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Functorial seminorms on singular homology
and (in)flexible manifolds

DIARMUID CROWLEY
CLARA LOH

A functorial seminorm on singular homology is a collection of seminorms on the
singular homology groups of spaces such that continuous maps between spaces
induce norm-decreasing maps in homology. Functorial seminorms can be used to
give constraints on the possible mapping degrees of maps between oriented manifolds.

In this paper, we use information about the degrees of maps between manifolds
to construct new functorial seminorms with interesting properties. In particular,
we answer a question of Gromov by providing a functorial seminorm that takes
finite positive values on homology classes of certain simply connected spaces. Our
construction relies on the existence of simply connected manifolds that are inflexible
in the sense that all their self-maps have degree —1, 0 or 1. The existence of such
manifolds was first established by Arkowitz and Lupton; we extend their methods to
produce a wide variety of such manifolds.

57N65, 55N10; 55N35, 55P62

1 Introduction

Enriching algebraic invariants with metric data is a common theme in many branches
of mathematics. Gromov introduced the concept of functorial seminorms on singular
homology [11, Section 5.34], which are an example of this paradigm in topology.

A functorial seminorm on singular homology consists of the addition of a seminormed
structure to the singular homology groups with R—coefficients in such a way that
continuous maps induce linear maps on homology of norm at most 1 (Definition 2.1).
An interesting aspect is that suitable functorial seminorms give a systematic way to
deduce degree theorems for maps between manifolds (Remark 2.6). Conversely, in the
present paper, we translate knowledge about degrees of maps between manifolds to
construct new functorial seminorms.

A central example of a functorial seminorm on singular homology, studied by Gro-
mov [10], is the £! —seminorm given by taking the infimum of the £! —norms of all
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cycles representing a given homology class (Example 2.2). The £! —seminorm gives
rise to lower bounds for the minimal volume and hence leads to interesting applica-
tions in Riemannian geometry [10]. On the other hand, using bounded cohomology,
Gromov showed that the ¢!—seminorm vanishes on classes of nonzero degree of
simply connected spaces [10], and later raised the question whether every functorial
seminorm on singular homology in nonzero degree is trivial on all simply connected
spaces [11, Remark(b) in 5.35]. More precisely, we formulate this problem as follows:

Question 1.1 Let d € N+ .

(1) Does every (possibly infinite) functorial seminorm on singular homology in
degree d take only the values 0 and oo on homology classes of simply connected
spaces?

(2) Does every finite functorial seminorm on singular homology in degree d vanish
on homology classes of simply connected spaces?

In this paper, we answer the first part of this question in the negative (Corollary 7.4):

Theorem 1.2 There are functorial seminorms on singular homology that are positive
and finite on certain homology classes of simply connected spaces.

More concretely, we give examples of such functorial seminorms in all degrees in the
set {64} U{d -k |k € N>g, d € {108,208, 228}} (Corollary I1.7).
On the other hand, we give a positive answer to Question 1.1(2) in low dimensions

(Section 7.2):

Theorem 1.3 All finite functorial seminorms on singular homology in degrees 1, ...,6
vanish on all homology classes of simply connected spaces.

The key to proving Theorems 1.2 and 1.3 is to gain an understanding of the class of
simply connected inflexible manifolds.

Definition 1.4 (Inflexible manifolds) If M and N are oriented closed connected
manifolds of the same dimension, then we write

deg(N, M) :={deg f | f: N - M continuous}

for the set of all possible mapping degrees for maps from N to M . An oriented closed
connected manifold M is inflexible if deg(M, M) C {—1,0, 1}.
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The proof of Theorem 1.2 consists of two main steps.

e Generating functorial seminorms via manifolds Using the fact that singular
homology classes can (up to a scalar multiple) be represented by fundamental
classes of oriented closed connected manifolds (Section 3), we show how func-
torial seminorms on fundamental classes of manifolds of a given dimension can
be extended to functorial seminorms on singular homology (Theorem 4.2).

e Inflexible manifolds With the help of simply connected inflexible manifolds, we
construct a functorial seminorm on fundamental classes of manifolds that is posi-
tive and finite on the given simply connected inflexible manifold (Corollary 7.4).

Simply connected inflexible manifolds can be constructed by means of rational homo-
topy theory and surgery theory. The first examples of such manifolds were given by
Arkowitz and Lupton [2, Examples 5.1 and 5.2]; these examples have dimension 208
and 228 respectively. Using and extending the methods of Arkowitz and Lupton, we
give more examples of simply connected inflexible manifolds. For instance, we have
examples in dimension 64 (the smallest dimension known before being 208) and 108.
Starting from these basic examples, we can construct many more simply connected
inflexible manifolds.

¢ In general, it is not clear that connected sums and products of inflexible manifolds
are inflexible; however, in certain cases this is true (Sections II.1 and I1.2). This
provides in infinitely many dimensions infinitely many rational homotopy types
of oriented closed simply connected inflexible manifolds (Corollary I1.7).

¢ Inaddition, using scaling of the fundamental class with respect to a rationalisation,
we obtain infinitely many homotopy types of oriented closed simply connected
inflexible manifolds within the same rational homotopy type (Proposition II.8).

e Moreover, we can show that for manifolds being simply connected and inflexible
is generic in the sense that in infinitely many dimensions every rational bordism
class is represented by a simply connected inflexible manifold (Proposition I1.12).

¢ Also, there are simply connected inflexible smooth manifolds satisfying certain
tangential structure constraints such as being stably parallelisable or nonspinable
(Section 11.3).

However, from our construction it is not clear whether the examples from Theorem 1.2
are finite functorial seminorms; so Gromov’s question remains open for finite functorial
seminorms in degree 7 and higher. More precisely, we prove the following proposition
(Proposition 7.6) where an oriented closed connected n—manifold M is called strongly
inflexible if for any oriented closed connected n—manifold N the set deg(N, M) is
finite (Definition 6.14):

Algebraic € Geometric Topology, Volume 15 (2015)



1456 Diarmuid Crowley and Clara Loh

Proposition 7.6 For d € N4 the following statements are equivalent.

(1) There is a finite functorial seminorm | - | on Hy;( - ;R) such that for some
homology class « € H;(X;R) of some simply connected space X we have

| # 0.
(2) There exists an oriented closed simply connected d —manifold that is strongly
inflexible.

No example of a simply connected strongly inflexible manifold seems to be known to
date: if such a manifold exists, it has dimension at least 7.

Remark 1.5 Since this paper was posted Costoya and Viruel [6] and also Amann [1]
have further extended the list of examples and constructions of simply connected
inflexible manifolds. Amann [1] has also given new examples of simply connected
flexible manifolds.

Organisation of this paper We start by giving an introduction to functorial seminorms
(Section 2). In Section 3 we recall Thom’s result on representation of homology
classes by fundamental classes of manifolds, which is the key ingredient for generating
functorial seminorms via functorial seminorms for manifolds (Section 4). We discuss the
relationship between functorial seminorms on the singular chain complex and functorial
seminorms on singular homology in Section 5. In Section 7 we prove Theorems 1.2
and 1.3. The proof of Theorem 1.2 is based on the construction of simply connected
inflexible manifolds; we carefully review and extend the construction of Arkowitz and
Lupton of simply connected inflexible manifolds in Section 6, the technical aspects
being deferred to Appendix L. Finally, Appendix II contains the study of inheritance
properties of being inflexible and evidence for the genericity of inflexibility in the class
of simply connected manifolds.

Acknowledgements We are indebted to Donald Stanley who drew our attention to
the examples of Arkowitz and Lupton. Moreover, we would like to thank Thomas
Schick for interesting discussions. We are grateful to Jonathan Bowden for pointing out
a mistake in a previous version. Part of this work was supported by the HIM trimester
program Rigidity and by the SFB 878 Groups, Geometry and Actions.

2 Functorial seminorms

Functorial seminorms assign a notion of “size” to singular homology classes in a
functorial way (Definition 2.1).
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In this paper, we use the following convention: a seminorm on an R—vector space V'
is a function |-|: V — [0, oo] satisfying the following properties.

e We have |0] =0.

e Forall x €V and all a € R\ {0}, we have |a-x| = |a|-|x|, where |a|-00:=00.

e Forall x, y € V the triangle inequality |x + y| < |x| 4 |y| holds.
A seminorm is called finite if it does not take the value oo.

Definition 2.1 (Functorial seminorms [11, Section 5.34]) Let d € N. A functorial
seminorm (on singular homology) in degree d consists of a choice of a seminorm | - |
on H;(X;R) for any topological space X such that the following “functoriality” holds:
for all continuous maps f: X — Y between topological spaces and all « € H;(X;R)
we have

|Ha (/' R)(@)] = |er].

Such a functorial seminorm is called finite if all the seminorms involved are finite
seminorms.

Example 2.2 (¢!—seminorm) For a topological space X let | - |; denote the £!—
norm on the singular chain complex Ci(X;R) with respect to the (unordered) basis
given by all singular simplices: if ¢ = Zf:l aj-oj € C«(X;R) is in reduced form,

then we define .
ey ==Y laj].
j=1

This norm induces a finite seminorm || - ||, the so-called £ —seminorm, on singular
homology as follows: for all &« € H.(X;R) we set

ll|l1 ;= inf{|c|1 | ¢ € Cx(X;R) is a cycle representing o }.

Looking at the definition of the homomorphisms induced by continuous maps in singular
homology, it is immediate that | - ||; is a functorial seminorm on singular homology.

An interesting topological invariant derived from the £! —seminorm in singular homology
is the simplicial volume, introduced by Gromov [11]: if M is an oriented closed
connected manifold, then

M= [[M]r 1 € Rxo

is the simplicial volume of M , where [M|r € Hgim pr (M ; R) denotes the R—funda-
mental class of M . For example, using self-maps of nontrivial degree, one sees that
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the simplicial volume of spheres (of nonzero dimension) is zero. On the other hand,
for example, the simplicial volume of oriented closed connected hyperbolic manifolds
is nonzero ([10, Section 0.3] and Thurston [24, Theorem 6.2]), leading to interesting
applications in Riemannian geometry [10].

The £!' —seminorm on singular homology can also be expressed in terms of bounded
cohomology ([10, page 17] and Benedetti and Petronio [5, Proposition F.2.2]). Using
bounded cohomology, Gromov discovered that the £! —seminorm of simply connected
spaces is trivial ([10, Section 3.1] and Ivanov [12, Theorem 2.4]) and, more generally,
that continuous maps that induce an isomorphism on the level of fundamental groups
induce norm-preserving maps on the level of singular homology ([10, Section 3.1] and
Ivanov [12, Theorem 4.3]).

It is tempting to analogously consider £” —norms with p > 1; however, it can be shown
that the corresponding definition then leads to the zero seminorm on homology in
positive degrees (this follows from an argument similar to (Non)example 5.1)

Example 2.3 (Domination by products of surfaces) For d € N, we define the
functorial seminorm |- |g in degree 2d as follows [11, Section 5.34]. Let X be a
topological space, and let o« € H,4(X; R). Then

keN, ay,...,ar € R\ {0}, S1,..., S are d-
k fold products of oriented closed connected surfaces,
la|g := inf Z laj| - |x(S;) f1: S1—> X,..., fr: Sk — X continuous with

. k
= 4 Haa(fi RIS =
]:

In other words, |- |s measures the size of homology classes in terms of products
of surfaces. In general, this functorial seminorm is nof finite [13] because not every
homology class in even degree can be represented by a product of surfaces.

