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Comparing geometric realizations of tricategories

ANTONIO M CEGARRA

BENJAMÍN A HEREDIA

This paper contains some contributions to the study of classifying spaces for tri-
categories, with applications to the homotopy theory of monoidal categories, bi-
categories, braided monoidal categories and monoidal bicategories. Any small
tricategory has various associated simplicial or pseudosimplicial objects and we
explore the relationship between three of them: the pseudosimplicial bicategory
(so-called Grothendieck nerve) of the tricategory, the simplicial bicategory termed its
Segal nerve and the simplicial set called its Street geometric nerve. We prove that
the geometric realizations of all of these ‘nerves of the tricategory’ are homotopy
equivalent. By using Grothendieck nerves we state the precise form in which the
process of taking classifying spaces transports tricategorical coherence to homotopy
coherence. Segal nerves allow us to prove that, under natural requirements, the
classifying space of a monoidal bicategory is, in a precise way, a loop space. With the
use of geometric nerves, we obtain simplicial sets whose simplices have a pleasing
geometrical description in terms of the cells of the tricategory and we prove that, via
the classifying space construction, bicategorical groups are a convenient algebraic
model for connected homotopy 3–types.

18D05, 55P15; 18D10, 55P35

1 Introduction and summary

The process of taking classifying spaces of categorical structures has shown its relevance
as a tool in algebraic topology and algebraic K–theory. One of the main reasons for
this is that classifying space constructions transport categorical coherence to homotopic
coherence. We can easily stress the historical relevance of the construction of classifying
spaces by recalling that Quillen [37] defines a higher algebraic K–theory by taking
homotopy groups of the classifying spaces of certain categories. Joyal and Tierney [30]
have shown that Gray groupoids are a suitable framework for studying homotopy
3–types. Monoidal categories were shown by Stasheff [41] to be algebraic models
for loop spaces, and work by May [36] and Segal [39] showed that classifying spaces
of symmetric monoidal categories provide the most noteworthy examples of spaces
with the extra structure required to define an �–spectrum, a fact exploited with great
success in algebraic K–theory.
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This paper contributes to the study of classifying spaces for (small) tricategories,
introduced by Gordon, Power and Street in [20]. Since our results find direct applica-
tions to monoidal categories, bicategories, braided monoidal categories, or monoidal
bicategories, the paper will quite possibly be of special interest to K–theorists as well
as to researchers interested in homotopy theory of higher categorical structures. This
theory has demonstrated relevance as a tool for the treatment of an extensive list of
subjects of recognized mathematical interest in several mathematical contexts beyond
homotopy theory, such as algebraic geometry, geometric structures on low-dimensional
manifolds, string field theory, or topological quantum theory and conformal field theory.

We explore the relationship amongst three different ‘nerves’ that might reasonably be
associated to any tricategory T . These are the pseudosimplicial bicategory called the
Grothendieck nerve NT W �op!Bicat, the simplicial bicategory termed the Segal nerve
ST W �op!Hom, and the simplicial set called the geometric nerve of the tricategory
�T W �op! Set. Since, as we prove, these three nerve constructions lead to homotopy
equivalent spaces, any one of these spaces could therefore be taken as the classifying
space B3T of the tricategory. Many properties of the classifying space construction
for tricategories, T 7! B3T , may be easier to establish depending on the nerve used
for realizations. Here, both for historical reasons and for theoretical interest, it is
appropriate to start with the Grothendieck nerve construction to introduce B3T . Let
us briefly recall that it was Grothendieck who first associated a simplicial set NC to
a small category C , calling it its nerve. Its p–simplices are composable p–tuples
x0 ! � � � ! xp of morphisms in C . A geometric realization of the nerve is the
classifying space of the category, BC D jNC j. A first result in this paper shows how
the Grothendieck nerve construction for categories rises to tricategories. Thus, we
prove the following.

Theorem 3.1 Any tricategory T defines a pseudosimplicial bicategory, that is, a
trihomomorphism NT D .NT ; �; !/W �op! Bicat, whose bicategory of p–simplices

NpT D
G

.x0;:::;xp/2ObT pC1

T .xp�1;xp/� T .xp�2;xp�1/� � � � � T .x0;x1/

consists of p–tuples of horizontally composable cells.

Then, heavily dependent on the results by Carrasco, Cegarra and Garzón in [12],
where an analysis of classifying spaces is performed for lax diagrams of bicategories
following the way Segal [39] and Thomason [47] analyzed lax diagrams of categories,
we introduce the classifying space B3T , of a tricategory T , to be the classifying
space of its Grothendieck nerve NT . Briefly, say that the so-called Grothendieck
construction [12, Section 3.1] on the pseudosimplicial bicategory NT produces a
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bicategory
R
�NT . Again, the Grothendieck nerve construction on this bicategoryR

�NT now gives rise to a normal pseudosimplicial category N
�R
�NT

�
W �op! Cat,

on which one more Grothendieck construction leads to a category
R
�N

�R
�NT

�
, whose

classifying space is, by definition, the classifying space of the tricategory, that is

B3T D
ˇ̌
N
�R
�N

�R
�NT /

�ˇ̌
or, in other words, B3T D B2

R
�NT D B

R
�N

�R
�NT

�
, where B2B denotes the classi-

fying space of any bicategory B as defined by Carrasco, Cegarra and Garzón [11, Def-
inition 3.1]. The behavior of this classifying space construction, T 7! B3T , can be
summarized as follows (see Propositions 3.2 and 5.6 and 5.7):

� Any trihomomorphism F W T!T 0 induces a continuous map B3F W B3T!B3T 0 .
� For any composable trihomomorphisms F W T ! T 0 and F 0W T 0! T 00 , there is

a homotopy B3F 0B3F ' B3.F
0F /W B3T ! B3T 00 and for any tricategory T ,

there is a homotopy B31T ' 1B3T .

� If F;GW T ! T 0 are two trihomomorphisms, then any tritransformation F)G

canonically defines a homotopy B3F 'B3GW B3T !B3T 0 between the induced
maps on classifying spaces.

� Any triequivalence of tricategories T ! T 0 induces a homotopy equivalence on
classifying spaces B3T ' B3T 0 .

For instance, for every tricategory T there is a Gray–category G.T / with a triequiva-
lence T ! G.T /, thanks to the coherence theorem for tricategories by Gordon, Power
and Street [20, Theorem 8.1]. Then we have:

There is an induced homotopy equivalence B3T ' B3G.T /.

To deal with the delooping properties of certain classifying spaces we introduce, for any
tricategory T , its Segal nerve ST . This is a simplicial bicategory whose bicategory
of p–simplices, SpT , is the bicategory of unitary trihomomorphisms of the ordinal
category Œp� into T . Each ST is a special simplicial bicategory, in the sense that the
Segal projection homomorphisms on it are biequivalences of bicategories, and thus
it is a weak 3–category from the standpoint of Tamsamani [46] and Simpson [40].
When T is a reduced tricategory (ie with only one object), then the simplicial space
B2ST W �op! Top, obtained by replacing the bicategories SpT by their classifying
spaces B2SpT , is a special simplicial space. Therefore, according to Segal [39, Proposi-
tion 1.5], under favorable circumstances, �jB2ST j is homotopy equivalent to B2S1T .
In our development here, the relevant result is the following.

Theorem 4.14 For any tricategory T , there is a homotopy equivalence B3T ' jB2ST j.
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Any monoidal bicategory .B;˝/ gives rise to a one-object tricategory †.B;˝/, its
suspension tricategory following Street’s terminology [44, Section 9, Example 2] or
delooping in the terminology of Kapranov and Voevodsky [31] or Berger [5]. Defining
the classifying space of a monoidal bicategory .B;˝/ to be the classifying space of
its suspension tricategory, that is, B3.B;˝/ D B3†.B;˝/, we prove the following
extension to bicategories of the aforementioned fact by Stasheff on monoidal categories.

Theorem 4.17 Let .B;˝/ be a monoidal bicategory such that, for any object x 2 B ,
the homomorphism x˝�W B! B induces a homotopy autoequivalence on the classi-
fying space B2B of B . Then there is a homotopy equivalence

B2B '�B3.B;˝/

between the classifying space of the underlying bicategory and the loop space of the
classifying space of the monoidal bicategory.

If .C;˝; c/ is any braided monoidal category, then, thanks to the braiding, the sus-
pension of the underlying monoidal category †.C;˝/, which is actually a bicategory,
has the structure of a monoidal bicategory. Hence the double suspension tricategory
†2.C;˝; c/ is defined. According to Jardine [28, Section 3], the classifying space of
the monoidal category B2.C;˝/ is the classifying space of its suspension bicategory
and, following Carrasco, Cegarra and Garzón [12, Definition 6.1], the classifying space
of the braided monoidal category B3.C;˝; c/ is the classifying space of its double
suspension tricategory. Hence from the above result we get the following.

Corollary 4.20 (i) For any braided monoidal category .C;˝; c/ there is a homo-
topy equivalence

B2.C;˝/'�B3.C;˝; c/:

(ii) Let .C;˝; c/ be a braided monoidal category such that, for any object x 2C , the
functor x˝ � W C ! C induces a homotopy autoequivalence on the classifying
space of C . Then there is a homotopy equivalence

BC '�2B3.C;˝; c/:

Thus, under natural hypotheses, the double suspension tricategory †2.C;˝; c/ is a cat-
egorical model for the double delooping space of the classifying space of the underlying
category C , a fact already proved in [12, Theorem 6.10] (cf Berger [5, Proposition 2.11]
and Baltenau, Fiedorowicz, Schwänzl and Vogt [3, Theorem 2.2]).
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The process followed for defining the classifying space of a tricategory T by means of
its Grothendieck nerve NT is quite indirect and the CW–complex B3T thus obtained
has little apparent intuitive connection with the cells of the original tricategory. However,
when T is a (strict) 3–category, then the space j diag NNNT j, the geometric realization
of the simplicial set diagonal of the 3–simplicial set 3–fold nerve of T , has usually
been taken as the ‘correct’ classifying space of the 3–category. In Example 4.11, we
state that for a 3–category T , there is a homotopy equivalence

B3T ' jdiag NNNT j:

The construction of the simplicial set diag NNNT for 3–categories does not work in the
nonstrict case since the compositions in arbitrary tricategories are not associative and
not unitary, which is crucial for the 3–simplicial structure of the triple nerve NNNT ,
but only up to coherent equivalences or isomorphisms. There is, however, another
convincing way of associating a simplicial set to a 3–category T through its geometric
nerve �T , thanks to Street [43]. He extends each ordinal Œp� D f0 < 1 < � � � < pg

to a p–category Op , the pth –oriental, such that the p–simplices of �T are just
the 3–functors Op ! T . Thus, �T is a simplicial set whose 0–simplices are the
objects (0–cells) F0 of T , whose 1–simplices are the 1–cells F0;1W F0!F1, whose
2–simplices

F0
F0;1

}}

F0;2

""
F0;1;2

)
F1

F1;2

// F2;

consist of two composable 1–cells and a 2–cell F0;1;2W F1;2˝F0;1)F0;2 and so on.
In fact, the geometric nerve construction �T even works for arbitrary tricategories T ,
as Duskin [16] and Street [45] pointed out, and we discuss here in detail. The geometric
nerve �T is defined to be the simplicial set whose p–simplices are unitary lax functors
of the ordinal category Œp� in the tricategory T . This is a simplicial set which completely
encodes all the structure of the tricategory and, furthermore, the cells of its geometric
realization j�T j have a pleasing geometrical description in terms of the cells of T .
As a main result in the paper, we state and prove the following.

Theorem 5.4 For any tricategory T , there is a homotopy equivalence B3T ' j�T j.

If .B;˝/ is any monoidal bicategory, then its geometric nerve, �.B;˝/, is defined to
be the geometric nerve of its suspension tricategory †.B;˝/. Then, in Example 5.11,
we obtain that there is a homotopy equivalence

B3.B;˝/' j�.B;˝/j:
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For instance, since the geometric nerve of a braided monoidal category .C;˝; c/ is the
geometric nerve of its double suspension tricategory, ie �.C;˝; c/D�†2.C;˝; c/,
the existence of a homotopy equivalence

B3.C;˝; c/' j�.C;˝; c/j

follows, a fact proved by Carrasco, Cegarra and Garzón [12, Theorem 6.9].

The geometric nerve �.B;˝/ of any given monoidal bicategory .B;˝/ is a Kan
complex if and only if .B;˝/ is a bicategorical group, that is, a monoidal bicategory
whose 2–cells are isomorphisms, whose 1–cells are equivalences and each object x

has a quasi-inverse with respect to the tensor product. In other words, a bicategorical
group is a monoidal bicategory whose suspension tricategory †.B;˝/ is a trigroupoid
(or Azumaya tricategory in the terminology of Gordon, Power and Street [20]). The
geometric nerve of any bicategorical group .B;˝/ is then a Kan complex, whose
classifying space B3.B;˝/ is a path-connected homotopy 3–type. In fact, every
connected homotopy 3–type can be realized in this way from a bicategorical group, as
suggested by the unpublished but widely publicized result of Joyal and Tierney [30] that
Gray–groups (called semistrict 3–groups by Baez and Neuchl [2]) model connected
homotopy 3–types (see also Berger [5], Lack [33], or Leroy [35]). Recall that by the
coherence theorem for tricategories, every bicategorical group is monoidal biequivalent
to a Gray–group. In Section 5.1, we outline in some detail the proof of the following
statement.

Proposition 5.12 For any path-connected pointed CW–complex X , there is a bicate-
gorical group .B.X /;˝/ with a homotopy equivalence B3.B.X /;˝/'X if and only
if �iX D 0 for i � 4.

The bicategorical group .B.X /;˝/ we build, associated to any space X as above, might
be recognized as a skeleton of Gurski’s monoidal fundamental bigroupoid of the loop
space of X , .…2.�X /;˝/ [23, Theorem 1.4]. In the particular case when in addition
�3X D0, the resulting bicategorical group .B.X /;˝/ has all its 2–cells identities, so it
is actually a categorical group in the sense of Joyal and Street [29, Definition 3.1]. In the
particular case where �1X D 0, the bicategorical group .B.X /;˝/ has only one object,
so that it is the suspension of a braided categorical group; see Cheng and Gurski [15,
Section 2]. Hence, our proof implicitly covers two relevant particular cases, already well
known from Joyal and Tierney [30]; see also Carrasco and Cegarra [9, Theorems 2.6
and 2.10]. One case states that categorical groups are a convenient algebraic model for
connected homotopy 2–types. The other case states that braided categorical groups are
algebraic models for connected, simply connected homotopy 3–types.
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1.1 The organization of the paper

The paper is organized in five sections. Section 2 is quite technical but crucial to our
discussions. It is dedicated to establishing some results concerning the notion of a lax
functor from a category into a tricategory, which is at the heart of several constructions
of nerves for tricategories used in the paper. In Section 3, we mainly include the
construction of the Grothendieck nerve NT W �op! Bicat for any tricategory T , and
the study of the basic properties of the Grothendieck nerve construction T 7!NT with
respect to trihomomorphisms of tricategories. Section 4 contains the definition of the
classifying space B3T of a tricategory T . The main facts concerning the classifying
space construction T 7! B3T are established here. In this section we also study the
relationship between B3T and the space realization of the Segal nerve of a tricategory,
ST W �op!Hom, which, for instance, we apply to show how the classifying space of
any monoidal bicategory realizes a delooping space. Section 5 is mainly dedicated to
describing the geometric nerve �T W �op! Set of a tricategory T and to proving the
existence of homotopy equivalences B3T ' j�T j. Also, by means of the geometric
nerve construction for monoidal bicategories, we show there that bicategorical groups
are a convenient algebraic model for connected homotopy 3–types. And finally, the
Appendix collects the various coherence conditions used throughout the paper and the
proofs of lemmas in the preparatory Section 2.

1.2 Notation

We refer to Benabou [4] and Street [44] for background on bicategories. For any
bicategory B , the composition in each hom category B.x;y/, that is, the vertical
composition of 2–cells, is denoted by v �u, while the symbol ı is used to denote the
horizontal composition functors ıW B.y; z/�B.x;y/! B.x; z/. The identity of an
object is written as 1x W x! x and we shall use the letters a , r and l to denote the
associativity, right unit and left unit constraints of the bicategory, respectively.

In this paper we use the notion of tricategory T D .T ; a; l ; r; �; �; �; �/ as it was
introduced by Gordon, Power and Street in [20] but with a minor alteration: we require
that the homomorphisms of bicategories picking out units are normalized, and then
written simply as 1t 2 T .t; t/. This restriction is not substantive (see Gurski [25, Theo-
rem 7.24]) but it does slightly reduce the amount of coherence data we have to deal with.
For any object t of the tricategory T , the arrow r1t W 1t! 1t˝1t is an equivalence in
the hom bicategory T .t; t/, with the arrow l1t W 1t ˝1t ! 1t an adjoint quasi-inverse;
see [25, Lemma 7.7]. Hereafter, we suppose the adjoint quasi-inverse of r , r� a r ,
has been chosen such that r�1t D l1t , with the isomorphism r�1t Š l1t being an
identity. We will extensively use the coherence results from [25, Corollaries 10.6, 10.15],
particulary the following facts easily deduced from them.
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Fact 1.1 Any two pasting diagrams in a tricategory T with the same source and target
constructed out of constraint 2– and 3–cells of T are equal.

Fact 1.2 Given a trihomomorphism H W T ! T 0 , any two pasting diagrams in T 0
with the same source and target constructed out of constraint 2– and 3–cells of T , T 0
and H are equal.

