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Heegaard splittings of distance exactly n
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In this paper, we show that, for any integers n > 2 and g > 2, there exist genus- g
Heegaard splittings of compact 3—manifolds with distance exactly 7.

57TM27; 5TM99

1 Introduction

For a closed orientable 3—manifold M , we say that V| Ug V, is a Heegaard splitting
of M if Vi, V, are handlebodies such that M = V; U V5 and dV; = 9V, = §.
Heegaard splittings of compact orientable 3—manifolds with nonempty boundaries can
be defined similarly, using compression bodies for handlebodies (see Section 2). In [7],
Hempel gave the definition of the distance of a Heegaard splitting by using the curve
complex introduced by Harvey [6] and showed that, for any integer n, there exists
some integer m such that the m™ power of a pseudo-Anosov map yields a Heegaard
splitting of distance at least n by using a construction of Kobayashi [8]. Abrams and
Schleimer [1] showed that the distance of the Heegaard splitting grows linearly with
respect to m by using a result of Masur and Minsky [12]. Moreover, Evans [3] gave
a combinatorial method to construct Heegaard splittings of high distance. The main
purpose of this paper is to give an answer to the following question.

Question Given n > 1 and g > 2, does there exist a genus-g Heegaard splitting with
distance exactly n?

For certain values, there are known examples that answer the above question affirma-
tively. For example, Berge and Scharlemann [2] showed that there exist 3—manifolds
which admit genus-2 Heegaard splittings with distance exactly 3.

In this paper, for each integer n > 2, we first construct a Heegaard splitting of a compact
orientable 3—manifold with nonempty boundary which has distance exactly #n.
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Theorem 1.1 For any integers n > 2 and g > 2, there exists a genus-g Heegaard
splitting C1 Up C, with distance exactly n, where Cy and C, are compression bodies.

To prove Theorem 1.1, we give a method of constructing a pair of curves on a closed
surface with distance exactly n. In fact, Schleimer [14] gave a method of constructing
a pair of curves with distance exactly four on the five-holed sphere by using subsurface
projection maps defined by Masur and Minsky [13] (for the definition, see Section 2).
In Section 4, we mimic the idea of Schleimer to construct a pair of curves with distance
exactly n for any positive integer n. By using the pair of curves and the properties
of a compression body obtained by adding a 1-handle to S x [0, 1], where S is a
closed surface (for details, see Section 3), we prove Theorem 1.1. As a consequence of
Theorem 1.1, we have Corollary 1.2.

Corollary 1.2 For any integers n > 2 and g > 2, there exists a genus-g Heegaard
splitting of a closed 3 —manifold with distance exactly n.

Remark 1.3 In [4], Guo, Qiu and Zou prove a statement that includes Corollary 1.2.
In fact, they show in [4, Theorem 1] that for each pair of integers n > 1 and g > 2
with (n, g) # (1, 2), there is a genus-g Heegaard splitting of a closed 3—manifold with
distance n. We note that the pair (n, g) = (1, 2) is not realizable (see Thompson [15,
Proposition 1]).

Acknowledgements After finishing the first version of this paper, Ruifeng Qiu in-
formed us that there was a gap in the proof of the theorem which we used in the proof
of Corollary 1.2 in the first version, and he sent us the paper by Ma, Qiu and Zou [11].
We tried to fill the gap, and could prove a partial result that suffices to give the corollary
in our setting. Along the way, we learned from [11] that Li [10] gave a very sharp
estimation of the radius of the image of the disk complex of a compact 3—manifold by
subsurface projections, and this drastically improved the conclusion of Corollary 1.2
in the first version of this paper. When the new version was almost completed, we
found that [4] was uploaded on the arXiv, and the main result of [4] completely covers
Corollary 1.2 of this paper. Further, Yanqing Zou, who is one of the authors of [4],
informed us that our arguments in the revised version mentioned above contained a gap
and made some suggestions on how to fix it. Thanks to the suggestion, and in particular
after consulting [4], we could give the formulation of Proposition 5.1 in this paper.

We thank Dr Michael Yoshizawa for many helpful discussions, particularly for teaching
us the ideas of his dissertation [16] which include the existence of Heegaard splittings
of distance 2n for each integer n > 1, and we also thank Professor Yo’av Rieck for
giving us helpful information. We would like to especially thank Professor Ruifeng Qiu

Algebraic € Geometric Topology, Volume 14 (2014)



Heegaard splittings of distance exactly n 1397

and Dr Yanqing Zou their help and for pointing us to the preprints [11; 4]. Finally, we
would like to thank the referee for his/her careful reading of the manuscript and helpful
suggestions.

