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Low-dimensional linear representations of the
mapping class group of a nonorientable surface

BEAZEJ SZEPIETOWSKI

Suppose that /" is a homomorphism from the mapping class group M (Ng ,) of a
nonorientable surface of genus g with #n boundary components to GL(m, C). We
prove thatif g > 5, n <1 and m < g —2, then f factors through the abelianization
of M(Ng,,), whichis Z, xZ, for g €{5,6} and Z, for g >7.1f g>7,n=0
and m = g — 1, then either f has finite image (of order at most two if g # 8), or
it is conjugate to one of four “homological representations”. As an application we
prove that for g > 5 and /1 < g, every homomorphism M (Ng o) — M (N o) factors
through the abelianization of M(Ng o).

20F38; 57N05

1 Introduction

For a compact surface F, its mapping class group M(F) is the group of isotopy
classes of all, orientation-preserving if F is orientable, homeomorphisms F — F
equal to the identity on the boundary of F. A compact surface of genus g with n
boundary components will be denoted by Sy , if it is orientable, and by Ny , if it is
nonorientable. If # = 0 then we drop it in the notation and write simply Sg or Ng.
The first integral homology group of F will be denoted by H;(F).

After fixing a basis of H;(Sg), the action of M(Sg) on H;(Sg) gives rise to a
homomorphism M(Sg) — Sp(2g,Z), which is well-known to be surjective, and
whose kernel is known as the Torelli group. Gluing a disc along each boundary
component of Sg , induces an epimorphism M(Sg ) — M (Sg), and by composing
it with M(Sg) — Sp(2g¢,Z), and then with the inclusion Sp(2g,Z) — GL(2g,C),
we obtain the map ®: M(Sg,,) — GL(2g, C). Recently, the following two results
were proved by J Franks, M Handel and M Korkmaz.

Theorem 1.1 (Franks and Handel [8], and Korkmaz [15]) Letg>2, m <2g—1

and let f: M(Sg,n) — GL(m,C) be a homomorphism. Then f is trivial if g > 3,
and Im( /') is a quotient of Zi1o if g = 2.
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We say that two homomorphisms f, f> from a group G to a group H are conjugate
if there exits 4 € H such that f>(x) = hfi(x)h~! for x € G.

Theorem 1.2 (Korkmaz [16]) For g > 3, every nontrivial homomorphism
/1 M(Sg) = GL(2g.C)
is conjugate to the map ®.

In this paper we prove analogous results for M(Ng). Fix g > 3. Let Rg denote
the quotient of H;(Ng) by its torsion. Hence Ry is a free Z—module of rank g —1.
There is a covering P: Sg_1 — Ng of degree two. By a theorem of Birman and
Chillingworth [3], M (Ny) is isomorphic to the subgroup of M(Sg_1) consisting of the
isotopy classes of orientation-preserving lifts of homeomorphisms of Ng, which gives
an action of Ng on H;(Sg_1). Let Ky C H1(Sg—1) be the kernel of the composition of
the induced map Py: H;(Sg—1) — Hi(Ng) with the canonical projection H;(Ng) —
Rg. Then Kg is a M(Ng)—invariant subgroup of rank g — 1 and we have two
homomorphisms

Uit M(Ng) — GL(Kg) and Wy: M(Ng) — GL(H(Sg—1)/Kpg),

which after fixing bases will be treated as representations of M(Ng) in GL(g —1,C).
One may see W and W, as stemming from the actions of M (Ng) on homology groups
of Ng with (local) coefficients in Z with non-trivial and trivial Z[m|(Ng)]-module
structure respectively (see Remark 4.4). We will see that these representations are not
conjugate, although ker ¥; = ker ¥5.

Our first result is the following.

Theorem 1.3 Suppose thatn <1, g >5,m <g—2 and f: M(Ng,,) — GL(m, C)
is a nontrivial homomorphism. Then Im( f) is either Z, or Z, X Z,, the latter case
being possible only for g =5 or 6.

Theorem 1.3 was proved in [15], in the more general setting of punctured surfaces,
under the additional assumption that 1 < g —3 if g is even. Therefore the only novelty
of our result is that it also covers the case m = g —2 for even g. As an application of
Theorem 1.3, we prove the following result, which solves Problem 3.3 in [19].

Theorem 1.4 Suppose that g > 5, h < g and f: M(Ng) — M(Ny,) is a nontrivial
homomorphism. Then Im( f') is as in Theorem 1.3.

The analogous theorem for mapping class groups of orientable surfaces was proved by
Harvey and Korkmaz [13]. In the orientable case the two surfaces need not be closed,
as shown in recent theorems of Castel [5], and Aramayona and Souto [1].
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Linear representations of the mapping class group of a nonorientable surface 2447

We will prove that both Theorem 1.3 and Theorem 1.4 fail for g = 4, by showing
that there is a homomorphism from M (N4) to M(N3) = GL(2, Z) whose image is
isomorphic to the infinite dihedral group.

Suppose that g > 7. Then the abelianization of M(Ng) is Z, and we denote by
ab: M(Ng) — Z, the canonical projection. For i = 1,2 we set ¥} = (=1)®Y; . Our
next result is the following.

Theorem 1.5 Suppose that g > 7, g # 8 and f: M(Ng) — GL(g —1,C) is a
nontrivial homomorphism. Then either Im( ) = Z,, or f is conjugate to one of Wy,
U, Wy, W,

For g = 8, other representations of M(Ng) in GL(7, C) occur, related to the fact that
there is an epimorphism €: M(Ng) — Sp(6, Z,) and the last group admits irreducible
representations in GL(7, C) (see [4]). We prove the following result.

Theorem 1.6 Suppose that f: M(Ng) — GL(7,C) is a nontrivial homomorphism.
Then one of the following holds.

(1) Im(f) =2,
(2) f or (=1)® f factors through e: M(Ng) — Sp(6, Z,).
(3) [ is conjugate to one of Wy, W}, W5, W),

To prove our theorems we use the ideas and results from [8; 15; 16] with necessary
modifications. While the case of odd genus is relatively easy, the case of even genus
requires much more effort. This phenomenon is typical for the mapping class group of
a nonorientable surface.

Throughout this paper we will often have to solve an equation of the form L = R, where
L and R are products of matrices from GL(m, C) with some unknown coefficients.
Although the dimension m is variable, the calculations of . and R always reduce to
multiplication of blocks of size at most 7 x 7. With some patience, such calculations
could be done by hand, but it is definitely easier to use a computer. We used GAP, but
of course, any program that performs symbolic operations on matrices could be used
as well.

2 Notation and algebraic preliminaries

Suppose that m > 2 is fixed. We denote by [, the identity matrix of dimension m.
We will sometimes write simply I, if m is clear from the context. We denote by
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2448 Btazej Szepietowski

E;j the elementary matrix with 1 on the position (i, j) and 0 elsewhere. Suppose

that My, ..., M} are nonsingular square matrices of dimensions my, ..., my, where
my +---+ my = m. Then we denote by diag(My, ..., M}) the m x m matrix with
My, ..., Mj on the main diagonal and zeros elsewhere. Set
1 1 0-1
11 ~ 10 0O 1 0 O
V_(O 1)’ V_(—l 1)’ W= 0-1 1 1
0 0 o0 1

For 2 <2i <m we define
A; = diag(li—2. V. In—2i).  Bi = diag(lzi—2. V., In—2:).
and for 2<2j <m-—-2,
Cj =diag(lpj—2, W, In—2_2j).

The proof of the following lemma is straightforward and we leave it as an exercise
(cf [16, Lemma 2.2]).

Lemma 2.1 Suppose that | <k </ <m/2 and M € GL(m, C) satisfies A;M = M A;,
BiM = MB; and C;M = MCj foralli, j suchthatk <i </, k <j <I!—1. Then
M has the form

* 0 *
0 Ayy—k+1) O
* 0 *

for some A € C*, where the top left A of the block Alyj_g41) is at the position
2k —1,2k—1).

Suppose that L € GL(m,C) and A is an eigenvalue of L. Then we denote by #A the
multiplicity of A. For k > 1, we denote by EX(L, 1) the space ker(E — A1)¥. Thus
EY(L, ) is the eigenspace of L with respect to A, and it will be also denoted by
E(L,\). Note that if L’ € GL(m, C) commutes with L, then the spaces EX(L, 1)
are L'—invariant for k > 1.

