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Infection by string links and new structure
in the knot concordance group

JOHN R BURKE

This paper highlights the importance of string link concordance in the understanding
of knot concordance in general. The results of this paper show that there are infinitely
many nontrivial knots in the groups G, of n—solvable knots modulo n.5—solvable
knots, for n greater than or equal to 2, which are not concordant to any knot that is
obtained by two or more iterated infections of an Arf invariant zero knot by knots.
This latter class accounts for nearly all previously known examples of knots in G, n
greater than or equal to 2.

In this paper we will generalize the concept of when a rational Laurent polynomial
is strongly coprime to another, first introduced by Cochran, Harvey and Leidy, to
include multivariable polynomials. We also prove the existence of multivariable
polynomials which are strongly coprime to all single variable Laurent polynomials.
From this definition of coprimality we define the derived series localized at M for
a given sequence of multivariable polynomials M. From such series we obtain
refinements of the n—solvable filtration. The operation of infection by a string link is
then used to demonstrate that for particular M, certain quotients of successive terms
of these refined filtrations have infinite rank.

57M25; 20J05

1 Introduction

A (classical) knot is a smooth embedding, K: S I 5 83 of an oriented circle into S3.
We say that two knots, Ko and K, are equivalent if they are ambient isotopic. A
(classical) link is defined to be a smooth embedding of 7 disjoint oriented circles in S
with equivalence defined via ambient isotopy as above. We will refer to the set of knots
up to ambient isotopy as /. Under the connected sum operation, K forms a monoid
with the unknot as the identity element. Unfortunately, there are no inverses under
connected sum.

Two knots, Ko: S' — S3 >~ §3 x0 and K;: S! — S§3 =~ §3 x 1, are said to be
concordant if there exists a proper smooth embedding of an annulus into S3 x I that
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S3x1

S3x0

Figure 1: A schematic representation of a concordance cylinder

restricts to the knots on S x {0,1}. A schematic representation of an embedded
annulus in S3 x 7 is shown in Figure 1.

Concordance is in fact an equivalence relation. We denote the set of concordance
classes as C. Concordance is a weaker relation than knot equivalence. Therefore, there
is a well-defined surjection from C to C. It can be shown that the connected sum
operation is well defined on the concordance classes. It is known that the connected
sum of any knot, K, with the reverse of its mirror image, rK , 1S concordant to the
unknot. (Here r K is obtained from K by reversing the orientation of the knot along
with changing all over-crossings to under-crossings.) Therefore, the class of r K is the
inverse of the class represented by K. Hence, the set of concordance classes of knots
forms an abelian group under the connected sum operation. We will also refer to this
group as C.

A slice knot in S3 = dB* is the boundary of a proper smooth embedding of a 2—disk
in B*. A knot is a slice knot if and only if it is concordant to the unknot. Therefore,
the set of slice knots is the trivial class in C. We can thus reinterpret concordance in the
following way: Two knots, K; and K3, are concordant if the connected sum of K,
with rI?z is a slice knot.

The equivalence relation of concordance was first developed by Fox, Kervaire and Mil-
nor in the 1960s while studying isolated singularities of 2—spheres in 4—manifolds [14;
17]. Certain concordance problems are known to be equivalent to whether higher-
dimensional surgery techniques are applicable to topological 4-manifolds. Therefore,
being able to determine whether a knot is slice or not is a central problem in efforts
toward the classification of 4—manifolds.

In the late 1960s Levine [22] defined an epimorphism from C onto Z*° @& Z3° & Z.3°.
In the early 1970s, Casson and Gordon [1; 2] showed that the kernel of this map
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is nontrivial. Using the higher-order signature invariants developed by Casson and
Gordon, Gilmer constructed examples of knots in the kernel of Levine’s epimorphism
resulting from satellite operations on slice knots (see [2, Appendix]). This work was
later expanded on by B Jiang [16] to show that the kernel, in fact, has infinite rank.

In 1997, Cochran, Orr and Teichner [11] defined the n—solvable filtration of C:
CFps SIS CFICFosSFoCC

This filtration is important due to its strong connection to the work of Casson and
Freedman on the topological classification problem for 4-manifolds. Also, the filtration
encapsulates the classical concordance invariants in the lowest terms with the previously
mentioned kernel being composed with all knots in Fy 5. Thus, the complexity of the
n—solvable filtration is related to the complexity of the kernel of Levine’s epimorphism.
We are able to study the complexity of C by examining the structure of the graded
abelian groups F,/Fy.s for n € N. (Almost nothing is known about the other “half”
of the filtration, F, 5/ Fyn+1.)

The filtration has been shown to be nontrivial. In [12], Cochran, Orr and Teichner
demonstrated that F,/F, s has infinite rank. It was then shown by Cochran and
Teichner [13] that each of the groups F,/ F;,.5 has rank at least 1. This work culminated
with the work of Cochran, Harvey and Leidy [9], wherein it was shown that, for all
n € N, the group F,/F,.s has infinite rank.

In the 1960s and 1970s, Milnor, Levine and Stoltzfus found a classification of Fo/F. 5
modulo its torsion subgroup (Levine [24], Hillman [15], Cha [3], Stoltzfus [27]). They
showed that
7°° ~ EB 2" = Fy/Fo.s [ torsion,
p()

where the sum is over all irreducible p(¢z) € Z[t, t~'] with p(1) = £1, p(t~!) = p(¢),
and where 1}, is the number of distinct pairs (z, Z) of unit-norm complex roots of p(t).
In this decomposition, a given knot has a nonzero p(¢f)—component only if p(¢) is a
factor of its Alexander polynomial. It is important to note that the Alexander polynomial
of a knot is not itself a concordance invariant, but there are concordance invariants
given by signatures that are associated to its roots.

More recently, the work of Se-Goo Kim [18] and joint work of Se-Goo Kim and Taehee
Kim [19] proved that
Z°° =~ @Z C ]'-1/]:1.5.
()
Recent work of Cochran, Harvey and Leidy [10] aimed to generalize these results,
and give evidence for an analogous but much more intricate decomposition for each
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Fn/Fn.s5- For each sequence of polynomials P = (p1(¢), ..., pa(t)), they were able to
define a new filtration of C, denoted {F" }, such that F, C F forall n € %Z. In this
analysis, p;(¢) could be thought of as a prime factor of the Alexander polynomial of
the knot and the other p;(¢) as being related to the higher-order Alexander polynomials.

All the examples they constructed have a P = (p(¢), ..., pn(t)) associated to them
and these examples are nontrivial in F,/ ]:,7’)_ 5, but if there is a knot associated to
Q= 1(q1(),...,qn(t)), where ¢;(¢) is strongly coprime to p;(t) (see Section 4.1)
for some i, then it can be shown that this knot is trivial in %,/ ]-'};P_ 5. Therefore the
quotient groups F/ .Ff_ 5 act like sieves. This also justifies thinking of F,/ ,7:,7:_ s as
localizing Fp,/Fy.5 at P. The main result of [10] was that for n > 1,

(1) P z> c Fu/ Fus.
Py
where P, is an infinite set of pairwise strongly coprime n—tuples P = (p1(¢), ..., pn(?))

of single-variable polynomials where p;(1) = £1. The knots constructed in [10] to
prove these results will be referred to as CHL knots.

Most of the mentioned results, including all results of Cochran, Harvey and Leidy,
involve the construction of knots via iterated satellite operations. The primary goal of
the present work, stated in most generality, is to investigate if more can be uncovered
about the n—solvable filtration by studying more general constructions of knots. The
satellite operations used in [9; 10] are referred to as infections by knots. In this paper
we will be concerned with more general operations known as infections by string links.

Definition 1.1 Let {x{, x;,..., X} be m fixed points in the interior of D?. An m
component string link is a smooth proper embedding L: [ [/, I; — D? x I such that
L(0;) = (x;,0) and L(1;) = (xi,1).

As with knots and links we often consider the string link to be the image of the
embedding. Two string links are equivalent if there is an ambient isotopy from one to the
other that fixes d(D?x I'). That is, if there is a smooth map /: (D?>xI)xJ — (D?*x1I),
J =0, 1], such that for each t € J, h(x,t): (D?>xI)— (D?*xI) is a diffeomorphism
that fixes the boundary, A(x, 0) = x, for all x € (D% x ), and h(Il.O(s), )= Il.1 (s) for
all s € I. The trivial string link of m components is given by g: [ [/~ I; — D?x 1
such that g(/;(¢)) = (x;,t). Since cutting open a knot creates a string link of one
component that does not depend on the choice of cutpoint, I is equivalent to the
monoid of 1-component string links under the operation of stacking.

We define the complement of a string link to be D? x I where a tubular neighborhood
of each embedded arc is removed. In Figure 2 an example of such a string link is
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shown with its complement to the right. The meridian of a component of a string
link is the simple closed curve, up to ambient isotopy, on the boundary of the tubular
neighborhood of the component that has linking number 41 with that component. We
call the set of such meridians the meridians of the string link. Note the set of meridians
of a string link lie in the boundary of the complement of that string link. The longitude
of a component of a string link is the simple closed curve, up to ambient isotopy, on
the boundary of the complement of the string link that has +1 intersection number
with the meridian of that component and has zero linking number with the core of
the component. We call the set of such longitudes the longitudes of the string link.
In Figure 2 the meridians, p;, and longitudes, £;, are shown on the boundary of the
complement.

— . T

Figure 2: A string link and its complement

We now define infection by a string link. See Cochran, Friedl and Teichner [6, Sec-
tion 2.2] for a thorough reference. By an r—multidisk ID, we mean the oriented disk D?
together with r ordered embedded open disks Dy,..., D, (see Figure 3). Given a
link L C S3 we say that a map ¢: D — S3 of an r—multidisk into S3 is proper if
it is an embedding such that the image of the multidisk, denoted by D, intersects the
link components transversely and only in the images of the disks Dq,..., D, as in
Figure 3. We will refer to the image of the boundary curves of ¢(D1),...,@(D;) by

)71, “eey nr .
If R C S? is a knot, link or string link, D C S* is the image of a properly embedded
r—multidisk and L is an r component string link, then Rp(L) is the knot, link or string

link (respectively) obtained by tying the r collections of strands of R that intersect
the disks ¢(Dy),...,@(D,) into the pattern of the string link L, where the strands
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Figure 3: An r-—multidisk and a properly embedded multidisk

linked by #; are identified with the i™ component of L, such that the i collection of
strands are parallel copies of the i component of L. In Figure 4, the result of this
operation is shown for a particular R, D and L.

R L Rp(L)

Figure 4: Infection by a string link

It is important to note that while L is infecting R at D, the result is written as Rp(L).
We can and will view this as Rp acting on L.
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Definition 1.2 Two r component string links Lo and L are concordant if there exists
a smooth embedding H: (]_[ v ) x I — (D?x I)x I that is transverse to the boundary
such that H|{|, ;xo = Lo, H|[|, 1x1 = L1 and forall 7 € I, H(0;,1) = ((xi,0),7)
and H(1;,1) = ((x;,1),1).

String link concordance defines an equivalence relation on the set of » component
string links. There is a binary operation defined on the set of string links called
stacking. Given two string links Lo C (D? x I)p,and Ly C (D*xI)L,, each with r
components, the result of stacking L over Ly is obtained by identifying (D? x {1}) Lo
with (D? x {0})r, . Note this operation is not in general commutative. The identity
element is the trivial string link of » components. The stacked product is well-defined
on the string link concordance classes. String links concordant to the trivial string link
of r components are called slice string links with » components. The inverse of the
class of a string link L, [L], is [r L], where r L is the mirror image of L about D?x {%}
with reversed orientation. Therefore for each r > 1, the collection of concordance
classes of string links with » components with stacking form the r component string
link concordance group, C(r). Note C(1) = C since any concordance may be assumed
to be straight on an arc.

If R is a string link and L is concordant to L’, then Rp(L) is concordant to Rp(L').
This is because Rp(L) and Rp(L’) are obtained by cutting R along disks with
boundary the n; of D and gluing in copies of L and L’ respectively such that the
copies of the i component are parallel. So one can obtain the needed concordance
disks by cutting open the concordance disks created by crossing R with the unit
interval, I, and gluing in copies of the concordance disks from L to L’. Since the
copies of the i™ components are parallel the concordance disks will not intersect.
Therefore if R has m components and D is properly embedded r —multidisk, then Rp
may be viewed as a operator, but not a homomorphism, from C(r) to C(m). In
particular, if R is a knot then Rp may be viewed as an operator from C(r) to C.

