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Comparing geometric realizations of tricategories

ANTONIO M CEGARRA
BENJAMIN A HEREDIA

This paper contains some contributions to the study of classifying spaces for tri-
categories, with applications to the homotopy theory of monoidal categories, bi-
categories, braided monoidal categories and monoidal bicategories. Any small
tricategory has various associated simplicial or pseudosimplicial objects and we
explore the relationship between three of them: the pseudosimplicial bicategory
(so-called Grothendieck nerve) of the tricategory, the simplicial bicategory termed its
Segal nerve and the simplicial set called its Street geometric nerve. We prove that
the geometric realizations of all of these ‘nerves of the tricategory’ are homotopy
equivalent. By using Grothendieck nerves we state the precise form in which the
process of taking classifying spaces transports tricategorical coherence to homotopy
coherence. Segal nerves allow us to prove that, under natural requirements, the
classifying space of a monoidal bicategory is, in a precise way, a loop space. With the
use of geometric nerves, we obtain simplicial sets whose simplices have a pleasing
geometrical description in terms of the cells of the tricategory and we prove that, via
the classifying space construction, bicategorical groups are a convenient algebraic
model for connected homotopy 3—types.

18D05, 55P15; 18D10, 55P35

1 Introduction and summary

The process of taking classifying spaces of categorical structures has shown its relevance
as a tool in algebraic topology and algebraic K—theory. One of the main reasons for
this is that classifying space constructions transport categorical coherence to homotopic
coherence. We can easily stress the historical relevance of the construction of classifying
spaces by recalling that Quillen [37] defines a higher algebraic K—theory by taking
homotopy groups of the classifying spaces of certain categories. Joyal and Tierney [30]
have shown that Gray groupoids are a suitable framework for studying homotopy
3—types. Monoidal categories were shown by Stasheff [41] to be algebraic models
for loop spaces, and work by May [36] and Segal [39] showed that classifying spaces
of symmetric monoidal categories provide the most noteworthy examples of spaces
with the extra structure required to define an 2—spectrum, a fact exploited with great
success in algebraic K-theory.
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This paper contributes to the study of classifying spaces for (small) tricategories,
introduced by Gordon, Power and Street in [20]. Since our results find direct applica-
tions to monoidal categories, bicategories, braided monoidal categories, or monoidal
bicategories, the paper will quite possibly be of special interest to K—theorists as well
as to researchers interested in homotopy theory of higher categorical structures. This
theory has demonstrated relevance as a tool for the treatment of an extensive list of
subjects of recognized mathematical interest in several mathematical contexts beyond
homotopy theory, such as algebraic geometry, geometric structures on low-dimensional
manifolds, string field theory, or topological quantum theory and conformal field theory.

We explore the relationship amongst three different ‘nerves’ that might reasonably be
associated to any tricategory T . These are the pseudosimplicial bicategory called the
Grothendieck nerve NT: A°P — Bicat, the simplicial bicategory termed the Segal nerve
ST: A°? — Hom, and the simplicial set called the geometric nerve of the tricategory
AT: A°P — Set. Since, as we prove, these three nerve constructions lead to homotopy
equivalent spaces, any one of these spaces could therefore be taken as the classifying
space B37 of the tricategory. Many properties of the classifying space construction
for tricategories, 7 — B37T , may be easier to establish depending on the nerve used
for realizations. Here, both for historical reasons and for theoretical interest, it is
appropriate to start with the Grothendieck nerve construction to introduce B37 . Let
us briefly recall that it was Grothendieck who first associated a simplicial set NC to
a small category C, calling it its nerve. Its p—simplices are composable p—tuples
Xo — -+ — xp of morphisms in C. A geometric realization of the nerve is the
classifying space of the category, BC = [NC|. A first result in this paper shows how
the Grothendieck nerve construction for categories rises to tricategories. Thus, we
prove the following.

Theorem 3.1 Any tricategory T defines a pseudosimplicial bicategory, that is, a
trihomomorphism NT = (N7, x, w): A°° — Bicat, whose bicategory of p—simplices

NpT: I_l T(xp—l,xp)XT(xp—Z’xp—l)x"'XT(XO’xl)

(X05--sXp)EOb TP F1

consists of p—tuples of horizontally composable cells.

Then, heavily dependent on the results by Carrasco, Cegarra and Garzén in [12],
where an analysis of classifying spaces is performed for lax diagrams of bicategories
following the way Segal [39] and Thomason [47] analyzed lax diagrams of categories,
we introduce the classifying space B3 T, of a tricategory T, to be the classifying
space of its Grothendieck nerve N7 . Briefly, say that the so-called Grothendieck
construction [12, Section 3.1] on the pseudosimplicial bicategory N7  produces a
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bicategory [ ANT . Again, the Grothendieck nerve construction on this bicategory
/, ANT now gives rise to a normal pseudosimplicial category N( /, ANT): A°P — Cat,
on which one more Grothendieck construction leads to a category |, AN( /, AN T), whose
classifying space is, by definition, the classifying space of the tricategory, that is

BsT = }N(fAN(fANT)”

or, in other words, B37 =B, [,NT = BfAN(fANT), where B, 5 denotes the classi-
fying space of any bicategory B as defined by Carrasco, Cegarra and Garzén [11, Def-
inition 3.1]. The behavior of this classifying space construction, 7 — B37T, can be
summarized as follows (see Propositions 3.2 and 5.6 and 5.7):

e Any trihomomorphism F: 7—7" induces a continuous map B3 F: B3 7T —B37".

 For any composable trihomomorphisms F: 7 — 7’ and F': T’ — T”, there is
a homotopy B3 F'B3F >~ B3(F'F): B3T — B37" and for any tricategory 7,
there is a homotopy B317 >~ 1p,7.

e If F,G: T — T are two trihomomorphisms, then any tritransformation ¥ = G
canonically defines a homotopy B3 F ~B3G: B3;7 — B3 7" between the induced
maps on classifying spaces.

* Any triequivalence of tricategories 7 — 7 induces a homotopy equivalence on
classifying spaces B37 ~ B37".

For instance, for every tricategory 7 there is a Gray—category G(7") with a triequiva-
lence 7 — G(7T), thanks to the coherence theorem for tricategories by Gordon, Power
and Street [20, Theorem 8.1]. Then we have:

There is an induced homotopy equivalence B37T ~ B3;G(7).

To deal with the delooping properties of certain classifying spaces we introduce, for any
tricategory T, its Segal nerve ST . This is a simplicial bicategory whose bicategory
of p—simplices, S,7T, is the bicategory of unitary trihomomorphisms of the ordinal
category [p] into 7. Each ST is a special simplicial bicategory, in the sense that the
Segal projection homomorphisms on it are biequivalences of bicategories, and thus
it is a weak 3—category from the standpoint of Tamsamani [46] and Simpson [40].
When 7 is a reduced tricategory (ie with only one object), then the simplicial space
B,S7T: A° — Top, obtained by replacing the bicategories S,7 by their classifying
spaces B»S, T, is a special simplicial space. Therefore, according to Segal [39, Proposi-
tion 1.5], under favorable circumstances, €2|B,S7 | is homotopy equivalent to B,S{ 7.
In our development here, the relevant result is the following.

Theorem 4.14 For any tricategory T, there is a homotopy equivalence B3T ~ |B,ST].
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Any monoidal bicategory (B, ®) gives rise to a one-object tricategory X (B, ®), its
suspension tricategory following Street’s terminology [44, Section 9, Example 2] or
delooping in the terminology of Kapranov and Voevodsky [31] or Berger [5]. Defining
the classifying space of a monoidal bicategory (B, ®) to be the classifying space of
its suspension tricategory, that is, B3(5, ®) = B3X (B, ®), we prove the following
extension to bicategories of the aforementioned fact by Stasheff on monoidal categories.

Theorem 4.17 Let (B, ®) be a monoidal bicategory such that, for any object x € B,
the homomorphism x ® —: B — B induces a homotopy autoequivalence on the classi-
fying space B, 3 of B. Then there is a homotopy equivalence

BzB ~ QB3(B, ®)

between the classifying space of the underlying bicategory and the loop space of the
classifying space of the monoidal bicategory.

If (C,®,c) is any braided monoidal category, then, thanks to the braiding, the sus-
pension of the underlying monoidal category X(C, ®), which is actually a bicategory,
has the structure of a monoidal bicategory. Hence the double suspension tricategory
¥2(C, ®, ¢) is defined. According to Jardine [28, Section 3], the classifying space of
the monoidal category B, (C, ®) is the classifying space of its suspension bicategory
and, following Carrasco, Cegarra and Garzén [12, Definition 6.1], the classifying space
of the braided monoidal category B3(C, ®, ¢) is the classifying space of its double
suspension tricategory. Hence from the above result we get the following.

Corollary 4.20 (i) For any braided monoidal category (C, ®, ¢) there is a homo-
topy equivalence

Bz(C, ®) ~ QB3(C, K, C).

(i) Let (C, ®, c¢) be a braided monoidal category such that, for any object x € C, the
functor x ® —: C — C induces a homotopy autoequivalence on the classitying
space of C. Then there is a homotopy equivalence

BC ~ Q?B;5(C, ®, ¢).
Thus, under natural hypotheses, the double suspension tricategory %2(C, ®, ¢) is a cat-
egorical model for the double delooping space of the classifying space of the underlying

category C, a fact already proved in [12, Theorem 6.10] (cf Berger [5, Proposition 2.11]
and Baltenau, Fiedorowicz, Schwénzl and Vogt [3, Theorem 2.2]).
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The process followed for defining the classifying space of a tricategory 7 by means of
its Grothendieck nerve N7 is quite indirect and the CW—complex B37 thus obtained
has little apparent intuitive connection with the cells of the original tricategory. However,
when 7T is a (strict) 3—category, then the space | diag NNN7 |, the geometric realization
of the simplicial set diagonal of the 3—simplicial set 3—fold nerve of 7, has usually
been taken as the ‘correct’ classifying space of the 3—category. In Example 4.11, we
state that for a 3—category 7T, there is a homotopy equivalence

B37 ~ |diag NNNT]|.

The construction of the simplicial set diag NNN7 for 3—categories does not work in the
nonstrict case since the compositions in arbitrary tricategories are not associative and
not unitary, which is crucial for the 3—simplicial structure of the triple nerve NNNT,
but only up to coherent equivalences or isomorphisms. There is, however, another
convincing way of associating a simplicial set to a 3—category T through its geometric
nerve AT, thanks to Street [43]. He extends each ordinal [p]={0<1<--- < p}
to a p—category O,, the p"—oriental, such that the p—simplices of A7 are just
the 3—functors O, — 7. Thus, AT is a simplicial set whose O—simplices are the
objects (0—cells) 0 of 7', whose 1—simplices are the 1—cells Fy ;: F0— F1, whose
2—simplices

FO
Fo 1 Fo>
Fo1.2
=
F1 F2,
Fi»

consist of two composable 1—cells and a 2—cell Fo 1,2: F1,2® Fo,1 = Fop 2 and so on.
In fact, the geometric nerve construction A7 even works for arbitrary tricategories 7,
as Duskin [16] and Street [45] pointed out, and we discuss here in detail. The geometric
nerve A7 is defined to be the simplicial set whose p—simplices are unitary lax functors
of the ordinal category [p] in the tricategory 7 . This is a simplicial set which completely
encodes all the structure of the tricategory and, furthermore, the cells of its geometric
realization |A7T | have a pleasing geometrical description in terms of the cells of 7T .
As a main result in the paper, we state and prove the following.

Theorem 5.4 For any tricategory T , there is a homotopy equivalence B3T ~ |AT].

If (B, ®) is any monoidal bicategory, then its geometric nerve, A(5, ®), is defined to
be the geometric nerve of its suspension tricategory X (B, ®). Then, in Example 5.11,
we obtain that there is a homotopy equivalence

B3(B.®) ~ [A(B.Q)|.
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For instance, since the geometric nerve of a braided monoidal category (C, ®, ¢) is the
geometric nerve of its double suspension tricategory, ie A(C, ®,¢) = AEZ(C ,®,¢),
the existence of a homotopy equivalence

B3(C,®,¢) = |A(C,®,¢)
follows, a fact proved by Carrasco, Cegarra and Garzén [12, Theorem 6.9].

The geometric nerve A(B, ®) of any given monoidal bicategory (B, ®) is a Kan
complex if and only if (B, ®) is a bicategorical group, that is, a monoidal bicategory
whose 2—cells are isomorphisms, whose 1—cells are equivalences and each object x
has a quasi-inverse with respect to the tensor product. In other words, a bicategorical
group is a monoidal bicategory whose suspension tricategory (B3, ®) is a trigroupoid
(or Azumaya tricategory in the terminology of Gordon, Power and Street [20]). The
geometric nerve of any bicategorical group (B, ®) is then a Kan complex, whose
classifying space B3 (B, ®) is a path-connected homotopy 3—type. In fact, every
connected homotopy 3—type can be realized in this way from a bicategorical group, as
suggested by the unpublished but widely publicized result of Joyal and Tierney [30] that
Gray—groups (called semistrict 3—groups by Baez and Neuchl [2]) model connected
homotopy 3-types (see also Berger [5], Lack [33], or Leroy [35]). Recall that by the
coherence theorem for tricategories, every bicategorical group is monoidal biequivalent
to a Gray—group. In Section 5.1, we outline in some detail the proof of the following
statement.

Proposition 5.12 For any path-connected pointed CW—complex X , there is a bicate-
gorical group (B(X), ®) with a homotopy equivalence B3 (B(X), ®) ~ X if and only
ifm; X =0 fori >4.

The bicategorical group (B(X), ®) we build, associated to any space X as above, might
be recognized as a skeleton of Gurski’s monoidal fundamental bigroupoid of the loop
space of X, (ITo(2X), ®) [23, Theorem 1.4]. In the particular case when in addition
w3 X =0, the resulting bicategorical group (B(X), ®) has all its 2—cells identities, so it
is actually a categorical group in the sense of Joyal and Street [29, Definition 3.1]. In the
particular case where 711 X = 0, the bicategorical group (B(X ), ®) has only one object,
so that it is the suspension of a braided categorical group; see Cheng and Gurski [15,
Section 2]. Hence, our proof implicitly covers two relevant particular cases, already well
known from Joyal and Tierney [30]; see also Carrasco and Cegarra [9, Theorems 2.6
and 2.10]. One case states that categorical groups are a convenient algebraic model for
connected homotopy 2-types. The other case states that braided categorical groups are
algebraic models for connected, simply connected homotopy 3-types.
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1.1 The organization of the paper

The paper is organized in five sections. Section 2 is quite technical but crucial to our
discussions. It is dedicated to establishing some results concerning the notion of a lax
functor from a category into a tricategory, which is at the heart of several constructions
of nerves for tricategories used in the paper. In Section 3, we mainly include the
construction of the Grothendieck nerve N7: A°? — Bicat for any tricategory 7, and
the study of the basic properties of the Grothendieck nerve construction 7 + N7 with
respect to trihomomorphisms of tricategories. Section 4 contains the definition of the
classifying space B3 7 of a tricategory 7. The main facts concerning the classifying
space construction 7 +— B37 are established here. In this section we also study the
relationship between B37 and the space realization of the Segal nerve of a tricategory,
ST: A°? — Hom, which, for instance, we apply to show how the classifying space of
any monoidal bicategory realizes a delooping space. Section 5 is mainly dedicated to
describing the geometric nerve A7: A° — Set of a tricategory 7 and to proving the
existence of homotopy equivalences B;7 >~ |A7T|. Also, by means of the geometric
nerve construction for monoidal bicategories, we show there that bicategorical groups
are a convenient algebraic model for connected homotopy 3—types. And finally, the
Appendix collects the various coherence conditions used throughout the paper and the
proofs of lemmas in the preparatory Section 2.