Proposition 2.4 (The surface seminorm is the ¢! —seminorm in degree 2) Let X be
a topological space, and let « € H,(X;R). Then

leelly =2 Jerls.
Proof This follows from a result of Barge and Ghys [4, Proposition 1.9] (notice
that their argument applies only to classes that do not need summands represented

by S? [4, proof of Lemme 1.7]; however, we can safely ignore these summands as
they do not contribute to the ¢! —seminorm). m
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Question 2.5 Does the surface seminorm vanish on homology classes (of nonzero
degree) of simply connected spaces?

Classical arguments from algebraic topology show that this is indeed true in degrees 2
and 4 (see Proposition 4.5); however, the question is open in high degrees.

Similarly to the surface seminorm |- |g, we can also define functorial seminorms by
looking at domination by eg hyperbolic manifolds (Example 4.6).

An interesting aspect of functorial seminorms is that suitable functorial seminorms
give a systematic way to deduce degree theorems for maps between manifolds:

Remark 2.6 (Degree theorems) If |-]| is a functorial seminorm on singular homology,
then by definition we have, for all continuous maps f: M — N of oriented closed
connected manifolds of the same dimension, the estimate

|deg /- |[N]r| = [[M]r]:

hence, if |[[N]r| # 0, then we obtain the restriction

_ M)
ldeg /1= TRl

on the mapping degree. Such restrictions are particularly interesting when there are —
at least for certain classes of (Riemannian) manifolds — estimates of |[-|g| in terms of
the Riemannian volume or other geometric invariants.

For example, powerful degree theorems have been obtained by the use of simplicial
volume and its variations (see [10, Section 0.5; 16, Section 1.2]).

Conversely, in the following sections, we will translate knowledge about mapping
degrees into constructions of functorial seminorms with specific properties.

3 Representing homology classes by manifolds

As mentioned in the introduction, one of our main tools is to represent singular homology
classes by manifolds. For the sake of completeness, we recall the following classical
result:
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Theorem 3.1 Let X be a connected CW—complex, let d € N and let « € H; (X; Q)
be a singular homology class.

(1) Then there exists an a € Q\ {0} and an oriented closed connected d —dimensional
smooth manifold M together with a continuous map f: M — X such that

a-Hq(f:Q)[M]g =,
where [M g € H;(M; Q) is the rational fundamental class of M .

(2) If X is homotopy equivalent to a CW—complex with finite 2—skeleton and d > 4,
then there exists an a € Q \ {0} and an oriented closed connected d —dimensional
manifold M together with a continuous map f: M — X such that

a-Hy(f:Q)[Mg =«

and such that in addition w1 (f): 71 (M) — m1(X) is an isomorphism.

Proof The first part is a classical result by Thom [23].

For the second statement, we apply surgery theory as in Kreck [14]. Using that notation,
let B := X xBSO, where BSO is the classifying space of the stable special orthogonal
group and let B — BO be the fibration given by projection to BSO and the canonical
covering BSO — BO.

Given an oriented closed connected smooth manifold v: M — BSO and a map
f: M — X, we obtain the B—manifold /' xv: M — X x BSO = B. Hence, there is
an oriented bordism F: W — X over X from f: M — X toamap g: N — X such
that g is a 2—equivalence [14, Proposition 4]; in particular, g induces an isomorphism
on fundamental groups. A straightforward computation in singular homology shows

Hy(g:Q)[N]o = Hi(f: Q)[M]g — Hi(F: Q)[0W]g = Hx(f: Q)[M]g:

choosing [ as provided by part (1) finishes the proof. |

We next extend Theorem 3.1 to general path-connected spaces and to homology
classes in Hy( - ;R) which lie in the image of the change of coefficients homomor-
phism H,.(-;Q) — H«(-;R). Such classes are called rational, and by the universal
coefficient theorem, every class in H.( - ;R) is a finite R-linear combination of
rational classes.
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Corollary 3.2 Let X be a path-connected topological space, let d € N, and let
o € Hy(X;R) be rational.

(1) Thereisan a € Q\ {0} and an oriented closed connected smooth d —manifold M
and a continuous map f: M — X such that a - H;(f;R)[M]r = o, where
[MIr € H;j(M;R) is the real fundamental class of M .

(2) If X is simply connected and d > 4, then there exist a € Q \ {0}, an ori-
ented closed simply connected smooth d —manifold M and a continuous map
fiM— X witha-Hi(f;R)MIr =«.

Proof Out of the combinatorial data of a singular cycle in Cz(X; R) representing o
we can construct a connected finite CW—complex X, a rational homology class «’ €
H;(X';R) and a continuous map f’: X’ — X such that H;(f";R)(a') = «;if X is
simply connected, then we can also assume that X is simply connected. Now the claim
easily follows from the universal coefficient theorem and the previous theorem. |

4 Generating functorial seminorms via special spaces

Every functorial seminorm on singular homology induces by restriction a functorial
seminorm on the top homology of oriented closed connected manifolds. Conversely,
examples of functorial seminorms on singular homology can be generated by extending
functorial seminorms on the top homology of oriented closed connected manifolds (of
a given dimension):

Definition 4.1 (Associated seminorm) Let d € N, let Mfd; denote the class of all
oriented closed connected ¢ —manifolds, and let S C Mfd; be a subclass.
e A functorial seminorm on fundamental classes of oriented closed connected
d —manifolds in S, or briefly a functorial S—seminorm, is a map v: S — [0, o]
such that
|deg f]-v(N) = v(M)

holds for all continuous maps f: M — N with N, M € S.

If S =Mfd,, then we call such a v a functorial seminorm on fundamental classes

of oriented closed connected d—-manifolds, briefly a functorial Mfd—seminorm.
e Let v be an S—functorial seminorm. The associated seminorm | -| on singular

homology in degree d is defined as follows. For a topological space X and a

homology class o € H;(X; R) we set

keN,ay,...,a e R\{0}, Mq,..., M, €S,
|| := inf Z|af| v(M;) | fit M1 > X,..., fi: Mg — X continuous
j=1 with Z]_la] Hd(f],R)[M]]R—oz
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we use the conventions 7 - 0o := oo for all » € R.( and inf @ := co.

Theorem 4.2 (Generating functorial seminorms) Let d € N, let S C Mfd; be a
subclass and let | - | be the seminorm associated with a functorial seminorm v: S —
[0, oo] on fundamental classes of oriented closed connected d —manifolds in S (see
Definition 4.1).

(1) Then |-| is a functorial seminorm on singular homology in degree d , and for all
oriented closed connected d —manifolds M in S we have

[M]r| = v(M).
(2) If S =Mfdy, and v is finite, then so is | -|.
(3) The associated seminorm | - | is maximal in the following sense. If | -| is a
functorial seminorm on singular homology in degree d that extends v, then
=1l

Proof A straightforward computation shows that |- | as defined in Definition 4.1 is
indeed a functorial seminorm in degree . If M is an oriented closed connected d —
manifold in S, then representing [M |r by idps: M — M shows that |[M |r| <v(M).
On the other hand, v(M) < |[M ]r| as we now show. Let

k k
Mg =) aj- Ho(f;; R)[Mjlr = ) a;-deg f; - [M]r
j=1 j=1

be a representation of [M |g as in Definition 4.1; then 1 = Z;-‘Zl aj-deg f; and hence

k k

v(M) < aj|-|deg fi-v(M) < > |aj|-v(M))

j=1 j=1
by functoriality of v on S'. This proves the first part.

The second part follows from the fact that every real singular homology class of a path-
connected space is an R—linear combination of rational classes, which can—up to a
nonzero factor — be represented by oriented closed connected manifolds (Corollary 3.2).

The last part follows directly from the construction of |- |, the triangle inequality and
the definition of functoriality. O

For example, the ¢! —seminorm can be viewed as the functorial seminorm generated by
simplicial volume:
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Proposition 4.3 Let d € N\ {3}. Then on the category of connected finite CW-
complexes the functorial seminorm on singular homology in degree d associated with
the simplicial volume in dimension d coincides with the £' —seminorm in degree d .

Proof Clearly, the statement holds in degree 0. In degree 1 the claim follows directly
from the Hurewicz theorem.

In degree 2, one has to understand the simplicial volume of surfaces and how singular
homology classes in degree 2 can be represented by surfaces. If .S is an oriented closed
connected surface of genus g > 1, then [10, page 9; 5, Proposition C.4.7]

IS =4-g—4=2-[x(S)I;
combining this fact with Proposition 2.4 proves the claim in degree 2.

Suppose now that the degree d is at least 4. In view of Theorem 4.2(3), the functorial
seminorm | - | associated with the simplicial volume satisfies | - | > || - ||1; thus, it
suffices to prove the reverse inequality.

Let X be a connected finite CW—complex, and let @ € H;(X; R). We can write o =
Z;;laj-aj,where ay, ..., 0 € Hy(X;R) arerational and @y, ...,a, € R. Forn e N
we let o™ ;= Z}C:laj(.”) -aj , where (a](.”)),,eN is a sequence in QQ that approximates a; ;
by construction, the & are rational and the triangle inequality shows that

lim |0 —|=0 and lim [|«® —a|; =0.
n—o0 n—>oo

Therefore, it suffices to prove |-| < || -||; for rational classes in Hy(X;R).

If o is rational, then by Theorem 3.1, there is an a € R \ {0}, and a continuous
map f: M — X from some oriented closed connected d —manifold M such that

a-Hg([iR)M]r =«

and such that in addition 7{(f): 71 (M) — 71(X) is an isomorphism. Applying the
mapping theorem in bounded cohomology [10, Section 3.1; 12, Theorem 4.3] (combined
with the duality principle for the £' —seminorm [10, Corollary on page 17]) shows that
Hy(f:R): Hy(M;R) — Hy(X;R) is isometric with respect to the £!—seminorm.
In particular,

leelly = lal - [ [Mr ]Iy = lal - | M| = |e|. 0

The surface seminorm is also a seminorm defined as in Definition 4.1:
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Proposition 4.4 Let d € N, let S C Mfd,.; be the subclass of products of d oriented
closed connected surfaces, and let

v: S > [0,00], M |x(M)|.

Then v is a functorial seminorm on fundamental classes of oriented closed connected
manifolds in S, and the functorial seminorm on H,.4( - ;R) associated with v is the
surface seminorm of Example 2.3.

Proof That v indeed is functorial can, for example, be seen via the simplicial volume,
the proportionality principle for simplicial volume and the multiplicativity of the Euler
characteristic [11, page 303; 15, Corollary 6.5].

That the seminorm associated with v and the surface seminorm coincide follows directly
from the definitions. m|

Proposition 4.5 The surface seminorm |-|g vanishes on all singular homology classes
of simply connected spaces of degree 2 or 4.

Proof Let X be a simply connected topological space, and let @ € H«(X;R) be a
homology class of degree 2 or 4.

If o is of degree 2, then—because X is simply connected — we have an isomor-
phism H,(X;Z) = n,(X). Hence every integral homology class in degree 2 is
represented by a map from the sphere S2. Using the universal coefficient theorem and
the fact that S2 admits self-maps of arbitrarily large degree, it follows that the surface
seminorm vanishes on H (X ;R).