For k > 2 we denote by Gy the full symmetric group of the set {1,...,k}. Itis
generated by the transpositions o; = (i,i + 1) for 1 <i <k — 1. We will need the
following result from the representation theory of the symmetric group; see for example
Fulton and Harris [9, Exercise 4.14].

Lemma 2.2 For k > 5, & has no irreducible representation (over C ) of dimension
l<m<k—1.1Ifk>7, then & has two irreducible representations of dimension
k — 1: the standard one and the tensor product of the standard and sign representations.

Algebraic € Geometric Topology, Volume 14 (2014)



Linear representations of the mapping class group of a nonorientable surface 2449

-~
—

ik g

Figure 1: The surface N, , and the curve &; for I = {iy,is,... i}
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Figure 2: The crosscap transposition u;
3 Mapping class group of a nonorientable surface

Let n € {0,1} and g > 2. Let us represent Ng , as a sphere (if n = 0) or a disc (if
n = 1) with g crosscaps. This means that the interiors of g small pairwise disjoint
discs should be removed from the sphere/disc, and then antipodal points in each of
the resulting boundary components should be identified. Let us arrange the crosscaps
as shown on Figure 1 and number them from 1 to g. For each nonempty subset
I C{1,...,g} let & be the simple closed curve shown on Figure 1. Note that &; is
two-sided if and only if 7 has even number of elements. In this case #g, will be the
Dehn twist about y; in the direction indicated by arrows on Figure 1.

We will write &; instead of &;;,. The following curves will play a special role and so
we give them different names:

e Si=fyitypforl=i=<g-1

o g =&, 2 for2<2j<g

Note that ; = 8.

For 1 <i < g—1 we define the crosscap transposition u; to be the isotopy class of
the homeomorphism interchanging the i" and the (i + 1)*' crosscaps as shown on
Figure 2, and equal to the identity outside a disc containing these crosscaps.
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2450 Btazej Szepietowski

The groups M(Ny ;) are trivial for n < 1 by Epstein [7, Theorem 3.4], and M (N;) =
Zy x Z, by Lickorish [21]. Birman and Chillingworth obtained in [3, Theorem 3]
a finite presentation for M(N3), from which it is easy to deduce that this group is
isomorphic to GL(2, Z). A direct geometric proof of this fact is given in Gonzalez-
Acufia and Mdrquez-Bobadilla [12]. For g > 3, a finite generating set for M (Ng )
was given in Chillingworth [6] for n» = 0 and in Stukow [25] for n > 0. For n <1 this
set can be reduced to the one given in the following theorem, which can be deduced
from the main result of Paris and Szepietowski [23].

Theorem 3.1 For g >4 and n € {0, 1}, M(Ng,,) is generated by ug_1, ¢, and s,
forl <i<g-—1.

If n > 1, then we consider Ng , as the result of gluing Sp 41 to Ng ; along the
boundary component. We will need the following relations, satisfied in M (Ng ).
Those between Dehn twists are the well-known disjointness and braid relations.

(R1) 15,15, = 15,15, for li—j|>1

(R2) tgl- ZS] - tgj tsl- for all i,j

(R3) 1,15, = 15,1, for j #2i

(R4) 15,15, 15, = ls; Is;15; ., Tor 1 =i < g—2

(RS)  te,15,,1e; = 15,,1e;15,; for 2i < g

The relations involving crosscap transpositions are not so well known and we refer the
reader to Paris and Szepietowski [23], and Szepietowski [28], for their proofs.

(R6) t5.uj =ujts; for [i — j|>1
R7) wjuj =uju; for |i —j| > 1
(R8) tg,uj =ujty; for j > 2i
(RY) wjujru; =ujrujujyg for 1 <i <g-—2
(R10) t5,ujyqu; = Ujt1Uils; for1 <i<g-2
RID) ujyqtsts;  ui =155, for1 <i <g—2
(R12) t5,uits, =u; for 1 <i <g—1
If follows from (R4) that all 75, are conjugate for 1 <i < g —1, from (R5) that 7, is

conjugate to #5,; for 2j < g, and from (R12) that 75; is conjugate to 75 1. Similarly,
by (R9) all u; are conjugate for 1 <i < g—1, and by (R11) u; is conjugate to ul._l .

For a group G we denote the abelianization G/[G, G] by G®. The following theorem
is proved in Korkmaz [17] for n = 0 and generalised to n > 0 in Stukow [25].
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Theorem 3.2 Forn <1 and g > 3, M(Ng,,)*® has the following presentation as a
Z —module:

([151]’ [té‘z]’ [Ll]] | 2[f51] = 2[t82] = 2[ul] = 0) Ifg =4
([I(S]]’[ul]|2[t51]:2[u1]:0) 1fg€{375’6}
([u1]] 2[uy] =0) ifg>17

In particular, for g > 7 we have [t5,] = 0.

Lemma 3.3 Forg>5andn=<1,leta, B be two-sided curves on Ng 5, intersecting
transversally in one point. If f: M(Ng ) — G is a homomorphism, such that f(t)
commutes with f(tg), then Im( /) is abelian.

Proof Let N = Ng, and M = M(Ng,,). Fix a regular neighbourhood A4 of o U 8.
Note that 4 is homeomorphic to Sj,; and N\A is homeomorphic to Ng_j ;. It
follows that for each i < g — 2 there is a homeomorphism /4: N — N such that
h(a) = 8; and h(B) = 8;41. It follows that hteh™! = 5! and ht,gh_1 = 581-2+1 , Where
gj €{—1,1} for j =1,2. Hence f(f5;) commutes with f(zs;_ ), and by the braid
relation (R4), f(15,) = f(ts;,,). Analogously, f(te,) = f(i5,). By Theorem 3.1,
Im( /) is generated by f(t5,) and f(ug_1), and since uy_; commutes with 75,
Im( /) is abelian. |

Lemma 3.4 Suppose that g > 4 and f: M(Ng,) — G is a homomorphism. If
fte;) = f(t5;) for some 2i +1< j <g—1, then f(t;‘l) =1.

Proof Set x = f(t;;) = f(t5;) and y = f(uj). By the relation (R8) we have
xy = yx, and by (R12), xyx = y. Hence x? = 1, which finishes the proof, because
ts; 1s conjugate to g, . |

Let g = 2r +s, where r > 1, s € {1,2} and S = S,_;. Consider S as being
embedded in R3 in such a way that it is invariant under the reflections about the xy,
xz and yz planes, as shown on Figure 3. We define a homeomorphism j: S — S
as j(x,y,z) = (—x,—y,—z). The quotient space S/j is a nonorientable surface of
genus g and the projection p: S — S/j is a covering map of degree 2. Let S’ be the
subsurface of S consisting of points (x, y,z) € S with x < —¢, where ¢ is a positive
constant, so small that S’ is homeomorphic to S, 5. If g is even, then one of the
boundary components of S’ is isotopic to «,41. In this paper we identify isotopic
curves, and therefore we will treat o, 11 as a curve on S’. Note that the restriction of
p to S’ is an embedding. For odd g we define y’ to be the arc of y, consisting of
points with x < 0. For even g we define 8’ to be the arc of 8,4+ consisting of points
with x < 0. Note that p(y’) and p(B’) are one-sided simple closed curves on S/; .
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all 05;‘ O‘r-;—l
Figure 3: The surface Sg_; for g =2r + 1 (top) and g = 2r + 2 (bottom)

Proposition 3.5 There is a homeomorphism ¢: Sg_1/j — Ng such that, for P =
@ o p, up to isotopy:

(1) P(Bij)=268, for1 <i<r

(2) P(aj)=¢ for2<2i<g

(3) P(yi) =082j41 for2<2i <g-2

4) P(y')=§&g if g isodd

(5) P(B')=E&g if g iseven

Proof By altering the curves §;, ¢; and &, by a small isotopy, we may assume that they
intersect each other minimally. The curves §; for 1 <i < g—1 form a chain of two-sided
curves, which means that §; and §; intersect at one point if |i — j| =1, and they are
disjoint otherwise. The one-sided curve &g intersects §,_1 at one point and is disjoint
from §; for i <g—1. Let X be aregular neighbourhood of the union of §; for 1 <i <g—
1, and let M be the union of X with a regular neighbourhood of &g . Observe that 3 and
M are homeomorphic to Sy s and Ng ; respectively. We may choose ¥ big enough to
contain the curves g; for 2 <2i < g (if g is even, then one of the boundary components
of X is isotopic to &,41). Let M’ C Sg_1/j be the union of p(S’) and a regular
neighbourhood of the one-sided curve p(y’) if g is odd, or p(B’) if g is even. There
is a homeomorphism ¢: M’ — M such that for P = ¢ o p we have P(S’) = X and
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P maps the chain (051’,31,)/1,,32,)/2,---,5%)/,) (OI' (al’lgl’yl’ﬁZ’V2’""yr’ﬂ,))
on (81,...,8¢_1,&¢). Such a P satisfies conditions (1), (3), (4), (5) of the lemma.