1.2 Notation

We refer to Benabou [4] and Street [44] for background on bicategories. For any
bicategory B, the composition in each hom category B(x, y), that is, the vertical
composition of 2—cells, is denoted by v - u, while the symbol o is used to denote the
horizontal composition functors o: B(y, z) x B(x, y) — B(x, z). The identity of an
object is written as 1,: x — x and we shall use the letters @, r and / to denote the
associativity, right unit and left unit constraints of the bicategory, respectively.

In this paper we use the notion of tricategory 7 = (T, a,l,r, 7, u, A, p) as it was
introduced by Gordon, Power and Street in [20] but with a minor alteration: we require
that the homomorphisms of bicategories picking out units are normalized, and then
written simply as 1; € 7 (¢, ¢). This restriction is not substantive (see Gurski [25, Theo-
rem 7.24]) but it does slightly reduce the amount of coherence data we have to deal with.
For any object ¢ of the tricategory 7, the arrow r1;: 1; — 1; ® 1; is an equivalence in
the hom bicategory 7 (¢, ), with the arrow I14: 1; ® 1; — 1, an adjoint quasi-inverse;
see [25, Lemma 7.7]. Hereafter, we suppose the adjoint quasi-inverse of r, r®* - r,
has been chosen such that »*1; = I'l;, with the isomorphism r®1; =~ I'1; being an
identity. We will extensively use the coherence results from [25, Corollaries 10.6, 10.15],
particulary the following facts easily deduced from them.
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Fact 1.1 Any two pasting diagrams in a tricategory 7 with the same source and target
constructed out of constraint 2— and 3—cells of T are equal.

Fact 1.2 Given a trihomomorphism H: 7 — 7, any two pasting diagrams in 7~
with the same source and target constructed out of constraint 2— and 3—cells of 7, T’
and H are equal.

The category of bicategories with homomorphisms (or pseudofunctors) between them
will be denoted by Hom and Bicat will denote the tricategory of small bicategories, ho-
momorphisms, pseudotransformations and modifications. Thus we follow the notation
by Gordon, Power and Street [20, Notation 4.9 and Section 5] and Gurski [25, Sec-
tion 5.1]. If F, F': B — C are lax functors between bicategories, then we follow the
convention of [20] in what is meant by a lax transformation o: F = F’. Hence, «
consists of morphisms ax: Fx — F'x and of 2—cells o,: ay o Fa = F'aoax,
subject to the usual axioms. In the structure of Bicat we use, the composition of
pseudotransformations is taken to be

G F GF

(c/ﬁp)(zﬁﬂ?c)=(sﬂ?p),

~ ~__—~ ~_ >
G’ F’ G F’

where o = BF oGa: GF = G'F = G’ F’. Note the existence of the useful invertible
modification

BF
GFgqy — G'F

(1) = /
o Je

whose component at an object x of B is Byx, the component of 8 at the morphism a.x.
The following fact will be also very useful.
Fact 1.3 Let o: F = F’: B— C be a lax transformation between homomorphisms

of bicategories. Then for any 2—cell in B

X1 —> "' —> Xp

ao Q
X Yu x’
b()\ / / bm
xl — e —> xm
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the following equality holds:

Fay Fxl*"'*Fxnian Fay Fxy == Fxy Fa,
7 7
Fx Fbo VFu Fb%Fx/ Fx Fx'
in > > Fx;n Yaq, Yag, ,
ax 4 = ax ax
@x F'x;>---= F'x,
Jap, Yap,, o N
F'x F'x' F'x Flao yFu  Flan F'x/
N 7 ~N e
Fby F’xi - > F’x;n F'by F'by F/x/1 e > F/xr/n F'b,,

For general background on simplicial sets, we refer to the book by Goerss and Jar-
dine [19]. The simplicial category is denoted by A and its objects, that is, the ordered
sets [n] = {0, 1,...,n}, are usually considered as categories with only one morphism
(Z,j): i — j when 0 <i < j <n. Then a nondecreasing map [n] — [m] is the same
as a functor, so that we see A, the simplicial category of finite ordinal numbers, as a
full subcategory of Cat, the category (actually the 2—category) of small categories.
Throughout the paper, Segal’s geometric realization [38] of a simplicial (compactly
generated topological) space X: A°? — Top is denoted by | X'|. By regarding a set as
a discrete space, the (Milnor) geometric realization of a simplicial set X: A°? — Set
is |X|. Following Quillen [37], the classifying space of a category C is denoted
by BC.

2 Lax functors from categories into tricategories

As we will show in the paper, the classifying space of any tricategory can be realized up
to homotopy by a simplicial set A7, whose p—simplices A[p] — AT are lax functors
[p] = T, where [ p] is regarded as tricategory in which the 2—cells and 3—cells are all
identities, satisfying various requirements of normality. To be more precise, we recall
the following.

A lax functor F: I — T, from a category [ to a tricategory 7, is the following data:

¢ For each object i in 7, an object Fi € ObT
e Foreach arrow a: i — j in I,a 1—cell Fa: Fi — Fj

¢ For each pair of composable arrows
i-bs -4k

in /,a2-cell F,p: Fa® Fb = F(ab)
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e For each object i € Ob 1, a 2—cell F;: 1p; = F1;

e For any three composable arrows

R Ny SNy

in I,a 3—cell
(Fa® Fb) @ Fe ——=—— Fa® (Fb® Fc)
Fm@lﬂ fabe ﬂl@Fh,c

F(ab)® Fc = F(abc) S Fa® F(bc)
ab.c a,bc

e For any arrow i —%> j in the index category I, two 3—cells

le®Fa Fa®1F;

e\ N
Fa Fa
= =

F1]®FQF=FQ, Fa®F1,F=1Fa
1l.a a,

This data is required to satisfy the coherence conditions (CR1), (CR2) and (CR3) as
stated in the Appendix.

Notice that we use a weaker notion of lax functor from that by Garner and Gurski
in [18], where it is required for the structure 3—cells to be invertible. Furthermore, here
the hom functors I(i, j) — T (Fi, Fj) are normal.

The set of lax functors from a small category I to a small tricategory T is denoted by

Lax(Z, 7).

Alax functor F: I — T is termed unitary or normal whenever the following conditions
hold: for each object i of I, F1; =1F; and F; =11, ; for each arrow a: i — j of I,
Fap;, = i.: Fa@l = Fa, Fy; o= l:1® Fa= Fa,and the 3—cells Fy p ., Fg 1.,
Fap,1, Fq and F, are the unique coherence isomorphisms. Furthermore, a lax functor
F: I — T whose structure 2—cells F, ; are all equivalences (in the corresponding
hom bicategories of 7" where they lie) and whose structure 3—cells F, p ., F, and Fy,
are all invertible is called homomorphic (or a trihomomorphism). The subsets of
Lax(Z,T) whose elements are the unitary, homomorphic and unitary homomorphic
lax functors, are denoted respectively by

2) Lax,(/,7T), Laxy(I,7T), Laxunw(Z,7T).
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Example 2.1 Let A be an abelian group and let £2 4 denote the tricategory (actually
a 3—groupoid) having only one i —cell for 0 <7 <2 and whose 3—cells are the elements
of A, with all the compositions given by addition in A. Then, for any small category 1
(eg a group G or a monoid M ), a unitary lax functor F: I — %24 is the same as a
function F: N3/ — A satisfying the equation

F(b,c,d)+ F(a,bc,d)+ F(a,b,c) = F(ab,c,d)+ F(a,b,cd),

such that F(a, b,c) = 0 whenever any of the arrows a, b, or ¢ is an identity. Thus
Lax, (I, X2A4) = Z3(I, A), the set of normalized 3—cocycles of (the nerve NI of) the
category I with coefficients in the abelian group 4.

2.1 The bicategories Lax(/,7T), Lax,(I,7T), Lax,(Z, 7)), Lax,,(Z, T)

For any category I and any tricategory 7, the set Lax(/, 7)) of lax functors from /
into 7 is the set of objects of a bicategory whose 1—cells are a kind of degenerated
lax transformations between lax functors that agree on objects, called oplax icons by
Garner and Gurski in [18]. When 7 = B is a bicategory, that is, when the 3—cells
are all identities, these transformations have been considered by Bullejos and Cegarra
in [7] under the name of relative to objects lax transformations, while they were termed
icons by Lack in [32]. This bicategory, denoted by LLax(Z,T), is as follows.

The cells of Lax(Z,7) As we said above, lax functors F: I — 7T are the 0—cells
of this bicategory. For any two lax functors F,G: I — T, a l—cell ®: F = G may
exists only if ' and G agree on objects, and is then given by specifying:

e Forevery arrow a: i — j in I, a 2—cell ®a: Fa = Ga of T

¢ For each pair of composable arrows
i-bs -4k
in 1,a 3—cell
Fa® FbFa=’b> F(ab)
3) @a@@bﬂ Pab ﬂd)(ab)
Ga® GbGﬁ G(ab)
e For each object i of the category I, a 3—cell

1Fl Gi

“) / \
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This data is subject to the axioms (CR4) and (CRY) as stated in the Appendix.

A 2—cell M: ® = Y, for two 1—cells ®, ¥: F = G in Lax(/,7T), is an icon modifi-
cation in the sense of [18], so it consists of a family of 3—cells in 7, Ma: ®a = Va,
one for each arrow a: i — j in I, subject to the coherence condition (CR6).

Compositions in Lax(/,7) The vertical composition of a 2—cell M: ® = ¥ with
al2-cell N: V=T, for &, ¥, I": F = G, yields the 2—cell N-M: & = I" which is
defined using pointwise vertical composition in the hom bicategories of 7 ; that is, for
eacha:i—jinl, (N -M)a=(Na)-(Ma): Pa = T'a: Fa = Ga. The horizontal
composition of 1—cells ®: F = G and V: G = H for lax functors F,G, H: [ — T
is Wo®: F = H, where (Vo ®)a =Vaoda: Fa = Ha for each arrow a: i — j
in 1. Its component

(Wod),p: Hypo(Wod)a® (Vo d)b) = (V(ab)o P(ab))o Fyp,

attached at a pair of composable arrows i N Jj —% k of the category I, is given by
pasting the diagram

Fab

Fa® Fb ’ F(ab)
NeeR N
Ga,
(Waoda)R(Whodb) =~ Ga® Gb 2 G(ab)
/ Ya.b /
Va®@Wh = W(ab)
Ha® Fb = H{(ab)
a.b

in the bicategory T (Fi, Fk), and its component (W o ®);: H; = (Vo ®)1; o F;,
attached at any object 7 of I, is given by pasting the diagram

lFpi=Gi=Hi
AN
G,
o, v;
a2 | &
Fl; Gl; Hl;
D1, vi;

in T (Fi, Fi). The horizontal composition of 2—cells M: ® = ¥: F = G and
N: T = 0:G = H in Lax({,T)is NoM:T o ® = O o V¥, which, at each
a:i — jin I, is given by the formula (N o M)a = Nao Ma.
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Identities in Lax(Z,7) Theidentity 1—cell ofalax functor F: I - T islp: F=F,
where (1r)a=1F, is the identity of Fa inthe bicategory T (Fi, Fi) foreach a: i — j
in 1. Its structure 3—cell (1F)qp: Fup o (1Fa ® 1Fa) = 1F@ap) ® Fup, attached at
each pair of composable arrows i _b, Jj =% k, is the canonical one obtained from the
identity constraints of the bicategory 7 (Fk, Fi) by pasting the diagram

Fa
Fa® Fb === F(ab)

| Y = |

Fa® Fb F= F(ab),
a.b

and its component, attached at any object i of 7, is obtained from the left unit constraints
of the bicategory 7 (Fi, Fi) at F;: 1, = F1;, thatis, (1p); = 171 F; >~ 1py, 0 F;.
The identity 2—cell 1¢ of a 1—cell ®: F = G is defined at any arrow a: i — j of [
by the simple formula (1¢)a = 1¢,: Pa = Pa.

The structure constraints in Lax(/,7") For any three composable 1—cells
® 14 e
F— G— H—7K

in Lax(/, T'), the component of the structure associativity isomorphism (®oW)o ® =~
O o (Vo d), at any arrow [ —% j of the category I, is provided by the associativity
constraint (OaoWa)o ®a = Oao (Vao da) of the hom bicategory T (Fi, Fj). And
similarly, the components of structure left and right identity isomorphisms 1go ® = @
and ol g = P, atany arrow a: i — j as above, are provided by the identity constraints
lgqg o ®a = Pa, and Paolfp, = ®a, of the bicategory T (Fi, Fj), respectively.

The bicategory ILax(/,T), contains three sub-bicategories that are of interest in our
development: The bicategory of unitary lax functors, denoted by

(&) Laxy(Z,7),

is the bicategory whose 1—cells are those ®: F = G in Lax(/,7) that are unitary in
the sense that ®1; = 1y, , the 3—cells @ 4, P4 1 in (3) and P; in (4) are those given
by the constraints of the tricategory, and it is full on 2—cells between such normalized
I —cells.

The bicategory of homomorphic lax functors (ie of trihomomorphisms), denoted by

Laxy(1,7),
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is the bicategory whose 1—cells are those ®: F = G in Lax(/,7) such that the
structure 3—cells @, , and ®; are all invertible, and it is full on 2—cells M: & = ¥
between such 1—cells.

The bicategory of unitary homomorphic lax functors, denoted by Laxyy(Z,7), is
defined to be the intersection of the above two, that is,

(6) Laxyn(1,7) = Laxy (I, T) NLaxy (I, 7).

Example 2.2 Let %24 be the strict tricategory defined by an abelian group 4 as in
Example 2.1 and let / be any category. Then the bicategory Lax,(I, X% A) is actually
a 2—groupoid whose objects are normalized 3—cocycles of I with coefficients in 4. If
F,G: N3I — A are two such 3—cocycles, then a 1—cell ®: F = G is a normalized
2—cochain ®: NI — A satisfying

G(a,b,c)+ ®(b,c) + ®P(a,bc) = F(a,b,c)+ ®(ab, c) + ®(a, b),

that is, G = F 4+ d®. And for any two l—cells &, V: F = G as above, a 2—cell
M: ® = W consists of a normalized 1-cochain M : N;I — A such that ¥ = ®+9JM ,
that is, such that W(a, b) + M (a) + M (b) = M (ab) + ©(a,b).

2.2 Functorial properties of Lax(/, —)

For any given tricategory 7T, any functor «: I — J induces a strict functor
a*: Lax(J,T) — Lax(I,7T)

given on cells in the following way: for any F: J — T, «*F: I — T is the lax functor
acting both on objects and arrows as the composite Fo, and whose structure cells are
simply given by the rules

(a*F)a,b = Faa,ab’ (a*F)i = Fuyi,
(O‘*F)a,b,c = Faa,ab,am (05/*\F)a = ﬁaa, (ﬁ)a = ﬁaa-

Notice that o* F is slightly different from the composite lax functor Fo, which will
give structure 2—cells (Fa)qp = 1 Fgaab) © Faa,ab-

For ®: F = G a 1—cellof Lax(J,T), a*®: «*F = o*G is the 1—cell of Lax(,7)
with

(a*CD)a = ®(aa), (a*q))a,b = (Daa,oeb’ (a*q))i = Qy;.
Similarly, for any 2—cell M: ®= W in Lax(J,T), a*M: «*® = a™ WV is the 2—cell
of Lax(/,7T) with («*M)a = M(aa).
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Using the definition above, the construction I — Lax(/,7) is functorial on the
category 1. For a trihomomorphism of tricategories H = (H, x,t,»,y,8): T — T/,
as defined by Gordon, Power and Street in [20, Definition 3.1], we have the following
result.

Lemma 2.3 Let I be any given small category.

(i) Every trihomomorphism H: T — T’ gives rise to a homomorphism
Hy: Lax(1,T)— Lax(1,T")
that is natural on I, that is, for any functor o: I — J,
Hyo™ = o™ Hy: Lax(J,T) — Lax(1, T).

() IfH: T — T and H: T' — T" are any two composable trihomomorphisms,
then there is a pseudoequivalence m: H,H, = (H'H)s such that, for any
functor «: I — J, the equality ma™ = a™m holds.

