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Equivariant principal bundles
and their classifying spaces

WOLFGANG LUCK
BERNARDO URIBE

We consider I'—equivariant principal G —bundles over proper I'-CW-complexes
with a prescribed family of local representations. We construct and analyze their
classifying spaces for locally compact, second countable topological groups I' and
G with finite covering dimensions, where G is almost connected.

55R91; 55P91

Introduction

Let " and G be topological groups. We will introduce the notion of a I'-equivariant
principle G—bundle over a '-CW-complex, ie a principal G-bundle p: £ — B
together with left I'-actions on £ and B commuting with the right G—action on E
such that p is I'—equivariant. For every e € E we obtain a local representation
Pe: T'pey = G uniquely determined by vy le=e-pe(y) for y € [pe)» where Ty (e
is the isotropy group of p(e) € B. One can consider such bundles where the family
of local representations R is prescribed, eg one may demand that I',() is always
compact and allow only certain homomorphisms pe .

Our main technical result is Theorem 8.1, where we prove that a I'-equivariant principal
G-bundle p: E — B isthe same as a ' x G—-CW-complex E, provided that the family
of locally representations satisfies Condition (H) introduced in Definition 6.1. This im-
plies the main result of this paper (Theorem 11.4) which gives a universal I'-equivariant
principal G —bundle with respect to a given family of local representations R, provided
that R satisfies Condition (H).

Condition (H) is needed to ensure homotopy invariance for I'—equivariant principal G —
bundles. It is automatically satisfied if I" and G are locally compact second countable
groups with finite covering dimensions (eg Lie groups), G is almost connected (ie G
modulo its connected component of the identity is compact) and all base spaces are
I'-CW—complexes with compact isotropy groups; see Theorem 6.3.
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Equivariant principal bundles have been studied before by several authors (see Hamble-
ton and Hausmann [9], Lashof [18], Lashof and May [19], Lashof, May and Segal [20],
May [24], Maruyama and Shimakawa [28] and tom Dieck [7] and references therein)
and our construction generalizes all the previous constructions in the following sense.
We isolated the conditions that the groups I' and G and the family of local repre-
sentations need to satisfy in order to ensure the existence of a universal equivariant
bundle associated to the prescribed family of local representations as base; this is the
Condition (H) mentioned above. Moreover, in the literature some conditions about the
restriction of the bundles to I'-invariant neighborhoods of points in the base space are
demanded; we show that they automatically follow from our setting in Theorem 9.1 if
the Condition (H) is satisfied.

In Section 15 we have included a study of the case G = PU(H), the projective
unitary group, endowed with the norm topology. The main result in Section 15 is
Theorem 15.12, which produces a universal I'-equivariant stable projective unitary
bundle for almost free ['-CW-complexes. This result generalizes Barcenas, Espinoza,
Joachim and the second author’s [5, Theorem 3.21], where I" is assumed to be discrete.
This universal bundle is relevant for equivariant twisted topological K-theory since
with this bundle it can be defined as a parameterized equivariant cohomology theory.

Our results carry directly over to the case where one allows an intertwining between
the I'- and the G —action, ie there exists a group homomorphism 7: I' — aut(G) and
the condition that the I'- and G —action on the total space commute is replaced by the
weaker condition y - (e-g) = (y-e)-1(y)(g). A typical example for such a nontrivial
intertwining is the case I' = Z/2, G = U(n) and t: Z/2 — aut(U(n)) given by
complex conjugation, which leads to real vector bundles in the sense of Atiyah [2]. For
the simplicity of the exposition we only treat the case where 7 is trivial.

Throughout this paper we will work in the category of compactly generated spaces
(see Steenrod [33] and Appendix A) and subgroups are always understood to be closed
subgroups. Most of the equivariant CW—complexes under consideration are proper, or,
equivalently, have compact isotropy groups.
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1 Principal bundles

We recall some basic facts about principal G—bundles over CW—complexes for a
topological group G.

Definition 1.1 (Quasiregular open set and regular space) An open subset U C B is
called quasiregular if for any x € U there exists an open neighborhood V) whose
closure in B is contained in U. An space is called regular if it separates points from
closed subsets.

The main point of this notion is that a quasiregular open subset equipped with its
subspace topology is again compactly generated (see Lemma A.1(i)) and preimages of
quasiregular open subsets are again quasiregular open subsets; see Lemma A.1(ii).

Definition 1.2 (Principal G-bundle) A principal G—-bundle p: E — B consists of
a space E with right G —action, a space B with trivial G—action and a G—map p such
that p islocally trivial, ie for any b € B there exists a quasiregular open neighborhood U
of b in B and a G—homeomorphism ¢: G x U — p~1(U) satisfying p o ¢ = pr for
the projection pr: U x G — U .

In the previous definition we have added the condition that the local trivialization can
be done on a quasiregular open set. On the standard definition of principal bundles the
quasiregularity is not required. Nevertheless, since in this article we will work in the
category of equivariant CW—complexes, and any invariant open subset of an equivariant
CW-complex is automatically quasiregular (see Lemma A.1(vi)) this extra condition
in the definition is innocuous.

Lemma 1.3 Let B be a CW—complex and let p: E — B x [0, 1] be a principal
G -bundle. Let iy: B = B x{0} — B x[0, 1] be the inclusion.

Then ig p xid[o,1): iy E x [0, 1] — B x 0, 1] is a principal G —bundle and there exists
an isomorphism of principal G —bundles

frigE x[0,1] - E
over B x [0, 1] whose restriction to B x {0} is the identity.

Proof A CW-complex B is paracompact by Miyazaki [25]. Now the proof is analo-
gous to the one of Husemoller [11, Theorem 9.8 in Chapter 3 on page 51] taking into
account that any open subset of B is quasiregular by Lemma A.1(iv) and (v) and that
in [11, Theorem 9.8 in Chapter 3 on page 51] the symbol x stands for the classical
product space, where in our setting x stands for the product within the category of
compactly generated spaces. a
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Notation 1.4 Given a I' x G—space X, let X, be the space X but now equipped
with the left I" action given by y - x = (y,1) - x and the right G —action given by

x-g:=(,g7Yx.

Given a space Y with (commuting) left I'- and right G —action, let ¥; be the same

space but now equipped with the left I' x G—action given by (y,g)-y:=y-y-g~!.

Example 1.5 (Free G—-CW-complexes) Let X be a free G-CW-complex. Then
p: Xy — X, /G is a principal G-bundle. Conversely, if p: E — B is a principal G-
bundle over a CW—complex B, then E; carries the structure of a free G—CW-complex
coming from the filtration given by the preimages of the skeletons of B.

These claims are proved by the first author in [22, 1.24 and 1.25 on page 18], and they
will also follow from Theorem 8.1 applied to the special case I' = {1}.

Example 1.6 (Free proper smooth G —actions on smooth manifolds) Consider a Lie
group G with a free proper smooth left G —action on a smooth manifold M . Then M
is a proper G—CW-complex by Illman [12] and the projection M, — M, /G is a
principal G -bundle.

2 Equivariant principal bundles
We first fix the notions for the objects we want to study.

Definition 2.1 (I"—equivariant principle G-bundle) A I'—equivariant principal G—
bundle p: E — B consists of a principal G —bundle together with left I'-actions on E
and B (commuting with the right G —actions) such that p: £ — B is I'-equivariant.

Note that since the I' and the G actions commute, then I" acts on p: E — B through
G -bundle maps, cf [18, Section 1]; see also [7, Chapter I, Section 8] for this notion
and its main properties including universal objects for a compact Lie group I" and a
topological group G, where also a twisting of the left I'- and right G —actions by a
homomorphism I' — aut(G) is allowed. Sometimes in the literature some conditions
about the restriction of the bundles to I'-invariant neighborhoods of points in the base
space are demanded or can only be proved in the case that G is a compact Lie group;
see for instance [7, Proposition 8.10 on page 58]. We will show that they automatically
follow from our setting in Theorem 9.1.

We mention some basic properties of I'—equivariant principal G —bundles.
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If f: X - B is a I'map of [-CW-—complexes and p: £ — B is a ['-invariant
principal G -bundle, then the map f*p: f*E — X obtained from the pullback of p
with f,

E-L

f*pL Lp

X —— B,

is a ['-equivariant principal G -bundle again. An isomorphism of two I'—invariant
principal G-bundles py: Eg — X and p;: E;y — B over the '-CW-complex B is
a homeomorphism f: Ey — E; which is compatible with both the left I'-action and
the right G —action and satisfies pj o f = po.

Lemma?2.2 Let pg: Eg— B and p;: E1— B be '-equivariant principle G —bundles
over the T-CW-complex B. Let f: Eq — E; be a map which is compatible with
both the left I'-actions and the right G —actions and satisfies pyo f = pyg.

Then f is an isomorphism of I'-equivariant principal G —bundles.

Proof The map f is a homeomorphism because of the local triviality of the principal
G -bundles py and p;. a

3 Families of local representations

In this section we introduce the local representations coming from the left action of
the I'—isotropy group of a point b in the base space and the free right G —action on the
fiber over b (after choosing a lift of b to the total space).

Definition 3.1 (Local representations) Let p: E — B be a I'-equivariant principal
G —bundle. Consider e € E. Then we obtain a (continuous) group homomorphism

(3-1) Pe: Fp(e) -G

uniquely determined by y -e = e pe(y) for y € I'p(e), where ') is the isotropy
group of p(e) € B.

The homomorphism p, is indeed a homomorphism by the calculation

e-pe(Y1-v2)=W1-v2)-e=y1-(y2-e)
=y1-(e-pe(y2)) = (Y1-€) - pe(y2)
= (e pe(¥1)) - Pe(v2) = € (Pe(Y1) - Pe(¥2)).
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It is continuous since the map G — p~'(e), g+ e-g is a homeomorphism because of
the local triviality of the principal G-bundle p and the map I'j() — p~le), yry-e
is continuous.

Remark 3.2 (Basic properties of the local representations) If we replace e by eg
for some g € G, then peg = cg—10pe for cg: G — G the conjugation homomorphism

sending g’ to gg’g~!.

If we replace e by ye for some y € I', then I'jp) = )/_le(ye)y and pye = peocy,—1.
If

Eo—f>E1

m| |

Bp—— B
Of 1

is a morphism of I'-equivariant principal G —bundles, then
po _ ,P1 :
Pe” =P Fle) Ole
holds for all e € Eq, where ip: I ) — Fplof(e) is the inclusion.

Definition 3.3 (Family of local representations) A family R of local representations
for (', G) is a set of pairs (H, ), where H is a subgroup of I' and «: H - G is a
continuous group homomorphism such that the following conditions are satisfied.

e Finite intersections Suppose that (Hy, o) and (Hq, «1) belong to R. Define
H:={he HiNH; |apg(h) =ai(h)} and a: H - G by o = ap|lg = o1|H -
Then (H,a) € R.

* Conjugation in G 1If (H,«) belongs to R and g € G, then (H,c,—1 00a)
belongs to R.

e Conjugationin I' If (H,«) belongsto R and y € ', then (]/H)/_I,O[OCV—I)
belongs to R.

Definition 3.4 ((Pre)family of local representations associated to a I'-equivariant
principal G—bundle) Let p: E — B be a I'—equivariant principal G —bundle. Define
the prefamily of local representations of p to be

R'(p) :={Tp(e). pe) | € € E}.

Let R(p) be the smallest system of local representations containing R’(p). We
call R(p) the family of local representations associated to p.
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One easily checks using Remark 3.2 that R/(p) is closed under conjugation, but
not necessary under finite intersections so that R'(p) itself is not a family of local
representations.

We want to deal with families of local representations to ensure that the following
lemma is true.

A family of subgroups of G 1is a set of subgroups of G closed under conjugation and
taking finite intersections.

Lemma 3.5 Let R be a family of local representations for I and G. For (H,«) in R
let K(H,a) be the subgroup of I x G given by

K(H,a) :={(y,a(y)) |y € H}.

Put
F(R)={K(H,a)|(H,a)eR}.

Then F(R) is a family of subgroups of I' x G .

Proof We have to check that F(R) is closed under conjugation and finite intersections.

Consider K € F(R) and (y,g) € ' x G. Choose (H,«) € R with K = K(H, ).
Then

(y.e) " K-(r.g)=(r.g)" ' - K(H.a)- (v, g)
={(y.g)"" - (h,a(h))-(v.g) | h e H}

={(y hy.g 'a(h)g) | h e H}
— {(cy (h), cgm1 0@ 0 ¢y (cymr () | h € H}

={I',co—10a0c,(h) |1 € y THy}
= K(y_lHy,cg_l oaocy).

Since (y " 'Hy, cg—1 0a 0cy) belongs to R, we conclude that (y, g2 K-(v.9)
belongs to F(R).

Consider Ky, K; € F(R). Choose (H;,®;) in R with K; = K(H;,«;) fori =0,1.
Define H :={he€ HyN Hy | ag(h) =a1(h)} and «: H - G by o = o|lg = o1|g -
Then KgN K; = K(H, ) and (H,«) € R. This implies Kqg N K; € F(R). a

Remark 3.6 (Families) We later will consider the classifying space Ex(I') of a

family of subgroups of I'. It can be defined without the condition that F is closed
under finite intersections (being closed under conjugation is enough) but this extra
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condition is usually required to ensure that for two I'-spaces X and Y whose isotropy
groups belong to F also the isotropy groups of X x Y with the diagonal I'-action
belong to F.

It is actually more convenient to require instead of the condition that F is closed
under finite intersections that it is closed under subgroups. However, this rules out
one important case, namely, the case of the family of open compact subgroups, which
naturally occurs in the context of locally compact second countable totally disconnected
groups I'.

If R is closed under subgroups, ie, for (H, @) € R and any subgroup K € H we have
(K,a|g) € R, then F(R) is closed under taking subgroups.

Remark 3.7 (Local representations and pullbacks) Let p: E — B be a ['-equivariant
principal G-bundle and let f: A — B be a '-map. Let R be a family of local
representations. Suppose that we have R(p) € R. Then we get R(f*p) C R for the
pullback f™* p, provided for any (H,«) € R and any subgroup K € H which occurs
as isotropy group in A, we have (K, «|x) € R. This follows from Remark 3.2.

If we make the assumption that R is closed under subgroups, then f* p automatically
satisfies R(f*p) € R if R(p) € R holds.

4 Condition (S)

Definition 4.1 (Condition (S)) Given a topological group I'" and a (closed) sub-
group H C I', we say that the pair (I', H) satisfies Condition (S) if the projection
pr: I' = I'/ H has a local cross section, ie there is a quasiregular open neighborhood U
of 1H € I'/H together with a map o: U — I such that proo =idy.

A topological group I' satisfies Condition (S) if for any subgroup H C I' the pair
(I, H) satisfies Condition (S).

The role of the Condition (S) is to ensure the following lemma.

Lemmad4.2 Let f: E — I'/H be a '-map for some subgroup H C I". Suppose that
the pair (I', H) satisfies Condition (S). Then the '-map

u: I'xg f_l(lH)—>E, (y.e)—>y-e

is a homeomorphism.
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Proof The map u is clearly a bijective map of sets. Now, the Condition (S) ensures
that there is an open neighborhood U € I'/H of 1H and a map s: U — I whose
composite with the projection pr: I' — I'/H is the identity on U . Moreover, the open
subsets U CT/H, pr ' (U) ST and f~!(pr~1(U)) C E equipped with the subspace
topologies are compactly generated; see Lemma A.1(i) and (ii). Define a map

v [T (U) 5 o (U) xg fTHIH). e (som(e).som(e) ve),
where 7: f~!(pr~!(U)) — U is the map induced by pro f. Let

Ulp1 @y -1y P (U) xg [T AH) — 7 e (U)

be obtained by restricting u. Then u|y,—1(W)xy r~1(1H) vV = idf~1(—1(v)) and
Vo ulpt @yxy 7 (1 H) = Wpr U)xp 7 (1) - Henee ulpt @yxy p1 1 H) 1S 2
homeomorphism. Since u is I'—equivariant, f~!(pr~'(U)) € E and pr '(U) xg
f~Y(1H) ST xyg f~1(1H) are open subsets, {y-U | y € '} is an open covering of
I'/H and u is bijective, then the map u is a homeomorphism. a

Remark 4.3 (Condition (S) and principal bundle structure) If pr: I' - I'/H is a
principal H -bundle, then the local triviality implies that the pair (I, H) satisfies
Condition (S). The converse is also true, namely, apply Lemma 5.1 (i) in the special
case, where the role of I, H and G is played by I', H and H, and Z = e, and use
the canonical T'-homeomorphism I' xg H =T, (y,h) — y - h.