The category of bicategories with homomorphisms (or pseudofunctors) between them
will be denoted by Hom and Bicat will denote the tricategory of small bicategories, ho-
momorphisms, pseudotransformations and modifications. Thus we follow the notation
by Gordon, Power and Street [20, Notation 4.9 and Section 5] and Gurski [25, Sec-
tion 5.1]. If F;F 0W B! C are lax functors between bicategories, then we follow the
convention of [20] in what is meant by a lax transformation ˛W F ) F 0 . Hence, ˛
consists of morphisms ˛xW Fx! F 0x and of 2–cells ˛aW ˛y ı Fa ) F 0a ı ˛x ,
subject to the usual axioms. In the structure of Bicat we use, the composition of
pseudotransformations is taken to be 

C
G
((

+ˇ

G0
66 D

! 
B

F
''

+˛

F 0

77 C
!
D

 
B

GF
''

+ˇ˛

G0F 0

77 D
!
;

where ˇ˛DˇF 0ıG˛W GF)G0F)G0F 0 . Note the existence of the useful invertible
modification

GFG˛

V

ˇF +3

��

G0F

G0˛��
GF 0

ˇF 0 +3 G0F 0

(1)

whose component at an object x of B is ˇ˛x , the component of ˇ at the morphism ˛x .
The following fact will be also very useful.

Fact 1.3 Let ˛W F ) F 0W B! C be a lax transformation between homomorphisms
of bicategories. Then for any 2–cell in B

x1
// � � � // xn an

%%
x

a0 ::

b0
##

+u x0

x0
1

// � � � // x0m
bm

::
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the following equality holds:

Fx1
// � � � // Fxn Fan

''
Fx

Fa0 88

Fb0
%%

˛x

��
+˛b0

+Fu

+˛bm

Fx0

��

˛x0
Fx0

1
//

��

� � � // Fx0m

Fbm 88

��

� � �

F 0x

F 0b0

%%
F 0x0

F 0x0
1
// � � � // F 0x0m

F 0bm

88

D

Fx1
//

��

� � � // Fxn Fan
''

��

Fx

Fa0 88

��

˛x
+˛a0

Fx0

˛x0

��

+˛an
� � �

F 0x1
// � � � // F 0xn

F 0an

''
F 0x F 0a0

88

F 0b0

%%
+F 0u F 0x0

F 0x0
1
// � � � // F 0x0m

F 0bm

88

For general background on simplicial sets, we refer to the book by Goerss and Jar-
dine [19]. The simplicial category is denoted by � and its objects, that is, the ordered
sets Œn�D f0; 1; : : : ; ng, are usually considered as categories with only one morphism
.i; j /W i ! j when 0� i � j � n. Then a nondecreasing map Œn�! Œm� is the same
as a functor, so that we see �, the simplicial category of finite ordinal numbers, as a
full subcategory of Cat, the category (actually the 2–category) of small categories.
Throughout the paper, Segal’s geometric realization [38] of a simplicial (compactly
generated topological) space X W �op! Top is denoted by jX j. By regarding a set as
a discrete space, the (Milnor) geometric realization of a simplicial set X W �op! Set
is jX j. Following Quillen [37], the classifying space of a category C is denoted
by BC .

2 Lax functors from categories into tricategories

As we will show in the paper, the classifying space of any tricategory can be realized up
to homotopy by a simplicial set �T , whose p–simplices �Œp�!�T are lax functors
Œp�! T , where Œp� is regarded as tricategory in which the 2–cells and 3–cells are all
identities, satisfying various requirements of normality. To be more precise, we recall
the following.

A lax functor F W I ! T , from a category I to a tricategory T , is the following data:

� For each object i in I , an object Fi 2 Ob T
� For each arrow aW i ! j in I , a 1–cell FaW Fi ! Fj

� For each pair of composable arrows

i b
�! j a

�! k

in I , a 2–cell Fa;bW Fa˝Fb) F.ab/

Algebraic & Geometric Topology, Volume 14 (2014)
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� For each object i 2 Ob I , a 2–cell Fi W 1Fi) F1i

� For any three composable arrows

i c
�! j b

�! k a
�! l

in I , a 3–cell

.Fa˝Fb/˝Fc

Fa;b˝1
��

Fa;b;c
V

a +3 Fa˝ .Fb˝Fc/

1˝Fb;c
��

F.ab/˝Fc
Fab;c

+3 F.abc/ Fa˝F.bc/
Fa;bc

ks

� For any arrow i a
�! j in the index category I , two 3–cells

1Fj ˝Fa

l

�!

Fj˝1

w�
yFa
V

F1j ˝Fa
F1;a

+3 Fa;

Fa˝ 1Fi

r�

�!

1˝Fi

w�
zFa
V

Fa˝F1i
Fa;1

+3 Fa

This data is required to satisfy the coherence conditions (CR1), (CR2) and (CR3) as
stated in the Appendix.

Notice that we use a weaker notion of lax functor from that by Garner and Gurski
in [18], where it is required for the structure 3–cells to be invertible. Furthermore, here
the hom functors I.i; j /! T .Fi;Fj / are normal.

The set of lax functors from a small category I to a small tricategory T is denoted by

Lax.I; T /:

A lax functor F W I!T is termed unitary or normal whenever the following conditions
hold: for each object i of I , F1i D 1Fi and Fi D 11F i

; for each arrow aW i! j of I ,
Fa;1i

D r�W Fa˝1)Fa, F1j ;aD l W 1˝Fa)Fa, and the 3–cells F1;b;c , Fa;1;c ,
Fa;b;1 , yFa and zFa are the unique coherence isomorphisms. Furthermore, a lax functor
F W I ! T whose structure 2–cells Fa;b are all equivalences (in the corresponding
hom bicategories of T where they lie) and whose structure 3–cells Fa;b;c , yFa and zFa ,
are all invertible is called homomorphic (or a trihomomorphism). The subsets of
Lax.I; T / whose elements are the unitary, homomorphic and unitary homomorphic
lax functors, are denoted respectively by

(2) Laxu.I; T /; Laxh.I; T /; Laxuh.I; T /:

Algebraic & Geometric Topology, Volume 14 (2014)



Geometric realizations of tricategories 2007

Example 2.1 Let A be an abelian group and let †2A denote the tricategory (actually
a 3–groupoid) having only one i –cell for 0� i � 2 and whose 3–cells are the elements
of A, with all the compositions given by addition in A. Then, for any small category I

(eg a group G or a monoid M ), a unitary lax functor F W I !†2A is the same as a
function F W N3I !A satisfying the equation

F.b; c; d/CF.a; bc; d/CF.a; b; c/D F.ab; c; d/CF.a; b; cd/;

such that F.a; b; c/D 0 whenever any of the arrows a, b , or c is an identity. Thus
Laxu.I; †

2A/DZ3.I;A/, the set of normalized 3–cocycles of (the nerve NI of) the
category I with coefficients in the abelian group A.

2.1 The bicategories Lax.I;T /, Laxu.I;T /, Laxh.I;T /, Laxuh.I;T /

For any category I and any tricategory T , the set Lax.I; T / of lax functors from I

into T is the set of objects of a bicategory whose 1–cells are a kind of degenerated
lax transformations between lax functors that agree on objects, called oplax icons by
Garner and Gurski in [18]. When T D B is a bicategory, that is, when the 3–cells
are all identities, these transformations have been considered by Bullejos and Cegarra
in [7] under the name of relative to objects lax transformations, while they were termed
icons by Lack in [32]. This bicategory, denoted by Lax.I; T /, is as follows.

The cells of Lax.I;T / As we said above, lax functors F W I ! T are the 0–cells
of this bicategory. For any two lax functors F;GW I ! T , a 1–cell ˆW F )G may
exists only if F and G agree on objects, and is then given by specifying:
� For every arrow aW i ! j in I , a 2–cell ˆaW Fa)Ga of T
� For each pair of composable arrows

i b
�! j a

�! k

in I , a 3–cell

(3)

Fa˝Fb
Fa;b +3

ˆa˝ˆb
��

F.ab/

ˆ.ab/
��

ˆa;b
V

Ga˝Gb
Ga;b

+3 G.ab/

� For each object i of the category I , a 3–cell

(4)

1FiDGi
Fi

z�

Gi

�$
ˆi
W

F1i
ˆ1i

+3 G1i
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This data is subject to the axioms (CR4) and (CR5) as stated in the Appendix.

A 2–cell M W ˆV‰ , for two 1–cells ˆ;‰W F)G in Lax.I; T /, is an icon modifi-
cation in the sense of [18], so it consists of a family of 3–cells in T , MaW ˆaV‰a,
one for each arrow aW i ! j in I , subject to the coherence condition (CR6).

Compositions in Lax.I;T / The vertical composition of a 2–cell M W ˆV‰ with
a 2–cell N W ‰V � , for ˆ;‰; �W F)G , yields the 2–cell N �M W ˆV � which is
defined using pointwise vertical composition in the hom bicategories of T ; that is, for
each aW i! j in I , .N �M /aD .Na/ � .Ma/W ˆaV �aW Fa)Ga. The horizontal
composition of 1–cells ˆW F)G and ‰W G)H for lax functors F;G;H W I ! T
is ‰ ıˆW F )H , where .‰ ıˆ/aD‰a ıˆaW Fa)Ha for each arrow aW i ! j

in I . Its component

.‰ ıˆ/a;bW Ha;b ı ..‰ ıˆ/a˝ .‰ ıˆ/b/V .‰.ab/ ıˆ.ab// ıFa;b;

attached at a pair of composable arrows i b
�! j a

�! k of the category I , is given by
pasting the diagram

Fa˝Fb

.‰aıˆa/˝.‰bıˆb/

��

Fa;b +3
ˆa;b
V

ˆa˝ˆb

"*

F.ab/
ˆ.ab/

 (
Ga˝GbŠ

Ga;b +3

‰a;b
V‰a˝‰bt|

G.ab/

‰.ab/v~
Ha˝Fb

Ha;b

+3 H.ab/

in the bicategory T .Fi;Fk/, and its component .‰ ı ˆ/i W Hi V .‰ ı ˆ/1i ı Fi ,
attached at any object i of I , is given by pasting the diagram

1FiDGiDH i

Hi

�&

Fi

y�

Gi

��
F1i

ˆ1i

+3 G1i

‰i
W

ˆi
W

‰1i

+3 H1i

in T .Fi;Fi/. The horizontal composition of 2–cells M W ˆ V ‰W F ) G and
N W � V ‚W G ) H in Lax.I; T / is N ıM W � ı ˆ V ‚ ı ‰ , which, at each
aW i ! j in I , is given by the formula .N ıM /aDNa ıMa.
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Identities in Lax.I;T / The identity 1–cell of a lax functor F W I!T is 1F W F)F ,
where .1F /aD1Fa is the identity of Fa in the bicategory T .Fi;Fi/ for each aW i!j

in I . Its structure 3–cell .1F /a;bW Fa;b ı .1Fa˝ 1Fa/V 1F.ab/˝Fa;b , attached at
each pair of composable arrows i b

�! j a
�! k , is the canonical one obtained from the

identity constraints of the bicategory T .Fk;Fi/ by pasting the diagram

Fa˝Fb
Fa;b +3

1˝1

��
1

w�
Š

F.ab/

1

��
Š

Fa˝Fb
Fa;b

+3 F.ab/;

and its component, attached at any object i of I , is obtained from the left unit constraints
of the bicategory T .Fi;Fi/ at Fi W 1Fi

) F1i , that is, .1F /i D l�1W Fi Š 1F1i
ıFi .

The identity 2–cell 1ˆ of a 1–cell ˆW F )G is defined at any arrow aW i ! j of I

by the simple formula .1ˆ/aD 1ˆaW ˆaVˆa.

The structure constraints in Lax.I;T / For any three composable 1–cells

F
ˆ
H)G

‰
H)H

‚
H)K

in Lax.I;T /, the component of the structure associativity isomorphism .‚ı‰/ıˆŠ

‚ ı .‰ ıˆ/, at any arrow i a
�! j of the category I , is provided by the associativity

constraint .‚aı‰a/ıˆaŠ‚aı .‰aıˆa/ of the hom bicategory T .Fi;Fj /. And
similarly, the components of structure left and right identity isomorphisms 1G ıˆŠˆ

and ˆı1F Šˆ, at any arrow aW i!j as above, are provided by the identity constraints
1Ga ıˆaŠˆa, and ˆa ı 1Fa Šˆa, of the bicategory T .Fi;Fj /, respectively.

The bicategory Lax.I; T /, contains three sub-bicategories that are of interest in our
development: The bicategory of unitary lax functors, denoted by

(5) Laxu.I; T /;

is the bicategory whose 1–cells are those ˆW F )G in Lax.I; T / that are unitary in
the sense that ˆ1i D 11F i

, the 3–cells ˆ1;a , ˆa;1 in (3) and ˆi in (4) are those given
by the constraints of the tricategory, and it is full on 2–cells between such normalized
1–cells.

The bicategory of homomorphic lax functors (ie of trihomomorphisms), denoted by

Laxh.I; T /;

Algebraic & Geometric Topology, Volume 14 (2014)



2010 A M Cegarra and B A Heredia

is the bicategory whose 1–cells are those ˆW F ) G in Lax.I; T / such that the
structure 3–cells ˆa;b and ˆi are all invertible, and it is full on 2–cells M W ˆV‰

between such 1–cells.

The bicategory of unitary homomorphic lax functors, denoted by Laxuh.I; T /, is
defined to be the intersection of the above two, that is,

(6) Laxuh.I; T /D Laxu.I; T /\Laxh.I; T /:

Example 2.2 Let †2A be the strict tricategory defined by an abelian group A as in
Example 2.1 and let I be any category. Then the bicategory Laxu.I; †

2A/ is actually
a 2–groupoid whose objects are normalized 3–cocycles of I with coefficients in A. If
F;GW N3I !A are two such 3–cocycles, then a 1–cell ˆW F )G is a normalized
2–cochain ˆW N2I !A satisfying

G.a; b; c/Cˆ.b; c/Cˆ.a; bc/D F.a; b; c/Cˆ.ab; c/Cˆ.a; b/;

that is, G D F C @ˆ. And for any two 1–cells ˆ;‰W F ) G as above, a 2–cell
M W ˆV‰ consists of a normalized 1–cochain M W N1I!A such that ‰DˆC@M ,
that is, such that ‰.a; b/CM.a/CM.b/DM.ab/Cˆ.a; b/.

2.2 Functorial properties of Lax.I; �/

For any given tricategory T , any functor ˛W I ! J induces a strict functor

˛�W Lax.J; T /! Lax.I; T /

given on cells in the following way: for any F W J! T , ˛�F W I! T is the lax functor
acting both on objects and arrows as the composite F˛ , and whose structure cells are
simply given by the rules

.˛�F /a;b D F˛a;˛b; .˛�F /i D F˛i ;

.˛�F /a;b;c D F˛a;˛b;˛c ; . b̨�F /a D yF˛a; . ę�F /a D zF˛a:

Notice that ˛�F is slightly different from the composite lax functor F˛ , which will
give structure 2–cells .F˛/a;b D 1F.˛a˛b/ ıF˛a;˛b .

For ˆW F)G a 1–cell of Lax.J; T /, ˛�ˆW ˛�F)˛�G is the 1–cell of Lax.I; T /
with

.˛�ˆ/aDˆ.˛a/; .˛�ˆ/a;b Dˆ˛a;˛b; .˛�ˆ/i Dˆ˛i :

Similarly, for any 2–cell M W ˆV‰ in Lax.J; T /, ˛�M W ˛�ˆV ˛�‰ is the 2–cell
of Lax.I; T / with .˛�M /aDM.˛a/.
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Using the definition above, the construction I 7! Lax.I; T / is functorial on the
category I . For a trihomomorphism of tricategories H D .H; �; �; !; ; ı/W T ! T 0 ,
as defined by Gordon, Power and Street in [20, Definition 3.1], we have the following
result.

Lemma 2.3 Let I be any given small category.

(i) Every trihomomorphism H W T ! T 0 gives rise to a homomorphism

H�W Lax.I; T /! Lax.I; T 0/

that is natural on I , that is, for any functor ˛W I ! J ,

H�˛
�
D ˛�H�W Lax.J; T /! Lax.I; T 0/:

(ii) If H W T ! T 0 and H 0W T 0! T 00 are any two composable trihomomorphisms,
then there is a pseudoequivalence mW H 0�H� ) .H 0H /� such that, for any
functor ˛W I ! J , the equality m˛� D ˛�m holds.

(iii) For any tricategory T , there is a pseudoequivalence mW .1T /�) 1 such that,
for any functor ˛W I ! J , the equality m˛� D ˛�m holds.

Proof This is given in Section A.1.

2.3 Lax functors from free categories

Let us now replace the category I above by a (directed) graph G . For any tricategory T
there is a bicategory

Lax.G; T /;

where a 0–cell f W G! T consists of a pair of maps that assign an object f i to each
vertex i 2 G and a 1–cell faW f i ! fj to each edge aW i ! j in G , respectively.
A 1–cell �W f ) g may exist only if f and g agree on vertices, that is, f i D gi

for all i 2 G ; and then it consists of a map that assigns to each edge aW i ! j in the
graph a 2–cell �aW fa) ga of T . And a 2–cell mW �V  , for �; W f ) g two
1–cells as above, consists of a family of 3–cells in T , maW �aV  a, one for each
arrow aW i ! j in I . Compositions in Lax.G; T / are defined in the natural way by
the same rules as those stated above for the bicategory of lax functors from a category
into a tricategory.

Suppose now that I.G/ is the free category generated by the graph G . Then, restriction
to the basic graph gives a strict functor

RW Lax.I.G/; T /! Lax.G; T /;

and we shall state the following auxiliary statement to be used later.
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Lemma 2.4 Let I D I.G/ be the free category generated by a graph G . Then for any
tricategory T , there is a homomorphism

LW Lax.G; T /! Lax.I; T /

and a lax transformation vW LR) 1Lax.I;T / such that the following facts hold.

(i) RLD 1Lax.G;T / , vLD 1L , RvD 1R

(ii) The image of L is contained into the sub-bicategory Laxuh.I; T /� Lax.I; T /.
(iii) The restricted homomorphisms of L and R establish biadjoint biequivalences

Lax.G; T /
L //
� Laxh.I; T /
R
oo ;(7)

Lax.G; T /
L //
� Laxuh.I; T /
R
oo(8)

whose respective unit is the identity 1W 1 ) RL, whose counit is given by
the corresponding restriction of vW LR) 1, and whose triangulators are the
canonical modifications 1Š1ı1DvLıL1 and Rvı1RD1ı1Š1, respectively.

