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Segal-type algebraic models of n—types

DAVID BLANC
SIMONA PAOLI

For each n > 1, we introduce two new Segal-type models of n—types of topological
spaces: weakly globular n—fold groupoids and their lax version. We show that any
n—type can be represented up to homotopy by such models via an explicit algebraic
fundamental n—fold groupoid functor. We compare these models to Tamsamani’s
weak n—groupoids, and extract from them a model for (k—1)—connected n—types.

55545; 18G50, 18B40

1 Introduction and summary

Many homotopy invariants of a topological space 7', such as its homotopy, homology
and cohomology groups, are graded by dimension so that we do not need to know all
of T to determine 7,7, H,T or H"(T; G), but only a skeleton or Postnikov section
of T'. Thus, for many purposes a good first approximation to homotopy theory is the
study of n—types: spaces T whose homotopy groups m (7T, #y) vanish for k > n.

One advantage of such approximations is that they have algebraic models: the classical
example is the homotopy category of connected 1-types, which is equivalent to the
category of groups. More generally, all 1-types are modeled by groupoids via the
fundamental groupoid functor 771: Top — Gpd.

The arrows of 77T are homotopy classes of paths, so higher-order approximations
should encode higher homotopies (see Grothendieck [32]), and thus involve higher
categorical structures.

Many such structures have been shown to model the homotopy category hoP” Top of n—
types of topological spaces: in the path-connected case, these include the cat” —groups of
Loday [38], the crossed n—cubes of Ellis and Steiner [28] and Porter [43], the n—hyper-
crossed complexes of Carrasco and Cegarra [21], and the weakly globular cat” —groups
of Paoli [42]. Special models exist for n = 2, 3, starting with the crossed modules
of Mac Lane and Whitehead [39], and including the homotopy double groupoids
of Brown, Hardie, Kamps and Porter [16], the homotopy bigroupoids of Hardie,
Kamps and Kieboom [33], the strict 2—groupoids of Moerdijk and Svensson [41],
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the double groupoids of Cegarra, Heredia and Remedios [22], the double groupoids
with connections of Brown and Spencer [18], the Gray groupoids of Leroy [37],
Berger [10] and Joyal and Tierney [36], and the quadratic modules of Baues [4]. In
the general case, such models include Batanin’s higher groupoids (see Batanin [3]
and Cisinski [23]), the n—hypergroupoids of Glenn [30], and Tamsamani’s weak n—
groupoids (see Tamsamani [48] and Simpson [47]).

In this paper we discuss three algebraically defined categories of Segal-type objects
which can be used to model all n—types of topological spaces. All three are full subcat-
egories of the category [A*1", Gpd] of (n—1)—fold simplicial objects in groupoids.

1.1 The three models The first is the known category Tam” of Tamsamani weak n—
groupoids. The second is a new category Gpd;’,g of weakly globular n—fold groupoids.
This is a full subcategory of the category Gpd” of n—fold groupoids (iteratively defined
as groupoids internal to Gpd”~!). The third is another new category Pstd@g of
weakly globular pseudo n—fold groupoids.

To grasp the idea behind these notions, it is useful to consider another higher categorical
structure which embeds in all three of the above, the category n—Gpd of strict n—
groupoids (iteratively defined as groupoids enriched in (n—1)-Gpd).

There are full and faithful inclusions:

PsGpdy,

w
N

n—Gpd

(1-2) Gpdy,

The category n—Gpd admits a multi-simplicial description as the full subcategory of
those (n—1)—fold simplicial objects X € [A*~1", Gpd] satisfying the following:

(1) Xél) € [A"2", Gpd] and Xl(.lq.’i'(')’r’”) e [A""=2" Gpd] are discrete — that is,

constant multi-simplicial sets — for all 1 <r <n — 2. Here we use the notation

of Section 2.6(b).

(i) The Segal maps (see Definition 2.3 below) in all directions are isomorphisms.

In addition, we require that after applying mo: Gpd — Set in each simplicial dimension
we obtain a strict (n—1)-groupoid.
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Segal-type algebraic models of n—types 3421

The sets in (i) corresponds to the set of r—cells (1 <r <n—2) in the strict n—groupoid.
By (ii), their composition is associative and unital.

Condition (i) is also called the globularity condition, since it determines the globular
shape of the cells in a strict n—groupoid. For instance, when n = 2 we can picture the

2—cells as globes:
S
7N
\g/

Although strict n—groupoids have applications in homotopy theory, especially in their
equivalent form of crossed n—complexes (see Brown, Higgins and Sivera [17]), they
cannot model all n—types of topological spaces (see Simpson [46, Section 5] for a
counterexample in dimension 3). Therefore, we must relax the strict structure in order
to recover all n—types.

We consider three approaches to this:

(a) In the first approach, we preserve condition (i) and relax (ii), by allowing the
Segal maps to be suitable iteratively defined equivalences. The composition of
cells is then no longer strictly associative and unital. This leads to the category
Tam” of Tamsamani weak n—groupoids (Definition 5.1).

(b) In this paper we offer a second approach, in which condition (ii) is preserved,
while (i) is replaced by weak globularity, so that the multi-simplicial objects in
(i) are no longer required to be discrete, but only “homotopically discrete” (in a
way that allows iteration). This leads to the category Gpd@g of weakly globular
n—fold groupoids (Definition 3.19).

(c) We also describe a third approach, in which both (i) and (ii) are relaxed. This
yields the category Pstd’v’vg of weakly globular pseudo n—fold groupoids
(Definition 6.4).

Moreover, we have a realization functor B: Pstd"f,g — Top; the composite

n n—1° N 7oP Diag(n) op =1
(1-3)  PsGpdy, — [A , Gpd] — [A" 7, Set] —— [A®P, Set] —— Top,

where Diag, is the n—fold diagonal. The same is therefore true of the two subcate-
gories Tam” and Gpdﬁg. In all three categories, maps which induce weak homotopy
equivalences on realizations are called geometric weak equivalences.

The precise definitions of these three categories appear as cited above; here we will
only highlight some key features common to all three:
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The construction of each category is by induction, starting in all three cases from
the category of groupoids for n = 1. A weakly globular pseudo n—fold groupoid
is in particular a simplicial object X in Pstng1 , (and similarly for the other
two categories).

Moreover, X is a homotopically discrete weakly globular pseudo (n—1)—fold
groupoid (Definition 6.1) and similarly for Gpd”

wg»> While in the case of a Tam-
samani weak n—groupoid

X €[A%, Tam"™ 1],

Xy is actually discrete.

Since PsGpdy, is a subcategory of [A"~1" Gpd], we can apply the functor 7
to each groupoid of any weakly globular pseudo n—fold groupoid X to obtain

7MWY e [N, Set].
In each of our three categories the functor ﬁén) lifts to functors

" PsGpd, — PsGpdty !

wg

ny”: Gpd, — Gpdry!

wg

H(()"): Tam” — Tam" !,

These serve as algebraic (n—1)—Postnikov section functors, so we have a natural
Postnikov tower

g g~ "
n n—1
Pstde —_— Pstde ——> .- —> Gpd —> Set.

and similarly for the other two categories.

In all three categories, let y: Xg — X, 61 denote the weak equivalence from the
homotopically discrete object X to its discretization (so y is the identity for
X € Tam™). For each k > 2 the composite of the maps

12273 k VY k
Xk—)XIXXO---XXOXl —)XIXXg ---XXgXl

(see Definition 2.3) is called the k™ induced Segal map. We require these maps
to be geometric weak equivalences.

When X € Tam”, the second map in (1-4) is the identity, while when X € Gpd’\;g,
the first map is an isomorphism.
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1.5 Main results The process of discretizing the homotopically discrete sub-objects
in Gpdy,, and PsGpdy, gives rise to discretization functors D, that make the diagram

PsGpdy,

y \
(1-6)

n n
Tam D Gpdy,

commute. All three categories PsGpd”, Gpd’\fJg and Tam” share some useful features.

wg?
First, the realization functor B: PstdWg — Top actually lands in the category P” Top
of n—types, so the same is true of the categories Gpdy, and Tam”.

Furthermore, all three models have algebraic homotopy groups wi (X, x) (see also
Section 3.26), which allow one to extract 77z BX directly from the model X . In addition,
we have higher-dimensional analogues of the categorical notion of an equivalence of
groupoids. Together, these two notions allow to define algebraic weak equivalences
in each of the categories, and show that these are the same as the geometric weak
equivalences (see Corollary 4.8, [45, Section 6], Section 6.35, and Remark 6.37). Thus
each of these models is entirely algebraic.

Our main results are as follows:

Theorem A Foreachn>1:

(a) The tunctor Q(n) induces a faithful embedding
hoP"Top < ho Gpd"

wg
so for each T € P"Top there is an isomorphism in hoP" Top between T and
BOuwT.

(b) There exists a functor H( . Gpd — Gpd with a natural isomorphism

H( )Q(n) Q(n 1), SO we can extract the mode] for the (n—1)% Postnikov
section P"~!T from Q(,,)T algebraically.

(c) There are algebraic homotopy group functors wy: Gpd@g — Gp such that
i (BG; xg) = wp(G; x¢) (0=<k <n).

(See Theorem 4.32, Proposition 4.28 and Theorem 4.6.)

Theorem B The functors Q(n) and B induce equivalences of categories

hoP" Top ~ ho Pstd'Vf,g
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(See Theorem 6.28.)

Furthermore, every object of PstdQg is weakly equivalent through a zig-zag to an
object of Gpd"fvg as well as to an object of Tam” (see Remark 6.32). Thus we can
regard Tam” and Gpd@g as two different types of partial strictifications of the category
PsGpdy, which preserve the homotopy type. The passage from PsGpdy, to Tam”
strictifies the globularity condition, while the passage from PsGpdy,, to Gpdy, strictifies
the Segal maps.

The fundamental n—fold groupoid functor Q(n): Top — Gpd@g provides an explicit
form for the algebraic model of an n—type. This is a desirable feature of an algebraic
model, especially in view of applications.

We discuss an application to the modeling of (k—1)—connected n—types in Section 7.A.
To this end we identify suitable subcategories Pstdglg’k) and Gpd‘(;'gk) of Pstd’jvg
and Gpd’jvg respectively, which are algebraic models of (k—1)—connected n—types,
and we also establish a connection with iterated loop spaces (Proposition 7.9).

1.7 Organization of the paper In Section 2 we describe the construction of the
fundamental n—fold groupoid functor Q(n): to obtain a multi-simplicial algebraic
model from a space, we first take a fibrant simplicial set model using the singular
functor S: Top — [A°P, Set]. We can associate to any simplicial set X an “n—fold
resolution” Or(,) X', which is an object of [A*™, Set] representing the same homotopy
type (Lemma 2.13). We then obtain an n—fold groupoid by applying the left adjoint
Pyy: [A™, Set] — Gpd” to the n—fold nerve Ny: Gpd" — [A"™ Set]. Thus Q(,,)
is the composite

S o Or(m) - pop P n
Top —> [AP, Set] —— [A" ", Set] — Gpd

(see Definition 2.30).

For a general n—fold simplicial set Y, P(,)Y does not have a simple and explicitly
computable expression. However, we show that the fibrancy of ST induces a property
of Or(,) ST, which we call (n, 2)—fibrancy (see Definition 2.31 and Proposition 2.39).
We then show that to apply P() to an (n, 2)—fibrant n—simplicial set, we need only
apply the usual fundamental groupoid functor in each of the n — 1 simplicial directions.
We thus have (see Theorem 2.40)

Q(n)T = 7?1(1)ﬁ1(2) . --J/fl(n) Or(,,) ST.
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In Section 3, we describe certain features of those n—fold groupoids which are in the
image of the functor Q(n) (and thus will be used to represent n—types). These are
encoded in the notion of weakly globular n—fold groupoids. As explained in Section 1.1,
we first identify a suitable subcategory of homotopically discrete objects (Section 3.A),
which are needed for the weak globularity condition in the definition of weakly globular
n—fold groupoid (Section 3.B).

In Section 4 we show that the n—Postnikov section P"T and B Q(n)T have the same
homotopy type (Proposition 4.28), so Gpd@g represents all n—types. In Section 4.A
we show that the realization of a weakly globular n—fold groupoid is an n—type (an
alternative proof using a comparison with Tamsamani’s model is given in Section 5).
Section 4.B provides a new iterative description of the fundamental n—fold groupoid
functor Q(”)A‘ This is used in Proposition 4.28 of Section 4.C, where we show that
the functor Q) lands in the category Gpdag. This leads to one of our main results,
Theorem 4.32, saying that B and Q) induce functors

B
(1-8) hoP"Top —= ho Gpd@g
Om)

with Bo Q= 1d.
In Section 5 we provide an equivalent definition of Tamsamani’s weak n—groupoids
(see Section 5.A), and in Section 5.B we construct a discretization functor

Dy: Gpdy,, — Tam”"

that replaces a weakly globular n—fold groupoid G € Gpd@g by a Tamsamani weak
n—groupoid D, G of the same homotopy type (Theorem 5.19).

In Section 6 we consider the wider context of weakly globular pseudo n—fold groupoids.
These are defined in Section 6.A, and compared to Tamsamani’s model in Section 6.B,
where we again construct a discretization functor

Dy: PsGpdy,, — Tam”,

and in Theorem 6.23 we show that for any X € PsG deg, there is a zig-zag of weak

equivalences in Pstd"fvg between X and D, X . Our main Theorem 6.28 then follows.

In Section 7 we describe an application, and indicate some directions for future work:
In Section 7.A, we show how to extract from our results an algebraic model for (k—1)—
connected n—types (Proposition 7.7), and thus for iterated loop spaces. In Section 7.B
we define n—track categories (one of the original motivations for our work), with
possible future applications.

Appendix A proves some technical facts about Or(,) needed in Section 2.
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1.A Index of terminology and notation

BG

cX
cm

Dy,

Discg

Dec, Dec’

[AT, €]

Frn
Gpd
n—Gpd
Gpd(V)

Gpd”
Gpdy,

Gpd k)

Gpdp,
LiX

Mk

A~

Mk
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realization of an n—fold (pseudo) Definition 2.21

groupoid G

discrete groupoid on a set X
discrete groupoid functor
applied to an (n—1)—fold
simplicial groupoid or an
(n—1)—fold groupoid
discretization functors for
Gpdy,, and PsGpdy,
O—discretization functor on
weakly globular n—fold
groupoids

décalage functors on simplicial
sets

n—fold diagonal functor
category of n—fold simplicial
objects in €

Tamsamani’s Poincaré
n—groupoid functor

category of groupoids
category of strict n—groupoids
category of internal groupoids
inV

category of n—fold groupoids
category of weakly globular
n—fold groupoids.

category of (n, k)-weakly
globular pseudo n—fold
groupoids

category of homotopically
discrete n—fold groupoids
simplicial “bar-path
construction”

k™ Segal map

k™ induced Segal map

Definition 2.23
Definition 3.12, Remark 3.13

Definition 5.18, Definition 6.22

Definition 5.13

Section 2.7

Section 2.6
Section 2.5

Theorem 5.7
Section 2.5
Section 1.1

Definition 2.16

Definition 2.16
Definition 3.19

Definition 7.3

Definition 3.3
Definition 4.10

Equation (2-4)
Equation (1-4)
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nerve functor of an n—fold
groupoid in the i direction
multinerve functor on n—fold
groupoids

n—fold ordinal sum of a
simplicial set

left adjoint to N ¥

left adjoint to Ny

category of homotopically
discrete pseudo n—fold
groupoids

category of (n, k)-weakly
globular pseudo n—fold
groupoids

full subcategory of n—Postnikov
sections in Top

fundamental groupoid of a
topological space

algebraic (n—1)% Postnikov
section functor

fundamental n—fold groupoid
functors

fundamental groupoid functor
for Gpdy,

Tamsamani fundamental
groupoid functor

fundamental groupoid functor
for PsGpdy,

two equivalent formulations of
the category of Tamsamani weak
n—groupoids

category of topological spaces.
k—fold object of arrows of an
n—fold groupoid

k™ algebraic homotopy group
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Notation 2.18
Definition 2.19
Section 2.9
Proposition 2.38

Definition 2.30
Definition 6.1

Definition 7.3

Definition 3.28

Definition 2.17

Lemma 3.15, Definition 3.19,
Definition 5.1, Definition 6.1
Definition 2.30

Notation 5.15

Tamsamani’s original definition
52

Notation 6.18

Definition 5.1,

Tamsamani’s original definition
5.2

Definition 3.23

Section 3.26, Section 6.35

See also the list of special notations for n—fold simplicial objects in Section 2.6, in
particular for the notation F for any functor F.
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2 The fundamental n—fold groupoid of a space

As noted above, the fundamental groupoid 7717 of a (not necessarily connected) space
T is an algebraic model for its 1-type. We now show how the notion of the fundamental
2-typical double groupoid defined in our paper [11, Section 2.21] generalizes to all 7.
We consider the standard model structure on Top, so that hoTop means its localization
with respect to the class of weak homotopy equivalences.