(iii) For any tricategory T, there is a pseudoequivalence m: (17)x = 1 such that,
for any functor a: I — J, the equality ma™ = o*m holds.

Proof This is given in Section A.1. |

2.3 Lax functors from free categories

Let us now replace the category I above by a (directed) graph G. For any tricategory T
there is a bicategory

Lax(G,T),

where a O—cell f: G — T consists of a pair of maps that assign an object fi to each
vertex i € G and a l—cell fa: fi — fj to each edge a: i — j in G, respectively.
A l-cell ¢: f = g may exist only if f and g agree on vertices, that is, fi = gi
for all i € G; and then it consists of a map that assigns to each edge a: i — j in the
graph a 2—cell ¢a: fa = ga of T. And a 2—cell m: ¢ = y, for ¢, ¥: f = g two
1—cells as above, consists of a family of 3—cells in 7, ma: ¢a = Ya, one for each
arrow a: [ — j in I. Compositions in Lax(G, T) are defined in the natural way by
the same rules as those stated above for the bicategory of lax functors from a category
into a tricategory.

Suppose now that 1(G) is the free category generated by the graph G. Then, restriction
to the basic graph gives a strict functor

R: Lax(1(G),T) — Lax(G,T),

and we shall state the following auxiliary statement to be used later.
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Lemma 2.4 Let I = I(G) be the free category generated by a graph G. Then for any
tricategory T, there is a homomorphism

L: Lax(G,T) — Lax(Z,7T)
and a lax transformation v: LR = 1y, 1) such that the following facts hold.
(i) RL = lpuxg,m, VL =1L, Rv=1pg
(i) The image of L is contained into the sub-bicategory Laxy,({,7T) € Lax(/,7T).

(iii)) The restricted homomorphisms of L and R establish biadjoint biequivalences

@ Lax(@.7) === Laxy(L. 7).
R
L

8) Lax(G,T) —= Laxyw(I,7T)
R

whose respective unit is the identity 1: 1 = RL, whose counit is given by
the corresponding restriction of v: LR = 1, and whose triangulators are the
canonical modifications 1 2 1ol =vLoL1 and Rvol R=101=1, respectively.

Proof This is given in Section A.2. |

3 The Grothendieck nerve of a tricategory

Let us briefly recall that it was Grothendieck who first associated a simplicial set
) NC: AP’ — Set
to a small category C, calling it its nerve. The set of p—simplices

N,C= || Clep-1.¢p) x Clepoz.cpot) x -+ x Clco. 1)

consists of length-p sequences of composable morphisms in C'. A geometric realization
of its nerve is the classifying space of the category, BC . The main result here shows
how the Grothendieck nerve construction for categories rises to tricategories.

When a tricategory 7T is strict, that is, a 3—category, then the nerve construction (9)
actually gives a simplicial 2—category (see Example 4.11). For an arbitrary tricategory,
the device is more complicated since the compositions of cells in a tricategory is in
general not associative and not unitary (which is crucial for the simplicial structure in
the construction of N7~ as above), but it is only so up to coherent isomorphisms. This
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‘defect’ has the effect of forcing one to deal with the classifying space of a nerve of T
in which the simplicial identities are replaced by coherent isomorphisms, that is, a pseu-
dosimplicial bicategory as stated in the theorem below. Pseudosimplicial bicategories
and the tricategory they form (whose 1—cells are pseudosimplicial homomorphisms,
2—cells pseudosimplicial transformations and 3—cells pseudosimplicial modifications)
were studied by Carrasco, Cegarra and Garzon [12].

Theorem 3.1 Any tricategory T defines a normal pseudosimplicial bicategory, that
is, a unitary trihomomorphism from the simplicial category A°P into the tricategory of
bicategories,

N7 = (NT, x,w): A°® — Bicat,

called the nerve of the tricategory, whose bicategory of p—simplices for p > 1 is
N, T = | | T(ty—1.1p) X T(ty—n.ty—1) X -+ x T (to. 11),
(t0.-.»tp)EOL TPT1

and No7 = ObT as a discrete bicategory. The face and degeneracy homomorphisms
are defined on O—cells, 1—cells and 2—cells of N, T by the ordinary formulas

(xp,....x2) ifi =0,
(10) di(Xp,....,x1) = (Xp, ..., Xj41 @ Xi,...,X1) 1:f0<i<p,
(Xp—1s-..,X1) ifi = p,
Si(xp, ..., x1)=(Xp, ..., Xit1, L, Xi, ..., X1).

Indeed, if a: [q] — [p] is any map in the simplicial category A, then the associated
homomorphism N,7: N, 7 — N, T is induced by the composition

T, )xT )BT 1)
and unit 1;: 1 — T (¢,t) homomorphisms. The structure pseudoequivalences

NpT N, T
—

(1D NpT U*ab N, T,

-
Nap»T

for each pair of composable maps [n] _b, [¢1—% [p] in A, and the invertible modifica-
tions

NeT Xa.b
NcTNbTNaT EESS NcTNabT

(12) Xh,CNaTﬂ Wq.b,c= ﬂXab,c

Npc TN T === Nap T
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respectively, associated to triplets of composable arrows [m] 5 [n] b, 9] % [p]
canonically arise all from the structure pseudoequivalences and modifications data of
the tricategory.

We prove Theorem 3.1 simultaneously with Proposition 3.2 below, which states the basic
properties concerning the behavior of the Grothendieck nerve construction 7 +— N7
with respect to trihomomorphisms of tricategories.

Proposition 3.2 (i) Any trihomomorphism between tricategories H: T — T’

13)

(14)

(i)

15)
(iii)
(16)

induces a normal pseudosimplicial homomorphism
NH = (NH,0,11): NT — NT’

which, at any integer p > 0, is the evident homomorphism N H: N, T — N, T’
defined on any cell (xp,...,x1) of N7 by

Ny H(xp,....,x1) = (Hxp,..., Hxy).
The structure pseudoequivalence
N, H ,

NaTi 0= lNaT’
N ——N,7T’
a7~z NaT

for each map a: [q] — [p] in A, and the invertible modifications

N, H
Ny HN, TN T X Nu HNgp T

GNQTﬂ I, = ﬂ/e

7 ! 4 7
NpT'NgHN,T ﬁ NpT'NgT NPHW Nap T'NpH

respectively, associated to pairs of composable arrows [n] _b, [¢]—% [p], canon-
ically arise all from the structure pseudoequivalences and modifications data of
the trihomomorphism and the involved tricategories.

For any pair of composable trihomomorphisms H: T — T’ and H': T' — T",
there is a pseudosimplicial pseudoequivalence

NH'NH = N(H'H).
For any tricategory T, there is a pseudosimplicial pseudoequivalence

Nl = InT.
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Proof of Theorem 3.1 and Proposition 3.2 Let us note that, for any p > 0, the
category [p] is free on the graph G, =(0— 1 —---— p), and that N, 7 =Lax(G,, T).
Hence the existence of a biadjoint biequivalence

L, Ry: N, T 2 Laxy([p]. T)

follows from Lemma 2.4, where R, is the strict functor defined by restricting to the
basic graph G, of the category [p], such that R, L, = 1, whose unity is the identity,
and whose counit v,: L, R, = 1 is a pseudoequivalence satisfying the equalities
vpL, =1 and Rpv, = 1. Then if a: [g] — [p] is any map in the simplicial category,
the associated homomorphism N,7: N,7 — N, 7 is defined to be the composite

Lpl TRq

Laxy([p]. T) —“ Laxy([q]. 7).

Observe that thus defined, the homomorphism N,7 maps the component bicategory
of Np7T at (Zp,...,1%) into the component at (f4(g), - - -, t4(0)) of Ng7, and it acts on
0—cells, 1—cells and 2—cells of N,7 by the formula N, 7 (xp,...,x1) =(Vg,..., V1),
where for 0 < k < ¢ (see (1) for the definition of ®°")

’ Q" (Xa(k+1): - -+ Xak)+1) i a(k) <a(k +1),

k =

T if ak) = a(k +1).

Thus we get, in particular, the formulas for the face and degeneracy homomorphisms.
The pseudonatural equivalence (11) is

Xa.p=Rnb*vqa*L,
Np TN T=Ryb*LgRya* Ly Ryb*a* L p=R,(ab)*L ,=NgpT

and the invertible modification (12) is
Wabe= Rmc*w,/)a*Lp,
where w[/) is the canonical modification below:

L, Ryb* v,
Lanb*LqRq — L, R,;b*

17 o) vpb* Ly Ry M) vpb*
b =
*
Vq
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Thus defined, N7 is actually a normal pseudosimplicial bicategory. Both coherence
conditions for N7, that is, [12, Conditions (CC1), (CC2)], follow from the equalities
RyL,=1,vpL,=1and R,v, = 1, and coherence in the tricategory Bicat.

This proves Theorem 3.1. |
When it comes to Proposition 3.2, let us note that the homomorphisms N, H: N, 7 —

N,7’, p > 0, make commutative the diagrams

N, H

L=L7 R=RPT/

Laxy([p]. T) N Laxn([p]. T'),

where H, is the induced homomorphism by the trihomomorphism H: 7 — T, as
stated in Lemma 2.3(i). Then the pseudoequivalence in (13), 6,, is provided by the
pseudoequivalences v: L R = 1 and their adjoint quasi-inverses v*: 1 = L R (which we
can choose such that Rv® =1 and v*L = 1), thatis, 0, = Ra*v*Hy Lo RHyLRa*L,

RH.a*L = Ra*H,L

ll

NgHNGT = RHyLRa*L -t > Ra*LRH,L =N,T'N,H

And, for [n] g1 %1 p], any two composable arrows of A, the structure invertible
modification (14), IT, 5, is the modification obtained by pasting the diagram

RH«LRb*va™L

RH.LRb*LRa*L RHyRLb*a*L
(1)
RH.vb*LRa*L = RH,vb*a*L
Rb* Hyva* L
RHyb* LRa*L il RHyb*a* L

Rb*V.H*LRa*L ) Rb*v'H*a*L Rb*a*v'H*L

RV*LRH<LRa*L Rb*a *H*Llﬁ Rb*a* LRHyL
« L
Rb*LRHuva*L g Rb*va* LRH.L
b*va*H.L
Rb*LRa*v® Hy L
Rb* LRHya*L 4 Rb*LRa* LRHyL,
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where the isomorphism labeled (A) is given by the adjunction invertible modification
vov® =~ 1. The coherence conditions for NH: N7 — N7, that is [12, Condi-
tions (CC3), (CC4)], are easily verified again from coherence in Bicat.

Suppose now that T H, 77 HL T are two composable trihomomorphisms. Then
the pseudosimplicial pseudoequivalence from (15), «: NH'NH = N(H'H), is at any
integer p > 0 given by op = RmL o RH,vH.L,

RH_ H.L
RH;vH*/ \RM
NpH'NpH = RH,LRH,L "= R(H'H)+L = N,(H'H),

where the pseudoequivalence m: H, Hy = (H'H): Laxy([p], T) — Laxn([p]. T")
is that given in Lemma 2.3(ii). The naturality component of « at any map a: [¢] — [p],

anaT

Ny H'N,HN, T N, (H'H)N, T

Ny H' 9a“ = “ea

NqH/NaT/NpH E S NaT//NpH/NpH _— NaT”Np(H/H),
O0uNp H NaT"ap

is provided by the invertible modification obtained by pasting in

H,vLRa* mLRa*
H,LRH.LRa* H,H«LRa* —— (H'H)+«LRa*
1 )
H.LRHsva* S H. Hyva* (H' H)wva*
HivHya* ma*=a*m
H,LRH.a* H,H.a* ——— (H'H)+a™

H[/LRa*v® Hx

1
(A)

H.LRa*LRH, — H;LRa*H,

HiLRa*Hx

a)

Hjva* LR H =

H;a*vH*

U=

a*ve(H' H)«

H.a*LRH. *LRH’LRH* — a*LRH, H, : a*LR(H'H)x,

a*v® H, LR H a* LRH/[vHx

where the isomorphism (A) is given by the adjunction invertible modification vov® =~ 1.

Finally, the pseudosimplicial pseudoequivalence (16), 8: N1+ = In7, is defined by
the family of pseudoequivalences

Bp=RmL
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where m: (17)x = 1: Laxy((p], 7)) — Laxp([p], T) is the pseudoequivalence in
Lemma 2.3(iii). The naturality invertible modification attached at any map a: [¢] — [p],

BoNaT
N, 17N, T =—= N, T

W o= |
N, 1 N,
aTNq T Na=7—ﬂq aT,

is the one obtained by pasting the diagram

R(17)xLRa* L —ZRmLRIL . p1 Ra*L = Ra*L

o) 1=Rva*L
R(IT)*VLI*LH/ >
Rma™ L

R(17)xa*L —— Ra*L

Il

*_ @ (l)
Ra*v (IT)*Lﬂ/ = 1=Ra*v°L
Ra*LR(17)«L Ra*LRL = Ra*L.
Ra*LRmL
Conditions (CC5) and (CC6) in [12], for both « and B, are plainly verified. O

4 The classifying space of a tricategory

4.1 Preliminaries on classifying spaces of bicategories

When a bicategory B is regarded as a tricategory whose 3—cells are all identities,
the nerve construction on it actually produces a normal pseudosimplicial category
NB = (NB, x): A°® — Cat, which was called the pseudosimplicial nerve of the
bicategory by Carrasco, Cegarra and Garzoén [11, Section 3]. The classifying space of
the bicategory, denoted here by B, 3, is then defined to be the ordinary classifying
space of the category obtained by the Grothendieck construction [21] on the nerve of
the bicategory, that is,

B,B =B/, NB.

The following facts are proved in [11].

Fact 4.1 Each homomorphism between bicategories F: B — C induces a continuous
(cellular) map B, F: BB — B,C. Thus, the classifying space construction, B +— B, 1,
defines a functor from the category Hom of bicategories to CW—complexes.
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Fact4.2 If F, F': B— C are two homomorphisms between bicategories, then any
lax (or oplax) transformation F = F’ canonically defines a homotopy between the
induced maps on classifying spaces, BoF >~ B, F": Bo B — B,C.

Fact 4.3 If a homomorphism of bicategories has a left or right biadjoint, the map in-
duced on classifying spaces is a homotopy equivalence. In particular, any biequivalence
of bicategories induces a homotopy equivalence on classifying spaces.

We also recall that the classifying space of any pseudosimplicial bicategory F: A°? —
Bicat is defined by Carrasco, Cegarra and Garzoén in [12, Definition 5.4] to be the
classifying space of its bicategory of simplices |, AF > also called the Grothendieck
construction on F [12, Section 3.1]. That is, the bicategory whose objects are the pairs
(x, p), where p > 0 is an integer and x is an object of the bicategory F,, and whose
hom categories are

WF.o.c.pn= || For.a*x),
[4]->1p]

where the disjoint union is over all arrows a: [¢] — [p] in the simplicial category A;
compositions, identities and structure constraints are defined in the natural way. We
refer the reader to [12, Section 3] for details about the bicategorical Grothendieck
construction trihomomorphism

[y~ Bicat®” — Bicat

from the tricategory of pseudosimplicial bicategories to the tricategory of bicategories.
The following facts are proved in [12].

Fact44 (i) If F,G: A°? — Bicat are pseudosimplicial bicategories, then each
pseudosimplicial homomorphism F: F — G induces a continuous map

BzfAFI BzfAf%Bzng.

(i1) For any pseudosimplicial bicategory JF: A°® — Bicat, there is a homotopy

BzfAl}‘Z IBZIA-F: Bz‘/lAJT‘.—>B2fAJ—".

(iii) For any pair of composable pseudosimplicial homomorphism F: F — G,
G: G — H, there is a homotopy

BZIAGBZIAF =~ BzfA(GF) BzfA]:—>B2fAH.
Fact 4.5 Any pseudosimplicial transformation ' = G: F — G induces a homotopy

BzfAFZBzfAGZ BzfAf%Bzng.
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Fact4.6 If F: F — G is pseudosimplicial homomorphism, between pseudosimplicial
bicategories F, G: A°° — Bicat, such that the induced map B, Fy,: BF, — B,G, isa
homotopy equivalence for all p > 0, then the induced map B, [, F: B, [, F — B[, G
is a homotopy equivalence.

