = {—b,a}.
Proof Clear from Remark B.1. O

Lemma B.5 There is a canonical isomorphism of graded matrix factorizations

(B-2) {—b,a} ={—a,b}(n {Zdeg(a,) nc}

Proof Let us begin with @, b homogeneous such that deg(a) + deg(h) = 2¢. Then
{b,a}(1) is
R{deg(a) —c} AR _—b> R{deg(a) —c}
and shifting the grading by {c — deg(a)} we have {b,a}(1){c —deg(a)} is equal to
{—a,—b}. Thus
{_b7a} = {_bl,a1}®”'®{_bn’an}
= {—ay, by }(1){deg(ar) — ¢} @+ ® {—an. bp}(1){deg(an) —c}

~{—a,b}(n {Zdeg(a,) nc} |

Lemma B.6 There is an isomorphism {a,b} = {—a, —b} sending 6; to —0; .

We end with a discussion of cohomology. Let R be a ring and C = ;.5 C i a
Z—-graded R-module with R-linear maps d+: C — C of degree +1, satisfying
(d4+)?> =(d-)>=0and dyd_ +d_d;+ = 0. Let Cz, denote the Z,—folding, which
is a Z,—graded complex with differential doy = d+ + d—. If we replace d4+ by —d+
then we have another complex (Cz,, —d4+ +d—). We claim that these complexes have
the same cohomology. Given a Z,—graded complex (X, d) we denote by (X, d)— the

complex

X024 x1 4 yo

Lemma B.7 There is a canonical isomorphism of Z,—graded complexes
T:(Cz,.dy+d-)— (Cz,,—dy+d_)_

defined by T'|ci = (—1)%"("“). This induces an isomorphism
H(Cz,,dy +d-)— H(Cz,,—d+ +d-).
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In particular for sequences a, b we have

Obviously if R is a graded ring and each C’ is a graded module such that d+ have
degree ¢ then d, has bidegree (1,c¢) on Cz,, the cohomology is naturally bigraded,
and (B-3) preserves the bigrading.

Appendix C: The relation between reduced and unreduced
homology

As was discussed in Section 3, to a state graph I" with 7 edges Khovanov and Rozansky
assign a Z,—graded complex C(I") over the polynomial ring R = Q[x] in the edge
variables x = {x1, ..., Xm}, defined by tensoring together local matrix factorizations
assigned to the singular crossings and smoothings of the state graph. The definition
depends on a choice of integer N > 0, which we fix throughout and omit from the
notation, so that all our homologies are s[(N) homologies.

The Khovanov—Rozansky complex C(D) of a planar diagram D of a link L is defined
by tensoring together two-term complexes build from these C(I"), as I varies over
all resolutions of D, and recall that the unreduced and reduced Khovanov—Rozansky
homology are defined respectively by

H(L)= H(H(C(D).d).dy), H(L.K)=H(H(C(D)®g R/(xi).d),dy).

where K denotes a component of L, and i is a label assigned in the planar diagram
D to an edge lying on this component. In this appendix we make some remarks about
the relationship between reduced and unreduced homology. Let us fix the label i in
the following.

After taking the d—cohomology everything becomes finite-dimensional, and taking
the cohomology with respect to the differential d, is straightforward; the whole
problem with computing these invariants is computing H(C(D),d). In this article
the emphasis is on computations, and in this context there is a big difference between
taking cohomology before and after setting x; = 0. Since H(C(D), d) is a direct sum
of modules H(C(I"), d) for various state graphs I" let us speak only of state graphs,
in which case we are making the distinction between

H(CT)®rR/(xi).d)  and  H(C().d) ®r R/(xi).

In the second case one computes the essential ingredient H(C(T"), d) in the unreduced
homology, and then throws away information; in the first case one deals from the
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beginning with one less variable, so the computation is significantly easier. For this
reason, the first definition (which is the original one of [21]) is the one our code
computes; but since the second definition is the one studied in [28] and other references,
we want to explain the relationship between the two. Let us set

H(T) = H(C(T).d), H(T)=H(C(I)®rR/(x).d).

These are both finite-dimensional (Z x Z,)—graded vector spaces. It is shown in [21]
that H(I") is concentrated in only one Z,—degree, namely the degree of the parity
p = p(I") defined by erasing all four-valent vertices in I" and counting the number
of circles in the resulting graph. It follows that the link homology H (L), which is a
priori (Z x 7 x Z.,)—graded, is actually only (Z x Z)—graded.

