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The Farrell-Jones conjecture for
some nearly crystallographic groups

F THOMAS FARRELL
XIAOLEI WU

In this paper, we prove the K—theoretical and L-theoretical Farrell-Jones conjecture
with coefficients in an additive category for nearly crystallographic groups of the form
Q" % Z, where Z acts on Q" as an irreducible integer matrix with determinant o,

d| > 1.

18F25; 19A31, 19B28

Introduction

Farrell and Linnell [10] proved that if the fibered isomorphism conjecture is true for all
nearly crystallographic groups, then it is true for all virtually solvable groups. Recall
that a nearly crystallographic group is a group of the form 4 x C, where A is a
torsion-free abelian group of finite rank, C is virtually cyclic and the action of C on
A makes 4 ® Q into an irreducible QC module (compare [10, page 309]).

Let A € M(Z,n) with determinant d, |d| > 1, and m(x) be its characteristic polyno-
mial. Assume that 72(x) is irreducible over Q. If K = Q(x)/m(x)Q(x), then K isa
number field. Let Ok be its ring of integers. We define our group I' = Og [%]‘F Xy 7,
where Z acts on (DK[)I—C]+ by multiplying x (more details about this group will be
given in Section 2.5). In [11], the authors proved the Farrell-Jones conjecture with
coefficients in an additive category for all solvable Baumslag—Solitar groups. In the
current paper we generalize the method there and prove the following (cf Theorem 5.2).

Main theorem The K- and L—theoretical Farrell-Jones conjecture with coefficients
in an additive category is true for the group I".

Note that the truth of the Farrell-Jones conjecture with coefficients in an additive
category implies the fibered isomorphism conjecture. For more information about the
Farrell-Jones conjecture and its fibered version, see Farrell and Jones [9]. For precise a
formulation and discussion of Farrell-Jones conjecture with coefficients in an additive
category; see Bartels, Farrell and Liick [1], and Bartels, Liick and Reich [6].

As a corollary of our Main theorem, we prove the following (cf Corollary 5.3).
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Corollary The K— and L—theoretical Farrell-Jones conjecture with coefficients in an
additive category is true for the group Q" x 7, where Z acts on Q" as an irreducible
integer matrix with determinant d, |d| > 1.

We will stick to the case d > 1 in the proof as it makes our notation cleaner.

Remark Independently, C Wegner proved the Farrell-Jones conjecture for all virtually
solvable groups. The technique he uses is a combination of the Farrell-Hsiang method
and transfer reducibility while our method here does not use transfer reducibility. Also,
our results do not depend on Bartels and Liick’s results on CAT(0) spaces [4; 2]. On the
other hand, it seems our method here cannot be applied to all nearly crystallographic
groups; in particular, it cannot be applied directly to the group Z[%] 2 Z.

Our strategy is to show that I" is in fact a Farrell-Hsiang group, as defined by Bartels
and Liick in [3] . The main difficulty compared to our previous paper [11] is that we
need to develop a theory for groups acting on trees. The second difficulty is that there
is no canonical metric on the model E(I") (cf Section 3), so it is much more technical
to prove some metric properties for E(I").

The paper is organized as follows. In Section 1, we give a brief introduction to the
Farrell-Jones conjecture, including its inheritance properties and the Farrell-Hsiang
method. In Section 2, we develop a theory of group actions on trees for later use. The
construction naturally connects to algebraic number theory. In Section 3, we produce
a model E(T") for the group I' and discuss some geometric properties of the space.
In Section 4, we construct a horizontal flow space for the group I'. Using results of
Bartels, Liick and Reich, we produced a long-thin cover on this horizontal flow space.
In the last section, we prove our main theorem.

In this paper, we will occasionally write FJC to abbreviate the K—theoretical or L—
theoretical Farrell-Jones conjecture with coefficients in an additive category. Let G be
a (discrete) group acting on a space X. We say that the action is proper if for any x € X
there is an open neighborhood U of x such that {g € G | gU NU # &} is finite.