2.A Simplicial constructions

Given a topological space 7', we construct its fundamental n—fold groupoid from a
fibrant simplicial set model for T, such as its singular set X := ST € [A°P, Set]. We
therefore first recall some notation and constructions for simplicial sets.

2.1 Definition For any category €, [A°P, €] is the category of simplicial objects
in €, where A denotes the category of finite ordered sets: [0],[1] and so on. As
usual, we write X, for X([n]). If € is concrete, the n—skeleton sk, X € [A°P, €]
of any X € [A°P, €] is generated under the degeneracy maps by Xj,..., X;. The
n—coskeleton functor csky: [A°P, €] — [A°P, €] is left adjoint to sk, . We say that X
is n—coskeletal if the natural map X — csk, X is an isomorphism.

2.2 Remark There is an order-reversing involution I: A — A, which induces a
functor I*: [A°P, €] — [A°P, €] (sending d;: X,, = X,—1 to dy—;). This functor 7*
is not generally an isomorphism, but for a Kan complex X € [A°P, Set] we have a
natural isomorphism of fundamental groupoids (717*X)°P =~ 71 X (see Goerss and
Jardine [31, 1.8]).

2.3 Definition Let X € [A°, €] be a simplicial object in any category 6 with
pullbacks. For each 1 < j <k, let vj: X3 — X; be induced by the map [1] — [k] in
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A sending 0 to j —1 and 1 to j. Then the diagram

//\
NN N

commutes. If we let X1xx, Kox xo X1 denote the limit of the lower part of Dia-
gram (2-4), the k" Segal map for X is the unique map

(2-4)

ks Xk = XiXxg Xy X3
such that pr; ug = vj, where pr; is the j ™ projection (see Segal [45]).

Note that X is the nerve of an internal category in € if and only if all the Segal maps
are isomorphisms.

2.5 n—fold simplicial objects An n—fold simplicial object in  is a functor A" —
%, and we denote the category of such by [A"", €]. Thus X e [A"", €] consists
of objects Xj,i,..;, in € for each n—fold multi-index iy,is,...,i, € N, along with
face and degeneracy maps in each of the n directions, satisfying the usual simplicial
identities. We assume a fixed ordering of these directions as first, second and so on.

2.6 Notation and conventions

(a) We can identify [A"”, €] with [A°P, [A*~1" €]] in n different ways: thus,
given an n—fold simplicial object X e [A*", €], for each 1 <i < n we write
X e[A%, [A"~1" ¢]] to indicate that the primary simplicial direction is the
i™ one of the original X .

(b) More generally, if we choose k of the n directions 1 < j; < jo, <--- < jx <n,
we obtain a k—fold simplicial object X (1:72:-J&) in [A"=K™ ¢]. Thus

is a diagram of objects X I(IJ 1li 20Jk) i [A”_kop, %]. For example, X, t(1 e
X([i1), .- [ix], —) in the notation of Definition 2.1.

Equivalently, for each object a € A"~% | X Ut:72Jk) (q) € [N, €] is a k—fold
simplicial object in €, natural in a.

Algebraic € Geometric Topology, Volume 14 (2014)
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(¢) In particular,
X(’f) — X(l ..... i—1,i+1,...,n) c [An—lop’ [Aop’ (6]]
is an (n—1)—fold simplicial object in [A°P, €] (in the i™ direction).
(d) Given X € [A"", €] and a functor F: [A°P, €] — €, we denote by
F(k)X c [An_IOP’ (6]

the object obtained by applying F objectwise to X @) (thought of as a A"~ —
indexed diagram in [A°P, €]).
Thus for every iy,...,i—1 € N, we have

(F(k)X)ll ; . — FX(I,...,k—l,k-i‘l,...,n)‘

ils'"ain—l
(e) The composite F(1) F2) ... pn=1) () wi]] be denoted by Fy: [N €] —<6.

(f) In particular, the n—fold diagonal functor Diag,: [N, €] —[A°P, €] is given
by (Diag(n) X)m := Xm,m,...m. (In this case, the order does not matter.)

(g) Forany functor F: € — %, the prolongation of F to simplicial objects is denoted
by F: [A°P, €] — [A°P, T].
(h) In particular, for a functor G: [A*™1", €] — 9, the result of applying G to an

n—fold simplicial object X € [A"”, €] in each simplicial dimension in the k"
direction will be denoted by G®) X € [A°, %]. Thus for every j € N we have

(é(k)X)j — GXj(k).

2.7 Décalage Recall from Duskin [25, Section 2.6] the comonad Dec: [A°P, Set] —
[A°P, Set] on simplicial sets, where (Dec X), = X+, forgetting the last face and
degeneracy operators in each dimension (see also Illusie [34]). The counit &: Dec X —
X is given by dy,: X,4+1 — X} in simplicial dimension 7. It has a section ¢: X —
Dec X', given by s,: X — Xpy1-

There is also a version forgetting the first face and degeneracy operators, which we
denote by Dec’: [A°P, Set] — [A°P, Set]. In the notation of Remark 2.2, Dec’ X :=
I*Decl*X.

The comonad Dec yields a simplicial resolution Yo € [A°P, [A°P, Set]] for any X €
[A°P, Set], with

Yy :=Deck X := Dec(Dec---Dec X -+-) in [A°P, Set],
k
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and the counit ¢ for Dec induces a map of bisimplicial sets ¢: ¥ — c@ X, where
¢@ X is the constant simplicial object on X in [A°, [A°P, Set]] (thinking of the outer
simplicial direction of [A°P, [A°P, Set]] as second). The bisimplicial set Y, is depicted
in Figure 1, viewed as a horizontal simplicial object over [A°P, Set] (degeneracy maps
and ¢ are not shown).

The corresponding resolution using Dec’ is also depicted in Figure 1, viewed as a
vertical simplicial object over [A°P, Set].

ds dy
X5 dy X4 X;
| ds | “ |
do |d | d2 do |d | d2 do |d | d2
{ d | ds |
X, ds X5———= X
d> d>
d() d] d() d] dO dl
ds d>
_ >
X3 d> X, X,
dy di

Figure 1: Corner of Orp) X

2.8 Remark Note that if X is a fibrant simplicial set, then so is Dec X', and the
augmentation ¢: Dec X' — X is a fibration (with section o: X — Dec X'). Similarly
for Dec’.

2.9 Ordinal sum In order to produce an n—fold simplicial set out of a Kan complex
X €[A°P, Set], with the same homotopy type (that is, an n—fold resolution of X), we
shall use the functor Or,) := orj;: [AP, Set] — [A"™, Set], induced by the ordinal
sum or,: A" — A (see Ehlers and Porter [27, Section 2]). Thus

(2—10) (Or(,,) X)Pl"'Pn = Ap—14pi+Fpn-

If we define O_rg;)_l): [A%", Set] — [A™, Set] for a bisimplicial set X by apply-
ing Org,_;) to X in each simplicial dimension in the i % direction (i = 1,2) (see
Section 2.6(h)), we have

=(2)
Q-11) Orgyy X = Or,_1, Ory) X.

See Figure 2 for a depiction of Or(3) X', where the vertical direction is first, the diagonal
is second and the horizontal is third.
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The bisimplicial set Or;) X appears in Figure 1: this means that if we choose the
vertical direction to be first and the horizontal to be second, then

(2-12) (Or) X)) =Dec’™ X and  (Org) X)[* = (Dec’) ' X.

2.13 Lemma For any simplicial set X € [A°P, Set], there is a natural weak equiva-
lence g(,y: Diag(,) Org) X — X.

Proof By induction on n > 2.

For n = 2, as noted in Section 2.7, the counit ¢: Dec X — X induces a map of bisim-
plicial sets &: Orgy) X — ¢@ X which is a weak equivalence of horizontal simplicial
sets (Dec’ )i T1X — cX; (where cX; is the constant simplicial set on the set X;), using
(2-12). Thus by Duskin [25, Section 2.6] it induces a weak equivalence

&(2): Diag(y) Or(z) X' — Diag,) @y =x.
In the induction stage we have a weak equivalence
em—1): Diagg,_1)Org—) ¥ =Y,

natural in Y. Using (2-11), and applying &(,_1) to Or,) X in each simplicial dimen-
sion (in direction 2), we obtain a map of bisimplicial sets
=2)

—(2) —2) () En—1)
Diag,_ ;) Orgy) X = Diag(,_)Org,_1) Ors) X —> Org) X

which is a weak equivalence in each simplicial dimension in direction 2, by the
induction hypothesis. Therefore, after applying Diag(,) we obtain a weak equivalence
of simplicial sets

. 2 . .
Diag,) Egn)_l): Diag, Or@,) X' — Diag(,) Or(y) X.

Post-composing with &(): Diag(y) Orx) X — X yields the required weak equivalence
En): Diag(n) Or(n) X—->X. O

2.B n—fold groupoids

Recall that a groupoid is a small category G in which all morphisms are isomorphisms.
It can thus be described by a diagram of sets

50
i
214 G 6G/\ L’G s T
(2-14) 1 XGy U1y —m—= 1\—_/> 0>

\y t

S1
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where Gy is the set of objects of G and G the set of arrows. Here s and ¢ are the
source and target functions, 7 associates to an object its identity map, dy and d, are
the respective projections, with sections s¢ and s;, and m is the composition; all
satisfying appropriate identities. Let Gpd denote the category of small groupoids (a
full subcategory of the category Cat of small categories).

We can think of (2-14) as the 2—skeleton of a simplicial set (with G, := G xg, Gy,
and d; = m: G, — G1). The nerve functor N: Gpd — [A°P, Set] (see Segal [45])
assigns to G the corresponding 2—coskeletal simplicial set NG, so

(2-15) (NG)p =Gy X6, G1 Xy " X6, G1 X6, G

for all n > 2, with face and degeneracy maps determined by the associativity and unit
laws for the composition .

2.16 Definition If 7" is any category with pullbacks, an internal groupoid in V' is
a diagram in V" of the form (2-14), satisfying the same axioms (see Borceux [12,
Section 8.1]). The category of internal groupoids in V" is denoted by Gpd(¥’). Thus an
(ordinary) groupoid is an internal groupoid in Set.

When V" is locally finitely presentable, the nerve functor N: Gpd(V) — [A°P, V] has a
left adjoint, the fundamental internal groupoid (see Borceux [13, Sections 5.5-5.6]).

For each n > 1, an n—fold groupoid is defined inductively to be an internal groupoid
in the category ¥ = Gpd"~! of (n—1)—fold groupoids (where Gpd® := Set), so

Gpd” := Gpd(Gpd™™1).

2.17 Definition Let 771: [A°P, Set] — Gpd denote the fundamental groupoid functor.
See Goerss and Jardine [31, Section 1.8] and Definition 2.16 when V" = Set. When X
is fibrant, 7; X has the simple form described in [31, Section 1.8]. If X € [A"™, Set] is
an n—fold simplicial set, then for each 1 <i <n, J?l(i)X is the (n—1)—fold simplicial
object in Gpd obtained by applying the fundamental groupoid functor 7; in the i™
direction, that is, objectwise to the A1 _indexed diagram X @,

2.18 Notation As in Section 2.6(d), for each 1 <i <n, let
N®: Gpd" — [A®, Gpd™ ]

denote the nerve functor in the i" direction. More generally, for any k of the n indices
1 <iy <ip<--<iy <n, NO2mwdl): Gpd" — [AK” Gpd" k] takes an n—fold
groupoid G to a k—fold simplicial object in (n—k)—fold groupoids by applying the
nerve functor in the indicated k directions. Thus N ® means that we take nerves in
all but the i direction.
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2.19 Definition The multinerve
Nny: Gpd™ — [A™™ Set]

is defined by applying N¥) for 1 <i <n to obtain the n—fold simplicial set NG =
NON@ ... N®G . We say that an n—fold groupoid G is discrete if NG is a
constant n—fold simplicial set. It is readily verified that we have an adjoint pair
Py A Newy

o Ny
(2-20) [N, Set] =—= Gpd" ,
Py

where P, is the left adjoint to N(,) as in Definition 2.16 with V" = Gpd" 1.

2.21 Definition The composite of N(,) with Diag(n) (see Section 2.6(f)) yields the
diagonal nerve functor dN := Diagg,) N(»), and its geometric realization BG :=
lANG || € Top is called the classifying space of G .

A map of n—fold groupoids f: G — G’ is called a geometric weak equivalence if it
induces a weak equivalence of simplicial sets dN f: dNG — dN G’ (that is, a homotopy
equivalence of topological spaces on geometric realizations Bf: BG — BG').

2.22 Remark Since the diagonal of a bisimplicial set is its homotopy colimit, a map
f: X =Y in [A?”, Set] which is a weak equivalence f;: X3 — Y} in each simplicial
dimension k£ > 0 is a geometric weak equivalence (see [31, IV, Proposition 1.7]). Thus
by induction the same is true for amap f: X — Y in [A"", Set] which is a geometric
weak equivalence in each simplicial dimension.

2.23 Definition If G € Gpd"~! is an (n—1)—fold groupoid, then ¢ G denotes the
n—fold groupoid which, as a groupoid object in Gpd™~!, is discrete on G . In particular,
if A is a set, A?n) denotes the discrete n—fold groupoid ¢V ---c(™ 4 on A4. For an
n—fold groupoid G we let G? denote the discrete n—fold groupoid (7o B G)‘(jn).

2.24 Notation If G € Gpd” is an n—fold groupoid for n > 2, it is a groupoid object
in (n—1)—fold groupoids (see Definition 2.16): that is, it is described by a diagram
Ggl) — G(()l) in Gpd"™!, as in (2-14). Thus it has an (n—1)—fold groupoid
of objects denoted by G(()l), in the notation of Section 2.6(a) (which in turn has
its (n—2)—fold groupoid of objects G(()%)’z) and (n—2)—fold groupoid of morphisms
G(()ll’z) ). Similarly, the (rn—1)—fold groupoid of morphisms of G (in the first direction)
is denoted Ggl).
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dn—2

More explicitly, G may be described by a diagram in Gp of the form:

G11 X6, G11 /= Go1 Xg,, Got

Lcl* . LCO*
k
ol AT

G11 X6y, G11 () — Y

di!
ll dll* d(}* d?* d?*
d*O
C*O 0

G10 Xgy G10 Gio ——————<= Goo
Here we omit throughout the upper index (1, 2), which indicates that we are showing
only the first two directions of G .

(2-25)

More generally, for each i > 2 we let
(2-26) Gi1:= G11Xgy, - X6, G111 and  Gig:= G1oXgy, *+* XGg G0
as limits of (n—2)—fold groupoids, with dé’*, d{’*: G;1 — Gjo induced by the source

and target maps.

2.27 Remark Using this convention, an n—fold groupoid G may be thought of as a
diagram of sets with objects Gj, ... ;, for each (iy,...,iy) € N” = Obj (A"), where
all the maps in the diagram are induced by those of (2-14) and the structure maps for
the limits (2-26) (in each of the n directions).

The following technical fact about Or(,) will be used in Section 4.A below.

2.28 Lemma For any fibrant simplicial set X € [A°P, Set] and n > 2, we have

(2-29) or

wy NP7 01z X = N7 Or(,y X.
Proof By induction on n > 2.
When n = 2, Or(,_y) is the identity, so both sides of (2-29) are the same.

For n =3, J?1(3) Or(3) X is obtained from Figure 2 by replacing the left-hand square by

Xs/~ X4/~
d>
!
d>
X4/~ X3/~

di
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Xy

‘ X
da d2
X3
d3
dl d()l Ldl

dy
X3 do| | d
ds X
X,
d>

Xs
do
do
Xy

1

<

Figure 2: Corner of Or) X

ds
da
Xy
X3

and from Figure 1 we see this is the same as first applying N 77; to Or(z) X horizontally
in each vertical dimension (which is N (2)7?1(2)), and then taking Or(y) vertically in
each horizontal dimension (which is Or(z) ).

For n > 4, we see that

_ @
N®ZM Ory X = NWRMGr | Orgy X = Ne=D20"Dor, )" Org) X

using (2-11) and the convention of Section 2.6(d). Applying the induction hypothesis
(2-29) for n — 1, we see this is equal to

—) o

( @
- ) )
Or(,_y N®7P Orzy  Ory X =0r(,_5 NP73  Or(;) Orgy X,

and using (2-11) for n = 3, we see this is

5® N@ae REOIRINTONE
Or,_y NP2 Orgy X =0r;, NP7 0org) X,

where for a 3—fold simplicial object Z, we have

@ @)
or) - ) -
OrgyN@aP  Z =01, )Nz z

by our indexing convention (Section 2.6(h)).
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Now applying (2-29) for n = 3, we see this equals

E—0)
—(2) 2) ~ —(2) ~
Oty Orgy NP7 0r) X = Or(,_ 1y NP7 Orgy) X,

using (2-11) once more. O

2.C The fundamental n—fold groupoid of a space

We now introduce the central construction of our paper. Its internal analogue in the
category of groups is the fundamental cat” —group of a space, due to Bullejos, Cegarra
and Duskin [19, Section 2].