On the other hand H(T") has nonzero contributions in both Z,—degrees, so the reduced
link homology H (L, K), as defined in [21], is honestly (Z x Z x Z,)—graded. We
write H/(T"), respectively H/ (L, K), for the Z,—component in degree j € Z,. The
point of this appendix is to check that H°(L, K) and H'(L, K) only differ by a
grading shift.

Lemma C.1 There is an isomorphism of (Z x Z.)—graded QQ —vector spaces
HPYYL,K)~ H?(L, K){N —1}.

This will follow if we can show that there is an isomorphism H?T1(I")~ HP(T"){N —1}

natural with respect to the xy maps. It is easy to see that the two Z,—components of

H(T) have the same dimension: it is the gradings that we need to compare. From the
short exact sequence

0 — C(I) =5 C(T){=2} — C(T) ®g R/(xi){~2} —> 0
we deduce a long exact sequence in cohomology, of graded R—modules:
(C-1) 0—s HPTY TN — 1} — H(T) 2 H(T){—2} — HP(T){—2} —> 0

It is clear from this exact sequence that the dimensions of the odd and even degrees of
H(T') agree (this is also observed in [28, Proposition 3.12]). Moreover, assembling
the H(T") to form the link homology, we deduce that

HP(L,K) = H(H(C(D),d) ®R R/ (xi), dy).

As has already been mentioned, this (Z x Z)—graded Q-vector space is adopted as
the definition of the reduced Khovanov—Rozansky homology in [28; 33]. In light of
Lemma C.1 this is reasonable, as the other Z,—degree of H(L, K) contains no new
information, but as far as we know the lemma has not appeared before in the literature
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(although it may be known to the experts). To relate the Z—gradings of H?(I") and
HPT1(I") we make use of the following basic property of H(T').

Convention Since we ultimately only care about the homologies H(L) and H(L, K),
we are free to choose D to be the closure of a braid with 7 the label on one of the edges
in the closure, and for the rest of this section we make this assumption. In particular,
T" is a braid graph.

Lemma C.2 H(I") is concentrated in degree p(T"), and as a graded Q[x;]-module it
is isomorphic to a direct sum of copies of Q[x;]/ (xiN ) shifted in the Z —grading, that
is, for some integers b; we have

H(T) = P Qlxil/ (M) by}
J

Further, one can prove that the integers b; have a symmetry: H(I") is always self-dual
as a graded vector space, but we will not need this. Taking the lemma as a given:

Proof of Lemma C.1 We claim that H?+1(I") =~ H?(I'){N — 1} as graded vector
spaces. In light of the exact sequence (C-1), to understand H (T") it suffices to under-
stand the action of x; on H(I"). But with Lemma C.2 in hand this is trivial: it reduces
to understanding the action of x; on Q[x;]/ (xl.N ), and we deduce that

HPIOUN - 13 =P Q- X Hbj) = P Qib; +2N -2,
J J
H?(T) = P Qb))
J

From this we deduce that H?T1(T") = @Q{b; + N—1} = H?(T'){N — 1}, as claimed.

J
Now suppose that T", '/ are state graphs of D for which there is a morphism yx: C(T") —
C(T""). We need to prove that the diagram

HPHU(T) —=— HP(T){N -1}

Hp+lxl alX

HPTN() —— HP(I"){N -1}

commutes. Decompose H(T'), H(I'') as in Lemma C.2 and let x’: Q[xi]/(xiN) —
Qlxi]/ (xiN ) be one of the components of x. The corresponding component of H? 1y
is the restriction of x’ to the ideal generated by xlN ~! and the component of H? x is
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the map induced by x on the quotients by the ideal (x;). But since x’ is homogeneous
it sends 1 to Ax{ for some A € Q and @ € {0,..., N — 1}, and it is easy to see that if
a > 0 then these components of H?*1y and HP? y are both zero. On the other hand
if @ = 0 then the components are both multiplication by A, and hence the diagram
commutes. Since the differentials in (H?(C(D) ® g R/(x;),d), dy) are built out of
the x, we may conclude from this that H?+1(L, K) = H? (L, K){N —1}, completing
the proof. a

Proof of Lemma C.2 The argument is similar to that of [28, Lemma 5.8]. We prove
the claim by induction on the complexity of braid graphs I' together with a chosen
edge i appearing in the braid closure, using the induction scheme of [35] and the MOY
relations (3-3)—(3-6) proved in [21, Section 6]. Let us denote by I't, I'yy, 'y the graphs
which are the arguments of C on the left of (3-3), (3-4), (3-6), respectively.