Proof This is given in Section A.2.

3 The Grothendieck nerve of a tricategory

Let us briefly recall that it was Grothendieck who first associated a simplicial set

(9) NC W �op
! Set

to a small category C , calling it its nerve. The set of p–simplices

NpC D
G

.c0;:::;cp/

C.cp�1; cp/�C.cp�2; cp�1/� � � � �C.c0; c1/

consists of length-p sequences of composable morphisms in C . A geometric realization
of its nerve is the classifying space of the category, BC . The main result here shows
how the Grothendieck nerve construction for categories rises to tricategories.

When a tricategory T is strict, that is, a 3–category, then the nerve construction (9)
actually gives a simplicial 2–category (see Example 4.11). For an arbitrary tricategory,
the device is more complicated since the compositions of cells in a tricategory is in
general not associative and not unitary (which is crucial for the simplicial structure in
the construction of NT as above), but it is only so up to coherent isomorphisms. This
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‘defect’ has the effect of forcing one to deal with the classifying space of a nerve of T
in which the simplicial identities are replaced by coherent isomorphisms, that is, a pseu-
dosimplicial bicategory as stated in the theorem below. Pseudosimplicial bicategories
and the tricategory they form (whose 1–cells are pseudosimplicial homomorphisms,
2–cells pseudosimplicial transformations and 3–cells pseudosimplicial modifications)
were studied by Carrasco, Cegarra and Garzón [12].

Theorem 3.1 Any tricategory T defines a normal pseudosimplicial bicategory, that
is, a unitary trihomomorphism from the simplicial category �op into the tricategory of
bicategories,

NT D .NT ; �; !/W �op
! Bicat;

called the nerve of the tricategory, whose bicategory of p–simplices for p � 1 is

NpT D
G

.t0;:::;tp/2ObT pC1

T .tp�1; tp/� T .tp�2; tp�1/� � � � � T .t0; t1/;

and N0T D Ob T as a discrete bicategory. The face and degeneracy homomorphisms
are defined on 0–cells, 1–cells and 2–cells of NpT by the ordinary formulas

(10)
di.xp; : : : ;x1/D

8<:
.xp; : : : ;x2/ if i D 0;

.xp; : : : ;xiC1˝xi ; : : : ;x1/ if 0< i < p;

.xp�1; : : : ;x1/ if i D p;

si.xp; : : : ;x1/D .xp; : : : ;xiC1; 1;xi ; : : : ;x1/:

Indeed, if aW Œq�! Œp� is any map in the simplicial category �, then the associated
homomorphism NaT W NpT ! NqT is induced by the composition

T .t 0; t/� T .t 00; t 0/ ˝�! T .t 00; t/

and unit 1t W 1! T .t; t/ homomorphisms. The structure pseudoequivalences

(11) NpT
NbT NaT

))

NabT
55+

�a;b NnT ;

for each pair of composable maps Œn� b
�! Œq� a

�! Œp� in �, and the invertible modifica-
tions

(12)

NcT NbT NaT

�b;cNaT
��

!a;b;cV

NcT �a;b +3 NcT NabT

�ab;c

��
NbcT NaT �a;bc

+3 NabcT
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respectively, associated to triplets of composable arrows Œm�
c
! Œn� b

�! Œq� a
�! Œp�

canonically arise all from the structure pseudoequivalences and modifications data of
the tricategory.

We prove Theorem 3.1 simultaneously with Proposition 3.2 below, which states the basic
properties concerning the behavior of the Grothendieck nerve construction T 7! NT
with respect to trihomomorphisms of tricategories.

Proposition 3.2 (i) Any trihomomorphism between tricategories H W T ! T 0
induces a normal pseudosimplicial homomorphism

NH D .NH; �;…/W NT ! NT 0

which, at any integer p � 0, is the evident homomorphism NpH W NpT !NpT 0
defined on any cell .xp; : : : ;x1/ of NpT by

NpH.xp; : : : ;x1/D .Hxp; : : : ;Hx1/:

The structure pseudoequivalence

(13)

NpT
�a)

NpH
//

NaT ��

NpT 0

NaT 0��
NqT

NqH
// NqT 0

for each map aW Œq�! Œp� in �, and the invertible modifications

(14)

NnHNbT NaT

�NaT
��

NnH� +3 NnHNabT

�
��

…a;bV

NbT 0NqHNaT
NbT 0�

+3 NbT 0NaT 0NpH
�NpH

+3 NabT 0NpH

respectively, associated to pairs of composable arrows Œn� b
�! Œq� a

�! Œp�, canon-
ically arise all from the structure pseudoequivalences and modifications data of
the trihomomorphism and the involved tricategories.

(ii) For any pair of composable trihomomorphisms H W T ! T 0 and H 0W T 0! T 00 ,
there is a pseudosimplicial pseudoequivalence

(15) NH 0NH ) N.H 0H /:

(iii) For any tricategory T , there is a pseudosimplicial pseudoequivalence

(16) N1T ) 1NT :
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Proof of Theorem 3.1 and Proposition 3.2 Let us note that, for any p � 0, the
category Œp� is free on the graph GpD .0!1!� � �!p/; and that NpT DLax.Gp; T /.
Hence the existence of a biadjoint biequivalence

Lp aRpW NpT � Laxh.Œp�; T /

follows from Lemma 2.4, where Rp is the strict functor defined by restricting to the
basic graph Gp of the category Œp�, such that RpLp D 1, whose unity is the identity,
and whose counit vpW LpRp ) 1 is a pseudoequivalence satisfying the equalities
vpLp D 1 and Rpvp D 1. Then if aW Œq�! Œp� is any map in the simplicial category,
the associated homomorphism NaT W NpT ! NqT is defined to be the composite

NpT
NaT //

Lp ��

NqT

Laxh.Œp�; T /
a� // Laxh.Œq�; T /:

Rq

OO

Observe that thus defined, the homomorphism NaT maps the component bicategory
of NpT at .tp; : : : ; t0/ into the component at .ta.q/; : : : ; ta.0// of NqT , and it acts on
0–cells, 1–cells and 2–cells of NpT by the formula NaT .xp; : : : ;x1/D .yq; : : : ;y1/,
where for 0� k < q (see (1) for the definition of ˝or )

ykC1 D

(
˝or.xa.kC1/; : : : ;xa.k/C1/ if a.k/ < a.kC 1/;

1 if a.k/D a.kC 1/:

Thus we get, in particular, the formulas for the face and degeneracy homomorphisms.

The pseudonatural equivalence (11) is

NbT NaT DRnb�LqRqa�Lp

�a;bDRnb�vqa�Lp +3Rnb�a�LpDRn.ab/�LpDNabT

and the invertible modification (12) is

!a;b;c DRmc�!0ba�Lp;

where !0
b

is the canonical modification below:

(17)

LnRnb�LqRq

LnRnb�vq +3

vnb�LqRq

��

(1)
V

!0
b
W

LnRnb�

vnb�

��
b�LqRq

b�vq

+3 b�
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Thus defined, NT is actually a normal pseudosimplicial bicategory. Both coherence
conditions for NT , that is, [12, Conditions (CC1), (CC2)], follow from the equalities
RpLp D 1, vpLp D 1 and Rpvp D 1, and coherence in the tricategory Bicat.

This proves Theorem 3.1.

When it comes to Proposition 3.2, let us note that the homomorphisms NpH W NpT !
NpT 0 , p � 0, make commutative the diagrams

NpT
NpH

//

LDLT
p

��

NpT 0

Laxh.Œp�; T /
H� // Laxh.Œp�; T 0/;

RDRT 0
p

OO

where H� is the induced homomorphism by the trihomomorphism H W T ! T 0 , as
stated in Lemma 2.3(i). Then the pseudoequivalence in (13), �a , is provided by the
pseudoequivalences vW LR)1 and their adjoint quasi-inverses v�W 1)LR (which we
can choose such that Rv�D 1 and v�LD 1), that is, �aDRa�v�H�LıRH�LRa�L,

RH�a
�LDRa�H�L

Ra�v�H�L

"*
NqHNaT DRH�LRa�L

RH�va�L

5=

�a // Ra�LRH�LD NaT 0NpH:

And, for Œn� b
�! Œq� a

�! Œp�, any two composable arrows of �, the structure invertible
modification (14), …a;b , is the modification obtained by pasting the diagram

RH�LRb�LRa�L

(1)
VRH�vb�LRa�L

��

RH�LRb�va�L +3 RH�RLb�a�L

RH�vb�a�L

��
RH�b

�LRa�L

(1)
V

Rb�H�va�L +3

Rb�v�H�LRa�L

��

RH�b
�a�L

1

t|
Rb�v�H�a�L

w�

Rb�a�v�H�L

��
Rb�LRH�LRa�L

Rb�LRH�va�L

��

Rb�a�H�L
Rb�a�v�H�L

+3 Rb�a�LRH�L

Š

Rb�LRH�a
�L

Rb�LRa�v�H�L +3

Rb�va�H�L

08
.A/
Š

Rb�LRa�LRH�L;

Rb�va�LRH�L

KS

(1)
V
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where the isomorphism labeled .A/ is given by the adjunction invertible modification
v ı v� Š 1. The coherence conditions for NH W NT ! NT 0 , that is [12, Condi-
tions (CC3), (CC4)], are easily verified again from coherence in Bicat.

Suppose now that T H
�! T 0 H 0

�! T 00 are two composable trihomomorphisms. Then
the pseudosimplicial pseudoequivalence from (15), ˛W NH 0NH ) N.H 0H /, is at any
integer p � 0 given by p̨ DRmL ıRH 0�vH�L,

RH 0�H�L

#+

RmL

NpH 0NpH DRH 0�LRH�L

2:RH 0�vH�L

˛p // R.H 0H /�LD Np.H
0H /;

where the pseudoequivalence mW H 0�H�) .H 0H /�W Laxh.Œp�; T /! Laxh.Œp�; T 00/
is that given in Lemma 2.3(ii). The naturality component of ˛ at any map aW Œq�! Œp�,

NqH 0NqHNaT

V

˛qNaT +3

NqH 0 �a

��

Nq.H
0H /NaT

�a

��
NqH 0NaT 0NpH

�aNpH

+3 NaT 00NpH 0NpH
NaT 00˛p

+3 NaT 00Np.H
0H /;

is provided by the invertible modification obtained by pasting in

H 0�LRH�LRa�

(1)
VH 0�LRH�va�

��

H 0�vLRa� +3 H 0�H�LRa�
mLRa�+3

H 0�H�va�

��

(1)
V

.H 0H /�LRa�

.H 0H /�va�

��
H 0�LRH�a�

.A/
V

H 0�vH�a� +3

H 0�LRa�v�H�
��

1

%-
Š

H 0�H�a�
ma�Da�m +3

a�v�H 0�H�

��

.H 0H /�a�

(1)
V

a�v�.H 0H /�

��

H 0�LRa�LRH�

(1)
VH 0�va�LRH�

��

H 0�LRa�vH�

+3 H 0�LRa�H�

(1)
V

H 0�vH�a�
19

H 0�a�LRH�

H 0�a�vH�

>F

a�v�H 0�LRH�

+3 a�LRH 0�LRH�
a�LRH 0�vH�

+3 a�LRH 0�H�
a�LRm

+3 a�LR.H 0H /�;

where the isomorphism .A/ is given by the adjunction invertible modification vıv�Š 1.

Finally, the pseudosimplicial pseudoequivalence (16), ˇW N1T ) 1NT , is defined by
the family of pseudoequivalences

Np1T DR.1T /�L
ˇpDRmL

+3RLD 1NpT ;
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where mW .1T /� ) 1W Laxh.Œp�; T / ! Laxh.Œp�; T / is the pseudoequivalence in
Lemma 2.3(iii). The naturality invertible modification attached at any map aW Œq�! Œp�,

Np1T NaT
V�a

��

ˇpNaT +3 NaT

1
��

NaT Nq1T
NaT ˇq

+3 NaT ;

is the one obtained by pasting the diagram

R.1T /�LRa�L
(1)
V

RmLRa�L +3

R.1T /�va�L
��

RLRa�LDRa�L

1

��

rz

1DRva�L

R.1T /�a
�L

(1)
V

Rma�L +3

Ra�v�.1T /�L
��

Ra�L Š

$,1DRa�v�L

Ra�LR.1T /�L
Ra�LRmL

+3 Ra�LRLDRa�L:

Conditions (CC5) and (CC6) in [12], for both ˛ and ˇ , are plainly verified.

4 The classifying space of a tricategory

4.1 Preliminaries on classifying spaces of bicategories

When a bicategory B is regarded as a tricategory whose 3–cells are all identities,
the nerve construction on it actually produces a normal pseudosimplicial category
NB D .NB; �/W �op ! Cat, which was called the pseudosimplicial nerve of the
bicategory by Carrasco, Cegarra and Garzón [11, Section 3]. The classifying space of
the bicategory, denoted here by B2B , is then defined to be the ordinary classifying
space of the category obtained by the Grothendieck construction [21] on the nerve of
the bicategory, that is,

B2B D B
R
�NB:

The following facts are proved in [11].

Fact 4.1 Each homomorphism between bicategories F W B! C induces a continuous
(cellular) map B2F W B2B! B2C . Thus, the classifying space construction, B 7! B2B ,
defines a functor from the category Hom of bicategories to CW–complexes.
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Fact 4.2 If F;F 0W B! C are two homomorphisms between bicategories, then any
lax (or oplax) transformation F ) F 0 canonically defines a homotopy between the
induced maps on classifying spaces, B2F ' B2F 0W B2B! B2C .

Fact 4.3 If a homomorphism of bicategories has a left or right biadjoint, the map in-
duced on classifying spaces is a homotopy equivalence. In particular, any biequivalence
of bicategories induces a homotopy equivalence on classifying spaces.

We also recall that the classifying space of any pseudosimplicial bicategory F W �op!

Bicat is defined by Carrasco, Cegarra and Garzón in [12, Definition 5.4] to be the
classifying space of its bicategory of simplices

R
�F , also called the Grothendieck

construction on F [12, Section 3.1]. That is, the bicategory whose objects are the pairs
.x;p/, where p � 0 is an integer and x is an object of the bicategory Fp , and whose
hom categories are R

�F..y; q/; .x;p//D
G

Œq�
a
�!Œp�

Fq.y; a
�x/;

where the disjoint union is over all arrows aW Œq�! Œp� in the simplicial category �;
compositions, identities and structure constraints are defined in the natural way. We
refer the reader to [12, Section 3] for details about the bicategorical Grothendieck
construction trihomomorphismR

�� W Bicat�
op
! Bicat

from the tricategory of pseudosimplicial bicategories to the tricategory of bicategories.
The following facts are proved in [12].

Fact 4.4 (i) If F ;GW �op ! Bicat are pseudosimplicial bicategories, then each
pseudosimplicial homomorphism F W F ! G induces a continuous map

B2

R
�F W B2

R
�F ! B2

R
�G:

(ii) For any pseudosimplicial bicategory F W �op! Bicat, there is a homotopy

B2

R
�1F ' 1B2

R
� F W B2

R
�F ! B2

R
�F :

(iii) For any pair of composable pseudosimplicial homomorphism F W F ! G ,
GW G!H , there is a homotopy

B2

R
�GB2

R
�F ' B2

R
�.GF /W B2

R
�F ! B2

R
�H:

Fact 4.5 Any pseudosimplicial transformation F )GW F ! G induces a homotopy

B2

R
�F ' B2

R
�GW B2

R
�F ! B2

R
�G:
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Fact 4.6 If F W F! G is pseudosimplicial homomorphism, between pseudosimplicial
bicategories F ;GW �op! Bicat, such that the induced map B2FpW BFp! B2Gp is a
homotopy equivalence for all p � 0, then the induced map B2

R
�F W B2

R
�F ! B

R
�G

is a homotopy equivalence.

Fact 4.7 If F W �op!Hom� Bicat is a simplicial bicategory, then there is a natural
homotopy equivalence

B2

R
�F ' jB2F j D jŒp� 7! B2Fpj;

where the latter is the geometric realization of the simplicial space B2F W �op! Top,
obtained by composing F with the classifying space functor B2W Hom! Top.

4.2 The classifying space construction for tricategories

We are now ready to make the following definition, which recovers the more traditional
way in the literature through which a classifying space is assigned to certain specific
kinds of tricategories, such as 3–categories, bicategories, monoidal categories or braided
monoidal categories (see Examples 4.11, 4.15 and 4.18 below).

Definition 4.8 The classifying space B3T , of a tricategory T , is the classifying space
of its bicategorical pseudosimplicial Grothendieck nerve, NT W �op! Bicat, that is,

B3T D B2

R
�NT :

Let us remark that the classifying space of a tricategory T is then realized as the
classifying space of a category canonically associated to it, namely, as

B3T D B
R
�N

�R
�NT

�
D
ˇ̌
N
�R
�N

�R
�NT

��ˇ̌
:

Example 4.9 (Classifying spaces of categories and bicategories) When a bicate-
gory B is viewed as a tricategory whose 3–cells are all identities, then its classifying
space is homotopy equivalent to the classifying space of the bicategory B2B as defined
Carrasco, Cegarra and Garzón in [11, Definition 3.1], that is,

B3B ' B2B:

To see that, let us recall that for any simplicial set X W �op ! Simpl:Set, there is
a natural homotopy equivalence B

R
�X ' jX j between the classifying space of its

category of simplices and its geometric realization (see Illusie [27, Theorem 3.3]).
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Since N
�R
�NB

�
is actually a simplicial set for any bicategory B , we have a homotopy

equivalence

B3B D B
R
�N

�R
�NB

�
'
ˇ̌
N
�R
�NB

�ˇ̌
D B

R
�NB D B2B:

Similarly, for any category C regarded as a tricategory whose 2– and 3–cells are all
identities, we have homotopy equivalences

B3C ' B2C D B
R
�NC ' jNC j D BC

since NC is a simplicial set in this case.