Let o now be of degree 4. In view of the triangle inequality, we can assume without
loss of generality that « is rational. Then by Corollary 3.2 we can represent « as

a-Hy([iR)M]r =a,

where M is an oriented closed simply connected 4-manifold, f: M — X is a
continuous map, and a € R \ {0}. Moreover, the simply connected 4-manifold M is
dominated by a product S! x S! x S, where S is a suitable oriented closed connected
surface [13, Proposition 7.1]. Because x(S!x S xS) =0 it follows that |o|g =0. O

Similarly to the definition of the surface seminorm, we can also take hyperbolic
manifolds as building blocks of a functorial seminorm:
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Example 4.6 (The hyperbolic seminorm) Let d € N,let H C Mfd, be the subclass of
all oriented closed connected smooth d —manifolds that admit a hyperbolic Riemannian
metric. Then

v: H—[0,00], M + vol(M)

is well defined and functorial (because the volume of hyperbolic manifolds can be
expressed in terms of the simplicial volume [10, Section 0.3; 24, Theorem 6.2] and
because the simplicial volume is functorial).

We point out that it is still an open problem whether every manifold can be dominated
by a hyperbolic manifold [13, Conjecture 7.2]; so it is not known whether the functorial
seminorm on H;(-;R) associated with v is finite.

Remark 4.7 (Generating functorial seminorms via Poincaré spaces) Recall that a
Q-Poincaré space of formal dimension d is a connected CW—complex X together
with a homology class [X] € H;(X;Q), the fundamental class, such that

-N[X]: H(X;Q) »> Hye—q(X: Q)

is an isomorphism. In particular, one can introduce the notion of mapping degree for
continuous maps between Q—Poincaré spaces of the same formal dimension.

Similarly to Definition 4.1 and Theorem 4.2, any functorial seminorm on the fundamen-
tal classes of QQ—Poincaré complexes of a given dimension gives rise to an associated
functorial seminorm on singular homology in the given degree.

5 Functorial seminorms which are (not) induced from the
singular chain complex

One source of functorial seminorms on singular homology is the class of functorial
seminorms on the singular chain complex. Let d € N. A functorial seminorm on the
singular chain complex in degree d consists of a choice of a seminorm |-| on C;(X;R)
for every topological space X such that the following “functoriality” holds: for all
continuous maps f: X — Y between topological spaces and all ¢ € C;(X;R),

[Ca (/i R)(O)] = el.

Such a functorial seminorm on the singular chain complex is finite if all the semi-
norms involved are finite seminorms. For example, the £! —norm on the chain level
(Example 2.2) is a finite functorial seminorm on the singular chain complex.
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(Non)example 5.1 ({”-seminorms) Let d € N, let p € (1,00], and let |- |, be
the p—norm on Cy(-;R) with respect to the (unordered) basis given by the set of all
singular d—simplices. Then |- |, is not a functorial seminorm on the singular chain
complex in degree d .

We consider X := {x, y} with the discrete topology and f: X — X mapping both
points to x. Let ¢ := ox + 0, € Cz(X;R), where oy and o), are the constant singular
d —simplices mapping to x and y respectively. Then
|Ca (/3 R)(O)]oo =2 0x|oc =2 > 1=|0x + 0yloo = [¢]o0,
and for p € (1, 00) we obtain
|Ca(/iR)(©)]p=12-0x|p=2> VIP +17 = |ox +oylp =lclp-

Hence |- |, is not functorial.

Clearly, any (finite) functorial seminorm on the singular chain complex in degree d
induces a (finite) functorial seminorm on singular homology in degree d by taking
the infimum of the seminorms of cycles representing a given class. Notice that being
induced from a finite functorial seminorm on the singular chain complex is a rather
strong condition:

Proposition 5.2 Let d € N and let |- | be a finite functorial seminorm on the singular
chain complex in degree d. Then

|- = [idaal-[l-]1-

Proof Let ¢ = Zf:o aj -o0j € Cg(X;R) be a singular chain (in reduced form).
Viewing ida: A? — A9 a5 a singular d —simplex on A9, functoriality of |- | yields

k k
le| <3 " laj|-loj oidpal < laj| - [idpa| = [idpal - lc]l1.
Jj=0 Jj=0

as desired. O

Corollary 5.3 In particular, because the {! —seminorm is trivial on simply connected
spaces [10, Section 3.1; 12, Theorem 2.4], every functorial seminorm on singular
homology induced from a finite functorial seminorm on the singular chain complex is
trivial on simply connected spaces.

Concerning the converse question “Which (finite) functorial seminorms on singular ho-
mology are induced from (finite) functorial seminorms on the singular chain complex?”,
we prove the following.
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¢ Every functorial seminorm on singular homology is induced from some (in gen-
eral infinite) functorial seminorm on the singular chain complex (Proposition 5.4).

¢ There exist finite functorial seminorms on singular homology that are not induced
from a finite functorial seminorm on the singular chain complex (Theorem 5.7).
Therefore, Corollary 5.3 is not strong enough to answer Gromov’s question
(Question 1.1(2)) in the positive for all finite functorial seminorms.

Proposition 5.4 Let d € N, and let |- | be a functorial seminorm on singular homology
in degree d . Then there is a functorial seminorm | - | on the singular chain complex in
degree d inducing |- |, ie for all topological spaces X and all @ € Hy(X; R) we have

|| = inf{|c| | ¢ € C4(X;R) is a cycle representing o }.

Proof Let X be a topological space. We denote by i: Z;(X;R) — Cyz(X;R) and
p: Z4(X;R) - H;(X;R) the inclusion of the d—cycles and the projection onto
the d™ homology group respectively. Define a seminorm | -| on Cz(X;RR) by setting

|| :=ixp™| -],
where i, and p* are defined as follows.

(1) Construction of p*|-| Let p: V — U be a surjective homomorphism of
R —vector spaces, and let |- | be a seminorm on U . Then

PV = [0,00], x| p(x)]

is a seminorm on V' (this is a straightforward calculation).

(2) Construction of ix|-| Let i: U — V be the inclusion of a subspace of an
R-vector space, and let |- | be a seminorm on U . Then

Ix| ifxeU,
oo ifxeV\U,

is a seminorm on V'; clearly, i4|0| = |0| =0, and i|-| is compatible with scalar
multiplication. Moreover, the triangle inequality is satisfied. Let x, y e V. If
xeV\U oryeV\U,then ix|x| = 0o or ix|y| = 0o, so that the triangle
inequality is trivially satisfied. The only remaining case is that x, y € U, and in
this case the triangle inequality is satisfied, because |-| is a seminorm on U .
Note that if U # V, then i|-| is infinite.

ix|-|: V=10, 0], x»—){

Why is || = ixp™|-| functorial? Let f: X — Y be a continuous map and let
ceCy(X;R). If ¢ is not a cycle, then |c¢| =00, and so |Cy(f;R)(c)| <|c|. Incase ¢
is a cycle, then Cyz(f;R)(c) is a cycle as well and thus

|Ca (f:R) ()| = [[Ca (/s RYO] = [Ha (f: R)[e]| = |[c]| = e]
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because |- | is functorial.
Moreover, |-| induces |-| on homology because for all cycles ¢ we have [[c]| = |c| by

construction of |-|. ad

However, even if the given functorial seminorm on singular homology is finite, the
corresponding functorial seminorm on the singular chain complex provided in the proof
of Proposition 5.4 is not finite. This is not merely an artefact of this construction: in the
following we give an example of a finite functorial seminorm on singular homology that
grows too fast (compared to the ¢! —seminorm) to be induced from a finite functorial
seminorm on the singular chain complex.

Definition 5.5 (Degree monotonic map) A function ¢: R>¢o — R>( that is mono-
tonically growing is called degree monotonic if for all x € R>g and all d € N,

o(d-x)>=d-p(x).

Proposition 5.6 Let d € N and let v: Mfd; — R be a finite functorial seminorm
on fundamental classes of oriented closed connected d —manifolds. If ¢: R>¢ — Rx>¢
is a degree monotonic map, then the composition

pov: Mfd; — Ry
is a finite functorial seminorm on fundamental classes of oriented closed connected

d —manifolds.

Proof For all continuous maps f: M — N between oriented closed connected
d —manifolds, we have v(M) > |deg f|-v(NN), and thus

pov(M) = ¢(|deg f|-v(N)) = |deg f|- ¢ ov(N)

by the degree monotonicity of ¢. |

Theorem 5.7 There are finite functorial seminorms on singular homology that are not
induced from a finite functorial seminorm on the singular chain complex.

Proof Let ¢: R>o — Rx>( be a degree monotonic map that grows faster than linearly
in the sense that limy_, o ¢(x)/x = o0; for instance, for every a € R~; the map

a
R>o — R, x> x“,

has this property. Moreover, let d € Nx>,.
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We now consider the functorial seminorm |- | on singular homology in degree d
associated with the finite functorial seminorm on fundamental classes of oriented
closed connected d-manifolds given by composing ¢ with the simplicial volume
(Proposition 5.6 and Theorem 4.2); notice that |- | is finite.

Assume for a contradiction that |- | were induced from a finite functorial seminorm.
Then in view of Proposition 5.2 we would have

ey |- = lidaal - I~ 1

However, we now show that |-| “grows too fast” to be able to satisfy this estimate. To see
this consider the properties of hyperbolic manifolds more closely. Let M be an oriented
closed connected hyperbolic d —manifold. Then the fundamental group 7y (M) of M
is residually finite [20, page 542]; so for any k € N there is a subgroup I'y, C w1 (M)
satisfying

k <[mi(M):Tk] < oo.

For k e N welet py: M — M denote the covering associated with the inclusion T’y C
w1(M); hence, My, also is an oriented closed connected (hyperbolic) d —manifold and

|deg pi| = [m1 (M) : T'g] = k.

Because M is hyperbolic, the simplicial volume || M || is nonzero [10, Section 0.3; 24,
Theorem 6.2]; thus, || M| = k- || M| tends to oo for k — oco. By definition, ¢ grows
faster than linearly and so

[IMilr | _ ol Mkl
IMelr M

tends to oo for k — oo, contradicting the estimate in (1). Therefore, the finite functorial
seminorm |- | on singular homology is not induced from a finite functorial seminorm
on the singular chain complex. |

Question 5.8 In light of the example constructed in the proof of Theorem 5.7, it is
natural to ask for a reasonable notion of equivalence of functorial seminorms on singular
homology or for a notion of domination of one functorial seminorm by another. Is the
¢! —seminorm on singular homology “maximal” among finite functorial seminorms on
singular homology with respect to such a notion? (This should also be compared with
Proposition 7.6.)
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6 (In)flexible manifolds

The constructions of interesting functorial seminorms in Section 7.1 below require
as input simply connected manifolds that are inflexible; recall that an oriented closed
connected manifold M is inflexible if it admits only self-maps of degree 0, 1 or —1,
ie deg(M, M) C {—1,0, 1}.

Remark 6.1 Looking at iterated compositions shows that an oriented closed connected
manifold M is flexible if and only if |deg(M, M')| = oo. Conversely, the manifold M
is inflexible if and only if deg(M, M) is finite.

Remark 6.2 If a manifold is flexible, then — by functoriality — its simplicial volume
is zero. In particular, oriented closed connected hyperbolic manifolds are inflexible,
as they have nonzero simplicial volume. However, for simply connected manifolds
the simplicial volume is zero and hence the simplicial volume cannot serve as an
obstruction to flexibility in this case.

In this section we show how rational homotopy theory and surgery allow one to construct
examples of simply connected inflexible manifolds, building upon examples of Arkowitz
and Lupton [2] (Sections 6.1 and 6.2). We briefly discuss strongly inflexible manifolds
in Section 6.3. Finally, in Section 6.4, we discuss the class of simply connected flexible
manifolds from the viewpoint of rational homotopy theory. To make this section more
readable we have moved most of the calculations with differential graded algebras
and the proof of inheritance properties of simply connected inflexible manifolds to
Appendices I and II.