There are a special class of these operators that will be of particular interest.
Definition 1.3 For any slice string link R of m components and any properly embed-
ded r—multidisk, Rp: C(r) — C(m) is a doubling operator if the linking number of

each n; with each component of R is zero. (The linking number condition is equivalent
to saying that the n; lie in 7y (Mg)™M.)

We will call a doubling operator nontrivial as long as ‘R has a nontrivial Alexander
polynomial.

Doubling operators will be the cornerstone in building examples of knots in F,/F, 5.
In Section 3.1 we will highlight their important features. In [10], doubling operators
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where R is a knot were considered. We shall refer to these as knot doubling operators.
We consider iterations of these operations R”Dn 0--:0 Rlpl . The importance of these
doubling operators is explained by the following propositions.

Proposition 1.4 [6, Proposition 1.7] Up to concordance, every knot in Fy s is of the
form Rp(L), where Rp is a doubling operator and L is a string link with linking
numbers zero.

This proposition demonstrates that knots obtained by doubling operations are general
enough to study the entire structure of the n—solvable filtration.

Corollary 3.8 If Ri . 1 <i <n, are doubling operators, R" is a knot and K¢ € Fy,
then

D, 0 -0 Rp, (Ko) € Fi.

For each knot obtained by iterated doubling operators, we can obtain a sequence of
polynomials M= (p1(t1,....t),..., pu(t1,...,tr)), where p; is the Alexander poly-
nomial of R"~*1, the closure of R"~*!. (The multivariable Alexander polynomial
of a link of r components is a polynomial in r variables.)

The construction of knots using knot doubling operators applied to knots in F( accounts
for nearly all previously mentioned results. In particular, the knots in the result (1)
of Cochran, Harvey and Leidy are indexed over the set P,, which is a collection
of sequences of single-variable polynomials that arise from iterated knot doubling
operators.

In this paper we will generalize the notion of being strongly coprime in order to find
multivariable polynomials that are strongly coprime to all single-variable polynomials.
Furthermore, we find links that realize these polynomials as Alexander polynomials.

The main result of this paper is the following.
Theorem 6.4 For n > 2, there exists a knot, K,,, of infinite order in JF;/F, s such

that no multiple of K, is concordant to any knots created by two or more applications
of nontrivial knot doubling operators to knots in Fy. In particular,

mKy ¢@Zoo C}-n/"rn.s
Py

forall m € ZV. Thus, mK, is distinct from all CHL knots for all n and m € Z+ .
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1.1 Paper outline

In Section 2 we discuss further infection by a string link. We then define the string link
concordance group C(r) of string links of » components.

In Section 3 we review the concept of commutator series developed in [10] and discuss
how certain commutator series define filtrations of C(r). We finish the section by
discussing the relationship between iterated infections and these filtrations. In particular
we discuss their relationship with the n—solvable filtration, {F}, resulting in the
statement of Corollary 3.8.

In Section 4 we generalize the notion of a polynomial being strongly coprime to another
polynomial to include multivariable polynomials. We prove the existence of links
whose Alexander polynomials are strongly coprime to all single-variable polynomi-
als. Additionally, by using Ore localizations, we extend the construction of Cochran,
Harvey and Leidy to define the derived series localized at M, G, associated to a
given sequence of multivariable polynomials M = (p1(¢1,...,4), -, pn(t1,-- -5 1r)).
The derived series localized at M defines filtrations, {F, (7)™}, of C(r) such that
Fn(r) C Fp(r)M for all n.

In Section 5, we prove an important triviality result. We show that if

Q=(qn(t1,-...tr)s....qi(ty, ..., 1))

is a sequence of polynomials associated to a knot, K, obtained by doubling operators,
and M= (py(t1,...,4),..., p1(t1, ..., 1)) is a sequence of polynomials such that p;
is strongly coprime to ¢;, for some i, then K is trivial in F,/ f}fg.

Section 6 contains the most important result of the paper. It is a nontriviality result that
proves that there is a knot obtained by string link doubling operators that has infinite
order in F,/ .7:,{‘./; , where M is a specific sequence of multivariable polynomials that
includes a polynomial that is strongly coprime to all single variable polynomials. By
applying the previously stated triviality result, this knot will not be concordant to any
knots resulting from a composition of nontrivial knot doubling operators applied to a
knot in F¢y. We conclude this section by affirming the statement of the main result,
Theorem 6.4.

2 String links

2.1 Infection by string links

The closure, i, of a string link, L, is obtained from L C (D2 x I)r, and a trivial
string link 7 € (D? x I)g with the same number of components by identifying
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(D? x {0})r with (D2 x {1), (D? x {1} with (D? x {0})7 and (0D? x {t})r.
with (0D? x {1 —¢})7 forall 0 <¢ < 1. The result is a link in S3. The closure of the
string link from Figure 2 is shown in Figure 5.

Figure 5: The closure of a string link

Suppose L is a string link of r components. Let £ = (D? x I) — L denote its
complement. Then the zero surgery of L, M7, can be obtained from £ by gluing a
genus r handlebody, #, to £ so that the boundary of the meridional disks are identified
with the longitudes £;, 1 <i <r, of L.

Consider Rp(L) for some string link R, properly embedded multidisk D and string
link L. We describe a cobordism E whose boundary is th/e’c@)int union of M7,
MT and My (L), the zero-framed surgeries on ﬁ, L and Rp(L) respectively. The
cobordism FE is obtained from the union of M35 %[0, 1] and M7 x [0, 1] by identifying
(D—L; ¢(Ei))x[0,1]) x0 C Mz x0 with H x 0 C MF, x 0 such that the meridians
of L are identified with the n; of D. This cobordism has significant properties, which
we will present in the following lemma.

Lemma 2.1 Let K denote Rp(L). With regard to E above:

(1) The meridians of L, u; € M7, are isotopic in E to both the n; € M%, and to
the longitudinal push-off of the n;, £,, € Mg .

(2) The inclusion map induces an epimorphism m; (Mg) — w1 (E) whose kernel is
the normal closure of the longitudes, {;, of L viewed in Mg .

(3) The inclusion maps induce isomorphisms Hy(Mg) — H;(E) and H; (M%) —
H,y(E).

(4) The inclusion maps induce isomorphisms H,(E) =~ Hy(Mg) & Hy(M}1) =
Hy(MR) @ Ha(M1L).
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Mg

Figure 6: The cobordism E

Proof Property (1) is obvious from the definition of infection and of E.

Note that E deformation retracts to E = M, ' UH. Hence E can be obtained from M, fa
by adding » 2-cells along the longitudes of L, ¢;, and capping off with a 3—cell.
Property (2) thus follows.

The first part of property (3) follows from the fact that ¢; € 71 (L) C 7 (Mg)D.
By the description of E in the previous paragraph, since H = M} — L we can observe
that £ = Mg U, M7 . Therefore we have the Mayer—Vietoris sequence

H,(L) — Hy(MR) ® Hy(Mt) — Hy(E) — Hy(L) — Hy{(Mg) & H,(M%).

Since Hy(L) = Hx(\/, S'), Hy(L) = 0. Thus, the first map of the sequence is the
zero map. Also, since Hp(L) is generated by the meridians of L and these meridians
survive in Hy(MT), the last map is injective. Therefore, the third map is the zero map.
Thus, the second map is an isomorphism, affirming the first part of property (4).

Consider the Mayer—Vietoris sequence

Hy(H) - Hy(MR < I) ® Hy (ML x I) — Hy(E) — Hi(H)
— H (Mg x1)® H(Mg x1)— H{(E)—0.

Since H,(H) is zero, the first map is the zero map. As in the above paragraph, since
H(H) is generated by the meridians of L that survive in H{(ME x I), the fourth
map is injective and thus the third map is the zero map. This affirms the second part of

property (4).

Note that under the fourth map, the generators of H;(#) (the meridians of L) map
onto the generators of H{(MF x I). This implies that there is an isomorphism from
H{(M#%) to H{(E). This affirms the second part of property (3). |
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If R is a knot or link (rather than a string link) then there also exists a cobordism £
whose boundary is the disjoint union of Mz, Mf and Mg, (), with properties
analogous to those in Lemma 2.1.

The following lemma will be important in the technical proof of Section 6.
Lemma 2.2 The ordinary signature of E, o (E), vanishes.

Proof By Lemma 2.1(4) we know that H,(E;Z) = Hy(M%;7Z) ® Hy(M1;Z).
Since the second homology of E with Z coefficients comes from its boundary, o (E)
vanishes.

Lemma 2.3 If L is a knot, then 013 (E) = 0 with respect to any coefficient system
¢: m(E)—>T.

The proof of this lemma is verbatim the proof of Lemma 2.4 in [9] except that we
allow R to be a link of more than 1-component. |

3 Commutator series and filtrations

We begin with a review of work by Cochran, Harvey and Leidy [10] that introduced
refinements of the n—solvable filtration derived from certain classes of group series
that generalize the derived series.

Definition 3.1 [10, Definition 2.1] A commutator series is a function, *, that assigns
to each group G a nested sequence of normal subgroups
a6 a6 a.. <60 =6

such that Gi") / Ginﬂ) is a torsion-free abelian group. (The torsion-free condition is
used in order to avoid zero divisors in Z[G/ Gi”)].)
The primary example that one should keep in mind is that of the rational derived series,
{Gﬁn)}, where Gfo) = G and

G =(x e GM |3k > 0,x* e [GM, GM]}.

The rational derived series was used extensively in [9]. The following proposition is
proved in [10].
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Proposition 3.2 [10, Proposition 2.2] For any commutator series {Gi")}
(1) {xe Gi”) |3k >0, xk e [Gin), Gin)]} C Ginﬂ) (and in particular [Gi"), G,En)] C
Gi"-"l) , hence the name commutator series),

) Gﬁn) C Gin) (that is, every commutator series contains the rational derived
series),

3 G/ Gin) is a poly-(torsion-free abelian) group (abbreviated PTFA),
@ zZ|G/ Gi")] and Q[G/ Gi")] are right (and left) Ore domains.

We will show that any commutator series that satisfies a weak form of functorality
induces a filtration, F(m)), on C(m).

Definition 3.3 For a given commutator series *, a string link of 72 components, L,
is an element of F(m)} if the zero-framed surgery of the closure of L, Mf , bounds a
compact, connected, oriented, smooth 4—manifold W such that:

(1) H{(Mz:Z)— H{(W;Z) is an isomorphism.

(2) H,(W;Z) has a basis consisting of connected, compact, oriented surfaces,
{Ji, D;i | 1 <i <1}, embedded in W with trivial normal bundles, such that the
surfaces are pairwise disjoint except that, for each i, J; intersects D; transversely
once with positive sign.

(3) Foreach i, m(J;) C m(W)g') and 71(D;) C nl(W),(k").

Additionally L € F(m)y  if the following holds:

(4) Foreach i, my(J;) C nl(W),(an).

A 4-manifold, W, satisfying these conditions is called an (7, *)—solution (respectively
an (n.5, *)—solution) for L and we say that L is (n, x)—solvable (respectively (n.5, *)—
solvable) via W . When using this language there is a possibility for ambiguity as
to the value of m. This will always be understood from context. In particular, when
m =1 we drop the (m) from the above notation. In the case where the commutator
series is the derived series this is the (n)—solvable filtration defined by Cochran, Orr
and Teichner in [11], denoted {F,}. Note that for any n € %Z, Fn CFy.

A functorial commutator series is a commutator series such that for any group homo-
morphism f: G —» m, f (Gi”)) C Jri") for each n. For our purposes, we will need to
discuss commutator series that satisfy a weaker form of functorality.
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Definition 3.4 [10, Definition 2.4] A commutator series {G} is weakly functorial
if for any homomorphism f: G — 7 that induces an isomorphism G/ Gr(l) >~/ 71,(1)
(ie, induces an isomorphism on H;(—;Q)), we have f(G,ﬁ”)) C ni") for each n.