The next two theorems deal with the basic properties of the homotopy behavior of
the classifying space construction T 7! B3T with respect to trihomomorphisms of
tricategories.

Proposition 4.10 (i) Any trihomomorphism between tricategories H W T ! T 0
induces a continuous (cellular) map B3H W B3T ! B3T 0 .

(ii) For any pair of composable trihomomorphisms H W T ! T 0 and H 0W T 0! T 00 ,
there is a homotopy

B3H 0B3H ' B3.H
0H /W B3T ! B3T 00:

(iii) For any tricategory T , there is a homotopy B31T ' 1B3T W B3T ! B3T .

Proof (i) By Proposition 3.2(i), any trihomomorphism H W T ! T 0 gives rise
to a pseudosimplicial homomorphism on the corresponding Grothendieck nerves
NH W NT ! NT 0 , which, by Fact 4.4(i), produces the claimed continuous map
B3H D B2

R
�NH W B3T ! B3T 0 .

(ii) Suppose that T H
�!T 0 H 0

�!T 00 are trihomomorphisms. By Proposition 3.2(ii), there
is a pseudosimplicial pseudoequivalence NH 0NH ) N.H 0H /, which, by Fact 4.5,
induces a homotopy

B2

R
�.NH 0NH /' B2

R
�N.H 0H /D B3.H

0H /:

Then, the result follows since, by Fact 4.4(iii), there is a homotopy

B2

R
�.NH 0NH /' B2

R
�NH 0B2

R
�NH D B3H 0B3H:

(iii) By Proposition 3.2(iii), we have that there is a pseudosimplicial pseudoequivalence
N1T ) 1NT , which, by Fact 4.5, induces a homotopy B31T DB2

R
�N1T 'B2

R
�1NT .

Since, by Fact 4.4(ii), there is a homotopy B2

R
�1NT ' B21R

� NT D 1B3T , the result
follows.
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Example 4.11 (Classifying spaces of 3–categories) In [38], Segal observed that
if C is a topological category, then its Grothendieck nerve (9) is in a natural way a
simplicial space, that is, NCW �op! Top. Then he defined the classifying space of
a topological category C to be jNCj, the realization of this simplicial space. This
notion given by Segal provides, for instance, the usual definition of classifying spaces
of strict bicategories, or 2–categories, and strict tricategories, or 3–categories. Thus,
the classifying space of a 2–category B is, by definition, the classifying space of the
topological category whose space of objects is the discrete space of objects of B , and
whose hom spaces are obtained by replacing the hom categories B.b; b0/ by their
classifying spaces. In other words, the classifying space of the 2–category is the
geometric realization of the simplicial space obtained by composing NBW �op! Cat
with the classifying space functor BW Cat! Top, that is, the space

jŒp� 7! BNpBj D
ˇ̌
Œp� 7! jNNpBj

ˇ̌
D
ˇ̌
Œp� 7! jŒq� 7! NqNpBj

ˇ̌
Š jdiag NNBj;

where diag NNB is the diagonal simplicial set of the bisimplicial set NNB double
nerve of B , .Œp�; Œq�/ 7!NqNpB , and the last homeomorphism above is a consequence
of Quillen’s Lemma [37, page 86]. Similarly, since a 3–category T is just a cate-
gory enriched in the category of 2–categories and 2–functors, that is, a category T
endowed with 2–categorical hom sets T .t 0; t/ in such a way that the compositions
T .t 0; t/ � T .t 00; t 0/ ! T .t 00; t/ are 2–functors, by replacing the hom 2–categories
T .t 0; t/ by their classifying spaces as above, we obtain a topological category whose
classifying space is the classifying space of the 3–category T . That is, the spaceˇ̌

Œp� 7! jdiag NNNpT j
ˇ̌
D
ˇ̌
Œp� 7! jŒq� 7! NqNqNpT

ˇ̌
Š jdiag NNNT j:

For B any 2–category, Thomason’s homotopy colimit theorem [47, Theorem 1.2] and
a result by Bousfield and Kan [6, XII, 4.3] give the existence of natural homotopy
equivalences

B2B D B
R
�NB ' jhocolim� NNBj ' jdiag NNBj:

For T any 3–category, by Fact 4.7, we have that there is a homotopy equivalence
B3T D B2

R
�NT ' jŒp� 7! B2NpT j, and therefore we have an induced homotopy

equivalence
B3T '

ˇ̌
Œp� 7! jdiag NNNpT j

ˇ̌
Š jdiag NNNT j:

4.3 The Segal nerve of a tricategory

Several theoretical interests suggest dealing with the so-called Segal nerve construction
for tricategories. This associates to any tricategory T a simplicial bicategory, denoted
by ST , which can be thought of as a ‘rectification’ of the pseudosimplicial Grothendieck
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nerve of the tricategory NT , since both are biequivalent in the tricategory of pseudosim-
plicial bicategories and therefore model the same homotopy type. Furthermore, ST is
a weak 3–category from the point of view of Tamsamani [46] and Simpson [40] (see
Proposition 4.13 below), in the sense that it is a special simplicial bicategory, that is, a
simplicial bicategory SW �op!Hom satisfying the following two conditions:

(i) S0 is discrete (ie all its 1– and 2–cells are identities).

(ii) For n� 2, the Segal projection homomorphisms below are biequivalences:

(18) pn D

nY
kD1

dn � � � dkC1dk�2 � � � d0W Sn �! S1d1
�d0

S1d1
�d0
� � � d1

�d0
S1

For a given tricategory T , the construction of the bicategory of unitary homomorphic
lax functors from any small category I in the tricategory T , I 7! Laxuh.I; T /, given
in (6), is functorial on the category I , and this leads to the definition below.

Definition 4.12 The Segal nerve of a tricategory T is the simplicial bicategory

(19) ST W �op
!Hom� Bicat; Œp� 7! SpT D Laxuh.Œp�; T /:

We should remark that when T D B is a bicategory, that is, when its 3–cells are all
identities, then the Segal nerve SB was introduced by Carrasco, Cegarra and Garzón
in [11, Definition 5.2], although it was first studied by Lack and Paoli in [34] under the
name of ‘2–nerve of B ’.

Proposition 4.13 Let T be a tricategory. Then the following statements hold.

(i) There is a normal pseudosimplicial homomorphism

(20) LW NT ! ST

such that for any p�0, the homomorphism LpW NpT !SpT is a biequivalence.

(ii) The simplicial bicategory ST is special.

Proof We keep the notation established in the construction of NT D .NT ; �; !/ given
in the proof of Theorem 3.1, and recall from Lemma 2.4(iii) that we have a biadjoint
biequivalence

Lp aRpW NpT � SpT :
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The normal pseudosimplicial homomorphism LD .L; �;…/W NT !ST is then defined
by the homomorphisms LpW NpT ! SpT , p � 0. For any aW Œq�! Œp�, the structure
pseudoequivalence

NpT
Lp //

NaT
��

�a
)

SpT

a�

��
NqT

Lq

// SqT

is provided by the counit pseudoequivalence vqW LqRq) 1SqT , that is,

LqNaT DLqRqa�Lp

�aDvqa�Lp +3a�Lp:

For any two composable arrows Œn� b
�! Œq� a

�! Œp� of �, the structure invertible
modification

Ln NbT NaT

�NaT

��

Ln� +3 Ln NabT

�

��

…a;b
V

b�Lq NaT
b��

+3 b�a�Lp
1

.ab/�Lp

is directly provided by the canonical modification (17), …a;b D !
0
b
a�Lp .

The coherence conditions for L (ie [12, Conditions (CC3), (CC4)] with the modifica-
tions 1 ı 1Š 1 of the coherence isomorphisms), are easily verified by using Fact 1.3.
This completes the proof of part (i).

When it comes to part (ii), that ST is a special simplicial bicategory, we have the
isomorphisms

(21) S0T D Laxuh.Œ0�; T /Š Ob T D N0T ;

between bicategories which identify a normal trihomomorphism F W Œ0�! T with the
object F0,

(22) S1T D Laxuh.Œ1�; T /Š
G
.t0;t1/

T .t0; t1/D N1T ;
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which carries a normal trihomomorphism F W Œ1�! T to the 1–cell F0;1W F0! F1,
and, for any integer p � 2,

S1T d1
�d0
� � � d1

�d0
S1T

Š

G
.tp�1;tp/

T .tp�1; tp/�
G

.tp�2;tp�1/

T .tp�2; tp�1/� � � � �
G
.t0;t1/

T .t0; t1/

Š

G
.t0;:::;tp/

T .tp�1; tp/� T .tp�2; tp�1/� � � � � T .t0; t1/D NpT :

Through these isomorphisms we see that, for any integer p � 2, the Segal projection
homomorphism (18) is precisely the biequivalence RpW SpT ! NpT which, recall, is
defined by restricting it to the basic graph of the category Œp�. Whence the simplicial
bicategory ST is special.

The following theorem states that the classifying space of a tricategory T can be
realized, up to homotopy equivalence, by its Segal nerve ST . This fact will be relevant
for our later discussions on loop spaces. Let

B2ST W �op
! Top; Œp� 7! B2SpT

be the simplicial space obtained by composing ST W �op ! Hom � Bicat with the
classifying functor B2W Hom! Top (recall Fact 4.1).

Theorem 4.14 For any tricategory T , there is a homotopy equivalence

B3T ' jB2ST j:

Proof Let us consider the pseudosimplicial homomorphism (20), LW NT !ST . Since,
for every integer p � 0, the homomorphism LpW NpT ! SpT is a biequivalence,
it follows from Fact 4.3 that the induced cellular map B2LpW B2NpT ! B2SpT is
a homotopy equivalence. Then by Fact 4.6, the induced map B2

R
�LW B2

R
�NT !

B2

R
�ST is a homotopy equivalence. Since B3T DB2

R
�NT by definition, whereas by

Fact 4.7 there is a homotopy equivalence B2

R
�ST ' jB2ST j, the claimed homotopy

equivalence follows.

Example 4.15 (Classifying spaces of monoidal bicategories) Any monoidal bicate-
gory .B;˝/D .B;˝; I; a; l ; r; �; �; �; �/ can be viewed as a tricategory

(23) †.B;˝/

with only one object, say �, whose hom bicategory is the underlying bicategory. Thus
†.B;˝/.�;�/D B , and its composition given by the tensor functor ˝W B�B! B
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and the identity at the object is 1� D I, the unit object of the monoidal bicategory.
The structure pseudoequivalences and modifications a , l , r , � , �, � and � for
†.B;˝/ are just those of the monoidal bicategory (see the paper by Cheng and
Gurski [15, Section 3] for details). Call this tricategory the suspension, or delooping,
tricategory of the bicategory B induced by the monoidal structure given on it, and call
its corresponding Grothendieck nerve the nerve of the monoidal bicategory, hereafter
denoted by N.B;˝/. Thus

N.B;˝/D N†.B;˝/W �op
! Bicat; Œp� 7! Bp

is a normal pseudosimplicial bicategory, whose bicategory of p–simplices is the p–
fold power of the underlying bicategory B , with face and degeneracy homomorphisms
induced by the tensor homomorphism ˝W B�B! B and unit object I following the
familiar formulas (10) in analogy with those of the reduced bar construction on a topo-
logical monoid, and with structure pseudoequivalences and modifications canonically
arising from the data of the monoidal structure on B . The general Definition 4.8 for
classifying spaces of tricategories leads to the following.

Definition 4.16 The classifying space of the monoidal bicategory, denoted B3.B;˝/,
is defined to be the classifying space of its delooping tricategory †.B;˝/. Thus

B3.B;˝/D B3†.B;˝/D B2

R
�N.B;˝/:

The next theorem extends a well known result by Mac Lane and Stasheff on monoidal
categories to monoidal bicategories.

Theorem 4.17 Let .B;˝/ be a monoidal bicategory such that for any object x 2 B ,
the homomorphism x˝�W B! B induces a homotopy autoequivalence on the classi-
fying space of B , B2.x˝�/W B2B ' B2B . Then there is a homotopy equivalence

B2B '�B3.B;˝/

between the classifying space of the underlying bicategory and the loop space of the
classifying space of the monoidal bicategory.

Proof By Theorem 4.14, B3.B;˝/ is homotopy equivalent to jX�j, the geometric
realization of the simplicial space X� D B2S†.B;˝/W �op! Top obtained by taking
classifying spaces on the simplicial bicategory S†.B;˝/, which is the Segal nerve of
the suspension tricategory of the monoidal bicategory. By Proposition 4.13, S†.B;˝/
is a special simplicial bicategory. Furthermore, since the tricategory †.B;˝/ has
only one object, the simplicial bicategory S†.B;˝/ is reduced (see (21)), that is,
S0†.B;˝/ D � is the one-object discrete bicategory. Hence the simplicial space
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B2S†.B;˝/ satisfies [39, Proposition 1.5(i), (ii)]: X0DB2S0†.B;˝/ is contractible,
and the Segal projections maps

B2pnW Xn D BSn†.B;˝/!X n
1 D B2.S1†.B;˝/n/

(22)
Š B2Bn

are homotopy equivalences. Since the H –space structure on X1DB2B is just induced
by tensor homomorphism ˝W B�B!B , we have by hypothesis that X1 has homotopy
inverses. Therefore, from [39, Proposition 1.5(b)], we can conclude that the canonical
map X1 ! �jX�j is a homotopy equivalence, whence the homotopy equivalence
B2B '�B3.B;˝/ follows.

Example 4.18 (Classifying spaces of braided monoidal categories) If .C;˝/ is a
monoidal category, then †.C;˝/ is the bicategory called by Kapranov and Voevodsky
in [31, 2.10] the delooping bicategory of the category induced by its monoidal structure.
The nerve of †.C;˝/ then becomes the pseudosimplicial category used by Jardine
in [28, Section 3] to define the classifying space of the monoidal category just as above:
B2.C;˝/ D B

R
�N.C;˝/ (see also Bullejos and Cegarra [8], or Balteanu et al [3]).

Thus

(24) B2.C;˝/D B2†.C;˝/:

Now let .C;˝; c/ be a braided monoidal category as defined by Joyal and Street
in [29, Definition 3.1]. Thanks to the braidings cW x˝y!y˝x , the given tensor prod-
uct on C defines in a natural way a tensor product homomorphism on the suspension
bicategory of the underlying monoidal category, ˝W †.C;˝/�†.C;˝/!†.C;˝/.
Thus .†.C;˝/;˝/ is a monoidal bicategory. The corresponding suspension tricategory

†2.C;˝; c/D†.†.C;˝/;˝/

is called the double suspension, or double delooping, of the underlying category C

associated to the given braided monoidal structure on it (see Berger [5, 4,2.5], Kapranov
and Voevodsky [31, 4.2] or Gordon, Power and Street [20, 7.9]). We refer the reader
to Cheng and Gurski [15, Section 2] for the (nontrivial details) of this construction
and recall that this is a tricategory with only one object, say �, only one arrow � D
1�W � ! �, the objects of C are the 2–cells, and the morphisms of C are the 3–cells.
The hom bicategory is †2.C;˝; c/.�;�/D†.C;˝/, the suspension bicategory of the
underlying monoidal category .C;˝/, the composition is also (as the horizontal one
in †.C;˝/) given by the tensor functor ˝W C �C ! C and the interchange 3–cell
between the two different composites of 2–cells is given by the braiding.

The most striking instance is for .C;˝; c/ D .A;C; 0/, the strict braided monoidal
category with only one object defined by an abelian group A, where both composition
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and tensor product are given by the addition C in A; in this case, the double suspension
tricategory †2A is precisely the 3–category treated in Examples 2.1 and 2.2.

For any braided monoidal category .C;˝; c/, the Grothendieck nerve of the double
suspension tricategory †2.C;˝; c/ coincides with the pseudosimplicial bicategory
called by Carrasco, Cegarra and Garzón in [12] the nerve of the braided monoidal
category, and denoted by N.C;˝; c/. Thus

N.C;˝; c/D N†2.C;˝; c/W �op
! Bicat; Œp� 7! .†.C;˝//p D†.C p;˝/

is a normal pseudosimplicial one-object bicategory whose bicategory of p–simplices is
the suspension bicategory of the monoidal category p–fold power of .C;˝/. Since the
classifying space of the braided monoidal category [12, Definition 6.1], B3.C;˝; c/,
is just given by

B3.C;˝; c/D B2

R
�N.C;˝; c/

we have the following.

Corollary 4.19 The classifying space of a braided monoidal category is the classifying
space of its double suspension tricategory, that is, B3.C;˝; c/D B3†

2.C;˝; c/.

It is known that the group completion of the classifying space BC of a braided
monoidal category .C;˝; c/ is a double loop space. This fact was first noticed by
Stasheff in [41], but originally proven by Fiedorowicz in [17] (other proofs can be
found in [3] or Berger [5]). We shall show below that under favorable circumstances
B3.C;˝; c/ is a model for a such double delooping of BC .

Corollary 4.20 (i) For any braided monoidal category .C;˝; c/ there is a homo-
topy equivalence

B2.C;˝/'�B3.C;˝; c/:

(ii) Let .C;˝; c/ be a braided monoidal category such that for any object x 2C , the
functor x˝�W C ! C induces a homotopy autoequivalence on the classifying
space of C , B.x˝�/W BC ' BC . Then there is a homotopy equivalence

BC '�2B3.C;˝; c/

between the classifying space of the underlying category and the double loop
space of the classifying space of underlaying category.

Proof (i) By Corollary 4.19 we have that the classifying space of any braided
monoidal category .C;˝; c/ is the same as the classifying space of the monoidal
bicategory †.†.C;˝/;˝/. Therefore �B3.C;˝; c/D�B3†.†.C;˝/;˝/. Since
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†.C;˝/ has only one object, it is obvious that its monoid of connected component
�0†.C;˝/ is the trivial group 1. Then by Theorem 4.17, there is a homotopy equiv-
alence B2†.C;˝/'�B3†.†.C;˝/;˝/. Since by (24), B2.C;˝/D B2†.C;˝/,
the result follows.