Fact4.7 If 7: A°® - Hom C Bicat is a simplicial bicategory, then there is a natural
homotopy equivalence

By [pF = B2 F| = |[p] = B2 Fpl.

where the latter is the geometric realization of the simplicial space B, F: A°? — Top,
obtained by composing F with the classifying space functor B;: Hom — Top.

4.2 The classifying space construction for tricategories

We are now ready to make the following definition, which recovers the more traditional
way in the literature through which a classifying space is assigned to certain specific
kinds of tricategories, such as 3—categories, bicategories, monoidal categories or braided
monoidal categories (see Examples 4.11, 4.15 and 4.18 below).

Definition 4.8 The classifying space B37, of a tricategory 7, is the classifying space
of its bicategorical pseudosimplicial Grothendieck nerve, N7: A°? — Bicat, that is,

B3T - Bz/ANT.

Let us remark that the classifying space of a tricategory 7 is then realized as the
classifying space of a category canonically associated to it, namely, as

By 7 =B [yN(/uNT) = [N(/yAN(/,NT))|-

Example 4.9 (Classifying spaces of categories and bicategories) When a bicate-
gory B is viewed as a tricategory whose 3—cells are all identities, then its classifying
space is homotopy equivalent to the classifying space of the bicategory B, 5 as defined
Carrasco, Cegarra and Garzoén in [11, Definition 3.1], that is,

B3B ~ BzB.

To see that, let us recall that for any simplicial set X: A°® — Simpl.Set, there is
a natural homotopy equivalence B/, AX 2~ |X| between the classifying space of its
category of simplices and its geometric realization (see Illusie [27, Theorem 3.3]).
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Since N( / ANl’)’) is actually a simplicial set for any bicategory B, we have a homotopy
equivalence

B3B =B [,N(/,NB) ~ |[N(/;NB)| =B [,NB = B,B.

Similarly, for any category C regarded as a tricategory whose 2— and 3—cells are all
identities, we have homotopy equivalences

B3C 2B2C IBfANC =~ |NC| =BC

since NC is a simplicial set in this case.

The next two theorems deal with the basic properties of the homotopy behavior of
the classifying space construction 7 + B37T with respect to trihomomorphisms of
tricategories.

Proposition 4.10 (i) Any trihomomorphism between tricategories H: T — T’
induces a continuous (cellular) map B3 H: B37T — B3T".

(ii) For any pair of composable trihomomorphisms H: T — T’ and H': T' — T",
there is a homotopy

B3;H'B3H ~B3(H' H): B3T — B37T".

(iii) For any tricategory T , there is a homotopy B3l =~ lg,7: B37T — B37.

Proof (i) By Proposition 3.2(i), any trihomomorphism H: 7T — T’ gives rise
to a pseudosimplicial homomorphism on the corresponding Grothendieck nerves
NH: NT — NT’, which, by Fact 4.4(i), produces the claimed continuous map
B3H = BzfANHZ B3T—> B3T/.

(i) Suppose that T—H>77 57" are trihomomorphisms. By Proposition 3.2(ii), there
is a pseudosimplicial pseudoequivalence NH'NH = N(H'H), which, by Fact 4.5,
induces a homotopy

B, [\(NH'NH) ~B, [\N(H'H) =B3(H'H).
Then, the result follows since, by Fact 4.4(iii), there is a homotopy
B, [\(NH'NH) ~B, [\NH'B, [\NH =B3H'B3 H.

(iii) By Proposition 3.2(iii), we have that there is a pseudosimplicial pseudoequivalence
N17 = In7, which, by Fact 4.5, induces a homotopy B317 =B, [\ N17 >~ B, [, InT.
Since, by Fact 4.4(ii), there is a homotopy B, f AlNT = Bal JANT = 1,7, the result
follows. |
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Example 4.11 (Classifying spaces of 3—categories) In [38], Segal observed that
if C is a topological category, then its Grothendieck nerve (9) is in a natural way a
simplicial space, that is, NC: A°? — Top. Then he defined the classifying space of
a topological category C to be |NC|, the realization of this simplicial space. This
notion given by Segal provides, for instance, the usual definition of classifying spaces
of strict bicategories, or 2—categories, and strict tricategories, or 3—categories. Thus,
the classifying space of a 2—category B is, by definition, the classifying space of the
topological category whose space of objects is the discrete space of objects of B, and
whose hom spaces are obtained by replacing the hom categories B(b,b") by their
classifying spaces. In other words, the classifying space of the 2—category is the
geometric realization of the simplicial space obtained by composing NB: A°? — Cat
with the classifying space functor B: Cat — Top, that is, the space

l[p]+= BN, B| = [[p] = INN,B|| = |[p] = llg] = NgN,Bl| = |diag NNB],

where diag NNB is the diagonal simplicial set of the bisimplicial set NNB double
nerve of B, ([p], [q]) = N¢N, 5, and the last homeomorphism above is a consequence
of Quillen’s Lemma [37, page 86]. Similarly, since a 3—category 7T is just a cate-
gory enriched in the category of 2—categories and 2—functors, that is, a category T
endowed with 2—categorical hom sets 7 (¢',7) in such a way that the compositions
T, t) x T(",t')y — T(t",t) are 2—functors, by replacing the hom 2—categories
T (¢, t) by their classifying spaces as above, we obtain a topological category whose
classifying space is the classifying space of the 3—category T . That is, the space

|[p] > |diagNNN, T|| = |[p] = [g] = NgNyN, T | = [diag NNNT.

For B any 2-category, Thomason’s homotopy colimit theorem [47, Theorem 1.2] and
a result by Bousfield and Kan [6, XII, 4.3] give the existence of natural homotopy
equivalences

B,B =B [,NB = |hocolimp NNB| =~ |diag NNB].

For T any 3—category, by Fact 4.7, we have that there is a homotopy equivalence
B37 = B, [ANT = |[p] = B,N,T]|, and therefore we have an induced homotopy
equivalence

B37 =~ |[p] — |diag NNN, T|| = |diag NNNT].

4.3 The Segal nerve of a tricategory

Several theoretical interests suggest dealing with the so-called Segal nerve construction
for tricategories. This associates to any tricategory 7 a simplicial bicategory, denoted
by ST, which can be thought of as a ‘rectification’ of the pseudosimplicial Grothendieck

Algebraic € Geometric Topology, Volume 14 (2014)



Geometric realizations of tricategories 2023

nerve of the tricategory N7, since both are biequivalent in the tricategory of pseudosim-
plicial bicategories and therefore model the same homotopy type. Furthermore, ST is
a weak 3—category from the point of view of Tamsamani [46] and Simpson [40] (see
Proposition 4.13 below), in the sense that it is a special simplicial bicategory, that is, a
simplicial bicategory S: A°® — Hom satisfying the following two conditions:

(i) Sy is discrete (ie all its 1— and 2—cells are identities).

(i) For n > 2, the Segal projection homomorphisms below are biequivalences:

n

(18)  pn= l_[ dp - diyrdig—a--do: Sy —> S14,XdyS1d, ¥dy " dy XdpS1
k=1

For a given tricategory T, the construction of the bicategory of unitary homomorphic
lax functors from any small category [ in the tricategory 7, I + Laxyy(Z,T), given
in (6), is functorial on the category I, and this leads to the definition below.

Definition 4.12 The Segal nerve of a tricategory 7 is the simplicial bicategory

(19) ST: A°® - Hom C Bicat, [p]—S,7 = Laxwu(p], 7).

We should remark that when 7 = B is a bicategory, that is, when its 3—cells are all
identities, then the Segal nerve SB was introduced by Carrasco, Cegarra and Garzén

in [11, Definition 5.2], although it was first studied by Lack and Paoli in [34] under the
name of ‘2-nerve of B’.

Proposition 4.13 Let T be a tricategory. Then the following statements hold.

(i) There is a normal pseudosimplicial homomorphism
(20) L:NT — ST

such that for any p > 0, the homomorphism L,: N, T — S, 7T is a biequivalence.

(i1) The simplicial bicategory ST is special.

Proof We keep the notation established in the construction of N7 = (N7, x, w) given
in the proof of Theorem 3.1, and recall from Lemma 2.4(iii) that we have a biadjoint
biequivalence

L, 4Ry N, T 28,T.
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The normal pseudosimplicial homomorphism L = (L, 6, IT): N7 — ST is then defined
by the homomorphisms L,: N,7 — S,7, p > 0. For any a: [q] — [p], the structure
pseudoequivalence

Lp
NpT_> SpT
iy

NqT Tq> SqT

is provided by the counit pseudoequivalence v4: Ly Rg = s, 7, that is,

Ou=vqa*L,
LyNoT = LyRya* L ,——24*L,.

For any two composable arrows [n] _b, [¢q] =% [p] of A, the structure invertible
modification

Ly
L,N,TN,T 2 Ly NgpT

ONT Ha.p 9

1
is directly provided by the canonical modification (17), IT, 5 = a)za*L p-

The coherence conditions for L (ie [12, Conditions (CC3), (CC4)] with the modifica-
tions 1 o1 = 1 of the coherence isomorphisms), are easily verified by using Fact 1.3.

This completes the proof of part (i).

When it comes to part (ii), that S7 is a special simplicial bicategory, we have the
isomorphisms

21 S()T = Laxuh([O], 7-) ~0b7T = N()T,

between bicategories which identify a normal trihomomorphism F: [0] — T with the
object FO,

(22) $I7 =Laxaw(1].T) = | | Tlto.01) =N, T,

(t07tl)
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which carries a normal trihomomorphism F: [1] — 7T to the 1—cell Fo : F0O— F1,
and, for any integer p > 2,

S1Ta, %Xdy "+ dy XdeS1T
|| Tot)x || Teaitp)x-x || Tlo.11)
(tp—1.tp) (tp—2.tp—1) (to,t1)

= || Tpo1.1p) X T(tp—zitp1) x == x T(to. 1) =N, T.

(t0;--51p)

lle

Through these isomorphisms we see that, for any integer p > 2, the Segal projection
homomorphism (18) is precisely the biequivalence R,: S,7 — N,7T which, recall, is
defined by restricting it to the basic graph of the category [p]. Whence the simplicial
bicategory S7 is special. |

The following theorem states that the classifying space of a tricategory 7 can be
realized, up to homotopy equivalence, by its Segal nerve S7 . This fact will be relevant
for our later discussions on loop spaces. Let

B,ST: A? - Top, [p]+— B1S,T

be the simplicial space obtained by composing S7: A°® — Hom C Bicat with the
classifying functor B;: Hom — Top (recall Fact 4.1).

Theorem 4.14 For any tricategory T, there is a homotopy equivalence

By7 ~ |B,ST].

Proof Let us consider the pseudosimplicial homomorphism (20), L: N7 — ST . Since,
for every integer p > 0, the homomorphism L,: N,7 — S,7T is a biequivalence,
it follows from Fact 4.3 that the induced cellular map By L,: BoN,7 — B,S,7T is
a homotopy equivalence. Then by Fact 4.6, the induced map B, /| AL:Bs /, ANT —
B,/ AST is a homotopy equivalence. Since B37 = B, / ANT by definition, whereas by
Fact 4.7 there is a homotopy equivalence B, [, ST =~ |B,ST], the claimed homotopy
equivalence follows. a

Example 4.15 (Classifying spaces of monoidal bicategories) Any monoidal bicate-
gory (B,®)=(B,®,1L,a,l,r,m, 1, A, p) can be viewed as a tricategory
(23) 2(B,®)

with only one object, say *, whose hom bicategory is the underlying bicategory. Thus
¥(B, ®)(*,*) = B, and its composition given by the tensor functor ®: Bx 5 — B
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and the identity at the object is 14 = I, the unit object of the monoidal bicategory.
The structure pseudoequivalences and modifications a, I, r, 7, i, A and p for
¥ (B, ®) are just those of the monoidal bicategory (see the paper by Cheng and
Gurski [15, Section 3] for details). Call this tricategory the suspension, or delooping,
tricategory of the bicategory B induced by the monoidal structure given on it, and call
its corresponding Grothendieck nerve the nerve of the monoidal bicategory, hereafter
denoted by N(B, ®). Thus

N(B,®) =NX(B,®): A®® — Bicat, [p]+— B?

is a normal pseudosimplicial bicategory, whose bicategory of p—simplices is the p—
fold power of the underlying bicategory 3, with face and degeneracy homomorphisms
induced by the tensor homomorphism ®: B x B — B3 and unit object I following the
familiar formulas (10) in analogy with those of the reduced bar construction on a topo-
logical monoid, and with structure pseudoequivalences and modifications canonically
arising from the data of the monoidal structure on 5. The general Definition 4.8 for
classifying spaces of tricategories leads to the following.

Definition 4.16 The classifying space of the monoidal bicategory, denoted B3 (B, ®),
is defined to be the classifying space of its delooping tricategory X (B, ®). Thus

B3(B, ®) - B3E(B, ®) == BzfAN(B, ®)

The next theorem extends a well known result by Mac Lane and Stasheff on monoidal
categories to monoidal bicategories.

Theorem 4.17 Let (B, ®) be a monoidal bicategory such that for any object x € B,
the homomorphism x ® —: B — B induces a homotopy autoequivalence on the classi-
fying space of B, By (x ® —): B,B ~ B, B. Then there is a homotopy equivalence

BzB ~ QB3(B, ®)

between the classifying space of the underlying bicategory and the loop space of the
classitying space of the monoidal bicategory.

Proof By Theorem 4.14, B3(B, ®) is homotopy equivalent to | X,|, the geometric
realization of the simplicial space Xo = B,SX (B, ®): A°? — Top obtained by taking
classifying spaces on the simplicial bicategory SX (3, ®), which is the Segal nerve of
the suspension tricategory of the monoidal bicategory. By Proposition 4.13, SX (B, ®)
is a special simplicial bicategory. Furthermore, since the tricategory X (53, ®) has
only one object, the simplicial bicategory SX (B, ®) is reduced (see (21)), that is,
SoX(B,®) = = is the one-object discrete bicategory. Hence the simplicial space
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B,SX (B, ®) satisfies [39, Proposition 1.5(1), (ii)]: Xo = B,So X (B, ®) is contractible,
and the Segal projections maps

(22)
Bapn: Xy =BSp2(B,®) — Xln =B,(S;X(B, ®)n) = B28n

are homotopy equivalences. Since the H —space structure on X; = B, B is just induced
by tensor homomorphism ®: Bx B — 5, we have by hypothesis that X has homotopy
inverses. Therefore, from [39, Proposition 1.5(b)], we can conclude that the canonical
map X; — Q|X,| is a homotopy equivalence, whence the homotopy equivalence
B, ~ Q2B;3(B, ®) follows. |

Example 4.18 (Classifying spaces of braided monoidal categories) If (C,®) is a
monoidal category, then X (C, ®) is the bicategory called by Kapranov and Voevodsky
in [31, 2.10] the delooping bicategory of the category induced by its monoidal structure.
The nerve of ¥(C, ®) then becomes the pseudosimplicial category used by Jardine
in [28, Section 3] to define the classifying space of the monoidal category just as above:
B,(C,®) = BfAN(C, ®) (see also Bullejos and Cegarra [8], or Balteanu et al [3]).
Thus

(24) B>(C.,®) =B,XZ(C,®).