2.30 Definition We define Q(n): [A°P, Set] — Gpd” to be the composite

[AP, Set] — A Set]—>G d",

for P, the left adjoint to N, of (2-20). We define Q(,,): Top — Gpd” to be the
composite

S O
Top —> [AP, Set] — 5 Gpd”,

where S: Top — [AP, Set] is the singular set functor (see Goerss and Jardine [31,
Section I.1], and call Q)T the fundamental n—fold groupoid of T € Top.

We shall show that if ¥ € [A*”, Set] satisfies certain fibrancy conditions, then Pu)Y
has a particularly simple form. These require that a certain 2—dimensional notion of
fibrancy (introduced in [11, Section 2]) hold in every bisimplicial bidirection. They
hold for ¥ = Or(,) X yhen X is fibrant (in particular, for X = ST'), leading to a
simple expression for Q)T in Theorem 2.40 below.

2.31 Definition Let n > 2. An n—fold simplicial set X € [A"”, Set] is called (n,2)—
fibrant if for each 1 <i # j <n and a € A"2, the bisimplicial set ¥ obtained by
applying the 2—coskeleton functor to each vertical simplicial set X 1) (a) e — that is,
Yie :=csky X(i’j)(a)k. —is a Kan complex for k£ = 0, 1,2, and the horizontal face
map dy: Y1e — Ype is a fibration in [A°P, Set].

2.32 Definition Let G € [A"", Gpd”~™] be an m—fold simplicial object in (n—m)—
fold groupoids (see Definition 2.16). We say that G is (n, 2)—fibrant if, after applying
the nerve functor in each of the n—m groupoid directions, the resulting n—fold simplicial
set N (1.2n=m) G c [N'™ | Set] is (n, 2)—fibrant in the sense of Definition 2.31.
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We recall the following results from our earlier paper [11] where the left adjoint
PM: [A°, Gpd] — Gpd? to the nerve N(D: Gpd? — [A°P, Gpd], is as described in
Definition 2.16 with V" = Gpd.

2.33 Proposition [11, Proposition 2.10] The left adjoint P("): [A°P, Gpd] — Gpd?
to the nerve N1 Gpd? — [A°P, Gpd], when applied to a (2, 2)—fibrant simplicial
groupoid G, is ﬁl(l)G. (that is, the functor 7| applied in the simplicial direction).

2.34 Proposition [11, Proposition 2.11] If X € [A?", Set] is a (2, 2)—fibrant bisim-
plicial set, then J?I(I)X is a (2, 2)—fibrant simplicial groupoid.

2.35 Lemma If G, is a (2,2)-fibrant simplicial groupoid (with simplicial sets of
objects Go9 and morphisms Ge1 ), then N(z)ﬁl(l)G. = J?I(I)N(Z)G..

Proof It suffices to show that, for each k > 2,
(2-36) 71(Ge1XGog -+ Xy Go1) = T1(Ge1) X5, (Gag) - * X, (G B1 (Ge1).

Since both sides are groupoids, we evidently have equality on objects, and (2-36) holds
on morphisms by [11, Appendix A, following (8.13)]. O

2.37 Lemma If X € [A", Set] is (n,2)—fibrant, then frfk)X is (n,2)—fibrant.

Proof By definition of (1, 2)—fibrancy, for each a € A"72 and 1 <i # j <n, the
bisimplicial set X @.j )( ) satisfies the hypotheses of Proposition 2.34. Hence, applying
J?I(k) to it yields an (n, 2)—fibrant object of [A"=27 [A°P, Gpd]]. |

2.38 Proposition Foreach 1 <i <n, P®:[A%, Gpd"~!]— Gpd", the left adjoint
to N@: Gpd" — [A°, Gpd™~!] of (2-20), when applied to an (n, 2)—fibrant simplicial
(n—1)—fold groupoid X , is given by P(i)Xzﬁl(i)X.

Proof We think of the simplicial direction of X as being the i", andlet 1 < j <n be
one of the groupoidal directions (so i # j). Applying the (n—2)—fold iterated nerve
functor

N(/l\f) [Aop’ Gpdn—l] N [Aop’ [Aﬂ—z‘)p’ Gpd]] o~ [A}’l—zop’ [AOP’ Gpd]]

of Notation 2.18 (in all but the i and j directions) to X yields an (n—2)—fold simplicial
object in simplicial groupoids X . Since X is (n, 2)—fibrant, for each a € A”~2, the sim-
plicial groupoid X (a) (see Section 2.6(b)) satisfies the hypotheses of Proposition 2.33,
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where the simplicial direction is the original 7 and the groupoid direction is the original
j. Using [11, (8.12)], we can therefore define a composition map

(N(i)ffl(i))?(a))lX(Nﬁ)ﬁ}ib?(ano (ND2DX (@), — (NO72D X (a)),.

As the construction is functorial in a € A”_ZOP, it defines a map in Gpd”—1 , since
it consists of maps in sets commuting with compositions in each of the different
directions (see [11, Appendix A]). Thus J?fi)X is a groupoid object in Gpd” ™!, that is,
70X e Gpd".

It remains to show that ﬁl(i)X = PO Y. Since the (iterated) nerve functor is fully
faithful, again using Proposition 2.33, we see that for any n—fold groupoid ¥ we have
natural isomorphisms

HOl’nGpdﬂ (ﬁl(l)X, Y) = HOm[An—ZOP, [Acp, Gpd]] (7’1\'1(1)1‘7, f;)
= Hompy—2, an, Gpay (¥, N )
= Hom[Aop, Gpdn_l ] (X, N(I)Y)

Hence ﬁl(i) is left adjoint to N @ | as required. |

2.39 Proposition If X € [A°P, Set] is a Kan complex, then Or(,;) X (see Section 2.9)
is (n,2)—fibrant.

See Appendix A for the proof.

2.40 Theorem The functor Q) of Definition 2.30, applied to a Kan complex X €
[A°P, Set], is
Q(n)X = J?fl)ﬁl(z) cee f[l(n) Ol‘(n) X.

Proof We prove the theorem by inductionon 7> 2. For n =2, see [11, Corollary 2.12].
Suppose the claim holds for n — 1. The left adjoint P(,): [N Set] — Gpd” to Ny
is the composite

[N, Set] = [A%, [A"1, Set]]
where 13((}1111) is induced by applying P,_1) in each dimension in the first simplicial
direction, and P() is left adjoint to the nerve N (1: Gpd” — [A°, Gpd”~!]. By the
induction hypothesis and (2-11),

Pz 1, PW®
——— [AP, Gpd"™' ] —— Gpd",

Or(n_l) Or(z) X = Q(n—l) Ol'(z) X( )

() (2
{22 Orgyy) Oy X
@...2M0r, X,

Or(y X = P

(1)
F (n—1)

(n—1)

H D
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Since X is a Kan complex, Or,) X is (n,2)-fibrant by Proposition 2.39. Therefore,
by Lemma 2.37, 7?1(2) “e 7?1(”) Or(,) X is (n,2)-fibrant. It follows by Proposition 2.38
that

POFD .70 0or, x =773 .7 Or, X.

Therefore

Q(n)X = P(n) Or(n) X = P(l)ﬁ(n_l) Ol‘(n) X = P(l)ﬁl(z) cee J’fl(n) Or(n) X
=20z 2" Ory) X,

which concludes the induction step. a

2.41 Remark The functor Org,): [A°P, Set] — [A"® Set] has a right adjoint, a
generalized Artin—Mazur codiagonal (see Artin and Mazur [1, Section III], Bullejos,
Cegarra and Duskin [19] and Cabello and Garzén [20]), so both Or,) and P(,) —and
thus Q) — preserve colimits, and in particular coproducts.

On the other hand, clearly Or(,) and 7; preserve products when applied to Kan
complexes, so Q) does, too. Therefore, Q) preserves fiber products over discrete
simplicial sets.

3 Weakly globular n—fold groupoids

We now introduce the central notion of this paper: that of a weakly globular n—fold
groupoid. We will show in the next section that the fundamental n—fold groupoid
Q)T of aspace T (see Definition 2.30) is such an object.

3.A Homotopically discrete n—fold groupoids

A homotopically discrete groupoid G is one in which there is at most one arrow
between every two objects (that is, all automorphism groups are trivial). Hence its
classifying space is homotopically trivial (that is, a disjoint union of contractible spaces;
that is, a O—type). For such a G, the set of arrows G is simply Go X,,c Go.

In order to provide a higher-dimensional analogue of this notion, we observe that this
construction can be made in any category with suitable (co)limits, so we can iterate it.
For this purpose we make the following definition.

3.1 Definition Let f: A — B be a morphism in a category 6 with finite limits. The
diagonal map defines a unique section s: A — AxgA (so that pys = Idgy = p»s,
where Ax g A is the pullback of

A—> B<«— A
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and pp, pp: AxgA — A are the two projections). The commutative diagram

Axpd — A P2 Axpd
le fL lpl
A B A
f f

defines a unique morphism m: (AxpA)X 4(AxgA) — Ax A such that p,m = prm,
and pym = pymy, where my and 7, are the two projections. We denote by AS the
following object of Cat(6):
p2
— p; T~
(3-2) (Ax g A) X 4(AxgA) — "o Axpd — 2L 4
~_

N

It is easy to see that A/ is an internal groupoid.

3.3 Definition We define a full subcategory Gpdf; C Gpd” of homotopically discrete
n—fold groupoids by induction on n > 1:

A groupoid is called homotopically discrete if G = A/ for some surjective map of
sets f: A — B. In general, an n—fold groupoid G € Gpd" is homotopically discrete
if G = A/ for some map f: A — B in Gpdl';d_1 with a section f’: B — A (that is,
fof'=1dp).

As noted above, for an (ordinary) groupoid G this just means that 7y (BG, x) = 0 for
any x € Gy.

3.4 Remark Note that the category Gpd; is closed under pullbacks. We show this
by induction on n. Whenn =1,1let f: A — B, f': A’ — B’ and g: C — D be
surjections in Set. Then

(3-5) A xce A = (Axec A,
where (f, f'): AxcA — A'xc A is a surjection in Set. Thus A/ xce A/ € Gpd, 4-

Suppose the statement holds for n — 1, and let f/’: A’ — B’ and g: C — D be maps
with sections in Gpd;'!. Then (f, f’): AxcA — A’xcr A’ is amap in Gpdf';! with
a section, by the inductive hypothesis, and (3-5) holds, showing that

A xce A € Gpdl, .
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3.6 Example Given a commuting (inner) square of sets

f/
4 >
f
(3-7) g(lg hl;”
C ¢ D
\_/
e/

with ff’ = 1Idg, gg' = Id¢c, hh' = ¢¢’ = 1dp and fg' = h'{, we obtain a mor-
phism of homotopically discrete groupoids v: AS — Ct. The homotopically discrete
double groupoid G associated to v is described in Figure 3, where we abbreviate
(AxpA)X(cxpoy(AXpA) by (AXgA)X (g4 (AxpA) and so on.

(AXBAXBA)X(gig.g)(AXBAXBA) —— AXBAXBA

| |

—_—
(AXpA)X (g.0)(AXpA)X(g.0)(AXBA) —————> (AXBA)X(g.0)(AXpA) ——= Axp4

I I I

AXCAXCA AXCA A

Figure 3: A homotopically discrete double groupoid

Note that
(AxpA)X (5.0 (AXxpA) = (AXc A)X (1.1 (AXc A)

via the map (a,b,c,d) > (a,c,b,d), and more generally
(AxpA)X (g0 Xt X(g.0)(AXpA) = (AXcA)X(sp) Xt X (AxcA)

for each k& > 2. It follows that

Af ifk =1
3-8 N(I)G = - ’
(3-8) Ve {(AxC-’-‘-xCA)(f ’’’’’ Dtk =2,
3.9 N(Z)G = { ’
(3-9) W=y b g )69 ik =2,

Therefore (N (VG)y and (N @), are homotopically discrete groupoids for all k& > 0.
Moreover, applying mo vertically to each column in Figure 3 yields the groupoid B",
that is,

(3.10) BxpBxpB —— Bxp B — B.
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Similarly, applying m¢ horizontally in each row yields C ¢,

3.11 Remark The construction of Example 3.6 makes sense in any category with
enough limits. Conversely, any map v: Af — C* with a section v’ has a map of
objects g: A — C and induces a map /#: B — D on mg, which fits into a commuting
square as in (3-7).

3.12 Definition Recall from Section 2.6(g) that if X € [A*1", Gpd] is an (n—1)—
fold simplicial object in groupoids, ﬁén)X is the (n—1)—fold simplicial set obtained
by applying my (the coequalizer of the source and target maps of the groupoid) in
each (n—1)—fold simplicial dimension of X. If cX denotes the discrete groupoid
on a set X (see Definition 2.23), c¢: Set — Gpd is right adjoint to 7y, and the unit
of the adjunction y: Id — cmg induces a natural transformation of (n—1)-simplicial
groupoids

X >e™WzMx.
3.13 Remark Let G € Gpd"” be an n—fold groupoid and

X=N"D...NOGe[A~1" Gpd].

Let us suppose that J_Té")X is the multinerve of an (n—1)—fold groupoid, denoted by
Hf)")G, so that

7YX = NG .

Then ¢ ™ Eén)X is the multinerve of an n—fold groupoid c(")H(()n)G (discrete in the
new n'™ direction) and

v = N @1 ---N(l))/(n)

for a map of n—fold groupoids y™: G — c(”)H(()n)G.

3.14 Remark Since my: Gpd — Set preserves products and coproducts, it preserves

fiber products over discrete groupoids. Therefore, the same is true of ﬁén) .

3.15 Lemma Let G € Gpd}; be a homotopically discrete n—fold groupoid. Then:

(a) If N®: Gpd" —[A°, Gpd"~!] for some 1 <i <n is asin Notation 2.18, then
(NDG) is homotopically discrete for all k > 0.
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(b) The (n—1)-simplicial set Jr( IN@=D ... NDG s the multinerve of a homo-
topically discrete (n— 1)—f01d groupoid H(" G, and there is a commutative

diagram:
N@=D_. N _qop
Gpd?, (A1 Gpd]
Hg)n)t jy—r(()n)
Nu— o
Gpdﬁd_1 oD [AP17 ) Set]

(c) The map of n—fold groupoids y™: G - c(”)H(()n)G of Remark 3.13 is a geo-
metric weak equivalence (Definition 2.21).

(d) The set IV .- G is isomorphic to 7o BG (see Definition 2.21).

(e) If we let y(,) denote the composite

C(n) (n—1)

G —> c(”)H(")G A Col) c(”)Hgn_l)H(")G
DRI ¢ ) ) (n)H(l) H(()")G,
it induces a geometric weak equivalence
(3-16) fik: Gixgy -~ XG,G1 —> G1% g4 K xggG1 forallk =2

(where Gg is as in Definition 2.23).

Proof By Definition 3.3, G (as an object of Gpd?(Gpd”~2)) has the form of Figure 3
for some commuting square

f
(3-17) g ( jg hl >h’
C

of (n—2)—fold groupoids, as in (3-7), by Remark 3.11.

(a) By (3-8) and (3-9), the statement holds for n = 2. Suppose by induction
that it holds for n — 1: then (NWG)o = 4/ is in Gpdl;!. Also (NWG),_; =
(Axc -5 xc A)LS) for k> 2. By definition and the 1nduct10n hypothesis,

f,...., f): Axe ¥ xeAd—> Bxp 5 xpB
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is a morphism with a section in Gpdf;" ! Hence, by definition, (NVG),_; € Gpdpy L
Similarly for any N®G

(b) By (3-17) and part (a), N (l)ﬁé")G is the nerve of the (n—1)- fold homotopically
discrete groupoid H(()n)G := B and the map ¥ lifts to a map of n—fold groupoids.

(c)-(e) By induction on n > 2. For n = 2, we saw that Hf)z)G = B" and since each
column in Figure 3 is homotopically discrete, we see from (3.10) that the rightmost
column is equivalent to B, the nextto B xp B, and so on. Thus N(l)y(z): NDG -
N (l)cH(()Z)G induces dimensionwise weak equivalences of simplicial spaces, so a
weak equivalence of classifying spaces. Since B"isa homotopically discrete groupoid,
it is weakly equivalent to ¢ D (in the notation of (3-17)), which is (7o B G)d .

By (3-8), for each k > 2,
G1Xg, g Xg,G1 = (N(I)G)k—l = (Axc - XCA)(f """ A o Bxp " xpB,
while since G is homotopically discrete and G(‘)l is discrete,
Gl XGg . XGgGl

is homotopically discrete (see Remark 3.4), and thus it is also weakly equivalent to
Bxp -*- xp B. Hence (3-16) holds for n = 2.

In the induction step, N MG is a simplicial (n—1)—fold homotopically discrete
groupoid (by (3-8) again), and thus by the induction hypothesis for n — 1 we have a
weak equivalence

(NDyeny),: (NOG) > (@ cNOTD .. n?G) = p,

r

in each simplicial dimension r > 0. Applying the (n—1)—fold nerve N(,_;) to both
sides, we obtain a map of n—fold simplicial sets N(,)G — Pe which is a weak
equivalence in each simplicial dimension, so induces a weak equivalence

Diag(,y N)G — Diag, P..