Condition (S) is satisfied in many cases.

Lemma 4.4 (i) Suppose that I" is completely regular, ie for any x € I and any
neighborhood U of x in I', there exists a continuous function f: ' — [0, 1]
with f(x) =0 and f(X \U) = 1. Then for any subgroup H C I" which is a
compact Lie group, the pair (I', H) satisfies Condition (S).
(i) A topological group I' satisfies Condition (S) if I' is discrete, if I" is a Lie group,
or more generally, if I is locally compact and second countable and has finite
covering dimension.

Proof (i) This follows from Palais [30]; see also [22, Theorem 1.38 on page 27].
Notice that the conditions that I" is completely regular (and hence regular) and H is
compact imply that '/ H is regular. Hence every open subset of I'/H is quasiregular;
see Lemma A.1(iv).

(i1) This follows from Mostert [26]. The metric needed in [26] follows under our
assumptions from Theorem B.3. Notice that the condition that I" is locally compact
implies that I'/H is locally compact and hence that any open subset of I'/H is
quasiregular; see Lemma A.1(1) (iv) and (v). O
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Example 4.5 (Kac—Moody groups) Kac—Moody groups are not Lie groups but all
their compact subgroups are Lie groups; see Kitchloo [15, Theorem 2.4]. Since
they are completely regular, Lemma 4.4(i) applies to them and therefore they satisfy
Condition (S).

5 Equivariant principal bundles over equivariant cells

In this section we want to analyze ['-equivariant principal G —bundles over spaces of
the type I'/H x Z for some subgroup H C I' and space Z with trivial H —action.
Later we will be mainly interested in the case I'/H x D".

Let H and G be two topological groups, and equip hom(H, G) with the subspace
topology with respect to the inclusion hom(H, G) C map(H, G); see Section A.5 for
details.

Consider a space Z and a map o: Z — hom(H, G). We have the obvious right
H —action on T" and the left H-actionon Z x G givenby h-(z,g):=(z,0(z)(h)-g).
Let

Po: I'xg(ZxG)—>T/HxZ

be the map induced by the projection Z x G — Z. It is compatible with the left I'-
actionon I' X (Z x G) given by o - (y, (2, 2)) = (yoV, (z, g)) and the left '-action
on I'/H x Z givenby yo-(y-H,z) = (yoy- H, z). Itis also compatible with the right
G-actionon ' xg (Z xG) given by (v, (z,g))-go = (y. (z, ggo)) and the trivial right
G—action on T" xg Z. The left ['-action and the right G-action on " xg (Z x G)
commute.

Lemma 5.1 Suppose that the pair (I', H) satisfies Condition (S) (see Definition 4.1)
and let Z be a space. Then:

(1) Themap po: I'xg (ZxG)—T'/H x Z is a '-equivariant principal G —bundle.
(i) A T'—equivariant principal G —-bundle E — I'/H x Z is isomorphic as an I'-
equivariant principal G —bundle to the map ps for an appropriate map o: Z —

hom(H, G), provided that the restriction of p to {1 H} x Z is (after forgetting
the H —action) a trivial principal G —bundle.

(iii) Given two maps oy: Z — hom(H, G) and 01: Z — hom(H, G), we have that
the I'-equivariant principal G —bundles pg, and ps, are isomorphic if and only
if there is a map w: Z — G such that

01(2)(g) = »(2) - 00(2)(h) - w(2) "
forallhe H and z € Z.
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(iv) Givenamap o: Z — hom(H, G), the homomorphism p(,, (z.¢)): U'yH,2) = G
associated to ps in (3-1) for (y,(z,g)) € I xg (Z x G) is given by

1ﬁ(yH,z) = VHV_lv

P env -y ) =g o) (h) g

Proof (i) It remains to show that p,: I' xg (Z x G) — I'/H x Z is a principal
G -bundle after forgetting the I'-action. The Condition (S) ensures that there is a
quasiregular open neighborhood U € I'/H of 1H and a map s: U — I" whose
composite with the projection pr: I' — I/ H is the identity. Notice that the open subsets
U CT'/H and pr~!'(U) C T equipped with the subspace topology are compactly
generated by Lemma A.1(i) and (ii).

Define 5: pr~!(U) — H by 5(y) =sopr(y)~!-y. It has the property 5(y-h) =5(y)-h
forall y € p~'(U) and h € H. Define maps

a: (UxZ)xG —>pr_1(U) xg (Z x@G),
B:pr M (U)xg (ZxG)— (UxZ)xG,
by
a((yH.2).8) = (. (z.0(2)E(¥) ™" - g)).
Bly.(z,8):=((yH.z),0(2)(5(y)) - g).

Then o and B are to one another inverse G —homeomorphisms. They induce isomor-
phisms of principal G—bundles from p, restricted to U x Z to the trivial principal G -
bundle over U x Z . One easily checks using Lemma A.1(ii) applied to the standard map
I'/HxZ =k(I'/Hx,Z)—T/H X, Z (see Sections A.2 and A.3) and Lemma A.1(i)
that U x Z is a quasiregular open subset of I'/H x Z. Since yH € I'/H is contained
in the open subset y-U and p4 is a [—equivariant map, we conclude that p, is locally
trivial and hence a principal G—bundle.

(ii) In the sequel we identify the subspace {1} x Z of I'/H x Z with Z. Define the
I'-map

wTxgp W(Z)—>E, (y.e)—y-e.
It is a homeomorphism by Lemma 4.2. It is compatible with the natural right G —actions
and commutes with the left I-actions. The restriction p|,-1(z): pNZ)—>Zof pto

Z ={1} x Z is a principal G-bundle over Z. By assumption p|,-1(z) is isomorphic
to the trivial principal G —bundle over Z. Hence we can choose a G —~homeomorphism

£ ZxG5S p\(2)
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such that the composite p|,-1(z) o f is the canonical projection Z x G — Z. Let
0: Z — hom(H, G) be defined by the map pr(; 1) (see (3-1)), ie o is uniquely
determined by /- f(z,1) = f(z,1)-0(z)(h). (Itis continuous because of the properties
of the category of compactly generated spaces listed in Section A.4.) We define a left
H—actionon Z xG by h-(z,g) =(z,0(z)(h)-g). Then f is compatible with the
left H—actions by the calculation
f(h-(z,8) = f(z.0(2)(h)- g)
=/ D)o@ -g=h-f(z.1)-g=h-f(z.2).

We obtain a homeomorphism compatible with the obvious left '-actions and with the

obvious right G —actions
idr xg f

Txpg (ZxG) —25 Txy p(2) S E.

This is an isomorphism of I'-equivariant principal G-bundles from ps: 'x g(ZxG) —
I'/’HxZto p: E—>T/HxZ.

(iii)) Let =
[ Txg(ZxG)—=Txg(ZxG)

be an isomorphism of I'-equivariant principal G-bundles from pe, to ps, . Notice that
the left H—actions on (Z x G) in the source and the target are different, the first one
depends on oy, the second on o;. There is precisely one map w: Z — G satisfying
f(1,(z,1) =(1,(z,w(z))). (It is continuous because of the properties of the category
of compactly generated spaces listed in Section A.4.) Since f is compatible with the

natural left [-actions and with the natural right G —actions, we get for # € H and
ze”/Z,

(1. (z,01(2)(h) - w(2))) = (1, h- (z, 0(2))) = (. (z, w(2)))
=h-(1.(z,w(2) =h- f(1.(z, 1))
= f(h-(1,(z. 1)) = f(h.(1,2))
= f(L,h-(z,1) = f(1,(z,00(2)(h))
= f(1,(z,1))-00(2)(h) = (1, 2z, w(2)) - 60 (2) (1)
= (1, (z, 0(2) - 00(2) (h))).
This implies 01 (z)(h) - w(z) = w(z) -0o(z)(h) forall he H and z € Z.
For the converse, the map
I'xg (ZxG)—>Txg(ZxG),
(. (z.8) = (v, (2. w(2)g)))
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satisfies the desired properties.

(iv) Consider (y,(z,g)) € I' xg (Z x G). One easily checks

1—‘()/H,z) = V'F(IH,Z) 'V_l = )/'H'V_l-

We compute for € H in ' xg (Z x G),

(-hy ™) (z.2)=(y-h(z,0) = (y.h-(2,2)
=(y.(z,0(2)(h)-g))
=(r.(z.g- (¢ a2 -2)
=¥, (z.9)- (g o)) 2).
This finishes the proof of Lemma 5.1. a

6 Discussion of homotopy invariance and Condition (H)

Since we want to have a bundle theory for which there exists a universal bundle, we have
to ensure homotopy invariance, ie if fo, f1: Bo — B; are '-maps and p: E — By is
a I'—equivariant principal G'—bundle, we want to arrange that the pullbacks f*p and
f{" p are isomorphic as I'—equivariant principal G—bundles.

Let Z be a contractible CW—complex and H C I" be a subgroup. Equip Z with the
trivial [—action. Then the projection pr: I'/H x Z — I'/H is a '-homotopy equiva-
lence. Hence in order to guarantee homotopy invariance, we must ensure that every
I'-equivariant principal G-bundle p: E — I'/H x Z over I'/H x Z is isomorphic to
pr* E’ for some I'-equivariant principal G-bundle on p’: E’ — T'/H over I'/H.

For o e hom(H, G) the centralizer of a in G is defined to be the subgroup of G given
by
Co(@):={geG|gah)g ' =a(h) forall h e H}.

Definition 6.1 (Condition (H)) A family R of local representations in the sense of
Definition 3.1 satisfies Condition (H) if the following hold for every (H, o) € R:
(i) The path component of « in hom(H, G) is contained in {cg o | g € G}.
(i) The pair (G, Cg(a)) satisfies Condition (S) introduced in Definition 4.1.
(iii) The pair (I', H) satisfies Condition (S) introduced in Definition 4.1.
(iv) The canonical map
lg: G/Cg(a) - hom(H,G), gCg(a)t>cgon

is a homeomorphism onto its image.
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Lemma 6.2 Suppose that the family 'R of local representations satisfies Condition (H).
Let Z be a (nonequivariant) contractible CW—complex and let p: E —T'/H x Z be a
I'—equivariant principal G —bundle with R(p) C R.

Then p is isomorphic to pr* E’ for a T—equivariant principal G —bundle p’: E' —T/H
for the projection pr: I'/HxZ — I"/H , or, equivalently, there exists an element (H, o)
in ‘R such that p is isomorphic to the I'—equivariant principal bundle

Pa: TxgGyxZ —->T/HxZ, ((y,8),2)— (yH,z2).

Proof Since Z is contractible, by Lemma 1.3, we have that the restriction bundle
Plamyxz: ElgiHyxz — {1H} x Z is trivializable. We can then apply Lemma 5.1(ii)
and we obtain that p is isomorphic to p, for an appropriate map o: Z — hom(H, G).
Since Z is path connected, the image of o is contained in a path component of
o € hom(H, G) if we take @« = o(z) for some z € Z. Lemma 5.1(iv) implies
that (H, «) belongs to R(p) and hence to R. Because of Condition (H) the image
of 0: Z — hom(H, G) is contained in the image of ty: G/Cg(e) — hom(H, G).
Since (g is a homeomorphism onto its image by Condition (H), we can find a map
w: Z — G/Cg(a) with ty o w = 0. Because of Condition (H) and Remark 4.3, the
projection G — G/Cg() is a principal Cg («)-bundle. Hence its pullback with @
is a principal Cg(a)-bundle over the contractible CW—complex Z and hence has
a section by Lemma 1.3. Thus we can find a map w: Z — G whose composite
with the projection G — G/Cg(«) is @. This implies that 0 = ¢, o . Now apply
Lemma 5.1(iii). a

Theorem 6.3 Let R be a family of local representations. Then it satisfies Condi-
tion (H) if the following conditions are satisfied.

(i) The group T is locally compact, second countable and has finite covering dimen-
sion, eg is a Lie group, or I' is completely regular and all compact subgroups of
I' are Lie groups, eg is a Kac—Moody group.

(i) The group G is locally compact, second countable and has finite covering
dimension, eg is a Lie group.

(iii) The group G is almost connected (see Definition 12.3).

(iv) For every element (H, «) the group H is a compact group.

Proof Condition (i) appearing in Definition 6.1 is proved in Theorem B.1.
Conditions (ii) and (iii) appearing in Definition 6.1 follow from Lemma 4.4(ii).

Condition (iv) appearing in Definition 6.1 is proved in Theorem B.2. a
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7 The slice theorem for equivariant CW-complexes

In this section we prove the following slice theorem for [-CW—complexes, generalizing
[22, Theorem 1.37].

Theorem 7.1 (Slice theorem) Let G be a (compactly generated) topological group
and let X be a G —CW-complex. Consider x € X together with a G x —invariant neigh-
borhood V5 . Suppose that the pair (G, Gy) satisfies Condition (S); see Definition 4.1.
Then there exists a G —invariant subset Sy of x with the following properties:
(i) Sx inherited with the subspace topology is compactly generated.
(ii) The closure of Sy is contained in V.
(iii) The inclusion {x} — Sy is a Gx —homotopy equivalence.

(iv) The set U := G - Sy is a quasiregular G —invariant open subset of X and the
map

G %G, Sx i) U, (g,5)—~>g-s
is a G —homeomorphism.
Proof Let nyx > 0 be the integer for which x € X}, and x ¢ X, _;. We construct

inductively for n = ny,nx + 1,... open G —invariant subsets U[n] € X such that the
following conditions hold if we put V =G - V.

(1) Wehave Un]|C X, Uln] S Un+1], Un] SV and x € U[n] for all n > n,.

(2) For each n > ny there is a G-map

rln+1]: Un+ 1] — Uln|

satisfying r[n + 1]oi[n + 1] = idyy,], where i[n + 1]: U[n] — U[n + 1] is the
inclusion.

(3) For each n > ny there is a G—homotopy
hin+1]: Un+ 1] x[0,1] = Uln + 1]
satisfying
hln 4+ 1] = idyge41 for0<7<(n+3)"",
hin+1]; =i[n+1orn+1] form+2)"' <t <1,
hin+1](z,t) =z for z € U[n],t €0, 1],
rin+1]ohn+1]=r[n+1]opr, ,

where pr,,,: U[n + 1] x [0, 1] — U[n + 1] is the projection.
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(4) There is a G—map
rlny]: Ulnx] > Gx

s0 r[nx]oi[ny] =1idgy holds, where Gx :={gx| g€ G} and i[ny]: Gx = Ulny]
is the inclusion.

(5) There is a G-homotopy

hny]: Ulny] x[0,1] = Ulny]

satisfying
hlny]: = idy, fort < (nx +2)7!,
hnyx]; = i[nx]or[ny] fort > (nx + 1)1,
hlnx](gx,t) = gx for gx € Gx,t €0, 1],

r[nx]ohlnx] = rinx]opr, ,

where pr,, : Ulnx] x[0, 1] — U[ny] is the projection.

Recall that we have for each n > 0 a G —pushout of the form

]_[ie n ;H_l
[ G/H: x s" —<"% ¥,

i€l j l

[I G/H; x D"*1 ot Xn+1-

i€l ]—[iGIn i

Next we explain the beginning of the induction. Since x belongs to X, but not
to X,.—1, we can find i € I,,, and (yH;,y) € G/H; x (D" \ §"~x~1) satisfying
Ql'.'x (gH;,y) = x. Choose §; > 0 such that G/H; x Bg(y) is contained in both
G/H; x D"x\ §"~! and (Q;'X)_I(VX N Xy, ), where Bs(y) is the ball of radius &
around y. Define a G-map

rlnxl: G/H; x Bs(y) > Gy, (gHi.z) — gy,
and a G—homotopy

hinx]': G/H; x Bs(y) x[0, 1] — G/H; x Bs(y)
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by sending (gH;, z,t) to

(gH;. z) fort < (ny+2)71,

. t—(ny+2)"! t—(ny+2)71
(gH” it D =2t Y (1 T D —(ns +z>—1) 'Z)

for (ny +2)7 ' <t < (ne+1)71,

(gH;,y) fort=> (ny+ 1)_1.
Now define

Ulnx] = 07 (G/H; x Bs(y)).
Let

hlny): Ulny] x[0,1] = Ulny]

be the G-homotopy uniquely determined by the property that for every element
(gHi.z,1) € G/H; x Bs(y) x [0, 1], Qi o hlnx]'(gHi, z,1) = hinx](Q]* (gHi. 2), 1)
holds. Define the G —map

rlnx]: Ulnx] = Gx

analogously using r[ny]. One easily checks that Ulny], r[nx] and h[ny] have the
desired properties.