Proposition 3.5 Suppose * is a weakly functorial commutator series defined on the
class of groups with By = m. Then {F (m),},>¢ Is a filtration of subgroups of C(m):

- CF(m)y,q CF(m), s CF(m), C---CF(m)ys CF(m)yCC(m)

Proof We sketch the proof. Let Loy and L; be string links with m components.
If Ly and L are concordant, then their closures, ZO and f,l, are concordant. It is
well known that their zero-framed surgeries, M7, and M7, are homology cobordant
via a 4—manifold C (obtained by performing zero framed surgery on the annuli).
Suppose L € F(m); via Wy. Let Wy = Wy U C so that 0W; = M}, . Note that
the inclusion Wy — W7 induces isomorphisms on homology. By weak functorality,
nl(Wo)ik) C Jrl(Wl)ik) for every k. Then it is easy to see that L; € F(m); via W)
using the surfaces from W, . Therefore F(m);}; is closed under concordance.

We claim that F(m)} is a subgroup. If L is a slice string link of m components
then M7 = d(B*—|_|;A;), where (B* —| |;A;) is the complement of slice disks,
A;, of L. Note that Hy(B*—|];A;) = 0. Thus L € F(m)}: via (B*—|_];A;) for
any n and any *. Since —Mf =~ M_f, F(r), is closed under taking inverses in C.
Since LJ (the result of stacking L on J) can be obtained by infecting L with J (L
and J both having m components), there is a cobordism E whose boundary consists
of M7, M7, and Mfj (see Lemma 2.1). If L is (n, *)—solvable via Wy and J
is (n, *)—solvable via Wy, thenlet W = E U Wy U Wy so that 0OW = Mrj. The
inclusions of M7 < W and Mj < W induce isomorphisms on H;. Also, the
inclusion My j < W induces an isomorphism on H;. (See Lemma 2.1.) Using weak
functorality, one can then show that LJ is (n, %)—solvable via W using the union of
the surfaces from W, and Wj . (See the proof of Proposition 3.6 below.) Thus F(m)};
is closed under stacking of string links. Therefore F(m)} is a filtration by subgroups
of C(m). |

3.1 Doubling operators

Proposition 3.6 For any weakly functorial commutator series *, if Rp is a doubling
operator where R is a string link of m components, D is a properly embedded r —
multidisk with n; € nl(Mﬁ)fkk), for1 <i <rand L € F(r),_j, then

Rp(L) € F(m),.
where Rp(L) is the result of infecting R along D with L.
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Proof Consider a slice string link R, a properly embedded r—multidisk, D, with
n; € mq (Mﬁ),(kk), and a string link L of » components. Suppose L € F(r),_; via V
and S = B* — | A;, where A; are slice disks for R (0S = Mgp). Consider the
cobordism E, described in Section 2.1, from M7 LU M7, to Mg, where K = Rp(L).
Call the result of gluing £ with V' and S along common boundaries W (Figure 7).
Note the boundary of W is Mg . We claim that K € F(m)}, via W.

Figure 7: The result of gluing £ with V and S along common boundaries W
Consider the Mayer—Vietoris sequence
Since V is an n—solution for L, H,{ (V) is isomorphic to H;(M7) and is generated
by the meridians, u;, of L. Therefore Hy(E Un; V)=~ H{(E).
Now consider the Mayer—Vietoris sequence

Since H;(S) is isomorphic to H;(M#%) and is generated by the meridians of R,
H{(W) = Hi(E Um; V) =~ H{(E). By property (3) of Lemma 2.1, H;(W) =~
Hy(MR) = H{ (MR).

We will now show that the inclusion map M7 — V induces an isomorphism on H;
and the zero map on H,. Consider the commutative diagram

H3 (V. ML) H,(MT) Hy (V)
H(V) H'(Mf) H*(V, ME)

Hom(H (V),Z) —— Hom(H (M%), 7Z)

where A4 is Hom(H,(V, M%), 7Z) ® Ext(H(V, M%), 7).
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The top row is a part of the long exact sequence of a pair. The set of isomorphisms from
the top row to the middle row come from Poincaré duality and the set of isomorphisms
from the middle row to the bottom row come from the universal coefficient theorem
and the fact that Ext(Hy(V'), Z) and Ext(Ho(MTFT), Z) are both zero. Since there is
an isomorphism from H{(Mft) — Hi(V), the left lower horizontal map is also an
isomorphism. This implies that the right lower horizontal map is the zero map and
thus all the right maps on each row are the zero map. In particular, the inclusion map
from M7 to V induces the zero map on H.

Now consider the Mayer—Vietoris sequence
N ® -
Hy(ML) = Hy(E) ® Hy (V) —> Hy(E Upg, V) — Hi(ML) — Hi(E) @ Hi (V).

Observe that the last map is injective since Hy(M7) — Hi{(V') is an isomorphism.
Thus, the second to last map is the zero map. Therefore, the second map is surjective. We
have shown that Hy(M7) — H,(V) is the zero map and since H,(E) = Hy(M7) &
H,(Mt) by property (4) of Lemma 2.1, (H(E) ® Hy(V))/im(¢) =~ Hy(M%) ®
Hy(V). Therefore Hy(E Up, V) = Hy(MR) @ Ha (V).

Consider the Mayer—Vietoris sequence

¥
Hy(MR) — Hy(E Up; V) @ Ha(S) > Hy (W)
Since the map H; (M%) — H;(S) is an isomorphism the last map is injective. Thus
the third map is the zero map and therefore the second map is surjective. Recall that
H,(S) =0. Since Hy(E Um, V) = H (M7) ® Hy(V) by the previous discussion,
Hy(E Up; V)/im(y) == Hy (V). Therefore Hy(W) = Hy (V).
Since V is an (n — k)—solution, H,(V') has a basis consisting of connected compact
oriented surfaces Jy, Dy, such that 71 (J5) C 71(V)® 5 and 71 (Dy) C 7y (V)5
We claim that
k
@ m (V) € (W)
Assuming this, we would then have that
_ ) (n—
71 (J5) C (V)"0 € (W) €y ().
(The last inclusion is from iterated applications of part (1) of Proposition 3.2.) The
same argument works for my(Dy).

To establish (2), consider the inclusion j: w1(M7)— 71 (V). Recall that the meridians
of L, Wi, normally generate 7{(MF). Thus by the following lemma proved by
Cochran, Harvey and Leidy in [8] we know that the meridians of L normally generate
1 (V)7 (V)®.
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Lemma 3.7 [8, Lemma 6.5] Suppose ¢: A — B is a group homomorphism that
is surjective on abelianizations. Then, for any positive integer k, ¢(A) normally
generates B/ B®) .

Since 71 (V)® ¢ 1y (W)® ¢ 7, (W)Skk), we only need to show that u; € my (W),(kk).
We know by property (1) of Lemma 2.1 that the n; are isotopic in £ and hence in W
to 1;. By hypothesis, n; € nl(Mﬁ)fkk)
we can conclude that

and combined with the weak functorality of *

\(k k
ni € m(Mp)Y cm(W)E.
Thus 1 (Js) C nl(W)fkn) and 71 (Dy) C my (W)Sk"). O
We can consider particular iterations of doubling operators.

Corollary 3.8 If R} o 1 =i=n,are doubling operators, R" is a knot and K € Fy,
then
B, 0+ 0 Rp, (K) C Fa.

Proof Apply Proposition 3.6 repeatedly. |

We will have cause in this paper to consider infection of R by more than one string
link. The above proof can be easily modified to obtain the following result.

Proposition 3.9 For any weakly functorial commutator series *, if Rp,u..up, 1S a

doubling operator where 'R has m components, 1; 1,...,0im € nl(Mﬁ)fkk) for all
i=1tosand Ly,...,Ls € F(r),_i, then

R'Dlu...u'DS (L], ey LS) € ]-_(m);,

where Rp,u..up, (L1, ..., Ls) is the result of infecting R along D; with L; forall i.

4 Strongly coprime polynomials and localization at M

In [10], Cochran, Harvey and Leidy defined the derived series localized at P where
P = (pi(t),..., pu(t),...) is any sequence of nonzero elements of Q[¢, ¢~ 1]. In this
section we will generalize the results of these authors in order to define the derived series
localized at M, where M is a sequence of nonzero multivariable Laurent polynomials.

Suppose that p(#q,...,%n) is a nonzero element of the Laurent polynomial ring
Q[tlil, el t,ﬂfl] and ay,...,am € A, where A is a torsion-free abelian group. Then
the group homomorphism Z™ — A given by #; — a; induces a ring homomorphism
Q[tlil, cee, t,?;l] — QA. Thus p(ai,...,am) € QA can be viewed as the image of p
under this map. Note that if p(1,1,...,1) # 0 then p(ay,...,a;) is nonzero.
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4.1 Strongly coprime

Definition 4.1 Suppose p,q € Q[ *!, ..., t,*!]. We say p is strongly coprime to ¢,
denoted (p’,\q/) = 1, if for any finitely generated free abelian group, F', and any a; and
b; in F, 1 <i <m, such that the set {ay,...,a,} is Z-linearly independent in F,
play,...,an) is relatively prime to g(by, ..., by) in QF. (Note that QF is a unique
factorization domain.)

Note that this definition is asymmetric since {by, ..., by} need not be linearly inde-
pendent.

In the case where p and ¢ are single-variable polynomials, the linear independence
condition is superfluous and therefore reduces to the definition of strongly coprime
polynomials used in [10].

Definition 4.2 [10, Definition 4.4] Suppose p(t), q(t) € Q[t,t~!] are said to be
strongly coprime, denoted (p,q) = 1, if for any finitely generated free abelian group F
and any nontrivial a,b € F, p(a) is relatively prime to ¢(b) in QF.

Strongly coprime is a strictly stronger condition than coprime. For example consider
p(t) =t—2 and ¢(t) =t — 4. These polynomials are coprime in Q[z,#~!], but they
are not strongly coprime since p(a) and g(a?) have a common factor of (@ —2) in

Qla,a™].

Example 4.3 Consider the ribbon knot in Figure 8 where the —k inside the box
symbolizes k > 1 full negative twists between the bands.

NN

—k

&4

Figure 8: The ribbon knot S¥

The Alexander polynomial of RE is
pr = (kt —(k+1))((k + 1)t — k).
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It was shown in [10, Example 4.10] that if k& # £ then py, is strongly coprime to py.
This example was instrumentally important toward the results of [10]. We will now
define an important family of ribbon links that will be crucial to establishing our new
result.

Example 4.4 Consider the ribbon link in Figure 9 where the —k inside the box
symbolizes k > 1 full negative twists between the bands.

Figure 9: The ribbon link ¢k

There is a covering space of the complement of £k associated with the infinite cyclic sub-
group of 7y (@k ) generated by the meridian of the unknotted component. This covering
space contains infinitely many lifts of the knotted component. The following Seifert
matrix, A, can be obtained by calculating the £k (e;, e;L) matrix, where o and 8 are a
choosing set of generates (see Figure 9) for a particular lift of the Seifert surface of the
knotted component. Let #; represent a generator for the group of deck transformations
of said covering space. Then:

o p
o 0 k—t~ !
B (k+1)—1 0
A presentation matrix for the homology of the universal abelian cover of the complement
of £ is obtained by calculating 4 —t, A*, where A* is the transpose of A with the

Algebraic € Geometric Topology, Volume 14 (2014)



1596 John R Burke

natural involution on Q[y, 7 11. (This need for the involution comes from the fact that
the previously stated Seifert form of the homology of the infinite lifts of the Seifert
surface, viewed as a Q[, 7 11 module, is a Hermitian form.) The presentation matrix
can be calculated as follows:

0 k—ll_l—(kl—l)lz+tl_llz
(k+1)—t; —kt, + 11, 0

Up to multiplication by units of Q[tljEl , 1], the Alexander polynomial of ek s
my = ((k+ )=t =kt +016)((k + D) =17 =k 75,

This calculation can be verified by using the techniques of Example 7 of [26, page 194].

Lemma 4.5 For each k > 1, my, is strongly coprime to all (nonconstant) single-
variable polynomials.