However, P, is discrete in all but the first simplicial direction, where it is (the nerve
of) a homotopically discrete groupoid

—q®.. g™
H:=1P...n{"c.

In fact, H = (Bd)hd, in the notation of Definition 3.1, where hi: B4 5 D4 is the
discretization of the map 4: B — D in (3-17).
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Therefore, Diag,) Poe = BH has mo BH = noH d — o BG while n; BH = 0 for
i > 1, and the map y(,) = yWo Y(n—1) induces the requisite weak equivalence. Since
also y(u) = c™ Y(n—1) © y® | we deduce by induction that ¥ is a geometric weak
equivalence, too.

To show (3-16), note that by (3.10) we have
(MY G)y = NG x6,G1) = BxpBxpB = (BxpB)x5(BxpB),
which by the induction hypothesis (3-16) and Remark 3.14 equals

"G, x IV G =0TV 6 X o TV

n Ve
n—1
=n" VG, xGa G1).
That is, we have a commuting square

y(n—l)

Gi1xg,G1 H(()n—l)(GIXGOGI)

%) l:

G1%ga G nf)”‘”(GlegGl)

yn—1
in which three of the maps are geometric weak equivalences, so i, is, too.
Similarly for all £ > 2. m|

From part (d) of the lemma we see the following.

3.18 Corollary If G is a homotopically discrete n—fold groupoid, the map y,): G —
c... C(n)ngl) .. H(()”)G is a geometric weak equivalence, so BG is homotopically
trivial (that is, m; BG = 0 foralli > 1).

3.B Weakly globular n—fold groupoids

We are now in a position to define the main notion of this section. At first glance, it
does not appear to be fully algebraic, since it uses the concept of a geometric weak
equivalence. However, as we shall show in Corollary 4.8 below, this concept has an
equivalent purely algebraic description.

3.19 Definition For each n > 1, the full subcategory Gpd’v’vg of Gpd", whose objects
are called weakly globular n—fold groupoids, is defined by induction on #, as follows:
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For n =1, any groupoid is weakly globular; suppose we have defined Gpd&? . We
say that an n—fold groupoid

6= (o == )

is weakly globular if:
() Go:=G isin Gpdl'".
(i) Gy:=G" isin Gpdl!,

(iii) The (n—1)—simplicial set n(")N (=1 ... NG is the nerve of a weakly glob-
ular (n—1)—fold groupoid H( )G such that

and for each k > 2, G, xGO 6,G1 isin Gpd

Na—pyI{G =7" NV ...NDG
(iv) The map of (n—1)—fold groupoids
GIX(;O'k GILGIX 0---XGgG1

induced by y(): Go — Gg is a geometric weak equivalence for all k > 2.

Note the special role played by the first of the n—directions in this definition. Also,
note that we have a functor H(()n) making the diagram

N@=D . )

Gpdy, [A17, Gpd]
Hgﬂl ﬁ(()”)
Noy— o)
Gpd?ty! oD [A17 ) Set].

commute.

3.20 Remark For n = 2, the above definition is slightly more general than [11,
Definition 2.21]. In fact, in [11], G is required to be symmetric, and both maps
in Gy —= G are required to be fibrations of groupoids; the latter implies conditions
(iii) and (iv).

Note that if G € Gpdwg, not only is Gy Xg, ** XGOGl € Gpd (by Definition 3.19),
but also Gy % Xgd G € Gpd” 1. We show this for k = 2 the general case being
similar. In fact we observe more generally that the pullback P of G — H < G’ with
G, G’ in Gpdy, and H discrete is an object of Gpdy,

We proceed by induction on n: For n = 1 the statement is clear, since Gpd = Gpd.
Suppose it is true for n—1. We have Py = Gox ,G} € Gpdlly ! since Go, G| € Gpdﬁd L
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and Hy is discrete (by Remark 3.4). Furthermore, Py = G1Xp, Gi € Gpdpy 1 by the
induction hypothesis.
Likewise, since H is discrete,
(3-21) Pyxp, Py = (GlXGOGI)X(HIXHOHI)(GllXGE)GD

= (GIXGOGI)XHO(GiXG(/)Gi).

Therefore Pyxp, P1 € Gpd@? by the induction hypothesis. For the same reason,
P1Xp, Kox roP1 € Gpd@? . Since my commutes with fiber products over discrete
objects, we have

7P =n"6x,n"c,
and this is in Gpd’\fJg1 by the induction hypothesis.
Finally,
(3-22) PlegPl = (GlegGl)xHO(Ging;G’I).
Since there are geometric weak equivalences
G1x6,G1 — Glxchl and G xG(/)Gi — GiXG{)dG/’
by (3-21) and (3-22) this induces a geometric weak equivalence
Pixp, P1 —> Plxng1 .
Similarly, one shows that for each k > 2, there is a geometric weak equivalence
P1Xp, A X py P1 — Plxpg A ngPl .

This completes the proof that P € Gpdﬁg.

3.23 Definition For any n—fold groupoid G and 1 < k < n, we define its k—fold
object of arrows to be the (n—k)—fold groupoid
ek
Wk G = Gf.l..l ),
k

using the indexing conventions of Section 2.6(b).

3.24 Remark By Definition 3.19(i), if G is weakly globular, so is W, 1)G, so by
induction we have a functor W, r): Gpd@g — Gpdﬁ,gk, since

(3-25) W) = Wa—k+1,0Wan—k+2,1) - Wu-1,0Wn,1)-
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3.26 Algebraic homotopy groups and algebraic weak equivalences For a weakly
globular n—fold groupoid G, we define the k" algebraic homotopy group of G at
xg € Gn, to be

W(,,,n)G(xo,xo) ifk = n,

3-27)  wr(G;xp) =
G20 ox(G:xo) {W(n—k,n—k)(n(()k+1)"'H(()n)G)(xo’xO) if0<k<n,

with the 0™ algebraic homotopy set of G defined as
wo(G): =1V ...1"G.

Here W, n)G(a, b) (see Definition 3.23) is the set of morphisms from a to b in the
groupoid W, »—1)G (in the n'™ direction), so in particular Wn)G(a,a) is the group
of automorphisms of a (which is abelian for n > 2).

A map f: G — G’ of weakly globular n—fold groupoids is called an algebraic weak
equivalence if it induces bijections on the k™ algebraic homotopy groups (set) for all
xg € Gyng and 0 <k <n.

3.28 Definition For each n > 0, let P"Top denote the full subcategory of Top
consisting of spaces X for which the natural map X — P" X is a weak equivalence
(that is, 7; (X, x) =0 for all x € X and i > n). An n—type is an object in P"Top (or
in the corresponding full subcategory ho(P"Top) of hoTop).

We use similar notation for n—Postnikov simplicial sets (where for a Kan complex X
(see Goerss and Jardine [31, Section 1.3]), we can use csk;,+1 X as a model for the n'h
Postnikov section P" X).

Forany n>0,amap f: X — Y in [A°P, Set] (or in Top)is called an n—equivalence if
it induces isomorphisms fx: g X — moY (of sets), and fu: m; (X, x) — m; (Y, f(x))
forevery 1 <i <n and x € Xj.

We recall the following notion and fact from our earlier paper [11]:

3.29 Definition A map f: W — V of bisimplicial sets is called a diagonal n—
equivalence if fkh: th — th is an (n—k)—equivalence for each k <n.

3.30 Proposition [11, Proposition 3.9] If f: W — V is a diagonal n—equivalence,
then the induced map Diag f: Diag W — Diag V is an n—equivalence.

3.31 Lemma Forany G € Gpdag, the map y of Definition 3.12 corresponds to a map

of n—fold groupoids y™: G — cMTOMG with y = NV . . NOy™  which
induces an (n—1)—equivalence By™: BG — B c(”)Hg”)G on classifying spaces.
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Proof By Definition 3.19 and Remark 3.13 the map ' corresponds to a map of n—fold
groupoids as stated. We show that this is an (rn—1)—equivalence by induction on 7. It
is clear for n = 1. Suppose, inductively, it holds for n — 1.

By construction we have

(n) . (n) ~\ (™) (n—1) (n)

(HOn G)r = (N(n)HOn G)r = 1_IOn (N(n)G)r ’
and therefore, for each » > 0 there is a map
-\ . (@™ (n—1)

(N @y =), (M576), - (<1 76),.
By taking realizations, we obtain a map of simplicial spaces By ®~1) . We claim
that the corresponding map of bisimplicial sets is a diagonal (n—1)—equivalence
(see Definition 3.29). In fact, since Gy = (N (”)G)g”) is homotopically discrete,
by Lemma 3.15, (By”"~1), is a weak equivalence, hence in particular an (n—1)—
equivalence. By the induction hypothesis (By #~1), is a (n—2)—equivalence for all
r > 1. Hence By isan (n—1)—equivalence by Proposition 3.30. |

3.32 Remark From Lemmas 3.15 and 3.31 we see that a homotopically discrete
n—fold groupoid is weakly globular.

4 n-types

In this section we prove one of the main result of this paper, Theorem 4.32, which
asserts that all n—types are modeled by weakly globular n—fold groupoids.

4.A The homotopy type of a weakly globular n—fold groupoid

We start by showing that if G € Gpdag, its classifying space BG (see Definition 2.21)
is an n-type; that is, 7; (BG, x) = 0 for all x € BG and i > n. We prove this using
a spectral sequence computation of 7;(BG, x). In Section 5, we give an alternative
proof using a comparison with Tamsamani’s weak n—groupoids.

In [44], Quillen constructed a spectral sequence for a bisimplicial group, which was
generalized by Bousfield and Friedlander in [14, Appendix B] to define the Bousfield—
Friedlander spectral sequence of a bisimplicial set Xee € [A2”, Set], with

4-1) E?, =1l n) Xee = 7541 Diag Xee.

See Dwyer, Kan and Stover [26, Section 8.4] for an alternative construction when Xee
is connected in each simplicial dimension. The spectral sequence need not converge
otherwise; however, we have the following sufficient condition for convergence (see [14,
Section B.3]):
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4.2 Definition Think of a bisimplicial set Xee €[A2", Set] as a (horizontal) simplicial
object in [A°P, Set] (with the simplicial direction inside [A°P, Set] thought of as being
vertical). In this notation, a k—,-matching collection at a € X, o (for 0 <k <n)isa
set of elements x; € ¢ (Xy—1e, dl.ha) (0 <i <n,i # k), such that

(4-3) (dexj = (d]'_))x;
forevery 0<i < j<n (i,j #k).

We say that Xee satisfies the 7« —Kan condition if forevery n,t>1,0<k <n,a€ X, o,
and k—m;—matching collection (x;)jz at a, there is a fill-in w € 77 (Xye, a) such
that (d/)w = x; forall 0 <i <n (i #k).

By [14, Theorem B.5], if Xee satisfies the m«—Kan condition — for example, if each
Xne 1s connected — then the spectral sequence (4-1) converges.

4.4 Notation For any simplicial set Y and ¢ > 1, the 1™ homotopy group 7;(Y, y),
as y € Y varies, constitutes a semi-discrete groupoid, in the sense of [11, Section 1],
that is, a disjoint union of groups (abelian, if 7 > 2). We denote it by 77,Y .

4.5 Lemma Let Go € Gpd([A°P, Set]) be a groupoid in [A°P, Set], such that

k

k
Gl XG() e XG()GI - Gl XCﬂ()G() e Xcﬂ()G()Gl

is a weak equivalence of simplicial sets for all k > 2, with Gy a homotopically trivial
simplicial set. Then the bisimplicial set Xe¢e := NG, satisfies the m«—Kan condition,
and for each t > 1, 7; Xee is a groupoid object in semi-discrete groupoids, so is
2—coskeletal.

Proof We think of the simplicial direction as vertical. Let X3 = (NG.);. Since
Xo = Gy is homotopically trivial (that is, a disjoint union of contractible spaces), the
groupoid 7; Xy is discrete on 7¢Gy, so any k —m;—matching collection for n =1 is
trivial.

For n = 2, note that X, = X xy, X, so any a € X3 ¢ is of the form a = (¢’,d"),
where dyja’ = dya” =: b Moreover, doa = d’, dia = a’ x a” (where x denotes the
groupoid composition), and dya = a”.

Soif > 1 there are three cases for a k —m;—matching collection (x; € 7/ (X1, d;ja));+k
at a:

(i) When k =1, the fill-in w € 7/ (X>,a) for xo and x, is the pull-back pair
(x0,x2) in

) (Xa,a) = mf (X1, ') X0 (xy,0) 77 (X1,0").
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(i) When k =0, the fill-in w = (3, x) for x; and x, should satisfy x; = d;w =
Y *X2,80 ¥ = X1 * (x3)”!, using the groupoid structure on 7 X .

(iii) The case k = 2 is similar.

For n > 2 the proof of the 7x—Kan condition is analogous; however, because 77, Xee
is 2—coskeletal, we do not even need to verify it, since the spectral sequence (4-1)
from the E2—term on then depends only on the 2—truncation of X in the horizontal
direction. |

In order to study the homotopy groups of the n—fold diagonal dNG of an n—fold
groupoid, we think of it as an iterative construction in which we take diagonals in
successive bisimplicial bidirections. The weak globularity allows us to iteratively apply
Lemma 4.5, and thus the Bousfield—Friedlander spectral sequence.
4.6 Theorem For any weakly globular n—fold groupoid G € Gpdag,
and for each base point xo € G ,»  we have natural isomorphisms

BG isan n—type,

4-7) T (BG; xg) = wp(G;x9) for 0<k <n, and myBG = wy(G)
(see (3-27)).

Proof Since BG is the geometric realization of dN G, we prove the theorem simpli-
cially, for dNG, by induction on 7.

Using the convention of Remark 2.27, for each ¢ € A"~2 we have a double groupoid
G112 (a) € Gpd? (in the notation of Section 2.6(b)). Assuming that the first of the »
directions of G is not among those of A2, N(DG(1:2)(4) e [A°P, Gpd] satisfies the
hypotheses of Lemma 4.5, by Definition 3.19. Therefore, the Bousfield—Friedlander
spectral sequence for the bisimplicial set

X(a) := NG G2 (g)

converges to 1y Diag X (a). Moreover, 7} X (a) is 2—coskeletal for each ¢ > 1, by the
lemma, as is 75 X (a) (by Definition 3.19 again). Thus in the E 2_term of the spectral
sequence only the two right columns of two bottom rows can be non-zero, so that
Diag X (a) is a 2—type. In fact, the rightmost column is zero (except at the bottom), so
we can read off the homotopy groups of Diag X' («) from those of X(a).

Since Diag is functorial in a € A2 the resulting object Y := Diag(l’z) NI G
is in [A°P, Gpd™~?], with each Y (a) € [A°P, Set] a simplicial 2—type. Since G was
a homotopically discrete (n—1)—fold groupoid, the object Y,/ (in dimension 0 in the
first (simplicial) direction) is a homotopically discrete (n—2)—fold groupoid. Moreover,

Algebraic € Geometric Topology, Volume 14 (2014)



Segal-type algebraic models of n—types 3453

for any choice of a third (groupoid) direction 7, and each b € A3 by Definition 3.19,
we have a bisimplicial groupoid

Zaex 1= N1 G20 5y

(where the third index is the groupoid direction). This has a weak equivalence of
bisimplicial sets

~

K =~ K
Z..k = Z..IXZ”O XZ..OZOOI —_— Z"IXGg XGgZ°'1

for each k > 2, natural in b (note that G¥ is independent of b). This map therefore
induces a weak equivalence in the bisimplicial direction (see Remark 2.22). Thus each
simplicial groupoid Y (b) = Diag Zee« satisfies the hypotheses of Lemma 4.5.

Now assume by descending induction on 2 < k < n that we have ¥ € [A°, Gpd"*],
with Y (a) € [A°, Set] a k—type for each a € A" with Y} ahomotopically discrete
(n—k)—fold groupoid. Here the first (vertical) direction is simplicial.

For any choice of a second (groupoid) direction, and each b € A"k=1 the simplicial
groupoid Y (12 (b) € [A°P, Gpd] satisfies the hypotheses of Lemma 4.5. Therefore,
(4-1) converges, with only the two right columns of the bottom & rows non-zero, and
Diag Y (a) is thus a (k+1)—type. When k =n—1, Y is a simplicial groupoid which
is an (n—1)—type in the simplicial direction, with BG appearing as the realization of
DiagY .

For any weakly globular double groupoid G, the E?—term of the Bousfield—Friedlander
spectral sequence for the bisimplicial set Xee = N hNVG survives to E%. Moreover,
because G is homotopically trivial, E 12 o = 7170 Xee = 0, s0 in fact by Lemma 4.5,

Eg,o = mo7o(Xee, Xg) ifi =0,
Ni(Diag Xoo, XO) = Eél =TTy (X..,X()) ifi = 1,

E?  =mmi(Xee, xg) ifi =2,

for each choice of a base-point xg in Ggg. Actually, 7171 (Xee, Xg) is just the auto-
morphism group of Gy, that is, W3 2)G (X0, Xo)

Therefore, given a weakly globular n—fold groupoid G, by what we have shown above
we see that

n(BG; x0) = wn(G; Xo)

for each xg € Gy.... 0. Moreover, by Lemma 3.31 we have

.....