Next we explain the induction step from n > nx to n + 1. For a real number € € (0, 1)
define the subspace

S"el:={t-z|te(l—e, 1],z e S D",

a map
plel: S"[e] = S", t-zz

and a homotopy
l[e]l: S™"[€]x[0,1] — S"[e], (t-z,s)—>(-(1—5)+s5)-z.

If j[e]: 8™ — S"[€] is the inclusion, then /[e]o = idgn[¢] and /[€]; =i[€]o p[€]. Roughly
speaking, the homotopy /[€] pushes S”[e] radially to S”.

Roughly speaking, we will obtain U[n + 1] from U|[n] by a thickening into the interior
of the various equivariant (n + 1)—cells such that the thickening is small enough to

ensure that the closure of U[n + 1] stays within V. In detail, consider i € I,,4;. Then
we get inclusions of G —invariants subsets of I'/H; x S”

(@)~ UMD € (@ *H U < (7 TH ™Y
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because of the induction hypothesis. Notice that (Q} *t1=1(V) is a G-invariant open
subset of G/H; x D" containing the closed G —invariant subset (qlf""l)_1 Uln)).
Let pr: G/H; x D"t! — D"T! be the projection. Then the set pr((Q7T")~1(V))
is open in D" and contains the closed subset pr((q;’“)_l(m)). Since S” is
compact, we can choose €; > 0 such that

pR2-&l " (pr((¢! T~ (UD)) S pr((QFHH ™ (V)
holds. Define

Uln+11:=U[nu | 07 (o™ (ple] ™ (pr((g} T~ (UTn])))).

iGI,1+1

One easily checks that U[n + 1] is an open G —invariant subset of X, 11 such that
Uln+ 1] SV holds. The various G—maps idg, g, X ple;i]: G/H;x S"[e] - G/H; x S"
fit together to a G—map

rln+1): Un+1]x[0,1] = Uln + 1]

such that r[n + 1]oi[n + 1] = idg,) holds for the inclusion i[n +1]: U[n] — U[n +1|.
The various G-homotopies idg, g, x![€;]: G/H; x S"[e] — G/H; x S™ fit together to
a G —-homotopy

hn+11: Uln+1]x[0,1] = Uln + 1]

such that /[n + 1] = idy[s+ 1], the image of A[n+1]; liesin U[n+1]N X, = U[n], the
restriction of [n+1],: Uln+1]— Uln+ 1] to U[n] is the inclusion U[n] — Uln+1]
forall # €[0,1] and r[n+1]oh[n+1]=r[n+1]opr, for pr,: Un+1]x[0, 1] —
Uln + 1]. Define a map

0 0<t<m+3)7",
_ —1 _ _
1 n+2)7' <z

One easily checks that the G —homotopy
hin + 1] := h[n + 11" o (idy[p41] x7): Uln + 1]x[0,1] > Uln + 1]
has the desired properties. This finishes the induction step.

Now define
U:=J Ul

n=nx

Since each U[n] € X}, is an open G—invariant subset of X, and X has the weak
topology with respect to the filtration by its skeletons {X} | n > —1}, the subset U
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of X is open and G —invariant. Since l_/n C V holds for all n >0, we conclude U C V.
Define the G-map

pln]:=Uln] - Gx

rlnil et Ulny] —>r[nX] Gx. Since

to be the composite U [n] ﬂ Uln—1]
pln + 1] restricted to U[n] is p[n], we obtain a G —map

p: U — Gx.

Let t: Gx — U be the inclusion. Obviously p ot =idg,. Next we define inductively
for n =ny,ny + 1,... G-homotopies

k[n]: Uln] x[0,1] = Uln]

such that k[n]; =idg,) holds for 7 €[0, (n +2)~1], we have k[n]; = p[n], the composite
pln] o k[n]: Uln] x[0, 1] - Gx factorizes over the projection U[n]x [0, 1] — U[n] to
pln]: U[n] — Gx, and the following diagram commutes:

Ul x 0, 1] —— ™ Ui

i[n+1]><id[o.1]l ji[n+1]

In the induction beginning put k[nx] = h[nx]. In the induction step from n > ny to
n+ 1, we define k[n + 1]|U[n+1]><[0,(n+2)_1] to be h[n + 1]|U[n+1]><[0,(n+2)_1]’ and
define k[n + 1]|ypy41]x[(r1+2)~1,1] to be the composite

rint1]xidyg, 4 2)-1 13

Un+1]x[n+2)"11] Uln]x [(n +2)"1,1]

KInll g ppixn2)—1.11 iln+1] U

Uln]

[n+1].

The homotopies k[n] for n = ny,nx + 1, ... fit together to a G—homotopy
k:Ux|[0,11>U

with kg =1idy and k{ =10 p. To summarize, we have pot =idg, and k: top ~gidy,

and the composite pok: U x[0, 1]— G x factorizes over the projection U x[0, 1] — U[n]
to p.
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Let Sy be the preimage of x under the map p: U — Gx. The G-map G/Gx — Gx,
g — gXx is obviously a G-homeomorphism. Since the pair (G, Gy) satisfies Condi-
tion (S) by assumption, Lemma 4.2 implies that the map

u: G xg, Sx = U, (g,5)—>gs

is a G-homeomorphism. The restriction of ¢ to {x} is the inclusion i: {x} — Sx. The
restriction of p to Sy is a Gx—homotopy inverse of i since pok: U x[0,1] = Gx
factorizes over the projection U x [0, 1] — Uln] to p.

Since V is by definition G - Vx and the closure of U is contained in V', the closure
of Sy is contained in V.

We conclude from Lemma A.1(vi) that U = pr—! (pr(U)) is quasiregular and hence U
equipped with the subspace topology is compactly generated. Since Sy C U is closed,
also Sy is compactly generated. This finishes the proof of Theorem 7.1. a

8 Equivariant principal bundles versus equivariant CW-
complexes

In this section we prove one of our main technical results saying that a ['-equivariant
principal G-bundle p: E — B is the same as a I' x G—CW-complex E with a special
structure of its I' x G'—isotropy groups provided that R(p) € R holds for a given
family of local representations R satisfying Condition (H).

Theorem 8.1 Let R be a family of local representations for (I', G) satisfying Condi-
tion (H) introduced in Definition 6.1.

(1) Let p: E — B be a I'-equivariant principal G —bundle with R(p) € R over a
I'-CW=complex B. Then E; is a I" x G —-CW-complex whose isotropy groups
belong to the family F(R) introduced in Lemma 3.5.

(i) Let E be a left ' x G—CW-complex whose isotropy groups belong to F(R).
Then p: E, — E, /G is a '-equivariant principal G —bundle with R(p) CR.

Proof (i) Let B, be the n—skeleton of the [-CW-complex structure on B. Put
E,:=p~Y(B,). Let p,: E, — B, be the I'—equivariant principal G-bundle obtained
by restricting p to B, . Next we will show that the filtration of E by the E,—s induces
the structure of a I' x G—CW-structure on E; whose isotropy groups belong to F(R).
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Fix n > 0. Since B is a '-CW-complex, there exists a ['—pushout

LI T/H; x S"1 Uierai B,

ST

I'/H; x D" By,
i]g[] / ' ]_[ie[Qi g

where j and J are the inclusions. Consider the square obtained by the pullback
construction applied to py,: E,;, — By:

]_[q;kJ*En:]'*Q;-kEn L[ie]‘Ii J*En

iel
| ;

[10FE - E
ier ' " Hier Qi "

This is a diagram of I" x G—spaces, the various left I' x G —actions come from the left
I' x G-action on Ej. Itis a I' x G—pushout by Lemma A.5(i) and (ii).

We conclude from Remark 3.2 that R(Q Ey) € R holds. Lemma 6.2 implies that the
I'-equivariant principal G-bundle Q} Ey, is isomorphic to the I'-equivariant principal
G-bundle py: (I’ xg G) x D" — T'/H x D" for some element (H,«) € R. Hence
there exists a I' x G—homeomorphism of left I' x G—pairs

(8-1) (T'x G)/H] x (D", $"~") = ((QF En)1. (4] T * En)1)
for an appropriate subgroup H; C T’ x G belonging to F(R).

It remains to show that E has the weak topology with respect to the filtration given
by the E,—s. This follows from Lemma A.6(i) and (ii). This finishes the proof of
assertion (i).

(i) Let E be aleft I' x G-CW—complex whose isotropy groups belong to F(R).
Firstly, we show that £/G is a '-CW-complex. Consider ¢ € E. There exists
(H,a) € R such that (I' x G), = K(H,«) = {(h,a(h) | h € H}. Hence the image
of (I' x G), under the projection I' x G — I' is H and hence closed. Lemma A.7
implies that £/G is a '-CW—complex.

Next we show that p: E, — E/G is a principal G-bundle. Consider b € E/G.
Choose e € E with p(e) = b. From the Slice Theorem 7.1 we obtain a (I' X G),—
invariant (compactly generated) subspace S of E containing e such that the map

S (T xG)xrx6), S —> T xG)-S, (v.8),5) > (y,8)-s
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is a (I' x G)-homeomorphism and (I' X G)- S is an open I" x G —invariant (compactly
generated) subset of E£. Put V := p((I' x G)-S). Choose (H,«) € R such that
(C'xG)e=K(H,a)={(h,a(h) | he H}.

We equip S with the left H—action given by /-5 := (h,a(h))-s. We obtain a '-map

wI'xg S—>V, (y.5) > pof((y.e).s).
Define the I" x G-map

q: (T xG)xwxe), S =>Txg S, ((v.8).5) > (r.9),

where G acts trivially on the target. Then V is an open I'-invariant neighborhood
of b in E/G which is quasiregular by Lemma A.1(vi). Moreover, the following
diagram of right G—spaces commutes, where G acts trivial on I' xg S and V', has a
G —homeomorphism as upper horizontal map and identifications as vertical maps:

S _
((T'x G) Xrx6y, S)r —== p~ ' (V)
(8-2) qt Lplp—um
Tr XH S |4

Since u is a bijective identification, it is a homeomorphisms. Hence it suffices to show
that ¢ is a principal G —bundle.

Equip S x G with the left H-action given by - (s, g) := (h-s,a(h)-g). Then
Pa: X (SXG)=>Txg S, (y.(5.8)) = (v.5)

is a well-defined map which is compatible with the obvious left I'-actions on the source
and the target and with the obvious right G —action on the source and the trivial right
G —action on the target. Define a map

£ Txy (SxG) > (T xG) xrxgy, S)r. (12 (5.9) > (. g7, 9).

It is well-defined by the following calculation for y € I', s € S and g € G:

((yh " ah)-g) ™) h-s) = ((v-h~" g7 a(h) ™) hes)
= ((V’ g_l) ' (h’a(h))_l’ (h,O{(h)) ‘S) = ((y’ g_l)vs)

The map £ is a homeomorphisms, an inverse is given by ((y, g),s) — (¥, (s, g™ 1)). It
is compatible with the left I'-actions and the right G —actions. We obtain a commutative
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diagram of spaces with left I'-actions and right G —actions, where the spaces in the
lower left and lower right corner carry trivial G —actions:

3
T g1 (S X G) —— (T x G) x(rx6), S)r
(8-3) pal luoq
r XH S |4

=

Hence it remains to show that py: I' xg (S X G) — I'/H x S is a principal G -bundle
after forgetting the ['-action.

The Condition (S) ensures that there is an open quasiregular neighborhood U C I'/H
of 1H and a map s: U — I' whose composite with the projection pr: ' — I'/H is
the identity. Define 5: pr—!(U) — H by 5(y) = sopr(y)~!-y. It has the property
S(y-h)=5(y)-h forall y € p~1(U). Define maps

w: (pr ' (U) xg S)x G —pr ' (U) xp (S x G),
v pr Y (U) xg (S xG) — (pr 1 (U) xg S)x G

by

p((y.8),g) = (v, (s.a(y) " - g)),
v(y,(s,8) = ((y,5), a(y)-g).

Then @ and v are to one another inverse G—homeomorphism. They induce a triv-
ialization of pgy restricted to pr—'(U) xg S to the trivial principal G—bundle over
pr i (U)xg S.

Since yH € I'/H is contained in the open subset y - U and p, is a '—equivariant
map, we conclude that p, is locally trivial and hence a principal G —bundle.

This finishes the proof that p: £, — E/G is a principal G-bundle. Since p is
obviously I'-equivariant, p is a I'—equivariant principal G —bundle. It remains to prove
R'(p) € R since then R(p) € R holds.

Consider e € E. Its isotropy subgroup (I" x G). belongs to F(R) by assumption.
Hence there exists (H,«) € R with (I'xG), = K(H,«) :={(h,a(h) | h e H}. This
implies that I';,) = H. We conclude that p.: H — G is given by « since for 1 € H
we have e = (h,a(h))™'-e = (h~1,1)-(1,a(h™ 1)) e in the T x G—space E and
hence we get h-e = e-a(h) in E,. This finishes the proof of Theorem 8.1. o
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9 Local structure

Next we deal with the structure of a I'-equivariant principal G —bundles on small open
I'p —invariant neighborhoods of points b in the base space.

Theorem 9.1 (Local structure) Let R be a family of local representations for (I', G)
satisfying Condition (H) introduced in Definition 6.1. Let p: E — B be a '-equivariant
principal G —bundle with R(p) € R. Consider any point b € B and any '}, —invariant
open neighborhood W of b € B.

Then for every b in B the exists a commutative diagram

I'xr, (T xG) —’;> (V)

Qj jplp—l(y)

FXFhT |4

<

R

with the following properties.

(i) The subset T C B contains b, satisfies T € W, is 'y —invariant and I'p—
contractible.

(ii) The subset V C B is an open I'-invariant neighborhood of b.
(iii) The group I'y acts from the right on T x G by

y(t.8) = t,pe(¥) 8),

where (e, pe) is the local representation of p associated to a fixed element
e € E with p(e) = b; see (3-1).

(iv) The upper vertical map is a homeomorphism compatible with the left I'—actions
and the right G —actions, which at the source is given by

Y- ((y.0).8)-8 =((y'y.1).88).

(v) The lower horizontal arrow is a homeomorphism compatible with the left I'-
actions, and ¢ sends ((y,t),g) to (y,t).

Proof Because of Theorem 8.1(i) we can interpret £; as a I' x G—CW-complex.
Then the claim follows from the Slice Theorem 7.1 and the proof of Theorem 8.1(ii).
More precisely, the desired diagram is the diagram of left I" x G —spaces coming
from combining the diagrams (8-2) and (8-3), if we replace S by its image T under
p: E — B. This is possible since the projection I' x G — I' induces an isomorphism
Ve: (' x G)e =>Tp and p|s: S — T is a ¥, —homeomorphism. a

Algebraic & Geometric Topology, Volume 14 (2014)



Equivariant principal bundles and their classifying spaces 1949

10 Homotopy invariance

Next we show that the pullback of a I'-equivariant principal G-bundle with I'-
homotopic maps yields isomorphic I'-equivariant principal G —bundles.

Theorem 10.1 (Homotopy invariance) Let R be a family of local representations
for (I', G) satisfying Condition (H) introduced in Definition 6.1. Let B be a '-CW-
complex and let p: E — B x[0,1] be a I'-equivariant principal G —bundle with
R(p) CR. Letiy: B= B x{0} - Bx]|0, 1] be the inclusion.

. iy pxidpo,1] , o .y
Then i E x[0, 1] ———— B x[0, 1] is a T—equivariant principal G —bundle and there
exists an isomorphism of I'—equivariant principal G —bundles

frifEx[0,1] > E
over B x [0, 1] whose restriction to B x {0} is the identity.

Proof Let p,: E, — B, be the restriction of i(’)“ E to the n—skeleton B, of B. We
will construct inductively over n an isomorphism of I'-equivariant principal G —bundles

Jnt Enx[0,1] = E|B,x[0,1]

such that the restriction of f; to By, x {0} is the identity and the restriction of f, to
B,_1 x[0,1] is f;—1. Then we can define the desired isomorphism f by requiring
that f'|p,x[0,1] = fu- since i E has the weak topology with respect to the filtration
by the E,-s by Lemma A.6(i) and (ii).