2 Preliminaries

Let S be a compact connected orientable surface with genus g and p boundary
components. A simple closed curve in S is essential if it does not bound a disk in S
and is not parallel to a component of dS. An arc properly embedded in S is essential if
it does not cobound a disk in S together with an arc on d.S. We say that S is sporadic
ifg=0,p<4org=1,p=<1. Wesay that S is simple if S contains no essential
simple closed curves. We note that S is simple if and only if S is a 2—sphere with at
most three boundary components. A subsurface X in S is essential if each component
of dX is contained in 0.5 or is essential in S.

Heegaard splittings A connected 3—manifold V' is a compression body if there exists
a closed (possibly empty) surface F and a O-handle B such that V' is obtained from
Fx[0, 1]UB by adding 1-handles to Fx{1}UdB. The subsurface of 0V corresponding
to F x {0} is denoted by d_V . Then d4+V denotes the subsurface dV \ d_V of dV .
The genus of d4+V is the genus of the compression body V. A compression body V'
is called a handlebody if 0_V = @. A disk D properly embedded in V is called an
essential disk if dD is an essential simple closed curve in 4+ V.

Let M be a compact orientable 3—manifold. We say that C; Up C; is a genus-g
Heegaard splitting of M if C; and C, are compression bodies of genus g in M
such that C;UCy = M and C; NCy = 04+Cy = 04+C, = P. Alternatively, given a
Heegaard splitting C; Up C, of M, we may regard that there is a homeomorphism
f:04+Cy — d4+C, such that M is obtained from C; and C, by identifying 94 C;
and d4+C, via f. When we take this viewpoint, we will denote the Heegaard splitting
by the expression Cy Uy C;.

Curve complexes Except in sporadic cases, the curve complex C(S) is defined as
follows: each vertex of C(S) is the isotopy class of an essential simple closed curve
on S, and a collection of k + 1 vertices forms a k—simplex of C(S) if they can
be realized by mutually disjoint curves in S. In sporadic cases, we need to modify
the definition of the curve complex slightly, as follows. Note that the surface § is
simple unless S is a torus, a torus with one boundary component, or a sphere with 4
boundary components. When S is a torus or a torus with one boundary component
(resp. a sphere with 4 boundary components), a collection of k + 1 vertices forms a
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k—simplex of C(S) if they can be realized by curves in S which mutually intersect
exactly once (resp. twice). The arc-and-curve complex AC(S) is defined similarly, as
follows: each vertex of AC(S) is the isotopy class of an essential properly embedded
arc or an essential simple closed curve on .S, and a collection of k + 1 vertices forms a
k—simplex of AC(S) if they can be realized by mutually disjoint arcs or simple closed
curves in S. Throughout this paper, for a vertex x € C(S) we often abuse notation
and use x to represent (the isotopy class of) a geometric representative of x. The
symbol CO(S) (resp. AC°(S)) denotes the 0—skeleton of C(S) (resp. AC(S)).

For two vertices a, b of C(S), we define the distance d¢(s)(a,b) between a and b,
which will be denoted by dg(a, b) in brief, as the minimal number of 1-simplexes of
a simplicial path in C(S) joining @ and b. For two subsets A, B of C°(S), we define
diamg (A4, B) := the diameter of 4 U B. Similarly, we can define d 4¢(s)(a.b) for
a,b e AC°(S) and diam 4o(s)(4, B) for A, B C AC°(S).

For a sequence ag, ay, ..., a, of verticesin C(S) with a;Na;4+1=9,i=0,1,...,n—1,
we denote by [ag,ayq,...,ay] the path in C(S) with vertices ag,ay,...,dy, in this
order. We say that a path [ag,aq, ..., an] is a geodesic if n = dg(ag, an).

Let V be a compression body. Then the disk complex D(V') is the subset of C°(34V)
consisting of the vertices with representatives bounding essential disks of V. For a
genus-g (> 2) Heegaard splitting C; Up C,, the (Hempel) distance of C; Up C, is
dp(D(C1), D(C3)) = min{dp(x, y) | x € D(Cy), y € D(Cr)}.

Subsurface projection maps Let P(Y) denote the power set of a set Y. Sup-
pose that X is an essential subsurface of S, where X is not a simple surface or
a torus. We call the composition 7y o 74 of maps 74: C°(S) — P(AC°(X)) and
7o: P(ACY(X)) — P(C°(X)) a subsurface projection if they satisfy the following:
for a vertex o, take a representative of @ so that | N X'| is minimal, where | - | is the
number of connected components. Then

o m4(a) is the set of all isotopy classes of the components of « N X,

o mo({oy,...,ap}) is the union, for all i = 1,...,n, of the set of all isotopy
classes of the components of dN («; U dX) which are essential in X', where
N(o; U0X) is a regular neighborhood of ¢; UdX in X .

We denote the subsurface projection mgomy by my . We say that o misses X (resp. o
cuts X)ifaNX =@ (resp. a N X # &).