Now let (C, ®,¢) be a braided monoidal category as defined by Joyal and Street
in [29, Definition 3.1]. Thanks to the braidings ¢: x ® y — y ® x, the given tensor prod-
uct on C defines in a natural way a tensor product homomorphism on the suspension
bicategory of the underlying monoidal category, ®: X(C, ®) x X(C,®) — X(C, ®).
Thus (2(C, ®), ®) is a monoidal bicategory. The corresponding suspension tricategory

THC,®.¢) = Z(Z(C, ®), ®)

is called the double suspension, or double delooping, of the underlying category C
associated to the given braided monoidal structure on it (see Berger [5, 4,2.5], Kapranov
and Voevodsky [31, 4.2] or Gordon, Power and Street [20, 7.9]). We refer the reader
to Cheng and Gurski [15, Section 2] for the (nontrivial details) of this construction
and recall that this is a tricategory with only one object, say *, only one arrow * =
l4: * — x, the objects of C are the 2—cells, and the morphisms of C are the 3—cells.
The hom bicategory is X2(C, ®, ¢)(*, *) = Z(C, ®), the suspension bicategory of the
underlying monoidal category (C, ®), the composition is also (as the horizontal one
in ¥(C, ®)) given by the tensor functor ®: C x C — C and the interchange 3—cell
between the two different composites of 2—cells is given by the braiding.

The most striking instance is for (C, ®,c) = (4, +,0), the strict braided monoidal
category with only one object defined by an abelian group A, where both composition
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and tensor product are given by the addition + in A; in this case, the double suspension
tricategory X2 A is precisely the 3—category treated in Examples 2.1 and 2.2.

For any braided monoidal category (C, ®, c¢), the Grothendieck nerve of the double
suspension tricategory X2(C, ®, ¢) coincides with the pseudosimplicial bicategory
called by Carrasco, Cegarra and Garzoén in [12] the nerve of the braided monoidal
category, and denoted by N(C, ®, ¢). Thus

N(C,®,¢) =NZ?(C,®,¢): A® - Bicat, [p]— (Z(C,®))? = Z(C?,®)

is a normal pseudosimplicial one-object bicategory whose bicategory of p—simplices is
the suspension bicategory of the monoidal category p—fold power of (C, ®). Since the
classifying space of the braided monoidal category [12, Definition 6.1], B3(C, ®, ¢),
is just given by

B3(C, ®, C) = BzfAN(C, X, C)

we have the following.

Corollary 4.19 The classifying space of a braided monoidal category is the classifying
space of its double suspension tricategory, that is, B3(C, ®,¢) = B3X%(C, ®, ¢).

It is known that the group completion of the classifying space BC of a braided
monoidal category (C, ®, ¢) is a double loop space. This fact was first noticed by
Stasheff in [41], but originally proven by Fiedorowicz in [17] (other proofs can be
found in [3] or Berger [5]). We shall show below that under favorable circumstances
B3 (C, ®, ¢) is a model for a such double delooping of BC'.

Corollary 420 (i) For any braided monoidal category (C, ®, ¢) there is a homo-
topy equivalence
B> (C, ®) >~ QB3 (C, ®, ¢).

(i) Let (C, ®,c) be a braided monoidal category such that for any object x € C, the
functor x ® —: C — C induces a homotopy autoequivalence on the classifying
space of C, B(x ® —): BC ~ BC'. Then there is a homotopy equivalence

BC ~ Q%B;(C, ®, ¢)

between the classifying space of the underlying category and the double loop
space of the classifying space of underlaying category.

Proof (i) By Corollary 4.19 we have that the classifying space of any braided
monoidal category (C, ®,c) is the same as the classifying space of the monoidal
bicategory X (X (C, ®), ®). Therefore 2B3(C, ®,¢c) = QB3X(Z(C, ®), ®). Since
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3 (C, ®) has only one object, it is obvious that its monoid of connected component
19X (C, ®) is the trivial group 1. Then by Theorem 4.17, there is a homotopy equiv-
alence B3 (C, ®) ~ QB3X(X(C, ®), ®). Since by (24), B>(C,®) = B,X(C, ®),
the result follows.

(ii)) From the discussion in Example 4.9, we have homotopy equivalences BC ~ B,C
and B,(C,®) >~ B3(C,®). Then by Theorem 4.17, there is a homotopy equiva-
lence BC >~ QB,(C, ®). By the already proved (i), there is a homotopy equivalence
QB,(C, ®) ~ 22B;3(C, ®, ¢), whence the result. ]

5 The geometric nerve of a tricategory

With the notion of the classifying space of a tricategory 7 given above, the resulting
CW-complex BT thus obtained has many cells with little apparent intuitive connection
with the cells of the original tricategory, and they do not enjoy any proper geometric
meaning. This leads one to search for any simplicial set realizing the space B37 whose
cells give a logical geometric meaning to the data of the tricategory. With the definition
below we give a natural candidate for such a simplicial set, which, up to minor changes
affecting the direction conventions on 2— and 3—cells, is essentially due to Street [43;
45].

For any given tricategory 7, the construction / +— Laxy(/,7) given in (2), which
carries each category I to the set unitary lax functors from 7 into 7T, is clearly
functorial on the small category I, whence the following simplicial set.

Definition 5.1 The geometric nerve of a tricategory 7 is the simplicial set

AT: A°® - Set, [p]+— Laxy([p]. 7).

The simplicial set A7 encodes the entire tricategorical structure of 7 and, as we will
prove below, represents the classifying space of the tricategory 7 up to homotopy.
We shall stress here that the simplices of the geometric nerve A7 have the following
pleasing geometric description, where we have taken into account the coherence theorem
for tricategories in order to interpret correctly the pasting diagrams (ie by thinking
of 7 as a Gray—category). The vertices of AT are points labelled with the objects F0
of 7. The 1-simplices are paths labelled with the 1—cells

(25) Fo,1: FO— F1.
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The 2—simplices are oriented triangles

FO
Fo% Yo.z
26) 02
F1 2
Fi»

with objects Fi placed on the vertices, 1—cells Fj j: Fi — Fj on the edges and
labelling the inner as a 2—cell Fo 12: F1 2 ® Fo,1 = Fo2. For p >3, a p—simplex
of AT is geometrically represented by a diagram in 7~ with the shape of the 3—skeleton
of an oriented standard p—simplex whose 3—faces are oriented tetrahedrons:

Fi

N

27 ool S

NS

Fk

There is one for each 0 <i < j <k <[ < p, whose faces

Fj Fi
Fjk F;j Fi i F;
= =
Fk Fl Fk Fl
Fk.l Fk,l
(28) i -
1 i
F; j Fi,j,z\\i:i'l F; j Fi.j’,x’i,k
= =
Fj Fl Fj Fk
/ Fji J Fj

are geometric 2—simplices as above, and

Fi Fi
/:>\ Fi j k.1 / \
(29) Fj Fl = Fj = | & FI

Nt Ny S

Fk Fk

is a 3—cell of the tricategory that labels the inner of the tetrahedron. For p > 4, these
data are required to satisfy the coherence condition (CR1) as stated in the Appendix;
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that is, for each 0 <i < j <k <[/ <m < p, the following diagram commutes:

/ \ Fijsom / \

Fj = T
\ "4 / N\ T /
e =t
(Street’s fourth oriental [43])
Fj k.m Fik.1.m

/ \ Ft.j,l.m / \ Fi.j,kl /\ﬂ F
\\ / \\

Fk — FI Fk—= FI Fk—>Fl

The simplicial set AT is coskeletal in dimensions greater than 4. More precisely, for
p >4, a p-simplex F: A[p] — T of AT is determined uniquely by its boundary
= (Fd°,... FdP)

IA[p] 2 AT

F
Alp]

and, for p > 5, every possible boundary of a p—simplex, dA[p] — AT, is actually
the boundary dF of a geometric p—simplex F of the tricategory 7T .

Example 5.2 (Geometric nerves of bicategories) When a bicategory B is regarded as
a tricategory, all of whose 3—cells are identities, then the simplicial set A is precisely
the unitary geometric nerve of the bicategory, as it is called by Carrasco, Cegarra and
Garzoén in [11] (but denoted by A"B). The construction of the geometric nerve for a
bicategory was first given in the late eighties by Duskin and Street (see [44, page 573]).
In [16], Duskin gave a characterization of the unitary geometric nerve of a bicategory B
in terms of its simplicial structure. The result states that a simplicial set is isomorphic
to the geometric nerve of a bicategory if and only if it satisfies the coskeletal conditions
above as well as supporting appropriate sets of ‘abstractly invertible’ 1—and 2—simplices
(see Gurski [22] for an interesting new approach to this subject). In [11, Theorem 6.1],
the following fact is proved.

Fact 5.3 For any bicategory B3, there is a homotopy equivalence B, B ~ |AB|.

We now state a main result of the paper.
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Theorem 5.4 For any tricategory 7T , there is a homotopy equivalence B3T ~ |AT].

Proof Let us consider for any given tricategory 7, the simplicial bicategory
AT: A°® — Hom C Bicat, [¢]+— Lax.([¢],7)

whose bicategories of g—simplices are the bicategories of unitary lax functors (5)
of [¢] into 7. In this simplicial bicategory, the homomorphism induced by any map
a: [q] = [pl, a*: A, T — A,T is actually a strict functor. Hence the bisimplicial set

AAT: A% x A — Set,  ([pl.[g]) = ApA ;T = Laxy([p]. Laxu([g]. 7))

is well-defined, since the geometric nerve construction A is functorial on unitary
homomorphisms between bicategories. The plan is to prove the existence of homotopy
equivalences

(30) B37 ~ |diag AAT],
31) |AT]| ~ |diag AAT],

from which the theorem follows.

The homotopy equivalence (30) the Segal nerve of the tricategory (19) is a simplicial
sub-bicategory of A7 . Let L: N7 — AT be the pseudosimplicial homomorphism
obtained by composing the pseudosimplicial homomorphism (20), equally denoted
by L: NT — ST, with the simplicial inclusion S7T € AT . At any degree p > 0,
the homomorphism Lp: Np7 — AT is precisely the homomorphism in Lemma 2.4,
Lax(Gp, T) — Laxy([p]. T), corresponding with the basic graph of the category [p].
Then, we have a homomorphism R,: A,7 — N,7 such that R,L, = Iy, 7, and a
lax transformation v,: L, R, = 1 A7 It follows from Fact 4.2 that every induced
map B,L,: BoN,7 — Bzép’T is a homotopy equivalence. Then, by Fact 4.6, the
induced map B; [, AL:Bs / ANT — By /, AAT is a homotopy equivalence. Let

B,AT: A —Top, [p]+—B2A,T

be the simplicial space obtained by composing A7 with the classifying functor
B: Hom — Top (see Fact 4.1). Since, by definition, B37 = BzfANT, whereas,
by Fact 4.7, there is a homotopy equivalence B, [, AT >~ |B, AT, we have a homo-
topy equivalence B37 ~ |B, A7 |. Furthermore, by Fact 5.3, we have a homotopy
equivalence

B2AT| = llg] = B2A, T~ |lg] = [AA T = |diag AAT],

where we refer to Quillen’s Lemma [37, page 86] for the last homeomorphism. Thus
BT ~ |diag AAT], as claimed.
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The homotopy equivalence (31) Note that the geometric nerve AT is the simplicial
set of objects of the simplicial bicategory AT, thatis, AT = AgAT . Therefore, if we
regard A7 as a simplicial discrete bicategory (ie all 1—cells and 2—cells are identities),
then AA7T becomes a bisimplicial set that is constant in the horizontal direction, and
there is a natural bisimplicial map AAT < AAT, which is, at each horizontal level
p = 1, the composite simplicial map

h Sh_
32) AT = AoAT <% A\ AT 5 -5 Ayt AT &' A,AT.

Next we prove that the simplicial map A7 — diag AAT, induced on diagonals,
is a weak homotopy equivalence, whence the announced homotopy equivalence in
(31). It suffices to prove that every one of the simplicial maps in (32) is a weak
. . . . . P h
homotopy equivalence and, in fact, we will prove more: every simplicial map Sp_1>
p = 1, embeds the simplicial set A,_1 AT into Ap AT as a simplicial deformation

retract. Since we have that dh h =1, it is enough to exhibit a simplicial homotopy
h:l=sp_ dp: Ap AT—>A AT

To do so, we shall use the following notation for the bisimplices in AA7T . Since
such a bisimplex of bidegree (p,q),say F € ApA T, is a unitary lax functor of the
category [p] in the bicategory of unitary lax functors Lax,([¢], T), it consists of

e unitary lax functors F“: [g]—> T for0<u <p
o l-<cells F¥V: F* = F'for0<u<v=<p
e 2-cells F-VW; F¥Wo FoV = F¥W for 0 <u<v<w < p

such that the diagrams

(Fw,t ° Fv,w) o iV é Fwit o (Fv,w ° Fu,v)
F”’w’tolm MmF%v’w
Fv,toFuv Fuvt FutF Fwt Fuw
commute for u < v < w < ¢. Hence such a (p, g)—simplex is described by a list of

cells of the tricategory T

(33) F=(Fi. i B By e i Fijae Fi70).
with 0 <i < j <k <[ < g, where:

e Fi (= F%)is an object of 7.

. F.‘“:Fi—>Fj are 1—cellsin 7.
s F! ] o Fili®F = Filfk are 2—cells in 7T .
. F F” = F}; are 2—cellsin T.

Algebraic € Geometric Topology, Volume 14 (2014)



2034 A M Cegarra and B A Heredia

e Fl."}.vk and Fl.”}.v’w are 3—cells in 7 of the form

(FE, ® Fl )@ FlYy === F{ | ® (F{, ® F{")

FY, ,®1 Fz’fja,k,z I®F!,
FU @ F". Fu FY ® F*
J,l i,j Fi'f,- 4 il Filfk,z k,l i,k
Fu.
u u i.j.k u
Fi e ® Fj Fy

satisfying the various conditions.

The horizontal faces and degeneracies of such a bisimplex (33) are given by the simple
rules df, F = (Fi, F} ;."”, ...) and st F = (Fi, Fis";'”, ...), whereas the vertical ones
are given by

dyF = (Fd’”i,Fgm,-,dmj,...) and s, F = (Fs™i, Fl ).

sy g o
We have the simplicial homotopy

h:l= sy dp: ApAT — ApAT.

For each 0 <m < ¢, the map hy: ApA T — ApA, T takes a (p, g)—simplex F
as in (33) of AAT to the (p,q + 1)—simplex &, F consisting of the following:

e The lax functors /i, F* = (s™)*F*. [¢+1]—> T for0<u < p
e The lax functors /i, F?: [q + 1] = T with
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(hmF)Pi = Fs™ifor0<i <qg+1

p—l . ;<
()P, = A Fomigmy AT =
i,j D : ;
Fsmw , ifm <
Fsmlsmjsmk lfkfm
1QF p 1.p
p p 1 p p
lJ k F.P. el
1,] . K—
p . . <
— Fj; if j<m<k
p ) .
Fsmz,j—l k—1 it m < J
p—1 .
Fs””ls’”j s, sm] ifl=m
(o F)? ) the 3—cell given by (34) ifk =m <!
Lkl the 3—cell given by (35) if j <m <k
p . .
Fomi i1 k—1.1-1 itm<j
where
(34) (F{,_,®F\ e F!
AQF! "M / a
A@F M RF Y
(F]f’l_l ®F;7,k)®Fipgj_l ®(Fnkl ®Fﬂ 1
Fﬁk./l‘g/ - 1QFI P QFPT '% \W’f} Ilc
1®F” L.p
1
FP,_ ®F, (F,_,®F],)®F/; :Fplfl®(1k®Fp sz | ®Ff
1®F/ 1\ %, ,®1 s 1®F,!x /@F;fkl'l’
F},_®F, - F i ®Ff),
F'p'l 1 ’
1.].0—
Fil,)l—l
p—1 P p—1
(F{_y 1 ®F] ) ®F]; = Ff i ®F  ®FT)
F?, . . ®1
”""’/ “(1®1>®F;j;‘~” = “1@(1@@‘”7“)
p p—1 p _4 p
(35) FU L ®F = (Fl_ |\ ®F, D®F), = F , \®F], | ®F)
/
1®Fi,?;1,pﬂ Fjp,kfl,lfl ®1 F,-,j,/gl,z—l “1®F k1
FP. FP?
P i.j.0—1 P ik—1.01—1 p
Fl_ ®F] Fiia i ®F)

Algebraic € Geometric Topology, Volume 14 (2014)



2036 A M Cegarra and B A Heredia

e The l—cells Ay F*V = (s"™)*F*V: hyy F* = hyy FY for 0<u<v<p
e The 1—cells hy, F*“P: hy, F* = hy,, FP with

l{,p_l 1 ;
5 . Fsmi,smj' if j <m
= mB)i; =9 up o
Fsmi,j—l if j >m
Ferl if k <m

smismj smk
= (hmF){’}} = { the 3—cell given by (36) if j <m <k

u,p . .
Fomi j—1 k-1 iftm<j

F'.
u u _bJk— u
Fia ®F == F_,

1

u,p u,p—
Fj.k—y

u.p u.p
Fiw 1 ®F; 7 pur

D p—1 u.p—1.p Jk— k=1 ,
(%6) Fipa ®F ;T "o Fiily
p—1.p p
1®F; PP o PP Fij k=1 I
J.k—1 i,j ik—1

e The 2—cells (h,,, F)*V% = (s™)* F*"V¥ for w < p
u,v,p—1

Fopom:, ifj<m
e The 2—cells (hiy, F)""? are given by (hy F);""? = { Su;; I / _
FS,,’”.”]._I ifm<j

So defined, a straightforward (though tedious) verification shows that 4: 1 = 52—1 d},’
is actually a simplicial homotopy, and this completes the proof. a

As an application of the theorem above, we shall prove that tritransformations produce
homotopies. To do so, the following lemma is the key.