(ii) From the discussion in Example 4.9, we have homotopy equivalences BC ' B2C

and B2.C;˝/ ' B3.C;˝/. Then by Theorem 4.17, there is a homotopy equiva-
lence BC '�B2.C;˝/. By the already proved (i), there is a homotopy equivalence
�B2.C;˝/'�

2B3.C;˝; c/, whence the result.

5 The geometric nerve of a tricategory

With the notion of the classifying space of a tricategory T given above, the resulting
CW–complex BT thus obtained has many cells with little apparent intuitive connection
with the cells of the original tricategory, and they do not enjoy any proper geometric
meaning. This leads one to search for any simplicial set realizing the space B3T whose
cells give a logical geometric meaning to the data of the tricategory. With the definition
below we give a natural candidate for such a simplicial set, which, up to minor changes
affecting the direction conventions on 2– and 3–cells, is essentially due to Street [43;
45].

For any given tricategory T , the construction I 7! Laxu.I; T / given in (2), which
carries each category I to the set unitary lax functors from I into T , is clearly
functorial on the small category I , whence the following simplicial set.

Definition 5.1 The geometric nerve of a tricategory T is the simplicial set

�T W �op
! Set; Œp� 7! Laxu.Œp�; T /:

The simplicial set �T encodes the entire tricategorical structure of T and, as we will
prove below, represents the classifying space of the tricategory T up to homotopy.
We shall stress here that the simplices of the geometric nerve �T have the following
pleasing geometric description, where we have taken into account the coherence theorem
for tricategories in order to interpret correctly the pasting diagrams (ie by thinking
of T as a Gray–category). The vertices of �T are points labelled with the objects F0

of T . The 1–simplices are paths labelled with the 1–cells

(25) F0;1W F0! F1:
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The 2–simplices are oriented triangles

(26)

F0
F0;1

~~

F0;2

  
F0;1;2
)

F1
F1;2

// F2

with objects Fi placed on the vertices, 1–cells Fi;j W Fi ! Fj on the edges and
labelling the inner as a 2–cell F0;1;2W F1;2˝F0;1) F0;2 . For p � 3, a p–simplex
of �T is geometrically represented by a diagram in T with the shape of the 3–skeleton
of an oriented standard p–simplex whose 3–faces are oriented tetrahedrons:

(27)

Fi

||

��

""
Fj

""

// Fl;

Fk

<<

There is one for each 0� i < j < k < l � p , whose faces

(28)

Fj
Fj ;k

��

Fj ;l

��
Fj ;k;l
)

Fk
Fk;l

// Fl

Fi
Fi;k

~~

Fi;l

��
Fi;k;l
)

Fk
Fk;l

// Fl

Fi
Fi;j

��

Fi;l

��
Fi;j ;l
)

Fj
Fj ;l

// Fl

Fi
Fi;j

��

Fi;k

��
Fi;j ;k
)

Fj
Fj ;k

// Fk

are geometric 2–simplices as above, and

(29)

Fi

!!}} )

Fi

��

!!}}
Fj //

!!

Fl
Fi;j ;k;l

V Fj

!!

) Fl*

Fk

>>
*

Fk

>>

is a 3–cell of the tricategory that labels the inner of the tetrahedron. For p � 4, these
data are required to satisfy the coherence condition (CR1) as stated in the Appendix;
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that is, for each 0� i < j < k < l <m� p , the following diagram commutes:

Fi

yy %%)

(Street’s fourth oriental [43]/

Fi

yy %%

		

Fj

��

// Fm

Fi;j ;k;m *4 Fj

��

) * Fm

Fk //

66
*


�
Fj ;k;l;m

Fl

BB
*

Fk //

66


�
Fi;k;l;m

Fl

BB
*

Fi

yy %%)

Fi

yy %%

��

Fi

yy %%

		 ��
)

Fj //

((��

Fm
Fi;j ;l;m*4 Fj )

�� ((

* Fm
Fi;j ;k;l*4 Fj

��

) * Fm

Fk //
*

Fl

BB*

Fk //
*

Fl

BB

Fk // Fl

BB

The simplicial set �T is coskeletal in dimensions greater than 4. More precisely, for
p � 4, a p–simplex F W �Œp�! T of �T is determined uniquely by its boundary
@F D .Fd0; : : : ;Fdp/

@�Œp�
@F //

_�

��

�T

�Œp�
F

99

and, for p � 5, every possible boundary of a p–simplex, @�Œp�! �T , is actually
the boundary @F of a geometric p–simplex F of the tricategory T .

Example 5.2 (Geometric nerves of bicategories) When a bicategory B is regarded as
a tricategory, all of whose 3–cells are identities, then the simplicial set �B is precisely
the unitary geometric nerve of the bicategory, as it is called by Carrasco, Cegarra and
Garzón in [11] (but denoted by �uB ). The construction of the geometric nerve for a
bicategory was first given in the late eighties by Duskin and Street (see [44, page 573]).
In [16], Duskin gave a characterization of the unitary geometric nerve of a bicategory B
in terms of its simplicial structure. The result states that a simplicial set is isomorphic
to the geometric nerve of a bicategory if and only if it satisfies the coskeletal conditions
above as well as supporting appropriate sets of ‘abstractly invertible’ 1– and 2–simplices
(see Gurski [22] for an interesting new approach to this subject). In [11, Theorem 6.1],
the following fact is proved.

Fact 5.3 For any bicategory B , there is a homotopy equivalence B2B ' j�Bj.

We now state a main result of the paper.
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Theorem 5.4 For any tricategory T , there is a homotopy equivalence B3T ' j�T j.

Proof Let us consider for any given tricategory T , the simplicial bicategory

�T W �op
!Hom� Bicat; Œq� 7! Laxu.Œq�; T /

whose bicategories of q–simplices are the bicategories of unitary lax functors (5)
of Œq� into T . In this simplicial bicategory, the homomorphism induced by any map
aW Œq�! Œp�, a�W �pT !�qT is actually a strict functor. Hence the bisimplicial set

��T W �op
��op

! Set; .Œp�; Œq�/ 7!�p�qT D Laxu.Œp�;Laxu.Œq�; T //

is well-defined, since the geometric nerve construction � is functorial on unitary
homomorphisms between bicategories. The plan is to prove the existence of homotopy
equivalences

B3T ' jdiag��T j;(30)

j�T j ' jdiag��T j;(31)

from which the theorem follows.

The homotopy equivalence (30) the Segal nerve of the tricategory (19) is a simplicial
sub-bicategory of �T . Let LW NT !�T be the pseudosimplicial homomorphism
obtained by composing the pseudosimplicial homomorphism (20), equally denoted
by LW NT ! ST , with the simplicial inclusion ST � �T . At any degree p � 0,
the homomorphism LpW NpT !�pT is precisely the homomorphism in Lemma 2.4,
Lax.Gp; T /! Laxu.Œp�; T /, corresponding with the basic graph of the category Œp�.
Then, we have a homomorphism RpW �pT ! NpT such that RpLp D 1NpT , and a
lax transformation vpW LpRp ) 1�pT . It follows from Fact 4.2 that every induced
map B2LpW B2NpT ! B2�pT is a homotopy equivalence. Then, by Fact 4.6, the
induced map B2

R
�LW B2

R
�NT ! B2

R
��T is a homotopy equivalence. Let

B2�T W �op
! Top; Œp� 7! B2�pT

be the simplicial space obtained by composing �T with the classifying functor
BW Hom ! Top (see Fact 4.1). Since, by definition, B3T D B2

R
�NT , whereas,

by Fact 4.7, there is a homotopy equivalence B2

R
��T ' jB2�T j, we have a homo-

topy equivalence B3T ' jB2�T j. Furthermore, by Fact 5.3, we have a homotopy
equivalence

jB2�T j D jŒq� 7! B2�qT j '
ˇ̌
Œq� 7! j��qT j

ˇ̌
Š jdiag��T j;

where we refer to Quillen’s Lemma [37, page 86] for the last homeomorphism. Thus
BT ' j diag��T j, as claimed.
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The homotopy equivalence (31) Note that the geometric nerve �T is the simplicial
set of objects of the simplicial bicategory �T , that is, �T D�0�T . Therefore, if we
regard �T as a simplicial discrete bicategory (ie all 1–cells and 2–cells are identities),
then ��T becomes a bisimplicial set that is constant in the horizontal direction, and
there is a natural bisimplicial map ��T ,!��T , which is, at each horizontal level
p � 1, the composite simplicial map

(32) �T D�0�T
sh

0
,!�1�T ,! � � � ,!�p�1�T

sh
p�1

,! �p�T :

Next we prove that the simplicial map �T ! diag��T , induced on diagonals,
is a weak homotopy equivalence, whence the announced homotopy equivalence in
(31). It suffices to prove that every one of the simplicial maps in (32) is a weak
homotopy equivalence and, in fact, we will prove more: every simplicial map sh

p�1
,

p � 1, embeds the simplicial set �p�1�T into �p�T as a simplicial deformation
retract. Since we have that dh

psh
p�1
D 1, it is enough to exhibit a simplicial homotopy

hW 1) sh
p�1

dh
pW �p�T !�p�T .

To do so, we shall use the following notation for the bisimplices in ��T . Since
such a bisimplex of bidegree .p; q/, say F 2�p�qT , is a unitary lax functor of the
category Œp� in the bicategory of unitary lax functors Laxu.Œq�; T /, it consists of

� unitary lax functors FuW Œq�! T for 0� u� p

� 1–cells Fu;vW Fu) Fv for 0� u< v � p

� 2–cells Fu;v;wW Fv;w ıFu;vV Fu;w for 0� u< v < w � p

such that the diagrams

.Fw;t ıFv;w/ ıFu;v

Fv;w;tı1

�

a *4 Fw;t ı .Fv;w ıFu;v/

1ıF u;v;w


�
Fv;t ıFu;v F u;v;t

*4 Fu;t Fw;t ıFu;wF u;w;t
jt

commute for u < v < w < t . Hence such a .p; q/–simplex is described by a list of
cells of the tricategory T

(33) F D
�
Fi;Fu

i;j ;F
u
i;j ;k ;F

u
i;j ;k;l ;F

u;v
i;j ;F

u;v
i;j ;k

;F
u;v;w
i;j

�
;

with 0� i < j < k < l � q , where:

� Fi (D F0i ) is an object of T .
� Fu

i;j W Fi ! Fj are 1–cells in T .
� Fu

i;j ;k
W Fu

j ;k
˝Fu

i;j ) Fu
i;k

are 2–cells in T .

� F
u;v
i;j W F

u
i;j ) Fvi;j are 2–cells in T .
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� Fu
i;j ;k;l

;F
u;v
i;j ;k

and F
u;v;w
i;j are 3–cells in T of the form

.Fu
k;l
˝Fu

j ;k
/˝Fu

i;j

F u
j ;k;l
˝1

��

F u
i;j ;k;l
V

a +3 Fu
k;l
˝ .Fu

j ;k
˝Fu

i;j /

1˝F u
i;j ;k

��
Fu

j ;l
˝Fu

i;j F u
i;j ;l

+3 Fu
i;l

Fu
k;l
˝Fu

i;k
;

F u
i;k;l

ks

Fu
j ;k
˝Fu

i;j

F u
i;j ;k +3

F
u;v
i;j ;k
VF

u;v

j ;k
˝F

u;v

i;j

��

Fu
i;k

F
u;v

i;k

��
Fv

j ;k
˝Fvi;j Fv

i;j ;k

+3 Fv
i;k

Fu
i;j

F
u;w

i;j

� 

F
u;v;w
i;j
V

F
u;v

i;j

~�
Fvi;j

F
v;w

i;j

+3 Fwi;j

satisfying the various conditions.

The horizontal faces and degeneracies of such a bisimplex (33) are given by the simple
rules dh

mF D .Fi;Fdmu
i;j ; : : :/ and sh

mF D .Fi;F smu
i;j ; : : :/, whereas the vertical ones

are given by

dv
mF D

�
Fdmi ;Fu

dmi;dmj ; : : :
�

and sv
mF D

�
Fsmi ;Fu

smi;smj ; : : :
�
:

We have the simplicial homotopy

hW 1) sh
p�1dh

pW �p�T !�p�T :

For each 0�m� q , the map hmW �p�qT !�p�qC1T takes a .p; q/–simplex F

as in (33) of ��T to the .p; qC 1/–simplex hmF consisting of the following:

� The lax functors hmFu D .sm/�FuW ŒqC 1�! T for 0� u< p

� The lax functors hmFpW ŒqC 1�! T with
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.hmF /pi D Fsmi for 0� i � qC 1

.hmF /
p
i;j D

(
F

p�1
smi;smj if j �m

F
p
smi;j�1

if m< j

.hmF /
p

i;j ;k
D

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

F
p�1

smi;smj ;smk
if k �m

F
p

j ;k�1
˝F

p�1
i;j

1˝F
p�1;p

i;j

HHHHHH) F
p

j ;k�1
˝F

p
i;j

F
p

i;j ;k�1

HHHHH) F
p

i;k�1
if j �m< k

F
p

smi;j�1;k�1
if m< j

.hmF /
p

i;j ;k;l
D

8̂̂̂̂
<̂
ˆ̂̂:

F
p�1

smi;smj ;smk;sml
if l �m

the 3–cell given by (34) if k �m< l

the 3–cell given by (35) if j �m< k

F
p

smi;j�1;k�1;l�1
if m< j

where

(34) .F
p

k;l�1
˝F

p�1

j ;k
/˝F

p�1

i;j

.1˝F
p�1;p
j ;k

/˝1

rz .1˝F
p�1;p
j ;k

/˝F
p�1;p
i;j

�	

a

$,
Š.F

p

k;l�1
˝F

p

j ;k
/˝F

p�1

i;j

F
p
j ;k;l�1

˝1

��
Š

F
p

k;l
˝ .F

p�1

j ;k
˝F

p�1

i;j
/

1˝.F
p�1;p
j ;k

˝F
p�1;p
i;j

/

z�

1˝F
p�1
i;j ;k

��1˝F
p�1;p
i;j ;k
V

F
p

j ;l�1
˝F

p

i;j

1˝F
p�1;p
i;j � 

.F
p

k;l�1
˝F

p

j ;k
/˝F

p

i;j

F
p
j ;k;l�1

˝1y�

a +3

F
p
i;j ;k;l�1

V

F
p

k;l�1
˝ .F

p

j ;k
˝F

p

i;j
/

1˝F
p
i;j ;k �%

F
p

k;l�1
˝F

p�1

i;k

1˝F
p�1;p
i;k~�

F
p

j ;l�1
˝F

p

i;j

F
p
i;j ;l�1

$,

F
p

k;l�1
˝F

p

i;k

F
p
i;k;l�1rz

F
p

i;l�1

(35)

.F
p
k�1;l�1

˝F
p
j ;k�1

/˝F
p�1
i;j

Š

a +3

F
p

j ;k�1;l�1
˝1

rz
.1˝1/˝F

p�1;p

i;j

��

F
p
k�1;l�1

˝ .F
p
j ;k�1

˝F
p�1
i;j /

1˝.1˝F
p�1;p

i;j
/

��
F

p
j ;l�1

˝F
p�1
i;j

1˝F
p�1;p

i;j

��

Š .F
p
k�1;l�1

˝F
p
j ;k�1

/˝F
p
i;j

a +3

F
p

j ;k�1;l�1
˝1

rz

F
p
k�1;l�1

˝ .F
p
j ;k�1

˝F
p
i;j /

1˝F
p

i;j ;k�1

��

F
p
i;j ;k�1;l�1

V

F
p
j ;l�1

˝F
p
i;j

F
p

i;j ;l�1 +3 Fp
i;l�1

F
p
k�1;l�1

˝F
p
i;k�1

F
p

i;k�1;l�1ks
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� The 1–cells hmFu;v D .sm/�Fu;vW hmFu) hmFv for 0� u< v < p

� The 1–cells hmFu;pW hmFu) hmFp with

– .hmF /
u;p
i;j D

(
F

u;p�1
smi;smj if j �m

F
u;p
smi;j�1

if j >m

– .hmF /
u;p

i;j ;k
D

8̂̂<̂
:̂

F
u;p�1

smi;smj ;smk
if k �m

the 3–cell given by (36) if j �m< k

F
u;p

smi;j�1;k�1
if m< j

(36)

Fu
j ;k�1

˝Fu
i;j

F
u;p

j ;k�1
˝F

u;p

i;j

��

F
u;p

j ;k�1
˝F

u;p�1

i;j

qy

F u
i;j ;k�1 +3 Fu

i;k�1

F
u;p

i;k�1

��

F
p

j ;k�1
˝F

p�1
i;j

1˝F
p�1;p

i;j
%-

F
u;p�1;p
i;j

V

F
p

j ;k�1
˝F

p
i;j

F
p

i;j ;k�1 +3

F
u;p
i;j ;k�1

V

F
p

i;k�1

� The 2–cells .hmF /u;v;w D .sm/�Fu;v;w for w < p

� The 2–cells .hmF /u;v;p are given by .hmF /
u;v;p
i;j D

(
F

u;v;p�1
smi;smj if j �m

F
u;v;p
smi;j�1

if m< j

So defined, a straightforward (though tedious) verification shows that hW 1) sh
p�1

dh
p

is actually a simplicial homotopy, and this completes the proof.

As an application of the theorem above, we shall prove that tritransformations produce
homotopies. To do so, the following lemma is the key.