Acknowledgements This research was in part supported by the NSF grant DMS
1206622. The authors want to thank the Math Science Center at Tsinghua University
for their warm hospitality during the preparation of this work.

1 Some properties of the Farrell-Jones conjecture

In this section we give a brief introduction to the Farrell-Jones conjecture. We first list
some useful inheritance properties valid for FJC. For details, see [1, Section 1.3].
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Proposition 1.1 (1) Ifagroup G satisties FIC, then every subgroup H < G satis-
fies FIC.

(2) If Gy and G, satisty FIC, then the direct product G & G, and the free product
G x G, satisfy FIC.

(3) Let{G; |i € I} be a directed system of groups (with not necessarily injective
structure maps). If each G; satisfies FIC, then so does the direct limit lim;c; G .

(4) Let ¢: G — Q be a group homomorphism. If Q and ¢~ (C) satisty FIC for
every virtually cyclic subgroup C < Q then G satisfies FJC.

Lemma 1.2 (Transitivity principle) Let F € ‘H be two families of subgroups of G.
Assume that G satisfies the K—theoretic Farrell-Jones conjecture with respect to H and
that each H € H satisfies the K—theoretic Farrell-Jones conjecture with respect to F .
Then G satisfies the K—theoretic Farrell-Jones conjecture with respect to F. The same
is true for the L—theoretic Farrell-Jones conjecture.

The following definition of a Farrell-Hsiang group is taken from [3].

Definition 1.3 Let F be a family of subgroups of the finitely generated group G . We
call G a Farrell-Hsiang group with respect to the family F if the following holds for
a fixed word metric dg:

There exists a fixed natural number N such that for every natural number m there
is a surjective homomorphism Ap,: G — F,, to a finite group Fj, such that the
following condition is satisfied: For every hyper-elementary subgroup H of Fj, we
set H := A} (H) and require that there exists a simplicial complex Eg of dimension
at most N with a cell-preserving simplicial H —action whose stabilizers belong to
F, and an I-_I—equivariant map fg: G — Eg such that dg(go,g1) < m implies
déH (fu(go), fa(g1)) < % for all gg, g1 € G, where dll:"H is the /! —metric on Ef.

Remark 1.4 As pointed out in [1, Remark 1.15], in order to check that a group G is
a Farrell-Hsiang group, it suffices to check these conditions for one hyper-elementary
subgroup in every conjugacy class of such subgroups of Fj,.

Recall that a hyper-elementary group is defined as follows.

Definition 1.5 A hyper-elementary group H is an extension of a p—group by a cyclic
group of order n, where p is a prime number, (7, p) = 1. In other words, there exists
a short exact sequence

l1-Ci— H—Gp— 1,

where C, is a cyclic group of order 7, and G, is a p—group such that (n, p) = 1.
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With this definition, Bartels and Liick proved the following theorem:

Theorem 1.6 Let G be a Farrell-Hsiang group with respect to the family F. Then G
satisfies the K—theoretic and L—theoretic Farrell-Jones conjecture with respect to F .

2 Group acting on trees

In this section, we develop a theory of group actions on trees that will be used in the
next section for constructing the model E(I"). It also plays a key role in the proof of
our main theorem where we need certain contracting maps to have an action on the
tree. The basic construction is taken from Serre’s book [12, Chapter II, Section 1]; we
generalize the results presented there using Stallings folding and other techniques. The
ideas already appeared in the appendix of [11].

2.1 Basic construction

We briefly recall the construction in Serre’s book [12, Section 1, Chapter II]. Let K be
a field! with a discrete valuation v. Let © denote the valuation ring of K, ie the set of
x € K such that v(x) > 0. We choose a uniformizer 7, ie an element 7 € K* such
that v(r) = 1 and let k& denote the residue field O/7 O.