6.1 (In)flexibility and rational homotopy theory

We start by giving an overview of the construction of simply connected inflexible
manifolds and introducing key notation and definitions.

Rational homotopy theory provides the rationalisation functor - on the category
of simply connected spaces and an equivalence of categories between the category
of simply connected rational spaces and the category of certain differential graded
algebras, the so-called minimal models. For the basic definitions in rational homotopy
theory, we refer to the book by Félix, Halperin and Thomas [7].

More concretely, if M 1is an oriented closed simply connected manifold, then the asso-
ciated minimal model Aps is a differential graded algebra over () whose cohomology
coincides with the rational cohomology of M ; in particular, As has a cohomological
fundamental class [A4js], namely the cohomology class of H*(Ayr) =~ H*(M; Q)
dual to the fundamental class [M]g of M .
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Any self-map f: M — M induces a corresponding dga endomorphism Az: Aps —
Apr; using the cohomological fundamental class [Aps] of Aps we can associate a
mapping degree to A ¢, and this mapping degree coincides with deg( /). In particular,
if Ay is “inflexible”, as defined in Definition 6.5 below, then so is M .

Hence, it suffices to find differential graded algebras that are minimal models of simply
connected manifolds and whose cohomological fundamental class is inflexible; notice
that the latter condition is algebraic by definition and moreover that Theorem 6.11
below entails that this is also true of the former condition.

We now give a precise definition of inflexibility and duality in the world of differential
graded algebras:

Definition 6.3 ((In)flexible (co)homology classes) ¢ A homology class « €
H.(X;Q) of atopological space X is called flexible if there is a continuous
map f: X — X such that

H(f:Q)(@) =d -«

for some d € Q\ {—1,0, 1}. A homology class is called inflexible if it is not
flexible.

(In particular, an oriented closed connected manifold is inflexible if and only if
its fundamental class is inflexible).

e A cohomology class @« € H*(A) of a differential graded algebra A is flexible if
there is a dga endomorphism f: A — A such that
H*(f)(@)=d-a

for some d € Q\ {—1,0, 1}. A cohomology class is inflexible if it is not flexible.

Definition 6.4 (Poincaré differential graded algebra) Let n € N. A Poincaré differ-
ential graded algebra of formal dimension n is a simply connected differential graded
algebra A together with a cohomology class [A4] € H"(A), the fundamental class,
satisfying the following conditions.

(1) Forall j € N>, we have H/(A4) = 0.
(2) The map
Q— H"(A), avr>a-[A],
is an isomorphism.

(3) Forall j €{0,...,n},the pairing H/ (A)x H"/(A) - H"(A) =~ Q (where we
use the isomorphism H"”(A) = Q of the previous item) given by multiplication
identifies H’(A) with Homg (H" ™/ (4), Q).
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Definition 6.5 (Inflexible Poincaré algebra/space) e A Poincare differential
graded algebra (A, [A]) is inflexible if its fundamental class [A] is inflexible in
the sense of Definition 6.3.

e A Q-Poincaré space (X,[X]) (see Remark 4.7 for a definition) is inflexible if
its fundamental class [X] is inflexible in the sense of Definition 6.3.

6.2 Simply connected inflexible manifolds

Arkowitz and Lupton gave examples of differential graded algebras that admit only
finitely many homotopy classes of dga endomorphisms [2, Examples 5.1 and 5.2].
Moreover, they showed how to prove that these differential graded algebras are minimal
models of simply connected closed manifolds. In particular, these simply connected
manifolds are inflexible.

In Appendix I we review their construction, and give two more examples of differential
graded algebras with inflexible fundamental class:

Theorem 6.6 There are inflexible Poincaré differential graded algebras (A1,[A1]),
(A,,[A32]), (A5,[A3]) and (Ag4,[A4]) of formal dimensions 64, 108, 208 and 228
respectively.

Proof This is proved in Appendix I (Corollary 1.7 and Proposition 1.10), where the
choice of fundamental class is also specified (Proposition 1.6). O

In the following, we focus on the realisability of these Poincaré differential graded
algebras by simply connected manifolds (for simplicity, we consider only the case of
trivial total Pontryagin class):

Definition 6.7 (Realisability by manifolds) Suppose (4,[A]) is a Poincaré differen-
tial graded algebra of formal dimension n. We then write M(A, [4]) for the class of
all oriented closed simply connected n—manifolds M that have trivial total Pontryagin
class and that satisfy

(Ap. [Am]) = (A.[A).

Theorem 6.8 (Simply connected inflexible manifolds) For the above Poincaré dgas
(A1,[A1]), ..., (A4,[A4)) the classes M(Ay,[A1]),..., M(A4,[A4]) are nonempty.
In particular, there are oriented closed simply connected inflexible manifolds of dimen-
sion 64, 108, 208, 228 respectively.
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We now assemble the statements we need to prove Theorem 6.8. As first step, we show
that the differential graded algebras Ay, ..., A4 are the corresponding dgas of rational
Q-Poincaré spaces:

Proposition 6.9 (Realisibility by Q—Poincaré spaces) For the above Poincaré dgas
(A1,[A1]),...,(A4,[A4)) there are corresponding simply connected rational (Q—Poin-
caré spaces (X1, [X1]), ..., (X4, [X4]) respectively realising these dgas as their minimal
models such that the cohomology classes corresponding to the fundamental classes [A]
are dual to the fundamental classes [Xj]; these spaces Xi,..., X4 are unique up to
rational homotopy equivalence, and they have formal dimension

64, 108, 208, 228,

respectively.

Proof Because the dgas Aq,..., A4 are Poincaré, the correspondence between ra-
tional spaces and minimal Sullivan algebras [7, Chapter 17] shows that up to rational
homotopy equivalence there is a unique simply connected rational space that is a Q—
Poincaré space whose minimal model is A;, A,, A3 or A4 respectively, and whose
fundamental class corresponds to the fundamental class of the respective dga.

Moreover, there is a formula expressing the formal dimension in terms of the degrees of
the generators of an elliptic dga [7, Proposition 38.3]. The generators for our examples
along with their degrees are given in Section I.1 and the calculation boils down to the
formal dimension

|yil=+ 12l + ysl 4zl = (xt[ =D = (Ix2[ = 1),

and hence to the formal dimensions 64, 108, 208 and 228 respectively. a

Corollary 6.10 (Inflexible Q—Poincaré spaces) In particular, the simply connected
rational Q —Poincaré spaces (X1, [X1]), ..., (X4, [X4]) from Proposition 6.9 are inflex-
ible.

Proof Let j €{l,...,4}. Assume for a contradiction that X; is flexible. Then there
is a continuous map f: X; — X; of degree d ¢ {—1,0,1}. The map f induces a dga
morphism A; — A; of degree d, because A; is a minimal model of X;. However,
this contradicts inflexibility of the dga A; established in Proposition 1.10. O

It now remains to show that the rational Q—Poincaré spaces of Corollary 6.10 can

be realised by simply connected manifolds. To this end, we apply a foundational
theorem of Barge [3] and Sullivan [22] (a special case is Theorem 6.11 below). This
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theorem gives necessary and sufficient conditions for a rational QQ—Poincaré space X
to be realised by a manifold with prescribed rational Pontryagin classes; moreover
the conditions are formulated using only the rational cohomology ring of X . Before
stating the theorem we recall some basic terminology.

Let A: H® H — Q be a nonsingular symmetric bilinear form over a finite-dimensional
Q-—vector space H. Recall that a Lagrangian for (H, A) is a subspace L C H such
that A|zxz = 0 and 2 -rank(L) = rank(H); the pair (H, A) is called metabolic if it
admits a Lagrangian. The Witt group of Q, denoted by Wy(Q), is the Grothendieck
group of the monoid of isomorphism classes of nonsingular symmetric bilinear forms
on finite-dimensional Q—vector spaces under the operation of direct sum and modulo
the subgroup generated by differences of metabolic forms [17, I Section 7].

If (X,[X]) is a Q—Poincaré space of formal dimension 4% then the cup product
followed by evaluation on [X] defines a nonsingular symmetric bilinear form

(H*(X;Q), Ax))-

The Witt index of (X,[X]) is defined to be the equivalence class of this form in the
Witt group of Q:
wx = [H*(X;Q), Axl € Wo(Q).

Theorem 6.11 (Realising rational Q—Poincaré spaces by manifolds [3, Théoreme 1;
22, Theorem 13.2]) Suppose that (X,[X]) is a rational Q—Poincaré complex of
formal dimension 4k and that p, € H**(X;Q) is a cohomology class with py =
1 € H°(X; Q). Then there is an oriented closed simply connected manifold (M, [M])
with total Pontryagin class pps and a rational equivalence f: M — X with

Hy(f:Q)(Mg) =[X] and H*(f;Q)(pm) = px

if and only if the following two conditions hold.

(1) The Wittindex 1] of (X, [X]) lies in the image of the homomorphism Wy(Z) —
Wo(Q).

(2) There is an equality sign(X,[X]) = (L(p«),[X]), where L(p«) is the Hirze-
bruch L —class evaluated at p« .

Proposition 6.12 (Witt index) Let j € {1,...,4}, and let (X;,[X}]) be the corre-
sponding QQ —Poincaré space of Proposition 6.9 (oriented by the choice of fundamental
class in Proposition 1.6). Then (X, [Xj]) has trivial Witt index, ie tx;,] = 0 € Wy (Q).
In particular, the signature sign(X;) of (Xj,[X;]) equals 0.
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Proof The result follows by explicit computation. For example, the intersection form
of (A1, [xé6]) and hence (X7,[X1]) is computed in Proposition 1.8 where a basis for
the middle cohomology is given. With respect to this matrix, the intersection matrix
is an element of GL(4,Z) and has Lagrangian with basis {[x,w], [xlzw]}. Similar
calculations prove the proposition for A,, A3 and A4. O

Proof of Theorem 6.8 Let j €{1,...,4}, andlet (X;,[X;]) be the simply connected
rational Q—Poincaré space provided by Proposition 6.9. In view of Proposition 6.12,
the Witt index tpx;] lies in the image of the homomorphism Wy (Z) — W(Q); choos-
ing p:=1¢€ H°(X;;Q) C H*(Xj;Q), we obtain

sign(Xj,[X;]) = 0 = (L(p),[X]).

Therefore, by Theorem 6.11, there exists an oriented closed simply connected mani-
fold (M, [M]) rationally equivalent to (X, [X;]) with trivial Pontryagin class; because
(Aj,[Aj]) is the minimal model of (Xj,[X]), it follows that M € M(A4;,[A4;]).

In particular, this manifold M is inflexible (using the same arguments as in the proof
of Corollary 6.10). a

Remark 6.13 (Scaling the fundamental class) The results of Theorem 6.8, Propo-
sitions 6.9 and 6.12 and Corollary 6.10 all hold if the fundamental classes of the
respective dgas/Poincaré complexes are scaled by any nonzero rational number. The
key point is that if A is a nonsingular symmetric bilinear form on a finite-dimensional
Q-vector space that is trivial in the Witt group Wy(Q) and if a € Q \ {0}, then a - A
is also trivial in the Witt group (because any Lagrangian for A is also a Lagrangian
for a - A). Notice that scalars with different absolute values lead to different homotopy
types of simply connected inflexible manifolds in the same rational homotopy type
(Proposition I1.8).

Starting with the manifolds in M(A1,[A41]),..., M(A4,[A4]) We can construct many
more simply connected inflexible manifolds; a detailed discussion of these results is
deferred to Appendix II.