Lemma 5.5 Suppose � D .�;…;M/W F )GW T ! T 0 is a tritransformation. There
is a trihomomorphism H W T � Œ1�! T 0 making this diagram commutative:

(37)

T � Œ0�Š T

1�ı1

��

F

''
T � Œ1� H // T 0:

T � Œ0�Š T
G

77

1�ı0

OO
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Proof For any objects x;y of T , H W .T � Œ1�/..x; 0/; .y; 1//! T 0.Fx;Gy/ is the
homomorphism composite of

T .x;y/� f.0; 1/g Š T .x;y/ G
! T 0.Gx;Gy/

T 0.�x;1/ // T 0.Fx;Gy/:

For objects x;y; z of T , the pseudoequivalence

.T � Œ1�/..y; 1/; .z; 1//� .T � Œ1�/..x; 0/; .y; 1//H�H //

˝

��
+�H

T 0.Gy;Gz/� T 0.Fx;Gy/

˝

��
.T � Œ1�/..x; 0/; .z; 1// H // T 0.Fx;Gz/

is obtained by pasting the diagram

T .q; r/� T .x;y/

+�G˝

��

G�G // T 0.Gy;Gz/� T 0.Gx;Gy/

˝

��

1�T 0.�x;1///

Š

T 0.Gy;Gz/T 0.Fx;Gy/

˝

��
T .x; z/ G // T 0.Gx;Gz/

T 0.�x;1/ // T 0.Fx;Gz/;

and the pseudoequivalence

.T � Œ1�/..y; 0/; .z; 1//� .T � Œ1�/..x; 0/; .y; 0//H�H //

˝

��
+�H

T 0.Fy;Gz/� T 0.Fx;Fy/

˝

��
.T � Œ1�/..x; 0/; .z; 1// H // T 0.Fx;Gz/

by pasting in

T .y; z/�T .x;y/ G�F //

F�F
))

˝

��

T 0.Gy;Gz/�T 0.Fx;Fy/

+�F Š

+���1

T 0.�y;1/�1 // T 0.Fy;Gz/�T 0.Fx;Fy/

˝

��

T 0.Fy;Fz/�T 0.Fx;Fy/

T 0.1;�z/�1

44

˝

��
T 0.Fx;Fz/

+�
T 0.1;�z/

**
T .x; z/

F

55

G // T 0.Gx;Gz/
T 0.�x;1/ // T 0.Fx;Gz/:
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For any objects x;y; z; t of T , the components of the invertible modification !H at
the triples

.x; 0/
.a;.0;1// //.y; 1/

.b;11/ //.z; 1/
.c;11/ //.t; 1/;

.x; 0/
.a;10// //.y; 0/

.b;.0;1// //.z; 1/
.c;11/ //.t; 1/;

.x; 0/
.a;10// //.y; 0/

.b;10// //.z; 0/
.c;.0;1// //.t; 1/;

of composable 1–cells of T � Œ1� are canonically provided by the 3–cells (38), (39)
and (40):

..Gc˝Gb/˝Ga/˝ �x

a˝1

��

.�G˝1/˝1 +3

!G˝1
W

.G.c˝ b/˝Ga/˝ �x

��
�G˝1

.Gc˝ .Gb˝Ga//˝ �x

.1˝�G/˝1

��

G..c˝ b/˝ a/˝ �x

Ga˝1

��
.Gc˝ .G.b˝ a//˝ �x

�G˝1 +3 G.c˝ .b˝ a//˝ �x

(38)

.Gc˝Gb/˝ .�y˝Fa/
�G˝1 +3

1˝�

��
Š

G.c˝ b/˝ .�y˝Fa/

1˝�

��
.Gc˝Gb/˝ .Ga˝ �x/

�G˝1 +3 G.c˝ b/˝ .Ga˝ �x/

(39)

(40)

Gc˝ ..�z˝Fb/˝Fa/
1˝.�˝1/ +3

1˝a
��

1˝…
W

Gc˝ ..Gb˝ �y/˝Fa/

1˝a
��

Gc˝ .�z˝ .Fb˝Fa//

1˝.1˝�F /
��

Gc˝ .Gb˝ .�y˝Fa//

1˝.1˝�/
��

Gc˝ .�z˝F.b˝ a//

1˝�
��

Gc˝ .Gb˝ .Ga˝ �x//

1˝a�

��
Gc˝ .G.b˝ c/˝ �x/ Gc˝ ..Gb˝Ga/˝ �x/

1˝.�G˝1/ks

To finish the description of the homomorphism H , say that the component of the
invertible modification ıH at any morphism .a; .0; 1//W .x; 0/! .y; 1/ is canonically
obtained from the 3–cells 1˝M and ıG ˝ 1 below, while the component of H is
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provided by 3–cell G ˝ 1:

Ga˝ �x1˝l�
1˝r +3

1˝M
W

��

Ga˝ .�x˝ 1/
1˝.1˝�F /+3 Ga˝ .�x˝F1/

1˝�
��

Ga˝ .1˝ �x/
1˝.�G˝1/ +3 Ga˝ .G1˝ �y/;

Ga˝ �xGr˝1
r˝1 +3

��
ıG˝1

V

.Gx˝ 1/˝ �p

.1˝�G/˝1
��

G.a˝ 1/˝ �x .Ga˝G1/˝ �x;
�G˝1

ks

.1˝Ga/˝ �xl˝1

.�G˝1/˝1 +3

��
G˝1

W

.G1˝Ga/˝ �x

�G˝1
��

Ga˝ �x G.1˝ a/˝ �x:
Gl˝1

ks

This completes the proof.

Proposition 5.6 If F;GW T ! T 0 are two trihomomorphisms between tricategories,
then any tritransformation F )G defines a homotopy between the induced maps on
classifying spaces:

B3F ' B3GW B3T ! B3T 0

Proof Taking geometric nerves in the diagram (37), we obtain a commutative diagram
of simplicial maps

�T ��Œ0�Š�T

1�ı1

��

�F

))
�T ��Œ1� �H // �T 0:

�T ��Œ0�Š�T
�G

55

1�ı0

OO

Since j�Œ1�j Š Œ0; 1�, the unity interval, the result follows by Theorem 5.4.

As a consequence for triequivalences between tricategories, we have the following.
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Corollary 5.7 (i) If F W T ! T 0 is any trihomomorphism such that there is a
trihomomorphism GW T 0!T and tritransformations FG)1T 0 and 1T )GF ,
then the induced map B3F W B3T ! B3T 0 is a homotopy equivalence.

(ii) Any triequivalence of tricategories induces a homotopy equivalence on classify-
ing spaces.

Proof (i) Given a trihomomorphism F W T ! T 0 as in the hypothesis, there is a ho-
motopy B3FB3G'B3.FG/ by Proposition 4.10(ii). By Proposition 5.6, the existence
of a homotopy B3.FG/' B31T 0 follows. Since, by Proposition 4.10(iii), there is a
homotopy B31T 0' 1B3T 0 , we conclude the existence of a homotopy B3FB3G' 1B3T 0 .
Analogously, we can prove that 1B3T ' B3GB3F , which completes the proof of this
part. Part (ii) clearly follows from part (i).

Example 5.8 (Geometric nerves of 3–categories) In [43], Street gave a precise notion
of nerve for n–categories. He extended each graph Gp D .0! 1! � � � ! p/ to a
“free” !–category Op (called the pth –oriental) such that for any n–category X , the
p–simplices of its nerve are just n–functors Op!X from the underlying n–category
of the pth –oriental to X . In the case when n D 3, Street’s nerve construction on a
3–category T just produces, up to some directional changes, its geometric nerve �T
as stated in Definition 5.1. After the discussion in Example 4.11, from Theorem 5.4
we get homotopy equivalences

jdiag NNNT j ' B3T ' j�T j

for any 3–category T .

Example 5.9 (Geometric nerves of braided monoidal categories) If A is any abelian
group, then the braided monoidal category with only one object it defines, .A;C; 0/,
has as double suspension the tricategory †2A treated in Examples 2.1 and 2.2. For
any integer p � 0, we have

Laxu.Œp�; †
2A/DZ3.Œp�;A/DZ3.�Œp�;A/DK.A; 3/p;

whence �†2ADK.A; 3/, the minimal Eilenberg–Mac Lane complex. Hence, from
Theorem 5.4 and Corollary 4.19, it follows that B3.A;C; 0/D jK.A; 3/j.

If .C;˝; c/ is any braided monoidal category, then a unitary lax functor of a cate-
gory I in the double suspension tricategory, I ! †2.C;˝; c/, is what was called
a (normal) 3–cocycle of I with coefficients in the braided monoidal category by
Carrasco, Cegarra and Garzón in [12, Definition 6.6] and by Cegarra and Khmaladze
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in [14, Section 4]. Therefore, the geometric nerve �†2.C;˝; c/ coincides with the
simplicial set [12, Definition 6.7]

Z3.C;˝; c/W �op
! Set; Œp� 7!Z3.Œp�; .C;˝; c//

whose p–simplices are the 3–cocycles of Œp� in the braided monoidal category. The
geometric nerve Z3.C;˝; c/ is then a 4–coskeletal 1–reduced (one vertex, one 1–
simplex) simplicial set, whose 2–simplices are the objects F0;1;2 of C , and whose
p–simplices, for p � 3, are families of morphisms of the form

Fi;j ;k;l W Fi;j ;l ˝Fj ;k;l ! Fi;k;l ˝Fi;j ;k ; 0� i < j < k < l � p

that make the diagram

Fi;j ;m˝ .Fj ;k;m˝Fk;l;m/

1˝Fj ;k;l;m
��

a.Fi;j ;k;m˝1/a�1

// Fi;k;m˝ .Fi;j ;k ˝Fk;l;m/

1˝c
��

Fi;j ;m˝ .Fj ;l;m˝Fj ;k;l/

.Fi;j ;l;m˝1/a�1

��

Fi;k;m˝ .Fk;l;m˝Fi;;j ;k/

.Fi;k;l;m˝1/a�1

��
.Fi;l;m˝Fi;j ;l/˝Fj ;k;l

a�1.1˝Fi;j ;k;l /a // .Fi;l;m˝Fi;k;l/˝Fi;j ;k

commutative for 0� i < j < k < l <m� p . From Theorem 5.4 and Corollary 4.19,
we obtain the following known result.

Corollary 5.10 [12, Theorem 6.11] For any braided monoidal category .C;˝; c/,
there is a homotopy equivalence B3.C;˝; c/' jZ

3.C;˝; c/j.

Example 5.11 (Geometric nerves of monoidal bicategories) If .B;˝/ is any monoidal
bicategory, then we define its geometric nerve, denoted by �.B;˝/, as the geometric
nerve of its suspension 3–category †.B;˝/ from (23). That is,

�.B;˝/W �op
! Simpl:Set; Œp� 7! Laxu.Œp�; †.B;˝//:

Then Theorem 5.4 specializes to monoidal bicategories, giving a homotopy equivalence

B3.B;˝/' j�.B;˝/j:

5.1 Bicategorical groups and homotopy 3–types

Recall that a bigroupoid is a bicategory B in which every 2–cell is invertible. This
means that all the hom categories B.x;y/ are groupoids, and every 1–cell uW x! y

is an equivalence, that is, there exist a morphism u0W y! x and 2–cells u ıu0) 1y
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and 1x ) u0 ı u. By a bicategorical group we shall mean a monoidal bigroupoid
.B;˝/ in which for every object x there is an object x0 with 1–cells 1! x˝x0 and
x0 ˝ x ! 1. Bicategorical groups correspond to those Picard 2–categories, in the
sense of Gurski [24, Section 6], whose underlying bicategory is a bigroupoid.

In any bicategorical group .B;˝/, the homomorphisms x˝�W B!B and �˝xW B!B
are biequivalences for any object x 2 B . Hence, by Theorem 4.17, there is a homotopy
equivalence

B2B '�B3.B;˝/

between the classifying space of the underlying bigroupoid and the loop space of the
classifying space of the bicategorical group.

If .B;˝/ is any monoidal bicategory, then its geometric nerve �.B;˝/ is a 4–
coskeletal reduced (one vertex) simplicial set, which satisfies the Kan extension
condition if and only if .B;˝/ is a bicategorical group. In such a case, the homotopy
groups of its geometric realization

�iB3.B;˝/Š �i�.B;˝/Š �i�1�B

are plainly recognized to be:

� �iB3.B;˝/D 0 if i ¤ 1; 2; 3

� �1B3.B;˝/DObB=Ï, the group of equivalence classes of objects in B where
multiplication is induced by the tensor product

� �2B3.B;˝/ D AutB.1/= Š, the group of isomorphism classes of autoequiv-
alences of the unit object where the operation is induced by the horizontal
composition in B

� �3B3.B;˝/D AutB.11/, the group of automorphisms of the identity 1–cell of
the unit object where the operation is vertical composition in B

Thus bicategorical groups arise as algebraic path-connected homotopy 3–types, a fact
that supports the Homotopy hypothesis of Baez [1]. Indeed, every path-connected
homotopy 3–type can be realized in this way from a bicategorical group, as we show
below (see Berger [5], Joyal and Tierney [30], Lack [33] or Leroy [35] for alternative
approaches to this issue).

Proposition 5.12 For any path-connected pointed CW–complex X with �iX D 0 for
i � 4, there is a bicategorical group .B.X /;˝/ whose classifying space B3.B.X /;˝/
is homotopy equivalent to X .
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Proof Given X as above, let M.X / � S.X / be a minimal subcomplex that is a
deformation retract of the total singular complex of X , so that jM.X /j 'X . Taking
into account the Postnikov k –invariants, this minimal complex M can be described
(see Goerss and Jardine [19, VI, Corollary 5.13]) up to isomorphism as

(41) M.X /DK.B; 3/�t .K.A; 2/�h K.G; 1//

by means of the group G D �1X , the G –modules AD �2X and B D �3X , and two
maps

hW G3
!A; t W A6

�G4
! B

defining normalized cocycles h2Z3.G;A/ and t 2Z4.K.A; 2/�hK.G; 1/;B/. That
is, M.X / is the 4th coskeleton of the truncated simplicial set

tr4 M.X /D B4 �A6 �G4 //d0

d4

::: // B �A3 �G3
uu s0}}

s3:::

//d0

d3

::: // A�G2
vv s0��

s2

��
//d0

d2

//// G
xx s0��

s1

//d0 //
d1

1;
~~

s0

whose face and degeneracy operators are given by (�i 2G , xj 2A, uk 2 B ):

di.x1; �1; �2/D

8<:
�2 i D 0;

�1�2 i D 1

�1 i D 2

di.u1;x1;x2;x3; �1; �2; �3/D

8̂̂̂<̂
ˆ̂:
.�
�1
1 x3; �2; �3/ i D 0

.x2Cx3; �1�2; �3/ i D 1

.x1Cx2; �1; �2�3/ i D 2

.x1� h.�1; �2; �3/; �1; �2/ i D 3

di.u1;u2;u3;u4;x1;x2;x3;x4;x5;x6; �1; �2; �3; �4/

D

8̂̂̂̂
<̂̂
ˆ̂̂̂:

.�
�1
1 u4;

��1
1 x4;

��1
1 x5;

��1
1 x6; �2; �3; �4/ i D 0

.u3Cu4;x2Cx4;x3Cx5;x6; �1�2; �3; �4/ i D 1

.u2Cu3;x1Cx2;x3;x5Cx6; �1; �2�3; �4/ i D 2

.u1Cu2;x1;x2Cx3;x4Cx5; �1; �2; �3�4/ i D 3

.xu1; xx1; xx2; xx3; �1; �2; �3/ i D 4

where we have that

xu1 D u1� t.x1;x2;x3;x4;x5;x6; �1; �2; �3; �4/;

xx1 D x1� h.�1; �2; �3�4/C h.�1; �2; �3/;

xx2 D x2� h.�1�2; �3; �4/C
��1

1 h.�2; �3; �4/

xx3 D x4�
��1

1 h.�2; �3; �4/:
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Then we can define a bicategorical group .B.X /;˝/ with a simplicial isomorphism
�.B.X /;˝/ŠM.X / as follows.

� A 0–cell of BD B.X / is an element � 2G . If � ¤ � are different elements of G

then B.�; �/D∅, that is, there is no 1–cell between them, whereas if � D � then the
1–cell xW � ! � is an element x 2A. Similarly, there is no any 2–cell in B between
two 1–cells x;yW � ! � if x ¤ y , whereas when x D y , the 2–cell uW x) x is an
element u 2 B .

� The vertical composition of 2–cells is given by addition in B , that is,

.x
u
H) x/ � .x

v
H) x/D .x

uCv
H) x/:

� The horizontal composition of 1–cells and 2–cells is given by addition in A and B

respectively, that is,

�
�

x
""

+u

x

;;�

�
ı

�
�

y

""
+v

y

;;�

�
D

�
�

xCy

##
+uCv

xCy

;;�

�
:

� The associativity isomorphism is

�

.xCy/Cz
''

+a

xC.yCz/

77 �; aD t.x;y; z; 0; 0; 0; �; 1; 1; 1/

and the 0 of A gives the (strict) unit on each � , that is, 1� D 0W � ! � .