Lemma 2.1 Let X be as above. Let [ag,1,...,a,] be a path in C(S) such that
every «; cuts X . Then diamy (y («g), mx (n)) < 2n.
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Proof Since dg(wj,;41) =1 and every o; cuts X', we have

diamAC(X)(nA(Oli), mq(aitr)) <1

forevery i =0,1,...,n—1. This together with [13, Lemma 2.2] implies

diamy (7o (774 (i), w0 (74 (@i41))) (= diamy (7x (o), 7x (@i41))) = 2.
Since diamy (y (ag), wx (00y)) < ?;é diamy (wy (o), wx («tj+1)), this implies

diamy (wx (ag), wx (ay)) < 2n. |

Remark 2.2 Let X be an essential subsurface of S'. Suppose that X is disconnected,
and at least two components of X are nonsimple. Then for any pair of curves «, ' on S
we have diamy (7x (@), mx (a’)) < 2. To be precise, let X; be one of the nonsimple
components of X, and X, the union of the others. Let a and @’ be elements of 7y (&)
and my ('), respectively. If both a and «’ are contained in X; for some i = 1,2,
say X7, then we can find a curve on X that is disjoint from « U a’, which implies
dy(a,a’)<2.Ifac Xy and a’ C X, (or a C X, and @’ C X1), we have dx (a,a’) <1.
Thus dy (a,a’) <2 for any pair of elements a € wy () and a’ € wx (a’), and hence
we have diamy (7my (), Ty (a')) < 2.

3 Disk complexes

Let D(V) (C C°(@+V)) be the disk complex of a compression body V. We have
a decomposition D(V') = Dyonsep(V') U Dyep(V'), where Dyonsep(V') (resp. Dsep(V))
denotes the subset of D(1') consisting of the vertices with representatives bounding
nonseparating (resp. separating) essential disks of V. In this section, we prove the
following proposition.

Proposition 3.1 Let V be a compression body obtained by adding a 1—handle to
F x [0, 1], where F is a genus-(g — 1) closed orientable surface (g > 2). Then we
have the following:

(1) Dhonsep(V') consists of a single vertex, say cg.

(2) For each element ¢y of Dyep(V'), there is a 1—simplex in C(04.V') joining cg
and cq .

Remark 3.2 In fact, we can see that Dgep(1) is a countable, infinite set and that there
is no 1-simplex between ¢, and ¢y’ for each pair c¢q, cqr € Dsep(V).
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In the remainder of this section, V' denotes a compression body obtained by adding a
I-handle to F x [0, 1], where F is a genus-(g — 1) closed orientable surface (g > 2).
Then D denotes the essential disk of V' corresponding to the cocore of the 1-handle.
Proposition 3.1 follows from Lemmas 3.3 and 3.4 below.

Lemma 3.3 Any nonseparating disk properly embedded in V' is ambient isotopic
toD.

Proof Let D’ be a nonseparating disk in V. Assume that D and D’ intersect
transversely, and | D N D’| is minimized up to ambient isotopy class of D’.

Suppose |[DN D'|=0,ie, DN D' = &. Then D’ is properly embedded disk in the
manifold obtained from V by cutting along D, that is, F x [0, 1]. Since any disk
properly embedded in F x [0, 1] is boundary parallel and D’ is nonseparating in V,
we see that D U D’ bounds a product region, and hence D’ is ambient isotopic to D.

Suppose |[D N D’| > 0. By standard innermost disk arguments, we can see that D N D’
has no loop components. Note that there are at least two components of D’\ D which
are outermost in D’. Take a pair of such outermost components, say A; and A,,
which are next to each other, ie, there is a subarc 8 C dD’ such that § N Ay is an
endpoint of B and SN A, is the other endpoint of 8, and B does not intersect any other
outermost disk of D’\ D. Note that we can retrieve F x [0, 1] by cutting V along D.
Let DF, D™ be the copies of D in F x {1}, and let A; (resp. A,) be the closure of
the image of Ay (resp. A,)in F x[0,1]. Note that A; and A, are disks properly
embedded in F x[0, 1], and A; N (DT U D7) consists of an arc properly embedded in
DYUD™. Let I (i =1,2) be the disk in F x {1} such that aT; = dA;. Without loss
of generality, we may suppose AyN(DTUD™)=A; N D*. Note that if D~ is not
contained in 'y, we can isotope D’ in V' via the product region between A; and T';
to reduce | D N D’|, a contradiction. Hence, D~ is contained in I'y. Let 8 be the arc
in 0D’ as above. Then B N D consists of finite number of points, say pg, p1,---, Pns
where 98 = {po. pn}, po € A1, pp € Ay, and pg, p1. ..., pn are arrayed on B in
this order. Then a small neighborhood of pg in B is contained in a small neighborhood
of D™ in F x]0, 1]. If the other endpoint of the subarc pgp; of B is contained in D™,
then we see that the subarc pg p; is an inessential arc in C1(F x {1}\ (DU D™)). This
shows that we can reduce | D N D’| by an isotopy on D’, a contradiction. By applying
the same argument successively, we see that each subarc p;,—1p; (i =1,2,...,n)
joins DT and D™, and particularly, a small neighborhood of p, in B is contained in
a small neighborhood of DT . This shows that A, N (DT U D™) = A, N D~. Then
we see that D™ is not contained in I',, hence we have a contradiction by using the
argument as above. |
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Let D’ be a separating essential disk properly embedded in V. By an argument similar
to that in the proof of Lemma 3.3, we can see that D’ is ambient isotopic to a disk
disjoint from D. Hence, we have the following lemma.