6.3 Strongly inflexible manifolds

A manifold M is inflexible if and only if the set deg(M, M) is finite. More ambitiously
we can ask that deg(N, M) is finite for any oriented manifold N of the same dimension
as M . This leads to the notion of strongly inflexible manifolds:
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Definition 6.14 (Strongly inflexible manifold) We call an oriented closed connected
d —dimensional manifold M strongly inflexible if for any oriented closed connected
d —dimensional manifold N the set deg(NV, M) is finite.

Clearly, any strongly inflexible manifold is also inflexible.

Example 6.15 The simplicial volume can be used to show that oriented closed con-
nected hyperbolic manifolds M are strongly inflexible. If N is an oriented closed
connected manifold of dimension dim M , then

|deg f| < —— <0
for any map f: N — M ; notice that | M || > 0 as M is hyperbolic.

Unfortunately, we do not know of any simply connected manifolds that are strongly
inflexible. As in the case of inflexible manifolds, rational homotopy theory and the
examples from Section 6.2 and Appendix I could be a good starting point for seeking
strongly inflexible manifolds. However one sees that the necessary calculations, if they
are possible, would be significantly more complicated than in the case of inflexible
manifolds.

Question 6.16 Is every “random” Poincaré differential graded algebra of high formal
dimension (strongly) inflexible?

A small piece of evidence supporting a positive answer to Question 6.16 is the bordism
result in Proposition I1.12.

6.4 Flexible spaces and manifolds

Clearly, all spheres (of nonzero dimension) are flexible manifolds, and products of
oriented closed connected manifolds with flexible ones are flexible again. Further
examples of flexible manifolds and spaces can be obtained via rational homotopy
theory:

Proposition 6.17 (Simply connected manifolds of low dimension are flexible) Ori-
ented closed simply connected formal manifolds are flexible. In particular, all oriented
closed simply connected manifolds of dimension 6 or less are flexible.

Proof Formal oriented closed simply connected manifolds admit many self-maps of
nontrivial degree [21] and so are flexible. Moreover, by a classical result in rational
homotopy theory, all oriented closed simply connected manifolds of dimension at
most 6 are formal [19, Proposition 4.6]. O
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A natural generalisation of formality of minimal models is being pure:

Definition 6.18 (Pure) A Sullivan algebra (/\ V,d ) is pure if V is finite-dimensional
and
d|Veven =0 and d(VOdd) C /\ VeVen;

here, V" and V°4 denote the even and the odd part respectively of the graded vector
space V.

Proposition 6.19 (Pure rational spaces are “almost flexible”) Let X be a rational
space whose minimal model is pure. Then every rational homology class of X in
positive degree is a sum of flexible homology classes.

Proof Let A = ( AV.d ) be the minimal model of X . In view of the equivalence of
categories between the category of minimal Sullivan dgas (and homotopy classes of dga
morphisms) and the category of rational spaces (and homotopy classes of continuous
maps) it suffices to show that every cohomology class in H* ( AV.d ) ~ H(X;Q) in
positive degree is a sum of flexible cohomology classes (as defined in Definition 6.3).

Let /2 \'V — /\ V be the algebra morphism uniquely determined by the maps

veer v, x e 2Ry,
vodd sy, yis 2=ty

Using the fact that ( AV.d ) is pure, a straightforward computation shows that f is
compatible with d. On the even part, the differential vanishes, and so f o d|peen =
0=d o f|yee. The differential of an odd element y € ¥°% of V' is a sum of products
of even elements of V' whose degrees sum up to |y|—1, and so

[od(y)=2P1""dy =do f(y).

Because A is pure, there is an additional grading on A given by the word length
in V°4: more explicitly, A = EBk eN Ak, where

A[k] = /\ yeven /\k Vodd
for all £ € N [7, page 435]; notice that the differential ¢ is homogeneous of degree —1
with respect to this grading and that f(z) =2/?I=k.z holds forall k € N and all z € Afgy.

So the dga morphism f* witnesses that every cohomology class in H*(A) of nonzero
degree that can be represented by a cocycle in one of the subspaces A[x] is flexible.
On the other hand, using the direct sum decomposition 4 = €, cn A[x] and the fact
that d is homogeneous of degree —1 one can easily check that every cohomology class
in H*(A) is a sum of cohomology classes represented by such cocycles. |

Algebraic € Geometric Topology, Volume 15 (2015)



1478 Diarmuid Crowley and Clara Loh

Flexibility as established in Propositions 6.17 and 6.19 provides a means to prove the
vanishing of finite functorial seminorms on certain classes (Corollaries 7.7 and 7.8).
Clearly, the same methods apply whenever the minimal models allow for an appropriate
grading or weight function. For simplicity, we restricted ourselves to the cases above.

7 Functorial seminorms on simply connected spaces

In the following we discuss Gromov’s question whether all functorial seminorms on
singular homology are trivial on simply connected spaces (Question 1.1).

Here, a key role is played by simply connected inflexible manifolds. Recall that an
oriented closed connected manifold M is inflexible if

deg(M, M) C {—1,0,1}.

We start with a construction of a functorial seminorm that is not trivial on all simply
connected spaces (Section 7.1); on the other hand, we show in Section 7.2 that the finite
case of Gromov’s question can be answered affirmatively in all dimensions d < 6.

7.1 Functorial seminorms that are nontrivial on certain simply connected
spaces

Using the construction from Section 4 and simply connected inflexible manifolds, we
obtain a (possibly infinite) functorial seminorm that is nontrivial on simply connected
spaces:

Recall that an oriented closed connected manifold N is said to dominate an oriented
closed connected manifold M of the same dimension if there exists a continuous
map N — M of nonzero degree.

Definition 7.1 (Domination Mfd;—seminorm associated with a ¢ —manifold) Let M
be an oriented closed connected d —manifold. Then the domination Mfd;—seminorm
var: Mfdy — [0, o] associated with M is defined by

vpm (N) :=sup{|d| | d € deg(N, M)}
= sup{|deg f|| f: N — M continuous} € [0, o]

for all N € Mfd,.

Proposition 7.2 If M is an oriented closed connected d —manifold, then the domina-
tion Mfd; —seminorm vy is functorial.
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sup |d|

dedeg(N,M) \

strictly dominating M

“equivalent” to M incomparable with M

strictly dominated by M

Figure 1: Schematic construction of vps in the proof of Corollary 7.4: the
arrows indicate where maps of nonzero degree can exist, the dashed arrow
indicates that only maps of degree —1, 0, 1 can exist.

Proof This follows from the definition of the domination seminorm and multiplicativity
of the mapping degree. O

Definition 7.3 (Domination seminorm associated with a d—manifold) Let M be
an oriented closed connected d—manifold. Then the domination seminorm |- |ps on
singular homology of degree d is the seminorm on singular homology in degree d
associated with vps (see Definition 4.1). By Proposition 7.2 and Theorem 4.2, |- |5z is
a functorial seminorm on H;(-;R).

Corollary 7.4 If M is a simply connected closed inflexible manifold, then the domi-
nation seminorm |- |ps is not zero or infinite on all simply connected spaces. Hence
there are functorial seminorms on singular homology that are not zero or infinite on all
simply connected spaces.

Proof Let M be a simply connected closed inflexible manifold; such a manifold
exists by Theorem 6.8: we can even find such manifolds in infinitely many different
dimensions (Corollary I1.7). By Theorem 4.2(1) we have

[IM]rlm = vam (M) =1¢{0, 00}

Here [M]gr is of course the R—fundamental class of the simply connected closed
manifold M . We give a graphical description of the domination seminorm associated
to M in Figure 1. |

Remark 7.5 We do not know whether the functorial seminorms constructed in
Corollary 7.4 are finite. If M is a an oriented closed connected d —manifold then by
construction the domination Mfd;—seminorm vpy is finite if and only if M is strongly
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inflexible. It then follows by Theorem 4.2(2) and the definitions that the associated
functorial seminorm |-|as is finite if and only if M is strongly inflexible. The existence
of simply connected strongly inflexible manifolds remains open at the time of writing.

As we do not know of any simply connected strongly inflexible manifold, Gromov’s
question (Question 1.1(2)) remains open for finite functorial seminorms on singular
homology.

7.2 Partial results on finite functorial seminorms on simply connected
spaces

In view of the Hurewicz theorem, all finite functorial seminorms in degree 1, 2 or 3
vanish on simply connected spaces: any integral homology class of degree 1, 2 or 3
of a simply connected space can be represented by a sphere.

Proposition 7.6 For d € N4 the following statements are equivalent.
(1) There is a finite functorial seminorm | - | on Hy(-;R) such that for some
homology class « € Hy(X;R) of some simply connected space X we have
| # 0.
(2) There exists an oriented closed simply connected d —manifold that is strongly
inflexible.

Proof First, let us assume that the first statement holds. Without loss of generality we
may assume that X is path-connected and (in view of the triangle inequality) that « is
rational. By Corollary 3.2 we can write « = a- H;(f; R)[M]r, where M is some
oriented closed simply connected d —manifold, f: M — X is a continuous map and
a € R\ {0}. We now show that the manifold M is strongly inflexible: because | - | is
finite and functorial, we obtain
00 > (M| = 17-lal > 0.

If N is an oriented closed connected d-manifold, then for all continuous maps
g: N — M it follows that

I[VIg|
M|

Hence, deg(/N, M) is finite, and so M is strongly inflexible.

|deg(g)] =

Conversely, if there exists an oriented closed simply connected strongly inflexible d —

manifold M, we consider the functorial seminorm | - | associated with the domination
seminorm vps for M (see Section 7.1). Because M is strongly inflexible, vy is finite.
So by Theorem 4.2, also | - | is finite, and |[M|gr| = var (M) =1 € {0, oo}. |
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Corollary 7.7 (Degrees 4, 5, and 6) All finite functorial seminorms in degree 4, 5
and 6 vanish on simply connected spaces.

Proof All oriented closed connected simply connected manifolds of dimension at
most 6 are flexible (Proposition 6.17), and so cannot be strongly inflexible. Hence, the
claim follows by applying Proposition 7.6. O

Because finite functorial seminorms vanish on flexible homology classes, we obtain:

Corollary 7.8 Let X be a rational space whose minimal model is pure. Then every
finite functorial seminorm vanishes on every homology class of X in positive degree.

Proof This is a direct consequence of the fact that rational spaces with pure minimal
model are almost flexible (Proposition 6.19). O

Moreover, it follows from Gaifullin’s work [8] that finite functorial seminorms which
are multiplicative with respect to finite coverings are trivial on simply connected spaces:

Definition 7.9 (URC-manifold [9, page 1747]) Let d € N. An oriented closed
connected d-manifold M is a URC—manifold (universal realisation of cycles), if
for every topological space X and every o € Hy(X;Z), there is a finite sheeted
covering M of M ,amap f: M — X, and k € Z \ {0} such that

Hy(f:Z) (M) =k -« € Ha(X;Z).

Gaifullin proved that there are many URC-manifolds in each dimension [9, Theo-
rem 1.3]. Clearly, any URC-manifold of dimension at least 2 is strongly inflexible
and has nonzero simplicial volume, because its finite coverings dominate hyperbolic
manifolds, which are strongly inflexible (Example 6.15).

Example 7.10 (Functorial seminorms associated with coverings of URC-manifolds)
Let d € N, let M be an oriented closed connected URC—manifold of dimension d and
let S C Mfd, be the subclass of all finite connected covering spaces of M . Then vps|g
is a functorial seminorm on S. If d > 2, then M is strongly inflexible, and so vps|g is
a finite functorial seminorm on S with vas|s (M) = 1. More explicitly, multiplicativity
under finite coverings and functoriality of simplicial volume show that

IV

holds forall N € S.