7i(BG, xo) = m(BOY V... 1Y G, x)
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forall 0 <i <n—k,and Hf)”_kﬂ) e Hf)”)G is an (n—k)-weakly globular (n—k)—
fold groupoid, so in particular (4-7) holds for each 0 <k <n. a

Observe that Theorem 4.6 provides an intrinsic algebraic definition of the notion of
geometric weak equivalences among weakly globular n—fold groupoids, since we have
the following corollary:

4.8 Corollary (a) A map of weakly globular n—fold groupoids is a geometric weak
equivalence (Definition 2.21) if and only if it is an algebraic weak equivalence
(Section 3.26).

(b) The notion of a weakly globular n—fold groupoid G is purely algebraic.

4.9 Remark It follows from above that the functor Hf)"): Gpdy, — Gpd’\g1 preserves
geometric weak equivalences and serves as an algebraic (n—1)—Postnikov section
functor.

4.B An iterative description of Q ()

We now use the notions of the previous section to provide a more transparent iterative
description of the fundamental n—fold groupoid functor Q)X (Definition 2.30) for a
Kan complex X .

4.10 Definition For any simplicial set X, let

@-11) LY {DecX ifk=0

F T Dec X xx 4T xy Dec X ifk > 1.
4.12 Remark If X is a Kan complex, we have a natural fibration of simplicial
sets u: Dec X — X (see Section 2.5), yielding the internal groupoid (Dec X)) €
Gpd[A°P, Set] of Definition 3.1. We see that

(4-13) (N(Dec X)) = L X = L1 X Xpeex " Xpeex L1 X

for all £ > 1, so we may denote the bisimplicial set N(Dec X)* by LeX . This is
depicted in Figure 4, where the vertical maps are induced by those indicated in the

rightmost column, and the horizontal maps are structure maps for the pullbacks, as in
(3-2).

If X isreduced, Dec X is contractible, so L1 X models the loop space €2X . In general,
L X is homotopy equivalent to the “path object” P X of Duskin [25, Section 2.2].
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D2
X3 Xx, X3 X5, X3 ———= X3 xx, X3 - X3
\ \\I do dlld2
P1 ¢
X, XX, X5 XX, X5 X, XX, Xzf)Xz
1
H do | | di
P2
X1XX0X1 XXOXI X1XX0X1f>X1
1

Figure 4: Corner of Lo X

4.14 Lemma Let X be a Kan complex, and cX the corresponding bisimplicial set,
constant in the horizontal direction.

(a) There is a natural map of bisimplicial sets ¢: cX — Le¢X , which is a dimension-
wise weak equivalence (as horizontal simplicial sets, in each vertical dimension;
see Figure 4), so induces a weak equivalence Diag ¢: X — Diag Lo X .

(b) We have N(”)Q(,,)X = QEZ)_I)L.X, that is, for each k > 0,

(4-15) (N Qe X), = Qu-1)LiX.
Thus, foreach k > 1,
(4-16) Om-nLxX = Qu—1)L1XX0(,_; pecx K X0(,_pypeex Qmn—1)L1X.
(¢) If X is homotopically trivial then, for k > 1,
(4-17) O Lk X = QyDec Xxo,, x " X0, x O Dec X.
Proof (a) The section 0: X — Dec X to the augmentation ¢ = dy: Dec X — X,

given in dimension i by the degeneracy s;: X; — X;11 (see Section 2.7), fits into a
diagram

X Dec X ¢ X
@19 | I |
X X X
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of vertical arrows in [A°P, Set], where the horizontal composite is the identity. Applying
the construction of Definition 3.1 to each vertical arrow we obtain

X 2oy Soex.

Here the map of simplicial sets ¢;: ¢(X;) — (LeX); in each internal simplicial dimen-
sion 7 is given by the vertical maps in

X; Xi Xi
(4-19) (s,.,s,.,s,.)l jm,s,-) L

—_—
v Xjp1 Xx; Xig1 Xx; Xit1 —= Xip1 ¥x; Xig1 —= Xip1.

Since the lower row in (4-19) is the nerve of a homotopically discrete groupoid, the
vertical map is a weak equivalence (with inverse induced by the right square in (4-18)).

(b) We will show that, for n > 2,
(4-20) N®QuX =02 | NP7P 0 X,

where Q( ) 1 is obtained by applying Q(,—1) in each simplicial dimension in the
second dlrectlon to the bisimplicial object N @z (2) Or(y).

By Lemma 2.28, we have

~-(2)

(4-21) Oty NP7 ® Oy X = N7 Orgyy X,

and since, by the definition of Q,_1),

QEZ) N@z (2) Orgy X = 7'[(1) ,Al(n—l)o E ) )N(z) (2 )Or(z) X
we deduce that
(4-22) Qg)_l)N(z)ﬁl(z) Orzy X = ”1(1) Afn_l)N(n)ﬁl(n) Orgyy X.

Since QX = frl(l) .- J?l(") Or(,;) X and Or,) X is (n,2)—fibrant, in order to show
(4-20) it suffices to show by induction on n > 2 that

(4-23) N®WzO .30y — 70 30D ymzmy

for any (7, 2)—fibrant n—fold simplicial set Y. For n =2,
N@7020y — 20 y@z0)y

by Lemma 2.35 and Proposition 2.34.
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In the induction step, let G be the simplicial (n—1)—fold groupoid 7?1(2) e ﬁl(”)Y. By
Lemma 2.37, G, is (n—1, 2)—fibrant, so for each @ € A"2, the simplicial groupoid
Ge(a) (in the first groupoid direction of G,) is (2, 2)-fibrant. Thus by Lemma 2.35
we have N(”)J?I(I)G.(a) = J?I(I)N(”)G.(a), o)

N(n)ﬁp) mﬁl(n)Y — N(n)ﬁl(l)G. — ﬁl(l)N(n)G. = 7;1(1)N(n)7?§2) .. ﬁf”)Y'

If we think of Y as a simplicial (n—1, 2)—fibrant (n—1)—fold simplicial set Y.(l) (in
the first direction), by the induction hypotheses

N(n)7;1(2) ,,,;Tfn)yn(}) — frfz) . "ﬁfn_l)N(n)ﬁfn)Yn(zl)
for each m > 0, so (4-23) holds for Y, too. This concludes the proof of (4-20).
Observe that
(4-24) NP7@ 0org x = NaS

with A% € Gpd([A°P, Set]) as in (3-2), for the map u: Dec X — X of simplicial sets.
In fact, 7’%1(2) Or(2) X , thought of as a simplicial object in Gpd, has (7?1(2) Orp) X)i =
71 Deck X in simplicial dimension k. This is isomorphic to the homotopically discrete
groupoid (X% )** (where up: X — Xj;_1 is a map of sets). Hence from (4-20) and
(4-24) we conclude that

N® QX = Qg NA".

Since (NA"); = L X for each k > 0, (4-15) follows.

n

In particular, since Q ;)X € Gpdy,, we have, for k > 2,

Qu-nLiX = (N® 0y x)"
= (N® Q) X) | t (N QG 1)|"

S
N o0 T X(N(”)Q(,,)X)g')

so by (4-15) we have

Q—1) Lk X = (Qn—1) L1 X)X (01, pec 300 X001y pec 10(Qn—1) L1 X).

(c) Byinductionon n. Forn=1, Q)= 7. Since by hypothesis X is homotopically
trivial and u: Dec X — X is afibration, L; X =Dec X X x Dec X is also homotopically
trivial; hence 771 L1 X is a homotopically discrete groupoid, and is therefore isomorphic
to A where f: A — B is the obvious map

X] XX()XI —> XOXJT()XXO
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On the other hand, 7; Dec X 2 (X;)% and 7; X = (Xo)? (for y: Xo — 79 X), so
ﬁ]LlX = 7/1\’1 DGCXX,A,IXJ’I\’I Dec X.
In the induction step, applying N to both sides of (4-17), we must show that for

each k> 1 and i > 1 we have

(N®Q 4Ly X))

i—1
)

@) il N™Q(yDec X)),

=15V 0y ) X(N(")Q(n)X)E'i)l(

= (N(n)Q(n) Dec X)
or equivalently (after applying (b)), that
(4-25) Qu-nLi(LrX)
=~ Qu-nLiDec Xxo,, , 1;x " X041 ;x Qn—1)LiDec X

Since X is homotopically trivial, so are Dec X and L; X (since u: Dec X — X is a
fibration), so we can apply induction hypothesis (c) for (n—1) to replace the left-hand
side of (4-25) by

.
Qn—1) Dec(Li X)X 1y1,x "+ X0 zxx Qu—t1) Dec(LiX),
and since Dec commutes with fiber products, and thus with L, this equals
(Q(n—l) (Decz XXDecX k'—!_'l ><DecXDeC‘2 X))
i+1
l><XDecX)) o X(Q(n_l)(DechXth

(Q(n—l)(DeC2 X Xpee x 8 XDecXDecz X))

k+

X e 1
(Q(n_l)(DecXXX X yx Dec X))

If we write 4 := Q(n_l)Dec2 X, B:=Qu-1DecX,and C := Q,_1)X, apply-
ing (b) for (n—1) to this last expression yields

(4-26) (Axp T xpd)x 4 % X

k+1
1 . X AXB cee XBA).
(Bxc'" " xc B)) (Bxc

-~_-1><CB))(

Similarly, (c) applied to the right-hand side of (4-25) yields
4-27)  (Axp " xgA)x i ok

; X i
Bxc'=xo By (Bxclwlch))(

Axp x5 A)),

and the two limits (4-26) and (4-27) are evidently equal, proving (4-25). O

4.C Modeling n-types

In the last part of this section we finally show that weakly globular n—fold groupoids
indeed model n—types.
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4.28 Proposition Let X be a Kan complex. Then:
(a) There is a natural n—equivalence W(),g)i X —=dNQuX.
(b) Q) preserves weak equivalences of Kan complexes.
(c) If X is homotopically trivial (that is, all higher homotopy groups vanish), then
Q@)X is a homotopically trivial n—fold groupoid.

(d) Q)X is a weakly globular n—fold groupoid, and Hf)”) Q@)X is isomorphic to
Q(n—l)X .

Proof By induction on n. The claim is immediate for n =1 (with Q)X := mo X
and W(AI,): X — N7;X ~ P'X the Postnikov structure map).

(a) We assume that we have a map

Vf()rf—l): X — Diag,_1) Nu-1) Q-1 X,

natural in X . Applying this to the simplicial object Le X € [A°P, [A°P, Set]] (which is
fibrant in each simplicial dimension, by Remark 2.8), we obtain a map of bisimplicial
sets

LoX = = A
Uiy LeX — Diag(,- 1y Niu—1y Q00 1 Lo X.
which is an (n—1)—equivalence in each simplicial dimension.
However, in simplicial dimension 0 we have L¢X = Dec X', which is homotopically
trivial, while Q,—1)Dec X is a homotopically discrete (n—1)—fold groupoid by in-
duction assumption (c) for n — 1, so dNQ—1)Dec X is homotopically trivial by

Corollary 3.18. Thus 1/f OX) is actually a geometric weak equivalence, so w(ﬁ_X) isa
diagonal n—equlvalence (see Definition 3.29), which implies that

(4-29) Diag W( Dlag L.X — Diag, N(,, 1 Q(n 1 LoX
is an n—equivalence by Proposmon 3.30.

Now by (4-15), N®™ Q) X = Q( | Lo X, so together with the map ¢: cX — Lo X
of Lemma 4.14(a) we have maps of bisimplicial sets

(n 1)

——(n) ——(n)
CX—>L X—>D1ag(n 1)N(n I)Q( 1)L.X=Dlag(:_l)N(”)Q(n)X.

Applying Diag to both maps we see that the first is a weak equivalence, while the
second is an n—equivalence, because (4-29) is such. We define the composite to be
W(),i)i X — dNQ )X, which is therefore an n—equivalence.

(b) Let f: X — Y be a weak equivalence of Kan complexes. Since by part (a),
X — Diag(,y Q)X and Y — Diag(,) O Y are n—equivalences, it follows that
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Diag(,y O)./ is an n—equivalence. Furthermore, by Theorem 4.6, Diag,) O )X
and Diag,) Q)Y are n—types. Hence Diag,) O/ is a weak equivalence.

(¢) Since X is homotopically trivial, by Lemma 4.14 for each k > 1 we have
(NP QumyX)k = Qu-1yLi X
= Q(n—1)Dec XxQ(n_l)X KTl xQ(n_l)XQ(n_l) Dec X.
Therefore Q)X = A where A = O n-1)Dec X and by induction
= 0w-ng Qu-1yDec X = QX

is a map of homotopically discrete (n—1)—fold groupoids with a section Q,_1)o (see
Section 2.7). Hence, Q)X is homotopically discrete, by definition.

(d) To show that Q)X is weakly globular (Definition 3.19), we think of it as a
groupoid in Gpd”~!, with (n—1)—fold groupoid of objects (Q@)X)o and (n—1)—fold
groupoid of arrows (Q ;)X ). Note that

(OmX)o = Qu—1)Dec X

by (4-15) with k = 0, and since Dec X is homotopically discrete, (Q )X )(()") is
homotopically discrete, by (c).

Similarly,

(N® Q0 X)[” = Qu-n) L1 X € Gpdly,!

wg
and by (4-16)
(N Qi Xk = (Qm X) 1% (00 330 -+ X0 00 (Cmy X1
= Q- (L1 X Xpeex - Xpeex L1 X),
so (N™ Q) X)k is weakly globular for each k& > 0.

If we apply H(()n_l) in each simplicial dimension in the n'" direction, by Lemma 4.14(b)
and the induction hypothesis, then

=(n—1 -1
(Hf,n )N(")Q(,,)X),(c”) = H(()" )Q(n—l)LkX = Qm-2Lx X = (Qu-1X)k,
where (N(”_I)Q(n_l)X),(cn_l) is abbreviated to (Q (;,—1)X )k -
This shows that Hf)n) G lands in weakly globular (n—1)—fold groupoids, and that

15" QX = Qu-n X.
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To prove that Q) X € Gpdag, it remains to show that in each simplicial dimension

k > 2 (in the n™ direction), the map

(4-30) (Q(H)X)l X(Q(n)X)() X X(Q(n)X)o (Q(H)X)l
k
— (@ X)1 %0, X0y 0d (LX)
is a geometric weak equivalence. By Lemma 4.14(b) we have
(O X) 1% 0300 "+ X0 100 Qo X)1 = (N ™ Qi Xy

= Qu-nLirX
= Q1) (L1 X Xpeex -+ Xpeex L1X),

where the second equality is (4-15) and the third is (4-16).

Since Dec X is homotopically trivial, Q,—1) Dec X is homotopically discrete by (c),
and so

(Qw X)§ = (Q(a—1) Dec X)? = Q,—1)¢(mo Dec X) = Q(n—1)¢(Xo)
by (a) and Lemma 3.15(d), where ¢(Xp) is the constant simplicial set on Xj.

Since X is a Kan complex and Q(,—1) commutes with fiber products over discrete
objects, by Remark 2.41, we have

(Qm)X)1%(0,, x)d - X0l (LX)
= Q(n—l)LlXXQ(n_l)c(XO) 8 XQ(n_l)c(XO)Q(n—l)LIX
>~ Q1) (L1 X Xeixg) ** Xexgp L1 X).
Since Dec X — X is a fibration, so is L1 X — Dec X, and Dec X — ¢(Xp) is a weak
equivalence; thus the map

k k
L1 X Xpeex **+ Xpeex L1 X — LIXX¢,-<X0) Xc'(X())LlX

is a weak equivalence of Kan complexes. Therefore, by (b), (4-30) is a weak equivalence,
as required. |

Recall from Definition 3.28 that P"Top denotes the full subcategory of Top consisting
of spaces T for which the natural map 7T — P"T is a weak equivalence, and hoP” Top
is the corresponding full subcategory of the homotopy category hoTop of topological
spaces.
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4.31 Definition Let ho Gpdy, denote the localization of the category Gpdy, with
respect to the (algebraic) weak equivalences (see Corollary 4.8 and compare with
Gabriel and Zisman [29]).

4.32 Theorem The functors Q(,,): Top — Gpd":,g and B: Gpd@g — Top induce
functors

B
(4-33) hoP"Top —=ho Gpd@g ,
Qm)

with B o Q(,,) 2 IdnoprTop, SO Q(n): hoP”Top — ho Gpd@g is a faithful embedding.

Proof By Theorem 4.6 and Proposition 4.28 both functors Qn = Q@S and B pre-
serve weak equivalences, and therefore induce corresponding functors on the homotopy
categories. Also, for any 7' € P"Top, by Theorem 4.6 and Proposition 4.28, there is a
span

(4-34) BQuT «—|ST| — T,

where the map on the left is a homotopy equivalence and the map on the right is a
weak homotopy equivalence. It follows that 7" and BQ,)T are weakly equivalent in
P"Top; that is, B o Q(n) = IdhoP”Top- O

4.35 Weakly globular double groupoids We can strengthen Theorem 4.32 for n =2
to obtain an equivalence
hoP2Top & ho Gpd?

wg’
where on the right-hand side we use the (internally defined) algebraic weak equivalences
of GpdZ, itself.