Since ¢&;, €;+1 and 85;4+1 bound a pair of pants in X for 2 <2j < g—2, ¢ may be
taken to also satisfy (2). Finally, since (Sg—;/j)\M’ and Ng\M are discs, ¢ may
be extended to ¢: Sg_1/j — Ng. |

Corollary 3.6 There is a homomorphism t: M(S’) — M(Ng ) such that:
* (tg) =15, for 1 <i <r
o ((to;) =1t for2<2i<g
o (ty,) =tsy,, for2=<2i<g-2

Here the Dehn twists about the curves on S’ are right-handed with respect to the
standard orientation.

Proof By the proof of Proposition 3.5, the restriction of P to S’ is a homeomorphism
onto X satisfying conditions (1), (2), (3). There is an induced isomorphism M (S’) —
M(X), which may be composed with the homomorphism M (X) — M(Ng,,) induced
by the inclusion ¥ < Ny ,, for any n > 0, to obtain ¢. |

For any homeomorphism s: N — N, there is a unique orientation preservmg lift
h: Sg¢—1 — Sg—1 such that ho P = P oh. By [3], the mapping / h induces a
monomorphism 6: M(Ng) — M(Sg_1). The following proposition follows from [3]
and [28, Theorem 10], where the lift of a crosscap transposition is determined.

Proposition 3.7 There is a monomorphism 6: M(Ng) — M(Sg_1) such that
G(Ib‘j) = tOti t(x_gl_l-’ 9(t52i) = tﬂitﬂ_gl_i’ 9([52j+]) = tJ/j ty_gl_l_j,
forl1 <i<r,2<2j<g-—2and
Y5 . (ty, 18,1 2t1 ifg=2r+1,
Q(ug 1) — { ﬂr-‘rl(yr Br ﬂr-i—l) g

ty ty, i (g ty tyy )P ty  ifg=2r+2.

4 Homological representations

Fix g>3 andlet §$ = Sg_1, N = Ng and P: S — N be as in the previous section.
The group H;(S) is a free Z-module of rank 2(g — 1) and the homology classes
a; = |ai], bi =[Bi] for 1 <i < g —1 form its basis, which is a symplectic basis with
respect to the algebraic intersection form:

(ai,aj) =0, (bi,bj) =0, (a;i,bj)=24
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Let ®: M(S) — Sp(H;(S)) be the homomorphism induced by the action of M(S)
on H{(S). If y is an oriented simple closed curve on S, [y] € H{(S) is its homology
class, and 7, is the right Dehn twist, then ®(z,) is the transvection

(1) O(ty)(h) = h+([y], h)ly] for h e Hi(S).
From (1) we immediately obtain that, with respect to the basis (a1,by,...,ag_1,bg_1),
we have

(D(lai) = A;, CD(l‘ﬂl.) = Bj, CD(Zyj) = Cj,

forl<i<g—-1,1=<j=<g-—2,where 4;, B; and C; are the matrices defined in
Section 2.

The group H;(N) has the following presentation, as a Z-module:
Hi(N)=(x1,....Xg | 2(x; + -+ xg) =0),

where x; = [§;]. Set k = x; +---4+xg and R = H;(N)/(k). Observe that k is the
unique element of order two in Hy(/N) and R is a free Z-module of rank g — 1.

The map P: S — N induces Px: H{(S) — H{(N), such that, for 1 <i <r,
Pi(ai) = x1 + -+ x2; = —Py(ag—i),
Py (bi) = x2; + X2i41 = Px(bg—i),
and if g = 2r + 2, then
Pi(ary1) =x1++xg =k, Px(br41)=2x,.

Let g: H{(S) — R be the composition of Py with the canonical projection H; (N ) —
R, and set K = kerg. Observe that K has rank g — 1 and the following elements
form its basis:

ei=a;+tag_i, er4j=bij—bg; for1<i=<r
exr+1 =dr4y for g=2r+2

We also set
Ji=bi, fryi=ag; for 1=<i=<r,

Ser+1=bpy1 for g=2r+2.

The elements e;, f; for 1 <i < g—1 form a symplectic basis of H;(S). It follows
that H;(S)/K is a free Z—module of rank g — 1 that is canonically isomorphic to
R if g is odd, or to an index-two subgroup of R if g is even. The group M(N)

Algebraic € Geometric Topology, Volume 14 (2014)



Linear representations of the mapping class group of a nonorientable surface 2455

acts on H{(S) by the composition ® o 6: M(N) — Sp(H;(S)). Observe that K is
M (N)—invariant and hence we have two (g — 1)—dimensional representations

Y M(N)— GL(K), W¥,: M(N)— GL(H;(S)/K).
Lemma 4.1 kerW; = ker ¥, and 6 (ker ¥;) C ker ®.

Proof Fix the basis (eq,...,eqg—1, f1,..., fg—1) of H;(S). For any x € M(N) let
X be the matrix of ®(8(x)). Since ©(f(x)) preserves K, we have

X, Y
=(1 x)
where X1, X,,Y are (g — 1) x (g — 1) matrices. Furthermore, X7 is the matrix of
W (x) with respect to the basis (¢;)1<i<g—1 of K, and X is the matrix of W;(x)

with respect to the basis (f; + K)i1<j<g—1 of H;(S)/K. The algebraic intersection
form on H{(S) has the matrix

. 0 Igy
= (_Ig—l 0 ) .

Since X is symplectic, we have X'QX = Q, which gives X It X, = I. Therefore
X1 =14 X, =1, which proves ker V; = ker V5.

To prove the second assertion, suppose that x € ker ¥; . Then

I, Y
X=|"¢
( 0 Ig—l)’

and we have to show Y = 0. Let j«: H;(S) — H1(S) be the map induced by the
covering involution j. We have j«(a;) = —ag—; and j«(b;) =bg_; for 1 <i <g—1.
It follows that the matrix of j,x with respect to the basis (eq,...,eg_1, fi,..., fg—1)

has the form
-1, T
J= ("t )
( 0 Ig—

for some 7. Since O(x) commutes with j, we have XJ = J X, which gives Y + 7T =
—Y + T ,hence Y =0. O

Note that ker ® is the Torelli group, which is well known to be torsion-free, and since
f is a monomorphism, we immediately obtain the following.

Corollary 4.2 ker V; is torsion-free. |
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Remark 4.3 Let H denote the subgroup of M(N) consisting of the elements induc-
ing the identity on H{(N). It was proved in Gastesi [11] that ( H) C ker &. We leave
it as an exercise to check that if g is odd, then H = ker ¥, , whereas if g is even, then
H is an index-two subgroup of ker ¥, . In the latter case, if g = 2r + 2, then we have
kerWy = HUft,, H.

Remark 4.4 There is a nontrivial action of 7;(N) on Z defined as follows: y €
1 (N) acts by multiplication by 1 or —1 according to whether y preserves or reverses
local orientations of V. This action gives rise to homology groups with local coefficients
Hy (N, Z), where Z is Z with the nontrivial Z[m1 (N )]-module structure. By Hatcher
[14, Example 3H.3], we have the exact sequence

Hy(N) — Hy(N.T) — H(S) = Hy(N),

which is a part of a long exact sequence of homology groups. Since H,(N) = 0,
we have a M(N)—equivariant isomorphism H; (N, Z) = ker Py. If g is odd, then
ker P« = K, whereas if g is even, then ker Py is an index-two subgroup of K.
Therefore the representations ¥; and W, may be seen as coming from the actions of
M(N) on H{(N,Z) and H{(N) respectively.