The induction beginning #» = —1 is trivial, the induction step from (r — 1) to n done

as follows. Choose a I'-pushout

[[T/H; x S"~1 Hicrdi p

o |

[ T/H; x D" By.

iel iel i

From Lemma A.5(i) and (ii) we obtain a I" x G—pushout

icrai
]_[CI;(En—l — Eyq

N

[[OFE > Ej,
ier ' n]_[ieIQi "
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and thus a I' x G—pushout

;e gi xido. 17
L1} En—1 %[0, 1] ————— E,—; x[0,1]

o |

110} Enx[0,1] _ En x[0,1].

iel [ier Qixidpo, 1]

Hence it suffices to extend for each i € I the map of I'—equivariant principal G —bundles
over I'/H; x S"1 x [0, 1],

in[O,l] f;‘l
Xit qF En—1 x[0,1] /=== E,_; x[0,1] 2= E|p, _ L x[0,1]>

covering ¢; X idpg ;1: I'/H; x S"=1x[0,1] = B,_1 x[0, 1] to a map of I'—equivariant
principal G -bundles over I'/H; x D" x [0, 1],

it Q;'kEn x[0,1] — E|an[o,1],

covering Q; xidjg,1): I'/H; x D" x[0, 1] — By x[0, 1] such that the restriction of y; to
I'/H; x D™ x {0} is fiberwise the identity. We obtain from x; a map of ['—equivariant
principal G-bundles over I'/H; x S"~1 x [0, 1],

xi g En—1x[0,1] = (Q; xidjo,1)* E |/ 5, x sn—1x[0.1]

covering the identity id: I'/H; x S"~1 x[0, 1] = I'/H; x S"~1 x [0, 1] such that the
restriction of x] to I'/H; x S n=1 % {0} is the identity. It remains to extend X} to map
of I'-equivariant principal G -bundles over I'/H; x D" x [0, 1],

y,f: Ql*En X [0, 1] —> (Q, Xid[o’l])*E,

covering the identity id: I'/H; x D" x [0,1] — T'/H; x D" x [0, 1] such that the
restriction of y/ to I'/H; x D" x {0} is the identity. We obtain from (8-1), now applied
to D" x[0, 1] instead of D", isomorphisms of I'—equivariant principal G —bundles over
I'/H; x D" x[0, 1],

a: (T x G)/H; x D" x[0,1] = Q*E, x[0. 1],

b: (T'x G)/H; x D" x [0, 1] = (Q; xidg 1)*E.
for an appropriate subgroup H; C I' x G if we convert the left G —action into a right

G —action in the usual way. By conjugation with the restrictions of @ and b~! to
I'/H; x S"~1 x[0, 1], we obtain from x; an isomorphism of I'-equivariant principal
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G -bundles over I'/H; x ™1 x [0, 1],
X/t (Cx G)/H; x S 1 x[0,1] = (T x G)/H; x "™ x [0, 1].

The remaining problem is to extend x;’ to an isomorphism of I'-equivariant principal
G -bundles over I'/H; x D" x [0, 1],

v/ (T'x G)/H; x D" x[0,1] il (' x G)/H; x D" x [0, 1],

whose restriction to D" x {0} is the restriction of =1 oa to D" x {0}. Notice that x;
is the same as a map S™~! x[0, 1] > mapp,.¢(I'x G)/H;. (T xG)/H;) and p! is the
same as map D" x [0, 1] — mapyp,q((I' x G)/H;, (I' x G)/H;). Hence the remaining
problem is to extend a given map

S"71x[0, 11U D" x {0} = mappy (T x G)/H;, (T x G)/H;)

to a map
D" [0, 1] > mapr g (T x G)/H;. (T x G)/Hj).

This is possible since there is a retraction D" x [0, 1] — S”~1 x [0, 1]U D" x {0}. O

11 Universal equivariant principal bundles

Fix a family of local representations /R which satisfy Condition (H) introduced in
Definition 6.1. In this section we construct the universal I'-equivariant principal G—
bundle and in particular the classifying space for I'-equivariant principal G —bundles
with respect to R.

Definition 11.1 (Compatibility) We call R compatible with the I'-CW-complex X
if for any x € X and (H,a) € R with T'y € H the pair (I'y,a|r,) belongs to R
again.

Remark 11.2 Notice that this condition is automatically satisfied for every [-CW-
complex if R is closed under taking subgroups, ie for (H,«) in R and K € H we
have (K,u|g) € R.

Consider '-CW-—complexes X and B and a ['-equivariant principal G -bundle
p: E — B over the ['-CW—complex B with R(p) € R. Let Bundler g,z (X) be
the set of isomorphism classes of I'-equivariant principal G-bundles g: £ — X with
R(q) S R. Suppose that R is compatible with X . Then for any -map f: X — B
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the pullback f* p is a '—equivariant principal G —bundle with R( /™ p) € R. Because
of Theorem 10.1 the pullback construction yields a well-defined map

(11-1) c¢: [X, B' = Bundler g 2 (X), [f1+ [f*Pp)

Notation 11.3 (Classifying space of a family of subgroups) Given group G and a
family F of subgroups of G, denote by Er(G) the classifying space of the family F .

Recall that E7(G) is a G—-CW—complex whose isotropy groups belong to F and for
which the H—fixed point set E#(G)H is nonempty and weakly contractible for every
H € F. A model always exists. For any G—-CW-complex X whose isotropy groups
belong to F, there is up to G-homotopy precisely one G—map X — Er(G). In
particular two models for Ex(G) are G—homotopy equivalent. For more information
about classifying spaces of a family we refer for instance to the first author [23].

Theorem 11.4 (Classifying space for I'—equivariant principal G —bundles with family
of local representatives contained in R satisfying Condition (H)) Let R be a family of
local representations for (I, G) satisfying Condition (H) introduced in Definition 6. 1.
Define

E(',G,R) = Ermw)(I' xG),,
B(F, G,R) = E]:(R)(F X G)r/G,

where F(R) is the family of subgroups of I' x G introduced in Lemma 3.5. Let
p: E(T,G,R) — B(I',G,R) be the projection. Let X be a '-CW-complex such
that R is compatible with X in the sense of Definition 11.1.

Then p: E(T',G,R) — B(I', G, R) is a '-equivariant principal G —bundle and the
map ¢ defined in (11-1),

c: [X, BI' — Bundler g r(X), [/]+[/"p]
is bijective.
Proof We conclude from Theorem 8.1 (ii) that p: E(I',G,R) - B(I',G,R) is a
I'—equivariant principal G —bundle.
We construct an inverse map
d: Bundler g r(X) — [X, BI"
as follows.

Let g: E — B be a I'-equivariant principal G-bundle whose family of local rep-
resentations is contained in R. We conclude from Theorem 8.1(i) that E; is a left
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I' x G-CW-complex whose isotropy groups belong to F(R). Hence there is up
to I' x G—homotopy precisely one ' x G—map f: E; — E Fr)(I' x G) which is
the same a map f_ : E — E(T',G,R) compatible with the left ['-actions and right
G —actions. Taking the G —quotient yields a map f: B — B(T", G, R) which is unique
up to '~homotopy and for which the following diagram commutes:

E-L- ET.G.R

q] lp

B —f> B(T',G,R)
Hence ¢ is up to isomorphism the pullback of the universal bundle p with the I'-
map f: B — B(I',G,R) and the construction of this '-map f is unique up to
I'~homotopy. Define d([¢]) by [f]. This is well defined since obviously [ /] depends

only on the isomorphism class [¢] of ¢. Since f™*p is isomorphic to ¢, we get
¢ od = idpundier . (x) - One easily checks d oc =idy pyr-

This finishes the proof of Theorem 11.4. a

We will call p: E(I', G, R) — B(I', G, R) appearing in Theorem 11.4 the universal I'-
equivariant principal G —bundle with respect to the family of local representations R.

If p': E(y,G,R) — B(y,G,R) is another such universal bundle, then there is a
commutative diagram of such bundles covering a '~homotopy equivalence f':

E(,G,R) —~ E(',G, Ry
L g
B(',G,R) — = B(I,G,R)

That is, ]7 is compatible with the left I" and the right G —actions and is a homeomor-
phism. Such a diagram is unique up to I' x G-homotopy, in particular the '-map f
is unique up to I'-homotopy.

12 Reduction of the structure group to a maximal compact
subgroup

If K is a subgroup of G and po: Ey — B is a ['-equivariant principal K—bundle, then

Do: Eoxxg G— B, (e,g)+> pole)
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inherits the structure of a ['-equivariant principal G —bundle in the obvious way. One
has just to verify local triviality of the underlying principal G —bundle py.

Definition 12.1 (Reduction) Let p: E — B be a ['-equivariant principal G —bundle.
Given a subgroup K C G, a reduction to a I'-equivariant principal K-bundle is a
I'-equivariant principal K-bundle py: E¢ — B together with an isomorphism of
I'-equivariant principal G —bundles from pg to p.

Lemma 12.2 Let p: E — B be a I'-equivariant principal G —-bundle and K € G be
a subgroup. Let f: E — G/K be a I' x G—map, where we equip the target with the
" x G —action given by (y,g)-g' K = gg’' K. Suppose that the pair (G, K) satisfies
Condition (S); see Definition 4.1. Put Ey = f7Y1K). Let pr: Ef — B be the
restriction of p to Ey. Then:
(i) The map ps. Ef — B is a I'-equivariant principal K-bundle which is a K-
reduction of p.
(i) Every K-reduction of p: E — B is up to isomorphism of I'-equivariant princi-
pal K-bundles of the form pys: Ey — B for appropriate f .
Gii) If fo, fi: E — G/K are I' x G—maps which are I" x G —homotopic, then
Pty Ef, > B and py,: Ef — B are isomorphic as I'-equivariant principal
K-bundles.

Proof (i) From Lemma 4.4 we obtain a I' x G-homeomorphism
u: onKGiE, (g,e)r>e-g.

It remains to show that py: Eg — B is a principal K-bundle, ie to show local triviality.
Since p is locally trivial, it suffices to treat the case, where £ =G x B and p: GX B —
B is the projection. Choose a quasiregular open subset U € G/ K with 1K € U and
amap s: U — G satisfying pros = idy, where pr: G — G/K is the projection.
Let V be the open subset of B given by p(f~1(U)). Since V is I'-invariant, it is
quasiregular by Lemma A.1(vi). Let a: V — G be the map sending v to so f(v, 1).
Then we obtain an automorphism of the trivial principal G-bundle G x B — G x B,

o GxVtiV, (g,v)— (g-a(v),v).

If 1:GxV — G/K sends (g,v) to gK, then m oo = f. Hence & induces a
commutative diagram of K-spaces

p;l(V) VxK

pflp_lk\ /
f
vV
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such that the horizontal arrow is a K~homeomorphism and the right vertical arrow is
the projection.

(i) Let pg: E¢9— B bea K-reduction of p. Choose an isomorphism of I'-equivariant
principal G-bundles u: G xg Eg — E. If we take f: E — G/ K to be the composite
of u~! with the obvious projection G xg Eq — G/K, then pyq is Pr-

(iii) Fix a I' x G-homotopy h: E x[0,1] - G/ K with hy = f; for k =0, 1. Let
q: Ex[0,1]— B x[0, 1] be the I'-equivariant principal G—bundle given by p xid[g,1].
Then we obtain a '—equivariant principal K-bundle g: (E %[0, 1]);, = B %[0, 1] whose
restriction to B x {k} is ps for k =0, 1. Now the claim follows from Theorem 10.1.

O

Definition 12.3  (Almost connected group) Givena group G, let GO be its component
of the identity and define the component group G by G = G/G°. We call G almost
connected if its component group G is compact.

The next result is due to Abels [1, Corollary 4.14].

Theorem 12.4 (Almost connected groups) Let G be a locally compact Hausdorff
topological group. Suppose that G is almost connected.

Then G contains a maximal compact subgroup K which is unique up to conjugation,
and the H —fixed point set (G/K)H is contractible for every compact subgroup H C K .

Theorem 12.5 (Existence of a K-reduction) Let G and I" be locally compact second
countable topological groups. Suppose that G is almost connected. Let K € G be a
maximal compact subgroup. Let R be a family of local representations for (I", G) such
that for each element (H,«) in R the subgroup H C I' is compact. Let Rg be the
family of local representations of (I', K) which is given by Rx = {(H,«) | a(H) <
K,(H, @) e R}.

Then every I'-equivariant principal G —bundle p: E — B with R(p) € R has a (pre-
ferred) K-reduction py: Eg — B which is unique up to isomorphism of I'-equivariant
principal K-bundles and satisfies R(pg) € R .

Proof Condition (H) is always satisfied under the conditions of Theorem 12.5 because
of Theorem 6.3. It suffices to prove the claim for the universal I'-equivariant principal
G -bundle because of Theorem 11.4, since K-reductions are compatible with pullbacks.

Let p: E(I', G,R) — B(I', G, R) be the universal ['-equivariant principal G —bundle
with respect to the family R ; see Theorem 11.4. Recall that E(I", G, R) isa I'xG-CW-
complex whose isotropy groups belong to the family of subgroups F(R) associated
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to R. For any element in K(H,«) € F the image of K(H, «) under the projection
I' x G — G is compact and hence a closed subgroup of G. Lemma A.7 implies that
E[T,G,R)/T isa G-CW—complex. Because of Theorem 12.4 the G—-CW-complex
G/ K is the classifying space for proper G —actions. Hence there is up to G —homotopy
precisely one map E(I',G,R)/ " — G/ K. We conclude that there isup to I' x G-
homotopy precisely one ' x G-map f: E(I',G,R) — G/ K. From Lemma 12.2 we
obtain a K-reduction py of p which is unique up to isomorphism of I'-equivariant
principal K-bundles. One easily checks R(ps) € Rk . o

Example 12.6 (Equivariant vector bundles and Riemannian metrics) In the case G =
GL;(R), we have O(n) as the maximal compact subgroup and Theorem 12.5 implies
the well-known statement that any equivariant vector bundle £ over a proper '-CW-
complex can be equipped with a '-invariant Riemannian metric and that two equivariant
vector bundles over a proper '-CW—complex with I'-invariant Riemannian metrics
admit an isomorphism respecting the ['-invariant Riemannian metrics if and only the
equivariant vector bundles are isomorphic (after forgetting the invariant Riemannian
metrics).

13 On the homotopy type of the classifying space

In this section we want to establish for H C I" a weak homotopy equivalence

| | BCg(a) ~ B(T,G,R)H,
[@]lehomr (H,G)/G

where [a] runs over the G —conjugacy classes of homomorphisms «: H — G with
(H,®) € R. This will follow from Theorem 13.1.

Let hom(H, G) be the space of homomorphisms of topological groups H — G,
endowed with the subspace topology from hom(H, G) € map(H; G); see Section A.5.
Denote by hom(H, G)/ G the quotient space under the conjugation action of G, ie, the
left G'—action sending (g, ) € G xhom(H, G) to c¢g o, where cg: G — G sends g’
to gg’g~!; see Section A.5. Recall that the centralizer of « € hom(H, G) is

Co(@):={geG|gah)g ! =a(h) forall he H}.
For R a family of local representations for (I', G), and (H, ) in R define
homg (H,G) :={a ehom(H,G) | (H,a) e R}

and note that homg (H, G) is closed under the conjugation of G'.
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Theorem 13.1 (Fixed point sets of B(I', G, R)) Let R be a family of local repre-
sentations for (I', G) satisfying Condition (H) introduced in Definition 6.1. Consider
an element (H,) in R.

(i) We obtain a bijection
homg (H, G)/G = o(B(T, G, R)H).

(i) Given (H,a) in R, let B(T', G, R)g’ be the path component of B(T", G, R)H?
that corresponds under the bijection of (i) to the class of « in homgr(H,G)/G.
Then there exists a weak homotopy equivalence

BCg(e) > B(I.G,R)H.