Lemma 3.4 Any separating essential disk properly embedded in V can be isotoped to
be disjoint from the nonseparating disk D .

4 A pair of curves with distance exactly n

In this section, for each integer n > 3, we construct pairs of curves with distance
exactly n. Let S be a closed connected orientable surface with genus greater than or
equal to 2. We first prove Propositions 4.1 and 4.4. Then we describe the constructions
of paths in C(S) of length n and show that they are geodesics in C(S).

Proposition 4.1 For an integer n(> 4), let [xg, o1, . .., oty] be a path in C(S) satisty-
ing the following:
H1) [eg,...,0n—2] and [ap—3, 0ty—1, &y are geodesics in C(S).

(H2) diamy, ,(mx, ,(@y—4),x,_,(@n)) = 4n, where X,,_> = CI(S \ N(op—2)).
Then [ag, Ay, ...,ay] is a geodesic in C(S).

Remark 4.2 In Proposition 4.1, we note that X,,_, is connected, ie, a,_, is nonsepa-
rating in S'. This can be shown by using Remark 2.2 together with the condition (H2).

Proof of Proposition 4.1 Let [8g,B1,...,B8m] be a geodesic in C(S) such that
Bo = ag, Bm = ay. Then note that m < n.

Claim 4.3 B; = a,_, forsome j €{0,1,...,mj}.

Proof Assume on the contrary that 8; # o, for any j. Then every B; cuts X,
(ie, Bj N Xp—p # @) since X,—» = CI(S \ N(ap—2)). By Lemma 2.1, we have
diamy, _, (7x, ,(Bo), wx,_,(Bm)) < 2m. On the other hand, since (g, @1, ..., 0y—2]
is a geodesic, no «; (0 <i <n—3) is isotopic to a,—;. Hence each o; (0 <i <n—3)
cuts X,_». By Lemma 2.1, diamy, ,(7x, ,(c0), mx, ,(0tp—4)) < 2(n —4) < 2n.
These imply

diamy, , (x, ,(@n—a), 7x, ,(@n)) < diamy, , (7, _,(@n—4), Tx, (o))
+diamy, ,(myx, , (o), mx, ,(an))
<2n +diamy,_, (7x,_,(Bo), 7x,_, (Bm))

<2n+2m <4n.

This contradicts the hypothesis (H2). |
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By Claim 4.3 and the hypothesis (H1), we have the equalities

j = dS(IBOv IBJ) = dS(a()?an—Z) - n—2,
m_] = dS(:Bj’ IBm) = dS(an—z,Oln) =2.

By combining the above equalities, we have m = n. Recall that [B¢, B1,..., Bm] is a
geodesic in C(S) with 8o = @ and B,, = oy. Hence, [ag, @1, ..., a,] is a geodesic
in C(S). |

Proposition 4.4 For an integer n(> 3), let [g, o1, . .., oty] be a path in C(S) satisty-
ing the following:

H1") [ag,...,0n—1] and [ay—2, ay—1, ay] are geodesics in C(S).

(H2") oap—o Uay,—y is nonseparating in S, and diamg (7ws/ (o), ws/(an)) > 2n,
where S" = CI(S \ N(apy—2 Uay—1)).

Then [g,ay,...,0,] is a geodesic in C(S).

Proof Let [By, B1,...,Pm] beageodesic in C(S) such that oy =g, B = ot Then
note that m <n.

Claim 4.5 There exists j €{0,1,...,m} such that B; = ay— or Bj = ap—;.

Proof Suppose that 8; # «a,—> and B # a,—; for any j. Since op—p U o,y is
nonseparating in S, each f; cuts S’. Hence, by Lemma 2.1, we have

diamg (7 s/(Bo), ws (Bm)) < 2m < 2n.

On the other hand, by (H2"), diamg/(s/(Bo), ws/(Bm)) > 2n, a contradiction. O

Suppose Bj = a,—>. Then we have the equalities

J =ds(Bo.Bj) =ds(ag,an—2) =n—2,
m—j=ds(Bj,Bm) =ds(@n—2,0n) =2.