For K we fix the basis
(e1,€r41,-..,6r,e3p) if g=2r+1,
(e1,€r41,---,€r,€2r,€2,41) if g=2r+2.
For H{(S)/K we fix the basis
(a1 +K.b1+K,...,a,+K, b, +K) if g=2r+1,
(a1+K,01+K,...,a, + K, b, + K,b,y1 + K) if g=2r+2.

Having fixed bases for K and H;(S)/K we can now compute, for ¥; and W¥,, the
images of the generators of M(N). This is done by a straightforward calculation,
using Proposition 3.7 and the formula (1). For k =1,2and 1 <i <r,1<j <r—1,
we have

Wi lte;) = Ai, Wi (sy) = Bio  Vi(ts,;,,) = Cj.

If g=2r+1, then

Ie—3 0 0 Ie—s 0 0
\Ifl(ug_l) = 0 1 0], ‘Ifz(ug_l) = 0 —1 0
0 1 -1 0 -1 1
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If g =2r 42, then

T4 0 0 0 Ig_4 O 0\
01 1 0 0 1 1-2
Uy (ts,_,) = o o0 1 ol Vs (ts,_,) = o 0 1 ol
0 0-2 1 \ 0 0 0 1
(T4 0 0 0 Ie s 0 0 0)
0 1 -1 1 0 1 1 -2
\I] — = \IJ _ =
\ 0 0 2 -1 \ 0 0 1 -1

It is easy to see that Wy and W, are not conjugate as homomorphisms to GL(g —1,C).
For, suppose that there is M € GL(g — 1, C) such that ¥, (x) = M W,(x)M ~! for
all x € M(N). Then M commutes with A4;, B;, Cj for 1 <i <r,1=<j=<r—-1,
and by Lemma 2.1, M = «al,, if g =2r +1,or M = diag(al,,B) if g =2r + 2,
for o, B € C. In either case it is impossible that Wy (ug_1) = M W (ug_1 )M ".

S Homomorphisms from M (N, ,) to GL(m, C) for
m<g-—1

The aim of this section is to prove Theorem 1.3. The proof is divided in two parts.

Proof of Theorem 1.3 for (g, m) # (6,4) Suppose that n € {0,1}, g =2r + s for
r>2,se{l,2}, m<g—2and f: M(Ng,)— GL(m, C) is a homomorphism. By
Theorem 3.2, it suffices to prove that Im( /) is abelian. Let S" = S, 5 and ¢: M(S’) —
M(Ng,») be the homomorphism from Corollary 3.6. Set f” = f o and observe that
if Im( /") is abelian, then so is Im( /'), by Lemma 3.3.

Suppose that m < 2r — 1. Then Im( f”) is either trivial or cyclic by Theorem 1.1 and
we are done. This finishes the proof for odd g.

Suppose that g = 2r + 2 for r > 3 and m = 2r. By Theorem 1.2, f” is either trivial
or conjugate to the homological representation ®. In the former case we are done. In
the latter case, by the definition of ® we have ®(z,) = ®(fy,) because the curves
yr and o, become isotopic after gluing discs to the boundary of S’. It follows that
S(s,,,,) = f(te,) and, by Lemma 3.4, f (t821) = 1. This is a contradiction because
®(y,) has infinite order. |

In order to prove Theorem 1.3 for (g, m) = (6, 4), we first prove some lemmas.

Lemma 5.1 Suppose thatn <1 and f: M(Ns ) — GL(4,C) is a homomorphism
such that f(tszl) = 1. Then Im( f') is abelian.
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Proof Let H be the normal closure of t521 in M(Ns,,) and set G = M(Ng ,)/H .
We have an induced homomorphism f’: G — GL(4, C) such that f = f’ o, where
w: M(Ng ) — G is the canonical projection. By the relations (R1), (R4), the mapping
p(oi) = m(ts;), where o; is the transposition (i,i + 1) for 1 <i <5, defines a
homomorphism p: Gg — G. Let ¢: S — GL(4, C) be the composition f” o p. By
Lemma 2.2, ¢ is the direct sum of one-dimensional representations. In particular the
image of ¢ is abelian, and so is Im( /) by Lemma 3.3. |

Let R be the subsurface obtained by removing from N, a regular neighbourhood
of §; Ué,. Note that R is homeomorphic to Ny 4. The homomorphism M(R) —
M (N ) induced by the inclusion of R in Ng , is injective, and we will treat M(R)
as a subgroup of M(Ns ).

Lemma 5.2 Suppose that h: M(R) — GL(2, C) is a homomorphism. Then, with
respect to some basis, one of the following cases holds:

(@) h(ts,) =h(ts,) = h(te,) =M, he{—1,1}
(b) h(ts,) = hltss) = h(te,) = (3 %)
(© h(s) =h(te,) = (§ 1)s hs) =(7'9)

In particular, h(lgi) =1.

Proof Fori =4,5,let L; = h(ts;), M = h(te,) and U = h(us). Recall that the
twists Zs; and 7, are pairwise conjugate, and each of them is conjugate to its inverse
(by (R12)).

Case 1 M has only one eigenvalue A Since M is conjugate to M~ we have
re{—1,1}. If dim E(M, L) =2, then we have case (a). Suppose that dim E(M,A)=1.
Then with respect to some basis we have M = (ﬁ )1\), and since Ls commutes with
M, Ls= (% %) for some x.

If E(M,)\) # E(L4,A), then we may arrange that the second vector of the basis
is from E(Lg4,A); thus, Ly = (ﬁj 2) for some y. From ML, M = L,ML4 we
obtain y = —1, and from L4LsL4 = LsL4Ls wehave x =1, hence M = Ls. By
Lemma 3.4 (fori =2, j =5) we have M 2 = J, which is a contradiction.

If E(M,A) = E(L4,)), then Ly = (g {) for some y. From MLsM = L,ML,
and L4LsL4=LsL4Ls weobtain x = y = 1, hence M = L5, which leads to a

contradiction as above.

Case 2 M has two eigenvalues A, u With respect to some basis we have M =

(ﬁ 2), and since Ls and U commute with M , they are also diagonal. In particular
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we have ULs = LsU and LsULs=U (R12) gives Lg =1, which implies {A, u} =
{—1,1}. Either L5 =M or Ls=—M . In the latter case the braid relations LsL4L5=
LyLsLyand ML4M =L 4ML, imply LyM L4 =0, a contradiction, hence M =
Ls.

If E(M,1) # E(L4, 1), then with respect to some basis we have M = (} 1)),

Ly=(3'9). From MLyM = LyML, we have x = 1 and we are in case (c).

Analogously, if E(M,—1) # E(Ly4,—1), then with respect to some basis we have
M=(31), Ly=(129), andsince E(M,1)# E(L4, 1), we are in case (c) again.

Finally, if E(M,1) = E(L4,1) and E(M,—1) = E(L4,—1), then with respect to

some basis we have M = L, = (} ° ) and we are in case (b). O

Lemma 5.3 Suppose thatn <1, f: M(Ng,) — GL(4,C) is a homomorphism and
there exists a splitting C* =V, @ V, such that V; is a 2—dimensional M (R)—invariant
subspace for i = 1,2. Then Im( f') is abelian.

Proof Let f’ be the restriction of f to M(R). With respect to the splitting C* =
Vi ®V, we have [/ = fi1 & f» for some f;: M(R) — GL(2,C), i = 1,2. By
Lemma 5.2 we have fi(1824) =1 fori = 1,2, hence f(l§4) = 1 and we are done by
Lemma 5.1. |

Lemma 5.4 Suppose that n < 1, f: M(Ng,) — GL(4,C) is a homomorphism,
S (ts,) has only one eigenvalue and there exists a 2—dimensional M (R)—invariant
subspace. Then Im f is abelian.

Proof Fix a basis of C* whose first two vectors span the M (R)—invariant subspace.
For x € M(R) we have
_(x) =
re=("" 1)

where /1;(x) and h,(x) are 2—dimensional matrices. We apply Lemma 5.2 to the

homomorphisms /4 and /,. Because f(f5,) has only one eigenvalue, case (a) holds.

It follows that f(t5,) = (A %), f(15,) = (] }Y;). for some 2% 2 matrices X,Y and
A €{—1,1}. In particular f(z5,) and f(Zs;) commute and we are done by Lemma 3.3.