We point out the importance of the linear independence condition in the definition
of strongly coprime. If p(t;,....tm) € Qt; T\, .. ..tnT'], q(t1) = p(t1,....11) €
Q[t1,t; '] and a is nonzero in F, some finitely generated free abelian group, then
pla,...,a) =q(a) € QF. This situation is avoided by including the linear indepen-
dence condition.

Proof The following fact will be useful throughout the proof.

Fact4.6 Suppose aq,...,a; are elements of a finitely generated free abelian group F
that are Z-linearly independent. Then there is a monomorphism ¢: F — F’, where F’
is another finitely generated free abelian group with a basis {xy,...,Xm,...,Xn}, such
that ¢ (a;) =x;cl fori =1,...,m.

Let ¢(¢) be an arbitrary single-variable polynomial and F an arbitrary finitely generated
free abelian group. Let a, b and ¢ be elements of F such that {a, b} is a Z-linearly
independent set in F.

We want to show that my(a, b) and g(c) have no common factor in Q F. We will
proceed with a proof by contradiction. Suppose that my (a, b) and ¢g(c) have a common
factor. Then ¢(c) has a common factor with either m}c (a,b) or m,2C (a,b), where
m}((l‘], t)=(k+1)—t;—kt, + 111, and m,zc(tl, ) =(k+ 1)—[1_1 —klz_l +l1_1l2_1 .
Note if ¢ is trivial, g(c¢) is a unit and thus ¢(c) will have no common factors with
my (a, b). Therefore suppose that ¢ is nontrivial in F.

Suppose that ¢(c) has a common factor with m,lc (a,b) in F.
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Case I Suppose that {a,c} is a Z-linearly independent set in F By the fact
above, there exists a monomorphism ¢: F — F’, F’ a finitely generated free abelian
group with a basis including x, y and z such that ¢(c) = x", ¢(a) = y™ and
o(b) = xt ye2253 , where n and m are nonzero integers and each ¢; is an integer.

Then ¢(¢(c)) = ¢(x") and
p(mi(a, b)) =ml (™ x4 y2z8) = (k 1) — p™ —kexbiybezts 4 ymytiylets,

Since, by assumption, g(c) has a common factor with m,lc (a,b) in QF, it follows that
¢(q(c)) has a common factor with gi)(m,lc (a,b)) in QF’. If {a, b, c} were Z-linearly
independent, ¢ can be chosen so that ¢(b) = zt3. But then ¢(q(c)) would have no
common factors with ¢(m,1( (a,b)) in F'. Therefore b € span{a, ¢} so £3 = 0. Thus
$(q(c)) = q(x™) and p(my (a,b)) = mp(y™, x"1yf2) = (k + 1) — y™ —kxtiyt2 4
ymxﬁl yﬁz )

Since ¢(g(c)) and <;5(m,1c (a,b)) have a common factor in Q[x*!, y*1], they will
have a common factor in C[x*!, y¥1]. Note ¢(g(c)) = g(x") € C[x*!] factors
over C[x*!] into linear factors of the form (x — &) for some nonzero « € C. Thus
¢ (my (b, ¢)) must have a factor in C[x*!, y*1] of the form (x — ).

Therefore
0= m}{(ym,aelyzz) =(k+1)—y" —kat yt2 4 obrymtes,
Case Ia Suppose £, =0 Then
0= m,lc(ym, at'y2)y = (k+1)—y"—ka'' +aY y" = (k+1—ka* )+ (@b = 1) y™.

Therefore ‘! = 1 and the constant term of m,lc (", b1 yf2) is k +1—k = 1. This
is a contradiction.

Case Ib Suppose £5 # 0 and m + £ # 0 Then o‘! = 0 and the constant term of
m}( (y™, a1 y2) is (k 4 1). This is a contradiction.

Case Ic Suppose m + €5 =0 Thus
0=mp (", a1 y2) = (k + 1) = y" — ket y™ +at1.

Since —m # 0, ko't = 0. Thus o' =0 and m,lc(ym,aélyez) has a constant term of
(kK +1). This is a contradiction.

Case II Suppose that {a, c} is a Z-linearly dependent set in F Then {b,c} isa
Z-linearly independent set in F'.

By Fact 4.6 above there exists a monomorphism ¢’: F — F”, F” a finitely gen-
erated free abelian group with a basis including x, and y such that ¢'(c) = x"
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and ¢'(b) = y™, where n and m are nonzero integers. Since a and ¢ are Z-—
linearly dependent, ¢/(a) = x¢ for some integer £. Then ¢'(¢(c)) = ¢(x™) and
¢/ (m(a.0)) = mp (xb, ™) = (k + 1) —xb —ky™ + x5y,

Since, by assumption, ¢(c) has a common factor with m}{ (a,b) in QF, it follows that
¢'(¢(c)) has a common factor with ¢’(m}€ (a,b)) in QF”.

As in Case I, ¢'(¢(c)) and d)’(m}c (a, b)) must have a common factor in C[x*!, y*1].

Since ¢'(¢(a)) = q(x") factors over C[xT!] into linear factors of the form (x — a)
for some nonzero « € C, gz‘>’(m,1€ (a,b)) must have a factor in C[xE!, y+1]
(x—a).

of the form

Therefore, 0 = m}c(cxe, ymy = (k 4+ 1) —at —ky™ + aty™ . Thus,
(k—l—l)—ozZ:O and of —k =0.

This is a contradiction. Therefore ¢(c) does not have a common factor with m,lc (a,b)
in F.

Suppose that ¢(c) has a common factor with mi (a,b) in F. We have that for some
monomorphism ¥: F — F’, ¥(¢(c)) has a common factor with w(m]%(a,b)) of the
form x — B in C[x*!, y*!] for some nonzero B € C.

Note that mlzc (a,b) = m]lc (@', b™1). Thus ¥ (g(c)) must have a common factor with
K/f(m}( (a,b)) of the form x — (1/B) in C[xE!, y*1]. It has already been shown that
this is a contradiction.

Therefore ¢(c) has no common factor with either m]lc (a,b) or mlzC (a,b). a

We will now define a right divisor set that will be used to define the derived series
localized at M.

Definition 4.7 Suppose A <1 I" where A is a torsion-free abelian group and QT is a
right Ore domain. If p € Q[#;*!, ..., 1, '] is nonzero, then set

Sg’Az{ql(all,...,aml)...qr(alr,...,amr)|(p,qi) =1,q,-(1,...,1)750,a,-j GA}.

Note that .S 5 A ¢ QA CQI'. When I' and A4 are clear, we will suppress them from
the notation.

Note that S 11; 4 is closed under the natural involution on QT where
n n
-1
> cigir Y gt
i=0 i=0
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Proposition 4.8 We have S;’A is a right divisor set of QI'. In addition, SII;’A is
functorial in the sense that for any homomorphism {: (T', A) — (I, A’), we have
W(S;’A) C S;/’A/. If additionally ¥: A — A’ is surjective, then w(S;’A) = S;/’A/.

Proof We have defined S 11; 4 5o that it is a multiplicatively closed subset of QA that
contains 1 (the empty product). Certainly g;(ay,,...,am,;) # 0 since g;(1,...,1) #0.
Since A is torsion-free abelian, QA is a commutative domain. Therefore 0 € SIF A
Thus Sg’A is a right divisor set of QA. Forany g € I" and aq,...,anm € 4,

1

g g, ....amg=q(g 'a1g.....g7"

amg) = q(ay. . ... dy),

for some /., ..., a,, € A,since A <T. Thus S}A is I'—invariant and by [10, Propo-
sition 4.1], Sg’A is a right divisor set of QT".

Given a homomorphism y: (', 4) — (I'’, A’) with A <T and A’ < T, ¥ induces
a ring homomorphism v: Q4 — QA’ with respect to which V¥ (q(ay,...,am)) =
q(W(ay),...,¥(am)). Therefore w(Sg’A) C Sg/’A/. If additionally ¥: A — A’ is a
surjection then for a given ¢(a].....a,,), where a} € A’, there are aj € A such that
Y (aj) = d;. Therefore Y (q(ai,....am)) = q(Y(a1)..... ¥ (am)) =q(d},....ay,).
Hence

S =y (sh. 0

We say that QI'S Uis QT localized at p. If M is a right QT —module then we say
that M S, = M ®qr QI'S, ! is M localized at p.

Over a commutative domain, localizing a module M at a prime ideal (p) kills all
torsion in M except (p)—torsion. A statement similar to this is also true in our context.
The following theorem clarifies this point and is vital to the proof of our main theorem.
This proof also establishes the purpose behind the definition of strongly coprime.

Theorem 4.9 Suppose A <1 " where A is a torsion-free abelian group and QT is a

right Ore domain. Let p’ be a factor of a nonzero polynomial p € Q[t; =1, ... t,,*1].
Then for any linearly independent sets {ay;, ...,am;} € A,
Qr : :
Dar s am) e P am QT is Sy —torsion-free,
that is,
Qr

plai.....am)...p'ay,.....am)QL

Qr 1

- ! / 4
play,,....am)...p'ay,....am,)QL
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is a monomorphism; whereas for any q € Q[t; !, ..., t, '], where (p.q) = 1 and
qg(l,...,1)#0,
Qr QT

Ss-1=o.
qlai,...,am)QL ?

is S, —torsion, that is,

qgai,...,am)QT

Proof We will start by addressing the first claim. Suppose that x € QI represents an
element
Qr

€
pllai,,....am) - p'(@y,....am)QT
that is S, —torsion. We will show that [x] = 0 proving that
QF/p’(all,...,aml)--~p/(a1k,...,amk)QF

is Sp—torsion-free. We know that

[x]

XS:p/(all"'-’aml)"'p/(alk5"',amk)y
for some s € S, and y € QT'.

Since A C T", QI, viewed as a left Q4-module, is free on the right cosets of A in I"
(Passman [25, Chapter 1, Lemma 1.3]). Thus, after fixing a set of coset representatives,
any x € QI has a unique decomposition

X = nyy,
12

where the sum is over the coset representatives {y € I'} and x;, € QA. Thus, we obtain
(Zx,,y)s =p'(ai.....am) - p@y.....am) Zyy)/
Y 4

and hence

—1
Z(xysy ))/ = Z(p,(al]?"-7am1).'.pl(a1k7"-7amk)y)/)y7
Yy

14

—1 . -
where s¥ =ysy~leS ». (Recall that S, is closed under the action of I'.) Thus,
for each coset representative  we obtain the equation
-1 ’ ’
xys¥ = pllay,,....am) Pl .. am) vy,

which can be viewed as an equation in Q4. Since s eS », for each y, we have
57 =q1(b1ys...sbm) -+ qr(b1,,...,bm,) for bj; € A and g; eQn*, .. . tmT]
(all depending on y), where (p,q;) =1 and ¢;(1,...,1) # 0. Thus we have

Xyq1(B1yseeobm) o qrby, .o bm) = pl(ar, . cvam) - pl(ar,. ... am)yy.
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This may be viewed as an equation in Q F), for some free abelian group F), C 4 of
finite rank. Since (jv,TH) =1 and p’ is a factor of p, the greatest common divisor, in
QFy, of p’(alj, .o.s@m;) and qi(b1;, ..., bm;) is aunit. Thus, for each y and each j,
p'(ay;, ... am;) divides xy in QF,. Thus p’(ay;,...,am;) divides each x,, in QA4,
SO
X = p/(all,...,aml)'--p’(alk,...,amk)Zx)’,y,
14

whichisin p’(ay,,....am,)--- p'(ai,.....am,)QI . This implies that [x] = 0. This
finishes the proof of the first claim.

We will now address the second claim of the theorem. By hypothesis, we have

g(ai,...,am) € Sp. Recall that the kernel of the map
r r
M = = - 2 S;l=Ms,!
Q(al""’am)QF Q(al’---’am)QF

is the Sp—torsion submodule of M. Note that M is a cyclic right QI'-module
generated by [1]€ M, where 1 € QT". Certainly [1]g(ay,...,am)=I[q(ai,...,am)]=
0 in M . Thus the generator of M is Sp—torsion and therefore M is Sp—torsion. O

4.2 The derived series localized at M

We will now define a specific family of commutator series that will be used exten-
sively throughout the rest of the paper. The constructions rely on the techniques
of [10, Section 3] and Definition 4.7.