By combining the above equalities, we have n = m. Hence, [og,®q,...,®,] is a
geodesic in C(S). We can use a similar argument for the case when f; = «,—; . This
completes the proof of Proposition 4.4. |
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Construction 4.6 (The case when #n is even) We first assume that # is an even
integer with n > 4. Let o, o be essential nonseparating simple closed curves on S
which intersect transversely in one point, and let o; be an essential simple closed curve
on S which is disjoint from g U, . Let X, = CI(S \ N(a3)). Note that [ag, o1, 2]
is a geodesic of length two in C(S). Choose a homeomorphism ¢,: S — S such that
@2(N(az)) = N(oz) and that diamy, (mx, (2o), 7x, (¢2(eo))) = 4n. This is possible
by [12, Proposition 4.6]. Let a3 = ¢, (a1) and ag = @5 (o). Note that [y, a3, 4] is
a geodesic of length two in C(S), and |o; Nay| = 1.

S

Qo
Figure 1
We repeat this process to construct a path [og,aq,...,a,] inductively as follows.
Suppose we have constructed a path [xg, @1, ..., ;] with |o;—, Na;| = 1 for an even

integer i (< n). Let X; = CI(S \ N(«;)). Choose a homeomorphism ¢;: S — S such
that ¢; (N (a;)) = N(;) and that

(4-1) diamy;, (7rx; (i—2). 7x; (i (2i—2))) = 4n.
Then we let «; 11 = ¢; (;—1) and ;> = @i (o;—>). Note that [or;, otj 11, ;1] is a geo-
desic of length two in C(S), and we have obtained the path (oo, 1, . .., 0, 041, ®i42]

with |o; Njyo] = 1.

Assertion 4.7 For each k € {2,4,...,n}, the path [xg,q,...,ar] in C(S) is a
geodesic.

Proof We prove the proposition by mathematical induction on k. It is clear that
[g, or1, a2] is a geodesic in C(S). Hence, Assertion 4.7 holds for k = 2. Assume that
[@o, a1, ...,ak] is a geodesic in C(S) for some k € {2,4,...,n—2}. We note that
[0k, 0k 41,2k +2] is a geodesic in C(.S). Furthermore, by the inequality (4-1), we have
diamy, (mx, (0x—2), mx, (x+2)) > 4n > 4(k + 2). Hence, by Proposition 4.1, the
path [og, a1, ..., 05 42] is a geodesic in C(S), which shows that Assertion 4.7 holds
for k + 2. This completes the proof of Assertion 4.7. |

Construction 4.8 (The case when 7 is odd) Suppose that z is an odd integer with
n>3. Let [ag, o1, ...,0,—1] be a geodesic in C(S) as in the previous subsection. Here,
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in addition, we assume that each «; is a nonseparating curve. (It is easy to see that this
holds if we take a nonseparating curve in S for o1 at the beginning of the construction
of the geodesic.) Note that «y,_3 intersects oy, transversely in one point and is
disjoint from a5 . It is easy to see that these imply that o, Uy, —5 is nonseparating.
Choose a nonseparating essential simple closed curve y on S such that y N, =9
and y intersects «,_, transversely in one point. Let S” = CI(S \ N(a—2 Uay—1)).
By [12, Theorem 1.1], the diameter of C(S”’) is infinite. This shows that there exists
Y €CO(S’) suchthat dg/(y', mg/(0g)) > 2n+2. If g > 2, itis easy to find y”" € C°(S’)
such that dg/(y”,y’) <2 and that y” cuts off a pair of pants P with dN (ct;;_5) C IP.
If g =2, then y’ separates S’ into two pairs of pants Py and P,. If N (ay—;) C 0P;
(i =1 or 2), then set y” = y’, otherwise, take any essential simple closed curve y”
in S’ such that y” Ny’ consists of two points (ie, ds/(y”,y’) = 1) and that y” cuts
off a pair of pants P with dN (a,—p) C dP. Since y” cuts off a pair of pants P with
N (ay,—p) C dP in either case, there is a simple closed curve «,(C S) intersecting
a,—> in one point such that a; Nay,—1 = @ and that g/ (o) = y”. Then we have

diamg/ (7 s/ (o), s/ (an)) > diamg (s (o), ') —ds (", v")
> (2n+2)—2=2n.

On the other hand, since o, Noy—; = & and «, intersects o,_, transversely in
one point, [oy—2,0,—1,Qs] is a geodesic in C(S). Further, [ag,...,o,—1] is also
a geodesic in C(S). Hence, by Proposition 4.4 together with the above inequality
diamg- (s (ctg), w5/ (aty)) > 2n, we see that the path [, o1, ..., 0] is a geodesic
in C(S).