As in Bullejos, Cegarra and Duskin [19, Theorem 2.5], for any double groupoid
G one can construct a map ge: Or(;) NG — N()G. By Cegarra, Heredia and
Remedios [22, Theorem 8], if G is weakly globular (and therefore (2,2)-fibrant),
dNG is a Kan complex. Therefore, P(;) Or;) dNG and Py N(3)G = G are weakly
globular double groupoids. Since we have a homotopy equivalence of Kan complexes
£ dNG — S||dNG|| = SBG, we also have a geometric weak equivalence of weakly
globular double groupoids

02)¢ PN
(4-36) 02)dNG —— Q)SBG = Q(2)BG.
Therefore, the algebraic homotopy groups w«Q2)dN G are isomorphic by (3-27) to
7xBQ2)dNG = 14 BQ (2 BG = 14+ BG
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(using (4-34) for T := BG). By Theorem 4.6, w+G = w4« BG, and since w«+G =
w+dNG, also by (3-27), we conclude that w« Q(z)dN G = w4«G. One can verify that
this isomorphism is induced by the map

P(z)S.I P(z) Or(z) dNG = Q(z)dNG — P(z)N(z)G =G,
which is therefore a geometric weak equivalence of double groupoids.
Together with a map of double groupoids induced by (4-36), we obtain a zig-zag of
geometric weak equivalences

. 00k Py
0BG <22 0(5dNG —25 G

This implies that (4-33) is an equivalence of localized categories when n = 2.

S Tamsamani’s model and weakly globular n—fold groupoids

In this section we construct a comparison functor from weakly globular n—fold
groupoids to Tamsamani’s weak n—groupoids, which preserves homotopy types.

5.A Tamsamani’s weak n—groupoids

We begin with a brief recapitulation of the notion of a Tamsamani weak n—groupoid,
starting with a modified definition. This differs somewhat from the original definition
in Tamsamani [48, Section 5] (compare Simpson [47, Section 15.2] and Paoli [42,
Section 8]), which was motivated by the goal of modeling higher categories, rather
than groupoids.

5.1 Definition The category Tam” of Tamsamani weak n—groupoids is a full subcat-
egory of [A"1 Gpd], defined inductively as follows:

(a) Tam! := Gpd is the category of groupoids.

(b) Each X € Tam” is a simplicial object in Tam” ! (in the first simplicial direction).
We therefore have an inclusion functor Jy,: Tam” — [A”_lop, Gpd].

(c) The 0™ Tamsamani weak (n—1)—groupoid X is discrete (that is, a constant
(n—1)—fold simplicial set).

(d) The Segal maps pug: Xgp — X1Xxx, A X x,X1 (Definition 2.3) are geometric
weak equivalences of Tamsamani weak (n—1)—groupoids for each k > 2: that
is, Bug: BXy — B(X1xx, K Xx,X1) is a weak equivalence of topological
spaces, where B: Tam™ — Top is the realization functor of (1-3).
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(e) The (n—1)-simplicial set J_r(()n)JnX is the nerve of a Tamsamani weak (n — 1)

groupoid Hon)X , and we have a commutative diagram:

T 0
Tam” (A1 Gpd]
H(()n) Lﬁ(()n)
Tam”~! -~ [A2" Gpd] ——— [A"1” Set]
n—1 N

Furthermore, Hg') preserves geometric weak equivalences.

5.2 Tamsamani’s original definition Tamsamani’s original approach (as described
in [42, Section 8]) gave an inductive definition of the category Tam” C [A"~!", Gpd]
equipped with a class of maps called n—equivalences for each n > 1, The following
assumptions must be satisfied:

(a) Tam! := Gpd (with 1—equivalences being equivalences of groupoids).
(b) Each X € Tam” is a simplicial object in Tam”~!.
(c) X is discrete.

(d) The Segal maps pg: Xx — X1Xx, R Xx,X1 are (n—1)—equivalences in the
category Tam”~! for each k > 2.

(e) The functor ﬁél)ﬁéz)mﬁg’): Tam”™ — Set, (see Definition 3.12) takes n—

equivalences to bijections and preserves fiber products over discrete objects.

Note that (d) and (e) together imply that the Tamsamani fundamental groupoid functor
=gl 7V,
when applied to X € Tam”, lands in groupoids.

(f) Forevery a and b in the set X, the fiber of X, p) of (do,d;): X1 — Xox Xp
is a Tamsamani weak (n—1)—groupoid.

(g) Amap f: X — Y in Tam”"is an n—equivalence if and only if:

(i) The map T, g;)“ e T(T;)“X —-T (E‘)“Y is an equivalence of groupoids.

() f(a,b): X(a,b) = Y(a,p) is an (n—1)—equivalence for every (a, b) € Xox Xj.
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5.3 Remark Note thatif g: X — Y is a morphism in Tam” with Y discrete, then
X is isomorphic to ]_[er g~ '{y}, where the coproduct is taken in Tam” (compare
Lemma 6.7 below).

This implies that if X € Tam”, then X7 is isomorphic to the coproduct over all a, b € X
of Xi(a,b) € Tam"~! (where Xj(a,b) is the fiber of (dy,d1): X1 — Xo % Xo).
From this and from (e) we deduce that if X" € Tam”, the (n—1)—simplicial set J_ré”) Jn X
is the nerve of an object Hf)”)X of Tam"~! and we have the commutative diagram:

Jn o
(A1) Gpd]

(n) =(n)
g L L”O

Tam” ! - [A"2" | Gpd] — [A17 ) Set]
n—1 N

Furthermore, H(()") takes n—equivalences to (n—1)—equivalences, and one can therefore
replace (g) in the definition above by the following:

(i) The map H(()")f: Hg')X — Hf)”)Y is an (n—1)— equivalence in Tam"~!.
(1) fa,p): X(a,p) = Y(a,p) is an (n—1)—equivalence for every (a,b) € Xy x Xj.

We recall the following fact from [42, Lemma 10.1]:

54 Lemma A map f: X — Y in Tam” is an n—equivalence if and only if it is a
geometric weak equivalence.

5.5 Proposition The categories Tam” and Tam” are identical.

Proof By induction on n > 1, starting with Tam! = Gpd = Tam!. The fact that Tam”
is contained in Tam” is immediate (by the induction hypothesis and Lemma 5.4), while
the other direction follows from Remark 5.3 and Lemma 5.4 again. |

5.6 Definition Let ho Tam” denote the localization of the category Tam” with respect
to the n—equivalences.

5.7 Theorem (Tamsamani [48, Theorem 8.0]) There is a Poincaré n—groupoid
functor F}: Top— Tam” which, together with B: Tam” — Top, induces equivalences
of categories

B
(5-8) hoP"Top ——= ho Tam” .

n
FTm

For every T € Top, there is a zig-zag of weak equivalences in P" Top between BF[ T
and P"T, and for every X € Tam”, there is a natural weak equivalence X — F}' BX .
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5.B Comparison with weakly globular n—fold groupoids

We construct iteratively a discretization functor Dy: Gpd&g — Tam”, which preserves
the homotopy type.

5.9 Two simplicial constructions Let € be a (co)complete category, X € [A°P, €]
a simplicial object, and y: Xo — W a map in €. In this context we mimic the
construction of a new simplicial object Y € [A°P, €] described in our paper [11,
Section 3], as follows:

Consider the pushout in 6

S(n)

Xo — Xy

(5-10) yl lfn
W——7Y,

O(n)

where s(;) is induced by the unique morphism [0] — [1] in A°P. For any morphism
¢: [n] — [m] in A°P, ¢ps(y) = 5(m) by the uniqueness, so that
JmPS@y = SmS@m) = 0(m) Jo: Xo = Yom.

By the universal property of pushouts there exists a unique $ 1 Y, — Yy, with $ fn=
fm$ and $a(n) = 0(sn)- In particular, we have maps c?, Yo > Yy for 0<i <n,
and 6;: Y,—1 — Y, for 0 <i <n. The maps d; and 5; satisfy the simplicial identities,
so that Y is a simplicial object in 6. In fact, if

] 2> [m] > [k]

are morphisms in A°? and & =y o ¢, then
ga(n) =0 = 1Z(f(m) = lZ‘za(n)’
Efn=IkE= VP =V fnd =V fn.
It follows by universal property of pushouts that § = 1/7(5 In partAicular, since the

simplicial identities are satisfied by d; and o;, they are satisfied by d; and 6;. So we
have a map of simplicial objects f: X — Y.

Note that if y': W — X is a section for ¥ (with yy’ =1d), we may construct a new
simplicial object XV € [A°P, €] by setting

X = w %fnzO,
X, ifn>0.
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Let do,dy: X1 — Xo and 09 = 5(1): Xo — X be the face and degeneracy maps of X,
and let dg, d{: X; — W, and o: W — X\, respectively, denote d] = yd; (i =0,1),
and oy = 0gy’. All other face and degeneracy operators of X7 are the same as those
of X.

Finally, we define amap /#: XY — Y in [A°P, €] by setting /o :=1d and A, := f, for
n> 0. Infact, d] = d; f1; also, f100 = Goy, which implies fio0y’ = Goyy’ = 0.
All other identities are the same as for f.

5.11 The functor D Let [A°P, Set]i be the full subcategory of bisimplicial sets X
such that the simplicial set X, is homotopically trivial, through a weak equivalence
y: Xo — Xéi with a section y': Xg — Xy with yy’ =1d, where Xg is the constant
simplicial set on 7y Xy. Let [AP, Set]fl denote the full subcategory of bisimplicial
sets X such that the simplicial set Xy is constant. We construct a functor

D: [A®P, Set]? — [AP, Set]?

by setting DX := XV (in the notation of Section 5.9).
5.12 Lemma Let D: [AP, Set]i — [A°P, Set]fl, be as above. Then for each X €
[A°P, Set]i, DX and X have the same homotopy type.

Proof We construct a bisimplicial set ¥ and weak equivalences

h
x Ly px

using the construction of Section 5.9, for € = [A°P, Set], W := Xé" and y: Xo — Xg
as above. Since y is a weak equivalence and s(,) is a cofibration of simplicial sets, the
right vertical map f;, in (5-10) is a weak equivalence for each n > 0, that is, we have
a map of bisimplicial sets f: X — Y which is a levelwise weak equivalence. Thus
Bf is also a weak equivalence.

Since the map #: DX — Y of Section 5.9 is a levelwise weak equivalence, B/ is a
weak equivalence. In conclusion, f and /4 are weak equivalences, so that

Diag X >~ Diag DX. |
5.13 Definition We define the 0—discretization functor
— -1
Disco: Gpdy, — [A%P, Gpdy, ']
on any weakly globular n—fold groupoid G as follows: set (see Notation 2.18)

Gd if k =0,

Disco G)j :=
(Disco G {(N(I)G)k if k> 0.
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If dy,d: Gy — Gy are the source and target maps, and og: Gy — G is the de-
generacy operator (all in Gpd”™!), we define d, d{: (Disco G); — (Discg G)o and
0y (Disco G)g — (Disco G); by d] = yd; (i =0,1) and oy = 0py’. All other face
and degeneracy operators of Discy G are those of G. Since yy’ = Id, all simplicial
identities hold for Disco G .

n
wg?

5.14 Lemma For any weakly globular n—fold groupoid G € Gpd
Diag,) Disco G are weakly equivalent.

Diag(,) G and

Proof Diagg,) G is the diagonal of the bisimplicial set X" with
X = Diag(n_l)(N(”)G),(C")

forall k£ >0, while Diag,) Disco G is the diagonal of the bisimplicial set ¥ with Yo :=
Gg and Yy := Diag,_ (N(”)G),((”) for k > 1. By construction, X € [A°P, Set]i and
Y = DX . Hence, by Lemma 5.12, Diag,y G = Diag X >~ Diag Y = Diag, Disco G

O

5.15 Notation Let T(Z‘;g: Gpd’v’vg — Gpd denote the weakly globular fundamental

groupoid functor, that is, the composite

wg . _ (2 (n—=1) ()
(5-16) T(n) =107 .- Ty I
(see Definitions 3.12 and 3.19).

By construction, for all i > 0,

(5-17) (T(Z‘;;G),- = noT(‘Zg_l)Gi.

5.18 Definition For each n > 1, we define discretization functors
—1°p
Dy: Gpdy, — [A"™17, Gpd]

by induction on 7, starting with D; :=1Id: Gpd — Gpd. For n > 2, we let D, be the
composite

N Di Dy —10
Gpd, —— [A®, Gpdi 1] —> [A%, Gpdy '] —— [A™1", Gpd],

where D,_; is obtained by applying D,_; in each simplicial dimension.
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5.19 Theorem The functor D,, lands in Tam”. Furthermore, T, gg‘Dn = T(:;g, and
for each G € Gpdy,,, we have a natural weak equivalence

Proof By induction on n > 2. For n = 2, note that D, G = Discy N®G is in Tam?
for any weakly globular double groupoid G, since for each k > 2 by Definition 3.19(iv)
we have

(D2G)i = G1Xg, " X, G1
>~ Gleg K XGgGl
~ (D2G)1X(Dycry *" * X(Dycrg (D2G) 1.

Furthermore, 7} ’)nDzG waG H( )G isa group01d Hence by definition, D,G €
Tam?. By Lemma 5.14, BD,G ~ dNG since G € Gpd

In the induction step, note that (D, G)o = Gg is discrete. So to prove that D, G is in
Tam”, it remains to show the following:

(a) The Segal maps

pi: (DnG)x = (DnG)1 Xy, X X(DpGyy (PnG)1
are geometric weak equivalences.

b T (EI)I‘D,,G is a groupoid.

Note that by Definition 5.18 and by the inductive hypothesis, for k > 2 we have
Diag,—1)(DnG)k = Diag(,—1) Du—1(G1 X, *+ X0 G1)
~ dN(Gl XGq K XGOGI),

and by Definition 3.19(iv) and the inductive hypothesis this is weakly equivalent to

dN (G1x g - X ga G1) 2= Diag(, 1) Dn-1G1 X 44 - Xancd D1agu—1) Dn—1G1

which is Diag(,)((DnG)1X b6 - * X(bucro(PnG)1) by Definition 5.18. Thus each
Segal map py is a geometric weak equivalence. This proves (a).

To prove (b), note that by definition of TTm (5-16) and (5-17), we have

(TTm(DnG))O = JTOT(EIEI)(DIIG)O = NOT(nnll)Gd

(n)
=G =noNT)2 ,\Go = (T3G),,

(n 1) (n)

where 7o T X = n"n®...n"x.
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Furthermore,

(To DuG)y = moT ™ 1) (PnG)ic = mo T 1y D1 (N PGy
for k£ > 1. By induction we therefore have
70T 1) Dut (NP G = mo T2 | [(N PG = (T(3G)
It follows that T(;r)"DnG =T (‘Z)gG, as claimed. Since T (Z‘%G is a groupoid, so is

T (Er)“ D, G . This concludes the proof that D, G € Tam”.

Finally, we show that Diag(,y DnG ~ dNG . Let Y = Disco N ™G € [A, Gpdl;!].
By Lemma 5.14, dN'Y >~ dNG . Furthermore, Diag,) DnG is the realization of the
bisimplicial set Z with Zj := Diag,_;) Dy—1 Yk . By induction, Z; ~ Diag,_1) Y%,
so that Diag Z ~ dNY ~ dNG, as required. m|

5.20 Remark Since by Tamsamani [48, Section 8], BD, G is an n—type, it follows
from Theorem 5.19 that the realization of a weakly globular n—fold groupoid is an
n—type. This provides an alternative proof of the first statement in Theorem 4.6.
Moreover, [48, Section 5] provides a formula for the homotopy groups

where 6, (D, G) is the groupoid W, ,—1)G . This matches (4-7).

6 Weakly globular pseudo rn—fold groupoids

We now introduce the category Pstd@g of weakly globular pseudo n—fold groupoids,
and prove Theorem 6.23, stating that there is a zig-zag of weak equivalences between
any X € PsGApd’jvg and Q(n)BX . This implies our second main result (Theorem 6.28),
stating that Q) induces an equivalence hoP" Top =~ ho PsG pdgg.

6.A Types of pseudo n—fold groupoids

The notion of a weakly globular pseudo n—fold groupoid is a further relaxation of

Gpdag, similarly defined using a subcategory of homotopically discrete objects.

6.1 Definition For each n, we introduce a full subcategory PsGpdf; of (A1 Gpd],
whose objects are called homotopically discrete pseudo n—fold groupoids. These
categories are defined by induction on n > 1, as follows:

(a) The category Pstdﬁd = Gpdllld consists of the homotopically discrete groupoids.
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(b)

(©)

(d)

(6-2)

If X € PsGpdp,, then X} € Pstd}’fd_1 for all k£ > 0, where k is the simplicial
dimension in the first direction (see Definition 3.19).