We let V' denote a vector space of dimension 2 over K. A lattice of V is any finitely
generated O—submodule of V' that generates the K—vector space V. If x € K* and
L is alattice of V', Lx is also a lattice of V. Thus the group K* acts on the set of
lattices; we call the orbit of a lattice under this action its class. The set of lattice classes
is denoted by 7.

Let L and L’ be two lattices of V. By the invariant factor theorem there is an O-basis
{e1, ez} of L and integers @, b such that ey 7%, ey7? is an O-basis for L’. We define
the distance between the corresponding lattice class A and A’ by d(A,A’) = |a—b|.
Two elements A, A’ of X are called adjacent if d(A, A’) = 1. In this way one defines
a combinatorial graph structure on 7". The graph T is a tree. Vertices of T  at distance
n from a fixed vertex Ay correspond bijectively to direct factors of Lo/ Lon™ of
rank 1, ie to points of the projective line P(Ly/Lox™) = P (O/x"O). In particular,
edges with origin A correspond bijectively to the points of P(Lo/Lox) = Py (k); if
g = card(k), the number of these edges is ¢ + 1. For the purpose of this paper, ¢ will
always be a finite number.

Twe require that multiplication in a field commutes while Serre [12] does not

Algebraic & Geometric Topology, Volume 15 (2015)



The Farrell-Jones conjecture for some nearly crystallographic groups 1671

We let GL(V') denote the group of K—automorphisms of V. If we fix a basis (eq, e3)
of V, then GL(V) is naturally isomorphic to GL,(K). Let p be the prime ideal
corresponding to the valuation function v.

Definition 2.1 We call a subgroup of GL(V) p-bounded if it is a bounded subset of
the vector space End(V'). If we identity GL(V') with GL,(K), this means that there
is an integer / such that v(s;;) >/ foreach s = (s5;j) € G.

2.2 Subgroups of GL (V) and its action on the tree

We will use vy, to denote the valuation function corresponding to the prime ideal p.
Choose a uniformizer m,. We fix a basis (eq, e3) for V. GL(V) acts on the regular
(card(O/p) + 1)—valence tree, which we will denote by T}, (see Figure 1 for 75).

Lp(=3) Lp(=2) Ly(=1)  Lp(0)  Lpy() Ly  Ly(3)
Figure 1: The regular 3—valence tree 7>

We are interested in the following subgroup of GL(V') and its action on the tree:
G={(4%)|acK* beK}.
Note that G is generated by elements of types (g (1)) ((1) 11’) The action of G' on the

tree T, has the following properties (compare [12, Section 1.3 Chapter II]):
e Let Ly(n) represent the lattice class Oe; ® n;’ Oe,, denote the end

Lp(0)Lp(1)Lyp(2)---

by ey, and the geodesic line -+ Ly(—2)Ly(=1)Lp(0)Ly(1)Lp(2)--- by Ly.
Then the action of G on T, fixes the end e;. In particular, (3 (1’) acts on Ly
as translation by distance —vp(a). We can put an orientation on the tree 7y,
where the orientation of every edge is pointing towards ¢, and G preserves
the orientation. Furthermore, we can define a Busemann function fp from T,

to R by
Jo(P) = nlip;o d(P,Ly(n))—n.
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* Atthe vertex L,(0), there are card(O/p) many vertices going into L, (0), which
correspond bijectively to elements in the residue field O/p. For any b € O,
(4% acts on these vertices by mapping x to x + b, where x € O/p, and fixes
L,(0); in fact, it fixes the horoball {P € T}, | f,(P) < 0}.

* G acts transitively on the vertices of 7,,. The stabilizer of every vertex is
bounded. The stabilizer of L,(0) consists of matrices of the form (g 11’), where
vp(a) =0, vy(b) = 0.

Remark 2.2 The Busemann function f; can be defined in the same way for any tree
with a specified base point and a specified end.