O

Proof of Theorem 1.3 for g =6, m =4 Supposethatn€{0,1} and f: M(N¢,,) —
GL(4, C) is a homomorphism. For 1 <i <5, weset L; = f(t5,) and M = f(t,),
Us = f(us). We consider the following cases.

(1) Ly has 4 eigenvalues.

(2) L has 3 eigenvalues.

(3) L has 2 eigenvalues with equal multiplicities.
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(4) L has 2 eigenvalues with different multiplicities.

(5) Li has 1 eigenvalue.

In cases (1), (2), (3) it is easy to find a splitting C* =V, ®V, such that V; is a
2—dimensional M (R)—invariant subspace for i = 1,2. For example, suppose that
L1 has 3 eigenvalues Ay, Ay, A3 such that #41 = #A, = 1 and #A3 = 2. Then we
take Vi1 = E(L{,A1) ® E(L1,A2) and V, = E(L,A3) if dim E(L{,A3) =2 or
V, = EZ(LI,M) if dim E(Ly,A3) = 1. Therefore in cases (1), (2), (3), we are done
by Lemma 5.3.

Assume (5). Let A be the unique eigenvalue of L1 and k =dim E(L, A). If k =4 then
Ly = Al and the image of f iscyclic. If k =2 or kK =1, then, respectively, E(L,A)
or E?(L;,A) is a 2—dimensional M (R)—invariant subspace, and we are done by
Lemma 5.4. Suppose that k = 3. If E(L,A) # E(L,,A) then E(Ly,A)N E(Ly,A)
is a 2—dimensional M (R)—invariant subspace, and we are done by Lemma 5.4. If
E(L1,A) = E(L,, ), then with respect to some basis we have

A 000 A 00 x
~loxro0o0 loxroy
Li=looar1l 2=loo02
000 A 000 A

In particular L; and L, commute and we are done by Lemma 3.3.

It remains to consider case (4). Suppose that L; has eigenvalues p, A, with #u =1
and #A = 3. Since L; is conjugate to Ll_1 , we have {u, A} = {—1,1}. It follows
from Theorem 3.2 that there is a homomorphism (M (Ng)) — {—1, 1} such that
7(ts,) = —1. By multiplying f by 7 if necessary, we may assume p = —1, A = 1.
The Jordan form of L is one of the three matrices

1 0 0 0 1 0 0 0 1 0 0 0
1o 1 0 o 1o 1 1 0 o 1 0 o
Of o 0o 1 o W] o o1 1| @] o o 1

0 0 0 1 0 0 0 1 0 0 0 1

In case (i) we have L% = [ and we are done by Lemma 5.1.

In case (ii) the following subspaces are M (R)-invariant: E(L{,—1), E(Lq,1),
E%(Ly,1), E3(Ly,1). It follows that

X1 0 0 0 y1 0 0 0
0 x2 vy vy 0 y2 wy wo

M: L:
00)(731)3’ 4 00y3w3
0 0 0 xg 00 0 ya
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The braid relation M L4 M = L4M L4 implies x; = y; for 1 <i < 4. Since the first
two vectors of the basis are eigenvectors of M, they have to correspond to different
eigenvalues of M . Therefore x; = —x1, x3 =x4=1and xy =1 or x; =—1. In
either case ML, M = L4M L, holds only if M = L4. We are done by Lemma 3.3.

In case (iii) the following subspaces are M(R)—invariant: E(L{,—1), E(Ly,1),
E?(Ly,1). We have dim E(L, 1) =2. For x € M(R) let h(x) be the restriction of
f(x) to E(L1,1). By applying Lemma 5.2 to & we obtain three sub-cases.

Case (iiia) / satisfies (a) of Lemma 5.2. We have

-1 0 0 0 1 0 0 0
1o 1 0 x 1o 1 0 y»
M=1 5 0 x| La=1 o o 1 Vs
0 0 0 1 0 0 0 1

As in case (ii), the braid relation implies M = L4 and we are done by Lemma 3.3.

Case (iiib) / satisfies (b) of Lemma 5.2. By changing the basis of E(L1,1), we
may assume that

1 0 0 0 1 0 0 0
lo-1 0 x _lo-1 0
M=1y 0 1 x| La=1y 0 1 Vs
0 0 0 1 0 0 0 1

As in case (ii), the braid relation implies M = L4 and we are done by Lemma 3.3.

Case (iiic) /4 satisfies (¢) of Lemma 5.2. By changing the basis of E(L1,1) we may
assume that

1 0 0 0 1 0 0 0 1 00 0
0 1 1 x 0-1 0 0 1 1 z
0 0-1 x| ™ o 1 1 »m|” 710 0-1 2z
0 0 0 1 0 0 0 1 0 0 0 1

By solving the equations MLyM = Ly4ML4 and LsL4L 5= L4Ls5L,4, we obtain
Xy = —(2X1 —|—y1 +2y2), Zy) = —(221 +y1 +2y2), and from ML5 = L5M we obtain
X =z5. Thus M = L5, and, by Lemma 3.4, L% = 1. We are done by Lemma 5.1. O

6 Homomorphisms between mapping class groups

The aim of this section is to prove Theorem 1.4. Fix g > 5 and set M = M(Ng). We
are going to use the fact that s = 75, ---#5,_, has finite order in M (equal to g if it is
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even, or 2g otherwise; see [23, Proposition 3.2]). By the relations (R1), (R4), we have
2) ls; 8 =sts; for 1 <i=g—2.
By Theorem 3.2 we have s € [M, M] for g >7 and g = 5, s* € [M, M| for g = 6.

Proof of Theorem 1.4 Suppose that g > 5, 7 < g and f: M(Ng) - M(Ny) is a
homomorphism. Since M (Ny,) is abelian for & <2, we are assuming & > 3.

Let f’: M(Ng) — GL(h —1,C) be the composition ¥; o /" and K = ker ¥;. By
Theorem 1.3, Im( f”) is abelian, hence f([M(Ng), M(Ng)]) € K. Suppose that g >7
or g =5. Then f(s) € K, and since K is torsion-free by Corollary 4.2, f(s) = 1.
This gives, by (2), f(#5,) = f(#5,) and we are done by Lemma 3.3. If g = 6 then
f(s?) € K, which gives f(s?) =1 and Sf(ts,) = f(t5,). Since t5, commutes with
ts,» f(t5,) commutes with f(zs,) and we are done by Lemma 3.3. |

Note that Theorems 1.3 and 1.4 are trivially true for g < 3 because GL(1,C) = C*,
M(Ny) =7y x7Zy, M(Ny) =1 are abelian groups. On the other hand, Corollary 6.2
below shows that both theorems are false for g = 4 (recall that M(N3) = GL(2, Z)).
Let Do denote the infinite dihedral group, defined by the presentation

Doo = (x,y | x> =12 =1).
Lemma 6.1 There is an epimorphism ¢: M(N4) — Deo.

Proof According to the main result of Szepietowski [27], simplified in [23], M (N4)
admits a presentation with generators 7, , f5,, u; for i = 1,2, 3 and relations (R1),
(R3), (R4), (R6), (R7), (RI), (R10), (R11), (R12) and

ls;  Uilli41 = Uiujpqls; for i =1,2,
2
(t82u3) = 1’ ZSI (152t53u3u2)t51 = (t82t83u3u2)'

It is easy to check that the mapping ¢ (t,) = xy, ¢(t5,) =1, ¢p(u;) =y fori =1,2,3
respects the defining relations of M (N,), hence it defines a homomorphism onto Do .
O

Corollary 6.2 For h > 3, there is a homomorphism f: M(N4) — M(Ny,) such that
Im( f) is isomorphic to Dy .

Proof Fix /1 > 3. By the proof of Szepietowski [26, Theorem 3], 75, can be written in
M(Ny) as a product of two involutions o, . Since #s, has infinite order in M(Ny),
the mapping x — o, y > t defines an embedding Do — M (Ny,). By precomposing
this embedding with the epimorphism ¢ from Lemma 6.1, we obtain f. |
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The following two theorems can be proved by the same method as Theorem 1.4. We
leave the details to the reader.

Theorem 6.3 Suppose that g > 5, ¢ > 2h + 2 and f: M(Ng) — M(Sp) is a
homomorphism. Then Im( /) is abelian.