Let M= (p1(t1,....tm),- ., pn(t1,...,tm),...) be a sequence of nonzero elements
of Q[tlil, e, tnj;l]. For each such M we will recursively define a functorial partial
commutator series that we call the derived series localized at M.

Given any group G, set G/\(/(t)) = G and suppose inductively G/\(/’tl) has been defined so
that G/\(/Il‘) / G/\(/]tc *1 is torsion-free abelian for each k < n. Then G/ GA(/’[’) is a PTFA
group, so Q[G/ G/\(/’l’)] is a right Ore domain. Now consider

r=G/G% and A=G4V/G% «T.
Note that A4 is torsion-free abelian. Thus, by Proposition 4.8, we have that S, is a
right divisor set of Q[G/G]. We now define GU*1D.
Definition 4.10 The derived series localized at M is given by G/\(/?) = G and, for
n>0,

G Gm
G/\(/'f-"l) = ker(G/\(/'l’) — M ()

M —1
— ® m1QIG/G]S .
G, G~ 6w, Gy 2Herat A6/ Gl 1’")

If n = 0 we understand that Sp, = {1}.
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Note that G/\(/’l’) / [G/\(/’l’), G/\(/'l’)] is not only an abelian group but also a right Z[G/ G/ffl’)]—
module where the action is induced by conjugation (x x g = g~ 'xg forany g € G and
x € G/\(/'l’)). We are also using the fact that Q[G/ G/\(/’l’)]Sp_n1 is a left Z[G/ G/\(/’[’)]—module.
It is easily observed that [G/\(/'l’), G/\(/'[’)] C G/\(/'l""l). The second map in this composition
should really be viewed as first tensoring with @, which kills the Z—torsion, and
then inverting S, . It follows that GV /G *1 is a torsion-free abelian group (since
QlaG/ G/\(/'[’)]Sp_n ! is a rational vector space). Hence this procedure recursively defines a
commutator series (or rather a partial commutator series up to G/\(/'l’“)) which depends
on M. (As is true for all commutator series, G/\(j) = Gﬁl), the first term of the rational
derived series.)

Theorem 4.11 If M = (p1(t1.....tm)..... pu(t1.....tm)....), then {GI} is a
functorial commutator series.

Proof Suppose G and B are groups and ¥: G — B is a homomorphism. We will
show, by induction on 7, that W(G/\(jl’)) C B/(\f[) . This holds for n = 0. Suppose this holds
for n. We want to show y (GUT1) c B{i*D. By [10, Proposition 3.2], it suffices to
verify that, for each 0 <i <n, ¥ (S g )c S ]ff_ . Since i < n, the induction hypothesis
guarantees that ¢ induces a homomorphism of pairs

v: (G/GR, G4V /GO — (B/BY, B{V/BY)).
From the second part of Proposition 4.8, W(SpGl, )c S Iff for 0 <i <n. |

The following basic result is analogous to Proposition 4.17 in [10].

Proposition 4.12 If ¢: A — B is surjective and ker ¢ C AV, then ¢ induces iso-
morphisms A/ A/(\’/’l) ~ B/ BX}[) for all n < m. In particular, (A/ A}(}R)X’/{ =0.

5 Distinguishing concordance classes: Triviality

Let M = (pi1(t1,.--tm),--., pn(t1,...,tm),...) be a sequence of nonzero elements
of Q[tlil, e tnﬂjl]. By Theorem 4.11 we know that the derived series localized at M,
denoted {G/f/’,’)}, is a functorial commutator series. Thus by Proposition 3.5 there is a
corresponding filtration, {]—',{‘/‘}, of the knot concordance group.

Definition 5.1 Given

M=(pi1t1,...tm),....pu(t1,....tm)) and Q= (q1(t1,.... 1), ....qu(t1,... 1)),

we say that M is strongly coprime to Q if, for some k > 1, (m = 1; otherwise
we say that M is isogenous to Q.
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We will concern ourselves with knots of the form K = RY, o---0 Ry, (Kj), where
Ko € Fo, R, are doubling operators and R" is a knot. By Corollary 3.8 we know that
K € F;, and thus Ke]-",j\" for any M. Let @ = (qn(t1, ... tm), ... q1(t1, .., tm)),
where ¢; is the product of the 77],: of D; in A(R'). The following result shows
that for certain doubling operators, if M is strongly coprime to Q then K € .7-",{‘11
and therefore K is trivial in J;/FM s, Where Jy,/ .7-" ’s 1s defined as the quotient of
Fun/(FaNF; 5) This justifies thinking of }"n/]-' ’5 as localizing Fy /Fy s at M.

Theorem 5.2 Suppose that K = R}, o---0 R}, (Ko) with Ko € Fo, R" is a
knot and the 1’ of D; lie in the torsion submodule of A(R') (this is always sat-
isfied if R? is a knot). Let Q = (¢u(t1,....tr),....q1(t1...., 1)) be the order of
the 77],: of (Dy,....Dy) in (A(R"),..., A(R")) (note the descending index). If
M= (pi(ty,....ty),..., pu(ty,...,t;)) is strongly coprime to Q then K € .7-",{:‘_1
Thus K is trivial in .7-",,/.7-"%

The following proof is analogous to [10, Theorem 6.2] except the use of string link
doubling operators and the derived series localized at M will be considered.

S1 |4
Mz~ My,
. MKI
Sn—l
MR"_I\/ MLn—Z
Sn En—l
Mpn My, _,
Ey,
Mg

Figure 10: The 4-manifold Z

Proof We will recursively define L; = RD (Lj—y) for i = 1,...,n. Note that
K =1L,. Since L; = ’R,’ (L, 1) there is a cobordism Ej; (see Sectlon 2.1) whose
boundary is My, UMy, _, u Mpi. Consider X = E,UE,_;U---U Eq, obtained by
gluing E; to E;_; along their common boundary component M, , . The boundary

Algebraic € Geometric Topology, Volume 14 (2014)



1604 John R Burke

of X is the disjoint union of Mg, Mgn,..., My and Mg . For 1 <i <n, let S;
denote the exterior of slice disks in B* for the slice link R’. Since K, € Fy there
is a zero solution V for K. In fact, it is known that we can choose V such that
1 (V) = Z so that the meridian o of K¢ generates 71 (V') [12, Section 5]. Gluing V'
and all the S; to X', we obtain a 4—manifold, Z as shown schematically in Figure 10.
Note that 0Z = Mg .

We claim that

3) KeF, viaZzZ,
and, if M is strongly coprime to Q, then
4) K e F,{\jlrl via Z.

First, as in the proof of Proposition 3.6, a series of Mayer—Vietoris arguments implies
that H,(Z) = H,(V'). Since Ky € Fy via V', H,(V') has a basis of connected compact
oriented surfaces, {Js, Ds}, embedded in V' with trivial normal bundles such that the
surfaces are pairwise disjoint except that, for each s, Jg intersects Dy transversely in
a single point with positive sign (see Definition 3.3). We claim that

5) po € 1 (2)™,
where j1¢ is the meridian of K, and if M is strongly coprime to Q then
6) po € T (Z)%Y.

Then, since (o generates 71 (V),
71 (Jy) C (V) Cm(2),
and if M is strongly coprime to Q,
71 (J) Cm (V) Cm(2) Y,

and similarly for 7 (Dy). This would complete the verification of claims (3) and (4)
since {Jg, D} would then satisfy the needed criteria of Definition 3.3. We will now
turn our attention toward confirming claims (5) and (6). Let G = 7;(Z). Let u{:
denote both the meridians of L; in My, C Z and its homotopy class in G. By abuse
of notation, let 77],: also denote its push-off in My, C Z (the abuse is slight since
these are isotopic in E; by Lemma 2.1). To prove claims (5) and (6) we will need the
following lemma.

Lemma 5.3 For0<i<mnandall j,
M,j e G and nlj e Gt
and if, for some ¢, 17£ € Gf\’}l_”z) for all j then foreachi, 0 <i </,

;L{ IS GE\Z_H'I) and nlj € G/(\'fl_i+2).
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Proof We will establish the first clause of the lemma by reverse induction on i . For
i =n,clearly u, € G©® = G and since, by definition of a doubling operator, 7,
lies in 7y (Mgn)®, Nn € GV This is the base of the induction. Now assume that
,u{: e G and nlj e G+ By property (1) of Lemma 2.1, /L{:_l is isotopic
in E; to a push-off of n4 C My, . It follows that

/‘1{—1 c Gn—i+1)
Since {j;—1} normally generates 1 (My,_,), it follows that (M, ) C G =i+l
Thus, .

nj_y € lmi(Mr, ), m(Mr,_ )] C G@F.

This completes the inductive step and establishes the first claim of the lemma.
Now suppose that r]i € G/\(,’l’_€+2) for some £ and all j. By property (1) of Lemma 2.1,
we have ,ué'_l is isotopic to a push-off of n£ . Thus

Mé_1 e G.A(/’ll_e+2)'
Then, as above, it follows that 71 (Mp,_,) C G/\(/’I’_K"'z), and so

My €t (Mr,,). (M, )] C (G2, G~ c G~

for all j, where for the last inclusion we use property (1) of Proposition 3.2. This
establishes the second clause of the lemma in the case that i = £ — 1. Note that /Li_z
is isotopic to a push-off of ’7116.—1 and the argument iterates. This establishes the second
clause. i

Claims (5) and (3) follow immediately. We must now verify claim (6). Recall that
by hypothesis M = (py,..., pn) is strongly coprime to Q = (¢n,...,q1). Hence
there is some £, 1 < { < n, such that p,_; is strongly coprime to g;. Note that n£
is g¢ torsion in A(RY). Thus the push-off of n£ is ¢y torsion in A(Ky). This can be
interpreted in terms of the fundamental group of M7y, as follows [26, p. 174]. Suppose

Ge(igs - 1) = Y g, ()™ ()™, ()™

mi,....my

Then the fact that ng is gy torsion translates to the fact that

mi,...,my
‘ € [r1 (Mg) W w1 (Mk,) D)
Thus the right-hand expression is in

[G(n—ﬁ—i—l)’ G(n—(—i—l)] C [G/\(/rll—f—i-l)’ G/\(/}z—e-i-l)]
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since we have shown in the proof of Lemma 5.3 that n‘{ e Gt Gj\(/’l’_“l). By
Lemma 5.3, uf € GU™Y, s0 qg(u}. ... . u") € Z[G"D /GE=tFD]. Therefore n]
represents an element in the Z[G/ G ~**D]-module G~t+D/[G=t+D Gu=t+D],
which is annihilated by ¢, (,u;, e 1)

SF,A

Since p,_g41 1s strongly coprime to gy (/,Lé, ..., i) by Definition 4.7, gg € Sp, ", . |,

where
I=G/GE D and A4=GYP/Ggo .

Therefore, by Definition 4.10, nj € G#~¢*?_ Therefore, by the second clause of
Lemma 5.3 (applied with i = 0), uo € G/\(/’I’H). This finishes the verification of claim
(6), and hence the proof of the theorem. O

Since my (from Example 4.4) is strongly coprime to all single-variable polynomials
there are specific examples of M that are strongly coprime to all Q composed of
single-variable polynomials. Thus all knots obtained by iterated applications of knot
doubling operators to a knot in Fj are trivial in F,/ ]:,{‘_/;.

6 Distinguishing concordance classes: Nontriviality

We will now show that there are knots resulting from an n—fold composition of string
link doubling operators that are nontrivial in F/ .7-";\";. Furthermore, by applying
Theorem 5.2 it can be shown that these knots are distinct from any knots arising from
certain compositions of knot doubling operators acting on a knot in JFj. First, though,
we will have to define the doubling operators that will be used.

Define 9‘{]{) to be the doubling operator arising from the ribbon knot and properly
embedded 1-multidisk shown in Figure 11. It is easy to show that 5 is a generator
of A(9¥). The Alexander polynomial of RE is pg.

A=A

D

—k
Figure 11: The doubling operator D‘i’é
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Define (R¥ # D%K)D to be the doubling operator arising from the ribbon knot and
properly embedded 2—multidisk in Figure 12.

