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E—formality of complex algebraic varieties

JOANA CIRICI
FRANCISCO GUILLEN

Let X be a smooth complex algebraic variety. Morgan showed that the rational
homotopy type of X is a formal consequence of the differential graded algebra
defined by the first term E; (X, W) of its weight spectral sequence. In the present
work, we generalize this result to arbitrary nilpotent complex algebraic varieties
(possibly singular and/or non-compact) and to algebraic morphisms between them. In
particular, our results generalize the formality theorem of Deligne, Griffiths, Morgan
and Sullivan for morphisms of compact Kihler varieties, filling a gap in Morgan’s
theory concerning functoriality over the rationals. As an application, we study the
Hopf invariant of certain algebraic morphisms using intersection theory.

32835, 55P62

1 Introduction

Morgan [21] introduced mixed Hodge diagrams of differential graded algebras (DGAs
for short) and proved, using Sullivan’s theory of minimal models, the existence of
functorial mixed Hodge structures on the rational homotopy groups of smooth complex
algebraic varieties. This result was independently extended to the singular case by
Hain [18] and Navarro [22]. Such a mixed Hodge diagram is given by a filtered DGA
(Aqg, W) defined over the field Q@ of rational numbers, a bifiltered DGA (Ac, W, F)
defined over the field C of complex numbers, together with a finite string of filtered
quasi-isomorphisms (Ag, W) ® C <> (Ac, W) over C, in such a way that the coho-
mology H(Ag) is a graded mixed Hodge structure. We denote by MHD the category
whose objects are mixed Hodge diagrams and whose morphisms are given by level-wise
filtered morphisms that make the corresponding diagrams commute. This differs from
Morgan’s original definition, in which level-wise morphisms commute only up to a
filtered homotopy.

In the context of sheaf cohomology of DGAs, Navarro [22] introduced the Thom—
Whitney simple functor and used this construction to establish the functoriality of
mixed Hodge diagrams associated with complex algebraic varieties. He defined a
functor Hdg: Sch(C) — Ho(MHD) from the category of complex reduced schemes
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that are separated and of finite type to the homotopy category of mixed Hodge diagrams
(defined by inverting level-wise quasi-isomorphisms), in such a way that the rational
component of Hdg(X) is the Sullivan—-de Rham functor of X .

To study the homotopy category Ho(MHD), we introduce a notion of minimal object
in the category of mixed Hodge diagrams and prove the existence of enough models
of such type, adapting the classical theory of Sullivan’s minimal models of DGAs.
In conjunction with Navarro’s functorial construction of mixed Hodge diagrams, this
provides an alternative proof of Morgan’s result on the existence of functorial mixed
Hodge structures in rational homotopy. A main difference with respect to Morgan’s
approach is that our models are objects of a well defined category. The complex
component of our minimal model coincides with Morgan’s bigraded model (see [21,
Section 6]). However, we preserve the rational information, allowing functorial results
over the rational numbers. Using Deligne’s splitting of mixed Hodge structures on the
minimal models, we prove that morphisms of nilpotent complex algebraic varieties are
E{—formal at the rational level: the rational homotopy type is entirely determined by
the first term of the spectral sequence associated with the multiplicative weight filtration.
This generalizes the formality theorem of Deligne, Griffiths, Morgan and Sullivan [9]
for compact Kéhler manifolds and a result due to Morgan (see [21, Theorem 10.1])
for smooth open varieties. The results agree with Grothendieck’s yoga of weights and
can be viewed as a materialization of his principle in rational homotopy. Indeed, the
weight filtration expresses the way in which the cohomology of the variety is related
to cohomologies of smooth projective varieties. In particular, £—formality implies
that, at the rational level, nilpotent complex algebraic varieties have finite-dimensional
models determined by cohomologies of smooth projective varieties.

A note of caution about base-point independence and homotopy groups. In this paper
we study the rational E;-homotopy type of complex algebraic varieties: the class of
a filtered differential graded algebra over Q@ in a certain localized category, whose
first term of its associated spectral sequence is the weight spectral sequence of the
variety. Therefore a treatment of augmented mixed Hodge diagrams and the subject of
base-point independence is not developed here. A more detailed study of the homotopy
category of (augmented) mixed Hodge diagrams appears in [6], where the first author
interprets the existence of minimal models as a multiplicative version of Beilinson’s
theorem on mixed Hodge complexes (see [1, Theorem 2.3]).

This paper is organized as follows. Section 2 is devoted to the homotopy theory
of filtered differential graded commutative algebras. We introduce the notions of
E, —quasi-isomorphism and E,—formality and study descent properties with respect
to field extensions. In Section 3, we study the homotopy theory of mixed Hodge
diagrams. The existence of minimal models is proven in Theorem 3.17 for objects,
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and in Theorem 3.19 for morphisms. In Section 4, we recall Navarro’s construction
of mixed Hodge diagrams associated with complex algebraic varieties. This leads to
the main result of this paper (Theorem 4.5) on the E;—formality of complex algebraic
varieties. Lastly, Section 5 is devoted to an application: we study the Hopf invariant
of certain algebraic morphisms in the context of algebraic geometry, using the weight
spectral sequence and intersection theory.

2 Homotopy theory of filtered algebras

The homotopy theory of filtered DGAs over a field of characteristic 0 was first studied by
Halperin and Tanré [20], who verified some of the axioms for Quillen model categories.
Following their ideas, in this section we introduce E,—cofibrant filtered DGAs and show
that these satisfy a homotopy lifting property with respect to E, —quasi-isomorphisms.
This result allows us to understand the homotopy theory of filtered DGAs within the
axiomatic framework of Cartan—Eilenberg categories of Guillén, Navarro, Pascual
and Roig [16]. We introduce the notions of E,—formality and r—splitting of filtered
differential graded algebras and study their descent properties with respect to field
extensions.

2.1 Filtered differential graded commutative algebras

The notion of a filtered DGA arises from the compatible combination of a filtered
complex with the multiplicative structure of a DGA. For the basic definitions and results
on the homotopy theory of DGAs, we refer to Bousfield and Gugenheim [4], and Félix,
Halperin and Thomas [10]. All DGAs considered will be non-negatively graded and
defined over a field k of characteristic 0.

Denote by FDGA(k) the category of filtered DGAs over k. The base field k is
considered as a filtered DGA with the trivial filtration and the unit map n: k — A
is filtered. We will restrict to filtered DGAs (A, W) whose filtration is regular and
exhaustive: for each n > 0 there exists g € Z such that Wy A" =0, and A =, W, 4.

The spectral sequence associated with a filtered DGA A is compatible with the multi-
plicative structure. Hence for all > 0, the term E;"*(A) is a bigraded DGA with d,
of bidegree (r,1—r).

For the rest of this section, fix an integer r > 0. We adopt the following definition of
[20].

Definition 2.1 A morphism of filtered DGAs f: A — B is called a E,—quasi-iso-
morphism if E,(f): Er(A) = E,(B) is a quasi-isomorphism (the map E,+1(f) is
an isomorphism).
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Since filtrations are assumed to be regular and exhaustive, every E,—quasi-isomorphism
is a quasi-isomorphism. Denote by &, the class of E,—quasi-isomorphisms, and by

Ho, (FDGA (k)) := FDGA(k)[£,1]

the corresponding localized category. This is the main object of study in the homotopy
theory of filtered DGAs. Objects in this category are called E,—homotopy types. We
have functors

Ho, (FDGA (k) =% Hoo(FDGA(K)) —> DGA (k).