If X € PsGpd};, the (n—1)—simplicial set ﬁén) Ju X is the nerve of an object

Hf)”)X of PsGpdp; I and the following diagram commutes (where J,, denotes
the inclusion):

Jl‘l

PsGpdp, (A1 Gpd]
H})n)j Lj—r(()n)
PsGpd!'! - [A"2" | Gpd] - [AT17 ) Set]

n—1

Furthermore, the map ¥ of Definition 3.12 induces a map y™: X — c(”)H(()”)X
in PsGpd}; which is a weak equivalence of groupoids in each multi-simplicial
dimension (and thus a geometric weak equivalence by Remark 2.22).

For each k > 2, the induced Segal map
Xk LN XIXXg A XXgXl

of (1-4) is a geometric weak equivalence.

Note that condition (c) implies that the composite y(;) of

(6-3)

cmy(n—1)

x M x RO P2 | IR 1 120 e

is a geometric weak equivalence, so that BX is a homotopically trivial simplicial set
(that is, a O—type).

6.4 Definition We now use Definition 6.1 to specity, for each n > 1, another full
subcategory PsGpdy,, of [A"=1" Gpd], whose objects are called weakly globular
pseudo n—fold groupoids, defined by induction on n > 1.

(a)
(b)
(©)

PsGpd,,, := Gpd.
If X € PsGpdy,, then X, € PsGpdji; ' and X} € PsGpdly,' forall k > 1.

wg?

If X € PsGpd};, the (n—1)—simplicial set 7?(()") JnX 1is the nerve of an object
Hf)”)X of PsGpd}; I and the following diagram commutes (where J,, denotes
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the inclusion):

In _ o0
PsGpd?,, (A1 Gpd]
Hgn) 7—1,((;1)
Pstng1 [A"2" | Gpd] — [AP17 ) Set]

n—1
n . .
Furthermore, Hf) ) preserves geometric weak equivalences.

(d) For each k > 2, the induced Segal map
X i) XIXXg A XXgXl

is a geometric weak equivalence.

6.5 Remark Both Tam” and Gpdcvg are full subcategories of Pstng, and Gpdy,
is a full subcategory of PsGpdf;.

6.6 Example When n = 2, a weakly globular pseudo double groupoid is just a
simplicial object in groupoids X € [A°P, Gpd] such that Xj is a homotopically discrete
groupoid, the simplicial set 7_1(2 X is the nerve of a groupoid, and for each k > 2, the
induced Segal map

B A
Xk—>X1XX61 --C-XXgXl

is an equivalence of groupoids.

6.7 Lemma If f: X — Y is a map in Pstng, and Y is discrete (that is, the
constant (n—1)—fold simplicial object on a discrete groupoid), then X is the coproduct

in Pstd@g of the fibers X ~!(a), taken overalla € Y .

Proof By induction on 7 > 1, where for n =1, X is a groupoid, which is a coproduct
of its connected components. The n™ step follows from the (n—1)%, since coproducts
in PsGpdy, are those of [A"~1" Gpd], namely, disjoint unions, which are therefore
taken dimensionwise. i

6.8 Corollary If X € Pstng, then X is isomorphic to the coproduct in Pstd’v’vg1

of Xi(a,b) (the fiber of (yu)do.ymydi): X1 — Xg X Xg, taken over all (a,b) €
X&xxd).
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6.9 Definition We now define the notion of n—equivalence for maps of weakly
globular pseudo n—fold groupoids by induction on n > 1, where a 1—equivalence is
simply an equivalence of groupoids.

Amap f: X — Y in PsGpdy, is an n—equivalence if:

(a) H(()n)f: H(()n)X — Hg”)Y is an (n—1)— equivalence in PSGPd'&gl-

(b) Forevery a,b € X&, the map f(a,b): X1(a.b) — Y1(f(a), f(b)) is also an
(n—1)— equivalence in Pstd@Q1 .

6.B Comparison with Tamsamani’s weak n—groupoids

We describe a procedure for transforming a weakly globular pseudo n—fold groupoid
X into a Tamsamani weak n—groupoid, without altering the homotopy type. The
construction is done in two stages:

In the first, we use the general construction of Section 5.9 to produce Discy X €
Pstd";g, in which only X is discretized (as in Section 5.B). This time we must
proceed by induction on the n simplicial directions in order to obtain a zig-zag of
intermediate objects (in Lemma 6.21), all weakly equivalent in Pstd'v‘vg (which was

not possible in Gpdy, ).

In the second stage, we define the full discretization functors Dy: PsGpdy,, — Tam”
by induction on n > 2, with D, := Discg, so as to make each Xj; a Tamsamani weak
(n—1)—groupoid.

First, we need some technical facts about weakly globular pseudo n—fold groupoids:

6.10 Lemma If f: X —Y isamapin[A°P, Pstd@?] which is a weak equivalence
in each simplicial dimension, with Yo € PsGpdf; Vand X € Pstng, then for each
k > 2 the induced Segal maps of (6-2) for Y are geometric weak equivalences.

Proof First note that / induces an isomorphism X, 5" ~ Yod , so by Corollary 6.8 it
follows that

fli X] —)Yl

is the coproduct over (a, b) € Xéi ><X61 of its restrictions fi(a,b): Xi(a,b)— Y1(a,b).
Since the classifying space functor B: PsG pdagl — Top commutes with disjoint unions,
the fact that f; is a weak equivalence implies that each f(a, b) is a geometric weak
equivalence in PsG pd@1 .
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Moreover, since X, 5’ is discrete,

(6-11) Xlxxg'lf'XXgXl’é [ Xi(ao.ar) x Xi(ar.az) x--x Xy (ag—1. ar)

a(),...,akeXéi
and similarly for Y.

Now consider the commutative diagram

~X
X : XIXX(!)i -I-C-XXgXl
(6-12) S | = l(flx"'xfl)
k
YkTleyéj "'XYOle

of induced Segal maps, where the left vertical map is a geometric weak equivalence by
assumption, as is the top horizontal induced Segal map (since X € Pstd";g), while
the right horizontal map is a geometric weak equivalence because of (6-11). Therefore,
,u,f is a geometric weak equivalence, too. a

6.13 Lemma Consider a pushout diagram

AC B
(6-14) y(”)tz ¢
<M 4 C

in [N*=1", Gpd], with A € PsGpd!'; and j monic. Then:
(a) If Be Pstd’v’vg, sois C.
(b) If B € PsGpdy,, sois C.

Proof By inductionon n > 1:

First note that for any n > 1, g is a geometric weak equivalence, since f is, be-
cause Diag,) preserves pushouts, 4 is in PsGpdy,, and Diag,) j is a cofibration of
simplicial sets.

When n = 1, (6-14) is a diagram of groupoids, so (a) is clear, and (b) follows from
Joyal and Street [35, Corollary 3].
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In general, since the pushout is taken in a diagram category, Cy is the pushout of the
objects in simplicial dimension 0, which is therefore in PsGpd}; U by (b) for n—1,
while for kK > 1, Cy isin Pstd”_1 by (a) for n—1.

Since the functor H( ") is defined by applying ¢ to each groupoid, 710 commutes with
pushouts of group01ds and myy is an isomorphism, we see that H( C= H( )B isin
Pstd by (a) for n—1.

Finally, the Segal condition follows from Lemma 6.10 for g, since gj is a weak
equivalence for each kK > 0, B € PsGpd” , and Cy € Pstd}’fd_l.

wg?

This shows (a). Part (b) is immediate. O

6.15 Proposition Assume given a weakly globular pseudo n—fold groupoid X , and
let Y € [A*' Gpd] be the result of applying the construction of Section 5.9 to the
map y: Xo —> W for W := (c(”)Hf)”)X)o and ¢ = [N, Gpd]; then Y is actually
in PsGpdy, . Moreover, the maps

(6-16) x Loy xr

are geometric weak equivalences in PsG pdwg, where XV is as in Section 5.9.

Proof First, note that Yy := W isin Pstd}’fd_ L by Definition 6.4. Furthermore, for
any k > 1, Y} is defined by the pushout square of (5-10)

X() S(k) Xk
(6-17) Vl fx
(m ™
€1y X), - Yx

where y is a geometric weak equivalence since Xy is in PsGpdf;" ! and the iterated
degeneracy map s is one-to-one since it has a left inverse d (). Thus by Lemma 6.13,
Yy € Pstd’v’vgl.

The maps fi in (6-17) are geometric weak equivalences, since after applying Diag,,
we obtain a pushout of a weak equivalence along a cofibration in [A°P, Set]. Therefore,
by Lemma 6.10 applied to f°, the induced Segal maps for Y are weak equivalences.

Finally, H(()”)Y is obtained by applying o to each groupoid of Y € (A1 Gpd],
and since this commutes with pushouts and mg)y is an isomorphism, we see that
H(()”)Y = Hg”)X, so in particular it is in Pstd&?. This shows that Y € PsGpdy,

Since each f; is a geometric weak equivalence, as is 1o =y and Ay =1Id for kK > 1,
the two maps /f* and /1 are geometric weak equivalences in PsGpdy, . |
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6.18 Notation Let T (I::): Pstd@g — Gpd denote the fundamental groupoid functor

for Pstde, that is, the composite
ps . ) (n—1) 7 ()
(6-19) T(n) =11, --- I, Iy~

6.20 Definition Foreach n > 2 we define a sequence of functors DISC(k) PsG pd
Pstd@g (where 1 <k <n) by setting

)
Discgk) X = XY
(in the notation of Section 5.9), where
k

is the composite of the first £ maps of (6-3) in dimension 0. We write Discqy for

- (1)
D1scO

6.21 Lemma Foreach X € Pstd@g we have a sequence of natural geometric weak
equivalences

X D1sc(n) X Disco X

f(n) JA) (n 1 LD

y ™ y (=1 y®

Proof Each Y ®) is obtained by applying Proposition 6.15 to DlSC(k+1)X where
DISC(n+1)X X, and using (6-16). O

6.22 Definition We now define discretization functors
_10p
Dy: PsGpdy,, — [A" ™ Gpd]

for each n > 1 by induction on #, starting with D; :=1d: Gpd — Gpd. For n > 2, we
define D, inductively to be the composite

Dis Dn— —10©
PsGpd?, < [A%, PsGpdliy 1] —— [A®, PsGpdliy ] ——> [A""1", Gpd].

where D,_; is obtained by applying D,_; in each simplicial dimension.

Note that D, is simply Discy: Pstd%vg — Tam?.

Algebraic € Geometric Topology, Volume 14 (2014)



Segal-type algebraic models of n—types 3477

6.23 Theorem The functor D, lands in Tam” and preserves geometric weak equiva-
lences and fiber products over discrete objects. Furthermore, for every weakly globular
pseudo n—fold groupoid X € Pstng, the groupoid T, (T:)“DnX is isomorphic to
T(]j:)X , and there is a zig-zag of weak equivalences between D, X and X in the
category PsGpdy, .

Proof By induction on n > 2. For n =2, D, X = Discy X is clearly in Tam? for
any X € Pstdvzvg.

In the induction step, note that (D, X)y = Xg is discrete and (D, X)) = Dy—1 X is
in Tam”™!, by induction. So to prove that D, X is in Tam”, it remains to show the
following:

(a) The Segal maps
(6-24) pic: (D X))k — (DnX)1X(pyx), X X(Dpx)0 (DnX)1

are (n—1)—equivalences.

b TD,X isin Tam" !

To show (a), note that since X € PsGpd? , the induced Segal maps

wg?
B k
Xk ———)XIXXg "'XX(‘)’XI

are geometric weak equivalences for all £ > 2. Since by induction D, _; preserves
geometric weak equivalences, we have weak equivalences

Dn_le — Dn—l(XIXXg K XXgXl).

Moreover, (D, X); = Dy—1 X7 and (Dy X))y = Xgl is discrete, so the right-hand side
is an iterated fiber product over discrete objects, and thus (again by induction)

Dn—l(XIXXO e XXOXI) = (DnX)lx(DnX)O e X(DnX)O(DnX)l,
which proves (a) for n.

To show (b), by Tamsamani’s original definition 5.2 and Proposition 5.5 it suffices to

show that T’ (Tlr)“DnX is a groupoid, which we do by showing that it is isomorphic to
ps

T, X . We have

(n)
T T T d d
and
T T T s
(T(n‘)“D,,X) k = 70Ty (Dn X = 0T, 1y D1 Xg = nOT(fjj_l)Xk = (T(‘jf)X) X
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for kK > 1, where we use the induction hypothesis for the equality before last.

It follows that

T _ s
Ty DnX = Ti

and since the latter is a groupoid, so is Tgf)nDnX . This concludes the proof that D, X
is in Tam”.

Xa

Finally, we obtain the required natural zig-zag of geometric weak equivalences
Dy X —---<«Discg X - --- < X,
by induction on n > 1, where the right-hand zig-zag is provided by Lemma 6.21.

Forn =1, we h_ave DX = X, while for n > 2 we use Definition 6.22 to identify
(Dp X)) with (Dy—1 X))y for k> 1:

D, X Dy_1X, Dy,—1X,

A e

P

DiSCO X Dn—l X2 Xl

0

d
Xo
using induction to obtain the right-hand vertical zig-zag in each simplicial dimension.
O

6.25 Remark The functor D,: Pstd@g — Tam” extends the functor D,;: Gpd(’,vg —
Tam” of Definition 5.18.

6.26 Remark If X € PsGpd”?_, it follows from Theorem 6.23 that BX is an n—type.

wg?

6.27 Definition Let hoPsGpdy, denote the localization of the category PsGpdy,
with respect to the geometric weak equivalences.

6.28 Theorem The functors Q(,,): Top — Gpd@g and B: Pstd@g — Top, together
with the inclusion J: Gpd{, <> PsGpdy, , induce equivalences of categories
B
(6-29) hoP" Top =—————=ho PsGpdy,.
JoQm)

Moreover, for every T € Top, there is a zig-zag of weak equivalences in P"Top
between P"T and BQ )T, and for X € Pstd@g there is a zig-zag of geometric
weak equivalences between X and Q) BX in Pstdgg.
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Proof All three functors preserve weak equivalences, so we have induced functors
as in (6-29). For any n—type 7T, we have an isomorphism in hoP” Top between T
and BQ(,,)T by Theorem 4.32, which also implies (see Remark 6.26) that for any
X e Pstd@g we have a homotopy equivalence (of CW complexes) in Top

(6-30) BX —> BO(nBX.
By Theorem 6.23 we also have zig-zags of geometric weak equivalences in PsG pd"},g
(6-31) DpX = -« X and  DyQeBX =< QumBX
Therefore, after applying B to (6-31) we have homotopy equivalences of CW complexes
BD,X —> BX  and  BQ(yBX —> BD,O(mBX
Combining these with (6-30) yields a weak equivalence
BDyX — BD,Q(nBX

in Top, which by Theorem 5.7 implies that D, X and DnQ(,,)BX are isomorphic
in ho Tam”, and thus in ho PsGpdy,. By (6-31) we see that X and J Q) BX are
weakly equivalent through a zig-zag in PsG pd'v’vg. O

6.32 Remark Note that Theorem 6.23 implies that the functor D, induces an equiv-
alence of categories

ho PsGpdy, = ho Tam”.
Together with Theorem 4.32 and Theorem 5.7 this implies the equivalence of categories
(6-29). In the course of the proof of Theorem 6.28 we have further shown that any
weakly globular pseudo n—fold groupoid X € Pstd@g has two different functorial
partial strictifications: the Tamsamani weak n—groupoid D, X, and the weakly globular
n—fold groupoid Q(,,)BX € Gdeg, each equipped with zig-zags of weak equivalences
in PsGpdy,, from X

(6-33) DpX =< X = - < O BX.

6.34 Definition As in Definition 3.23, for any weakly globular pseudo n—fold
groupoid X and 1 < k < n, we define its k—fold object of arrows to be the pseudo

(n—k)—fold groupoid W, )X = X l(llk)
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6.35 Algebraic homotopy groups and algebraic weak equivalences In analogy to
Section 3.26, for any weakly globular pseudo n—fold groupoid X € Pstd’Vf,g, we
define the k™ algebraic homotopy group of X at x¢ € X...o to be

W(n,n)X(XOaXO) if k =n,

6-36)  wi(X:xg) =
(636)  wx(Xixo) {W(n—k,n—k)(Hng)"'H(()H)X)(XO’X()) if 0 <k <n,

with the 0" algebraic homotopy set of X defined as
wo(X) =1 x.

A map f: X — Y of weakly globular pseudo n—fold groupoids is called an algebraic
weak equivalence if it induces bijections on the k" algebraic homotopy groups (set)
for all xg € Xg..0 and 0 <k <n.

6.37 Remark As for weakly globular n—fold groupoids (see Remark 5.20), our
definition of algebraic homotopy groups for PsG pd@g generalizes that of Tamsamani [48,
Section 5], and since D, X and X by Remark 6.32 have the same algebraic homotopy
groups, by construction, both provide an algebraic way of calculating the homotopy
groups of BX, as in Theorem 4.6.

Using this fact, one can show thatamap f: X — Y in Pstd@g is an n—equivalence
(Definition 6.9) if and only if it is a geometric weak equivalence.

7 Applications and further directions

In this section we provide an application for our model of n—types, and indicate some
directions for future work.