By [35], if T is the closure of an open braid graph I'gpe, then I' always contains a
region of the form I', or Iopen contains a region I'y or I'yp. This means that using
only the MOY relations we can go from any braid graph to a family of unlinked circles,
and in this base case H(I") is a tensor product over Q of grading shifted copies of
Q[x;]/ (x}V ){1) for various j. By hypothesis i is among these indices, so both claims
are clear in the base case.

The only MOY relation which changes the parity is relation (3-3), which changes the
parity by one and also introduces a suspension, so it is now clear by induction that
H(T") is always concentrated in degree p(I"), and we need to check the other claim.

Given a braid graph I' suppose that we can find a region of type I'y or I'yiy in Iopen .
Then the corresponding direct sum decomposition has x; as an external variable, so
the equivalences of the decompositions are x;—linear. By the inductive hypothesis the
cohomology of all the other braid graphs involved in the decomposition are direct sums
of grading shifted copies of Q[x;]/ (xiN ) so the same is true of C(T").

It remains to treat the case where we can only find a region of type I, the catch
being that x; may not be an external variable to the decomposition: i may be the loop
contracted away by the MOY relation. But in this case we may assume that, apart from
some circles which we may ignore, the edge 7 is the rightmost edge in the braid graph.

In this situation we consider the dual braid graph 'V where we reverse the orientation
of all the edges. Note that for some sequences of polynomials @, b and an integer p we
have C(T") = {a, b}{p} and therefore C(I'V) ={a,—b}{p}. Butby (B-3) {a,—b} has
the same cohomology as {a, b}, so the cohomology of I and TV agree. It therefore
suffices to prove the claim for I'Y. This follows by the above argument, since i is the
leftmost edge and can therefore never be involved in a I't—relation. |
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Appendix D: Stabilization and perturbation

In this appendix we use perturbation techniques to study stabilization. For simplicity
graded matrix factorizations will not feature here: this means that we work throughout
with matrix factorizations in the usual sense. One nonstandard piece of terminology is
that for us a linear factorization of W € R is an arbitrary Z,—graded R—-module with
an odd differential squaring to multiplication by W. One can tensor and Hom such
things in the obvious way; see for example [12, Section 2].

Let R be a noetherian ring, @ = (ay,...,ay) and b = (b, ..., b,) sequences in R
with b regular, and set W =), a;b; . We define the matrix factorization {a, b} of W
as in Section 2.2 so F = D; RO; with |f;| = —1 and A\ F has two differentials
and §_ such that {a,b} = (/\ F, 6+ + 6—). If we use only the differential 5 then this
is just the Koszul complex on the b;, so there is a morphism of complexes from the
Koszul complex to its cohomology

(D-1) n; (/\F, 5+) — R/(b).

In fact 7 is also a morphism of linear factorizations {a,b} — R/(b). The task we
give ourselves here is to show that under some mild hypotheses this map is universal,
in the following sense: for any finite-rank matrix factorization Y of W we claim that
the map

(D-2) Hom(1, 7): Homg(Y,{a,b}) — Hompg(Y, R/(b))

is a quasi-isomorphism. That is, {a, b} stabilizes R/(b). This is a standard fact but
the twist here is that we produce an explicit homotopy inverse using the language
of deformation retracts and perturbation. Rather than repeat the basic facts about
perturbation here, we direct the reader to [12, Section 5] and [7] for a full discussion;
from now on we use the notation of [7].

Here are our hypotheses: suppose that R is an S—algebra for some ring S and that
(D-1) is a homotopy equivalence of Z—graded complexes over S. More precisely,
suppose that we can find an S —linear morphism of complexes o: R/(b) — (A F,6+)
and S-linear homotopy 4 on /\ F such that

(D-3) Sth+héy=1—on, h*=0, ho=0.