Theorem 6.4 Suppose that g > 3 and h < 2g. Then the only homomorphism from
M(Sg) to M(Ny) is the trivial one.

7 Homomorphisms from M(N;) to GL(g —1,C)

The aim of this section is to prove Theorem 1.5. The proof is divided into two cases,
according to the parity of the genus.

Let g =2r+s,s€{l,2}, §'=S5,, and 1: M(S") - M(Ng,,) be the homomorphism
from Corollary 3.6. If f: M(Ng,) — GL(m, C) is a homomorphism, then we set
/= fou

Proof of Theorem 1.5 for odd g Suppose that N = Ny, 41, r >3 and f: M(N)—
GL(2r, C) is a homomorphism such that Im( /) is not abelian. By Theorem 1.2, f’
is conjugate to the homological representation &, and thus there exists a basis such

that f(ts;) = f'(te;) = Ai, f(ts,,) = f'(tg;) = Bi for 1 <i <r and f(ts,,,,) =
f(ty,)=Cjfor 1 <j<r—1.Set Uy = f(uy) for | <k <2r.

Since U, commutes with 4; and B; for 1 <i <r,and with Cj for j =1,...,r =2
(R6), (R8), by Lemma 2.1 we have

Moy 0
UZ’:( 20”)()

for some 2 x 2 matrix X. Since U,, is conjugate to Uz_rl we have A € {—1,1}
and by multiplying f by (—1)? if necessary, we may assume A = 1. The relation
B,U,, B, = U,, (R12) implies
X = (x O) .
y —x

Usp—y = (Cr—1 By By—1Cr—1) Uy (Cr—1 By B,—1 Cr_y),
Uy Uzp—o —Usp2Uy, =0,

From (R11) and (R7), we have
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and since the left hand side of the last equation is equal to

(1=x*)(Ezr2r—3 + E2r—2.2r-1),

where E; ; is the elementary matrix defined in Section 2, x2=1. We have U2_rl =U,,,
and from (R11) and (R9),

Uzr—1 = (Cr—1B,) "' Uz (Cr—1 By),
Ury Uzp—1Uzy —Uzp—1Upp Uzp—y = 0.

By considering the cases x = 1 and x = —1 separately, we find that the left hand
side of the last equation is of the form (y —x)?Z, where Z # 0. Hence x = y and
Uy =V (uypy) if x =1, 0r Uy, = Wy(uy,) if x =—1. By Theorem 3.1, f is equal
to Wy or W, on the generators of M(N). O

Now we will borrow some arguments from [16] to prove Lemma 7.3 below, which will
be a starting point for the proof of Theorem 1.5 for even genus.

Lemma 7.1 Suppose thatn <1, g >5 and f: M(Ng,,) — GL(m, C) is a homo-
morphism. If there is a flag 0 = Wy C W; C --- C Wy = C™ of M(Ng,,)—invariant
subspaces such that dim(W;/W;_1) < g—1fori = 1,...,k, then Im(f') is abelian.

Proof We use a similar argument as in the proof of [16, Lemma 4.8]. Fori =1,...,k,
set m; = dim(W;/W;_;). Fix a basis (vy,...,vs) of C™, such that the vectors v;
for 1 < j <mj+---+m; form a basis of W;. For x € M(Ng ,), the matrix of f(x)
with respect to this basis is

X *x %
O I * )
0 0 X
where X; is a square matrix of dimension m; for i = 1,...,k. Thus we have k

homomorphisms f;: M(Ng,n) —GL(m;, C) defined by f;(x)=X;. Since m; <g—1,
the image of each f; is abelian by Theorem 1.3. It follows that f[M(Ng ), M(Ng.»)]
is contained in the subgroup of upper triangular matrices with 1 on the diagonal. Since
this subgroup is nilpotent and [M(S"), M(S”)] is perfect [20, Theorem 4.2], it follows
that f/[M(S’), M(S’)] is trivial, which means that Im( f”) is abelian, hence so is

Im( f). |
Lemma 7.2 Suppose that N = Ny, 45,7 >3 and f: M(N)— GLQ2r +1,C) isa

homomorphism, such that Im( /') is not abelian. Then Ly = f(ts,) has an eigenvalue
A such that dim E(L,A) = 2r.

Algebraic € Geometric Topology, Volume 14 (2014)



Linear representations of the mapping class group of a nonorientable surface 2465

Proof By [16, Corollary 4.6] applied to f’, L; has at most two eigenvalues. It
follows that there is an eigenvalue A with #L > r 4+ 1> 4. Set m = dim E(L, ).
Since Im( /) is not abelian, m < 2r. We are going to show that m = 2r.

Let R be the subsurface obtained by removing from N a regular neighbourhood of
81 Ud,y. We have R ~ Ny, 1. We treat M(R) as a subgroup of M(N).

Suppose m < 2r —2. Let W = E*(L, 1), where k = max{4 —m, 1}. Observe
that W is a M(R)—invariant subspace with 3 < dim W < 2r —2. By Lemma 7.1,
JS(M(R)) is abelian, hence f(z5,) and f(ts5) commute. By Lemma 3.3, Im( /') is
abelian, a contradiction.

Suppose that m = 2r — 1 and set L, = f(t5,). If E(L{,A) # E(L3,1), then
E(Ly,A)NE(L,,A) is a M(R)—invariant subspace of dimension 2r —3 or 2r —2
and we can use the same argument as above to obtain a contradiction. If E(L1,1) =
E(L,, ), then by [16, Lemma 4.3] applied to f’, E(L{,}) is a M(S’)—invariant
subspace of dimension 2r — 1, and by [16, Lemma 4.8] f” is trivial. It follows that
Im f is abelian, a contradiction. |

Lemma 7.3 Suppose that N = Ny,45,r >3 and f: M(N) — GLQ2r +1,C) isa
homomorphism. If r = 3 then assume that 1 is the unique eigenvalue of f'(t5,). Then
either Im( /') is abelian, or with respect to some basis f(ts;) = A;, f(ts,;) = B; for
i=1,...,r.

Proof Suppose that Im( /) is not abelian. The result will follow from [16, Lemma 4.7]
applied to f’: M(S’) — GL(2r + 1, C). Therefore it suffices to show that /" satisfies
the hypothesis of [16, Lemma 4.7], namely: (1) the Jordan form of f”(t,) is ( Ig 12:)_1 ) ,

and (2) E(f"(tq)), 1) # E(f'(t,). 1).

ByLemma7.2, L= f'(t,) = f(t5,) has an eigenvalue A with dim E(L,A)=2r.If
r =3, then A = 1 by assumption. For r > 4 we will prove A = 1 by using the argument
from the proof of [16, Lemma 5.2]. Set #; = 7y, and choose 6 Dehn twits 75, ..., 77
about nonseparating simple closed curves on S’ such that the lantern relation #1534 =
tstgt7 holds in M(S’). By applying f’ to both sides we obtain LiL,L3L4 =
LsLgL7,where L; = f’(;). Since the L; are conjugate, we have dim E(L;, A) =2r
fori=1,...,7. Set W = (—]1-7:1 E(L;, X) and observe that dim W > 0. For a nonzero
vector v € W, we have A*v = L L,L3L4(v) = LsLgL7(v) = A3v, hence A = 1.
Since M(S’) is perfect (Korkmaz [18]), det L; =1 and A = 1 is the unique eigenvalue.
It follows that L; has the desired Jordan form.
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Set M = f'(tg,) = f(ts,) and suppose E(L,1)= E(M,1). Then L; and M com-
mute by the same argument as in case (5) of the proof of Theorem 1.3 for (g, m) = (6,4).
By Lemma 3.3, Im( f) is abelian, a contradiction. Thus E(Ly, 1) # E(M, 1). |

Proof of Theorem 1.5 for even g Suppose that N = N, 45, r > 4, and

fi: M(N)—GLQ2r+1,C)

is a homomorphism such that Im( /') is not abelian. By Lemma 7.3, there is a basis such
that f(ze;) = A; and f(is5,;) = Bj for 1 <i <r. Set D; = f(ls,;,,) for 1 =i =r
and Uj = f(uj) for 1 < j <2r+1.