= number of sheets of any covering N — M

Let | - |§, be the associated functorial seminorm on Hy(-;R); because of the URC-
property, this functorial seminorm | - |4, is finite.
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Proposition 7.11 (Multiplicative finite functorial seminorms) Letd € N and let | - |
be a finite functorial seminorm on Hy( - ; R) that is multiplicative with respect to finite
coverings, ie satisfying: for all topological spaces X , all finite coverings p: ¥ — X
and all « € H; (Y ;R) we have

|Ha(p:R)(@)] = £ - |at],

where k denotes the number of sheets of p. Then there exists a constant ¢ € R such
that for all topological spaces X and all « € Hz(X;R) we have

laf <c-lells.

In particular, | - | is trivial on simply connected spaces.

Proof Without loss of generality we may assume that d > 2. Let M be an oriented
closed connected URC—manifold M in dimension d. It follows from the arguments
of Gaifullin that there is a constant a € R satisfying (see [8, Proposition 6.2])

|l =a-ll-
On the other hand, multiplicativity of | - | and the construction of | - |9, (Example 7.10)
show that
I[Nl = [M]r|-|[N]r |3
holds for all N € S and hence that | - | < |[[M]r]-| - |, . Therefore,

|- =a-[[MR]- - Il O

Appendix I: Four inflexible Poincaré dgas

This appendix is devoted to the algebraic side of inflexibility: we construct the four
inflexible Poincaré differential graded algebras used in Section 6. We explain the
construction in Section I.1. In Section 1.2, we prove that these dgas are Poincaré dgas;
the intersection forms are computed in Section I.3. In Section 1.4, we show that these
dgas are inflexible.

I.1 A design pattern for possibly inflexible dgas

We start by defining a collection of dgas; all of the four concrete examples below follow
the same design pattern based on two examples of Arkowitz and Lupton [2, Example 5.1
and 5.2], which are respectively examples A3 and 44 below. We shall construct dgas
having the following properties:
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e Two generators x1, x, of even degree with trivial differential.
e Four generators y1, 2, 3, z of odd degree; the differential is given by

3 2.2 ._ 3
dyy = x{X2, dyy:=x7x5, dyz:=Xx1x3,

and for the differential of z we choose z’ € A (x1, x2, y1, V2, y4) in such a way
that d(y1y2)3) = x{‘ Zord(y1yay3) = xé‘ -z and set
dz:=z -|—>ci‘1 +x12€2
with suitable exponents &k, k, k» € Noj.
By construction, d od(y;) =0 forall j € {1,2,3} and d od(z) = 0; moreover, these
dgas are finitely generated minimal dgas.

The following four example dgas

Aj = (/\(xl,xz,yl,yz,y3,z),d)
with j € {l1,...,4} are all of this kind:

Example I.1 (A4;: an elliptic inflexible dga of formal dimension 64) Define the
dga A; with generators of degrees

(1l 2l [yl 2l sl 12]) = (2.4.9. 11,13, 35),
where the differential d is given by

dxy:=0, dy,:= xfxz, dz = xgylyz —x1x§y1y3 + xfx%yzyg +x118 +x§
dx, =0, dy, :=x12x§, =x§-w+x118+x§,
dys := x1x§,
where we use the abbreviation w := x%ylyz —X1X21 3 + x%y2y3 ; in other words
x1X2w =d(y1y2)3)-

Example 1.2 (A4;: An elliptic inflexible dga of formal dimension 108) Define the
dga A, with generators of degrees

(|X1|, |)C2|, |y1|? |y2|’ |y3|’ |Z|) = (4767 177 19321’ 59)’

where the differential d is given by

dx1:=0, dy;:= x13x2, dz .= x;‘ylyz —x1x§y1y3 —I—x12x§y2y3 ~|—x115 —i—x%o.

dx, =0, dy,:= xfx%,

— 3
dy3 L xlxza
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Example 1.3 (A;: An elliptic inflexible dga of formal dimension 208 [2, Exam-
ple 5.1]) Define the dga A3 with generators of degrees

(|X1|, |X2|, |y1|’ |y2|’ |y3|? |Z|) = (8v 10’33’357373 119)’

where the differential d is given by

dx;:=0, dy,:= xfxz, dz .= xfx%ylyz—xlsylyg +x16y2y3 —I—x115 —I—xéz.

dx, =0, dy,:= xlzxg,
e 3
dy3 L XIXZ,

Example 1.4 (A4: An elliptic inflexible dga of formal dimension 228 [2, Exam-
ple 5.2]) Define the dga A4 with generators of degrees

(1l le2ls [yl |v2l [ysls 2]) = (10,12, 41, 43,45, 119),
where the differential d is given by
dxy:=0, dy:= x13x2, dz = x%ylyz —x1x§y1y3 +xfx2y2y3 +x112 + xéo.
dxy =0, dyy:=x?x2,
dys = xlxg,
We will carry out the proofs in detail only for the dga 4 defined in Example I.1; in

fact, this is the most complicated of the four examples and the other examples can be
treated by analogous arguments and calculations.

I.2 The example dgas are Poincaré dgas

Recall that a minimal Sullivan algebra (/\ V, d) is called elliptic if V and H*(\ V,d)
are finite dimensional.

Proposition 1.5 (Ellipticity) The dgas Ay, A,, A3 and A4 are elliptic.

Proof As these dgas are finitely generated by construction, it suffices to show that
their cohomology is finite-dimensional. In other words, it suffices to show that the
cohomology is generated by nilpotent classes. Because the odd degree generators are
nilpotent on the level of the dgas and because the differential is trivial on the even
degree generators, it suffices to show that the classes [x1] and [x;] are nilpotent.

We now show that [x1] and [x] are nilpotent in H*(A4;) (the arguments for the other
example dgas are similar). By definition of d, we have

11" = [x]°] = [x1dz — x2d (1 23) — x1%5] = [d (X172 — X201 293 — X23)] = 0.
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Therefore we obtain
[x2]'® = [x3]- [x3] = ([dz — x3w — x{®*])? = (xjw] — [x{ *])?
= [(xjw)?] = 2[x{®x3w] + [x1°® = 0= 2[d (x] %231 y2¥3)] + 0 = 0;

notice that w? = 0 because every summand of w contains two of the three odd
generators )1, )2, 3 and y]? =0. O

We will now select nonzero classes in the top cohomology, which will play the role of
fundamental classes:

Proposition 1.6 (Fundamental classes for A, A, A3, A4) (1) The class [x,]'®
is nonzero in H%*(A4;).

(2) The class [x5]'® is nonzero in H'°%(A4,).
(3) The class [x1]?® is nonzero in H?°%(A43).

(4) The class [x5]'° is nonzero in H*?%(Ay).

Proof We give the proof only for A;, the other cases being similar. Assume for
a contradiction that [xéG] =0 in H%*(4,); hence, there is an element u of A; of
degree 63 with du = x56. We can write u as
U= pz+p12y1y2z+ p13y1y3z + p23y2y3z+ p1y1 + p2y2 + p3ys,

where p, p12, P13, P23, P1, P2, P3 are homogeneous polynomials in x, x5. Then
x3% =du = px3 + px{®+ px3y1y2 — px1X3 9173 + X7 X3 V203

+ p12d(y12)7 + p12X3 y1y2 + p1aXi y1y2 +0

+ p13d(y1y3)z + p13x; y1ys + p13x;  y1ys +0

+ p23d(9293)7 + P23X3 y2y3 + pasxi  yay3 +0+4¢,

where ¢ is a homogeneous polynomial in x1, X, that is divisible by x;x,; the zeroes
at the end of the lines stem from the fact that squares of odd degree elements are zero
and each summand of w contains two of the three odd degree generators yy, ¥z, ¥3.

Because A4 is freely generated by xy, ..., z, comparing the xéG—coefﬁcients on both
sides shows that p # 0. Moreover, comparing the z—coefficients of both sides yields

P12d(¥1y2) + p13d(y1y3) + pazd(y2y3) = 0.

Comparing the coefficients of y;, y,, y3 in this equation gives us

2.2 3 3 3 3 2.2
—X1X5 P12 = X1X5 P13,  X(X2P12 = X1X5 P23, X{X2P13 = —X{X;5 D23,
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Because deg p1, = 8, deg p;3 = 6 and deg p,3 = 4, a simple divisibility argument
shows that there is an n € Q with

P13 = —N-X1X2, P23 = U'Xlz, P12 = n-x%-
Hence, comparing the summands of du that are divisible by y; y,, but not by z, shows

0= pxj+ praxy + praxi® = pxy +n-x3" +n-x18x3.

Because p # 0, it follows that n = 0 (otherwise the last summand is not divisible
by xz) On the other hand, by an analogous argument, we obtain

3 9 18 3 10 19
0=—pxix; + p13X; + p13x;” = —pX1X; —1-X1X) —1-X{ X2,
and thus p = 0, contradicting p # 0. So x56 cannot be a coboundary. O

Corollary 1.7 (The dgas A4,..., A4 are Poincaré dgas) The dgas Aq,..., A4 are
Poincaré dgas with the cohomology classes in Proposition 1.6 as fundamental classes.

Proof The dgas A44,..., A4 are elliptic (Proposition 1.5). By a classical result in
rational homotopy theory [7, Proposition 38.3], cohomology algebras of elliptic minimal
Sullivan algebras are Poincaré duality algebras; clearly, any nonzero cohomology class
in the top cohomology can be chosen as fundamental class. a

I.3 The intersection forms of the example dgas

Proposition 1.8 (Intersection form of 4;) The classes [x,w], [xlzw] [x1 ] and [x ]
form a Q—basis of H3?(A) (the middle cohomology of A ), and the intersection fozm
with respect to this basis and the fundamental class [x2 | of Ay (see Proposition 1.6)
looks as follows:
0® 0B o _1(™M
0® oG 1@ o>
0® 1@ 0@ o
1D o® o  100)

(The superscripts in the matrix refer to the part of the proof where the corresponding
coefficient is computed.)

Proof We first show that H32(A,) is generated by [x,w], [xlzw], [x116] and [xg].
What do cocycles of degree 32 in 4; look like? Clearly, x116 and xg are cocycles
of degree 32. All cocycles in the subalgebra /\(x;,x;) divisible by x;x, are in
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the image of d (by definition of dyy, dy,, dy;). Because the differential is trivial
on /\(x1,Xx7), it remains to look at cocycles of the form

U= pi2y1y2+ p13yiys + p23y2ys3,

where p12, P13, P23 € /\(x1,x2). If du =0, then looking the coefficients of y;, y,
and y3 respectively in du leads to

xfle?lz = X1X§P23, X12x§l712 = —X1X§P13, x13x2p13 = —xfx§p23.
As deg p1, = 12, deg p13 = 10, and deg p,3 = 8, a simple divisibility consideration
shows that there exist 777, 7, € Q such that
P23 =Mm 'Xf-i"]z'xfxz, P12 =" -xfx§+nz-x§, P13 =—M -Xsz—nz-xlxi;
hence, u = 1y 'xfw + 15 -xw. So H3?(A;) indeed is generated as Q—vector space
by [xow], [x2w]. [x}¢] and [x}].

As next step, we determine the corresponding matrix for the intersection form with
respect to the fundamental class [x§6].

(0) Because we chose [x;6] as fundamental class with respect to which the intersec-
tion form is computed, the matrix coefficient corresponding to column [xg] and
row [xg] equals 1.