We will see later how to write down very explicit homotopies /# using connections. In
any case, we deduce the claim about universality of 7 from the following more general
statement.
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Proposition D.1 If X is a finite-rank matrix factorization of V € R over R, and the
sum V + W belongs to the image of the structure morphism S — R, then there is a
deformation retract datum of linear factorizations of V. + W over S,

1Qm
(D-4) (X®R/(b).dy®1) == XOAF,1®8+ +1),  hoo,

where p = dy ® 1+ 1 ® 46— and 006 = Y (—=1)"(hp)"o.

m=0

Proof First let us note that the statement makes sense: the differential dy ® 1 on
X ® R/(b) squares to multiplication by V + W, since d2 = V -1y and W acts
as zero on R/(b). We fix a homogeneous R-basis of X and use it to extend /, o
(with Koszul signs in the former case) to S-linear maps on and between X ® /\ F
and X ® R/(b). Then the conditions in (D-3) amount to the statement that we have a
deformation retract datum of linear factorizations of zero over S,

(X®R/(5),0) == (X ®AF.1®584), —1®h.
1®0

Consider the perturbation p of the differential on X ® /\ F. The hypotheses of
[12, Proposition 6.1] are easily checked, and the conclusion is that the desired linear
factorization exists. d

Remark D.2 Suppose that R and R/(b) are projective S—modules. Then the se-
quence of R-modules

(D-5) 0— N'F—siim> NF=RZ> R/(B) —> 0

is not just exact over S, but is even split exact. From the numerous short split exact
sequences we construct a map o and homotopy /4 satisfying (D-3).

As has already been mentioned, the next corollary (with a different proof) is due to
Dyckerhoff [11]. There are related results in the literature on link homology; see [28,
Section 3.2] and [33, Section 1.2].

Corollary D.3 If R contains a field then r: {a,b} — R /(b) is a stabilization. That is,
for any finite-rank matrix factorization Y of W the map (D-2) is a quasi-isomorphism.

Proof Let S be a field contained in R. Then in light of the previous remark we can
find o, i satisfying our hypotheses, and Proposition D.1 appliedto X =YV, V =—-W
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shows that the bottom row of the following commutative diagram is a homotopy
equivalence over S':

Homg(Y, {a. b)) —"L")  Homp (Y. R/(b))

(D-6) QT TE

But then the top row is also a homotopy equivalence over .S, hence a quasi-isomorphism
over R. O

Here our interest splits two ways. In Appendix D.1 we clarify a point about kernel
functors and in Section D.2 we use the formula for o given in Proposition D.1 to lift
morphisms ¥ — R /(b) to morphisms Y — {a,b}.

D.1: Kernel functors

We want to interpret {a, b} and R/(b) as functors, and 7 as a natural isomorphism.
To this end, suppose that k is aring, S, 7 are k—algebras and that our ring R above
isequal to T ®j S. We view R-modules as 7—S-bimodules, and make the following
hypotheses:

o W=V-U forelements U eT and V € §S.

e R isfree as an S—module, and R/(b) is free of finite rank on both sides, ie as
aright S—module and as a left 7-module.

It follows from Remark D.2 that the hypotheses of Proposition D.1 are satisfied; thus
for any finite-rank matrix factorization X of U over T the map

w: X Q®{a,b}— X ® R/(b)
is a homotopy equivalence over S. Hence the diagram of functors

—)®R/(b
hmf(T, U) — 228Ky is, v

incl linc

HMF(T,U) —— HMF(S, V)
(-)®1a,b}

commutes up to the natural isomorphism.
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D.2: Lifting morphisms

The techniques work more generally, but for simplicity we specialize to the situation
of Appendix A.2 where S = Q[x1,x3], R = Q[x1, X2, ¥1, 2] and W = yf\”rl +
yév T x{v T xév *1. The cyclic Koszul complex of interest is X = {w, ¢}, where
ti = y; —x; and the sequence w = (wy, w;) is defined in (A-5). This means that we

take @ = w and b =t in the above.

Since we are interested in morphisms X — X, in addition we take ¥ = X. We can
write R as S|tq, 7] so there is an S —linear standard (in the sense of [12, Section 8.1])
flat connection

df af
Vi R— RQgys] qu[,]/s» V(f(x1,x2, 91, 02)) = Edtl + a—yzdfz-

This induces an S -linear map, also denoted V, on R® g[41€25[s]/s » Where 2 = A° QL
We identify this free Z-graded R-module with /\ F via dt; = 6;. It is easily checked
that for 6 = 0;, ---0;, with distinct indices i; and p >0, f € R,

(Vé+ +84V)(f-0) = (p+ 58+ V)(S) -0,

and moreover the S-linear operator p - 1g + 6+V on R is invertible. It will be
convenient to have notation for the inverse operator on R.