Proof (i) We obtain from Theorem 11.4 bijections
70(B(T, G, R)®) 5 [I/H, BT, G.R)|" = Bundler gz (I'/H).
Given o € homg (H, G), we obtain a I'-equivariant principal G —bundle
§o: 'xq G >T/H, (y.g) > vH,

where I" x4 G is the quotient of I x G under the left H —action given by /- (y, g) =
(y-h~ ', a(h)-g). We conclude from Lemma 5.1 (ii) and (iii) that any I'-equivariant
principal G-bundle ¢q: £ — I'/H with R(q) C R is isomorphic to &, for some
o € homg (H, G), and for two elements «, B € homg (H, G) the '—equivariant prin-
cipal G-bundles &, and &g are isomorphic if and only if the classes of « and f in
homp (H, G)/G agree. Hence we obtain a bijection

homg (H, G)/G —> Bundler g = (I/H), [a]— [Eq]

(i) Let p: E(I', G, R) — B(I', G, R) be the canonical projection which is a principal
G —bundle. We want to show that p induces a principal Cg(«)—bundle

P E(C,GRKED g 6, RE.

Abbreviate E = E(T, G, R). Consider (H,a) € R. Let EH) be the subspace of E
consisting of those elements e € E such that for each 7 € H there exists g € G with
h-e =e-g. For each ¢ € E define p, € hom(H, G) by requiring /1-e = e - pe(h).
Thus we can define a map of sets

0: EH) hom(H, G).
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Next we show that p is continuous. We apply Theorem 9.1 at the point b = p(e) and
obtain a commutative diagram

f _
I' xr, (TxG)—g>p 1(V)

qj jph,—l([/)

I'xp, T —a V.

<

12

It suffices to show the composite of p with the map f<H): (I'xr, (T'x G))(H) — EH)
is continuous.

Put TH) = {y e |y~ H-y CT}}. Consider the commutative diagram

) " hom(H, Ty)

r 7 hom(H, F),

where v’ and v respectively are given by conjugating the inclusion homomorphism
i: H— Ty with y € '{H) and y € I' respectively, the left vertical arrow is the
inclusion of subgroups and the right vertical arrow is the injection induced by the
inclusion ', — I'. Since map(H, I'p) is the preimage of the constant map under
map(H,T') - map(H, '/ T'p), we conclude from Lemma A.2 that the right vertical
arrow is the inclusion of a closed subspace. As explained in Lemma A.2, the conjugation
map ' x hom(H, ') — hom(H, T') is continuous. We conclude that v and hence v’
are continuous. Define a map of sets

TR r'f) x g — hom(H, G)

by sending (y, g) to the composite H BLAN Iy 2 G %, G, where i: H — Iy is
the inclusion. Since v’ is continuous, p is continuous. The map p factorizes through
the obvious projection r'f) x g - (I' xr, G)(H>, which is an identification, to
a continuous map : (I' xr, G)(H ) = hom(H, G) making the following diagram
commutative:

') x G

| e

(I xr, G)H) = hom(H, G)
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If pr: I'xr, (I'xG) — I'xr, G is the projection, the following diagram is commutative:

(H)
(T xr, (T x G)) ' L g

pr(H)l/ o

(F XTy G)(H)

hom(H, G)

Hence ﬁopr(lﬂ = po f{H)  This implies po fH) and hence p: EH) — hom(H, G)
is continuous. One easily checks that p is a G—map.

Let EH-®) be the preimage under p of the orbit G - € hom(H, G) with respect to
the action of G on hom(H, G) given by composing with conjugation automorphisms.
Hence p induces a G—map

o EHY) _ G.q.

Since R satisfies Condition (H), the G—map (o: G/Cg(a) > G-, g cgoa isa
homeomorphism. Define the G -map

pa =1y, 0 pl: EH) _ G/Cq(a).
One easily checks that the preimage of 1-Cg(«) € G/Cg () under py is EXH-2)
Since (G, Cg(a)) satisfies Condition (S), it implies that the canonical G —map

G XCg (@) gpKH.0) | p(H.a)

is a G—homeomorphism. One easily checks E (H.e) ig the preimage of B(T, G, R)f
under p: E(I',G,R) — B(I', G,R). Hence p induces a Cg(a)—map

P EC.GRKHED . B G, R)Y

for which the following diagram of G —spaces commutes:

~

G XC(;((x) EK(H’a) E(Hﬂ)
GXGM m@&’)
B(I.G,R)I

Since the right vertical arrow is a principal G-bundle, Lemma 12.2 implies that
PH): ET.G, R)KH.®) _, B(T, G, R)g is a principal Cg(«)—-bundle.

Let X be a CW—complex and f: X — B(T, G, R)g be a weak homotopy equivalence.
Let ¢: f*E(T, G, R)XH-2) _5 X be the pullback of the principal Cg(cr)—bundle
P(H ) - Every principal G -bundle is a fibration. We conclude from the long exact
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sequence of homotopy groups associated to p(g,q) and ¢ and the five lemma that
the induced map f*E(I,G, R)XWH.) 5 E(T, G, R)KH-®) i a weak homotopy
equivalence. Since E(T, G, R)KUH-) s weakly contractible, the same is true for
f*E(T,G,R)KH-9) Since ¢ is a principal G-bundle over the CW—complex X
with weakly contractible total space, it is a model for the universal principal Cg(ct)—
bundle and X is a model for BCg (). a

14 Examples

14.1 Some special cases for G, I' and R

Example 14.1 (Trivial I') Suppose I' is trivial. Then there is only one family R of
local representations consisting of {1} — G, and the universal ['—equivariant principal
G -bundle with respect to the family of local representations R is the same as the
universal principal G-bundle EG — BG.

Example 14.2 (Trivial G) Suppose G is trivial. Then a family of local representa-
tions is the same as a family F of subgroups of I', and the universal I'-equivariant
principal G —bundle with respect to the family of local representations R = F is the
identity Ex(I") — Ex(T).

Example 14.3 (Trivial local representations) Let F be a family of subgroups of I".
Let 7TR(F) be the system of local representations given by pairs (H, pgr), where H
belongs to F and pg is the trivial representation. Then a I'-equivariant principal
G-bundle q: E — B satisfies R(p) € TR(F) if and only if all isotropy groups
of B belong to F, the induced map ¢/ I': E/T" — B/ T is a principal G-bundle,
and ¢ is the pullback of ¢/ I with the projection pr: B — B/ I". This follows from
Theorem 9.1.

A model for the universal ['-equivariant principal G —-bundle associated to TR (F) is
idxp: Ex(T')xEG — Ex(I') x BG,

where p: EG — BG is the universal principal G—bundle, the left I'- and right G—
actions are given on the total space by y-(x,e)-g = (y -x, e-g) and on the base space

by y-(x,b)-g=(y-x,b).

Example 14.4 (R(F)) Consider a family F of subgroups of I". Define the associ-
ated family of local representations

R(F):={(H,x)| He Fand a: H— G is any group homomorphism};
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in other words, H runs through elements in F and « through all possible group
homomorphisms.

Then a I'-equivariant principle G-bundle p: E — B over the '-CW-complex B
satisfies R(p) € R(F) if and only if all isotropy groups of B belong to F. If
we suppose that R(F) satisfies Condition (H) introduced in Definition 6.1, then in
this situation the universal I'-equivariant principal G —bundle with respect to R(F)
classifies ['-equivariant principal G —bundles over '-CW-complexes whose isotropy
groups belong to F.

If we choose F to be the family of compact subgroups and R(F) satisfies Con-
dition (H), these are precisely the I'-equivariant principal G —bundles over proper
'-CW-complexes.

Example 14.5 (n—dimensional complex vector bundles with Hermitian metrics over
proper I'-CW-complexes) Let I' be a topological group. Assume that all compact
subgroups of I' are Lie groups and I' is completely regular, eg I' is a Kac—-Moody
group, or that IT" is locally compact, second countable and has finite covering dimension,
eg is a Lie group. Let G = U(n) be the Lie group of unitary automorphisms of C”.
Consider the family of representations

R:={(H,a)| H is compact and «: H — G is any group homomorphism},

which is the family R(COM) of Example 14.4 associated to the family COM of
compact subgroups.

In this case hom(H, U/ (n)) is isomorphic to the space of unitary representations of H
on C", and hom(H,U(n))/U(n) is isomorphic to the set of isomorphism classes of n—
dimensional unitary H -representations. Denote by Vi, Va,,..., Vi, ... the irreducible
unitary representations of A and d; :=dimc V;. The set of isomorphism classes unitary
n—dimensional H —representations can be parametrized with the set of partitions of n
using the dimensions d;, ie

hom(H,U(n))/Un) = {(ny,nz,...,0k,...) | nidy +---+npdy +---=n,n; > 0}.

If the homomorphism «: H — U (n) induces the representation V = P; Vie;"" , then
the isotropy group is

Cum (@) = [ Jum)

and therefore we have that

B, U(n), R)H =~ | ] [ [ BU@).

{(n1,n2,....np,.. ) |ndy ++npdi+=n,n; 20} i
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14.2 Compact abelian Lie group G

Let I" be a topological group. Assume that all compact subgroups of I" are Lie groups
and I' is completely regular, eg I is a Kac—-Moody group, or that IT" is locally compact,
second countable and has finite covering dimension, eg is a Lie group. Let G be a
compact abelian Lie group.

Consider the family of representations
R:={(H,a) | H is compact and «: H — G is any group homomorphism},

which is the family R(COM) of Example 14.4 associated to the family COM of
compact subgroups. We have

homg (H, G) = hom(H, G)
and therefore we obtain from Theorem 13.1 a weak homotopy equivalence
| | BG~B(T.G.R)Y.
hom(H ,G)

Whenever G = S! we have that hom(H, S') =~ H?*(BH,Z) and BS' ~ K(Z,2).
Therefore we obtain a weak homotopy equivalence
| | k@.2~Br.s". »R)".
HZ2(BH,Z)

Now make the stronger assumption that I" is a Lie group. Then for every compact
subgroup H C T" the homogeneous space I'/H is a smooth manifold and hence a
CW-—complex. This implies that ET" xp B(I', G, R) is a CW—complex. Because of
Theorems 6.3 and 11.4 we have the universal I'—equivariant G —bundle with respect
to R,

p: ET,G,R)— B(I', G, R).

Applying the homotopy quotient with respect to the group I" we obtain a principal
G —bundle over a CW—complex

G—->EIl'xr E(I'G,R)—- ET xr B(I',G,R)
which can be classified by a map
ET xr B(I',G,R) — BG.
This map induces an adjoint map

¥: B(I',G,R) - map(ET, BG)
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which is I'-equivariant. In general the map v is not a '-equivariant homotopy
equivalence, but under the specific choices of I', G and R above indeed they are.

Theorem 14.6 Let I' be a Lie group and let G be a compact abelian Lie group. Put
R = R(COM) for COM the tamily of compact subgroups of I". Let X be a proper
I'-CW complex.

Then the map
map(idy, ¥): map(X, B(T', G, R)) — map(X, map(ET, BG)), f+>¥of,
is a weak I'-homotopy equivalence.
In particular we obtain bijections
Bundler g »(X) = [X, B(I', G, R)HIT = [X, map(EF,BG)]F =[ET xr X, BG],
and, when G = S,

Bundler g1 »(X) = H*(ET xr X, 7).

Proof For a compact subgroup H of I', we claim that the induced map
v B(',G,R)” — map(ET,BG)H ~ map(BH, BG)

is a weak homotopy equivalence; the proof is based on the proofs and results of [20, The-
orem 2 and Proposition 4]. From Theorem 13.1 we know that

Br.¢. R =~ || BT.G.RE
a€hom(H,G)

and since G is abelian we know that

E(T, G, RKXHD _, pr, G, R)H

is a G —principal bundle. Therefore we have a commutative square of principal G-
bundles

ET,G,R)KH®) ., EG

| |

B(T', G, R)f —— BG,
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where the bottom arrow is a homotopy equivalence. This square induces another square
of associated principal G —bundles

ET xg(ga E(T,G,R)KHYD o~ ET xpy o EG—— EG

o ]

ET/H x B(T,G,R)H ET/H x BG — BG,

~

where on the upper left corner the group K(H,«) acts on ET via the canonical
isomorphism H =~ K(H,«), on the upper middle term the group H acts on EG via
the homomorphism «: H — G and the horizontal maps on the right-hand side are
classifying maps. In [20, Proof of Theorem 2, page 173] it is shown that the adjoint
map of the lower horizontal maps of diagram (14-1),

BG — map(ET, EG)" ~ map(BH, BG),
is a weak equivalence on basepoint components; therefore the map
H . H H
) |B(F,G,R){;’ : B(I',G,R),, — map(ET",BG)” =~ map(BH, BG)

is also a weak equivalence of basepoint components. In [20, Proposition 4] it is shown
that the map

B: hom(H, G) — [BH, BG]

given by the classifying space functor is an isomorphism, and since the bundle
ET xg o EG is constructed through the action defined by the homomorphism «,
then we conclude that the map

v B(T,G,R)” — map(ET, BG)H ~ map(BH, BG)
is indeed a weak homotopy equivalence.
Hence for every proper '-CW—complex Y the induced map
(14-2) Vi [Y. BIC.G. R — [Y.map(ET.BG)' . [f]+> [V o f]
is bijective; see [22, Proposition 2.3 on page 35].

In order to show that map(idy, ¥) is a weak '-homotopy equivalence, it suffices to
show for any '-CW-complex Z that the induced map

map(idy, ¥)«: [Z, map(X, B(T, G, R))]' — [Z, map(X,map(ET, BG))|',
[f]+ [map(idy, ¥) o f],
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is bijective; see [22, Proposition 2.3 on page 35]. Because of the adjunctions appearing
in Section A.4 and the identification 7o(map(4, B)T) = [4, B]' for T—spaces A
and B, this is equivalent to showing that adjoint map

Vui [X x Z, B(T, G, R)I' — [X x Z, map(ET,BG)I', [f]r~[¥o f]

is bijective, where I' acts diagonally on X x Z. Since T is a Lie group and X is a
proper '-CW-complex, X x Y is I'-homotopy equivalent to a proper '-CW-complex
Y . Hence map(idy, ¥) is a weak I'~homotopy equivalence because of the bijectivity
of (14-2).

The other claims follow using Theorem 13.1. |

15 The case when G =PU (H) is the projective unitary group

Twisted versions of K—theory may be defined via a specific type of projective unitary
bundles. The key point is that the space Fred(?) of Fredholm operators on a separable
Hilbert space H endowed with the norm topology, which itself has the homotopy type
of Z x BU (see Atiyah [3] and Janich [13]), carries a conjugation action by the group
PU(H) of projective unitary operators. Thus, to a pair (X, P) of a CW—complex X
together with a principal PU(H)-bundle

PUH) — P — X

over X , one can associate the twisted K—theory groups K~*(X, P) (see Atiyah and
Segal [4]) defined as the homotopy groups

K7 (X, P) := m;(T(P xpy() Fred(H)))
of the space of sections of the associated Fred(?)-bundle
Fred(H) — P xpyz) Fred(H) — X.

The equivariant version of the previous construction requires equivariant projective
unitary bundles of a certain kind, and in order to construct their universal and classifying
space we need to show that the group PU(H) satisfies items (i), (ii) and (iv) of
Condition (H) introduced in Definition 6.1. In what follows, we will show that PU (H.)
satisfies items (i), (ii) and (iv) of Condition (H), whenever we consider homomorphisms
oa: H — PU(H) from finite groups H .
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15.1 Ecxistence of local cross sections for H finite

Let U(H) and PU(H) be respectively the unitary and projective unitary groups of a
separable Hilbert space H. The group U (H) is defined as

UH) :={U e BH) |UU*=U*U =1},

where B(#H) denotes the space of bounded operators on . Its center Z(U(H)) is S!,
and PU(H) is the quotient U(#H)/S'. We endow U (#) with the norm topology, ie a
subbase for the topology is given by the sets

Be(T):={S cUH) |IS-T| <e}.

where
T := sup{||Tx| | x € H such that | x| < 1}.

Endow PU(H) with the quotient topology and note this topology can be recovered
with the metric defined by the distance between the S!—orbits, ie for T, U € PU(H)
define

(T, U)min := min{||T — l7|| | T,U € U(H) are lifts of T, U respectively}.

With these topologies the groups U/ (#) and PU(H) become a topological groups. The
short exact sequence of topological groups

1= S' > UM D PU) — 1
is an S —principal bundle (cf Simms [32]).

The group U(H) endowed with the norm topology is moreover a Banach Lie group;!
namely, U (#) is a Banach manifold whose structural maps are maps of Banach
manifolds; see for instance [29, Example V.1.6, page 391]. It can be modeled locally
by the vector space A of skew-adjoint operators

A:={LeBM)|L+L*=0}
via the exponential map
exp: A—>UH), Lr>exp(l);

in this way we could think of the skew-adjoint operators as the tangent space of U/ (H)
at the identity, T'U(H) = A.