A=A

1 B 2
n D n

L« | L |
é@:

Figure 12: The doubling operator (% #9R*)p

|

The 7' form a basis for A(RK #9R¢) since the Alexander module decomposes over
connected sums. Since the Alexander polynomial is multiplicative under connected
sum, the Alexander polynomial of the above knots is pgpy.

Define 2% to be a doubling operator arising from a slice string link shown in Figure 13
with properly embedded 1-multidisks D = D; UD,.

: . : k
Figure 13: The doubling operator £7,
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The ' form a basis for T A(!Alk), the torsion submodule of A(Ek). As was shown
before, the Alexander polynomial of ek s my with factors m,lc and m,zc. Thus £F has
an Alexander polynomial that is strongly coprime to all single-variable polynomials by
Lemma 4.5.

6.1 Main theorems

First we will describe a generalization of (n, *)—solutions called (n, *)-bordisms,
which will be useful in the proof of the main result.

Definition 6.1 [10, Definition 7.11] For a given commutator series *, a compact
spin smooth 4-manifold W is an (n, *)—bordism for oW if:

(1) Hy(W;Z)/H,(0W;Z) has a basis consisting of connected, compact, oriented
surfaces, {J;, D; | 1 <i <r}, embedded in W with trivial normal bundles,
wherein the surfaces are pairwise disjoint except that, for each i, J; intersects D;
transversely once with positive sign.

(2) Foreachi, m1(J;) C Jrl(W)fk") and m1(D;) C JTI(W),(kn).
Additionally, W is an (n.5, *)—bordism if:
(3) Foreachi, m{(J;) C JTI(W)SZH_I).

An (n, *)-solution is an (7, *)—bordism, but (7, *)—bordisms need not have connected
boundary and the inclusion map from the boundary does not necessarily induce an
isomorphism on Hj.

Theorem 6.2 Fix some n > 2. Let
KoeFy and K, =Rp> o---oRp (Ko),
where Ripi ,forl1 <i<n-2,is Dfi]% for some k; > 1. Let
L1 =Rp (Kn2, Kn2),

where R”D;i is 2’1‘)”—1 for some k,_1 > 1. Let

1

K=K,= Rnpn (Ln—l),

where R is R'#R)p. Let M = (P1P2, Mk, Pky_ps -+ Pk,)- If Ko is chosen
so that
|/00(MK0)| > CR” + Cﬁn—l + Z(C'Rn—Z et CRI) + 3,

where Cp; is the Cheeger—-Gromov constant for My, then K is of infinite order
in Fp/FN.

Algebraic € Geometric Topology, Volume 14 (2014)



Infection by string links and new structure in the knot concordance group 1609

Note that there do exist knots K satisfying the needed po condition. Since pg is
additive under connected sum and the trefoil has nontrivial pg, one can create an Arf
invariant zero knot with arbitrarily large po by taking a connected sum of trefoils. One
would need a connected sum of an even number of trefoils in order to obtain a knot
with Arf invariant zero.

The following proof is a modified version of the proof given in [10, Section 7, The-
orem 7.5], but here we will incorporate doubling operators arising from slice string
links and the newly defined derived series localized at M.

Proof First, note that by Corollary 3.8 and Proposition 3.9, K € F,, C ]-",j\/‘ and thus
mK € FM for m > 1 where mK is the m—fold connected sum of K with itself.
Therefore it remains to show that m K & F; ,{Vé We proceed by contradiction. Suppose
that mK € ]-"%. Then there is an (n.5, M)—solution V for mK.

Since m K can be viewed as arising by infecting K with K along (m1—1) 1-multidisks,
there is a cobordism C (see Section 3.1) with boundary M,, g Ui Mn1 U---L M, (where
we will abbreviate the zero-framed surgery of K; by M;). The cobordism E from
Section 2.1 can be modified to incorporate infections at multiple multidisks. Note that
any of the copies of K can be viewed as the infected knot. In this proof we will refer
to properties of E that are true for this more general case, which includes C. The
integral homology of C' was analyzed in [12, pages 113-114]. Consider C Uyy,, . V
(see Figure 14). We will prove some facts about the homology of C U V. We start by
showing that H; (CUV)~ H{(C) =~ H{(M, ,; ). Consider the following Mayer—Vietoris
sequence:
Hi(Mpk) > Hi(C)® Hi (V) > H(CUV)—0

Since V is an (1, M)—solution for mK, H{(V) is isomorphic to H;(M,,x) and
is generated by the meridian of m K. Therefore, H;(C U V) = H{(C) = H, (M,i),
where the last inequality is by property (3) of Lemma 2.1.

We will now analyze H,(C U V). We start by showing that H3(C UV, V) = 0. Note
that by excision H3(C UV, V) = H3(C, My g) = H{(C, M,} LU--- U M™), where
the last isomorphism is from Poincaré duality. Consider the long exact sequence of the
pair

HMHY® & H(M™) — H/(C)— H(C,M}u---uM") —0.

By property (3) of Lemma 2.1 we can infer that the leftmost map is a surjection, which
implies that the middle is the zero map. Therefore

Hy(CUV, V)= H (C,M}u---uM™) =0.
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From this observation we obtain the long exact sequence of the pair

@7 0> Hy(V)—> H,(CUV)— H,(CUV,V)— H{(V)—> H(CUV).

By property (3) of Lemma 2.1, we know that the map induced by inclusion,
Hy(Mpk) — H1(C),

is an isomorphism, and by examining the Mayer—Vietoris sequence associated to
the union of ¥V and C, we can show that the map induced by inclusion, H;(V) —
H;(C UYV),is an isomorphism. Therefore the last map of (7) is an isomorphism and
thus the map that precedes it is the zero map. We can then infer that the third map is a
surjection. Putting this together we see that we have the split short exact sequence

(8) 0— Hy(V)—> H,(CUV)— H,(CUV,V)—0.

Therefore
Hy(CUV)x= Hy(V)® Hy(CUV, V).

By excision Hy(C UV, V)~ H,(C, M, ). Consider the exact sequence of a pair
Hy(Myk) — Ha(C) - Hy(C, Mg ) > Hi (M) — Hi(C).

Again by property (3) of Lemma 2.1, we know that last map of the sequence is an
isomorphism and thus the second to last map is the zero map. By property (4) of
Lemma 2.1, we know that H,(C) = Hy(Mgm) ® Hy(M? U---10 M]™). We can infer
that

Hy(C, Myg) = Hy(MZU---UM™).

Therefore
Hy(CUV) = Hy(V)® Hy(M2U---u M™).

Let j,.: H,(dV) — H,(C UV) be the map induced by the inclusion map j': 3V —
C U V. Likewise, let j.: Hy(d(C UV)) — Hp(C UV) be the map induced by the
inclusion map j”: d(CUV)— CUV . Note that 3V = M,,, g and d(CUV) = M,, g U
M} U---uM™. By the proof of property (3) of Lemma 2.1 we know that Hy (M, g) is
isomorphic to H,(Mg) via inclusion into C and thus inclusion into C U V. From this
we can infer that jJ/(Hy(dC U V)) = jL(H,(3V)) @ ji/ (Hy(M2) @ -+ © Hy(M™)).
Therefore,
HCcuy) Hy(V)® Hy (M) @ -+ & Hy(M,")
JE(H(A(CUV))) — jau(H2(0V)) @ ji (Ha (M) @ -+ - & Ha (M)
. H(V)
— JR(Ha(9V))
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Let C UV be called W, (see Figure 14). By the naturality of the intersection form
with twisted coefficients, it then follows that the same surfaces used to show that V is a
(n, M)-bordism can be used to show that Wy is a (n, M)-bordism since if J is such
a surface in V and 71(J) C nl(V)S\’fl). Then 71(J) C ﬂl(Wo)S&) by the functorality
of the derived series localized at M.

M, M, Lz
C
MmK
|4
Figure 14: The (n, M)-bordism W,
Stage 0 Define j({ : Mnf — Wy, for j =1,...,m, to be the inclusion map. From

above we know that j({*: H{(M];Q) — H;(Wy;Q) is an isomorphism. Therefore,
JE.(mi (M) = Z C w1 (Wo) /71 (W) (Y.

We now want to show n{;’l, n{;’z of D,{ are nontrivial in 7y (W)™ /7, (Wo)s\z,t) and,
furthermore, that n/°! and nj-? are linearly independent in 11 (We)D/ nl(Wo)%{).
Note that we have /!, n/-? € o (MDD 7y (Wo)D.

Let Ag = nl(Wo)/nl(Wo)g\lA) >~ 7 and let ¥o: m1(Wp) — Ay be the canonical
surjection. Define Ry = (QAO)S);1 ~ (Q[t, l_l])Sgl. Note that

Hy (Wo; Ro) = (1 (Wo) D /[ty (Wo) D, 71y (Wo) V) @74, Ro-

Consider the following commutative diagram:

4 ¢ 71 (Wo)®
(MM m (W) ° ! 0)(2)
JTI(WO)M
y l
. 1d®1 i h = 7T1(W0)(
A(K)Y ——— H{ (M, : Ry) —> H{(Wy: R ® R
(&) i} (M o) 1 (Wor Ro) [r1 (Wo) D), 711 (W) D] Zho TR0

Since the right-hand vertical map is injective by the definition of the group localized
at M, if 17,],.”' is in the kernel of the top row, n,J,"i € A(K’) must be in the kernel
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of the bottom row. If this were true then n{,”i ® 1 would be in the kernel of j({ e
By [10, Theorem 7.15], ker jo.* = P({ is an isotropic submodule (P({ C P({ J‘) with
respect to the Blanchfield linking form on H; (M, ; Ry).

The Alexander module and Blanchfield linking form of K/ and 9! # 9! are iso-
morphic since K/ is obtained by infection on S! # %! (Cochran [5, Theorem 8.1],
Leidy [21, Theorem 4.1]). Furthermore, the Blanchfield linking form decomposes over
the connected sum. Therefore,

BeK i @ 1.y ® 1) = B (1 @ 1.y} @ 1).
From Leidy [20, Proposition 3.6; 21, Theorem 4.7], we have
l PR . . —_— l .. PR
By, (1 @ 1.n)" @ 1) = ¢(Bey (" .0y,
where BZ?;I is the classical Blanchfield linking form and ¢ is the map

Q0 Q
CQIL Q1S

=y

One can calculate Bﬁ?fl (371, ni-") and obtain

oo 3r—6t+3 3 3t
Beiﬁl ],1’ Jsiy — =4 2 )
o M) = s = a2
We can then calculate q_S(BE%QI (", ndh)). Note 2¢2 — 5t + 2 is p;. Thus by the
definition of S’;I , we see that

. . _ L — /312 —61+3 3¢
BUR, O @10} @ 1) =@ BE (r" n) ) = =2 0.
R Ll @) =46 ) =655 ) =5

Therefore, n/;”' ¢P({ and n/;”' is nontrivial in m(Wo)(l)/m(Wo)/(\%l).

Using the same machinery, we can show, in fact, that n,f;’l and n,f;’z are linearly
independent in nl(Wo)(l)/m(Wo)f(\?. Let mln{;’l + mzn{;’z be an arbitrary Z—
linear combination where m; # 0 and m, # 0. (Since nl(Wo)(l)/nl(Wo)/(él) is
torsion-free abelian we are discussing Z-linear combinations.) We need to show that
M ()™ € my (M) D C oy (Wo) M is not in 7y (Wo) -

We will show that (1) (n)*)™? & 1 (Wy) ¥ by showing that

Ug((ﬁi’l)ml(ﬁ{;’z)mz) =myni' +manl? € Ag(K7)
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is not in the kernel of the bottom row. If mnj°! +myn)? were in the kernel of the
bottom row, then mnj:! ® 1 +manj? ® 1 € P{, which implies

BE& (myni' @ 1+ manf? @ Lmyn) ' @ 1+ mani? @1) = 0.
Since Bﬁﬁ)j decomposes over the connected sum,
Bﬁﬁoj mini' @14+munl2 @1, mni @ 1+myni?®1)
=m2BO% (1 @ Ll @ 1)+ m3BEE (i @ L2 @ 1).
From the work above we can infer that
Bﬁﬁf (7”171,11.’1 ®1 —i—mzﬂ,fz ® l,mln{;’l ®1 +m2r]{;’2 ®1) #0.
Thus nﬁ’l and 77,/1”2 are linearly independent in 7 (WO)(l) / nl(WO)_/(\%[)'

Stage 1 Recall that there is a cobordism £ ,{ with boundary M,,J U M%n UM nj_l . Let
wi = (L E]) v w.
J

where the union is along their common boundaries M, . We wish to demonstrate that
under the inclusion map j{: M,/ — W,

) JL M) = Z @7 C 1y (W) fry, (W) D).