� The (strictly unitary) tensor homomorphism ˝W B �B! B is given on cells of
B by �

�

x
''

+u

x

88 �

�
˝

�
�

y
%%

+v

y

99 �

�
D

 
��

xC�y
''

+uC�v

xC�y

77 ��

!
:

� The structure interchange isomorphism

��

.xC�y/C.x0C�y0/
))

+

.xCx0/C� .yCy0/

55 ��;

for any 1–cells �
x0

! �
x
! � and �

y0

! �
y
! � is the one obtained by pasting into the

bigroupoid B the diagram
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��
�y0 //

� .yCy0/ ""

(�

��

��
�y
+c

x0 // ��
�y // ��

x

��
��

xCx0
//

x0

66

��;
+x�

where

�D�t.0; 0; 0; �y; �y0; 0; �; �; 1; 1/;

c D t.0;x; 0; 0; �y; 0; �; �; 1; 1/� t.0; 0;x; �y; 0; 0; �; �; 1; 1/

� t.x; 0; 0; 0; 0; �y; �; 1; �; 1/;

x�D�t.0;x;x0; 0; 0; 0; �; �; 1; 1/C t.x; 0;x0; 0; 0; 0; �; 1; �; 1/

� t.x;x0; 0; 0; 0; 0; �; 1; 1; �/:

� The associativity pseudoequivalence .�˝�/˝�
a
)�˝ .�˝�/W B3 ! B is

defined by the 1–cells
h.�; �;  /W .��/ ! �.� /:

The naturality component of a , at any 1–cells �
x
! � , �

y
! � and 

z
!  ,

.��/

)

hDh.�;�; ///

.xC�y/C��z
��

�.� /

xC� .yC�z/
��

.��/
h.�;�; /

// �.� /

is given by pasting in B the diagram

.��/

x
��

h //

+�

�.� /
x //

+‰

�.� /
�y //

+ˆ

�.� /

��z��
.��/

h
33

�y
// .��/

h
33

��z
// .��/

h

// �.� /;

where

ˆD t.0; h; 0; 0; ��z; 0; �; �; 1; 1/� t.h; 0; 0; 0; 0; ��z; �; �; ; 1/

� t.0; 0; h; ��z; 0; 0; �; �; 1; 1/;

‰ D t.h; 0; 0; �y; 0; 0; �; �; 1;  /� t.h; 0; 0; 0; �y; 0; �; �; ; 1/

C t.0; h; 0; 0; �y; 0; �; �; 1; 1/� t.0; 0; h; �y; 0; 0; �; �; 1; 1/;

�D�t.x; h; 0; 0; 0; 0; �; 1; �;  /C t.h;x; 0; 0; 0; 0; �; �; 1;  /

� t.h; 0;x; 0; 0; 0; �; �; ; 1/C t.x; 0; h; 0; 0; 0; �; 1; �; 1/

C t.0; h;x; 0; 0; 0; �; �; 1; 1/� t.0;x; h; 0; 0; 0; �; �; 1; 1/:
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� The structure modification � at any objects �; �; ; ı 2G is

..��/ /ı

)
�

h4Dh.�;�; /

��

h1Dh.��;;ı/ // .��/. ı/

h3Dh.�;�;ı/

��
.�.� //ı

h2Dh.�;�;ı/ // �..� /ı/
h0D

�h.�;;ı/ // �.�. ı//;

where

� D t.h3; h1� h0; 0; h0; 0; 0; �; �; ; ı/

� t.h2; h4; 0; 0; 0; 0; �; �; 1; ı/C t.h2; 0; h4; 0; 0; 0; �; �; ı; 1/

� t.h3; 0; h1� h0; 0; h0; 0; �; �;  ı; 1/C t.0; h3; h1� h0; 0; h0; 0; �; � ı; 1; 1/

� t.0; 0; h2C h4; h0; 0; 0; �; � ı; 1; 1/� t.0; h2; h4; 0; 0; 0; �; � ı; 1; 1/:

This completes the description of bicategorical group .B;˝/ D .B.X /;˝/, whose
geometric nerve is recognized to be isomorphic to the minimal complex M.X / in (41)
by means of the simplicial map 'W �.B;˝/!M which, in dimensions less than or
equal to 4 fits into the diagram

�4.B;˝/
//

::: //

'
��

�3.B;˝/
//

::: //

'
��

�2.B;˝/
//////

'
��

�1.B;˝/ ////

'
��

1

��
B4 �A6 �G4 //

::: // B �A3 �G3 //
::: // A�G2 ////// G //// 1

and carries (keeping the notation in (25)–(29)):

� a unitary lax functor F W Œ1�!†.B;˝/ to '.F /D F0;1

� a unitary lax functor F W Œ2�!†.B;˝/ to '.F /D .�F0;1;2;F0;1;F1;2/

� a unitary lax functor F W Œ3�!†.B;˝/ to

'.F /D
�
�F0;1;2;3;�

F0;1F1;2;3CF0;2;3�F0;1;3;
F0;1F1;2;3�F0;2;3;

�
F0;1F1;2;3;F0;1;F1;2;F2;3

�
� a F W Œ4�!†.B;˝/ to

'.F /D .u1;u2;u3;u4;x1;x2;x3;x4;x5;x6;F0;1;F1;2;F2;3;F3;4/;

where:

u1 D
F0;1F1;2;3;4�F0;1;2;4CF0;1;3;4�F0;2;3;4

u2 D F0;2;3;4�F0;1;3;4�
F0;1F1;2;3;4

u3 D
F0;1F1;2;3;4�F0;2;3;4
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u4 D�
F0;1F1;2;3;4

x1 D F0;2;4�
F0;1F1;2;4�F0;1;4

x2 D
F0;1F1;2;4�

F0;1F1;3;4CF0;3;4�F0;2;4

x3 D
F0;1F1;3;4�F0;3;4

x4 D
F0;1F1;3;4�

F0;1F1;2;4�
F0;2F2;3;4

x5 D
F0;2F2;3;4�

F0;1F1;3;4

x6 D�
F0;2F2;3;4

This completes the proof.

Remark 5.13 The fundamental bigroupoid …2.X / of a space X was independently
described by Hardie, Kamps and Kieboom in [26] and by Stevenson in [42]. The objects
of …2.X / are the points x 2X , the 1–cells f W x! y are paths f W I D Œ0; 1�!X

with f .0/ D x and f .1/ D y , and the 2–cells Œ˛�W f ) g are relative homotopy
classes of homotopies between paths ˛W I � I !X with ˛jI�0 D f and ˛jI�1 D g .
In [23, Theorem 1.4], Gurski proves that when the space X is endowed with a structure
of algebra for the little cubes operad C1 , then …2.X / has the structure of a monoidal
bicategory, say .…2.X /;˝/. In this way, any given pointed topological space X has
associated a bicategorical group .…2.�X /;˝/, which is Gurski’s monoidal bicategory
of the loop space �X . Although we will not give details here, we want to point out
that for X a path-connected pointed space X for which �iX D 0 for i � 4, the bicat-
egorical group .B.X /;˝/ in Proposition 5.12 is a skeleton of the bicategorical group
.…2.�X /;˝/. That is, there is a monoidal biequivalence .B.X /;˝/' .…2.�X /;˝/,
and the bigroupoid B.X / is skeletal in the sense that any two isomorphic 1–cells are
equal and any two equivalent objects are equal.

To finish, we shall remark on two particular relevant cases of the demonstrated rela-
tionship between monoidal bicategories and path-connected homotopy 3–types. Since
categorical groups, in the sense of Joyal and Street [29, Section 3], are the same thing
as bicategorical groups in which all 2–cells are identities, then categorical groups are
algebraic models for path-connected homotopy 2–types; see Carrasco and Cegarra [9,
Section 2.1] and Cegarra and Garzón [13, Section 5]. This fact goes back to Whitehead
(1949) and Mac Lane and Whitehead (1950) since every categorical group is equivalent
to a strict one, and strict categorical groups are the same as crossed modules. On the
other hand, if .C;˝; c/ is any braided categorical group [29], then its classifying space
B3.C;˝; c/ is the classifying space of its suspension bicategorical group .†.C;˝/;˝/
(see Examples 4.18 and 5.9), which is precisely a one-object bicategorical group.
Therefore, we conclude from the above discussion that braided categorical groups are
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algebraic models for path-connected simply connected homotopy 3–types, a fact due
to Joyal and Tierney [30], but also proved by Carrasco and Cegarra in [9, Section 2.2]
(cf [10, Theorem 3.8]) and, implicitly, by Joyal and Street in [29, Theorem 3.3].

Appendix: Coherence conditions

(CR1) For any four composable arrows in I , i d
�!j c

�!k b
�! l a

�!m, the equation
ADA0 on 3–cells in T holds, where A is given by:

..Fa˝Fb/˝Fc/˝Fd
a +3

a˝1

�%.Fa;b˝1/˝1

��

.Fa˝Fb/˝ .Fc˝Fd/
a +3 Fa˝ .Fb˝ .Fc˝Fd//

1˝.1˝Fc;d /

��

�
Š

.Fa˝ .Fb˝Fc//˝Fd
a +3

.1˝Fb;c/˝1

��

Fa˝ ..Fb˝Fc/˝Fd/

1˝a

9A

1˝ .Fb;c ˝1/

��

.F.ab/˝Fc/˝Fd

Fab;c˝1

��

Fa;b;c˝1

V

Š 1˝Fb;c;d
V

Fa˝ .Fb˝F.cd//

1˝Fb;cd

��

Fa;bc;d
V

.Fa˝F.bc//˝Fd
a +3

Fa;bc ˝1

v~

Fa˝ .F.bc/˝Fd/

1˝Fbc;d

 (
F.abc/˝Fd

Fabc;d +3 F.abcd/ Fa˝F.bcd/
Fa;bcdks

A0 is given by:

..Fa˝Fb/˝Fc/˝Fd
a +3

.Fa;b˝1/˝1

��

Š

.Fa˝Fb/˝ .Fc˝Fd/
a +3

Fa;b˝ .1˝1/

v~
.1˝1/˝Fc;d

 (

Fa˝ .Fb˝ .Fc˝Fd//

1˝.1˝Fc;d /

��

Š

F.ab/˝ .Fc˝Fd/

1˝Fc;d #+

Š
.Fa˝Fb/˝F.cd/

Fa;b˝1s{
a

#+
.F.ab/˝Fc/˝Fd

Fab;c˝1

��

a
3;

F.ab/˝F.cd/

Fab;cd

��

Fa˝ .Fb˝F.cd//

1˝Fb;cd

��
F.abc/˝Fd

Fabc;d +3

Fab;c;d
V

F.abcd/ Fa˝F.bcd/
Fa;bcdks

Fa;b;cd
V

(CR2) For any two composable arrows i b
�! j a

�! k in I , the equations B D B0 ,
C D C 0 and D DD0 , on 3–cells in T hold, where B is given by
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.Fa˝ 1Fj /˝Fb
.1˝Fj /˝1

+3
a

px

r�˝1

��

zFa˝1
W

.Fa˝F1j /˝Fb
Fa;1˝1
&.

Fa;1˝1

s{

Fa˝ .1Fj ˝Fb/

1˝l '/

�
Š Fa˝Fb;D

Fa;b
px

Fa˝Fb
Fa;b +3 F.ab/

B0 is given by:

.Fa˝ 1Fj /˝Fb
.1˝Fj /˝1

+3
a

rz

.Fa˝F1j /˝Fb
Fa;1˝1

#+aqy
Fa;1;b

W
Fa˝ .1Fj ˝Fb/

1˝.Fj˝1/
+3
Š

1˝l %-

Fa˝ .F1j ˝Fb/

1˝F1;bqy

Fa˝Fb;

Fa;b
s{

Fa˝Fb
Fa;b +3

1˝ yFa
W

F.ab/

C is given by:

.1Fk ˝Fa/˝Fb

'/
.Fk˝1/˝1a

ow

l˝1

�&

yFa˝1
W

�
Š

Š

1Fk ˝ .Fa˝Fb/

l

'/

1˝Fa;b

��

.F1k ˝Fa/˝Fb

F1;a˝1

��
1Fk ˝F.ab/

l '/

Fa˝Fb

Fa;bow
F.ab/

C 0 is given by:

.1Fk ˝Fa/˝Fb

&.
.Fk˝1/˝1a

px
1Fk ˝ .Fa˝Fb/

Fk˝1

&.

1˝Fa;b

��

Š

Š .F1k ˝Fa/˝Fb

F1;a˝1

��

a

px
F1k ˝ .Fa˝Fb/

1˝Fa;b�� F1;a;b
WF1k ˝F.ab/

F1;ab

��

1Fk ˝F.ab/

l &.

Fk˝1 08

yFab
W

Fa˝Fb

Fa;bpx
F.ab/
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D is given by:

.Fa˝Fb/˝ 1Fi
Fa;b˝1

'/
a

ow

r�

y�

Fa˝ .Fb˝ 1Fi/

1˝r�

��

�
Š

F.ab/˝ 1Fi

1˝Fi

��

r�

z�

Š

Fa˝Fb

Fa;b '/

F.ab/˝F1i

Fab;1ow

zFab
W

F.ab/

D0 is given by:

.Fa˝Fb/˝ 1Fi
Fa;b˝1

'/
a

ow 1˝Fi

�%Š

Fa˝ .Fb˝ 1Fi/

1˝r�

��

1˝.1˝Fi /

�%

F.ab/˝ 1Fi

1˝Fi

��

Š

1˝ zFb
W

.Fa˝Fb/˝F1i

Fa;b˝1

�"

aow
Fa˝ .Fb˝F1i/

1˝Fb;1
rz

Fa;b;1
W

Fa˝Fb

Fa;b '/

F.ab/˝F1i

Fab;1ow
F.ab/

(CR3) For any object i 2 I ,the following equation holds:

1Fi ˝ 1Fi

r�

�$

Fi˝1

w�
F1i ˝ 1Fi

zF1
V

1˝Fi

��

r�

$,

Š 1Fi

Fi

��
F1i ˝F1i

F1;1 +3 F1i

D

1Fi ˝ 1Fi

1˝Fi

��

r�Dl

�$

Fi˝1

v~
F1i ˝ 1Fi Š

1˝Fi

��

1Fi ˝F1i

Fi˝1

v~

l

�$

Š

yF1
V

1Fi

Fi

��
F1i ˝F1i

F1;1 +3 F1i
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(CR4) For any triplet of composable morphisms of I , i c
�!j b

�!k a
�!l , the equation

E DE0 on 3–cells in T holds, where E is given by:

.Fa˝Fb/˝Fc
a +3

Fa;b˝1

$,

.ˆa˝ˆb/˝ˆc

��

Fa˝ .Fb˝Fc/
1˝Fb;c +3

Fa;b;c
V

Fa˝F.bc/

Fa;bc

��
.Ga˝Gb/˝Gc

Ga;b˝1

��

ˆa;b˝1

V
F.ab/˝Fc

ˆ.ab/˝ˆc

rz

Fab;c +3

ˆab;c
V

F.abc/

ˆ.abc/

��
G.ab/˝Gc

Gab;c +3 G.abc/

E0 is given by:

.Fa˝Fb/˝Fc

Š

a +3

.ˆa˝ˆb/˝ˆc

��

Fa˝ .Fb˝Fc/

1˝ˆb;c
V

ˆa˝ .ˆb˝ˆc/

��

1˝Fb;c +3 Fa˝F.bc/

ˆa˝ˆ.bc/

w�

Fa;bc

��
.Ga˝Gb/˝Gc

Ga;b˝1

��

a +3 Ga˝ .Gb˝Gc/

Ga;b;c
V

1˝Gb;c

+3 Ga˝G.bc/

Ga;bc

�'

ˆa;bc
V

F.abc/

ˆ.abc/

��
G.ab/˝Gc

Gab;c +3 G.abc/

(CR5) For any morphism of I , i a
�! j , the following two pasting equalities hold:

1˝Fa

Fj ˝1

��

l

��

1˝ˆa

|�

yFa
V

1˝Ga

Gj˝1

��

ˆj˝1

V
F1˝Fa

F1;a

+3

ˆ1˝ˆa

|�

ˆ1;a
V

Fa

ˆa

��
G1˝Ga

G1;a

+3 Ga

D

1˝Fa

l

��

1˝ˆa

|�
Š

1˝Ga

Gj˝1

��

l

!)

yGa
V

Fa

ˆa

��
G1˝Ga

G1;a

+3 Ga
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Fa˝ 1

1˝Fi

��

r�

��

ˆa˝1

|�

zFa
V

Ga˝ 1

1˝Gi

��

1˝ˆi
V

Fa˝F1
Fa;1

+3

ˆa˝ˆ1

|�

ˆa;1
V

Fa

ˆa

��
Ga˝G1

Ga;1

+3 Ga

D

Fa˝ 1

r�

��

ˆa˝1

}�
Š

Ga˝ 1

1˝Gi

��

r�

 (

zGa
V

Fa

ˆa

��
Ga˝G1

Ga;1

+3 Ga

(CR6) For any object i and each two composable arrows i b
�! j a

�! k of I , the
diagrams of 3–cells below commute:

ˆ1i ıFi
M1iı1 *4

Wf

ˆi

‰1i ıFi8G

‰i

Gi

and

Ga;bı .ˆa˝ˆb/

1ı.Ma˝Mb/


�

ˆa;b *4 ˆ.ab/ ıFa;b

M.ab/˝1


�
Ga;b ı .‰a˝‰b/

‰a;b *4 ‰.ab/ ıFa;b

A.1 Proof of Lemma 2.3

(i) The homomorphism H� is defined as follows: it carries a lax functor F W I! T to
the lax functor H�F W I! T 0 , which is defined on objects i of I by .H�F /i DHFi ,
and is defined on arrows aW i ! j by .H�F /aDHFaW HFi !HFj . The 2–cell
.H�F /a;bW .H�F /a˝ .H�F /b) .H�F /.ab/, for each pair of composable arrows
i b
�! j a

�! k , is the composition

HFa˝HFb
�
H)H.Fa˝Fb/

HFa;b

H) HF.ab/:

For each object i , the 2–cell .H�F /i W 1.H�F /i) .H�F /1i is the composite of

1HFi

�
H)H1Fi

HFi

H)HF1i :
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The structure 3–cell of H�F W I ! T 0 associated to any three composable arrows
i c
�! j b

�! k a
�! l is that obtained by pasting the diagram

.HFa˝HFb/˝HFc

!
V

�˝1
ow

a +3 HFa˝.HFb˝HFc/
1˝�
'/

H.Fa˝Fb/˝HFc
�
'/

HFa;b˝1

��

HFa˝H.Fb˝Fc/
�
ow

1˝HFb;c

��
H..Fa˝Fb/˝Fc/

H .Fa;b˝1/

��

H a +3

Fa;b;c
V

H.Fa˝.Fb˝Fc//
Š

H .1˝Fb;c/

��
HF.ab/˝HFc

� '/

Š

HFa˝HF.bc/

�ow
H.F.ab/˝Fc/

HFab;c
$,

H.Fa˝F.bc//

rz
HFa;bcHF.abc/

whereas the structure 3–cells of the lax functor H�F attached to an arrow aW i ! j

of the category I are respectively those obtained by pasting the diagrams below:

H1Fj ˝HFa

Š

� &.
HFj˝1

w�

1HFj ˝HFa

l

��

�˝1ks

H.1Fj ˝Fa/

H yFa
V

H l

%-
H .Fj ˝1/
s{


V

HF1j ˝HFa
� +3 H.F1j ˝Fa/

HF1;a +3 HFa

HFa˝H1Fi

Š

�
&.