Deligne’s décalage functor of filtered complexes [7, Definition 1.3.3] is compatible with
multiplicative structures. It defines a functor Dec: FDGA (k) — FDGA (k), which is the
identity on morphisms. It follows from [7, Proposition 1.3.4] that £4; = Dec™1(&,).
Hence there is an induced functor

Dec: Ho, 41 (FDGA(k)) — Ho, (FDGA(k)).

In a subsequent paper we will show that this is in fact an equivalence of categories. In
particular, the study of E,—homotopy types reduces to the case r = 0.

Definition 2.2 Let (V, W) be a non-negatively graded k —vector space with a regular
and exhaustive filtration. The free filtered graded algebra A(V, W) defined by (V, W)
is the free graded algebra A (V') endowed with the multiplicative filtration induced by
the filtration of V. If A has a differential compatible with its multiplicative filtration,
then it is called a free filtered DGA.

We next introduce a notion of homotopy between morphisms suitable to the study of
E,-homotopy types of filtered DGAs.

2.3 Let A(¢,dt) be the free DGA with generators ¢ and df of degrees 0 and 1,
respectively. For r > 0, define an increasing filtration o[r] on A(z, dt) by letting ¢ be
of pure weight 0 and dt of pure weight —r and extending multiplicatively. Note that
o[0] is the trivial filtration, and ¢[1] is the béte filtration.

Definition 2.4 The r—path P,(A) of afiltered DGA (A, W) isthe DGA AQA(t,dt)
with the filtration defined by the convolution of W and o[r]. We have

WpPr(A) =D Wy g A®[rlgA(t.dr) = (WpA® A1) & (Wpir A® A1) d1).
q

For each A € k, there is a map §*: P,(A) — A defined by ¢ — A and dt — 0.
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The following lemma is easy to verify.

Lemma 2.5 Let A be a filtered DGA. There are canonical isomorphisms
Er(Pr(A)) = Er(A) @ A(2,dr), Dec(Pry1(A)) = Pr(DecA).

Definition 2.6 Let f,g: A — B be morphisms of filtered DGAs. An r—homotopy
from f to g is a morphism of filtered DGAs h: A — P,(B) satisfying §°h = f and
8'h = g. Denote such an r—homotopy by h: f >g.

Lemma 2.7 If f =g, then f =g in Ho,(FDGA(k)) and E;+1(f) = Er+1(g).

Proof Since the inclusion ¢: A — A ® A(¢, dt) is a quasi-isomorphism for any given
DGA A4, by Lemma 2.5 the map ¢: B — P,(B) is an E,—quasi-isomorphism. Hence
Er41(8°) = Er11(8Y). O

2.2 Cofibrant filtered algebras

We introduce E,—cofibrant DGAs as an adaptation to the filtered setting of the classical
notion of Sullivan DGA. The following is a simplified variant of the notion of (R, r)-
extension of [20].

Definition 2.8 Let (A, W) be a filtered DGA. An E,—cofibrant extension of (A, W)
of degree n > 0 and weight p € Z is a filtered DGA A ®¢ AV, where V' is a filtered
graded module concentrated in pure degree n and pure weight p and §: V — W,_, A
is a linear map of degree 1 such that d o £ = 0. The differential and the filtration on
A ®¢g AV are defined by multiplicative extension.

Definition 2.9 An E,—cofibrant DGA over k is a filtered DGA defined by the colimit
of a sequence of E,—cofibrant extensions starting from the base field k.

Lemma 2.10 Let (A, W) be an E, —cofibrant DGA. Then:
(1) A=AV, W) is a free filtered DGA and d(W,A) C W,_, A forall p € Z.

(2) As bigraded vector spaces, Eq(A) =---= E;—1(A) = E;(A).
Proof Assertion (1) follows directly from the definition. From (1), the induced
differentials of the associated spectral sequence satisfy dg =dy =--- =d,—1 = 0.
Hence (2) follows. O

Lemma 2.11 Let (A, W) be an E, 1 —cofibrant DGA. Then:
(1) Foralln>0 andall p€Z, DecW,A" = W,_,A".
(2) The filtered DGA DecA is E—cofibrant.
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Proof Recall that DecW, A" = W,_, A" Nd 1 (Wp_,—1 A"*1). By Lemma 2.10(1),
we have d(W,A) C W,_1A. Hence (1) follows. To prove (2) it suffices to note that if
A®gA(V) is an E;41—cofibrant extension of weight p of A, then DecA®¢g A(DecV)
is an E,—cofibrant extension of weight p —n of DecA. O

‘We next show that E,—cofibrant DGASs are cofibrant in the sense of [16].

Theorem 2.12 Let M be an E, —cofibrant DGA. For any solid diagram

A
g .7 L
2w
M—-B
7

in which w is an E,—quasi-isomorphism, there exists a lifting g together with an
r—homotopy h: wg = f . The morphism g is uniquely defined up to r —homotopy.

Proof To prove the existence of g and &, we use induction over r > 0. The case
r =0 is an adaptation to the filtered setting of the proof of Proposition 11.1 of Griffiths
and Morgan [13]. We shall only indicate the main changes. Assume that w is an
Eo—quasi-isomorphism. Let M = M’ ® ; A(V) be an Eg—cofibrant extension of
degree n and weight p, and assume that we have defined g’: M’ — A together with a
0-homotopy 4’: wg’ 5 /i, where i: M " — M denotes the inclusion.

Denote by C(w) the mapping cone of w, with filtration W,C(w) = W, A[1] ® W, B
and differential d(a,b) = (—da, w(a) + db). For each v € V', define a cocycle

_ 1
O(v) := (g’(dv), f(v) +/0 h/(dv)) € W,C(w)".

The assignation v +— [g(v)] defines a map 6: V — H"(W,C(w)). Since f is an
E—quasi-isomorphism and filtrations are regular, we have H"(W,C(w)) = 0 for all
p € Z. Therefore 6 (v) must be exact. Hence there exists a linear map (a,b): V —
W, C(w)"~! such that d(a,b) = 6. Define a filtered morphism g: M — A extending
g’ and a O-homotopy h: M — Py(B) extending h’ by letting

t
gw):=a() and h():= (f(v)+/0 h'(a’v)—i—d(b(v)@z)).

This ends the case r = 0. Let w be an E,;—quasi-isomorphism. By [7, Proposi-
tion 1.3.4] the map Dec(w) is an E,—quasi-isomorphism. By Lemma 2.11 the algebra
DecM is E,—cofibrant. By induction there exists a map g: DecM — DecA, com-
patible with DecW, together with an r—homotopy /: wg = f with respect to DecW .
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Since M is E,41—cofibrant, by Lemma 2.11(1) we have DecW,M" = W,,_,M" . It
follows that g is compatible with W, and that /4 is an (r 4+ 1)-homotopy with respect
to W. This ends the inductive step.

To prove that g is uniquely defined up to an r—homotopy, it suffices to show that
if fo, fi: M — A are such that h: wfo>wf1, then fo= f1. Define the r—double
mapping path M2(w) of w via the pull-back diagram:

M2(w) — Py (B)

[ e

wXw

AxA—— BXxB

The map w: Pr(A) — M2(w) induced by (8°,8!, P,(w)) is an E,—quasi-isomor-
phism. We have a solid diagram

Pr(4)

M = M2(w)

where H = (fo, f1,h). By the existence of lifts proven above there is a morphism G
such that WG = H. Then G: fo= f1 is an r~homotopy from f to fi. |

2.3 Splittings and formality

We next introduce the notions of r—splitting and E,—formality and study their descent
properties. The notion of E,—formality is a homotopic version of the existence of
r—splittings, and generalizes the classical notion of Sullivan [25], and Halperin and
Stasheff [19], of formality of DGAs to the filtered setting.