2.3 Group action on T«

Let Ty« be the regular (card(O/ p¥) 4 1)—valence tree.

Let G« be the subgroup of G generated by elements of the following three types:
e typel: (g (1)), vp(a) =k.

), vp(m) =0.

Matrices of type I act by translation on 7, when restricted to the line
o Lp(=2) Ly (=1) Lp(0) Ly (1) Ly(2) - -

by distance —k . Recall that L, (i) = Oe; & né(’)ez. Hence f,(M o P) = f,(P)+k
for any point P € T, and type-I matrix M. When M is a matrix of type II or III,
then f,(M o P) = f,(P).

To get an action of Gk on T from its action on T, we need the following definition
of Stallings folding, which is taken from [7].

Definition 2.3 Let 7" be an oriented tree with G —action. Consider two edges e; and
e, in T that are incident to a common vertex v. Let ¢: ¢y — e, denote the linear
homeomorphism fixing v. Then define an equivalence relation ~ on 7" as the smallest
equivalence relation such that:

(1) x ~¢(x) forall x €ey.

(i) If x~y and g € G then g(x) ~ g(y).

The quotient space 7'/~ is a simplicial tree with a natural simplicial action of G . Call
the quotient map T — T/~ a fold.
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Remark 2.4 The key is that after the folding, G induces an action on the new tree.

Consider the following subset of 7,:
{PeT,|—k+1= f,(P) =<0}

It has infinite many components. We will choose the component containing the vertex
L,(0), which is a subtree of T,; call it 7.

YAy Wy W

Ly(=3) Ly(=2)" Lpy(-=1)" Ly©0)  Ly(1) L, L,(3)
Figure 2: T after Stallings folding

Proceeding similarly to the Stallings folding described in the appendix of [11], the
Stalling folding on 7}, is generated by folding every pair of edges in YA"p that are incident
to a common vertex in it. The resulting tree (compare Figure 2) will be homeomorphic
to T, k- Furthermore, if we delete all the 2—valent vertices in the resulting tree, it will
be exactly 7. We will identify them as the same. 7« will have a natural induced
orientation, a specified geodesic line and a base point under the identification. This
further determines a Busemann function fpk on T,x. We will denote the new geodesic
line by L, and its vertices by L« (n). Now G\« has an induced action 7. with
the following properties:

. ka fixes the end €y .

* Matrices of type I act by translation by distance —1 on 7,x when restricted to
the geodesic line L« . Hence fyx (M o P) = f,(P)+ 1 for any point P € T,
and any matrix M of type 1. Matrices of type II fix the geodesic line L.
Furthermore, when M is a matrix of type Il or I, fyx(M o P) = fux(P).

 Atthe vertex L« (0), there are card(O/ pk) many vertices going into L (0),
which correspond bijectively to elements in the residue ring O/ pk . For any
beO, (3%) acts on these vertices by mapping x to x + b, where x € O/p¥,
and fixes Ly(0); in fact, it fixes the horoball {P € Ty | fox (P) = 0}.

* Gy acts transitively on the vertices of the tree 7)x. The stabilizer of every
vertex is p—bounded.
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2.4 Action on the tree Tpkipkz...pku

In this subsection, we extend the group action on trees to more general cases. Let
p; be the prime ideal corresponding to the valuation function v;, and let O; be the
corresponding valuation ring. Now let Tpkipka .ok be the (]_[l_1 card(O; /p;i%i) 4+ 1)-
valence regular tree. Let Gplkl phka.pkn be the subgroup of G generated by elements of
the following three types:

e typel: ( ) where vy, (@) = k;, forevery 1 <i <n.

o typell: (m9), Where > Uy (m) =0, forevery 1 <i <n.

o typelll: (12), b€ mo,
i=1
Notice that
Gp{cl péCZ...p’];ll g Gp]kl f0r al’ly 1 E l E n.