1˝HFi

w�

HFa˝ 1HFi

r�

��

1˝�ks

H.Fa˝ 1Fi/

H zFa
V

H r�

%-
H .1˝Fi /
rz

ı�1

V

HFa˝HF1i
� +3 H.Fa˝F1i/

HFa;1 +3 HFa

If ˆW F ) G is any 1–cell in the bicategory Lax.I; T /, then H�ˆW H�F )H�G

is the 1–cell in Lax.I; T 0/ whose component at an arrow aW i ! j of I is the 2–cell
of T 0 defined by .H�ˆ/aDHˆaW HFa)HGa. For any pair of composable arrows
i b
�! j a

�! k and any object i of I , the corresponding structure 3–cells (3) and (4),
.H�ˆ/a;b and .H�ˆ/i , are respectively given by pasting in

HFa˝HFb

Š

� +3

Hˆa˝Hˆb

��

H.Fa˝Fb/
HFa;b+3

H .ˆa˝ˆb/

��

Hˆa;b
V

HF.ab/

Hˆ.ab/

��
HGa˝HGb

�
+3 H.Ga˝Gb/

H Ga;b

+3 HG.ab/
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and

1HFiDH Gi

���
H1Fi

HFi

s{
H Gi

#+
Hˆi
W

HF1i
Hˆi

+3 HG1i :

And a 2–cell M W ˆV‰ of Lax.I; T / is applied by the homomorphism H� to the 2–
cell H�M W H�ˆVH�‰ of Lax.I; T 0/, such that .H�M /aDHMaW HˆaVH‰a

for any arrow aW i ! j of the category I .

Finally, if ˆW F)G and ‰W G)H are any two composable 1–cells in Lax.I; T /,
and F W I ! T is any lax functor, then the constraints .H�‰/ ı .H�ˆ/ŠH�.‰ ıˆ/

and 1H�F ŠH�1F are the structure isomorphisms H‰a ıHˆaŠH.‰a ıˆa/ and
1HFaŠH1Fa , at any arrow aW i! j of I , of the homomorphism H W T .Fi;Fj /!

T 0.HFi;HFj /, respectively.

If ˛W I ! J is a functor then, recalling the definition of ˛� given at the beginning of
Section 2.2, one easily checks the equality H�˛

� D ˛�H� .

(ii) For any lax functor F W I ! T , the 2–cell attached by

mDmF W H
0
�.H�F /) .H 0H /�F

at any arrow aW i ! j of I is the identity, that is, ma D 1H 0HFa . For any pair of
composable arrows i b

�! j a
�! k and any object i of I , the corresponding invertible

structure 3–cells (3) and (4),

lma;bW .H
0
�.H�F //a;b ı .ma˝mb/Vm.ab/ ı ..H 0H /�F /a;b;

mi W m1i ı .H
0
�.H�F //iV ..H 0H /�F /i ;

are, respectively, given by pasting in the diagrams below:

H 0HFa˝H 0HFb

Š

� +3

1˝1

��

H 0.HFa˝HFb/

H 0�

%-
1

��

H 0.HFa;bı�/ +3 H 0HF.ab/

1

��
H 0HFa˝H 0HFb

�
+3 H 0.HFa˝HFb/

H 0�

+3

Š

H 0H.Fa˝Fb/
H 0HFa;b

+3

H 0HFa;b

2:

Š

H 0HF.ab/

Š
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and

1H 0HFi
� +3

� #+

H 01HFi

Š H 0�

#+
1
��

H 0.HFiı�/ +3 H 0HF1i

1
��

H 01HFi
H 0�

+3

Š

H 0H1Fi
H 0HFi

+3

H 0HFi

3;

Š

H 0HF1i

Š

If ˆW F )G is any 1–cell in Lax.I; T /, then we have that the invertible naturality
2–cell mˆW mG ı .H

0
�.H�ˆ//V .H 0H /�ˆımF , at any arrow aW i! j of I , is the

canonical isomorphism 1 ıH 0HˆaŠH 0Hˆa ı 1 in T 00.H 0HFi;H 0HFj /.

For a functor ˛W I ! J , it is easy to see that m˛� D ˛�m.

(iii) For any lax functor F W I ! T , the 2–cell attached by

mDmF W .1T /�F ) F

at any arrow aW i ! j of I is the identity, that is, ma D 1Fa . For any pair of
composable arrows i b

�! j a
�! k and any object i of I , the corresponding invertible

structure 3–cells (3) and (4),

ma;bW Fa;b ı .ma˝mb/Vm.ab/ ı ..1T /�F /a;b; mi W m1i ı ..1T /�F /iV Fi ;

are, respectively, the canonical isomorphisms in the diagrams below:

Fa˝Fb
1 +3

1˝1
��

Š

Fa˝Fb
Fa;b +3 F.ab/

1
��

Fa˝Fb
Fa;b +3 F.ab/

1Fi

Š
1

w�

Fi

�'
1Fi

Fi +3 F1i
1 +3 F1i

If ˆW F ) G any 1–cell in Lax.I; T /, then we have that the invertible naturality
2–cell mˆW mG ı ..1T /�ˆ//Vˆ ımF , at any arrow aW i ! j of I , is provided by
the canonical isomorphism 1 ıˆaŠˆa ı 1 in T .Fi;Fj /.

Again, for ˛W I ! J a functor, it is straightforward to check the equality m˛� D ˛�m

holds.

A.2 Proof of Lemma 2.4

To describe the homomorphism L, we shall use the following useful construction: for
any list .t0; : : : ; tp/ of objects in the tricategory T , let

(1) ˝orW T .tp�1; tp/� T .tp�2; tp�1/� � � � � T .t0; t1/ �! T .t0; tp/
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denote the homomorphism recursively defined as the composite

T .tp�1; tp/�

p�1Y
iD1

T .ti�1; ti/
1�˝or

//T .tp�1; tp/� T .t0; tp�1/
˝ //T .t0; tp/:

That is, ˝or is the homomorphism obtained by iterating composition in the tricategory,
which acts on 0–cells, 1–cells and 2–cells of the product bicategory

Qp
iD1

T .ti�1; ti/

by the recursive formula

˝
or.xp; : : : ;x1/D

�
x1 if p D 1;

xp˝ .˝
or.xp�1; : : : ;x1// if p � 2:

The definition of L on 0–cells The homomorphism L takes a lax functor of the
graph in the tricategory, say f W G! T , to the unitary homomorphic lax functor from
the free category

L.f /D F W I ! T ;

such that Fi D f i , for any vertex i of G (D objects of I ), and associates to strings

aW a.0/
a1
! � � �

ap

! a.p/

in G the 1–cells FaD˝or.fap; : : : ; fa1/W fa.0/! fa.p/. The structure 2–cells
Fa;bW Fa˝Fb) F.ab/, for any pair of strings in the graph, aD ap � � � a1 as above
and b D bq � � � b1 with b.q/D a.0/, are canonically obtained from the associativity
constraint in the tricategory: First by taking Fa1;b D 1F.a1b/ and then, recursively for
p > 1, defining Fa;b as the composite

Fa;bW Fa˝Fb
a
H) Fap˝ .Fa0˝Fb/

1˝Fa0;b +3F.ab/;

where a0 D ap�1 � � � a1 (whence FaD Fap˝Fa0 ). And the structure 3–cells Fa;b;c ,
for any three strings in the graph a, b and c as above with a.0/Db.q/ and b.0/D c.r/,
are the unique isomorphisms constructed from the tricategory coherence 3–cells � .
For a particular construction of these isomorphisms, we can first take each Fa1;b;c to
be the canonical isomorphism Fa1;b;c given by

.Fa1˝Fb/˝Fc

Š1˝1

��

a +3 Fa1˝ .Fb˝Fc/

1˝Fb;c

��
F.a1b/˝Fc

a +3 Fa1˝ .Fb˝Fc/
1˝Fb;c +3 F.a1bc/ Fa1˝F.bc/;

1ks

and then, recursively for p > 1, take Fa;b;c to be the 3–cell canonically obtained
from Fap�1���a1;b;c by pasting the diagram below, where, as above, we write a0
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for ap�1 � � � a1 :

.Fa˝Fb/˝Fc

a

&.

a˝1

t|
.Fap˝ .Fa0˝Fb//˝Fc �

V

a
&.

.1˝Fa0;b/˝1

��

Fa˝ .Fb˝Fc/

a

w�

1˝Fb;c

��

Fap˝ ..Fa0˝Fb/˝Fc/
1˝a
&.

1˝ .Fa0;b˝1/

��

Fap˝ .Fa0˝ .Fb˝Fc//

1˝.1˝Fb;c/

�'

ŠŠ Fa˝F.bc/

a

~�

F.ab/˝Fc

a &.

1˝Fa0;b;c
V

Fap˝ .F.a
0b/˝Fc/

1˝Fa0b;c
&.

Fap˝ .Fa0˝F.bc//

1˝Fa0;bc
qy

F.abc/

The conditions (CR1), (CR2) and (CR3) are verified thanks to Fact 1.1, since we are
only using constraints 2–cells and 3–cells. Note that since all structure 2–cells Fa;b

are equivalences in the corresponding hom bicategories of T in which they lie, and all
the structure 3–cells Fa;b;c are invertible, the so defined unitary lax functor F W I! T
is actually a homomorphic one; that is, L.f /D F 2 Laxuh.I; T /� Lax.I; T /.

The definition of L on 1–cells Any 1–cell �W f ) g of Lax.G; T / is taken by L

to the 1–cell in Laxuh.I; T /

L.�/DˆW F )G

consisting of the 2–cells in the tricategory ˆa D ˝or.�ap; : : : ; �a1/W Fa ) Ga,
attached to the strings of adjacent edges in the graph a D ap � � � a1 . The structure
(actually invertible) 3–cells ˆa;b , for any pair of strings a and b in the graph with
b.q/Da.0/ as above, are defined by induction on the length of a as follows: Each ˆa1;b

is the canonical isomorphism

Fa1˝Fb
1 +3

Šˆa1;b W ˆa1˝ˆb

��

F.a1b/

ˆ.a1b/Dˆa1˝ˆb

��
Ga1˝Gb

1 +3 G.a1b/;
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and, for p > 1, each ˆa;b is obtained from ˆa0;b , where a0 D ap�1 � � � a1 , by pasting

Fa˝Fb

Šˆa˝ˆb

��

a +3 Fap˝ .Fa0˝Fb/

1˝ˆa0;b
V

ˆap˝ .ˆa0˝ˆb/

��

1˝Fa0;b +3 F.ab/

ˆ.ab/Dˆap˝.ˆa0˝ˆb/

��
Ga˝Gb

a
+3 Gap˝ .Ga0˝Gb/

1˝Ga0;b

+3 G.ab/:

Again, Fact 1.1 ensures that conditions (CR4) and (CR5) are satisfied. Note that, since
all structure 3–cells ˆa;b are invertible, the thus defined unitary 1–cell L.�/Dˆ of
Laxu.I; T / is actually a 1–cell of Laxuh.I; T /.

The definition of L on 2–cells For �; W f )g and any two 1–cells in Lax.G; T /,
the homomorphism L on a 2–cell mW �V  gives the 2–cell of Laxuh.I; T /

L.m/DM W ˆV‰;

consisting of the 3–cells in the tricategory MaD˝or.map; : : : ;ma1/W ˆa)‰a for
the strings aD ap � � � a1 of adjacent edges in the graph G .

The structure constraints of L If �W f )g and  W g)h are 1–cells in Lax.G;T /,
then the structure isomorphism in Laxu.I; T /

L ;� W L. / ıL.�/ŠL. ı�/;

at each string a D ap � � � a1 as above, is recursively defined as the identity 3–cell
on  a1 ı �a1 if p D 1, while, for p > 1, L ;�aW L. /a ıL.�/aV L. ı �/a is
obtained from L ;�a0 , where a0 D ap�1 � � � a1 , as the composite

L. /a ıL.�/aD . ap˝L. /a0/ ı .�ap˝L.�/a0/

Š . ap ı�ap/˝ .L. /a
0
ıL.�/a0/

1˝L ;�a0

V . ap ı�ap/˝L. ı�/a0 DL. ı�/a:

Similarly, the structure isomorphism Lf W 1L.f / Š L.1f / consists of the 3–cells
Lf aW 1L.f /a V L.1f /a, where Lf a1 D 1W 1fa1

V 1fa1
and, for p > 1, Lf a is

recursively obtained from Lf a0 , a0 D ap�1 � � � a1 , as the composite

1L.f /a D 1fap˝L.f /a0 Š 1fap
˝ 1L.f /a0

1˝Lf a0

V 1fap
˝L.1f /a

0
DL.1f /a:

This completes the description of the homomorphism L.
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The definition of the lax transformation v The component of this lax transformation
at a lax functor F W I ! T , vD v.F /W LR.F /) F , is defined on identities by

v1i D Fi W 1Fi) F1i ;

for any vertex i of G , and it associates to each string of adjacent edges in the graph
aD ap � � � a1 the 2–cell

(2) vaW ˝or.Fap; : : : ;Fa1/) Fa;

which is given by taking va1 D 1Fa1
if p D 1, and then, recursively for p > 1, by

taking va as the composite

vaW ˝or.Fap; : : : ;Fa1/
1˝va0 +3Fap˝Fa0

Fap ;a0 +3Fa;

where a0 D ap�1 � � � a1 .

The structure 3–cell

(3) va;bW Fa;b ı .va˝ vb/V v.ab/ ıLR.F /a;b;

for any pair of composable morphisms in I , is defined as follows: when a D 1j

or b D 1i are identities, then v1j ;b and va;1i
are respectively given by pasting the

diagrams

1Fj ˝LR.F /b
l +3

1˝vb

#+
Fj˝vb

��

LR.F /b

vb

��

Š 1Fj ˝Fb
l

!)

Fj˝1

s{

Š

yFb
V

F1j ˝Fb
F1j ;b

+3 Fb

and

LR.F /a˝ 1Fi
r� +3

va˝1

$,
va˝Fi

��

LR.F /a

va

��

Š Fa˝ 1Fi
r�

"*
1˝Fi

rz

Š

zFa
V

Fa˝F1i
Fa;1i

+3 Fa;
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and, for strings a and b in the graph with b.q/D a.0/, va;b is defined by induction
on the length of a by taking va1;b to be the canonical isomorphism

Fa1˝LR.F /b

1˝vb
��

Š

1 +3 LR.F /.a1b/

v.a1b/DFa1;b
ı.1˝vb/

��
Fa1˝Fb

Fa1;b

+3 F.a1b/

and then, for p > 1, va;b is obtained from va0;b , where a0 D ap�1 � � � a1 , by pasting

LR.F /a˝LR.F /b
a +3

.1˝va0/˝vb
��

Fap˝ .LR.F /a0˝LR.F /b/

1˝va0;b
V

1˝ .va0˝ vb/

��

1˝LR.F /a0;b+3

Š

LR.F /.ab/

1˝v.a0b/
��

.Fap˝Fa0/˝Fb

Fap ;a0;b

V

a +3

Fap ;a0
˝1

��

Fap˝ .Fa0˝Fb/
1˝Fa0;b

+3 Fap˝F.a0b/

Fap ;a0b

��
Fa˝Fb

Fa;b +3 F.ab/:

And the structure 3–cell

(4) vi W v1i ıLR.F /iV Fi ;

for any vertex i of the graph, is the canonical isomorphism Fi ı 1Š Fi . Conditions
(CR4) and (CR5) are verified by using conditions (CR1), (CR2) and (CR3) for F and
Facts 1.1, 1.2 and 1.3.

The naturality component of v at a 1–cell ˆW F )G in Laxu.I; T /,

(5) vˆW v.G/ ıLR.ˆ/Vˆ ı v.F /;

is given on identities by

1Fi

vˆ1i W

Fi +3

1
��  (

Gi

F1i

ˆ1i
��

1Fi
Gi

+3
Š

ˆi
V

G1i

and it is recursively defined at each string in the graph aDap � � � a1 , by the 3–cells vˆa,
where

Fa1
1 +3

Švˆa1 W ˆa1
��

Fa1

ˆa1
��

Ga1
1 +3 Ga1
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and then, when p > 1, vˆa is obtained from vˆa0 , where a0D ap�1 � � � a1 , by pasting

Fap˝LR.F /a0

1˝vˆa0

Vˆap˝LR.ˆ/a0

��

1˝v.F /a0+3 Fap˝Fa0

ˆap ;a0

Vˆap˝ˆa0

��

Fap ;a0 +3 Fa

ˆa
��

Gap˝LR.G/a0
1˝v.G/a0+3 Gap˝Ga0

Gap ;a +3 Ga:

Condition (CR6) for this 2–cell is verified using Conditions (CR4) and (CR5) for the
1–cell ˆ, together with Facts 1.1, 1.2 and 1.3.

We are now ready to complete the proof. That the equalities RL D 1, vL D 1 and
RvD1 hold only requires a straightforward verification, and then (i) follows. Moreover,
(ii) has already been shown by construction of the homomorphism L.

(iii) Suppose that F W I ! T is any homomorphic lax functor. This means that all
structure 2–cells Fa;b and Fi are equivalences, and 3–cells Fa;b;c , yFa and zFa are
isomorphisms in the hom bicategories of T in which they lie. Then, directly from the
construction given, it easily follows that all the 2–cells v.F /a in (2) are equivalences in
the corresponding hom bicategories and that all the 3–cells v.F /a;b in (3) and vi in (4)
are invertible. Hence, each v.F /W LR.F /) F , for F W I ! T any homomorphic lax
functor, is an equivalence in the bicategory Laxh.I; T /. Moreover, if ˆW F)G is any
1–cell in Laxh.I; T /, so that every 3–cell ˆa;b and ˆi is an isomorphism, then we see
that the component (5) of v at ˆ consists only of invertible 3–cells vˆa, whence vˆ
is invertible itself. Therefore, when v is restricted to Laxh.I; T /, it actually gives a
pseudoequivalence between LR and 1, the identity homomorphism on the bicategory
Laxh.I; T /. The claimed biadjoint biequivalence (7) is now an easy consequence of
all the parts already proved. Finally, it is clear that the biadjoint biequivalence (7) gives
by restriction the biadjoint biequivalence (8).
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