Lemma 5.5 Suppose 6 = (0,T1,M): F = G: T — T’ is a tritransformation. There
is a trihomomorphism H: T x [1] — T’ making this diagram commutative:

Tx[0]l=T

1x81 \
H

(37) T x[1] T

1x6
. /

Tx[0]=T
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Proof For any objects x, y of 7, H: (T x[1])((x,0), (y,1)) = T'(Fx, Gy) is the
homomorphism composite of

G _, T'(0x,1)
Tx,y)x{0, D} =T(x,y)—>T(Gx,Gy) ——=

T'(Fx,Gy).
For objects x, y,z of T, the pseudoequivalence

(T <[, 1), (2, 1) x (T x [1D((x, 0), (p, 1) PH TGy, Gz) x T'(Fx, Gy)

N |

(T x [1])((x,0), (z, 1)) H T'(Fx,Gz)

is obtained by pasting the diagram

T(q. 1) x T(x, y) —FS o TGy, G2) x T'(Gx., Gy) "L LGy, 62T (Fx, Gy)

®L 450 |s . E

T(x,z) < T'(Gx,Gz) 76D T'(Fx,Gz),

and the pseudoequivalence

(T x[1ID((1, 0), (z, D) x (T x [1)((x,0), (y,0)) ZE- T(Fy, G2) x T'(Fx, Fy)

N |

H

(T x[1D((x,0), (z,1)) T'(Fx,Gz)
by pasting in
T(2) x T ) — o TGy, G2) x T (Fx., Fy) 282 1y G2y x T/ (Fx. Fy)
FxF 6% 7(1,02)x1
T'(Fy, F2) x T'(Fx, Fy)
® UxF l@ = ®
T'(Fx, Fz)

/ v m

T(x,72) G T'(Gx, G2) TOx.1) T!(Fx.Gx).
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H

For any objects x, y,z,¢ of T, the components of the invertible modification o™ at

the triples

b 9’ b’ 9
(0,0 2O g,y Oy ©ID Gy,

,1 b,(0,1 ,1
(x.0) (a,10)) (y,O)( (0,1)) (. 1)g>(l,l),

,1 b,1 ,(0,1
(v, 0)- 12 (5, ) LI ) COD)

of composable 1—cells of 7 x[1] are canonically provided by the 3—cells (38), (39)
and (40):

(Ge ® Gb) ® Ga) ® Ox —222V8L. (G(c @ b) @ Ga) ® Ox
a®l xC®1
(38) (Ge® (Gh® Ga)) ®fx %o G((c®b)®a) ® Ox
(1®x°%)®1 Ga®1

(Ge® (Glb ®a) ®0x —2 . G(c® (b®a)) ® bx

@1
(Ge ® Gb) @ (0y ® Fa) == G(c®b) ® (0y ® Fa)

(39 “1@0 = “1@9

G
(Ge ® Gb) ® (Ga ® x) =22 G(c ® b) ® (Ga ® Ox)

Ge® (02 ® Fb) ® Fa) —22 oo (G ® 0y) ® Fa)

1®a 1®a
Ge®(0z® (Fb® Fa)) Ge® (G ® (0y ® Fa))
(40) 10(1xF) 1en 1®(1®6)
Ge® Oz F(b®a)) Ge®(Ghb® (Ga® 0x))
186 1®a®

G
Ge® (G(b®¢)® 0x) =80 G & (Gh ® Ga) ® Ox)

To finish the description of the homomorphism H, say that the component of the
invertible modification ¥ at any morphism (a, (0, 1)): (x,0) — (», 1) is canonically
obtained from the 3—cells 1 ® M and 6% ® 1 below, while the component of y is
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provided by 3—cell Y9 ®1:

1901 F
Ga®Ox1gre —2— Ga® (0x ® 1) —222) Ga & (6x ® F1)

1
ﬂ ™ ﬂl@e

G
Ga® (1 ® fx) —— 28D Ga®(G1®0y),

Ga®0xGro) — s (Gx ® 1) ® O

ﬂ 3GE§>1 ﬂ(l@LG)@)l

Ga®1)Rx —— (Ga® G1) R Ox,
x¢®1

CR1)R1
(18 Ga) ® x101 —22L (G1® Ga) @ Ox

ﬂ )/GE®1 \“XG@I

— .
Ga®0x ol G(l®a)R0x

This completes the proof. O

Proposition 5.6 If F,G: T — T are two trihomomorphisms between tricategories,
then any tritransformation I = G defines a homotopy between the induced maps on
classifying spaces:

B3 F ~B3G: B3T — B37T’
Proof Taking geometric nerves in the diagram (37), we obtain a commutative diagram
of simplicial maps

AT x A[0] = AT

| T
AH

AT x A[l] AT

1x6
OT AG

AT x A[0] = AT

Since |A[1]| [0, 1], the unity interval, the result follows by Theorem 5.4. |

As a consequence for triequivalences between tricategories, we have the following.
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Corollary 5.7 (i) If F: T — T’ is any trihomomorphism such that there is a
trihomomorphism G: T’ — T and tritransformations FG = 17 and 17 = GF,
then the induced map B3 F: B3 T — B3T is a homotopy equivalence.

(i1) Any triequivalence of tricategories induces a homotopy equivalence on classify-
ing spaces.

Proof (i) Given a trihomomorphism F: 7 — T as in the hypothesis, there is a ho-
motopy B3 FB3G >~ B3(FG) by Proposition 4.10(ii). By Proposition 5.6, the existence
of a homotopy B3 (FG) >~ B317~ follows. Since, by Proposition 4.10(iii), there is a
homotopy B3177 =~ 1,77, we conclude the existence of a homotopy B3 FB3G =~ 1g,7.
Analogously, we can prove that 1g;7 >~ B3GB3F', which completes the proof of this
part. Part (ii) clearly follows from part (i). O

Example 5.8 (Geometric nerves of 3—categories) In [43], Street gave a precise notion
of nerve for n—categories. He extended each graph G, = (0 -1 —---— p) toa
“free” w—category O, (called the p™—oriental) such that for any n—category X, the
p-simplices of its nerve are just n—functors O, — X" from the underlying n—category
of the p™—oriental to X'. In the case when n = 3, Street’s nerve construction on a
3—category T just produces, up to some directional changes, its geometric nerve AT
as stated in Definition 5.1. After the discussion in Example 4.11, from Theorem 5.4
we get homotopy equivalences

|diag NNNT | ~ B3T =~ |AT|

for any 3—category T .

Example 5.9 (Geometric nerves of braided monoidal categories) If A is any abelian
group, then the braided monoidal category with only one object it defines, (4, +, 0),
has as double suspension the tricategory %24 treated in Examples 2.1 and 2.2. For
any integer p > 0, we have

Laxy([p]. £24) = Z*([pl. A) = Z*(A[p]. A) = K(A.,3),,

whence AX2A4 = K(A,3), the minimal Eilenberg—Mac Lane complex. Hence, from
Theorem 5.4 and Corollary 4.19, it follows that B3 (A4, +,0) = |K(4, 3)|.

If (C,®,c) is any braided monoidal category, then a unitary lax functor of a cate-
gory I in the double suspension tricategory, I — £%(C,®, ¢), is what was called
a (normal) 3—cocycle of I with coefficients in the braided monoidal category by
Carrasco, Cegarra and Garzoén in [12, Definition 6.6] and by Cegarra and Khmaladze
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in [14, Section 4]. Therefore, the geometric nerve AZ2(C , ®, ¢) coincides with the
simplicial set [12, Definition 6.7]

Z3(C,®,¢): A% = Set, [p]> Z>([p],(C,®.¢))

whose p-—simplices are the 3—cocycles of [p] in the braided monoidal category. The
geometric nerve Z3(C, ®, ¢) is then a 4—coskeletal 1-reduced (one vertex, one 1—
simplex) simplicial set, whose 2—simplices are the objects Fy 1, of C, and whose
p—simplices, for p > 3, are families of morphisms of the form

Fijrt: Fija®Fjgg = Fig1 ® Fijr, 0=i<j<k<l=p
that make the diagram

a(Fi j xm®a~!

Fijm ® (Fjkm ® Fre.1,m) Figem ® (Fij ik ® Fic.1m)
1®Fj,k,l,ml ll@c
Fi,jm® (Fjim® Fj1) Figemn ® (Fiim ® Fij k)

(Fi.j,l.m®1)a_ll l(Fi,k,l,m‘X’l)a_l
a Y(1®F; j k.))a

(Figm®@Fij1)Q®Fj (Figm @ Fik ) ® Fij i

commutative for 0 <i < j <k <! <m < p. From Theorem 5.4 and Corollary 4.19,
we obtain the following known result.

Corollary 5.10 [12, Theorem 6.11] For any braided monoidal category (C, ®, c),
there is a homotopy equivalence B3(C,®,¢) ~ | Z3(C, ®, ¢)|.

Example 5.11 (Geometric nerves of monoidal bicategories) If (3, ®) is any monoidal
bicategory, then we define its geometric nerve, denoted by A(B, ®), as the geometric
nerve of its suspension 3—category X (B, ®) from (23). That is,

A(B, ®): A — Simpl.Set, [p]+— Lax,([p], (B, ®)).
Then Theorem 5.4 specializes to monoidal bicategories, giving a homotopy equivalence

B3(B.®) ~ [A(B.®)|.

5.1 Bicategorical groups and homotopy 3-types

Recall that a bigroupoid is a bicategory B in which every 2—cell is invertible. This
means that all the hom categories B(x, y) are groupoids, and every 1—cell u: x — y
is an equivalence, that is, there exist a morphism u’: y — x and 2—cells uou’ = 1,
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and 1y = u’ ou. By a bicategorical group we shall mean a monoidal bigroupoid
(B, ®) in which for every object x there is an object x” with 1—cells 1 — x ® x” and
x’ ® x — 1. Bicategorical groups correspond to those Picard 2—categories, in the
sense of Gurski [24, Section 6], whose underlying bicategory is a bigroupoid.

In any bicategorical group (5, ®), the homomorphisms x®—: B— B and —®x: B— 15
are biequivalences for any object x € 3. Hence, by Theorem 4.17, there is a homotopy
equivalence

BzB =~ QB3(B, ®)

between the classifying space of the underlying bigroupoid and the loop space of the
classifying space of the bicategorical group.

If (B,®) is any monoidal bicategory, then its geometric nerve A(B,®) is a 4—
coskeletal reduced (one vertex) simplicial set, which satisfies the Kan extension
condition if and only if (B, ®) is a bicategorical group. In such a case, the homotopy
groups of its geometric realization

wiB3(B,®) = mi A(B, Q) = ;1 AB
are plainly recognized to be:

o mB3(B,®) =0ifi+#£1,2,3

e 11B3(B,®)=0DbB/ ~, the group of equivalence classes of objects in B where
multiplication is induced by the tensor product

e 1,B3(B,®) = Autg(l)/ =, the group of isomorphism classes of autoequiv-
alences of the unit object where the operation is induced by the horizontal
composition in B

e m3B3(B,®) = Autp(1y), the group of automorphisms of the identity 1—cell of
the unit object where the operation is vertical composition in B

Thus bicategorical groups arise as algebraic path-connected homotopy 3-types, a fact
that supports the Homotopy hypothesis of Baez [1]. Indeed, every path-connected
homotopy 3—type can be realized in this way from a bicategorical group, as we show
below (see Berger [5], Joyal and Tierney [30], Lack [33] or Leroy [35] for alternative
approaches to this issue).

Proposition 5.12 For any path-connected pointed CW-complex X with m; X =0 for

i > 4, there is a bicategorical group (B(X), ®) whose classitying space B3 (B(X), ®)
is homotopy equivalent to X .
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Proof Given X as above, let M (X) € S(X) be a minimal subcomplex that is a
deformation retract of the total singular complex of X, so that |M(X)| ~ X . Taking
into account the Postnikov k —invariants, this minimal complex M can be described
(see Goerss and Jardine [19, VI, Corollary 5.13]) up to isomorphism as

41) M(X) = K(B,3) x; (K(4,2) x5, K(G, 1))

by means of the group G = w1 X', the G—-modules A = 7, X and B = w3 X, and two
maps

h: G* - A, t: A°xG*— B
defining normalized cocycles 1 € Z3(G, A) and t € Z*(K(A,2)x, K(G, 1), B). That
is, M(X) is the 4" coskeleton of the truncated simplicial set

try M(X)= B xA5><G4_>B><A3><G3_>d AXGZSGTI
d4 3

whose face and degeneracy operators are given by (0; € G, xj € A, uy € B):

log3 i =0,
di(x1,01,07) =3010, i=1
o1 i=2

(1 3,0, 03) i=0

(x2 + x3,0102,03) i=1

di(uy,x1,x2,X3,01,02,03) =
' ’ (X1 4+ X2,01,0203) =2

(xl_h(o—l’o—27a3)701502) l:3
di(uy,up, uz,us, X1,X2,X3, X4, X5, X6,071,02,03,04)
—1 —1 —1 —1
o o o o ;s —
( 1 Uy, 1 X4, 1 X5, 1 X6,02,U3,04) 1 _O
(3 +ug, X2+ X4,X3 +X5,X6,0102,03,04) 1 =1
= (uz +u3, Xy +Xx2,x3, X5 + X6,01,0203,04) 1 =2
(g +uz, X1, X2+ X3,X4 + X5,01,02,0304) =3
(u1,X1,X2,X3,01,02,03) i =
where we have that
Uy =uy—1t(x1,x2,X3,X4,X5,X¢,01,02,03,04),
X1 = x1 —h(01,02,0304) + h(01,02,03),
—_ —1
Xy = X3 —h(0102,03,04) + 1 h(02,03,04)

_ —1
X3 = X4 —% /’l(0'2,0'3,0'4).
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Then we can define a bicategorical group (B(X), ®) with a simplicial isomorphism
AB(X),®) = M(X) as follows.

e A O—cellof B=B(X) is anelement 6 € G. If ¢ # t are different elements of G
then B(o, 7) = @, that is, there is no 1—cell between them, whereas if 0 = t then the
l—cell x: 0 — o is an element x € 4. Similarly, there is no any 2—cell in B between
two l—cells x, y: 0 — o if x # y, whereas when x = y, the 2—cell u: x = Xx is an
element u € B.

e The vertical composition of 2—cells is given by addition in B, that is,

(x:u>x)-(x:v>x):(xgx).

e The horizontal composition of 1—cells and 2—cells is given by addition in 4 and B
respectively, that is,

x y x+y

o du o)olo v o)=\|o dutvo|].
~_7 N7 ~_ 7
X y x+y

e The associativity isomorphism is

(x+y)+z
a/lm\o, a=1t(x,y,2,0,0,0,0,1,1,1)
~—_ 7

x+(y+z)
and the 0 of A gives the (strict) unit on each o, thatis, 1, =0: 0 —> 0.

e The (strictly unitary) tensor homomorphism ®: B x B — B is given on cells of

B by
x y x—l—"y
X\ =\ — S\
(0 Ju o)®(r Jv r)z(orllu+°vot).
~—F ~—_F ~—_ 7
X y x+%y

e The structure interchange isomorphism

(x+7y)+(x"+y")
—

oT 4 oT,
S~ 7

(x+x)+(y+y")

/7 /

for any 1—cells o X oS50 and t 5t 5 ¢ is the one obtained by pasting into the
bigroupoid B the diagram
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oy’ x/ %y
oT oT oT oT

SNl
'y X
T(y+y") Ux

OT —>07T
x+x’

’

where

x=—1(0,0,0,99,%y",0,0,7,1, 1),

¢=1(0,x,0,0,,0,0,7,1,1)—1(0,0,x,%y,0,0,0,7,1, 1)
—1(x,0,0,0,0,%,0,1,1,1),

X =—-100,x,x",0,0,0,0,7,1,1) +1(x,0,x’,0,0,0,0,1, 7, 1)
—1t(x,x",0,0,0,0,0,1,1, 7).

e The associativity pseudoequivalence (— ® —) ® — 4 - (-®-): B = Bis
defined by the 1—cells
h(o,t,y): (67)y = o(ty).