By part (2) of Lemma 2.1, n,j,.’l and 77,;’2 are isotopic in Eé to the meridians of
L{;_l . We therefore will also refer to the meridians of L’J;_l as nj>! and nJ-2. Recall
that ¢ (Mnj_l) is normally generated by {nJ-!,7/-2}, and nJ-! and /-2 are linearly
independent in 74 (WO)(I) /7 (Wo)/(él). Therefore (9) can be demonstrated by showing
that

(10) 1 (Wo) D /711 (W)Y = 71y (W) D /71y (W) Q).

By multiple applications of part (2) of Lemma 2.1, the map
71 (Wo) — my (Wo UL, My Ei) = m (W),

induced by the inclusion map, is a surjection whose kernel is the normal closure of the
longitudes, £/, of L,Jz'_1 . We assume that 7/ is the meridian of the component of
L}f;_l with €££1 as its longitude. Thus, since n,f,"i € (Wo)D, K{;’_"l e (Wo)® c
T (Wo)%l). Therefore by Proposition 4.12, (10) is affirmed.
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We now demonstrate W is an (n, M)-bordism. We know W is a (n, M)-bordism.
Since Wj is created from W, by adding |_|j Ej where Hy(E})/H,(O0E]) =0, as
when analyzing H,(C U V), a series of long exact sequences arguments shows that

Hy(Wo)/Hy(0Wy) = Hy(W1)/Hy(0WY).

It then follows that the same surfaces used to show that Wy is an (n, M)-bordism
can be used to show that W; is an (n, M)-bordism since if J is such a surface and
m1(J) C (W)™, then my(J) C mry (W, )/(\’fl) by the functorality of the derived series
localized at M.

Let 17{;’_11 € Drll_l and n{;’_zl € Dﬁ_l as in Figure 13. We want to show that n{;’_ll or
nJ-2, €1 (My—1) (or both) is nontrivial in 771 (W7)® /71 (W;)(3) foreach j. Note that
it €y (My—)W. Since j{, (my(My—1)V) Cmy (W)@, plid | € my (W)@,

Let Ay =i (Wh)/m1 (W )/(31) and let ¥q: (W) — A be the canonical surjection.
Define Ry = (QAI)S,;;_I. Note
Hy(Wy; Ry) = 1y (W) /[ (W)Q, w11 (W) Q1 ®za, Ry

Consider the following commutative diagram:

o m(W)E
T (W)Y

j
7]
. J

~j id®1 Jix
A(L;_y) == Hi(M,_: Ry) —— Hy(Wy: Ry)

ll*

7T1(Mnj_1)(1) ——m (W)@

If nifl is in the kernel of the top row, then nifl € .A(zj;_l) is in the kernel of the
bottom row. If this were true, then n/', ® 1 would be in the kernel of j{, . We will
show that at least one of 17’/1’_11 ® 1 and ’7{;’—21 ® 1 is not in ker(j{,) = P{.

It can be shown that
QIeiEt, 5] Qe 2]

AL )= AR = Q! i e
1 ! R ml () (m2 (4.0)

The torsion submodule is nontrivial since m}'cn_ . (t1,1), for i = 1,2, is not a unit in
Q[tlil,tiz]. Thus,

QA o QA
mi ol QAL mE o QA,

A(zf,_l)@(@[tlﬂ:l,téﬂ](@/\l = QAI @
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is a nontrivial module whose torsion summands are generated by nJ:!; and /-3,
respectively, and where nj:1; and 7/:?, are the classes in A; represented by the
meridians of L{;_l in M;]_, . From Step 1 we know that 17{; ! and n{; 2, are elements of
infinite order and {nJ°!, n/-2} is linearly independent in T (W)W /7y (W )/(&l). From
this we can infer that
Hy(M]_:Ry)

~ Aj

= ‘A(Ln—l) ®@[l‘lil,t2iz] R1

- A _ A _
= QA]Smklnﬂ 1 191 Jjs2 Smklnfl ® 2 191 1]',2 Smklnfl
mkn_l(nn M T)QA mkn_l(rln T )QA
R, R

ne M o B
NE T2
my Ry m )Ry

~ R &

an R;—module whose torsion summands are generated by 77,11.’_11 ® 1 and 77,11.’_21 ®1

respectively.
Lemma 6.3 We have rankza, H, (Mnj_l; ZAy) = 51(M,{_1) —1.

Proof First, note that Z,Jl'_l is a boundary link and thus H, (M nj_l ; Q) is generated
by two disjoint capped off Seifert surfaces. These Seifert surfaces are displayed in
Figure 15. Any loop on the Seifert surfaces lies in nl(Mnf_l)(l) cm(W)® c

i (W)E . Let vz my(M]_ ) > m(Wy) >y (Wy) /(W) .

Figure 15: Seifert surfaces of Zn_l
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Consider the composition of maps
k v
F— mi(My—1) —1> Ay,
where F is a free group of rank 2 and k is the map that sends the two generators
of F to the two meridians of LJ_,. One can observe that k induces an isomorphism
H{(F,Q)—= H; (Mnj_1 ;Q). Since H, (Mnj_1 , Q) is spanned by surfaces whose fun-
damental groups are in the kernel of wlj , by Cochran and Harvey [7, Proposition 2.11]
we know that rankz A | Hy (F, ZA) =rankz s, Hi(M,_1,ZA1) and by [11, 2.12] we
know that rankz A, Hi(F,ZA1) = 1. O

Thus _ .
yiom (M) — Ay

is a nontrivial coefficient system with rankz A H; (Mnj_1 LN = ,B(Mnj_l) —1, and
v i (Mpn) — Ay

is a nontrivial coefficient system with rankza H; (MR;z, ZAN) = ,B(MR;;) — 1 (the
latter rank condition is automatically satisfied since R’]’ is a knot). By [10, Theo-
rem 7.15], P{ N TA(M,_,) is an isotropic submodule with respect to BZRf"Ir{—l,
where Plj = ker( jlj ,). Since ni:!, and nf:2, generate TA(M,_,), if both
mlim2y € P{ NTAM,] ).

it would follow that B¢ RlLrJH is identically zero. We define B3¢ RZ;_I by the following
commutative diagram, where PD is the map induced by Poincaré duality, « is the
Kronecker evaluation map and B is the map that arises from the Bockstein sequence of

right Rj—modules. See [20] for a definition of BZ%I for a general closed, connected,
oriented 3—manifold M .

Hy(M_:ICA1/Ry)

PD
H' (M ;KA /Ry S8
K
Hompg, (Hy(M;_: R1).KA1/R)) TH{ (M, : R))
i* A/Béﬁ‘;{l;—l

Hompg, (TH(M;_,; R\),KA1/R})
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2 .. . .. .
If B¢ Ran—l is identically zero, then the composition of vertical maps would be the
trivial map. We will show that in fact this composition of maps is nontrivial and
thus n’fl’_ll or 17,/1’_21 must not lie in P{ (which n/-', depends on j). It was shown
in [11, Theorem 2.13] that the first map is an isomorphism. We will now show that the
second map, the Kronecker evaluation map, is an isomorphism.

In [23], Levine defines a universal coefficient spectral sequence for the homology of
the complement of a link with local coefficients. By analyzing this spectral sequence
one can show that there is the short exact sequence

0 — Extg, (Ho(Mp—1; R1), KA1/ Ry) — H' (Myp—1;KCA1/Ry)
= (Hompg, (Hi(Mu—1: R1), KA1/ R1) — Exth (Ho(Mp—1: R1).KA1/R1)) — 0,
where « is the Kronecker evaluation map. Therefore, we can show that
H'(M,_:KCA1/Ry) = Hompg, (Hy(M,_: R1),KA1/Ry)
if Ext}el(Ho(Mnj_l; Ry),KA{/R;) and Ext%el(Ho(Mnj_l; R{),KAi/R)) are both
the zero module.

Note that HO(M,{_I;Q[tlil,tzil]) & Q[zlil,zzil]/((tl —1)(t; — 1)) [26, Exercise 12].
Thus

Ho(M_: QUi 157 D@ ey Ry = Ho(M;_ i Ry) = Ry /{(r ' =1). (%=1).

There is the following projective resolution,
0sR SRR LR S R -0,
(o' =D = 1)
where 7 is the canonical quotient map. Let §,«, 8 and y all represent a generator
for Ry;then v can be defined as the map where o — (17,11"1 —1)y and B —~ (r],fl"2 -1y
and ¢ can be defined as the map where § — (o« — ). By applying the Hom functor,
we obtain the following exact sequence:

KA * KA KA
0<—H0m(R1, z 1)JLHom(Rl, R 1)EBHom(Rl, 1)

1 1 Ry

* KA
<W—H0m(R1, 1)
Ry

Let x € LA1/R; be nontrivial. Note that y* is defined by y + x, ™ is defined by
at+>x and B+ 0, B* isdefined by B+ x and o+ 0, and §* is defined by § > x. We
define y* as the map where y* > a* (! —1)® B*()-*—1) and ¢* is defined as the
map where a* > §* and B* > §(—1) = —§, where a*(nj>! —1) @ B* (1> — 1) is the
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homomorphism defined by a > (/>! —1)x and B+ (}°>—1)x and —§ is defined by
§+—>—x. Note Extp (Ho(M,]_;; R1),KA1/R;)=Hom(R,KA1/R;)/im(p*)=0.
Also,

. ker(¢™) (a* @ B*)
xt% (Ho(M? R)KA{/R;) = - = : .
EtRl( ol n—1 1) 1/R1) im(y*) (a*(né’l—l)@ﬂ*(ﬂé’z—ln
(a* @ B*)

(' =D @y = D)a* @ p*)
and since (n}°! —1) @ (u{;’z —1)e R DRy,

2 . L e BT
Exty (Ho(M;_: R)KA/R;) = rEToh 0.
Therefore the Kronecker evaluation map is an isomorphism.

Now if we are able to show that Homg (TH{(M,—1; R1), KA1/R;) is nontrivial,
then i* will be shown to be a nontrivial map and we will have shown that B¢ RlLqu—l
is not identically zero. First, we will have to demonstrate that TH; (Mnj_l; Ry) is
nontrivial. Suppose that TH{(M,]_,; Ry) is the zero module. By Theorem 4.9 we
know that the map

QA QA4 1 Ry
i .]71 172 - i 151 .152 mkn—l = i J:l 152
My (™ ) QA Ll (> ™ ) QA4 Ll ("™ ) Ry
is a monomorphism. If TH{(M nj_l; R;) were the zero module, it would follow that
QA4
i i1 j,2
my (1 QA

This would imply that mj, _ (n}°',n}%) is a unitin QA .

0.

Suppose that there is an x € QA such that mfcn_l (né’l, r],fl"2)x = 1. Since QA; isa
free " "
S0 727 J-module

Q™ 5571 = QL

C1El o
we could decompose over the cosets of Q[n,7°1™ , 1,72~ ] to get

] 1 )2 -
m;cn_l(nijfz 777111 )Xg—l

o S B | i .
for some xo € Q[nn/>!” ", ny’/*?" ]. (Here we are using the fact that the n/°! and
nj>* are of infinite order and linearly independent in QA .) This is not possible since
my € Q[tljEl , tzil] is not a unit. Therefore

n

THy(M,]_;; Ry) #0.

Algebraic € Geometric Topology, Volume 14 (2014)



Infection by string links and new structure in the knot concordance group 1619

Recall that
Ry Ry
RN EN L S RPN RN N
mkn_l(nn )Ry mkn_l(nn n’ )Ry

TH{(M;_,:Ry) =

Let y; and y;, be the generators of the cyclic summands respectively. Consider the
homomorphism t: TH{(M,/_;; R;) — KA1/R, where y; — l/mk - (n 1 nl?)
and y, — 0. Thrs a nontrrvral element of Horan(THl(MJ RI)ICAl/Rl) and
therefore B¢ R1 n—1 is not identically zero. Thus, 7!, or 77/ :2, must not lie in
PJ NTAM,]_ J 1)+ In conclusion, 77{,_1 or 77{,_2 em(M nJ_l) (or both) is nontrivial
in nl(Wl)(z)/nl(Wl)(3) for each j.