(1) We have [x116]~[x§] = [d(x113xgy1)] =0.
(2) Moreover, [x116] . [x116] = [x132] = 0 as was shown in the proof of Proposition L.5.

(3) Squares of elements of A; of odd degree are zero, and hence w? = 0 (because
each summand of w contains two of the three odd elements y{, y,, y3).

(4) We have (because (dz)w = 0 = ww as in the previous item)
[x116] . [xlzw] =[(dz)-w —xgw —x%ww] = [0—x§w —0]
=—[d(x]z) +x3 + xIx ¥ = [ 1) + [d(x xS y1)] = —[x16).
(5) Moreover, [xg] . [xfw] = [d(x;x1y1y2y3)] =0.
(6) Analogously, [x!6]-[x;w] = [d(x]®y1y213)] = 0.
(7) Finally,

e8] vaw] = [d(x]2) — x 18] = x36) = [~d (x5 x§ 1) — X)) = —[x}6).

Moreover, from the shape of this matrix we can easily deduce that the elements [x;w],
[xlzw], [x}s] and [xg] are linearly independent over Q. |
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Remark 1.9 (Intersection form of A,, A3, A4) Similarly to the previous proposition
one can show the following.

e The classes [xgylyz — x1x§y1y3 + xfx2y2y3], [x,]® form a Q-basis of the
middle cohomology H3%(A,) of A,. The intersection form of 4, with respect
to this basis and the fundamental class [x,]'® of 4, is

(7))

e The classes [x%x%ylyz — xfx2y1y3 + xfy2y3], [x1]'? form a Q-basis of the
middle cohomology H'%%(A43) of A3. The intersection form of A3 with respect
to this basis and the fundamental class [x;]?¢ is

0 —1
-1 1)
e The middle cohomology H!'4(A4) of Ay is zero.

I.4 The example dgas are inflexible

We now show that the four Poincaré dgas A;, 4, A3 and A4 are inflexible in the
sense that there is no dga morphism whose induced homomorphism on cohomology
maps the fundamental class to a nontrivial multiple of itself.

Proposition I.10 (Inflexibility) The dgas A, A,, A3, and A4 are inflexible.

Proof We will give the complete calculation only for the example A ; for the other
dgas the calculation is similar, and even a bit simpler as the degrees of the even
generators x; and x, are less entangled; moreover, for the dgas A3 and A4 an
argument is contained in the work of Arkowitz and Lupton [2, Examples 5.1 and 5.2].

Let f: A1 — A; be a dga morphism; looking at the degrees of the generators of A4
we see that there are constants oy, @z, ¢2.1,...,¥, Y1 € Q and homogenous polyno-
mials py, pa, p3 in x1, X, such that

S(x1) =ay-x1,

S(x2) =az-x3+as .x12’

S =B1-»,

S2) =B2-y2+ Ba-x11,

F(3)=B3-y3+B3,1- X7y + B2 x2y1 + B33 X102,
S =y -z+yi-x1y1y2y3+ p1ya+ paya2 + p3ys.
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Using that f* as a dga morphism is compatible with the differential d of A, and that A,
is freely generated by x1,...,z, we deduce constraints on the coefficients «y,....
Notice that because we chose [x26] as fundamental class of 41, we can read off the
“degree” of f from the coefficient o5, and it suffices to show that «, € {—1,0, 1}.

(1) Comparing the coefficients for f od(y;) and d o f(y1), we obtain
Bi=aia,
and ozfam = 0. In particular, @y =0 or a1 = 0.
(2) Comparing the coefficients for f od(y,) and d o f(y,), we additionally have
B2 = aje;
(3) Moreover, we have
fod(z)=a;® x*+ (a2 -x2+02,1-x7)” +5B1B2- X3 y102 +4.
dof(z)=y-x{®+y-x3+y-d(xow)+y1-d(x1y132)3),

where ¢ € (x1x3) - A;. Comparing the coefficients of these elements shows that

18 9 _ ., _ 9
o —i-az,l—y—az.

Because y - d(x,w) + y1 -d(x1y1y2y3) and ¢ are divisible by x1x5,
= 052:31,32 = Ol20l1
(in the second equation we used the results from steps (1) and (2)).

In view of step (1) we can assume that ¢y = 0 or a3 1 = 0. If oy = 0, then also
ag =y = ozz 1 = 0 by step (3). On the other hand, if o; # 0 and o, ; = 0, then

18 9 7.5 9
=y=a, and a,a]=y =0,

by step (3). Now a small computation shows that oy = 1. Hence, A is inflexible. O

Appendix II: More inflexible dgas and manifolds

In this appendix we produce more examples of inflexible manifolds from the basic
examples of Section 6 and Appendix I. Using connected sums and products, we obtain
in infinitely many dimensions infinitely many homotopy types of oriented closed
simply connected inflexible manifolds (Sections II.1 and II.2). Moreover, we show that
inflexibility is “generic” in the sense that in infinitely many dimensions, every oriented
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bordism class can be rationally represented by a simply connected inflexible manifold
(Section I1.3).

Recall that if (A4, [A4]) is a Poincaré dga (Definition 6.4) then M(A, [A4]) denotes the
class of all oriented closed simply connected manifolds that have trivial total Pontryagin
class and realise this rational data (Definition 6.7).

II.1 Inflexible connected sums

In general, it is not clear that connected sums of inflexible manifolds are inflexible;
however, in certain cases inflexibility is preserved under connected sums:

Theorem II.1 (Inflexible connected sums) Let M be an oriented closed simply
connected n—manifold with inflexible minimal model and 7,1 (M) ® Q = 0. Sup-
pose that Ny,..., N, are oriented closed simply connected n—manifolds such that
deg(Nj @, Mq) is finite for each j € {1,...,r}. Then the iterated connected sum

M#N #---#N,
is inflexible. In particular, for all r € N the r —fold connected sum M*" is inflexible.
The proof of this theorem relies on applying repeatedly the following lemma. Recall

that deg(N, M) is the set of degrees of maps between oriented closed connected
manifolds N and M ; also, for subsets 4, B C Z we write

A+ B:={a+blac A, be B} CZ.
Lemma IL.2 Let Ni, N; and M be oriented closed simply connected n—manifolds
with rationalisations N1,q, N2,g.,and Mg. If m,—1(Mg) = 0 then
deg(N; # Ny, M) C deg(N;,9, Mg) + deg(N2.q. Mg).

Proof Because rationalisation preserves rational cohomology, we have
deg(N; # Ny, M) C deg((N1# N2)g, Mg):

so it suffices to show deg((N; # N2)g, Mg) C deg(N; g, Mg) + deg(N2.q. Mg).
To this end, we consider the cofibration sequence

(1) S§" 1 Ny # Ny — (N #Np) Ugn—1 D",

where we attach D" along the inclusion i: S"~! — N #N,, where S”~! is the locus of
the connected sum between Ny and N, . Clearly, the space W := ((N1#N2)Ugn—1 D)
is homotopic to the wedge N; vV N,: we will use this fact below. From the cofibration
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sequence (1) and its rationalisation we obtain the following commutative diagram of
exact sequences:

W, M] ———— [N #No, M| ——— [S"™!, M]

@ L@ I@ l-@

[Wo, Mol —— [(N1 # N2)@. Mgl — [S§ ', Mq]

The lower sequence can be seen to be exact by looking at a concrete description of
Sullivan models of cell additions (up to quasi-isomorphism) [7, Diagram 13.15].

But [S(a_1 , Mg] = ny—1(Mg) = 0 by assumption. Thus, up to homotopy every map
from the connected sum (N #N>)q — Mg factors through the map (N #N>)g — Wo
induced by the inclusion. We observed above that there is a homotopy equivalence
W ~ Ny Vv N,. The characterisation of rationalisations in terms of singular homology
with integral coefficients [7, Theorems 9.3 and 9.6] together with the Mayer—Vietoris
sequence in homology show that Wg >~ N; g V N3 . Hence we have the equality

[Wo, Mg] = [N1,g, Mg] % [N2,q0. Mg].

So from the commutative diagram (2) above we see that there is an inclusion deg((N; #
Ny)g. Mg)) C deg(Ny g, Mg) + deg(N2,g. Mg), as desired. O

Proof of of Theorem II.1 For N := M # N #-.-# N, , observe that the obvious
collapse map N — M has degree 1 and so 1 € deg(N, M). Applying Lemma II.2
inductively we conclude that deg(N, M) is finite, since we have assumed that the
sets deg(N; . Mq) and deg(Mq, Mg) are finite. But the monoid Map(N, N) of
self-maps of N acts by precomposition on the set Map(N, M) of maps from N to M
and since 1 € deg(N, M) we see that there is an inclusion deg(N, N) C deg(N, M).
Hence deg(N, N) is finite and NV is inflexible. O

In order to apply Theorem II.1 to our examples we shall need information about
the group m4impr—1(M) ® Q for M € M(A4;,[4;]) with j = {1,...,4}, where
Ai,..., A4 are the dgas from Appendix I. Recall that 7+(M) ® Q is a Q—vector
space generated by the indecomposable elements of the minimal model of M [7, The-
orem 15.11]. Using the notation of Section I.1, it follows that

(M) ® Q = Q(x1) ® Qx2) ® Q(y1) & Q(y2) ® Q(y3) ® Q(2).

The degrees of the generators x1, X2, y1, V2, V3, z for each of the A4; are listed in
Section I.1. In particular we obtain:
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Lemma IL.3 For all j € {1,...,4} and for all M € M(Aj,[A;]), we have that
Ty—1(M)® Q = 0, where n is the dimension of M .

Theorem II.1 allows us to prove the existence of large classes of inflexible manifolds.
We do this systematically in Section II.3 and for now present the following simple
example:

Example 114 Let j € {1,....4}, let M € M(A4;,[4;]), and let r € N~o. Then
the r—fold connected sum M* is inflexible (and simply connected). Looking at the
rational cohomology ring of these manifolds shows M*" % M*  whenever r # s.

I1.2 Inflexible products

In general, it is not clear that products of inflexible manifolds are inflexible as maps
between products of manifolds cannot necessarily be decomposed into maps on the
factors; we will show now that certain products of our basic examples of simply
connected manifolds are inflexible:

Theorem IL.5 (Inflexible products) Let j € {2,3,4}, let M € M(Aj,[Aj]) be a
manifold as in Theorem 6.8 and let k € N. Then the k—fold product M*k is
inflexible (and simply connected).

This result is proved in the following by carefully analysing the algebraic counterpart,
namely tensor products of the Poincaré dgas A,, A3 and A4 respectively. Recall that
given dgas A and B there is the tensor product dga A ® B [7, Example 3 on page 47]
and that H*(A ® B) =~ H*(A) ® H*(B). In particular, if (4,[A]) and (B,[B]) are
Poincaré dgas then so is the product (4 ® B,[4]® [B]).

Proposition I1.6 For each j € {2, 3,4} and for all k € N+ the k—fold tensor product
(A®K.[4;1®k) is an inflexible Poincaré dga.

Proof We shall give the proof for A3 and then state the modifications necessary
for A, and A4. Let us fix some notation: for an index a € {1,...,k} let A3, denote
the @™ copy of A3 in the k—fold product A?k. Similarly, for generators x;, y; € Az as
in Section I.1 let x;, and y;, denote the copy of x; or y; in A3,. Notice that because
the fundamental class of each A3, is given by [x;4]?® the fundamental class of A®k
given by ® w—1[x14]?¢. Therefore, we can read off the degree of dga endomorphlsms
of A? by looking at the situation in degree |x;| = 8.