7.A Modeling (k — 1)—connected n-types

We now provide an algebraic model of (k—1)—connected n—types, and relate it to the
homotopy types of iterated loop spaces. This was mentioned by Baez and Dolan in [2]
as a desirable feature for models of n—types (see also Berger [10]).

Recall that a space X is (k—1)—connected if ;g X =0 and 7;(X,x) =0 for 1 <i <
k—1,and all x € X'. We denote the category of (k—1)—connected pointed n—types
by P} Top,.

7.1 Lemma If X is a k—connected pointed Kan complex, X is naturally weakly
i

equivalent to a (k—1)-reduced Kan complex X, thatis, X; = {x} for1 <i<k-—1.
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Proof See Goerss and Jardine [31, Section II1.3]. O

7.2 Definition For any k—connected pointed topological space T € Top,, let S®IT
denote the canonical k—reduced version ST of the singular set ST .

7.3 Definition A homotopically discrete pseudo n—fold groupoid X € PsGpd}; is
contractible if wyBX is trivial (so that BX is contractible).

More generally, a weakly globular pseudo n—fold groupoid X € Pstd@g is called
(n, k)—weakly globular if for each 0 < r < k, the homotopically discrete pseudo
(n—r—1)—fold groupoid

1- 1 1

is contractible. This is the pseudo (n—r—1)—fold groupoid of objects of the pseudo
(n—r)—fold groupoid Wy, )X € PsGpdy,” (see Definition 6.34).

In particular, when r = 0, this just means that the pseudo (n—1)-fold groupoid of
objects X, é") of X in the n™ direction (which is a homotopically discrete pseudo
(n—1)—fold groupoid) is in fact contractible.

We let PsG pd(" %) denote the full subcategory of (n, k)—weakly globular pseudo n—fold
groupoids in Pstd’v’Vg. Similarly, Gpdgfg’k) is the full subcategory of (n, k)—weakly
globular pseudo n—fold groupoids in Gpdf},g

We now want to show that Pstd( %) is an algebraic model of (k—1)—connected
n—types. For this, we need the following:

7.4 Lemma If X isa (k—1)-reduced Kan complex, then Q ;)X is (n, k)—-weakly
globular.

Proof By Lemma 4.14(b), (Q(mX){” = O(u—1) Dec X . Since Dec X =~ ¢(Xo) =
c(*) and Q,—1) preserves weak equivalences of Kan complexes by Proposmon 4.28(b),
we have Q,—1)Dec X' >~ Q,—1)(*) = *. Therefore, afN(Q(,,)X)0 ") s contractible.

We now show by induction on 1 <r < k that

(7-5) W Qu-nX = (NOTlem g X)(n ) =Qu-nLiX

(in the notation of (4-11), where L7 X := L{_I(LIX) for r > 2, and LiX =1L1X)).
The case r =1 is Lemma 4.14(b) for k = 1, which implies that we have an isomorphism

(7-6) W) Qu-nX = (N(”)Q(,,)X)E”) = Qu-nli1X
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of (n—1)—fold groupoids. In the induction step, since L X is still a Kan complex, by
(3-25) we can apply the induction hypothesis to the right-hand side of (7-6) (using the
fact that W, )y = Win—1,,—1)Win,1)» by Equation (3-25)), to deduce that

Wanr) Q-1 L1X = Q- LT~ (L1 X),
which yields (7-5). From this and Lemma 4.14(a) (for k = 0) we have
War,r) Q) X)o = Qn—r—1) Dec L1 X,
and since Dec L7 X =~ ¢(L]X)o, we have dN W1y Q)X )o = c¢(L]X)o.

Note that since X is (k—1)-reduced, Dec X, and thus L X, are (k—2)-reduced, so
by induction L{ X is (k—r—1)-reduced. Thus as long as r <k, L X is 0-reduced,
$0 AN Wn,r) Qm)X)o is contractible. ad

7.7 Proposition The functors Q) and B induce equivalences of categories

ho P/ Top, ho PsGpd 7%

JOQ(n)OSred

Proof If T' € P} Top,, then S™T is (k—1)-reduced, so by Lemma 7.4, OmX €
PsG dgzg’ ) . The result follows immediately from Theorem 6.28. O

7.8 Remark By Theorem 4.32, the composition of Wy k) of Definition 6.34 with
the classifying space functor B lands in P”Top so its restriction to Pstd( %) lands
in the category P KTop of (n—k)—types.

Moreover, if T = QKY is an (n—k)—type k—fold loop space, applying the k—fold
delooping functor

E(k): szk — PZTOP,,<
of May [40, Theorem 13.1] yields the (k—1)—connected n—type ¥ = E)T € P} Topy.
In fact:

7.9 Proposition For any (k—1)—connected n—type Y € P} Top,, we have a zig-zag
of weak equivalences in P"~ ~kTop between BWa, k)Q(,,)Y and QkY, so the weakly
globular (n—k)—fold groupoid W, i) Q(,,)Y is an algebraic model for QXY .

Proof By induction on k. Let G := Q(n)Y € Gpd( k) ,80 BG =Y in ho P} Top,.

For k =1, consider the simplicial (n—1)—fold groupoid N el Applying the classi-
fying space functor B: Gpd”~! — Top in each simplicial dimension yields a simplicial
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space Yo = (BWN®G),. Thus Yy = B(N (”)G)(") is contractible, and the Segal
maps for Y, are isomorphisms (since N (”)G(") is the nerve of an internal groupoid),
hence in particular geometric weak equivalences.

As G is weakly globular, applying the functor 7 (‘Z‘f of Definition 5.18 yields a groupoid,
and moYe = N T(ZfG. Since Y| is contractible, Y, is the nerve of a group. Thus
Y1 has a homotopy inverse (see Dold [24, Theorems 6.3 and 6.4]), so it follows from
Segal [45, Proposition 1.5] that Y; ~ Q||Ye||. That is,

BG" = BW(,1yG ~ QBG.

Since 2BG = QY in hoP;_ lTop*, it follows that BW,;, 1)G = QY in ho P} _ 1Top,,=.
In the induction step, let

H:=WuG =(N"G)"

in Gpd(" LA=1 \where by the inductive hypothesis BWn—1 k—1yH = Q¥=1BH in
ho Pk Top, . By what we have shown above for k = 1 we have

BH = BIN™G)\"” ~ QBG.
It follows that there are isomorphisms
BWu G = BW—i k-1 H = Q1 BH = @F"1(QBG) = Q¥ BG.

in ho P"*Top,. O

7.B Further directions

One motivation in constructing our model for n—types was to obtain useful algebraic
approximations of homotopy theories, that is, of simplicially enriched categories.

Recall that if (¥, ®, I') is any monoidal category, we denote by '—Cat the collection
of all (not necessarily small) V—categories, that is, categories enriched in V" (see
Borceux [13, Section 6.2]). We obtain further variants by applying any (strictly)
monoidal functor P: (¥, ®) — (¥, ®’) to a V—category €. For example, given a
simplicially enriched category X, for each n > 1 we have a P"[A°P, Set]—category
Yo := P"X,, in which each mapping space Yo(a,b) is the n™ Postnikov section
P"Xe(a,b).

7.10 n-track categories For n > 2, an n—track category is a category enriched in
weakly globular n—fold groupoids (G pdwg, x), with respect to the cartesian monoidal
structure. The category of n—track categories is denoted by Track.
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Since Qy): [A%P, Set] — Gpd@g preserves products (see Remark 2.41), it induces a
functor

Sm): [AP, Set]-Cat — Tracky,
from simplicial categories to n—track categories. Furthermore, the functors
n": Gpd?, — Gpd’!
giving the Postnikov decomposition of Gpd@g induce functors
P" 1 Track, — Track,—;
providing the Postnikov decomposition of simplicially enriched categories.

For n = 1, the corresponding k—invariant was described by Baues and Wirsching in [9]
in terms of the Baues—Wirsching cohomology of categories, and a similar result was
obtained in our paper [11] for n = 2, using an algebraically defined cohomology of
track categories. The extension of this to general n via an appropriate cohomology of
(n—1)—track categories will be investigated in the future.

7.11 Spectral sequences In [7], Baues and Blanc introduced the notion of the Post-
nikov n—stem P[n]X of a topological space X, that is, the system of (k—1)—connected
(n+k)—Postnikov sections P*t*X (k —1) (k = 0,1,...), with the natural maps
between them.

They then show that the £”2—term of the homotopy spectral sequence of a (co)sim-
plicial space W, (respectively, W*) depends only on the simplicial n—stems P[n]W,
or P[n]W*. Thus we can in principle use the (n+k)—fold groupoid models of each
W, or W™ as in Definition 7.3 to extract information about the d”+! —differentials.

However, in many cases of interest — including the (stable or unstable) Adams spectral
sequence, the Eilenberg—Moore spectral sequence and others — a more ‘“algebraic”
approach can be used, using the notion of n™ order derived functors introduced by
Baues and Blanc in [6].

For example, the (unstable) [F,—Adams spectral sequence for a (simply connected)
space X constructed by Bousfield and Kan in [15] is the homotopy spectral sequence
of a cosimplicial space W* obtained as a I ,—resolution of X . It can be shown that the
E™2_term of this spectral sequence depends only on the n—Postnikov sections of the
mapping spaces map(X, E) and map(E, E’) for various products of F,—Eilenberg—
Mac Lane space E and E’. Thus we do not need a full algebraic model for the
P"[A°P, Set]—category Top, but only for the small subcategory with objects X and E
as above. Since all mapping spaces in this category are themselves simplicial [F , —vector
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spaces, the associated n—track category is correspondingly simplified. The case n =1
was treated in great detail by Baues in [5], and some progress on the case n = 2 has
been made by Baues and Frankland in work that is still under way. However, it is clear
from Baues and Blanc [8] that a better conceptual framework, such as an algebraic
model for such “linear” n—track categories, will be needed before any further progress
can be made for n > 2.

Appendix A: Fibrancy conditions on n—fold simplicial sets
In this appendix we prove some technical facts about Or,):

A.1 Remark Given a map of simplicial sets f: A— B and m > 2, let P:=Ory) A4,
QO := Or(y) B, and F = Or(y,) f: P — Q. From the description in Section 2.9
we see by induction on m (using (2-11)) that for every multi-index (py - pm) the
map of sets F(p,..p,): Pprpm) = Q(p1pm) 18 sSimply fp: Ay — By, for £ :=
m—14py+---+ pm (see (2-10)).

A2 Lemma IfY = Or,) X € [A"™, Set] for some X € [A®P, Set] and n > 2, then
for any two of its n directions 1 < p # g < n, the lower right corner of the bisimplicial
set Z =Y @D ¢ [A%" | Set] (see Section 2.6(b)) has the form

di+3

X542 Xs+1
di+2

di |di+1| di+2 di |di+1|dit2

dic+3 diesn

(A-3) Xs42 dicy2 Xs+1 y X
dk+1 k+1

di || dit+1 di || di+1 di || di+1

di42 dieir

Xs+1 dic41 X Xs—1
dk dk

forsome s >nand0<i <k <s.

Proof By induction on n > 2, where the case n =2 is depicted in Figure 1 of Section 2.
Using (2-11), we see that

—(2)
Y = Or(n_l) Or(z) X,
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so if we number the »n directions of Y so as to the start with the horizontal direction
of Or(y) X, then for any 1 < p # g <n the bisimplicial set Z = Y (PD) ¢ [N Set]
is contained in the (n—1)—fold simplicial set Org_1y Qre, for one of the vertical
simplicial sets of @ := Or(,) X'. Thus the claim for such a Z follows by the induction
hypothesis.

Thus it suffices to treat the case 1 = p < ¢. Since the corresponding vertical maps
in each of the vertical simplicial sets Q;e, for various ¢, have the same labels (in
terms of the original face maps of X'), the same will be true after applying the functor
Or(,—1) to each of them. This implies that the vertical maps in (A-3) are indeed both
labeled d;, d; 1, for some i < k + 1. However, since each of the simplicial sets Qe
is obtained by repeated applications of Dec to X (see (2-12)), we must have omitted
at least the maximally labeled face map di1: Xx+1 — Xk, by definition of Dec.
Therefore, among the various face maps of X appearing in Org,_1) Qte, the map
di+1: Xk+1 — X cannot appear. Thus, we actually have i < k.

From Figure 1 (or from the fact that the bisimplicial set Q, as a (vertical) simplicial
object over [A°P, Set], is the resolution of X produced by the comonad Dec’), we
see that the horizontal maps in Q are always the face maps of maximal consecutive
indices for any given Q; ; = X;4 jy1: for example, the bottom left horizontal maps in
Figure 1 are dq,dy: X, — X;.

On the other hand, by Remark A.1 (for m =n —1), the two pairs of horizontal maps in
(A-3) are just those that appear in the rightmost sequence of horizontal maps in Figure 1:
namely, dy, dg1: Xg+1 — Xk and dg 41, dgy2: Xk+2 = Xik41. Thus when p =1,
in fact k = s — 1 in (A-3) (as for the front and back squares in Figure 2). O

Proposition (Proposition 2.39) If X € [A®P, Set] is a Kan complex, then Y :=
Or(,) X is (n,2)—fibrant.

Proof For every 1 < p < n, the simplicial set Y (P is obtained from X by repeated
applications of Dec and Dec’, so it is still a Kan complex, and the same is true of
csk, Y(P)

For each bisimplicial set of the form (A-3), denote by W and Z the middle and
right vertical simplicial sets, respectively, with ¢: W — Z the horizontal map in
[A°P, Set] given by dy: Wy = Xy > Zo = Xs—1, dg+1: W1 = Xs41 = Z1 = X,
and so on. Similarly, denote by U and V the middle and bottom horizontal simplicial
sets, respectively, with ¥: U — V' the vertical map in [A°P, Set] given by d;: U; =
Xstj—>Vj=Xgqpj—q forall j >0.

By Definition 2.31 and Lemma A.2, in order to verify that Y is (n, 2)—fibrant, we must
check that csk, ¢ and cskj ¥ are fibrations for any choice of (A-3) with i < k. This
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means that we must show that a lifting g exists for every solid commuting square of
one of the two following forms

A [m] = U A [m] =W
. g . g
(A-4) lw e lw lw L ¢
Alm] ——£ 1 Alm] ——= z
(a) (b)

for m=1,2 and 0 < j <m (where A/[m] C dA[m] consists of all but the ;™ face
of A[m], and i;: AJ[m] < A[m] is the inclusion).

Case1 When m =1 in (A-4) (a), the map f: A/[1]— U (j =0, 1) corresponds to
a 0—simplex & € Uy, that is, an s—simplex o € Xy (since Uy = Xy and A/[1] 2 A[0]),
and the map g: A[l] = V corresponds to a 1-simplex T € V7, that is, an s—simplex
T€Xs.

Commutativity of the solid square in (A-4)(a) — that is, Y o f = g oi; — means that
d/'(7) =y (). that is,

(A-5) dx ;

T = dl.Xs o.
Alift g: A[1] - U corresponds to a 1-simplex @ € Uy, that is, an (s+1)-simplex
o € X;4+1, and commutativity of the two triangles in (A-4) (a) translates into the two

conditions d le (@) =0 and ¥ (@) =T, that is,

(A-6) dl‘:(:lrfi_] w =0 and dl.XS w=T.
Combining (A-5) and (A-6) yields the simplicial identity
(A-T7) didgy14j0 =diyjdiw,
since i < k.

The two s—simplices o and t satisfying (A-5) define a map from the following pushout
P in [A°P, Set]:

Als—1] — 2

Als]

""“l L

Als]

Algebraic € Geometric Topology, Volume 14 (2014)



3488 David Blanc and Simona Paoli

Since P is a union of two s—simplices along a common face, it is a contractible
subspace of A[s+1], so P < A[s+1] is an acyclic cofibration in [A°P, Set]. Because
X is fibrant, a lift w: A[s+1] — X for (o0, 7) — and thus g: A[m] — U — always
exists.

Case2 When m = 2 in (A-4)(a), the map f Al 2] = U (j =0,1,2) corresponds
to a pair of 1-simplices &, B € U; with dp& = dyB, where

(1,1) if j =0,
(A-8) (p.q)=10,1) if j=1,
(0,0) if j =2.
This means that we have o, f € X141 = Uy with
Xs+1 X
(A-9) Aeyi1p® =il P

The map g: A[2] — V corresponds to o € Xg1 = V3, and the map g: A[2] > U
corresponds to w € X4 5.

Commutativity of the solid square in (A-4)(a) means that

(A-10) distlo=da  and  dio=dp.
Commutativity of the upper triangle in (A-4)(a) means

X, Xy
(A-11) diii,0o=a and 47 0=8,

and commutativity of the lower triangle in (A-4)(a) means

(A-12) 5w =o0.

Combining (A-10), (A-11) and (A-12) yields the two simplicial identities
(A-13) didg 414 p0 = diy pdiw and did414q0 = dgyqdiw.
since i < k. The existence of @ follows as above.

The analogous cases for (A-4)(b) are obtained from these by applying the inversion 7*
of Remark 2.2. O
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