The naturality component of a, at any 1—cells o e o, T % 7 and y 5 Y,

h=h(o,t,y)
(01)y ——=o(ty)

(x+”y)+‘”2l = lx+"(y+f2)

(o1)y m o(ty)

is given by pasting in B the diagram

00y —>0(ry) 2 0(ry) —= 0 (ry)
G T vo |7
(GT)VTy>(0f)VH—rZ>(0f)V—h>G(TV),
where
®=1(0,h,0,0,°%2,0,0,7y,1,1)—£(1,0,0,0,0,°%z,0,1,y,1)
—1(0,0,h,°%2,0,0,0,7y,1,1),
W =1¢(h,0,0,%y,0,0,0,7,1,5)—1(h,0,0,0,%°p,0,0,7,7,1)
+1(0,h,0,0,°,0,0,7ty,1,1)—1(0,0,1,°y,0,0,0, 7y, 1, 1),
Q=-1(x,h,0,0,0,0,0,1,7,y)+t(h,x,0,0,0,0,0,7,1,y)
—1(h,0,x,0,0,0,0,7,9,1)+¢(x,0,4,0,0,0,0,1,7y,1)
+1(0,h,x,0,0,0,0,7y,1,1)—1(0,x,4,0,0,0,0,ty,1,1).
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e The structure modification 7 at any objects o, 7,y,8 € G is

(00))8 m=horyd (67)(15)

h4=h(a,r,y)l S lh3=h<a,r,y5)

(0(ey)s 21O (o)) LTI vy,

where

w=t(hs,h1—ho,0,hy,0,0,0,7,%,6)
—t(hy,h4,0,0,0,0,0,ty,1,8) +t(hy,0,h4,0,0,0,0,7y,6,1)
—1t(h3,0,hiy —ho,0,ho,0,0,7,78,1) + (0, h3, hy —ho,0,ho,0,0,7y8,1,1)
—1(0,0,hy + h4,h9,0,0,0,ty8,1,1)—1(0,hy, h4,0,0,0,0, 796, 1,1).

This completes the description of bicategorical group (B, ®) = (B(X), ®), whose
geometric nerve is recognized to be isomorphic to the minimal complex M (X)) in (41)
by means of the simplicial map ¢: A(B, ®) — M which, in dimensions less than or
equal to 4 fits into the diagram

Ay(B,®) _— ~ A3(B,®) =2 Ar(B.®) = A1(B,®) =1

Jo Jo Jo CE

B*xASxG* T Bx A3 xG3 =L AxG? ——=G 1

and carries (keeping the notation in (25)—(29)):
 aunitary lax functor F: [1] = X (B, ®) to ¢(F) = Fy
 aunitary lax functor F: [2] = X (B, ®) to ¢(F) = (—Fo,1,2. Fo,1. F1,2)
e aunitary lax functor F: [3] - X(B, ®) to
¢(F) = (—Fo,1,2,3 —FOAF) 534 Fop3—Fo1.3, T01F) 55— Foa.3,
—F0IF, 53, Fo 1, Fi 2, F23)

e aF:[4—X(B,Q)to

@(F) = (uy,up,u3,ug,x1,Xx2,X3,X4,X5,X¢, Fo,1, F1,2, F2.3, F34),
where:

F,
uy ="""Frr34—Fo124+ Fo,1,3,4—Fo,2,3,4
F,
ur = Fon34—Fo,13,4—"""F123.4

F,
uz ="""Fir34—Fo23.4
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ug=—F01F; 554

X1 =Fop4—"0"F1 04— Fo14

Yy = F0.1F1’2’4 — F0s1F1,3,4 + Fo3,4— Fo2,4
x3="T01F) 54— Fo34

xg =TI 34— TOIF 5 4 —T02F) 54

x5 ="T02F, 3, —F01F| 54

Xe = —F0'2F2,3,4

This completes the proof. a

Remark 5.13 The fundamental bigroupoid T1,(X) of a space X was independently
described by Hardie, Kamps and Kieboom in [26] and by Stevenson in [42]. The objects
of TT1,(X) are the points x € X, the 1—cells f: x — y are paths f: [ =[0,1] > X
with f(0) = x and f(1) = y, and the 2—cells [¢]: f = g are relative homotopy
classes of homotopies between paths «: I x I — X with a|;xo = f and a|;x; = g.
In [23, Theorem 1.4], Gurski proves that when the space X is endowed with a structure
of algebra for the little cubes operad Cy, then I1,(X) has the structure of a monoidal
bicategory, say (I1,(X), ®). In this way, any given pointed topological space X has
associated a bicategorical group (IT,(2.X), ®), which is Gurski’s monoidal bicategory
of the loop space QX . Although we will not give details here, we want to point out
that for X a path-connected pointed space X for which ; X' = 0 for i > 4, the bicat-
egorical group (B(X), ®) in Proposition 5.12 is a skeleton of the bicategorical group
(I, (2X), ®). That is, there is a monoidal biequivalence (B(X), ®) >~ (I1,(2X), ®),
and the bigroupoid B(X) is skeletal in the sense that any two isomorphic 1—cells are
equal and any two equivalent objects are equal.

To finish, we shall remark on two particular relevant cases of the demonstrated rela-
tionship between monoidal bicategories and path-connected homotopy 3—types. Since
categorical groups, in the sense of Joyal and Street [29, Section 3], are the same thing
as bicategorical groups in which all 2—cells are identities, then categorical groups are
algebraic models for path-connected homotopy 2—types; see Carrasco and Cegarra [9,
Section 2.1] and Cegarra and Garzén [13, Section 5]. This fact goes back to Whitehead
(1949) and Mac Lane and Whitehead (1950) since every categorical group is equivalent
to a strict one, and strict categorical groups are the same as crossed modules. On the
other hand, if (C, ®, ¢) is any braided categorical group [29], then its classifying space
B3(C, ®, ¢) is the classifying space of its suspension bicategorical group (X(C, ®), ®)
(see Examples 4.18 and 5.9), which is precisely a one-object bicategorical group.
Therefore, we conclude from the above discussion that braided categorical groups are
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algebraic models for path-connected simply connected homotopy 3—types, a fact due
to Joyal and Tierney [30], but also proved by Carrasco and Cegarra in [9, Section 2.2]
(cf [10, Theorem 3.8]) and, implicitly, by Joyal and Street in [29, Theorem 3.3].

Appendix: Coherence conditions

(CR1) For any four composable arrows in 1, i —d, j—Sk by 195 m, the equation
A = A’ on 3—cells in T holds, where A is given by:

(Fa® Fb)® Fc)® Fd == (Fa® Fb) ® (Fc ® Fd) == Fa ® (Fb ® (Fc ® Fd))

a®1 1®a

RS

(Fap®1)®1 1Q(IQF, 4)
(Fa® (Fb® Fc)) ® Fd == Fa ® (Fb ® Fc) ® Fd)
I
(1®Fp)®1

(F(ab) ® Fe) ® Fd Fabc®! “

IR

1®’;b>s€~d Fa® (Fb® F(cd))
1®(Fh.c®1)
. v
(Fa® F(bc))® Fd ———= Fa ® (F(bc) ® Fd)
=z A
Fabe®1 Faped 1® Fpe.a
=

Fup,c®1 1®Fp, ca

Fabe.a Fy.bca
F(abe)® Fd F(abced) Fa® F(bed)

A’ is given by:

(Fa® Fb)® Fc¢)® Fd == (Fa® Fb) ® (Fc ® Fd) == Fa ® (Fb ® (Fc ® Fd))
Z N

= Fap®@(1®1) (1®1)®Feu =

(Fu,p®1)®1 1I®(1®F, 4)

Fab)® (Fc® Fd) =  (Fa® Fb)® F(cd)

a a
IQFc 4 Fap®1

(F(ab)® Fc)® Fd F(ab) ® F(cd) Fa® (Fb® F(cd))

Fah,c,d Fa,h,cd
= =
Fab,c®1 Fub.cd 1®Fb.cd

Fabc,a’ Fa.bcd

F(abc) ® Fd F(abced) Fa® F(bed)

(CR2) For any two composable arrows i b, j —% k in I, the equations B = B’,
C =C'and D = D’, on 3—cells in T hold, where B is given by
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(1®F;))®1
(Fa® 1) ® Fb —=— (Fa® F1,)® Fb
/ &@1
Fa®(1pj ® Fb) L& Fa® Fb,
11

B’ is given by:

(1®F;))®1
(Fa® 1)) ® Fb ———""—— (Fa® F1,)® Fb
a
= 1®(F;®1)

Fu1®1
% \
Fa® (1p; ® Fb) Fa®(F1;® Fb)  Talo
l®ﬁa
% = /®F1’b Fu,p Fqp
Fa® Fb F(ab)
C is given by:

Fa® Fb,

, (U ® Fa)® Fb

(Fr®1)®1
= ~
lpr ® (Fa® Fb)

(Fl; ® Fa)® Fb

ﬁa@l
=

1®F,p Fy ,®1
171 ® F(ab) = Fa® Fb

F(ab) %

/

C’ is given by:

(1px ® Fa) ® Fb

w)®l
(Fl; ® Fa)® Fb
Fk®1 /
Fl; ® (Fa® Fb)
“,1®Fa,b
Fi
Fly ® F(ab) &

§

lpx ® (Fa® Fb)

R

f

1R

1®Fa,b

Fl.a®1

Q
>

Fr®1

)

lpx ® F(ab)

I
S

Fl,ah

Ll

Fa® Fb

/

F(ab)
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D is given by:

(Fa (%) Fb) X lFi
F,p®1

F(ab) ® 1 F;

Fa® (Fb® 1F;)

1Qr® = _ 1QF;
ab
=
Fa® Fb F(ab) ® F1;
Fa,h ab,1
F(ab)
D’ is given by:
Fa® Fb)® 1 f;
/( ¢ N Fl%
1QF;
Fa® (Fb® 1F;) F(ab) ® 1F;
1Q(1QF; B =
(1&F) (Fa® Fb)® F1;
Fa® (Fb® F1;) F, @1
/ Fa.b,1
1®Fp 1 =
Fa® Fb F(ab)® F1;
F,, %
b F(ab) b.1
(CR3) For any object i € [ ,the following equation holds:
1Fi ®1Fi 1ri ®1Fi
o N o N\
s
Fl; ® lF; = lpi = FlLi®lp = 1pi®Fli= lp;
1®Fi“ 2\ “Fi 1®Fi“ y g\ “Fi
Fi1.1 Fi1.1
Fl;® Fl; ——— F1; Fl1;® Fl; F1;
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(CR4) For any triplet of composable morphisms of 7, i —<> j —2>k —%>1, the equation
E = E’ on 3—cells in T holds, where E is given by:

1QFp
(Fa® Fb) ® Fc —2— Fa® (Fb ® F¢) ——<— Fa ® F(bc)

Fa,b®1 F
(Pa®@Pb)Qdc a_;;sc Fabe
Fap.c
(Ga® Gb) ® Ge a® F(ab) ® Fe ——=“—— F(abc)
Gap®1 Pub.c ®(ab
. ®(ab)@Pc = (@be)
Gah.c
G(ab) ® Ge G(abc)
E’ is given by:
19F) ¢
(Fa® Fb)® Fe ——"— Fu® (Fb® Fc) 0 Fa® F(bc)
(Pa®db)@Dc = ®a@(@b@dc) 'Obc ®a®(bc) Fabe

(Ga®Gb)® G¢e =——= Ga® (Gh® Ge) == Ga® G(bc) ®ape F(abe)
b.c

Ga,h,c

G, p®1 b

Ga,bc
Gab,c

G(ab) ® Ge

®(abc)

G(abc)

(CR5) For any morphism of I, i —%> j, the following two pasting equalities hold:

1® Fa

wse /|
8% 7 ko1 N

Fa
ﬂa
1® Ga ¢§1F1®Fa$Fa

l.a

G;ol|| ®1@da Pla da

G1®GQG=GG

l.a

1® Fa
1®®a )i

1® Ga
G;®1 Cu
=

_—
Gl1®Ga =

l.a

Algebraic € Geometric Topology, Volume 14 (2014)

Fa

da

Ga



2052 A M Cegarra and B A Heredia

Fa®1
Pa®l Pa®l ,e
Ga®1 'Y Fa® F1 = Fa ) Ga® 1 = Fa
18G; | ®agel  Pa ®a 186G || 5, NG ®a
Ga®Gl?Ga Ga®G1?Ga

(CR6) For any object i and each two composable arrows i b, j—%k of I, the
diagrams of 3—cells below commute:

M1;ol
Pljo F; =———= Vl;0 F;

and
Gypo (Pa® Pb) % ®(ab)o Fup
lo(Ma®Mb)m MM(ab)@)l
Gapo(Va®Wb) g W(ab)o Fyup

A.1 Proof of Lemma 2.3

(i) The homomorphism H, is defined as follows: it carries a lax functor F: I — T to
the lax functor Hy F: I — T, which is defined on objects i of I by (HxF)i = HF'i,
and is defined on arrows a: i — j by (H«F)a= HFa: HFi — HFj. The 2—cell
(Hy F)gp: (HeF)a ® (Hy F)b = (Hy F)(ab), for each pair of composable arrows
i 2> j —%5 &, is the composition

X HF,
HFa® HFb = H(Fa® Fb) —s HF(ab).