Op—1
MR-

Figure 2

5 Proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.1 Let C; and C, be copies of the compression body obtained
by adding a 1-handle to F x [0, 1], where F is a genus-(g — 1) closed orientable
surface (g > 2). Let o be the boundary of the nonseparating essential disk D
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properly embedded in C; and «; a simple closed curve on d4+C; which intersects o
transversely in one point. Then we construct a geodesic [g, @1, ..., ®,+2] on 0+C; as
in Section 4. Note that o, 4, intersects ¢, transversely in one point by the construction.
Take any homeomorphism f: d4Cy — 04+ C, such that f(ay,+,) = dD,, where D,
is the nonseparating essential disk properly embedded in C,. We identify the boundary
components 9+ Cj and 31 C, by f,andlet P=0,C; = f~1(04+C,). Then C;UpC>
is a genus-g Heegaard splitting of a compact orientable 3—manifold.

Let D/1 be a separating essential disk in C; disjoint from o, obtained as follows.
Let D1+ and D7 be the components of CI(AN (D) \ 9+Cy), where N(Dy) is a
regular neighborhood of Dy in C;. Take the subarc of a5 lying outside of the product
region N (D) between D:‘ and Dy. Then D) is obtained from Di" U DT by
adding a band along the subarc of «,. Similarly, we can obtain a separating essential
disk D; in C, disjoint from ¢, by using D, and «;. On the other hand, we have
dp(ay,0n) =n—2 since [ag, &y, ..., 0,+2] is a geodesic in C(P). Hence

dp(dD},dD}) < dp(dD],a2) + dp(az.,n) + dp(oty, 0D5)
=14+m-2)+1=n.
Let D! C Cy and D) C C, be any essential disks. By Proposition 3.1, we have
dp(dD],0D;) <1 for i = 1,2. This implies
dp(dDy,3D,) < dp(dDy,dD]) + dp(dD],dD5) + dp (3D}, dD>)
<1+dp(dD],dD]) +1,

and hence

dp(D!.dDY}) > dp(dD;.dD;) —2

=dp(ag,apy2)—2=Mn+2)—2=n.

Therefore, dp(dD{,dD}) > n for any pair of essential disks D} C Cy and D} C C»,

which implies dp(D(Cy),D(C;)) > n. Since dp(dD},dD5) < n, we have that
dp(D(C1), D(C7)) =n. m

In the remainder of the paper, we prove Corollary 1.2 by using the following propo-
sition. (Throughout this paper, given an embedding ¢: X — Y between compact
surfaces X and Y, we abuse notation and use ¢ to denote the map C°(X) — C°(Y)
or P(C°(X)) — P(C°(Y)) induced by ¢: X — Y.)

Proposition 5.1 Let V; Uy V; be a genus-g (> 2) Heegaard splitting, where V; and
V, are handlebodies. Let D be a separating essential disk in V7, and let D, be either
D(V,) or a finite subset of D(V,). Assume that dyy, (f(0Dg), D,) =n > 3. Then
there exists a homeomorphism g: 0Vy — 9V such that dyy, (fg(D(V1)).D;) = n.
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Proof Let Vl1 and V12 be the closures of the two components of V1 \ Dg. Fori =1, 2,
let F; be the subsurface 8V1i NaVy of dVy, and let g, = mg o 711’;1: cov;) —
P(AC(F;)) — P(C°(F;)) be the subsurface projection introduced in Section 2. Let
P;: F; — F; U Dy be the inclusion map. Since Dy is separating, the image of any
essential simple closed curve in F; by P; is essential in F; U Dgy. This immediately
implies the following.

Claim 5.2 For any nonempty subset E of C°(F;), we have that

e P;(FE) is nonempty,
. diamFiuDO(Pi(E)) < diamg, (E).

‘We note that there exists a constant N such that
(5-1) diamp, (7, fTH(D2) <N (i =1,2).

In fact, if D, is a finite subset of D(V5), this is clear. Thus assume D, = D(V,). We
claim that the condition dyy, (/(0Dg), D2) > 3 implies the pair (V3, f(F1) U f(F2))
is not homeomorphic to a ([0, 1]-bundle, the associated 9[0, 1]-bundle). In fact, oth-
erwise, we have a contradiction as follows. Take an essential arc & and an essential
simple closed curve /[ in f(Fy). If (V,, f(F1) U f(F,)) is not homeomorphic
to a [0, 1]-bundle, then f(dDgy), [ and « x [0, 1] give a path of length 2. Further,
a x [0, 1] is an essential disk in V3, a contradiction to djy, (f(0Dy), D) > 3. Hence,
by [10, Theorem 1] together with the assumption day, (f(dDg),D>) > 3, we see that
diamy(p,)(r(F;)(D2)) < 12, which means diam g, (7, f~1(D,)) <12. By Claim 5.2,
the inequality (5-1) implies

(5-2) diamp,up, (Pinp, /T (D)) =N (i =1,2).