1A reference for the foundations of Banach manifolds may be found in Lang [17], and a reference on
the properties the properties of Banach Lie groups and their Banach Lie algebras may be found in de la
Harpe [10] and Neeb [29] and the references therein.
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This in particular implies that a base of open sets around 1 € /() may be obtained
by the image of the exponential map of a base of open sets around 0 € A. Denoting
by iR the operators of the form r+/—1-idy for r € R, we obtain the diagram

0 iR A—"> A/iIR——0
(15-1) | exo lexp
1 S! UH) —Z= PURH) —= 1

which in particular permits us to model locally PU(H) through any section

(o2

=
0 iR A——> A/iR —>0

by the composition
poexpoo: A/iR — PU(H)

making the following diagram commutative:

o

A———A/iR
expl lpoexpoa
UH) —=PUH)

Now let H be a finite group. Recall that hom(H, PU(H)) obtains the subspace
topology from its embedding into map(H, PU(H)); see Section A.5. Since PU(H)
is metric, this topology can also be defined with the supremum metric of (B-1).

Consider the conjugation action
PU(H) x hom(H, PUH)) — hom(H, PUH)), (g,0) > gag !
and for o« € hom(H, PU(H)) denote by
PUMH) -« :={gag™" | g € PUH)}
the orbit of & under the conjugation action. We claim the following.
Theorem 15.1 For any finite group H and any o € hom(H, PU(H)), the projection
pr: PU(H) — PU(H )/ Cpy ) (@)
is a principal Cpyy(3¢) () —bundle and the canonical map
lo: PUH)/ Cpyy (@) = PUH) -t

is a homeomorphism.
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Its proof needs some preparation. For «: H — PU(H) denote by
H:=o*U(H)

the central S'—-extension of H defined by the pullback of & making the following
diagram commutative:

1 S! H H 1
(15-2) |- la l
1 S! UH) PUH) — 1

Denote the space of homomorphisms from Htolu () on which the kernel of the map
H Y H acts by multiplication by

homg: (H,U(H)) := {f € hom(H,UH)) | f(x) = x for all x € ker(y)}.

and endow it with subspace topology homg: (H,U(H)) € hom(H,U(H)). (This is
automatically compactly generated by the next result.)

Lemma 15.2 The space homg1 (H,U(H)) is closed and open in hom(H ,U(H)).
Proof Consider the restriction map
A: hom(H,U(H)) — hom(S', U(H)).
J = lker(y)

and note that homg: (H,U(H)) = A~ (p) where p(L)(x) = A-x for any x € H.

Take any other 8 € hom(S',2/(#)) and since it defines a representation of S! different
from p, there must exists an element x € 7 of norm 1 and an integer k # 1 such that
B(L)x = Ak x. We have then

10, Bllsup = sup [|p(h)x — BA)x| = sup |1 —AF1 > 1
rest res!

and therefore we can conclude that p is an isolated point in hom(S!,2/(#)). Hence
A~1(p) is closed and open. |

Define also the space of homomorphisms from H to PU(H) which induce isomorphic
central S'!—extensions of H by

hom(H, PU(H)) 5
= {B: H— PUH) | B*U(H) = H as central S'—extensions of H}

and endow it with the subspace topology of hom(H, PU(H)). (This is automatically
compactly generated by the next result.)
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Lemma 15.3 The space hom(H, PU(H)) g is closed and open in hom(H, PU(H)).

Proof The isomorphic classes of central extensions of a finite group are in one to one
correspondence with the group H?(H, S'). This cohomology group can be calculated
by the continuous cohomology (see Segal [31, Example 1.4]) as the quotient of the
topological groups

8
ker(map(Hz, Sy = map(H?, Sl))

8
im(map(H, S') - map(H?2, S1))

where § denotes the standard group cohomology differential. For a homomorphism
o € hom(H, PU(H)) define the 2—cocycle ¢, € map(H?2, S1) by

_ —_—— —— 1
Ca(g.h) = a(g)a(h)a(gh)

where a@) € U(H) denotes fixed lifts of «(g) forall g€ H. If
Ca (g, h) = a(g)a(h)al(gh) ™

— — 1
denotes the 2—cocycle defined by a different choice of lifts, then, since «(g)o(g)
is in the center of /(H) for all g € H, the map e € map(H, S'),

e(g) = a()alg) .

satisfies the equation §(e)-co = ¢ . Therefore we have the equality cohomology classes
[Ca] = [ca]. Thus we can define a map

p: hom(H, PU(H)) — H*(H, S,
a > [Cyl.

Next we prove that it is continuous. Since H is finite and U(H) — PU(H) is a
principal S!-bundle, we can define a small neighborhood V' of « in hom(H, PU(H))
such that for every / there exists a continuous map V' — U, B ,5(7[) whose value for
B = « is the given lift «(/) and whose composite with the projection U(H) — PU(H)
is the evaluation map B — B(/). Now we can define a continuous map

]
V — map(H?, S := ker(map(H2, S1) S map(H?, Sl)),

- — e —
B —cp:=PB()BMP(gh) .
Since the quotient map

map(H?, Sy — map(H?, 5o/ Im(8) = H*(H, S")
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is continuous, and H?(H, S!) is finite, we conclude that the map p is continuous.

Any 2—cocycle ¢, defines a S'—central extension H Xz, S U of H, and it is classical
result in group theory that H and H xg, S are isomorphic as central extensions
of H.

Therefore hom(H, PU(H)) g = 0~ 1([¢y]) and hence we have that it is open and closed
in hom(H, PU(H)). O

Before we proceed with the study of the canonical map ¢: homg (H,U (H)) —
hom(H, PU(H)) 5 , we will make use of Banach Lie group structure of ¢/ (H) to prove
the following lemma.

Lemma 154 Forn > 1 let U(H), :={U € U(H): U™ = 1} and let PU(H), :=
{U € PU(H) | U™ = 1}. Then the projection map

Pluco,: UH)n — PUH)x

is a local homeomorphism.

Proof The subspace U(H), is a Banach submanifold of I/ (H) since it is the inverse
image f~1({1}) = U(H), for the function

fiUH)—>UH), U—U"
that is analytical. Take U € U/(H), and consider the isomorphism of tangent spaces
Ry—1: TyU(H) = TWU(H), L+ LU

Since the tangent space of U € U(H), at U is

n—1
ToU(H)y = {L € B(H) ( LU*+UL*=0and Y UFLU" "' = 0},

k=0
its image under Ry—1 becomes
n—1
Ry—1TyU(H)n = {A + A% =0and Z Uk qur*k = 0},
k=0

The vector space iR of diagram (15-1) is not included in Ry —1 Tyl (H), since for
A =r~/=1 with r #£0 the sum Y7} UK AU =nr/=1#0. Therefore the vector
space Ry—1 TyU(H), maps isomorphically to 7 (Ry—1 TyU(H)y,) under the map
of diagram (15-1). By the inverse function theorem for Banach manifolds [17, Theo-
rem 1, Section 1.5, page 13] the map p restricted to U (H), - U ™! has a local inverse
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around 1, and hence the map ply(z),,: U(H)n — PU(H), has a local inverse around
a neighborhood of U in U(H),. O

Proposition 15.5 The canonical map

¢: homgi (H,U(H)) — hom(H, PUH))
frH->UMH)— f/SY: H/S' > URH)/ST,

is a principal hom(H, S')—bundle, and since hom(H, S') is finite, it is also a local
homeomorphism.

Proof The map ¢: homg: (H,U(H)) — hom(H, PU(H)) g is continuous because
of Lemma A.4. One easily checks that it is surjective.

Define the hom(H, S!)—action on homg (H,U(H)) by the map
hom(H, S') xhomsl(f],Z/{(H)) — homsl(ﬁ,Z/{(’H)), r, )ve>r-f,

where (r - f)(i;) = r(y(fz)) . f(g) for all # € H. One easily checks that the ac-
tion is free and that ¢ and é(f) = ¢(r - ) holds for all r € hom(H, S!) and
J €ehomgi(H,U(H)). Hence ¢ induces a surjective map

¢: homgi (H,U(H))/ hom(H, S') — homg: (H,U(H)).

Next we show that ¢ is injective and therefore that ¢ is locally bijective. Consider
f.g €homgi (H,U(H)) with ¢(f) = ¢(g). Forall h € H, take any lift 7 € H such
that y(i[) = h and define the element r (k) € S! by the equation f (i[) =r(h) g(ﬁ).
Note that r (/) does not depend on the choice of lift and therefore we obtain a map
r: H— S For h,k € H with respective lifts i;, k € H one has

r(hk)g(hk) = f(hk) = r(hyg (hyr (k) g (k) = r (h)r (k) g (hkk),
and therefore we see that ¥ e hom(H,S!) and r- f = g.
We are left with showing that ¢ is a local homeomorphism.

For h € H denote by |/]| its order and by (/) the cyclic group it generates. Since all
central S!—extensions of cyclic groups are trivializable, the restriction of H to (h)
must be isomorphic to S! x (h); therefore we can choose a lift he H foreach he H
such that /1 generates a cyclic group of order |/].
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Define the restriction maps

W: homg: (H,U(H)) — 1_[ hom((h), U(H)). &+ 1_[ &l(g),

heH heH
2 hom(H. PUH)) g — [ | hom((h). PUH)). e+ [T alw-
heH heH

and note that both maps W and ¢ are injective. We claim moreover that the map ¥
induces a homeomorphism onto its image. The proof is as follows: For € > 0 and
@ € homg (H,U(H)), consider the open ball of radius € defined by the supremum
metric of (B-1),

Be(@) :={/f €homgi (H,UH)) | |&(g)— f(g)]| < e forall g € H},
and note that this open ball can also be defined as
Be(@) :={f €homgi (H.UH)) | |E@(h) — f ()| < € for all h € H},
since for all A € S! we have that
&y — f ()| = la-hy— fo.-hl.

For the restricted homomorphisms &| () We can also consider the open balls of radius €

Be(@l ) =1/ € hom({h),U(H)) | |F(g) — /(2)]| <€ forall g € ()},
and therefore we get the following equality of sets:

w(8.@) = ( T 8@l ) 1 wthoms: (.U()

heH

This implies that the map W induces an open map onto its image, and since it is injective
and continuous, it induces a homeomorphism onto its image.

Denoting by ¢ hom((i{),u (H)) — hom({h), PU(H)) the canonical map defined by
én(y)(h) = y(h), we obtain the following commutative diagram:

Y ] hom((h), U(H))

heH
(15-3) ¢>l lﬂh bn
hom(H, PU(H)) 5 " h]_[Hhom((h), PUH))

homg: (H,U(H))

Since there are canonical homeomorphisms

hom((R), U(H)) = UHDw, [~ (),
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by Lemma 15.4 we know that there must exist € such that the maps
Pn: Be(@(h)) = n(Be(@l(h)))

are homeomorphisms for all 4 € H; denote by
T n(Be (@[ (h))) — Be(@|(h))

these inverse maps. Restricting to the open subset B¢ (&) of the top left corner of the
diagram (15-3), we obtain the following diagram:

(¥ @) !

Be(@) ~ U(Be(@))
¢l %T(Hh ™)ly (6 (Be @)
d(Be(@)) m V(9 (Be(@))),

where the right-hand side vertical arrow is the homeomorphism that the maps t; induce
once restricted to the open set

V(6 (Be@) = (1‘[ ¢h(Be(&|<;>))) n (1‘[ m)we(&)),
h h

and the upper horizontal arrow is the inverse of W restricted to B (@).

Since the map ¥ is injective, we can define the map
(¥]p.@) "o (ﬂ rh) ‘ oy $(Be(@) — Be(@),
h V(@ (Be(@)))

which clearly is the inverse map of ¢ once it is restricted to B¢(&). This proves that ¢
is a local homeomorphism. |

The conjugation action of I/(#) on homg: (H,U(H)) factors through the projection
U(H) — PU(H) to an action

PU(H)) x homgi (H,U(H)) — homgi (H,U(H)),

since the conjugation action restricted to the center of {/(#) is trivial.

Lemma 15.6 Leto: H — PU(H) and &: H — U(H) be as in diagram (15-2). Then
the existence of a local cross section for the conjugation map U(H) — U(H)-& implies
the existence of a local cross section of the conjugation map PU(H) — PU(H) - «.
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Proof This follows from the commutativity of the diagram

UH) PU(H) PU(H)

| | |

UH) -G —> PUH) -G —2= PUMH) -,

where the vertical arrows are defined by conjugation on & and « respectively, and the
conclusion of Proposition 15.5 that the map ¢ is a local homeomorphism. |

Lemma 15.7 For & € homg: (H,U (H)) the map induced by the conjugation action
UMH) > UM)-d. g+ gag™
has a local cross section.

Proof For B,y € homg: (fI,U(H)) let

Tp. =/~ B(hyoy(h~")dh e U(H)

be the intertwining operator between B and y in Gaal [8, VII.1.Proposition 21], where
dh is the normalized Haar measure on /1. We have

BoTp,y=Tpyov,
T,B*,}/ = Tyaﬂ’

since for all @ € H one has

Tﬂ,yoy(a)=f§ B(h)oy(h~'a)dh =[ﬁﬂ(aﬁ)oﬂﬁ*)dﬁ:ﬁ(a)oT,g,y,
T}, = fﬁ(ﬁ@)oy(/?—l))*dﬁ - /ﬁy(fl_l)*-ﬁ(ﬁ)*dﬁ
- / Yy pa di
H

— [ y-piy i =1
H

Notice that since 8 and y belong to hom g (I:i ,U(H)), then the intertwiner T, can
also be defined by the finite sum

(15-4) Tpy ==Y Bl)yoyh™),

heH

1
|H|
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where 71 is any fixed choice of lift of /4 in H . We can choose an open neighborhood
of a:

v i= | & homg: (F.UR) | () — BH)]| <y forall he H}.

The triangle inequality implies that for all B in V' we have || —Tg z|| <1 and therefore
the operator 7 5 is invertible. Hence we get a map

. V—>GLH), B+ Tgg.

whose continuity follows from the finite sum definition of 7 gz of (15-4). It satisfies
forevery eV,

t(B)odor(B)! =B,
T(B)*op=0aot(h)".

Composing the map t with the retraction

p: GL(H)—-UMH), Tw—T(T*T)
defined by Kuiper in [16, Chapter 4], we obtain a continuous map
o:=pot: V—->UH)
from an open neighborhood V of @ in homg: (fl L,U(H)) to U(H) with
o(B)o@oo () =p.

Since the action of U(H) is transitive on U (H) - &, the translations of the previously
defined local cross section define local cross sections around any point in the orbit
space. ml

Corollary 15.8 The space hom g (f[ ,U(H)) is homeomorphic to the disjoint union
of its orbits under the conjugation action of U(H). Hence each orbit U(H) - & is open
and closed in homg1 (H,U(H)).

Proof From the proof of Lemma 15.7 we know that for «, 8 € homg: (H,UH))
lying in different orbits there must exist 2 € H such that for all lifts /,
w ]
ah)— )| = —,
llee() — B(M) || ]

and therefore the distance between « and S is greater or equal than 1/|H|. This
implies that different orbits are separated by at least a distance of 1/|H| and therefore
hom g (H ,U(H)) is homeomorphic to the disjoint union of its orbits under the conju-
gation action of U (H). O

Algebraic & Geometric Topology, Volume 14 (2014)



1976 Wolfgang Liick and Bernardo Uribe

Proof of Theorem 15.1 Lemmas 15.6 and 15.7 imply the existence of local cross
sections for the map

PUH) = PUH) o, g+ gag !

This map is the composite of the projection pr: PU(H) — PU(H) [ Cpyyry) (@) with
the bijective continuous map to: PU(H )/ Cpy 3y (o) — PU(H) - . This implies
that ¢, has local cross sections and hence is a homeomorphism. We conclude that
pr: PU(H) — PU(H )/ Cpyz)) (@) has local cross sections and hence is a principal
Cpu(z1y) (@)-bundle by Remark 4.3. This finishes the proof of Theorem 15.1. o

Proposition 15.9 Let H be a finite group and « € hom(H, PU(H)). Then (i), (ii)
and (iv) of Condition (H) are satisfied:

(i) The path component of o in hom(H, PU(H)) is contained in the orbit PU(H) .

(i) The canonical map PU(H) — PU(H)/ Cpyry (@) is a Cpyyyy)(a) —principal
bundle.