For each object i, the 2—cell (HxF);: 1(g, F)i = (HxF)1; is the composite of

L HF;
lgri=— Hlp; — HF1;.
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The structure 3—cell of HyF: I — T’ associated to any three composable arrows
i —> j =5 k —45 ] is that obtained by pasting the diagram

o (HFa®HFD)® HF = HFa@(HFb®HFc)
X X

H(FaQFb)®@ HF ¢ . 2 . HFa® H(FbQFc)
HFa.b®1“ H((Fa® Fh)® Fc) =22 H(Fa®(Fb®Fc)) “1®HFb,c
= [ [ =
HF(ab)y® HF ¢ H(Fq»®1) H(1®Fp,) HFa®HF(bc)
X v Faé[)’c v X
H(F(ab)®Fc) H(Fa®F(bc))

=
HFyp,c HF(abc) HF, pe

whereas the structure 3—cells of the lax functor Hy F attached to an arrow a: i — j
of the category I are respectively those obtained by pasting the diagrams below:

®1

Hlp; ® HFa lprj ® HFa
= :
HF;®1 B H(1pj ® Fa) =
= _ i l
H(Fj®1 L \
£ HF) ,
HF1;® HFa = H(F1; ® Fa) ‘ HFa
HFa® Hlp; il HFa® 1 gF;
IQHF; N Y H(Fa®1p;) o e
= = _ .
H(1®F,-T Hla &
=
X HF,;
HFa® HF1; 2 H(Fa® F1;) HFa

If &: F = G is any 1—cell in the bicategory Lax(/,T), then Hy®: Hy F = H.G
is the 1—cell in Lax(Z, 7’) whose component at an arrow a: i — j of I is the 2—cell
of 77 defined by (Hx®)a = H®a: HFa = HGa. For any pair of composable arrows
LN j —% k and any object i of I, the corresponding structure 3—cells (3) and (4),
(H«®),p and (H«P);, are respectively given by pasting in

HF,
HFa® HFb == H(Fa ® Fb) —= HF(ab)

H®, p
= “H‘P(ab)

HGa® HGb —> H(Ga ® Gb) = HG(ab)
X HG,p

Il
H(®a® ob)

(¢

H<I>a®H<I>b“
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and
lHFi=HGi
U,L
Hlpg;
HF; " HG
/ H;l \
HF1; HG1;
Ho,

And a 2—cell M: ® = W of Lax(/,7T) is applied by the homomorphism Hy to the 2—
cell HiM: H,®= H,V of Lax(I,T"),suchthat (HiM)a=HMa: Hba= HVa
for any arrow a: i — j of the category 1.

Finally, if ®: F = G and ¥: G = H are any two composable 1—cells in Lax(Z,7),
and F: I — T is any lax functor, then the constraints (HxW¥) o (Hx®) = Hy (¥ o O)
and 1y, F = H«1F are the structure isomorphisms HWao H®a =~ H(Va o $a) and
lgra =~ Hlfp,, at any arrow a: i — j of I, of the homomorphism H: T (Fi, Fj) —
T'(HFi, HFj), respectively.

If o: I — J is a functor then, recalling the definition of a* given at the beginning of
Section 2.2, one easily checks the equality Hxa™ = o™ H,.

(i1) For any lax functor F: I — T, the 2—cell attached by
m=mpg: H,(HyF) = (H' H)+F
at any arrow a: i — j of [ is the identity, that is, ma = 1y gF,. For any pair of

composable arrows i N j —% k and any object i of I, the corresponding invertible
structure 3—cells (3) and (4),

Imgp: (Hy(Hy F))gp o (ma @ mb) = m(ab) o (H' H)+F)ap.
mj: mlj o (H,(H«F)); = (H' H)«F);,

are, respectively, given by pasting in the diagrams below:

p H'(HF, 5ox)
H'HFa® H HFb == H'(HFa ® HFb) H'HF(ab)

Hy H'HF, )
181 = 1 - = - 1

H' HFa® H'HFb ?} H'(HFa® HFb) H=’> H'H(Fa@Fb)ﬁ H'HF(ab)
X a.b
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and

L , H'(HF;o1) ,
lg'pri ——— H'lgF; H HF1;

e T

H'\pypi = H'H1F; ,=H/HF1,

If &: F = G isany 1—cell in Lax(/,7), then we have that the invertible naturality
2—cell mg: mg o (H,(Hx®)) = (H'H)x®omp, at any arrow a: i — j of I, is the
canonical isomorphism 10 H' H®a =~ H' H®aol in T"(H'HFi, H HFj).

For a functor «: I — J, it is easy to see that ma™ = a*m.
(iii) For any lax functor F: I — 7T, the 2—cell attached by
m=mpg: (1)« F = F

at any arrow a: i — j of I is the identity, that is, ma = 1f,. For any pair of
composable arrows i LN Jj —% k and any object i of I, the corresponding invertible
structure 3—cells (3) and (4),

Mg p- Fa,b O(Wld@ﬂ’lb) = m(ab)o((lT)*F)a,b: m;: ml; o((lT)*F)i = I,

are, respectively, the canonical isomorphisms in the diagrams below:

F,,
Fa® Fb == Fa® Fb =2 F(ab)

1 i
| | 2=\
181 1 =
F; 1
; F1; F1

Fa® Fb : F(ab) 1 p;

S (¢
)

If &: F = G any l—cell in Lax(/,7T), then we have that the invertible naturality
2—cell mg: mg o ((17)xP)) = Pomp, at any arrow a: i — j of I, is provided by
the canonical isomorphism 1 o ®a = ®aol in T (Fi, Fj).

Again, for a: I — J a functor, it is straightforward to check the equality ma™ = a*m

holds. O

A.2 Proof of Lemma 2.4

To describe the homomorphism L, we shall use the following useful construction: for
any list (7o, ...,tp) of objects in the tricategory 7, let

(1) Q% T(tp—1.tp) X T (tp—2.tp—1) X=X T (to,t1) —> T (to. tp)
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denote the homomorphism recursively defined as the composite
p—1
Tltp1.0p) % [ | Tt 00 2T (tpo1.15) X T, tp-1)——=T 10, 1p).
i=1
That is, ®°" is the homomorphism obtained by iterating composition in the tricategory,

which acts on 0—cells, 1—cells and 2—cells of the product bicategory ]—[f)=1 T(ti-1,4)
by the recursive formula

X1 if p=1,
Xp ® (8 (xpi.....x1)) if p=2.
The definition of L on 0—cells The homomorphism L takes a lax functor of the

graph in the tricategory, say f: G — T, to the unitary homomorphic lax functor from
the free category

®°r(xp,...,x1)={

L(f)y=F:1—-T,
such that Fi = fi, for any vertex i of G (= objects of I), and associates to strings

a: a(0) 4 ---@)a(p)

in G the 1—cells Fa = ®”(fap, ..., fa1): fa(0) — fa(p). The structure 2—cells
Fup: Fa® Fb = F(ab), for any pair of strings in the graph, @ = ap ---a; as above
and b = by --- by with b(g) = a(0), are canonically obtained from the associativity
constraint in the tricategory: First by taking F;, » = 1 (4, 5) and then, recursively for
p > 1, defining F, j as the composite

1QF,
Fap: Fa® Fb == Fa, ® (Fd' ® Fb)———2 F(ab),

where o’ = ap—1---ay (whence Fa = Fa, ® Fa’). And the structure 3—cells Fapes
for any three strings in the graph a, b and ¢ as above with @(0) =b(g) and H(0) =c(r),
are the unique isomorphisms constructed from the tricategory coherence 3—cells .
For a particular construction of these isomorphisms, we can first take each F, 5 . to
be the canonical isomorphism F,, 5 . given by

a

(Fa; ® Fb)® Fc Fa, ® (Fb® Fc)

1®1“ “1®Fb_c

1®Fp. .
F(a1h) ® Fc == Fa; ® (Fb ® Fc) — F(abc) L Fa, ® F(bce),

I

and then, recursively for p > 1, take F,p . to be the 3—cell canonically obtained
from Fy,_,..q, b, by pasting the diagram below, where, as above, we write a
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forap,_y---ay:

(Fa® Fb)® Fc

a®1l \

(Fa, ® (Fd' ® Fb)) ® Fc Fa® (Fb® Fc)

X
H Fa,® ((Fa' ® Fb) ® Fc) 18Fp.c
(1®Fa/‘b)®1 H 1®a

IR

Fa,®(Fa' ® (Fb® Fc)) = Fa® F(bc)

“ 1Q(Fyp®1) 1Q(1®Fp )
b.c
F(ab) ® Fc IQF, p.¢
N -

Fa,® (F(a'b)® Fc) Fa, ® (Fd' ® F(bc))
1@% /@Fa/ be
' F(abc) '

The conditions (CR1), (CR2) and (CR3) are verified thanks to Fact 1.1, since we are
only using constraints 2—cells and 3—cells. Note that since all structure 2—cells F, p
are equivalences in the corresponding hom bicategories of 7 in which they lie, and all
the structure 3—cells F p . are invertible, the so defined unitary lax functor F: I — T
is actually a homomorphic one; thatis, L(f) = F € Laxy,(I,T) S Lax(I,7T).

The definition of L on 1-cells Any l1-cell ¢: f = g of Lax(G,7T) is taken by L
to the 1—cell in Laxyn(Z,7T)

L@p)=d: F=G
consisting of the 2—cells in the tricategory ®a = ®°'(¢ap,...,¢a;): Fa = Ga,
attached to the strings of adjacent edges in the graph a = ap ---a;. The structure
(actually invertible) 3—cells @, ;, for any pair of strings @ and b in the graph with

b(gq) = a(0) as above, are defined by induction on the length of a as follows: Each ®,, ,
is the canonical isomorphism

Fa, ® Fb =— F(a,b)
Q4 p: <I>a1®<I>b“ = “q>(a1b)=q>a1®q>b

Ga, ® Gb —=— G(a,b),
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and, for p > 1, each @, j is obtained from ®, p, where a’ = a,_; ---ay, by pasting

1QF, .
Fa® Fb =% Fa, ® (Fa' ® Fb) —== F(ab)
da@db = ®a, ® (Pa’ @ db) 1®;’a’,h “¢(ab)=<l>ap®(d>a’®<1>b)

Ga® Gb —= Ga, ® (Gd' ® Gb) —= G(ab).
a 1®Ga/.b

Again, Fact 1.1 ensures that conditions (CR4) and (CRS5) are satisfied. Note that, since
all structure 3—cells ®, ;, are invertible, the thus defined unitary 1-cell L(¢) = ® of
Laxy(Z,7T) is actually a 1—cell of Laxyn(Z,7).

The definition of L on 2—cells For ¢, ¥: f = g and any two 1—cells in Lax(G, T),
the homomorphism L on a 2—cell m: ¢ = i gives the 2—cell of Laxyy (1, 7T)

Lm)=M: d= U,

consisting of the 3—cells in the tricategory Ma = @ (mayp, ..., ma;): ®Pa = Ya for
the strings a = ap ---a; of adjacent edges in the graph G.

The structure constraints of L If ¢: f = g and y: g = h are 1—cellsin Lax(G,T),
then the structure isomorphism in Lax,(/,7)

Lyg: L(¥)o L(¢) = L(Y 0¢),

at each string a = ap---a; as above, is recursively defined as the identity 3—cell
on Yayo¢ay if p =1, while, for p > 1, Ly ga: L(Y)ao L(¢p)a = L(Y o¢p)a is
obtained from L., 4a’, where a’ = a,_y ---ay, as the composite

L(y)ao L(p)a= (Yap® L(Y)d") o (¢pap ® L(¢)d)
= (Yapogap) ® (L(Y)d o L(p)a’)
1®Lw’¢a/

= (Yapogap) ® L(Yyop)a’ = L(y op)a.

Similarly, the structure isomorphism L¢: 17(s) = L(17) consists of the 3—cells
Lya: 1p(f)a = L(lg)a, where Lyay = 1: lgq, = 1z, and, for p > 1, Lya is
recursively obtained from Lra’, @’ =a,_; ---ay, as the composite

1®Lfa’
lL(f)a = 1fap®L(f)a/ ~ 1fap X lL(f)a/ = 1fap X L(lf)a/ = L(lf)a.

This completes the description of the homomorphism L.
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The definition of the lax transformation v The component of this lax transformation
at a lax functor F: I — T, v=v(F): LR(F)= F, is defined on identities by

vl;=F;: 1g; = F1;,

for any vertex i of G, and it associates to each string of adjacent edges in the graph
a=ap---ay the 2—cell

2 va: @ (Fap, ..., Fa,) = Fa,

which is given by taking va; = 1g,, if p =1, and then, recursively for p > 1, by
taking va as the composite

va: @ (Fap, ..., Fal)%Fap ® Fa’gFa,
where @’ =ap_1---ay.
The structure 3—cell
3) Vab: Fapo(va®vb) = v(ab)o LR(F)gp,

for any pair of composable morphisms in 7, is defined as follows: when a = 1;
or b = 1; are identities, then vy, 5 and v, 1, are respectively given by pasting the
diagrams

1Fj ® LR(F)b =——— LR(F)b

F;®vb = IFj®Fb vb
F% ﬁb X
=
F1; ® Fb Fb

Flj.b

and

LR(F)a® 1 p; ——— LR(F)a

*‘@; ~

va® F; = Fa®lpg; va
IQF; = re
= B
Fa® F1; Fa,
a,li
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and, for strings @ and b in the graph with b(q) = a(0), v, is defined by induction
on the length of a by taking v,, 5 to be the canonical isomorphism

Fa; ® LR(F)b = LR(F)(ab)
1®vbﬂ ~ ﬂv(alb)ﬂal.bo(l@vb)
Fa, ® Fb F=> F(a1b)
ay.b

and then, for p > 1, v, 5 is obtained from v, p, where a’ = a,_; ---ay, by pasting

a I®LR(F),
LR(F)a® LR(F)b =—=2—> Fa, ® (LR(F)a' ® LR(F)b) ———== LR(F)(ab)

ﬂ I . ﬂ
(1®va")®vb = 1® (va' ® vb) a'b 1®v(a’b)
% E4
(Fa,® Fa') ® Fb =——=——> Fa, ® (Fa' ® Fb) @F: Fa,® F(a'b)
Fap,,,/@lﬂ . FapE.;z’.b ﬂFap,a/b
Fa® Fb i F(ab).
And the structure 3—cell
€)) Vi Vl,‘OLR(F)iEFi,

for any vertex i of the graph, is the canonical isomorphism F; o1 = F;. Conditions
(CR4) and (CRY) are verified by using conditions (CR1), (CR2) and (CR3) for F and
Facts 1.1, 1.2 and 1.3.

The naturality component of v ata 1—cell &: F = G in Lax,(/,7),
(5) vo: V(G) o LR(D) = dov(F),

is given on identities by

1F,=>F1,

e o N o

1F; ?Gl,

and it is recursively defined at each string in the graph a =ay, - - - ay, by the 3—cells vga,
where

1
Fa, — Fa;

vedq - @alﬂ o ﬁ@al

1
Ga; — Ga;
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and then, when p > 1, vga is obtained from vea’, where o’ = ap—1---ay, by pasting

, 1®v(F)a’ , Fopat
Fa, ® LR(F)a' =——= Fa, ® Fa' == Fa
1®vgpa’ I Dy al
<I>ap®LR(<I>)a’ﬂ P ®a,@da’ B “Cba
1®v(G)a’ v G

Ga, ® LR(G)d ——= Ga, ® Gd’ =% Ga.

Condition (CR6) for this 2—cell is verified using Conditions (CR4) and (CRS5) for the
1—cell ®, together with Facts 1.1, 1.2 and 1.3.

We are now ready to complete the proof. That the equalities RL =1, vL =1 and
Rv =1 hold only requires a straightforward verification, and then (i) follows. Moreover,
(ii) has already been shown by construction of the homomorphism L.

(iii) Suppose that F: I — T is any homomorphic lax functor. This means that all
structure 2—cells F,  and F; are equivalences, and 3—cells F, p ., ﬁa and fa are
isomorphisms in the hom bicategories of 7 in which they lie. Then, directly from the
construction given, it easily follows that all the 2—cells v(F')a in (2) are equivalences in
the corresponding hom bicategories and that all the 3—cells v(F'), p in (3) and v; in (4)
are invertible. Hence, each v(F): LR(F) = F, for F: I — T any homomorphic lax
functor, is an equivalence in the bicategory LLaxy(/, 7). Moreover, if ®: F = G is any
I—cellin Laxy(Z, 7)), so that every 3—cell ®, , and ®; is an isomorphism, then we see
that the component (5) of v at ® consists only of invertible 3—cells vpa, whence v
is invertible itself. Therefore, when v is restricted to Laxy(/,7T), it actually gives a
pseudoequivalence between LR and 1, the identity homomorphism on the bicategory
Laxp(Z,T). The claimed biadjoint biequivalence (7) is now an easy consequence of
all the parts already proved. Finally, it is clear that the biadjoint biequivalence (7) gives
by restriction the biadjoint biequivalence (8). a
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