Fixie{l,...,r—1}. For j € {i,i + 1} we have DiAj =AjDi and DiBj = BjD,'.
Setting M = D; and k =/ = j in Lemma 2.1, we obtain

* 0 x
Di=10 A, 0],
* 0 x

where A is at the positions (2j —1,2j — 1) and (2/,2/). Since D; is conjugate to
Ay, 1 isits unique eigenvalue, hence A = 1. It follows that D; has the form

Iyi—1y O 0 0 0
0 Fi1 Fi» 0 X
0  Fy Fx 0 X |,
0 0 0 Iyy_p 0
0 Y1 Y2 0 z

where Fj; are 2 x 2 matrices, Xj are 2 x 1 vectors, Y; are 1 x 2 vectors and z
is a complex number. The relations D;A; = A; D; and D;A;+1 = A;j+1D; give:
VEue = FiiV, VX = X, iV =Y, for k =1,2,and VFy; = Fiy = Fi;V for
k # 1. It follows that

_(s1 4 _ 0 vy _[x1
Fll—(o Sl)’ F12—(0 O)’ Xl—(o),
_ 0 vy _[S2 B2 X2
le—(o O)’ Fzz—(o Sz)’ Xz—(o),

Y1 =(0 y1). Y, =(0 y,).

Since s1, s, are eigenvalues, we have s; = s, = 1 and det D; = z, which gives
z = 1. Now, by solving the equations B; D; B; — D; BiD; =0 and B;11D;B;+1 —
D;iB;+1D; =0,weobtain t;y =1, =1, vivy =1, y2 = y1vy, X2 = x1v3, x1y1 =0.
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Thus, fori =1,...,r —1 we have

Iyi-1) 0 0 0 0 0 0
0 1 1 0 o 0 o X;
0 0 1 0 0 0 0

Di=| 0 0 o' 1 1 0 xi |, xiyi=0.

0 0 0 0 1 0 0
0 0 0 0 0 ILg—i—1y O
0 0 Vi 0 oy; 0 1 )

Analogous calculations, using the relations A; D, = D, A; and B; D, = D, B; for
1<i<r, A, D, = D, A; and D, B, D, = B, D, B,, lead to the following form
of D,:

Iy, > 0 0 0
0 1 1 X

D, = 0 0 1 Or ., Xpyr=0
0 0 1

It is not possible that x, = y, = 0, because then D, = 4, and Lemma 3.4 would
give a contradiction. For 1 <7 <r — 1, by solving the equation D; D, — D, D; =0
we obtain x;y, = 0 and x,y; = 0. It follows that either x; =0 foralli =1,...,r,
or y; =0 forall i =1,...,r. We are going to show that it is possible to change the
basis so that o; = —1 fori = 1,...,r —1 and x, + y, = —2. Suppose that the old
basis is 1 = (v, w1, ..., Vr, Wr, Vp41). We consider two cases.

Case 1 Xx, =0. Then y, # 0 and the new basis is

/ r—i / r—i ;

Ulz(_l) ai"'ar—lvi’ wl=(_1) ai"'ar—lwi, l=1""’r_19
r_ ’_ ’ _
UV, = Vp, W, = Wy, vr-l—l =— B Up41 -

In the new basis, we have Dr = \Ijl(t82r+1)’ Di = Ci + xl{(Ezr_l_l’zi — E2r+1,2i+2)
fori=1,...,r—1.

Case 2 y, =0. Then x, # 0 and the new basis is

: X : X
’ r—i+1 r / r—i+1 r
v; = (—1) Q-1 Vie W =(-1) & Olr—1— Wi
X X
. 12 r / r /
i=1,....,r—=1, v, ————2 Vp, W, ————2 Wr, Vi =Uptr.

In the new basis we have: D, =W, (s, ,,), Di = Ci+xlf(E2,~_1,2,+1 —Esit1,2r41)
fori=1,...,r—1.
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Since Uy, 41 commutes with 4; and B; for 1 <i <r —1, by Lemma 2.1 we have
U2r+1 = diag()xllz,)lez, N v)‘r—IIZ’ X)

for some 3x3 matrix X . Therelations A, U, 1 =U;+14; R8)and D, Uy, 41Dy =
Uy;+1 (R12) imply that X has the form

)\4;’ (07 )\.r )\,r (04 ﬂ
X=10 A, O or X=|10 A, 0 ],
0 /3 _)\4;’ 0 )\41’ _)"}’

respectively, in Case 1 and Case 2. For 1 <i <r — 1, by the relation (R6) we have
D;Us; 41 —Uspy1 Di = 0. By solving this equation we obtain A; = 4,4 and x] =0,
hence D; = C;. We also see that U, has two eigenvalues A,,—A, with #A, = 2r.
Since U,, 41 is conjugate to UZ_rl-i-l , we have A, € {—1, 1} and by multiplying f by
(=1)® if necessary, we may assume A, = 1.

By the relation (R11), we have
Usr = (B, Cr)~'ULL (B Cy),
Uzr—1 = (ByCrCr—1 By) ' Usp 11 (B, C,Cr_ By).

Similarly as in the proof for odd g, by solving Uy, 4+1Uz,—1 —Uszp—1Uz; 41 =0, we
obtain f = —2«, and then by solving U, 41U, Uzpr1 — Uy Usyp 41 Usyr = 0, we

obtain @« = —1 in Case 1, or « = 1 in Case 2. Hence U,,+1 = W (u3,41) in Case 1,
or Uyp41 = Wy (upr+1) in Case 2. By Theorem 3.1, f is equal to ¥, in Case 1, and
equal to ¥, in Case 2, on generators of M(N). |

8 Homomorphisms from M (/Ng) to GL(7, C)

The aim of this section is to prove Theorem 1.6. First we have to define the epimorphism
€: M(Nayy2) — Sp(2r, Z5).

Fix r > 1 and set V = H{(N,,42,7Z,). V is a vector space over Z, of dimension
2r +2 with basis X; = [£;], for 1 <i <2r+2, where [£;], denotes the mod 2 homology
class of the curve &;. The mod 2 intersection pairing is the symmetric bilinear form on
V satistying (X7, Xj) = d;; . We define another basis for V. For 1 <i <r we set
vi = [eila =X1 4+ X2, wi =[b2:i]2 = X2i +X2i+1,
¢=Xary2, d=X{+ - +X2r12.

For i, j € {l,...,r} we have (v;,v;) = (w;, w;) =0, (v;, w;) = J;; and (v;,c) =
(w;i,d) =0. We also have (¢,c) = {c,d) =1 and (d,d) = 0.
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Lemma 8.1 Let Iso(V) be the group of automorphisms of V preserving the form
(-,-). Then Iso(V') is isomorphic to a semi-direct product Sp(2r, Z,) x Z;rﬂ .

Proof Note that d is the unique vector of V' such that (x;,d) = (¥;,x;) for i =
1,...,r. It follows that d is the unique vector satisfying (x,d) = (x,x) forall x e V,
hence d is fixed by all elements of Iso(V).

Let W =span{v;,w; | i =1,...,r} and observe that the restriction of (-,-) to W is
nondegenerate and (x,x) = 0 for x € W, hence it is a symplectic form on W . For
R e Sp(W), we define Ag € Iso(V) as

Ar(d)=d, Agr(c)=c, Agr(x)=R(x) forxeW.

Any x € V can be written as x = yc+36d +w, where w € W and y, § € Z,. We have
(x,c) =y +6 and (x,d) = y. It follows that W ={x € V | (x,d) = (x,c) = 0}.
Suppose L €Iso(V) fixes ¢. Then, since L(d) =d, L preserves W. Hence L = A
for some R € Sp(W). It follows that the mapping R + A g defines an isomorphism
Sp(W) — Stabyg1) (€).

For x € Z, and z € W, we define By ; € Iso(V) as
Bx:(d)=d, Bx:(c)=c+xd+z, Bxz(w)=w+(w,z)d forweW.
For arbitrary v € V', we have
By (v) =v+(d,v)z+ (z+xd,v)d.
Set N ={Bx,z | x € Z,,z € W}. This is a subgroup of Iso(}') with the group law
Bx),z1 Bxy.zo = Bx|4x2+(z1,20), 21422+
It follows that IV is abelian and ch’z =1 forall x, z. Thus N is isomorphic to Z%rﬂ .