Stage 2 There is a cobordism E7 J _, with boundary M/ J U MRn UM/ />l o U M j 2.
Let W, =|_|; E i | UW1 where the union is along the1r common boundary U i
We wish to demonstrate that under the inclusion map id: M /o ’ — W,

1"

J (M) =7 ¢y (Wz)(z)/ﬂl(Wz)(3) or

(11)
S M) =0 Cay (Wa)® Jmy (W) §)

where, for each j, the first equation holds for i = 1 or i = 2 or both. Recall that
JTI(Mnj ;i2) is normally generated by ’7,11_1 , and, for each j, n{; * | 18 nontrivial in
1 (Wl)(z) /71 (Wl)%/l) for i =1 or 2 or both. Therefore (11) can be demonstrated by
showing

7T1(W1)(2)/771(W1)5\34) = ﬂl(Wz)(z)/ﬂl(Wz)(ﬁ/l)
By Proposition 4.12 we need only show that
(12) ker(r1 (W1) = 71 (W2)) € 1y (W)

The map
T (W) — ﬂl(Wr Yy M E,{_l) = m1(W2)

is a surjection whose kernel is the normal closer of the longitudes, Kf;’_iz, of M nj_2
Recall that n/-!, is the meridian of the component with £/, as its longitude. Thus,
since n{;’_il €m (Wl)(z), Z{;’_iz € m (Wl)(3) - Jtl(Wl)&al). Therefore, (12) is affirmed
and (11) is asserted.

We will now demonstrate that W, is a (n, M)-bordism. We know that W; is a

(n, M)-bordism. Since W, is created from W; by adding |_|; E f where

nl’

Hy(E!_)/H,(3E!_) =0,
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a series of long exact sequences arguments shows that
Hy(Wh1)/Hy(0W1) = Hy(W2)/ Hy (OW2).

It then follows that the same surfaces used to show that W is a (n, M)-bordism
can be used to show that W), is a (n, M)-bordism since if J is such a surface and
m1(J) C my (Wl)(”) then 7{(J) C 7y (Wz)(") by the functorality of the derived series
localized at M.

We now proceed by reverse induction. Assume that for 2 <r <n — 1 that under the
inclusion map j/: M, — W,,

jrj*(nl(Mj,ir)) ~7 C ﬂ](Wr)(r)/ﬂl(W )(r—l-l) or

(13 ' (r1).
J (M) = 0 C oy (W) Jey (W),

where, for a particular pair of j and r, the first equation holds for i =1 or i =2 or both,

and where W, is defined inductively by gluing copies of E,_,, the cobordism with

boundary equal to M, UM pn—r—1 UM,_,_1, along the copies of M;_, . In addition,

assume that W, is a (n, M)-bordism. Figure 16 demonstrates the construction of W,.
1.2 m,2

Myl MEIME v M et Mei™ a2

RrR1

I_”_l

n 2
1.2 ml m,2
G e | N R S B T e
Ml E—l MM Elr1n—1
R" M£ RV! erf,l
\ E}l n—1 \ El’/'ln n—1
M} My

Wo

Figure 16: The construction of W),

Given a particular j and r, suppose the first equation of (13) holds for some 7. We will
show that 0+, € y(M,2,) is nontrivial in 7y (W,)" D /7 (W,){ ). Note that
it em (M)W Since jf, (i (M) D) Cory (W)U D plid €y (W) D).

Let A, =m(W,)/mq (W,)%l‘”) and let ¥,: (W, ) — A, be the canonical surjection.
Define R, = (QA,)S,! . Note

Hy(Wy; Ry) = my (W) 0D ey W) 0D ey (W) U @z, R
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Consider the following commutative diagram:
o mWu"H
SIUATERR

oi L
-J

id®1 Jrx*
Ao(K ) === H{(M/]",: R,) Hy(W,: R,)

Co (1)
7T1(Mnjilr) _>771(Wr)(r+1)

lr>)<

If nn , 1s in the kernel of the top row, then r],J;’_"r e Ao(K, ,’l_lr) must be in the kernel
of the bottom row. If this were true then 75/, ® 1 would be in the kernel of j/,.
Since by assumption v, restricted to mq (Mnjf,) is nontrivial and factors through the
abelianization, by [10, Theorem 7.15]

kerjrj* = P,j C Per‘
is an isotropic submodule with respect to the Blanchﬁeld form on H; (M} o L Ry).
Therefore, 1/, isin the kernel of the bottom row if /!, ® 1 isin P/. If nj-, i ®1
were in PJ then BE R, Ki~r would be identically zero. But by [10, Lemma 7. 16] we

know that BK R; K72 is nonsingular. This is only possible if H; (M ; R,) is the zero
module. Theorem 4.9 informs us that

QAr QAr -1 R,

~

Ji - 7 Son_r = 7
- (’7n—r+1)QAr Piu—r (”n—r+1)QAr Pk (nn—r+l)Rr

is a monomorphism. Therefore, if H; (Mnjiir; R;) were the zero module, it would
follow that
QA,

Pl (nif,_H)QAr

This would imply that pg,_, (n{;f_" r 4+1) is a unit in QA,. Suppose that there is
an x € QAr. .s_ulch that pg,_, (n),+1)x = 1. Since QA, is a free Qlt,t7 1] =
Qlni, 1. M3+ 1]-module, we could decompose over the cosets of

ll
e

PR . oe—1
Jsl Jst
Q[nn—r-i—l’nn—r-i—l]

to get pg, (i ir+1)xe =1 for some x, € Q[n{;’_i,Jrl, n{;’_’:rl]. (Here we are using
the fact that the n/*!, is of infinite order and linearly independent in QA ,.) This is
not possible since pg, , € Q[z, t~1] is not a unit. Therefore

Hy(M],: Ry) # 0.

In conclusion, r] , ®1 is not in Pf and thus nn , € nl(MnjLi,) is nontrivial in
ﬂl(Wr)(’“)/m(W .
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Given a particular j and r, suppose, alternatively, the second equation of (13) holds
for some i. Since j/, (m (M) C T (W)Y and n)t, € (M)W | i
i (W) 2. Thus njf, € nl(Mnf_’,) is trivial in nl(W,)(’+1)/7r (W)

Thus, for each pair of j and r, r;n . € nl(M]’r ,) is nontrivial in
ﬂl(Wr)(r+1)/7Tl(Wr)J(\£l+2)
fori =1 or i =2 or both.

Stage r+1 Next we demonstrate that under the inclusion map jr M nj lr 1= Wrt1s

(M ) =7y (W)Y Sy (W ) ETP o
(nl(M] ! D =0cC 11 (Wey )Y /0y (W4 )(’+2)

r—

(14) r+1*

J r -;— 1%
where, for a particular pair of j and r, the first equation holds for i =1 or i =2 or
both. Note (14) can be demonstrated by showing

nl(Wr)(r—i-l)/nl(Wr)'(/\rA-i-Z) _ 7T1(Wr+1)(r+1)/ﬂ1(Wr+1)5\r4+2).
Proposition 4.12 implies that we only need to show that
(15) ker(mw{(W,) — 71 (W, 41)) C my (W,)g\’fz),

The map 71 (W;) — 71 (W, U M LI; E,{’i,) = m1(W,4) is a surjection whose
kernel is the normal closer of the longltudes Ef A t_yof M) I ’ . Recall that n/-, is
the meridian of M /! _ . Thus, since nj, € nl(W )(’+1) Kf ’ L€ T (W) +2)
7y (W) V. Thus, (15) is affirmed and (14) is asserted.

In particular, it has been shown that for j,,j;i: Moj LN W,

(16) Ji (i (M) = 2. C iy (W) [y W) or
G i (M) = 0 C oy (W)@ fy (W) 0FD.
where, for each j, the first equation holds for i =1 or i = 2 or both.

We will now demonstrate that W, is a (n, M)-bordism. We know that W, is a
(n, M)-bordism. Since W, is created from W, by adding copies of E,_, where
Hy(E ,{ )/ Hy(OE ,{ »1 ) =0, a series of long exact sequence arguments analogous to
those used in Step 1 shows that

HZ(Wr)/H2 (aWr) = HZ(er)/HZ(BWr+1)~

It then follows that the same surfaces used to show that W, is a (n, M)-bordism can
be used to show that W, is a (n, M)-bordism since if J is such a surface and
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mi1(J) C m (W), then {(J) C ﬂl(WrH)/(c() by the functorality of the derived
series localized at M.

To conclude the proof, we will calculate p(0Wj,, ¢) = 2(Wy,, ¢) — o (W,), where
¢ Ty (Wy) = 11 (Wy) /7y (Wn)/(\’}ﬁ_l).. Recall that by [11, Theorem 4.2], 62(V, ¢) —
o(V) =0. By Lemma 2.2, o(E}"') =0 forall i, j and r, and by Lemma 2.3,
o2(E}",¢) =0 forall r #n. Thus by [10, Proposition 5.1, Property (5)], 6 (W, ¢)—
o(Wn)=2_; 02(E;, ¢). Therefore

D0 (B @) =) (p(Mry. §) + p(MRI=1. @) + p(Mp2.8) + p(My 2. 9)
J gE P(Mgy. @)+ p(Mzy.8) + p(Mg,| @)+ p(Mg . 9).
Thus
Y (oML ¢)— p(M{. $))
! = Y (oM 8) + (MR 8) + p(M by 2.8) + p(M 2y 2.9)
: o p(Mpyo @)+ p(Mgy. 6) = 3 0™ (E}). ).
j

By [10, Lemma 5.1, parts (1)—(3)], and (16), we know p(Mééi, ¢) = po(Mk,) or 0
and we are guaranteed at least 7 incidents where p(M IJ(';)’. ,¢) = po(Mkg,). Thus,

~kpo(M,) = 3 (p(Mreg. §) + p(MRI1. 6) + (M -2.9) + p(M 2y 2. )

j .
g +p(M712},¢)+,0(M72€},¢)— > 0% (E].9)).
j

where m <k and k € Z1. We can then conclude that

[kpo(Miy)| = D (0(Mrr. ¢) + p(MR=1,8) + p(M}, 2, $) + p(M 7y 5, $)
j J J .
o p(Mpy §) + (M §) - Zo%E,{,qb))'.
J
Therefore,

J .
o oMy @) + oMy 9)| + D o (E7 #)]).
J
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We can then infer that
WI|,00(MK0)| < m(CR" + Cf]’én—] + C'Rn—z + CRn—Z + -+ CRI + C'RI + 3)

By [4, Lemma 2.7], |02 (Ep. )| < B2(En) = B2(Mpn) + f2(Mp,_ ) =1+2=3,
where the first equality is by part (4) of Lemma 2.1. (Note Hy(Mgn) = Z and
Hy(My, ) =7 @ Z, where each Z summand is generated by a capped off Seifert
surface for a component of R, and L,_; respectively.)

Recall that K was chosen so that |pg(Mkg,)| > Crn + Cpp1 + Crn—2 + Crn—2 +
-+ + Cpri + Cx1 + 3. This is a contradiction. Thus K cannot bound a (n.5, M)—
solution. O

Theorem 6.4 For n > 2, there exists a knot, K, of infinite order in F,/F,. s such
that no multiple of K;, is concordant to any knots created by two or more applications
of nontrivial knot doubling operators to knots in Fy. In particular,

Pu

for all m € Zt. Thus, mK, is distinct from all CHL knots for all n and m € Z+.

Proof By Theorem 6.2, for any n there exists a knot K, € F,/F,.s of infinite order
in Fp/ ]-"’% and by Theorem 5.2 and Lemma 4.5 we know that for any knot, J, created
by two or more applications of nontrivial knot doubling operators to a knot in Fo, J is
trivial in J,/ f%. Since {f,gM)} is a filtration of the concordance group this implies
that K" is not concordant to J for all m # 0. O
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