(iv) The canonical map
ta: PUH)/ Cpyo) (@) — hom(H, PUH)),  gCpyy(@) > gag™
is a homeomorphism onto its image.

Proof Consider the commutative diagram
U(H) -&—— homgi (H,U(H))— hom(H ,U(H))
¢ X |
PU(H) - a——hom(H, PU(H)) j = hom(H, PU(H).

By Lemma 15.3 we know hom(H, PU(H)) z7 is open and closed in hom(H, PU(H),
by Proposition 15.5 we know that the map ¢ is a principal hom(H, S!)-bundle and by
Corollary 15.8 we know that ¢/(H) - & is both open and closed in homg: (FI, UH)).
This implies that PU(H) - « is open and closed in hom(H, PU(H); this proves (i).

The other two conditions (ii) and (iii) have already been proved in Theorem 15.1. O
15.2 Almost free I'-equivariant stable projective unitary bundles

Let I' be a Hausdorff topological group and consider the family of all finite subgroups
FIN () of I'. Let R =R(FZN(I')) be the associated family of local representations

R={(H,a)| He FIN(T) and a: H — PU(H) is any group homomorphism}.

A T'-CW-complex X is called almost free if all its isotropy groups are finite.
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Theorem 15.10 (Universal I'—equivariant projective unitary bundle for almost free
'-CW-—complexes) Let I' be a Hausdortf topological group. Then the bundle
PUH) — E(T, PUH), R) > B(T, PUH), R)

is a universal I'—equivariant projective unitary bundle for almost free '-CW-complexes.

Proof The result follows from Theorem 11.4 since items (i), (ii) and (iv) of Condi-
tion (H) were proved in Proposition 15.9 and item (iii) follows from the fact that I" is
Hausdorff and the subgroups H € FZN (') are finite. O

Certainly one can associate a Fred(H)-bundle to any I'-equivariant projective unitary
bundle and one can take the homotopy groups of its ['-equivariant sections. This
procedure applied to some I'-equivariant projective unitary bundles may fail to produce
the expected twisted equivariant K—theory groups, let us see why: For a finite subgroup
H of T and any group homomorphism «: H — PU(H), we can construct the I'—
equivariant principal PU (H)-bundle

T xq PUH) — T/H,

where I" xo PU(H) is the quotient of I x PU(H) under the left H—action given by
h-(y,g) = (yh~',a(h)g). The associated bundle

(T X PU(H)) Xpryz) Fred(H) = T xq Fred(H)

is equivalent to the quotient of I" x Fred(#) under the left H —action which is given
by h-(y, F) = (yh™', a(h) Fa(h)~"'). Therefore the space of '-equivariant sections
of the bundle

I' xo Fred(H) - T'/H

is homeomorphic to the space of «—invariant operators
Fred(H)* := {F € Fred(H) | a(h) Fa(h)~! = F forall h € H}.
Now, the index map
index: Fred(H)* — R(H), F > ker(F)—coker(F)

maps an «—invariant operator to an element of the Grothendieck ring of representations
of H :=a*U(H), group which was defined in diagram (15-2).

In order for the homotopy groups of Fred(H)* to represent the local coefficients for
twisted equivariant K—theory, we know that we need to impose two conditions on the
homomorphism «: H — PU(H):
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e The image of the index map is a subgroup of R(ﬁ]); this in order for the
connected components 7o (Fred(#)%) to be a group.

e All the representations of H,onwhich S' = ker(fl — H) acts by multiplication,
must appear on the image of the index map; this in order to obtain a theory
compatible with restriction of representations.

If a homomorphism « satisfies these two conditions, then the index map
index: 7o(Fred(H)%) = Ry (H),

induces an isomorphism between the path components of Fred(#)* and the Grothen-
dieck group

Ry(H):={V € R(f]) | St = ker(I-I — H) acts by multiplication on V'}
of so called o—twisted H —representations.

Homomorphisms that satisfy these two conditions will be called stable; cf [4, Section 6].

Definition 15.11 (Stable homomorphism) A homomorphism «: H — PU(H) is
stable if all irreducible representations of H on which S' = ker(H — H) acts by
multiplication appear infinitely number of times.

Define the set S of stable local representations for almost free ['-actions by
S={(H,a)| He FIN(T) and a: H — PU(H) is a stable homomorphism}.

Note that S is indeed a family of local representations since conjugation of stable
homomorphisms is also stable and the restriction of a stable homomorphism to a
subgroup is stable; this last statement follows from the Frobenius reciprocity theorem
since all irreducible «| g —twisted representations of K subgroup of H may be obtained
from the o—twisted representations of H .

Now let B be an almost free '-CW-complex. Then a I'—equivariant principle PU(H)—
bundle p: E — B whose family of local representations is contained in S is the same
as a I'—equivariant stable projective unitary bundle over B in the sense of [5, Defini-
tion 2.2]. Note that the existence of the local data appearing in [5, Definition 2.2] is
automatically satisfied by Theorem 9.1.

We obtain from Theorem 11.4 a universal I'-equivariant stable projective unitary bundle
p: E(T,PU(H),S)— B(I', PU(H),S) such that for any almost free '-CW—complex
X the pullback construction yields a bijection from [X, B(T, PU(H), S)]' to the set
of isomorphism classes of ['-equivariant stable projective unitary bundles over X .
This generalizes [5, Theorem 3.4], where I" is assumed to be discrete. Summarizing,
we get the following.
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Theorem 15.12 (Universal ['-equivariant stable projective bundle) Let I" be a Haus-
dortf topological group. Then the bundle

PUH) — E(T, PUH),S) 2> B(T, PUH), S)
is a universal I'-equivariant stable projective unitary bundle for almost free '-CW-

complexes.

For X a proper '-CW-complex, the set of the isomorphism classes of projective
unitary I'—equivariant stable bundles over X has been denoted by Bung (X, PU(H))
in [5, Definition 2.2]; we have then the canonical isomorphisms of sets

Bun, (X, PU(H)) = Bundler pyz0).5(X) — [X, B(T, PUH), S)I'.

Therefore the ['-equivariant stable projective unitary bundle

PUH) — E(T, PUH),S) L BT, PURH), S)

is the universal twist in equivariant K—theory for almost free [-CW-complexes. In
particular, for a fixed I'—equivariant map f: X — B(I', PU(H),S) with X almost
free '-CW-complex, the twisted equivariant K—theory groups of the pair (X, f) can
be defined as

K5 (X, f) 1= mi(Sections(f* E(T, PU(H), 8) xp ) Fred(H))"),

namely, as the homotopy groups of the space of I'-equivariant sections of the associated
Fred(#)-bundle; see [5, Appendix A] for further properties of the twisted equivariant
K-theory groups defined in this way.

Now, in the case that I'" is furthermore a Lie group we can show that there is an
isomorphism between the set Bundle{t (X,PU(H)) and H3*(ET xr X, 7).
Theorem 15.13 Let I' be a Lie group and X be an almost free '-CW complex. Then
the map

map(idy, ¥): map(X, B(T', PU(H),S)) — map(X, map(ET, BPU(H))),

fevof

is a weak I'~homotopy equivalence.
In particular we obtain bijections

Bundler pry.s(X) = [X, BT, PUH), S)IF = [X, map(ET, BPUH))I",

[ET xr X, BPU(H)] = H*(ET x1 X, 7).
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Proof For H a finite group of I" we just need to show that the induced map
vH: B(T, PUH),S)? — map(ET, BPUH))H ~ map(BH, BPU(H))

is a weak homotopy equivalence; the rest of the proof is formal and it is equivalent to
the one that appears in the proof of Theorem 14.6.

Let homgs(H, PU(H)) be the set of stable homomorphisms. In [5, Proposition 1.5] it
is shown that the map

homg(H, PUH))/PURH) = Ext(H, SY), s H = a*UH)

is an isomorphism of sets, where Ext(H, S!) denotes the set of isomorphism classes
of central S!—extensions of H. Now, we have the isomorphism of sets

Ext(H,S") =~ H3(BH,Z) =~ [BH, BPU(H)],

since PU(H) is K(Z, 2)—space by Kuiper’s Theorem [16]. Since by Theorem 13.1
we know that

homs(H, PUH))/PUH) = 7o(B(T, PUH), S)H),

we obtain the desired isomorphism at the level of connected components

oW H): mo(B(T, PUH), S)H) S 5o(map(ET, BPUH))H).

Take now « € homs(H,PU(H)). By Theorem 13.1 we have a weak homotopy
equivalence

BCpyao (@) — B(L.PUH). S)y:
by [5, Theorem 1.8] we know that the homotopy groups of Cpyy(3) () are
hom(H, S') for j =0,

i (Cryy (@) = | Z for j =2,
0 otherwise.

By a simple calculation the homotopy groups for j > 0 of map(ET, BPU(H))H are

H?*(BH,Z7Z) =hom(H,S!) forj=1,
mj(map(ET, BPUH)H) = I H'BH,Z) = Z for j =3,
0 otherwise.

Thus we see the homotopy groups of B(T", PU(H),S)H and map(ET, BPU(H))H?
are isomorphic and concentrated in degrees j = 0 and j = 2.
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Now, in order to show that indeed ¥ # induces the desired isomorphism on homotopy
groups we need to resort to the proof of Theorem 13.1. For £ = E(I", PU(H),S) we
know that

~ K Ha
El g puan.s)f = PUH) Xy @) EX Y

with EXH-0) _ BT PUH), S)g a principal Cpy(z)(e)-bundle. Therefore the
map that defines ¥ |

ET/H x B(I',PUH).S)H — BPUH).

is weakly homotopically equivalent to the map obtained by applying the classifying
space functor

BH x BCPZ/{(H) (Ol) — BPU(H)
to the group homomorphism
¢: Hx Cpypy(@) > PUMN),  (h.g) —a(h)g.

Since all the H representations defined by « appear infinitely number of times, then it
follows that the inclusion of groups Cpyyc3) (@) C PU(H) induces an isomorphism on
the second homotopy groups 7, ; this implies that ¥ induces an isomorphism on the
third homotopy groups 3. It remains to show that ¥ induces an isomorphism at
the level of fundamental groups.

The map ¢ permits us to define a homeomorphism
Cpu@ (@) —home (Z x H, PUH)), g+ [(n,h) > g"a(h)],
where
homy(Z x H, PU(H)) :={B € homy(Z x H, PU(H)) | B(0,h) = a(h)}.
Moreover we can define a group homomorphism (see [5, Lemma 1.6])
Cpupo(@) —hom(H, S'), gr> (hrs>ahyogodh)ytog™h),

where £ is any lift of /4 in H and g is any lift of g on U(#), such that it becomes an
isomorphism of groups on path connected components

70(Cpu (@) = hom(H, S').
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Therefore we obtain the following commutative diagram:

~

7o(Cpury (@) = mo(homg (Zx H, PU(H))) — mo(map g, (BZxBH, BPU(H)))

| L;

hom(H, S1) [BH,BS'] [BH, QBPU(H)]

~

(¢

where
mapp,(BZ xBH, BPU(H)) :={f: BZxBH — BPU(H) | f(*,y) = Ba(y)},

the right vertical arrow is given by the adjoint map since BZ ~ S! and Q denotes the
based loop space functor, and the bottom right map is defined via the homotopy equiv-
alence BS! — QBPU(H), which induces the homotopy equivalence BS! — PU(H).
Hence we conclude that at the level of fundamental groups the map ¢ induces an
isomorphism

71 (BCpy 3y () — w1 (map(BH, BPU(H)))

and thus ¥ induces the desired isomorphism at the level of fundamental groups. CI

Appendix A: Compactly generated spaces

We briefly recall some basics about compactly generated spaces. More information
and proofs can be found in [33]. A topological space X is compactly generated if it
is a Hausdorff space and a set 4 C X is closed if and only if for any compact subset
C C X the intersection C N 4 is a closed subspace of C.

Every locally compact space, and every space satisfying the first axiom of countability,
eg a metrizable space, is compactly generated. If p: X — Y is an identification
of topological spaces and X is compactly generated and Y is Hausdorff, then Y
is compactly generated. A closed subset of a compactly generated space is again
compactly generated. For open subsets one has to be careful as it is explained in
Section A.1.

A.1 Open subsets

Recall that a topological space X is called regular if for any point x € X and closed
set A € X there exists open subsets U and V with x e U, ACV and UNV =g.
A space is called locally compact if every x € X possesses a compact neighborhood.
Equivalently, for every x € X and open neighborhood U there exist an open neigh-
borhood V of x such that the closure of V' in X is compact and contained in U ; see
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Munkres [27, Lemma 8.2 in Section 3-8 on page 185]. Recall the Definition 1.1 saying
that an open subset U C X is called quasiregular if for any x € U there exists an open
neighborhood V, whose closure in X is contained in U .

Lemma A.1 (i) Let B be a (compactly generated) space. A quasiregular open
subset U C B equipped with the subspace topology is compactly generated.

(i) Let f: X — Y be a (continuous) map between (not necessarily compactly
generated) spaces. If V C Y is a quasiregular open subset, then f~1(V)C X
is a quasiregular open subset.

(iii) The intersection of finitely many quasiregular open subsets is again a quasiregular
open subset.

(iv) A space is regular if and only if every open subset is quasiregular.

(v) Any locally compact space, any metrizable space and every CW-complex are
regular.

(vi) Every I'-invariant open subset of a '-CW-complex is quasiregular and com-
pactly generated when equipped with the subspace topology.

Proof (i) See [33, page 135].

(ii) Consider a point x € f~1(V). Choose an open set W of Y such that f(x) € W
and the closure of W in B is contained in V. Then f~!(W) is an open subset of X
which contains x and whose closure in X is contained in f~1(V).

(iii) Let Uy, Us, ..., U, be quasiregular open subsets. Consider x € U := ﬂ;=1 U;.
Choose forevery i =1,2...,r an open subset V; with x € V; such that the closure 171
of V; in B is contained in U;. Put V:=(\j_; V;. Thenx €V and VC(/_, V; CU.
Hence U is a quasiregular open subset.

(iv) See [27, Lemma 2.1 in Section 4-2 on page 196].

(v) This is obvious for locally compact spaces. Metrizable spaces are treated by
Munkres in [27, Theorem 2.3, Section 4-2, page 198]. Every CW—complex is para-
compact (see [25]) and hence in particular regular; see [27, Theorem 4.1, Section 6-4,
page 255].

(vi) The projection X — X/ T is open and X/ I'" is a CW—complex by Lemma A.7.
Now apply assertions (i), (iv) and (v). O
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A.2 The retraction functor k&

There is a construction which assigns to a topological Hausdorff space X a new
topological space k(X)) such that X and k(X)) have the same underlying sets, k(X)
is compactly generated, X and k(X) have the same compact subsets, the identity
k(X) — X is continuous and is a homeomorphism if and only if X is compactly
generated. Namely, define the new topology on k(X)) by declaring a subset 4 C X
to be closed if and only if for every compact subset of X the intersection A N C is a
closed subset of C.

A.3 Mapping spaces, product spaces and subspaces

Given two compactly generated spaces X and Y, denote by map(X, Y)i,. the set of
maps X — Y with the compact-open topology, ie a subbasis for the compact-open
topology is given by the sets W(C,U)={f: X - Y | f(C) C U}, where C runs
through the compact subsets of X" and U runs though the open subsets of Y. Notice
that map(X, Y)k.o. is not compactly generated in general. We denote by map(X, Y)
the topological space given by k(map(X, Y)k,.).

If X and Y are compactly generated spaces, then X x Y stands for k(X x, X), where
X x, Y is the topological space with respect to the “classical” product topology.

If A C X is asubset of a compactly generated space, the subspace topology means that
we take k(Ag) for Ay the topology space given by the “classical” subspace topology
on A.

Roughly speaking, all the usual constructions of topologies are made compactly gen-
erated by passing from Y to k(Y) in order to stay within the category of compactly
generated spaces.

A.4 Basic features of the category of compactly generated spaces

The category of compactly generated spaces has the following convenient features.

e Amap f: X — Y of compactly generated spaces is continuous if and only if
its restriction f|c: C — Y to any compact subset C C X is continuous.
e The product of two identifications is again an identification.

e If X islocally compact and Y compactly generated, then X x Y and X x, Y
are the same topological spaces.

e The product of a I'y -CW-complex and of a I'y)~CW-complex is a I'; x [',—
CW-complex.
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e If X,Y,and Z are compactly generated spaces, then the obvious maps
map(X, map(Y, Z)) — map(X x Y, Z),
map(X,Y x Z) il map(X,Y) x map(X, Z)
are homeomorphisms and the map given by composition
map(X, Y) xmap(Y; Z) — map(X, Z)

1s continuous.

e Given a pushout in the category of compactly generated spaces, its product with
a compactly generated space is again a pushout in the category of compactly
generated spaces.