Definition 2.13 An r—splitting of a filtered DGA (A, W) is a direct sum decomposi-
tion A = &P AP*4 into subspaces AP*¢ such that for all p,q € Z,

d(APT) C APFHa=TH1  gPa. pP' 4 gp+Pa+d gnd W, A" = @ A—pntp

p=m

The ™ term of the spectral sequence associated with a filtered DGA admits a natural
filtration
Wy Er(4) := P E;*(A).
i<p
Hence (E;(A),dr, W) is a filtered DGA with an r—splitting. The following result is
straightforward.
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Proposition 2.14 If a filtered DGA (A, W) admits an r —splitting A = @ A?*4, then
the differentials of its spectral sequence satisty do = --- = d,—1 = 0, and there
is an isomorphism of filtered DGAs n: (A,d, W) =, (Er(A),dr, W), such that
T(ATPEP) = GV A" = E; PP (4).

The following example exhibits the relation between 1-splittings and formality.

Example 2.15 Let A be a filtered DGA, where W is the trivial filtration 0 = W_; A C
WoA = A. The bigraded model M — A of Halperin—Stasheff [19, 3.4] is E—cofibrant,
and A is formal (the DGAs (A4,d) and (H(A),0) have the same Sullivan minimal
model) if and only if M admits a 1—splitting.

Definition 2.16 A filtered DGA (A, W) is said to be E,—formal if there exists an
isomorphism (A, d, W) — (E,(A), dr, W) in the homotopy category Ho, (FDGA(k)).

In particular, if a filtered DGA is connected by a string of E, —quasi-isomorphisms to
a DGA admitting an r—splitting, then it is £, —formal.
The previous definitions are naturally extended to morphisms.

Definition 2.17 Let f: A — B be a morphism of filtered DGAs. We say that f
admits an r—splitting if A and B admit r—splittings and f is compatible with them.

Definition 2.18 A morphism of filtered DGAs f: A — B is said to be E,—formal if
there exists a commutative diagram

(A, d, W) —== (E1(A).d1, W)

lf jEl(f)

(B,d, W) —=> (E1(B),d1, W)

in the homotopy category Ho, (FDGA(k)), where the horizontal arrows are isomor-
phisms.

2.4 Descent of splittings

The descent of formality of nilpotent DGAs from C to Q is proved in [25, Theo-
rem 12.1]. The proof is based on the fact that the existence of certain grading auto-
morphisms does not depend on the base field. Following this scheme, we characterize
the existence of r—splittings of finitely generated E,—cofibrant DGAs in terms of the
existence of lifts of certain r—bigrading automorphisms.
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2.19 Let us fix some notation about group schemes. Given a filtered DGA (4, W)
denote by Auty (A) the set of its filtered automorphisms. Likewise, denote by
Aut(E;(A)) the set of morphisms of bigraded DGAs from E,(A) to itself. We have a
morphism E;,: Autyy (A) — Aut(E,(A4)).

Let £ — R be a commutative k—algebra. The extension of scalars A @ R is a filtered
DGA over R, and the correspondence

R+ Autyy (A)(R) := Autyy (A ®f R)

defines a functor Auty (A): alg; — Gr from the category alg; of commutative k—
algebras to the category Gr of groups. It is clear that Auty (A)(k) = Auty (A).

Proposition 2.20 Let (A, W) be a finitely generated E,—cofibrant DGA over k.
Then:

(1) Auty (A) is an algebraic matrix group over k .
(2) Autwy (A) is an algebraic affine group scheme over k represented by Autyy (A).

(3) E, defines a morphism E,: Auty (A) — Aut(E,(A)) of algebraic affine group
schemes.

(4) The kernel N := ker(E,: Auty (A) — Aut(E,(A))) is a unipotent algebraic
affine group scheme over k .

Proof Since A is finitely generated, for a sufficiently large N > 0, Auty (A4) is
the closed subgroup of GLy (k) defined by the polynomial equations that express
compatibility with differentials, products and filtrations. Thus Auty (A) is an algebraic
matrix group. Moreover, Auty (A4) is obviously the algebraic affine group scheme
represented by Auty (A). Hence (1) and (2) are satisfied. For every commutative
k —algebra R, the map

Auty (A)(R) = Auty (A @k R) — Aut(E,(A) ® R) = Aut(E,(4))(R)

is a morphism of groups which is natural in R. Thus (3) follows. Since, by (2), both
of the groups Auty (A) and Aut(E,(A)) are algebraic, and k has zero characteristic,
the kernel N is represented by an algebraic matrix group defined over k (see Borel [2,
Corollary 15.4]). Therefore to prove (4) it suffices to verify that all elements in N(k)
are unipotent. Given f € N(k), consider the multiplicative Jordan decomposition
f = fs- fu into semi-simple and unipotent parts. By [2, Theorem 4.4] we have f, f,, €
Autyy (A)(k). Since E,(f) = 1 and an algebraic group morphism preserves semi-
simple and unipotent parts, it follows that E,( fs) = E-(fy) =1. Let Ay =Ker(fs—1)
and decompose A into f—invariant subspaces A = A; @ B. Since dfs = fsd, this
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decomposition satisfies d(A;) C A; and dB C B. Hence both A; and B are filtered
subcomplexes of A satisfying d(W, A1) C Wy, A1 and d(W, B) C Wy, B. Therefore
we have

E;(A) = Eo(A) = Eo(A1) ® Eo(B) = Er (A1) ® E/(B).

Since E;(A) contains nothing but the eigenspaces of eigenvalue 1, we have E,(B) =
Eo(B) =0, and so B = 0. Therefore f; =1 and f is unipotent. |

Definition 2.21 Let @ € k* (not a root of unity). The r—bigrading automorphism of
E;(A) associated with « is the automorphism Vy: Er(A) — E,(A) defined by

Vola) =a""Pa for a € E;P"TP(4).

Lemma 2.22 Let (A, W) be a finitely generated E,—cofibrant DGA over k. The
following are equivalent:

(1) The filtered DGA (A, W) admits an r —splitting.
(2) The morphism E,: Auty (A) — Aut(E,(A)) is surjective.

(3) There exists o € k™ (not root of unity) together with an automorphism ® €
Auty (A) such that E,(®) = Y, is the r —bigrading automorphism of E,(A)
associated with «.

Proof By Proposition 2.14, it follows that (1) implies (2). It is trivial that (2) implies
(3). We show that (3) implies (1). Let ® € Auty (A4) be such that E,(P) = .
Consider the multiplicative Jordan decomposition ® = &, - &,,. By [2, Theorem 4.4]
we have that ®g, ®,, € Autyy(A). Since A is finitely generated there is a vector space
decomposition of the form A = A’ & B, where

A = @ AP with A7P"HP .= Ker(ds — o™ TPI)N A"

and B is the complementary subspace corresponding to the remaining factors of
the characteristic polynomial of ®;. Since dA” C A"T! and d®; = ®d, this
decomposition satisfies

d(AP1) c APTH4=T+1 and dB C B.
As in the proof of Proposition 2.20(4), one concludes that B = 0.

To show that WA =P, ., A7I* it suffices to see that A~P* C W,A. For x €
AP TP et ¢ be the smallest integer such that x € W, A. Then x defines a class
x+Wy1A¢€ Er_q’"+q(A), and

Va(x + Wyo1A) =" Hx + Wy_1 A= O(x) + Wy1 A =a""TPx + W,_1A.
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It follows that (¢? —a?)a”"x € Wy;_1A. Since x ¢ W,;_1 A, we have ¢ = p, hence
x € WpA. Since ® is multiplicative we have A7 . AP4" C AP+P4+4" and hence
the above decomposition is an r—splitting of A. |

Based on Sullivan’s formality criterion of [11, Theorem 1], the descent of formality for
morphisms of DGAs is proved in [24, Theorem 3.2]. We follow the same scheme to
characterize the existence of r—splittings of morphisms of filtered DGAs.