Definition D.4 For p > 0 we write 2, = (p-1g+84+V)™!. So by definition 2, (/)
is the unique polynomial solution of the partial differential equation in an unknown z,
0z 0z
pzto— i —x1)+—02—x2) = 1.
a1 dy2
Example D.5 For a monomial f = xflxgzlfl tj 2
Q,(f) = m /. Hence in particular
(i) If f € kfx1,x2] then Q,(f) = 5 /-
(i) Qp(ni) = Qp(xi +1) = 5% + 51100

we have by direct computation

One defines an S —linear map
H= (V64 +6:V)7 1V

of degree —1 on the module /\ F. Each application of H involves differentiation
with respect to the y;, and then solving a differential equation. Let 6: S = R/(¢) —
/\F be the inclusion of Q[xy, x;] into R. One checks (see [12, Section 8.1]) that
Hé{+6+H=1—0m,so that o is exhibited by H as the S-linear homotopy inverse
to the morphism 7: (/\F,5+) — (R/(t),0).
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As explained above, we tensor with YV and perturb in the other differentials. The first
step is to extend H and o to S-linear maps

YV NF YV Q®R/(®)
O

H

using the homogeneous basis 1%, 0, 05, (6;0,)* for Y. This involves Koszul signs
as we move H and o pasthomogeneous elements of YV, for example, H(0 ® f6,) =
—0] ® H(f0,).

Next we consider the R-linear map
p=dyv®@1l+1®35-

on YV ® AF, viewed as a perturbation of the differential on (Y ® AF,1 ® §4).
The total differential 4+ 1 ® § is the usual differential on the tensor product, and the
perturbation lemma tells us that the S—linear map 000 = Y _,,50(—1)" (Hp)™o is an
S —homotopy inverse to 1 ® w. Composing with the vertical isomorphisms in (D-6)
we have the desired inverse of Hom(1, 7). The morphism (A-8) corresponds to the
tensor 1*®1 €YY ® R/(t), so to find x; we are left with the task of evaluating

Oc(1*@ ) =0(1*"®1)— Huo(1*® 1) + HuHu(1* ® 1).

Proof of Lemma A.4 The map corresponding to 040 (1* ® 1) makes (A-9) commute,
so we need to evaluate this tensor and show that it has the explicit form given in the
statement of the lemma. The notation becomes a little involved: throughout recall
that we are producing tensors in YV ® /\ F, an R-basis of which is given by tensors
07 ®1,1" ® 0,0, etc. Clearly o(1* ® 1) is just 1*® 1, and
Huo(1*®1) = H(dyv +5_)(1*® 1)

= H(—Q{" ® 51 —9; & 52 + 1* Q w16y + 1* ® wy6>)

=07 @ H(s1)+ 6, ® H(s2) +1* @ H(w60;) + 1" ® H(w,65).
By easy computations, for example

os as
H(sy) = 91(8—;1)91 + Q4 (ﬁ)% =Q(1)0; +Q21(1)0, =0, + 65,

_ _ /0w
H(w,0)) = (V64 + 84 V) "' V(w,6) = (V84 +64V) I(W;ezel)zo,

we find that

Huo(1*®1) = 0 ® (61 + 02) + 205 ® ((x2 + y2)01 + (x1 + y1)62).
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Applying Hu again we obtain after some work an expression for HuHuo (1* ® 1),
which we combine with the previous equation to find

Uoo(l*®1)
8u1 8u1 lauz 18u2
=1"1+1"®Q(—— ——-——= o 0,6
®1+1"® z(ay1 s 2ay2(x2+y2)+28y1(xl+y1)) 102

1

+ 5(9192)* ® (X1 4+ y1 —x2— 2)010, — 6] ® (61 + 6>)
1

- 59; ® ((x2 + y2)01 + (x1 + y1)02).

The image under the canonical isomorphism &: XV ® X — Hompg(X, X) is our
morphism )i := £0c0(1* ® 1), which has the desired form (the signs get corrected by
Koszul signs in &). m|
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