A.5 Space of homomorphisms

Let H and G be (compactly generated) topological groups. Let hom(H, G) be the set
of group homomorphisms from H to G. It is obviously a subset of map(H, G). The
proof of the next result is a typical formal proof using the convenient basic properties
of the category of compactly generated spaces.

Lemma A.2 The subset hom(H, G) of map(H, G) is closed.

Proof Consider the map
u: Hx Hxmap(H,G) — G, (hy,hy,a) > a(hy)-ohy)-a(hihy)™!.

It is continuous since it can be written as a composition of maps each of which is
obviously continuous by the basic features presented in Section A.4:

H x H xmap(H, G) N H xmap(H,G) x Hxmap(H,G) x Hxmap(H, G)
L ex6x65 6,
where
uy(hy, hy, o) = (hy,a, hy 0, hihy, ),
up(hy,an, hy,an, s az) = (a1 (hy), aa(ha), a3(h3)),
@3(g1,82,83) = 818285 -

Its adjoint is the continuous map

v: map(H,G) > map(H x H,G), o+ v(n)
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given by v(a)(hy, hs) :=a(hy)-a(hy)-a(hihy)™!. The evaluation map
ev: map(H,G) - G, o «(l)
is continuous by Section A.4. Since hom(H, G) is the intersection of v~ ({1}) and

ev_1({1}) and {1} C G is closed, hom(H, G) is a closed subset of map(H,G). O

We will equip hom(H; G) with the subspace topology coming from map(H, G).
Notice that it is automatically compactly generated so that hom(H; G) agrees with
k(hom(H; G)).

We leave the formal proof to the reader that the conjugation action
G xhom(H,G) — hom(H,G), (g.a)—cgox

is continuous, where ¢g: G — G sends g’ to gg’g™!.

We also include the following results.

Lemma A.3 Let p: X — Y be an identification and Z be a space. Then the induced

map
p*:map(Y,Z) > map(X,Z), [ fop,

is a closed embedding, ie has closed image and the induced map q: map(Y, Z)—im(p*)
is a homeomorphism.
Proof Obviously p* is injective and continuous.

Next we show that the image of p* is closed. Consider f: X — Z which is not
in the image of p*. Then there exists xo and x; in X with f(xq) # f(x;) and
p(x0) = p(x1). Since the map

evimap(X,Z) > Zx Z, [ (f(x0), f(x1))

is continuous, the preimage of the open set {(zg,z1) € Z X Z | zg # z1} under ev is
an open set which contains f and does not meet im(p*). Hence im(p™*) is closed in
map(X, Z).

It remains to show that the inverse of ¢
g~ ! im(p*) — map(Y, Z)

is continuous. Consider an open subset V' C map(Y, Z)x.o.. By the definition of the
compact open topology we can find an index set I, for every element i € I a finite
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index set J;, and for every i € I and j; € J; an open subset U; j; €Y and a compact
subset C; j; € Z such that

v=J ) WW.. Cij)

iel jied;
where W(U,,j;,Cij;,) ={f €emap(Y, Z) | f(U;,j;) € C;,j; ;. We have

q(V) =p*(U N W(Ui,ji,Ci,j,-))= U N 2 Wi, i)

iel jiel; iel jiel;
=J N W™ W), Cijy) Nim(p*))
iel jied;
==(LJ N wxp“ahJJ,czﬁ))rnnmp*x
i€l jiel;

where W(p~' (Ui j,).Cij;) = {f € map(X.Z) | f(p~'(Ui;)) < Cij;}. Since
Uier Nj,er, W(p~1(Ui,;,), Ci,j,) is an open subset of map(Y, Z)x.o., the subset ¢(V)
of im(p*)k.o. is open where the topology on im(p™*)x.o. is the subspace topology with
respect to the inclusion im(p*) — map(X, Z)x.,.. Therefore we have that the map
9. g im(p*)k.o. = map(Y, Z)x.o. is continuous. This implies that the map

k(@ico): k(im(p*)ko.) = k(map(Y, Z)k..) = map(¥. Z)
is continuous. The identity induces a continuous map
io: map(X, Z) = k(map(X, Z)x.o.) — map(X, Z)x..

and hence by restriction a continuous map i1: im(p*) — im(p*)y.,.. If we apply k to
it and use the fact that im(p*) is compactly generated, we obtain a continuous map

i im(p*) — kGAm(p*)k.o.).

Since ¢~ im(p*) — map(Y, Z) is the composite of the two continuous maps k(g 01.)

and i; above, it is continuous itself. This finishes the proof of Lemma A.3. a

Lemma A.4 For every group G and G —spaces Y and Z the map
Qv,z: mapg(Y,Z) - mapg(Y/G,Z/G), [+ f/G,

s continuous.

Proof Let py: Y —Y/G and pz: Z — Z /G be the projections. The map

(pz)x: map(Y, Z) — map(Y, Z/G), [fr>pzof
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is continuous and hence induces a continuous map
pz:mapg(Y,Z) - mapg (Y. Z/G), [ pzof
Therefore the claim follows if we can prove that the map
Ov,z/g: mapg(Y,Z/G) > map(Y/G.Z/G), [+ f/G
is continuous. Its inverse is the map
py:map(Y/G,Z/G) —»mapg(Y,Z/G), [+~ fopy,
which is a homeomorphism by Lemma A.3. This finishes the proof of Lemma A.4. O
A.6 Further features of the category of compactly generated spaces
Lemma A.5 Consider a commutative square of I'-spaces:

i

BO —_— Bl
izl ljl
Bz —_— B
Jj2
Then:
(i) The square is a I'—-pushout if and only if it is pushout after forgetting the group
action.

(ii) If the square above is a I'-pushout and f: E — B is a '—map, then the square
obtained by the pullback construction

EOLEI

o ]

EzﬁE

J2

is a I'—pushout.

(iii) If the given square is a I'-pushout, the square

i1/ T
Bo/T ML B/

iz/Fl jjl/F

B,/TT —— B/T
2/ T /

is a pushout of spaces.
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Proof (i) Suppose that the square is a (nonequivariant) pushout. We want to show that
itis a ['—pushout. Consider '-maps f;: By — Y for k =0, 1, 2 satisfying fioi; = fo
for k =1, 2. Then there is precisely one map f: B— X with foj, = fr fork=1,2.
It remains to show that f* is ['—equivariant. This follows from the fact that the product
of I" with the square above is again a (nonequivariant) pushout. This follows formally
from the adjunctions of mapping spaces and the universal property of pushouts.

Now suppose that the square is a I'-pushout. Then it is a pushout after forgetting the
group action, since there is a bijection

a: map(B, X) = mapp (B, map(T, X)), [fra(f),

where a(f) sends b € B tothemap I' > X, y — f(y-b), X is a (nonequivariant)
space and map(I", X)) becomes a I'=space y - f(h) := f(hy).

(ii)) Because of assertion (i), we can assume without loss of generality that T" is
trivial. The map j; LI j,: B; I B, — B is an identification since the given square is a
pushout. Then idg x j; Hidg xj,: £ x By I E x By — E x B is an identification;
see [33, Theorem 4.4]. Consider E as a closed subspace of E x B by identifying e
with (e, f(e)). Then the restriction of idg x j; LI idg % j, to the preimage of E is
again an identification which can be identified with j; LI 75: £{ I E, — E. Obviously
the square obtained by the pullback construction is a pushout of sets. Hence it is a
pushout of spaces.

(iii) This follows from the universal properties of a pushout and the projection maps
B— B/T. i

Lemma A.6 Let By € By C B, C---C B be a filtration of the I'-space B by closed
I'—invariant subspaces.

(i) We have B = colimy_, By in the category of I'—spaces if and only if we have
after forgetting the I'-actions B = colim,—,~ By in the category of spaces.

(i) Suppose that we have B = colim,_,~c Bj in the category of I'—spaces. Let
f: E — B be a '-map. Then we obtain a filtration

EoCE,CE,C---CFE

of E by closed I'—invariant subspaces E, = f~'(B,) with the property that
E = colim,— E;, holds in the category of I'-spaces.

(iii) Suppose that B = colimy,—, oo By holds in the category of I'-spaces. Then
By/T<B/T<CB/TC---CB/T

is a filtration of the space BI' by closed subspaces with the property that
B/ T = colim,—~ B,/ T holds in the category of spaces.
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Proof (i) The proof is similar to the one of Lemma A.5(i), using the fact that after
forgetting the group actions we obtain a filtration by closed subspaces I' x By €
I'xBy CTI'x By, C---CTI x B such that I' x B = colim,— o I' X B, holds in the
category of ['-spaces; see [33, Theorem 10.3].

(ii)) Let A € E be a subset. Suppose that 4 N E}, is closed. We have to show that
A C E is closed, or, equivalently, that for every compact subset C C E the space CN A4
is a closed subspace of C. Since f(C) is compact, there exists a natural number 7
with f(C) C B,. This implies C C E,; see [33, Lemma 9.3]. Now the claim follows
from ANC=AN(CNE,)=(ANE,)NC since AN E, is closed in E, and hence
(ANE,)NC isclosedin C.

(iii) This follows from the universal properties of colim,—,~ and of the quotient maps

By — By/T and B— B/ T}. a

Lemma A.7 If X isa G—CW-complex. Let N € G a normal subgroup and Q be
the topological group G/ N and pr: G — Q be the projection. Suppose for any x € X
that pr(Gy) is closed in Q. (This assumption is automatically satisfied if N is compact
or Q is trivial.)

Then X/N isa Q-CW-complex.
Proof Let pr: G — Q be the projection. Consider a subgroup H € G such that pr(H)

is closed in Q. Then we obtain a Q —homeomorphism N \(G/H)=>Q/ pr(H). Now
the claim follows from Lemma A.5(1) and (iii) and Lemma A.6(i) and (iii). m|

Appendix B: Some properties of locally compact groups

Let H and G be topological groups. For « in hom(H, G), let Cg(«) be the centralizer
of a, ie, Cg(a) ={g € G | cg o =}, and denote by G -« the orbit of o under the
G —action. Then the map

la: G/Cga) > G-a, gCqa)rcgou
is bijective, continuous and G —equivariant. The next two theorems are the main results
of this section.
Theorem B.1 Let H be a compact group, let G a locally compact second countable

group and « € hom(H, G).

Then the connected component Cy of o in hom(H, G) is contained in the orbit of o
under G,ie C, C G -cx.
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Theorem B.2 Let G be a second countable, locally compact group which is almost
connected. Let H be a compact group.

Then 1y: G/Cg(a) = G -« is a G —homeomorphism.

Their respective proofs need some preparation. For a compact space X and a complete
metric space (Y, d) we can equip the set of continuous maps from X to Y with the
supremum metric

(B-1) dsup(@, B) := sup{d(ae(x), B(x)) [ x € X},

and obtain a complete metric space; see [27, Theorem 1.4, Section 7-1, page 267].
Moreover, the topology induced by the supremum metric agrees with the compact-open
topology by [27, Theorem 4.6, Section 7-4, page 283 and Theorem 5.1, Section 7.5,
page 286]. In particular map(X, Y) = map(X, Y )ko..

The following result is due to Birkhoff [6] and Kakutani [14].

Theorem B.3 A Hausdorff topological group is metrizable if and only if it is first
countable. In this case the metric can be taken to be left invariant.

Theorem B.3 implies that for a locally compact first countable group G we can choose
a left invariant metric dg inducing the given topology such that G with this metric
is complete. Note that completeness follows from local compactness. Namely, we
then can find an € > 0 such that the closed ball B (1) around 1 is compact and hence
the closed ball B.(g) around any g € G is compact which implies that every Cauchy
sequence contains a subsequence contained in B¢(g) for some g € G and hence
contains a convergent subsequence, by [27, Theorem 7.4, Section 3-7, page 181], and
finally we can apply [27, Lemma 1.1, Section 7-1, page 264]

Recall from Section A.5 that we have equipped hom(H, ) with the subspace topology
of map(H, G), that hom(H, G) Cmap(H, G) is closed and that the conjugation action

G xhom(H,G) — hom(H,G), (g.a)—cgox

is continuous. Hence this topology on hom(H, G) agrees with the topology coming
from the compact-open topology on map(H, G) restricted to hom(H; G) as well
with the topology associated to the supremum metric restricted to hom(H, G), and
hom(H, G) is a complete metric space with the supremum metric.

The next theorem is taken from Lee and Wu [21, Theorem I] and obviously implies
Theorem B.1.
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Theorem B.4 Let H be a compact group and G a locally compact second countable
group. Let C C hom(H, G) be a connected component of the space hom(H, G). Then
if @ and ¢ are in C, then there exists g € G with 0 =cgo¢.

The following result is taken from Lee and Wu [21, Theorem II]. Notice that the
condition of being almost connected is necessary; see [21, Example, page 412].

Theorem B.5 Let L be a locally compact group which is almost connected. Let F' be
a compact subgroup of L and denote by i: F — L the inclusion. If {x; | A € A} isa
net in L such that the homomorphisms cx, oi converge to an element 6 € hom(F, L),
then there exists an element y € L such that  =cyo0i.

Theorem B.6 Let G be a locally compact group which is almost connected. Let H be
a compact group and @ € hom(H, G). Then the orbit G -« of « under the conjugation
action of G is closed in hom(H, G).

Proof Suppose we have a net {g) € G | A € A} of elements of G such that the
homomorphisms c¢g, o« converge to an element ¢ € hom(H, G). We want to show
that ¢ belongs to G -«.

Letustake L = H x G and K(H,«a) := {(h,a(h) | h € H} the associated compact
subgroup of H x G defined by . We have then that L is locally compact and L
is almost connected. Denote by i: K(H,«) — H x G the inclusion and take the net
{(1,g)) € HxG | A € A} of elements in H x G induced by the elements g3 € G. Note
that since the homomorphisms cg, o converge to ¢ € hom(H, G), the homomorphisms

C(1,g,) °1 €hom(K(H,a), H x G)
converge to the homomorphism 6y € hom(K(H, ), H x G) defined by

Op (h, () := (h, ¢ (h)).

Applying Theorem B.5 we know that there exists a pair (y,g) € H x G such that
04 = ¢(y,¢) ©1; this implies that for all & € H,

(h,¢(h) = (yhy™", ga(h)g™"),

and therefore we can conclude that ¢ = cg or. Hence ¢ belongs to the orbit G-«. O

Finally we give the proof Theorem B.2.
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Proof of Theorem B.2 Since G is second countable, it is a Lindelof space, ie, every
open covering contains a countable subcovering; see [27, Theorem 1.3, Section 4-1,
page 191].

By Theorem B.6 we know that the orbit G -« is closed in hom(H, G). We have
already explained that hom(H, G) is a complete metric space. We conclude that the
orbit G -« is a complete metric space and hence by the Baire Category Theorem
(see [27, Theorem 7.2, Section 7.7, page 294]) also a Baire space, ie every countable
union of closed sets each of which has empty interior has itself empty interior.

Next we show that the map ¢y is an open map. Since we know that it is a bijective
continuous G —map, this will imply that ¢, is indeed a G-homeomorphism. Since
the image and source of ¢, are transitive G —spaces, it suffices to show for every open
set U of G containing 1g € G that there exists an open neighborhood of « which is
contained in (y(U).

Since G is locally compact and the map u: G x G — G, (g1,82) — gl_lgz is
continuous, we can find a nonempty open set V C U such that its closure K = V is
compact and satisfies

K 'K := {kl_l-k2|k1,k2 eK}cU,;

any nonempty open set V C U such that V x V C =" (U)NU x U satisfies this
condition.

Since G is a Lindelof space, it can be covered by countably many G —translates
of the open subset V' and hence also by countably many G —translates of the sub-
set K. This implies that G/Cg(«) can be covered by countably many G —translates
of KCg(a)/Cg (). Since each

ta(gKCg(a)/Co(@)) = gK -a

is a closed set in G -« and G -« is a Baire space, one of the G -translates of
KCg(a)/Cg () must have nonempty interior. This implies that K - @ has nonempty
interior, and therefore the set K~! K - contains an open neighborhood of «. Since
K~ 'K« is contained in iy (U), the claim follows. a
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