2.23 Let f: A— B be a morphism of filtered DGAs. Denote by Auty ( f) the set of
pairs (F4, FB), where F4 € Auty (A) and FB € Auty (B) are such that fF4 =
FB . The set Aut(E,(f)) is defined analogously. We have a map E,: Auty (f) —
Aut(Er(f)). Let k — R be a commutative k—algebra. As in 2.19, the correspondence

R Autyy (f)(R) := Auty (f Qx R)
defines a functor Autyy ( f): alg, — Gr satisfying Auty (f)(k) = Autw (f).

Proposition 2.24 Let f be a map of finitely generated E,—cofibrant DGAs over k .

(1) Autw (f) is an algebraic matrix group over k .
(2) Auty (f) is an algebraic affine group scheme over k represented by Auty (f).

(3) E, defines a map E,: Auty (f) — Aut(E,(f)) of algebraic affine group
schemes.

(4) The kernel N := ker(E,: Auty (f) — Aut(E,(f))) is a unipotent algebraic
affine group scheme over k .

Proof The proof follows analogously to that of Proposition 2.20. O
Lemma 2.25 Let f: A— B be a morphism of finitely generated E, —cofibrant DGAs
over k. The following are equivalent:

(1) The morphism f: A — B admits an r —splitting.

(2) The morphism E,: Auty (f) — Aut(E,(f)) is surjective.

(3) There exists @ € k™ (not root of unity) together ® € Auty (/) such that E,(®) =
Yo is induced by the level-wise r —bigrading automorphism associated with o .

Proof The proof follows analogously to that of Lemma 2.22. O

Theorem 2.26 Let f: A — B be a morphism of finitely generated E,—cofibrant
DGAs over k, and let k C K be a field extension. Then f admits an r—splitting if
and only if fx := f ®k K admits an r —splitting.
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Proof We may assume that K is algebraically closed. If fx admits an r—splitting,
the map Auty (f)(K) — Aut(E1(f))(K) is surjective by Lemma 2.22. From Sec-
tion 18.1 of [26] there is an exact sequence of groups

1 — N(k) — Autyy (f) (k) — Aut(E,(f))(k) > H (K /k,N) — - --

where N is unipotent by Proposition 2.24. Since k has characteristic zero, the group
H'(K /k,N) is trivial (see Example 18.2.e of [26]). This gives the exact sequence

1 — N(k) — Auty (f) - Aut(E1(f)) — 1.

Hence the middle arrow is surjective, and f admits a 1-splitting by Lemma 2.25. O

3 Homotopy theory of mixed Hodge diagrams

In this section we prove the existence of minimal models of mixed Hodge diagrams, as
an adaptation of the classical construction of Sullivan’s minimal models. We then use
Deligne’s splitting of mixed Hodge structures to prove E1—formality for the rational
component of mixed Hodge diagrams.

3.1 Mixed Hodge diagrams

Throughout this section we let / = {0 — 1 <~ 2 — --- < s} be a finite category of
zig-zag type and fixed length s. The following is a multiplicative version of the original
notion of mixed Hodge complex [8, 8.1].

Definition 3.1 A mixed Hodge diagram (of DGAs over Q of type I ) consists of:
(i) A filtered DGA (Ag, W) over Q.
(i) A bifiltered DGA (Ac, W, F) over C.
(iii) An E1—quasi-isomorphism ¢y: (A;, W) — (A, W) over C, foreach u: i — j
of I, with Ag = Ag ® C and A; = Ac.

In addition, the following axioms are satisfied:

(MHp) The weight filtrations W are regular and exhaustive. The Hodge filtration F
is biregular. The cohomology H(Agq) has finite type.

(MH;) For all p € Z, the differential of GrII;VAC is strictly compatible with F'.

(MH3) Forall n>0 and all p € Z, the filtration F induced on H ”(GrII)'VA(c) defines
a pure Hodge structure of weight p +n on H "(GrIV,VAQ).
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Such a diagram is denoted as

A= ((Ag. W) <> (Ac. W, F)).

Note that axiom (MH» ) implies that for all n > 0 the triple (H"(Ag),DecW, F) is a
mixed Hodge structure over Q.

Definition 3.2 A pre-morphism f of mixed Hodge diagrams from A to B consists of:

(i) A morphism of filtered DGAs fg: (Ag, W) — (Bg, W) over Q.
(i1) A morphism of bifiltered DGAs fc: (Ac, W, F) — (B¢, W, F) over C.

(iii) A family of morphisms of filtered DGAs f;: (4;, W) — (B;, W) over C, for
eachi eI, with fo = fo ® C and f; = fc.

Definition 3.3 A pre-morphism f is said to be a quasi-isomorphism if fg, fc and
fi are quasi-isomorphisms (the induced morphisms H*( fg), H*(f;) and H*(fc)
are isomorphisms).

The following result is an easy consequence of [8, Scholie 8.1.9], stating that the
spectral sequences associated with the Hodge and the weight filtrations degenerate at
the stages E1 and E», respectively.

Lemma 3.4 Let f be a quasi-isomorphism of mixed Hodge diagrams. Then fq
and f; are E|—quasi-isomorphisms and fc is an E1 ¢—quasi-isomorphism (the in-
duced morphisms E»(fg), E»(f;) foralli € I and E2(Gr1} fc) forall p € Z are
isomorphisms).

Definition 3.5 A morphism of mixed Hodge diagrams f: A — B is a pre-morphism
such that for all u: i — j of I the diagram

A

(A, W) —2 (45, W)

|

Pu
(Bi.W) — (B, W)
commutes. We denote such a morphism by f: A — B.
Denote by MHD the category of mixed Hodge diagrams over QQ of a fixed type / and

by Ho(MHD) the localized category of mixed Hodge diagrams with respect to the class
of quasi-isomorphisms. By Lemma 3.4, the forgetful functor Ug: MHD — FDGA(Q)
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defined by sending every mixed Hodge diagram A to the filtered DGA (Ag., W) sends
quasi-isomorphisms of mixed Hodge diagrams to E1—quasi-isomorphisms of filtered
DGAs. Hence there is an induced functor

Ug: Ho(MHD) — Ho; (FDGA(Q)).

For the construction of minimal models, we shall need a broader class of maps between
mixed Hodge diagrams, defined by level-wise morphisms commuting only up to 1—
homotopy.

Definition 3.6 A ho-morphism of mixed Hodge diagrams is a pre-morphism f to-
gether with a family of 1-homotopies (see Definition 2.6) Fy: quo;:l ~ gof fi for all
u: i — j of I, making the diagram

(Ai, W) —2 (4, W)
f’l X jf’
(Bi, W) —2“~ (B}, W)

1-homotopy commute. We denote such a ho-morphism by f: 4 » B.

In general, ho-morphisms cannot be composed. Therefore unlike (strictly commutative)
morphisms, they do not define a category. However, homotopy classes of ho-morphisms
between minimal cofibrant define a category (see [6]).

We next introduce the mapping cone of a ho-morphism of mixed Hodge diagrams and
show that under the choice of certain filtrations, the mapping cone is a mixed Hodge
complex.