Let D’ (Vli ) be the subset of C°(F;) consisting of simple closed curves that bound
disks in Vli (i =1, 2). By the inequality (5-2) and [7] (see also [1]), we see that there
exists a homeomorphism g: dV; — dV such that g(dDy) = dDg and

(5-3) dF,upe(Pi(D'(V])), 87 (Pimr, f~1(D2))) = 2n

for each i = 1,2, where g;: F; U Dy — F; U Dq is a homeomorphism obtained by
extending g|f;: F; — F;. (We note that g|f,: F; — F; extends to a homeomor-
phism g;: F; U Dy — F; U Dg in a unique way up to isotopy in Dy by Alexan-
der’s trick.) Since g(dDg) = 0Dy, it is easy to see that §i_1(P,-7rFif_1(D2)) =
Pi(glF) 'np, fTH(Dy) = Pinp,g ' 71 (D2) = Pimp; ()~ (D2). We denote the
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map Pirp,(fg) ' (=87 Piwp, f~1): C°(9V2) — P(CO(F; U Dy)) by ®;. Then, by
the inequality (5-3), we have

(5-4) dr,upy(Pi(D'(V])), ®i(D2)) =2n (i =1,2).

Note that dyy, (fg(D(V1)), D2) < n since f(dDg) = fg(dDo) € fg(D(V1)) and
day,( f(3Dg),D;) = n by the assumption. To prove dyy, (fg(D(V1)),D;) = n,
assume on the contrary that dyy, (fg(D(V1)), D3) < n, or equivalently, dyp, (D(V1),
(fg)~'(D,)) < n. Then there exist « € D(V;) and b € D, such that

(5-5) dyy, (a. (fg)~ (b)) =m <n.
Let [yo, V1, ..., Ym] be a geodesic in C(dV7) from a to (fg)_l(b).

Claim 5.3 Every y; (j =1,2,...,m) cuts both Fy and F;.

Proof Assume that y; does not cut F; forsome j €{1,2,...,m} and some i € {1, 2}.
Then y; is disjoint from dDo(= 0F; = 0F3), and hence we have

n = dyy, (Do, (fg) "' (D2))
< dyy, (dDo, v;) + day, (v, (fg) "' (D2))
<dyy, (0D, vj) +dyy, (Vi ym) <14+ (m—j)<l+n—j,

a contradiction. O

Let D, be a disk in V7 bounded by a. We may assume that | D, N Dg| is minimal.
By using innermost disk arguments, we see that D, N Dy has no loop components.

Casel: |D,N Dg|#0 Let A beacomponentof D,\ Dy that is outermost in D, .
Then A C Vli for some i = 1,2. Without loss of generality, we may assume that
AC Vl1 , which implies a(= yp) cuts Fp. This, together with Claim 5.3, shows that
every yj (j = 0,1,...,m) in the geodesic [yo, V1, ..., Vm] from a to (fg)~1(b)
cuts F;. Hence, by Lemma 2.1, we have

(5-6) diamp, (f, (@), 7F, (/€)' (b)) <2m < 2n,
which implies, by Claim 5.2,
(5_7) diamFluD()(PlnFl (Cl), (I)l(b)) <2n.

Note that dA N F; is an element of the image of a by 7'[/112 CO(0V;) — P(ACO(F))).
Further, by the minimality of | D, N Dy|, the disk A is essential in Vl1 . Let D(l) and Dg
be the two components of Do\ A, and let A’ be one of the disks properly embedded
in V! which is parallel to Dy U A or Dj U A. Then we have A" € Py (D'(V})),
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and also dA" € Pymoy(0A N Fy) C Py yronfli(a) = Py7F, (a). These, together with the
inequality (5-7), imply

dF,up, (P1(D'(V])), ®1(D,)) < dF,up, (A", @1 (b))
= diamF]UDo(Pl TF, (Cl), CI)] (b)) < 2”»

which contradicts the inequality (5-4).

Case2: |D,N Dg| =0 In this case, the arguments in Case 1 work with regarding
D, = A’ to have a contradiction.

The above contradictions give dyy, (fg(D(V1)), Dy) =n. O

Remark 5.4 If we pose the assumption that the distance d(V; Uy V3) of the genus-g
Heegaard splitting V; Uy V5 is greater than or equal to 2 in Proposition 5.1, then the
statement of the proposition can be strengthened as in the following form.

Let Dy be a separating essential disk in V;, and let D, be any subset of D(V;). If
day, (f(3Dyg), D) = n, then there exists a homeomorphism g: dV; — dV; such that

dyy,(1g(D(V1)). D) =n.

In fact, the statement can be proved basically by using the arguments of the proof of
Proposition 5.1. The difference is the proof of inequality (5-1). We should replace the
argument with the following.