Let L € Iso(V) be arbitrary. Since (L(c),d) = (L(c), L(d)) = {c,d) =1, L(c) =
¢+ xd + z for some x € Z,, z € W. Tt follows that B;,IZL € Stabyg,(1)(¢) and hence
L = By ;Ag for some R € Sp(W). This decomposition is clearly unique, and since
ARBx A% = By R(z),» N isnormal in Iso(V) and Iso(V) = N x Stabys,(y)(c). O

Lemma 8.2 For r > 2, there is an epimorphism
€: M(Nzy42) = Sp(2r, Z>),

whose kernel is normally generated by ts,, u2r+1 and ts,, 1, L
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Proof Let M = M(N;,45). The action of M on V = H{(N,,43,7Z,) induces a
homomorphism p: M — Iso(V'), which was proved to be surjective in Gadgil and
Pancholi [10], and McCarthy and Pinkall [22], and whose kernel is the normal closure
of #5,, u2r+1 by Szepietowski [29]. By Lemma 8.1, there exists a normal subgroup
N of Iso(V) such that Iso(V')/ N is isomorphic to Sp(2r, Z,). We define € to be the
composition of p with the canonical projection Iso(V) — Iso(V)/N .

Let K be the normal closure of 7, . 42,41 and f5,, . f. lin M. We claim that K C
kere. We have 75, . uz,41 €ker p Ckere. Since [e;]; =v, and [0, 41]2 = v, +d, for
x € V wehave p(te, ) (x) = x+(vy, x)v, and p(ls,, ) (x) =X+ (v, +d, x) (v, +d) =
Bi 4, (p(te,)(x)). Thus p(l521‘+1t;1) = Bj,, € N and 152r+1t;1 € kere. It follows
that there is an induced epimorphism

€: M/K —1Iso(V)/N == Sp(2r, Z,).

To prove that €’ is an isomorphism, it suffices to show [M : K| < |Sp(2r, Z,)|. We are
going to prove the last inequality by exhibiting an epimorphism Sp(2r, Z,) - M/K.

Observe that the map 7: M(S’) — M/ K defined to be the composition of ¢: M(S’) —
M from Corollary 3.6 with the canonical projection 7: M — M/K is surjec-
tive because M is generated by twists about curves on P(S’) and #;,, +142r+1 by
Theorem 3.1. Gluing a disc along the boundary component of S’ bounding a pair of
pants with o, and y, induces an epimorphism M (S”) — M(S, 1) whose kernel is nor-
mally generated by 7,, ta_,‘l (see [16, Proposition 3.8]). Since ¢(zy, Z;rl) =155,4, tg_rl ek,
it follows that we have an induced epimorphism 7: M(S, ;) — M /K. There is an epi-
morphism M(S;,1) = Sp(2r, Z,) induced by the action of M (S, ;) on H;(S; 1,7Z2)
whose kernel is normally generated by t(fl (see Berrick, Gebhardt and Paris [2, The-
orem 5.7]; here we are using the assumption r > 2). By applying Lemma 3.4 (with
i=r,j=2r+1)to n: M —- M/K, we have n/(zjl) = ”(tb’zl) = 1. It follows that
there is an induced epimorphism n”: Sp(2r, Z,) - M/K.

M) —+—-> M —I- M/K

l r’/
7

M(Sr,1)

|

Sp(2r, Zy)

The existence of " proves that €’ is an isomorphism and K = kere. O

Algebraic € Geometric Topology, Volume 14 (2014)



Linear representations of the mapping class group of a nonorientable surface 2471

Lemma 8.3 Suppose that f: M(Ng) — GL(7,C) is a homomorphism such that
f(ts,) hasorder 2. Then f or (— 1)® f factors through the epimorphism €: M(Ng) —
Sp(6,Z,).

Proof Let H be the normal closure of t521 in M = M(Ng) and G = M/H . Since
H C ker f, we have a homomorphism f’: G — GL(7,C) such that /' = f/om,
where 7: M — G is the canonical projection. There is a homomorphism p: Gg — G,
defined as p(0;) = 7 (ts,), where 0; = (i,i +1),for 1 <i <7. Let ¢: &g — GL(7,C)
be the composition ¢ = "o p. If ¢ is reducible, then Im(¢) is abelian by Lemma 2.2,
f(ts,) = ¢(01) = ¢(02) = f(I5,), and Im( /) is also abelian by Lemma 3.3, which
implies f(Z5,) = 1 by Theorem 3.2, a contradiction. Hence ¢ is irreducible and since
det f(t5,) = 1 (by Theorem 3.2), ¢ is the tensor product of the standard and sign
representations (by Lemma 2.2). For 1 <i <7, set L; = f(t5;) = ¢(0;). With respect
to some basis (vq,...,v7), we have

Ll = dlag(A, —[5), L7 = diag(—15, B), Ll' = diag(—]i_z, C, _16—i)

for 2 <i <6, where

-1 0 0

A:((l)j), B=(:i (1)) C=|-1 1-1

0 0 -1
Let M be the matrix of f(e3). Since M commutes with L; for i # 6 (RYS), it preserves
E(L;, 1) =span{v;}. Hence M (v;) = x;v; for i 6 and M (vg) = y1v1+---+ y707

for some complex numbers x;, y;j. By solving the equations M L; = L; M for 1 <i <5
and i = 7, we obtain

Xi=x1, yi=iy; for 1 <i=<5 ye=x1+6y1, X7=y¢6—2)7.

Since M and L; are conjugate, they have the same eigenvalues, which gives x; = —1
and yg = —x7. If yg¢ =1, then y; = 1/3 and y; = 1, which contradicts the braid
relation MLgM = LgM Lg (R5). Hence y¢ = —1, y1 = 0 and y7; = —1, which
means M = L.

Fori =1,...,7, let U; be the matrix of f(u;). Since U; commutes with L; for
1 <j <5 (R6)and with M = L, (R8), we obtain, as above, that

U;(v;) =xv; forl <i <5,
Uz(ve) = y(v1 +2vz + 3v3 + 4vg + Svs) + (x + 6y)ve + zv7,
Uz(v7) = (x + 6y —2z2)v7,

Algebraic € Geometric Topology, Volume 14 (2014)



2472 Btazej Szepietowski

for some complex numbers x, y,z. Since U; is conjugate to its inverse, and x
is an eigenvalue of multiplicity at least 5, we have x = £1, and by multiplying
f by (=1)® if necessary, we may assume x = —1. By (R11) we have Us =
(L¢L7LsLg)"'Us(LgL7LsLg), and by solving UsU; = U;Us we obtain y = 0.
Since detU; = +1, either —1 —2z =1 or —1 — 2z = —1. In the latter case we
have U; = —1, and since Ug is conjugate to U7, we have Ug = —1, and the relation
L¢U;Ug = U;UgL7 (R10) gives Lg = L7, a contradiction. Hence z = —1 and
Uy=1L7.

We have M = U; = L7, and since L% = I, we have {t57tg1 ,ts,u7} Cker f, which
implies, by Lemma 8.2, that f factors through €. O

Proof of Theorem 1.6 Suppose that f: M(Ng) — GL(7,C) is a homomorphism,
such that Im( /) is not abelian. By Lemma 7.2, L = f(t5,) has an eigenvalue A such
that dim E(L, ) = 6. Since L is conjugate to L™!, we have A2 = 1. Suppose that
A = —1. Then since det L = 1 we have #A = 6, and there is another eigenvalue p = 1.
It follows that L has order 2 and the case (2) holds by Lemma 8.3. If A =1 then it
must be the unique eigenvalue, and the case (3) holds by Lemma 7.3 and the proof of
Theorem 1.5 for even g. O

Remark 8.4 Suppose that G is a finite quotient of M(Ng) for g > 7, g # &,
and f: G — GL(g — 1,C) is a homomorphism. Then, by Theorem 1.5, Im( f) is
abelian. For example, by Lemma 8.2, for r > 4 the image of every homomorphism
Sp(2r,Z,) — GL(2r + 1,C) is abelian. It is a classical result that Sp(2r, Zy) is
perfect for r > 3 and all d (note that the last group is a quotient of M(S,), which
is perfect for r > 3 [24]). It follows that for » > 4 the only homomorphism from
Sp(2r, Z,) to GL(2r + 1, C) is the trivial one.
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