Definition 3.7 Let f: A — B be a morphism of filtered DGAs. The r—cone of f is
the filtered complex C,(f) defined by

W,Cr(f) =Wy, A"t @ W,B", with d = (—da, f(a) + db).
For a bifiltered morphism f: A — B, the (r,s)—cone C,s(f) is defined analogously:
W, F1C,(f) = Wy, FIT5 A"t @ W, F1B",

3.8 Let f: A~ B be aho-morphism of mixed Hodge diagrams. For each u: i — j
of I, the 1-homotopy of filtered DGAs Fy,: A; — P1(B;) from fjp2 to ¢B f; of
the ho-morphism f gives rise to a homotopy

1
Wp/ Fui WpAl' —> WP_HBJ'[—I]
0
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at the level of underlying complexes of vector spaces (see [13, Section 11.1]). This
allows us to define filtered morphisms go,{ : C1(fi) = C1(f;) by letting

1
@b)> (w,f(a),w,f b)+ / Fu(a)).
0

Definition 3.9 The mixed cone of a ho-morphism f: A » B of mixed Hodge dia-
grams is the diagram of filtered complexes given by

f
C(f) = ((€1(f@). W) <= (Crolfe). W, F)).

Lemma 3.10 (cf [23, Theorem 3.22]) Let f: A ~ B be a ho-morphism of mixed
Hodge diagrams. The mixed cone of f is a mixed Hodge complex.

Proof Consider the commutative diagram with exact rows:

0— B; — C(fi) Ai[1] 0

wa lwi lwﬁ

0—— Bj —= C(f;) —= A;[1I] —=0

By the five lemma, (p,fr is an E—quasi-isomorphism. Condition (MHyg) is trivial. For
all p e Z,
Gr)C(fc) =Gy Ac[l]@® Gr) Bc.

Hence at the graded level, the contribution of fc to the differential of C( fc) vanishes.
Therefore we have a direct sum decomposition of complexes compatible with the Hodge
filtration F', and (MH;) and (MH,) follow. O

3.2 Minimal models

The following technical results will be of use for the construction of minimal models
of mixed Hodge diagrams. Let us first recall Deligne’s splitting [7, 1.2.11]; see also
Griffiths and Schmid [14, Lemma 1.12]. This is a global decomposition for any given
mixed Hodge structure, which generalizes the decomposition of pure Hodge structures.

Lemma 3.11 [7,1.2.11] Let (V, W, F) be a mixed Hodge structure defined over k .
Then Vo =V ® C admits a direct sum decomposition V¢ = EBp’q 179 such that
the filtrations W and F defined on V¢ are given by

WnVe= @ 174 and F've=@pI174.
ptq<m p=l

The above decomposition is functorial for morphisms of mixed Hodge structures.
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Lemma 3.12 Let A be a mixed Hodge diagram.

(1) There are sections 06: H"(Ag) — Z"(Aq) and o': H"(A;) — Z"(A;) of
the projection, which are compatible with the weight filtration W .

(2) There exists a section o:: H"(Ac) — Z"(Ac) of the projection, which is
compatible with both filtrations W and F .

Proof Since the differential of Ag is strictly compatible with the filtration DecW,

there is a section og: H" (Ag) — Z"(Ag) compatible with DecW . Since
DecW, H" (Aq) = Wp—n H" (AgQ),

the map og is compatible with W. For o; the proof is analogous. This proves (1).

Let us prove (2). Since (H"(Ag),DecW, F) is a mixed Hodge structure, by Lemma
3.11 there is a direct sum decomposition H" (Ac) = € 17+ with

such that

Wi H" (Ac) = DecWinin H"(Ac) = €D 179 and F'H"(Ac)=EPH 174

p+q p>l
<m+n

Therefore it suffices to define sections o?-2: 179 — Z"(Ac). By [8, Scholie 8.1.9],
the four spectral sequences

E1(Gr>*V A, F) == E (A, DecW)

| =

E(Gry Ac,DecW) ——= E(Ac. F)

H(K)

degenerate at Ej. It follows that the induced filtrations in cohomology are given by
DecW, F1H" (Ac) = Im{H" (DecW,F1Ac) - H" (Ac)}.
Since 179 C DecWy 4 FPH" (Ac), we have 0?9 (179) CDecW), 4 F? Ac . Define
oc:=@o?4: H"(Ac) — Ac.
For the weight filtration, we have

ot(WmH"(Ac)) = @ 0?97 C @) DecWpigAg C Win AR
p+g<m+n p+qg<m-+n
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Therefore o¢ is compatible with W . For the Hodge filtration, we have

ol (F'H"(A¢)) = o179 C Y FPAc C F'Ac.
p=l p=l

Therefore o¢ is compatible with F'. a

Definition 3.13 A mixed Hodge diagram A is called O—connected if the unit map
n: Q — Ag induces an isomorphism Q =~ H%(Aq).

Definition 3.14 A mixed Hodge DGA is a filtered DGA (A, W) over Q, together with
afiltration F on Ac := A®q C, such that for each n > 0, the triple (A", DecW, F) is
a mixed Hodge structure and the differentials d: A" — A”*! and products A" ® A™ —
A"t are morphisms of mixed Hodge structures.

The cohomology of every mixed Hodge diagram is a mixed Hodge DGA with trivial
differential. Conversely, since the category of mixed Hodge structures is abelian [7,
Theorem 2.3.5], every mixed Hodge DGA is a mixed Hodge diagram in which the
comparison morphisms are identities. We will show that every O—connected mixed
Hodge diagram is quasi-isomorphic to a mixed Hodge DGA satisfying the following
minimality condition.

Definition 3.15 Let (A, W, F) be a mixed Hodge DGA. A mixed Hodge extension
of A of degree n is a mixed Hodge DGA A ®¢ A(V'), where (V, W) is a filtered
graded module concentrated in pure degree n and &: V — A is a linear map of
degree 1 such that d o £ = 0 and §(W,V) C W,_1 A. In addition, the vector space
V ® C has a filtration F compatible with £ making the triple (V,DecW, F) into a
mixed Hodge structure. The differentials and filtrations on A ® ¢ A(V') are defined by
multiplicative extension. Such an extension is said to be minimal if A is augmented
and £(V)C At-AT.

Definition 3.16 A mixed Hodge DGA is said to be minimal if it is the colimit of a
sequence of minimal mixed Hodge extensions starting from the base field Q endowed
with the trivial mixed Hodge structure.

Thus every minimal mixed Hodge DGA is a Sullivan minimal E;—cofibrant DGA.
To construct minimal models for O—connected mixed Hodge diagrams, we adapt the
classical step by step construction of Sullivan minimal models for 0—connected DGAs.

Theorem 3.17 For every O—connected mixed Hodge diagram A, there exists a minimal
mixed Hodge DGA M together with a ho-morphism p: M ~> A that is a quasi-
isomorphism.
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Proof We will define inductively over n > 1 and ¢ > 0 a sequence of mixed Hodge
DGAs M(n,q) together with ho-morphisms p(n,q): M(n,q) ~> A satisfying the
following conditions:

(a1,0) M(1,0) = Q has a mixed Hodge structure defined by the trivial filtrations.

(an,q) If g>0,then M(n,q)=M(n,q—1)®¢A(V) is aminimal extension of degree
n. The morphism p(n, q)a: H'(M(n,q)) — H'(Ag) is an isomorphism for
all i <n, and the morphism i*: H"(C(p(n,q —1))) = H"(C(p(n,q))) is
trivial.

(an,o) If n>1,then M(n,O0) is the colimit of a sequence
~CMn-1l,9)CcMn—1,q+1)C---

and the map p(n,0): M(n,0) » A is the induced ho-morphism.

Then the mixed Hodge DGA M =|J,, M (n, 0), together with the induced ho-morphism
p: M ~> A will be the required quasi-isomorphism.