Now let [ A?k — A?k be a dga endomorphism of nonzero degree. Since A;@k is
Poincaré with finite-dimensional cohomology it follows that f* induces isomorphisms
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on all cohomology groups, and so f is a dga isomorphism [7, Proposition 12.10(i)].
Thus, H3(f): H® (A?k) — H? (A‘_f?k) is a Q-linear isomorphism. By construction
of A3, there is a canonical isomorphism (A‘?k )~ [ (A%Z’k ) which identifies H3(f)
with f|(Ag;>k)x. In particular, f|(A§>k)k is also a Q—linear isomorphism.

We shall show below that H3(f) is represented by a signed permutation matrix
with respect to the obvious basis of (Agz’k )8 = (Ag)@k. If this holds, then, because
®§=1[x1a]26 is a fundamental class of A‘?k, the dga map f has degree 1 or —1,
which proves that A;‘k is inflexible.

In order to complete the proof it therefore remains to prove that H3(f) is repre-

sented by a signed permutation matrix. For each b € {1,...,k} we have the dga
projection pp: A;@k — Ajp and the dga inclusion ip: Azp — A?k. Moreover,
for a, b € {1,...,k} we consider the dga map

Jab = pao foip: Azp — Aza.

Since A3, = A3 = Asp, we have by Proposition 1.10 that f,; has degree 0, 1
or —1. Because [43] = [x1]? and A§ = Q- xy it follows that f,5(x1,) = £x1p or
fab(x14) = 0. Thus, for all a € {1, ..., k} we obtain

k

3) f(X1a) =Y eap-x15. Where ggp € {—1,0.1}.
b=1

We proceed now by contradiction: suppose that for some a at least two of the coeffi-
cients {e4p | b € {1, ..., k}} are nonzero. By construction of A3 for i € {10, 33} there
are identifications (A‘_?k)" = @I;:l Ag 2+ We now consider the equation

df (y1a) = f(dy1a).

The left-hand side is a sum of monomials of the form x13 X2cs which can be seen
by looking at the definition of 433 and of the differential on A3 (Example 1.3).
However, on the right-hand side, we have f(dyi,) = f(xf’axm) = f(x12)* " f(x20).
Using the description of f(x1,) from (3) and the fact that there are two nonzero
coefficients e, and g,/ , it follows that the right-hand side contains monomials of the
form +Cpp -xlzb “X1p - X2¢, Where b # b and Cppr. € Q )\ {0}. But such monomials
are not present on the left-hand side, which is a contradiction. Therefore, we can
conclude that for each a € {1, ..., k} only one of the coefficients g, € {—1,0, 1} is
nonzero. As H3(f) = f| A%%)8 is an isomorphism, it follows that H 8(f) indeed is
represented by a signed permutation matrix.
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For the dgas A, and A4 the fundamental class is a power of x, and so we repeat the
line of argument this time using (Agz’k)10 = @];:1 A;g or (Aff’k)12 = @/;:1 Aﬁ
and the equation dy,, = x12 ax% , instead. a
Notice that the above proof does not directly carry over to the case of the Poincaré
dga (A1, [x2]'®) because dga endomorphisms of A4; are slightly more complicated in
degree |x,| = 4 than in the cases discussed above.

Proof of Theorem IL.5 The minimal model of M*k is the k—fold tensor prod-
uct A%k [7, Example 1, page 248]; moreover, the fundamental class of M k corresponds
to [4; ¥k ¢ A}g’k . Now the theorem follows because the Poincaré dga A?k is inflexible
by Proposition I1.6. |

Corollary II.7 In each of infinitely many dimensions there exist infinitely many
rational homotopy types of oriented closed simply connected inflexible manifolds.

Proof Let j € {2,3,4}, let k € N.g, and let r € N.y. Moreover, let M €
M(Aj,[Aj]). Theorems IL.5 and II.1 (together with Lemma II.3) show that the oriented
closed simply connected manifold (M xky#r is inflexible. The rational cohomology of
these manifolds shows that if r # r/, then (M k)" and (M *k)# " do not have the
same rational homotopy type. a

I1.3 Evidence for the genericity of inflexibility

In the following, we combine results of the preceding sections to exhibit large numbers
of simply connected inflexible manifolds. On the one hand, we show that there are
“many” homotopy types of simply connected inflexible manifolds, and in particular
that in many dimensions simply connected manifolds are “generic” from the point of
view of oriented rational bordism. On the other hand, we show that simply connected
inflexible manifolds exist that satisfy tangential structure constraints such as being
parallelisable or nonspinable.

One way to create many (integral) homotopy types of simply connected inflexible
manifolds out of a single inflexible Poincaré dga is to rescale the fundamental class of
the dga in question:

Proposition I1.8 (Scaling the fundamental class) Let (A4,[A4]) be an inflexible Poin-

caré dga, and let a, a’ € Q \ {0} with |a| # |d'|. If M € M(A,a-[A]) and M’ €
M(A,d -[A]), then M % M'.
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Proof Recall that any Poincaré dga is the minimal model of some simply connected
rational Q—Poincaré space (cf proof of Proposition 6.9); hence there is a rational
Q-Poincaré space (X,[X]) realising (A4, [A4]).

Let M € M(A,a-[A]) and M' € M(A,d’-[A]); then the rationalisation of both M
and M’ coincides with X', the only difference being that the fundamental classes are
mapped to different multiples of [X]. Let pas: M — Mg = X and ppr: M' — X
be the canonical maps provided by the rationalisation construction; by definition,

Hy(om: QMg =a-[X] and  Hy(pp: Q)IM'lg = da'-[X],

where n := dim M = dim M’. Assume for a contradiction that there is a homotopy
equivalence f: M — M’. By the universal property of rationalisation [7, Theo-
rem 9.7(ii)] there is a continuous map fg: X — X with pprr 0 f = fg o par. Hence

degry) fo -a-[X]= Hu(fg o prp: Q)[M]g
= Hu(pmr o [ Q)[M]q = deg [ -d’-[X].

Because f is a homotopy equivalence and because X is inflexible, it follows that
|deg f| = 1= |deg[x] fol- Thus, |a| = ||, a contradiction. So M % M'. O

Example IL.9 Let j €{l,...,4}. In view of Remark 6.13, for all scalars ¢ € Q \ {0}
the class M(A;,a-[A;]) is nonempty. Therefore, by the proposition above, there are
infinitely many homotopy types of oriented closed simply connected manifolds having
the rational homotopy type given by A4;; clearly, all of these manifolds are inflexible.

Similarly, for j € {2, 3,4} and all kK € N+ there are infinitely many homotopy types
of oriented closed simply connected manifolds having the rational homotopy type given
by A}g’k (because the corresponding Witt index is trivial as well, and so also the scalar
multiples of the fundamental class are realisable by manifolds).

For Propositions 11.10 and 11.13 below we shall need the follow lemma, which is a
refinement of a special case of the Barge—Sullivan Theorem 6.11:

Lemma IL10 Let (X,[X]) be a Q—Poincaré space of formal dimension 4k with
vanishing Witt index tx] = 0 € Wy(Q). Then (X,[X]) can be realised by a stably
parallelisable oriented closed simply connected smooth manifold.

Proof The lemma follows from a little reflection upon the proof of the Barge—Sullivan
theorem (Theorem 6.11). We need to find a stable bundle £ over the rational space X
such that the total Pontryagin class of £ is trivial; hence we may choose & to be the
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trivial bundle. Since the manifold M produced by the Barge—Sullivan theorem has a
normal map

v —§

M2 x

where vy is the stable normal bundle of M, M is stably parallelisable. O

Corollary I1.11 For each of the example dgas Ay, A,, A3 and A4 of Section 1.1 and
for each a € Q \ {0}, the class M(Aj,a-[A}]) contains a stably parallelisable manifold.

Proof By Proposition 6.12 the QQ—Poincaré spaces (Xj, a-[X;]) realising the Poincaré
dgas (A4;,a-[A;]) all have vanishing Witt index, so we apply Lemma II.10. |

In light of Theorem IL.5 we introduce some notation: for j € {1,...,4} we write d; for
the formal dimension of A;; more explicitly, d; = 64, d, =108, d3 =208, ds = 228.
Moreover, we abbreviate

D:={d}U{dj -k |k eNsg,je{2,3,4}}
={64}U{d -k | k € N5, d € {108,208,228}}.

In dimensions in D we will now show that simply connected inflexible manifolds are
“generic” from the point of view of rational bordism, thereby giving a first answer in
the direction of Question 6.16.

Proposition II.12 (Inflexible manifolds and rational bordism) Let n € D. Then
there is a positive integer r (n), depending upon n, such that for any oriented closed n—
manifold N the r(n)—fold disjoint union |_| @) N » equivalently the r —fold connected
sum #,,) N , is oriented bordant to an oriented closed simply connected inflexible
manifold.

Proof Because the products of complex projective spaces form a Q-basis of the
rational bordism ring QEO ® Q [18, Corollary 18.9] and because the torsion in QEO
has exponent 2 [25, Corollary 1] it suffices to consider the case where N is a product
of complex projective spaces, say N = [[/=; CP" with 2-(ny + - +nm,) =n.

By definition of D, we can write n = d; - k, with j € {2,3,4} and k € Ny,
or j =1=k. Moreover, let M € M(A;,[A;]); by LemmaII.10 we may assume that M
is stably parallelisable. Then M *k is an oriented closed simply connected n—manifold
that is inflexible (by Theorem II.5) and stably parallelisable. In particular, M <k s
oriented nullbordant.
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We now consider N/ := M>** # N . By construction, N’ is oriented bordant to N and
simply connected. It hence suffices to show that N’ is inflexible. By Lemma I1.3, we
have 7,1 (M **) ® Q = 7,_1(M)*k  Q = 0. By definition, H2(M*k; Q) =0 if
j > 1;in the case n = d; = 64, there is no class x € H>(M; Q) with x32 # 0 (by
definition, H?(M;Q)=Q-x,, and [x{]*? =0, as shown in the proof of Proposition L.5).
However, there is a class x € H*(N;Q) = H*([]/L,CP") such that X2 gener-
ates H"(N;Q). Therefore, deg(N, M *K) = {0}, and now applying Theorem II.1
shows that N’ = M>* # N is inflexible. O

We saw above that there are many examples of stably parallelisable simply connected
inflexible manifolds. On the other hand it is also possible to find simply connected
inflexible manifolds with other tangential constraints. For example we have:

Proposition I1.13 (Nonspinable inflexible manifolds) For all n € D there are oriented
closed simply connected nonspinable inflexible manifolds of dimension n.

Proof Let N = S"72XS? be the total space of the sphere bundle of the nontrivial
rank (n — 1)—vector bundle over S2. Then the second Stiefel-Whitney class of N
generates H*(N;Z/2)=7Z/2 and N is nonspinable.

We write n =d; -k with j € {2,3,4} and k € N5, or j =1 =k. Then forall M €
M(Aj,[A}]) the manifold M *k js inflexible (by Theorem II.5) and simply connected.
So Mk # N is nonspinable (because the Stiefel-Whitney class is nontrivial) and
simply connected. We show now that M %k 4 N is inflexible.

As first step, we show that deg(N, M xky = {0}. A straightforward spectral sequence
calculation shows that Hd(N; Q) =0 for all d € {4,6,8,12}. On the other hand,
by construction of the Poincaré dgas Aq,..., A4 we have H 07280) % 0 for
some d € {4,6,8,12}. Therefore, deg(N, M *kK) = {0}.

Furthermore, from Lemma II.3 we obtain 7,_1 (M xk )®Q = 0. Hence, M <k # N is
inflexible by Theorem II.1. |
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