Note that f(dDg)(= f(0F,) = f(dF,)) intersects with every essential loop in D(V3),
since dyy, (f(0Dg), D(V2)) = d (V1 Uy V2) = 2. By [10, Theorem 1], either

(5-8) diamp, (xp, /' (Dy)) < diamp, (g, [~ (D(V2))) < 12

or V, is a [0, 1]-bundle over f(F;). In the latter case, it is easy to see that g must be
even and that the union of ¥, and N(Dg) is homeomorphic to a [0, 1]-bundle over a
closed surface, say S, of genus g/2. Note that the exterior of the union of V, and
N(Dy) is CI(V1 \ N(Dy)) and consists of two handlebodies of genus g/2. Thus, S
is a Heegaard surface of genus g/2, and dV,(= f(dV7)) is a stabilization of S. This
implies d(V; Uy V) = 0, a contradiction. Hence, we have the inequality (5-8).

Proof of Corollary 1.2 We first note that the proof of the corollary for the case when
n = 2 is exceptional, and we give it in the Appendix of this paper, and in this proof we
show the corollary for the case n> 3. Let C;Up Cy = C1 Uy C; be a genus- g Heegaard
splitting with distance n(> 3) obtained in Theorem 1.1. By the proof of Theorem 1.1,
there are separating essential disks D; and D, in C; and C,, respectively, such that
dy,c,(f(0D1),0D;2) =n. Let H; (i =1,2) be a handlebody of genus (g —1). Take
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and fix any homeomorphism /;: dH; — d—C;, and put V; := C; Uy, H; (hence, V; is
a handlebody of genus g). Then V7 Ur V5 is a genus-g Heegaard splitting.

By Proposition 5.1, there exists a homeomorphism g;: dV; — dV; such that

day,(/g1(D(V1)),0D;) = n.

By applying Proposition 5.1 again to V2 U(r, )—1 V1, we see that there exists a
homeomorphism g,: 0V, — dV, such that

day, ((fg1) ™' g2(D(V2)), D(V1)) = n.

That is, the distance of the Heegaard splitting V7 U 5! fe1 V, is exactly n. |

Appendix: A construction of distance 2 examples

In this Appendix, we show for each g > 2, there is a genus-g Heegaard splitting of a
closed 3—-manifold with distance 2. The examples are given by using the construction
of strongly irreducible Heegaard splittings by Kobayashi and Rieck in [9]. For the
description of the construction we will use the notation (H, A; U 43), N, R etc
from [9, Section 2.1].

For the case when g = 2, let F be an annulus, and let R = F x [0, 1]. For the
case when g > 3, let F be a genus-(g — 2) nonorientable surface (connected sum
of g —2 copies of projective planes) with two holes, and let R be the orientable
twisted [0, 1]-bundle over F. Note that F is homotopy equivalent to a bouquet of
g — 1 circles, hence R is homeomorphic to the genus-(g — 1) handlebody. Let R’
be a copy of R. Then let A; U A, (resp. A| U A)) be the union of annuli in dR
(resp. dR’) corresponding to the [0, 1]-bundle over dF. Then let N be the manifold
obtained from R and R’ by identifying the subsurfaces of the boundaries corresponding
to the associated 9[0, 1]-bundle. It is easy to see that the manifolds N, R and R’
satisfy [9, page 639, Conditions (1)-(3)].

Recall from [9] that H is a genus-2 handlebody, and {4, A} is a pair of prim-
itive annuli in 0H. Let (H', A} U A)) be a copy of (H,A; U Ay). Then it is
observed in [9] that for any 2-bridge link L in S3 there is a homeomorphism
h: CI(0H \ (A; U A3)) — CI(0H" \ (A} U A))) such that the manifold obtained
from H and H' by identifying C1(0H \ (4 U 43)) and CI(0H"\ (4] U 4%)) by h
is homeomorphic to the exterior £ (L) of L. Then let M be the 3—manifold obtained
from E(L) and N by identifying their boundaries by an orientation-reversing homeo-
morphism such that A; (resp. A;) is identified with A; (resp. A4}). Then it is shown
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in [9, Section 2.1] that H U R and H' U R’ are genus-g handlebodies, and these
handlebodies give a Heegaard splitting of M .

Then we have the following.

Assertion Suppose that the 2—-bridge link L is not a trivial link or a Hopf link, then
the distance of the Heegaard splitting (H U R) U (H' U R’) is exactly 2.

Proof Since L is not a trivial link or a Hopf link, we see, by [9, Proposition 2.1], that
(H U R)U(H'UR) is strongly irreducible, ie the distance of the Heegaard splitting
is greater than or equal to 2. On the other hand, since dE(L) (= dN) C M is an
essential torus, we see, by Hartshorn [5], that the distance of any Heegaard splitting
of M is at most 2, and this together with the above shows that the distance of the
Heegaard splitting (H U R) U (H' U R’) is exactly 2. O
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