Assume that we have constructed a minimal mixed Hodge DGA M=M (n,g—1)
and a ho-morphism p = p(n,q — 1) ~> A satisfying (a,,4—1). Consider the filtered
vector spaces of degree n given by

Vo=H"(Ci(P)). Vi=H"(Ci(5;)) foriel and Vg =H"(Cro(Bc).

By Lemma 3.10 the mixed cone C(p) is a mixed Hodge complex. Hence we have
filtered isomorphisms

Vo W)@C = (V;, W)= (Vc. W)

making the triple (Vg, DecW, F) into a mixed Hodge structure. By Lemma 3.12 there
are sections og: Vo — Z"(C1(pg)) and o;: V; = Z"(C1(p;)) compatible with W,
together with a section o¢: Vo — Z"(C1(pc)), compatible with W and F. Define
filtered DGAs

Mg =Mo®A(Vg), M;=M;®A(V;) foriel and Mc =Mc®A(Vc).

The corresponding filtrations are defined by multiplicative extension. The sections
0@, 0; and oc allow us to define differentials such that d(W, Vo) C Wp—1 Mg, MET! and
d(FPV¢)C F‘1M”Jrl and maps pg: Mg — Aq, pi: M; — A; and pc: MC — Ac
compatible with the corresponding filtrations. Since, by hypothesm M@ is generated
in degrees less than or equal to 7, it follows that d Vo C M M M(J!f .
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Since M, is Ej—cofibrant, by Theorem 2.12, for every solid diagram

M; - bu, M;

pil |

A -2 4

there exists a morphism ¢,: M; — M together with a 1-homotopy R, from p;¢g, to
@upi . Since the M; are minimal, ¢, is an isomorphism. Hence we can transport the
filtrations F' of Mc to Mg ® C. Let M(n,q) = Mg . The morphisms pg and pc¢y,
together with the homotopies R,, define a ho-morphism p: M(n, g) »> A satisfying
(an,q). This ends the inductive step. a

To construct minimal models of morphisms of mixed Hodge diagrams, we adapt the
classical construction for morphisms of DGAs (see [10, Section 14]).

Definition 3.18 A relative minimal mixed Hodge DGA is given by an inclusion M <
M of mixed Hodge DGAs where M = M ® A(V') is a colimit mixed Hodge extensions
of M satisfying

d(WpV) CWy_i (MT @ A(V)) ® Wp—1 (M @ AZ2V).

Theorem 3.19 For every morphism f: A — B of O—connected mixed Hodge di-
agrams, there exists a relative minimal mixed Hodge DGA f: M — M, with M
minimal, and a commutative diagram

S

A—— B

b b

where the vertical ho-morphisms are quasi-isomorphisms.

Proof We proceed inductively over n > 1 and g > 0 as follows. By Theorem 3.17 there
is a minimal mixed Hodge DGA M and a quasi-isomorphism p: M ~> A. As a base
case for our induction, we take M (1,0) = M and p(1,0) = fp. Assume inductively
that we have constructed a relative minimal mixed Hodge DGA f(n,q —1): M —
A?(n, g — 1) together with a quasi-isomorphism p(n,q — 1): A?(n, qg—1)~ B. The
inductive step follows as in Theorem 3.17, by taking a mixed Hodge extension defined
via the mixed cone of the ho-morphism p(n,g — 1). The ho-morphism

p/:=U,6'(n,0):1\7:=U1\7(n,0)wA,
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together with the inclusion f ‘M —> M, give the required commutative diagram. O

3.3 Formality of mixed Hodge diagrams

We next show that Deligne’s splitting of mixed Hodge structures induces a 1—splitting
of (A, W) ®q C, for any given mixed Hodge DGA (A4, W, F) such that (4, W) is
Ej—cofibrant. By the results of Section 2, this descends to a 1—splitting of (A4, W)
whenever (A, W, F) is a minimal mixed Hodge DGA of finite type. Together with the
existence of minimal models, this proves E1—formality for the rational component of
O—connected mixed Hodge diagrams with finite homotopy type. We actually prove
these results for morphisms of such objects.

Lemma 3.20 (cf [21, Theorem 9.6]) Let f: A — B be a morphism of mixed Hodge
DGAss of finite type and let fc := f ®q C. Then Dec fc admits a 0—splitting over C.
Furthermore, if A and B are E1—cofibrant, then fc admits a 1—splitting over C .

Proof Since for all n > 0, the triple (A", DecW, F) is a mixed Hodge structure, by
Lemma 3.11 we have functorial decompositions

=17, with DecWn A = 5 177,
ptg=m
Since the differentials and products of A are morphisms of mixed Hodge structures, we
have d(17*?) C 1734 and 179177 C [P P979 Thenthe AP P =@, I, 7"
define a O-splitting of the filtered DGA (Ac,DecW). Apply the same argument to
define a O-splitting for Bc =& BP"~P. Since Dec f: DecA — DecB is a morphism
of graded mixed Hodge structures and Deligne’s splittings are functorial, the morphism

Dec fc is compatible with these O0—splittings.

For E;—cofibrant DGAs, the décalage functor has an inverse defined by shifting the
weight filtration. Indeed, if A is E—cofibrant, by Lemma 2.11 we have W,A" =
DecW),+, A™ . Then the APM=P .= AP=M:21=D (define a 1-splitting of A with respect
to the filtration W . The same argument applies to B. The map fc is compatible with
these 1-splittings. |

Lemma 3.21 Let f: M — M be a relative minimal mixed Hodge DGA, with M
minimal. If M and M have finite type then f admits a 1 —splitting over Q.

Proof Let , M denote the subalgebra of M generated by M =". Likewise, denote by
tn M the subalgebra of M generated by M ="*1 + M="_ The minimality conditions
on M and f ensure that both 7, M and t, M are stable under the differentials. Hence
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tnM and t, M are filtered sub-DGAs of M and M respectively. Denote the restriction
of fbytyf:taM —t,M. Then f can be written as the inductive limit of #, f over
n > 0. Since f is a morphism of Ej—cofibrant DGAs of finite type, it follows that:
Q) thf:thM — znl\? is a morphism of E—cofibrant finitely generated DGAs.
(ii) ¢, f is stable under the automorphisms of f: there is a map Aut(f, W) —
Aut(t, f, W).
(iii) There is an inverse system of groups (Aut(#, f, W)), and an isomorphism of
groups
Aut( f, W) — lim Aut(z, f, W).
<~

Since t,(f ® C) ¢, f ® C, Lemma 3.20 implies that the morphisms #, f ® C inherit
1—splittings. Hence the morphisms #, f admit 1-splittings by (i) and Theorem 2.26.
It suffices to show that the 1-splittings of ¢, f allow us to define a 1-splitting of f .
This follows as in the proof of Theorem 6.2.1 of [17], using properties (ii) and (iii). O

Definition 3.22 We say that a mixed Hodge diagram A has finite homotopy type if
there exists a quasi-isomorphism M ~> A where M is a minimal mixed Hodge DGA
of finite type.

Theorem 3.23 The rational component of every morphism f: A— B of O—connected
mixed Hodge diagrams with finite homotopy type is E1—formal.

Proof By Theorem 3.19 there exists a minimal model f M — M of f. By as-
sumption both M and M have finite type. By Lemma 3.20, f(c admits a 1-splitting.
Therefore f@ admits a 1-splitting by Lemma 3.21. We obtain a commutative diagram

(Ag.d. W) <—— (Mg.d, W) —= (E1(Mg).d1, W) — (E1(Ag@).d1. W)
Lf@ lf@ lEl(fO) lEl(f@)
(Bg.d. W) <—— (Mg.d. W) —== (E\(Mg).d1. W) —— (E1(Bg).d1. W)
where the horizontal arrows are E—quasi-isomorphisms. |

The previous result can be restated in terms of a formality property for the forgetful
functor
Ug: Ho(MHD™") — Ho; (FDGA"(Q))

defined by sending every O—connected mixed Hodge diagram with finite homotopy
type to its rational component.

Corollary 3.24 There is an isomorphism of functors E1 o U(g ~ U(g.
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4 Mixed Hodge theory of complex algebraic varieties

We review Navarro’s functorial construction of mixed Hodge diagrams associated with
complex algebraic varieties within the context of cohomological descent categories
and the extension criterion of functors of Guillén and Navarro [15]. Together with
Theorem 3.23, this will lead the main result of this paper.

4.1 Mixed Hodge diagrams associated with algebraic varieties

Let us recall the notion of a cubical codiagram in a given category D [15, Section 1].
The non-empty parts of a non-empty set .S, ordered by the inclusion, define a category
Ogs. Every inclusion of sets u: S — T induces a functor [,,: (0g — 7 defined
by Oy (a) = u(a). Denote by II the category whose objects are finite products of
categories s and whose morphisms are the functors associated to injective maps in
each component. A cubical codiagram of D is a pair (X, ) where [ is an object of
IT and X: OO — D is a functor.

The Thom—Whitney simple functor defined by Navarro in [22] for strict cosimplicial
DGA:s is easily adapted to cubical codiagrams of DGAs (see [15, 1.7.3]).

Given a non-empty finite set .S, denote by Lg the DGA over k of smooth differential
forms over the hyperplane of the affine space A% , defined by the equation Y osests=1.

For r > 0, let o[r] be the increasing filtration of Lg defined by letting 5 be of pure
weight 0 and dts of pure weight —r, for every generator z; of degree 0 of Lg, and
extending multiplicatively. For every filtered DGA (A, W), we have a family of filtered
DGAs L'G(A) indexed by r > 0:

W,Ls(A) := @ (olrlyLs & Wp—g A).
q

Definition 4.1 The r—Thom—Whitney simple of a cubical codiagram of filtered DGAs
A = ((A, W)*) is the filtered DGA s7.y;, (A4, W) defined by the end

Wy (A) = / P (olrlgLa ® Wp—g A%).
Y q

For a cubical codiagram of bifiltered DGAs A = ((4, W, F)%*), the (r,0)-Thom—
Whitney simple is defined analogously:

Wy FIs79,(A) = / P olrliLe ® W,_ F14%).
o
l
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Definition 4.2 Let A be a cubical codiagram of mixed Hodge diagrams. The Thom—
Whitney simple of A is the diagram of DGAs

s(p)
stw(A) = <S%~W(AQ, W) <—=> s;i(;V(A((j, W, F))

Theorem 4.3 The category of mixed Hodge diagrams MHD with the Thom—Whitney
simple functor sTw and the class of quasi-isomorphisms is a cohomological descent
category.

Proof The Thom—Whitney simple of a cubical codiagram of mixed Hodge diagrams is
a mixed Hodge diagram. Indeed, it suffices to prove that the associated functor of strict
cosimplicial objects is a mixed Hodge diagram. This follows from [22, 7.11]. Consider
the functor Ug: MHD — DGA(Q) defined by sending every mixed Hodge diagram A
to the DGA Ag over Q. This functor commutes with the Thom—Whitney simple. The
class of quasi-isomorphisms of mixed Hodge diagrams is obtained by lifting the class
of quasi-isomorphisms of DGAs. By [15, Proposition 1.7.4] the category of DGAs
admits a cohomological descent structure. Hence by [15, Proposition 1.5.12], this lifts
to a cohomological descent structure on MHD. O

Denote by Sch(C) the category of complex reduced schemes that are separated and of
finite type. In what follows, MHD is the category of mixed Hodge diagrams indexed
by I ={0—>1<«2— 3}.

Theorem 4.4 [22, Section 9] There exists a functor Hdg: Sch(C) — Ho(MHD)
satistying the following conditions:
(1) The rational component of Hdg(X) is Ag(X) = Ag,(X*™; Q).

(2) The cohomology H(Hdg(X)) is the mixed Hodge structure of the cohomology
of X.

Proof Denote by V2(C) the category of pairs (X, U), where X is a smooth projective
scheme over C and U is an open subscheme of X such that D = X — U is a normal
crossings divisor. By [22, Theorem 8.15] there is a functor Hdg: V?(C) — MHD
such that:

(1') The rational component of Hdg(X,U) is Ag(U) = As, (U*™; Q).

(2’) The cohomology H (Hdg(X, U) is the mixed Hodge structure of the cohomology
of U.
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By Theorem 4.3 the Thom—Whitney simple endows the category of mixed Hodge
diagrams with a cohomological descent structure. For every elementary acyclic diagram

F.0n¥) L= (X.0)

| |
(Y,UNY) —— (X, U)
of V2(C), the mixed Hodge diagram Hdg(X, U) is quasi-isomorphic to the Thom—

Whitney simple of the mixed Hodge diagrams associated with the remaining compo-
nents. Therefore the functor

Hd
V2 =25 MHD > Ho(MHD)

satisfies the hypothesis of Theorem 2.3.6 of [22] on the extension of functors. O

4.2 Formality

Theorem 4.5 Let f: Y — X be a morphism of complex algebraic varieties. If X
and Y are nilpotent spaces, then the rational E1-homotopy type of f is a formal
consequence of the first term of spectral sequence associated with the weight filtration:
there exists a diagram

(AQ(X), W) <— (Mx, W) —— (E1(40(X)), W)
j fo l fo l E1(fo)
(AQ(Y). W) <= (My. W) —— (E1(Ao(Y)). W)
which commutes in the homotopy category Ho1 (FDGA(Q)).
Proof By Theorem 4.4 there is a functor Hdg: Sch(C) — Ho(MHD) whose rational
component is the Sullivan—de Rham functor X - Ag(X) = Ag,(X*"; Q). In addition,

for a nilpotent space X, the minimal model of Ag(X) has finite type. The result
follows from Theorem 3.23. m|

The previous result can be restated in terms of a formality property for the composite
functor

. . Hd U
AR Seh™ (C) —=> Ho(MHD"") —> Ho, (FDGA(Q))

defined by sending nilpotent complex algebraic varieties to their Sullivan—de Rham
algebra endowed with the multiplicative weight filtration.
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Corollary 4.6 There is an isomorphism of functors E1 o ABI =~ A&l.

Remark 4.7 The above formality property is concerned only with the weight filtration,
and does not provide any formality statement for the mixed Hodge structures involved.
In fact, there exist examples for which the mixed Hodge structures on the rational
homotopy groups are not a formal consequence of the mixed Hodge structures on
cohomology (see Carlson, Clemens and Morgan [5]). Note as well that the nilpotence
condition ensures that the minimal models have finite type, and hence one can apply
descent from C to Q.

S An application: The Hopf invariant

The Hopf invariant of algebraic morphisms f: C2\ {0} — IP’& has been long studied
using various techniques. Here we study this discrete invariant in the context of
algebraic geometry, using Theorem 4.5 and intersection theory. The results of this
section easily generalize to morphisms f: C"*1\ {0} — P&, for n > 1. However, for
the sake of simplicity, we shall only develop the case n = 1.

5.1 The Hopf invariant

We first recall Whitehead’s definition of the Hopf invariant in the context of differential
forms and show that it can be computed in the context of rational homotopy, via Sullivan
minimal models.

Consider a differentiable map f: S3 — S2. Denote by f*: Agr(S?) — Agr(S?) the
induced morphism of algebras. Choose fundamental classes [S?] and [S?3] together
with normalized volume forms w, and w3z of S? and S respectively, satisfying
[s2 w2 = [43 w3 =1. Let 6 be a one-form in Aqr(S?) such that /*(w,) =d6. The
Hopf invariant of f is defined by

H(f):z/SSQAdG.

While the definition of H( f) is independent of the choice of 6 and the orientation of
S2, it does depend on the choice of orientation of S3. Homotopic maps have the same
Hopf invariant. Geometrically, H( f) is given by the linking number of pre-images of
two distinct regular values of f. In particular it is always an integer number, and it
defines a homomorphism H: w3 (Sz) — 7 (see Bott and Tu [3, Section 18]).

5.1 We define the normalized minimal model of a continuous map f: S3 — S? as
follows. Let M(S?) = A(a, B) be the free Q—DGA generated by « in degree 2 and 8 in
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degree 3 with differentials do =0 and d 8 = a?. The morphism py: M(S?)— Ag(S?)
defined by sending « to the volume form wy of S is a Sullivan minimal model of
S2. Likewise, let M(S3) = A(y) be the free Q—DGA generated by y in degree 3
with trivial differential. The morphism p3: M(S3) — Ag(S?) defined by sending y
to the volume form w3z of S3 is a Sullivan minimal model of S3. By dimensional
arguments, every possible morphism ]a: M(S?) — M(S?) is of the form o +— 0 and
B+ A-y,with A € Q. Furthermore, any two such homotopic morphisms coincide.
The map fl is a minimal model of f* if and only if the diagram

Ag(8?) —L = Ag(S?)

alo= e
M(52) —— M(S?)

A

commutes up to homotopy. In such case we say that the above diagram is a normalized
minimal model of f* with respect to the chosen volume forms. Note that as in the
definition of the Hopf invariant, the sign of A depends on the choice of orientation
of S3.

Proposition 5.2 Let f: S3 — S? be a differentiable morphism. Then ﬁ is a normal-
ized minimal model of f* ifand only if H(f) = A.

Proof Let 6 be a one-form of Aq(S?) satisfying df = f*(w,). Define a homotopy
h: M(S?) — Ag(S3) ® A(t,dt) by letting h(e) = d(6-t) and h(B) = Aw3(1 —12).
Then §°h = p3 o ﬁ and §'h = f* o py. For h to be a morphism of DGAs, it is
necessary and sufficient that s («)? = dh(B). This is the case only when d6 -6 = Aws.
We have H(f) = [¢3d0-0 = [¢3 Aws = . O

5.2 Weight spectral sequence

We study the rational homotopy type and the Hopf invariant of certain algebraic
morphisms of complex algebraic varieties, via the weight filtration.

Definition 5.3 Let f: C2\ {0} — IP’é be a morphism of complex algebraic varieties,
and i: S3 < C?\ {0} denote the inclusion. We call H(f oi) the Hopf invariant of f .
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Consider the smooth compactification U := C?\ {0} — X := P2 into the blown-up
complex projective plane at the origin. We have a diagram

|z
PL —=P2 <P}

]
Pl — P2 < {0}

oo

where IP’;O and P }15 are complex projective lines denoting the hyperplane at infinity
and the exceptional divisor respectively. The cohomology ring of P2 is given by

H*(P%,Q) = Q{a,b), with a-b=0and a? = —b>,

where a = ix1oo and b = j«1g denote the classes of Pc}o and P }5 The cohomology
ring of the complement D := IP’(% ~U=PLUP }5 can be written as

H*(D:Q)=Q(x,y), with x-y=0, x>=0and y> =0,
where x and y denote the classes of a point in IP’;O and P }15 , respectively.

The differentials and products of the weight spectral sequence can be computed in the
Chow rings, using intersection theory. We will use the following result (see Fulton [12,
Proposition 2.6]).

Proposition 5.4 Let j: D — X denote the inclusion of a Cartier divisor D on a
scheme X .

(a) Ifaisacycleon X, then j«j*a =c1(Ox(D)) Na.
(b) Ifa isacycleon D, then j*ji«o = c1(Np)Na, where Np = j*(Ox(D)).

The first Chern classes associated with the morphisms i and j above are given by

c1(Ox(Py)) =a, c1(Ox(PE))=b, ci(Noo)=x and c1(Ng)=—).
Using Proposition 5.4 we obtain the intersection products
looa:=i*a=i%ix1loo=¢1(Noo)=x and 1g-b:=j*b=j*jslg=c1(Ng)=—y.
Since P, NPL = @, it follows that 1o b =0 and 1g -a =0.

With these results we can write the first term of the weight spectral sequence associated
with the compactification U < P2. By definition the only non-trivial terms are

EYI(U)=HI(P%Q) and E;(U)=HI(D:Q),
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and the differentials di: H4-2(D) — H4(P?) are given by the Gysin morphisms ix
and jx.Let u =l and v =1g. Since x =u-a and y = —v -b, we can write

E}*(U)=A(.v,a.b)/R

as the quotient of the free bigraded algebra generated by u and v of bidegree (—1,2),
and a and b of bidegree (0, 2), by the ideal of relations

R = (uv,ub,va,a®+ b?,ab).
The differential is defined on the generators by du = a, dv =b and da = db = 0.

Since P(é is smooth and compact the first term of the associated weight spectral
sequence satisfies

EY(PL) = HI(P{;Q) and E;P9(PL)=0 for p #0.

Therefore we can write
E](PE) = Ala)/o?

as the quotient of the free bigraded algebra generated by « in bidegree (0,2) by the
ideal (?), and with trivial differential.

Proposition 5.5 Let f: U :=C?\ {0} — IP’& be a morphism of complex algebraic
varieties extending to a morphism g: ]P’é — IP’((l: .

(1) There exists a unique ¢ € 7 such that E1(g): El(IP’(é) — E1(U) satisties
ar>elatbh).

(2) Themap f: M(S%)— M(S?) given by B +> €2y defines a normalized minimal
model of f*.

(3) The Hopf invariant of f is H(f) = 2.

Proof By dimensional arguments, any morphism E;(g): E 1(1%) — E1(U) can be
written as « > g1a + e2b, where &; € Q. The compatibility condition for a? = 0
implies that 1 = +&5. The weight spectral sequence associated with a compactification
is defined over Z. Hence, E;(g) is defined over Z, and (1) follows. Let us prove (2).
Define a quasi-isomorphism p: M(S?) — E; (IP’&) by letting p(«) =« and p(B) = 0.
Likewise, define a quasi-isomorphism p’: M(S3) — E1(U) by p'(y) = ua +vb. The
map h: M(S?) — E1(U) ® A(t,dt) defined by h(a) = e(a £ b)t —e(u £ v) dt and
h(B) = &2 - (ua + vb)(1 —t?) is a homotopy from p’ o f to E1(g) o p. Hence ]7 isa
minimal model of E;(g). By Theorem 4.5 this defines a normalized minimal model
of f*. This proves (2). Assertion (3) follows from Proposition 5.2. O
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Example 5.6 Letg>1,andlet f: U — P(é be the morphism defined by (x¢, x1) —
[xg : x{]. For ¢ = 1, this morphism is the Hopf fibration. Then f extends to a
morphism g: ﬁé — IP’(é. The induced morphism at the level of spectral sequences
Eq(g): El(IP’é) — E1(U) is given by @ + ¢(a — b). Indeed, the pre-image g_l(p)
of a point p is a family of ¢ lines that intersect both P 11; and PL ata point in IP’é . We
find that H(f) = ¢?. In particular we recover the well-known result that H(f) = 1
for the Hopf fibration.
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