Hence as explained in Section 2.3, Gplkl pk...pkn acts on the tree T, x; . Therefore it acts
on the product space Tp{q x T, pha X o T,k« diagonally. Now consider the “diagonal
subspace”

{(yl,yz, ... V)€ Tpky X Typka -+ - X Ty kn fplki (i) = fpjkf (yj) forany 1 <i,j En},

where fpki is the Busemann function on the corresponding 7, pi This “subspace” is left
invariant under the kalpkz .pkn action, hence it has an induced kalpk’? .pkn —action.
It is not too hard to show that this subspace is homeomorphic to the tree Typkipks..pkn
we defined before; we will think of them as the same. Therefore we have an induced
action of kal pka..pkn O Tpklpka ~pkn . There is a natural Busemann function defined
on Tpkipks..pkn by fplkl pkapkn (y) = fplkl (¥1). The geodesic line of Tpkipks...pkn
corresponds to the “diagonal subspace” of the product of the corresponding geodesic
lines in Tplki . We will represent this geodesic line by

.. Lp{flpéfz...pﬁn (—2) Lp{flpécz...pﬁn (—1) Lp{ﬂpécz...pnn (0) Lp{ﬂpé@...psn (1) Lpflpglnpsn (2) cee

For convenience, we will denote this geodesic line as Lj. There is a specified end of
Tplkl pé‘lp'llcn N

Lplkl pé‘Z...pnn (O)Lplkl pécz...pnn (1)Lp1kl péfz...p']lcn (2) cey,

which we will denote as ej. The action of Gpkipks...kn on Tykiyka.. ks has the
PPy by PPy by
following properties:

. Gplklpéfz...p;lfn fixes the end ey .
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e Matrices of type I act by translation by distance —1 on Tplkl pka.pkn when
restricted to the geodesic line Ly. Matrices of type II fix the geodesic line
L. Hence fijlklpéﬁ...prllfn (Mo P) = fijlklpéQ...p’llfn (P) 4+ 1 for any point P €
Tp{ﬂ pkapkn and any matrix M of type L. If M is a matrix of type II or III, then
fiJklpkv kn (M o P) = fpklpkz pkn (P)

e At the vertex kalpkz pkn (0), there are ]_[l " card(O; /p;¥i) many vertices
going towards it, Wthh bljectlvely correspond to elements in the product of the
residue ring ]_H:f 0O;/ p, . Forany b € ﬂ,_l O, ( ) acts on these vertices
by mapping (x1, X2, ...,X5) to (x1+b,x2+b, ..., x, +b) where x; € O; /p;*
and fixes Lplkl pka . pkn (0); in fact, it fixes the horoball

{PETpklka pnn |‘f};k1 2. pkn (P) <0}

. Gp{ﬂpé‘Z...p’llcn acts transitively on the vertices of the tree Tokiphs . pkn and the
stabilizer of each vertex is (p1, P2, ..., pn)—-bounded. This means that there
exists an integer / such that vy, (mg,) > [ for each M = (my,) in the stabilizer
and forany 1 <i <n.

2.5 Applications to algebraic number fields

Let A € M(Z,n) with det A = d > 1, and m(x) be the characteristic polynomial
of A: m(x) =x"+a,_1x" ' 4+---4ax+ag, a; € Z. Assume that A is irreducible
over Q. Then its characteristic polynomial equals its minimum polynomial.

Let K be Q(x)/m(x)Q(x), then K is a number field. Let Og be its ring of
integers and xOg be the principle ideal in Og generated by x. One easily sees
that |Og /xOk| =d = |ag].

Since Ok is a Dedekind domain, xOg is a product of prime ideals pl p -pfnm,
where k; € ZT and each p; is a prime ideal. Let vp; be the valuation function
corresponding to the prime ideal p;; vy, (x) =k

Let G5 be the subgroup of GL,(K) generated by elements of the following three
types:

e typel: ( ), where vy, (@) = k;, forevery 1 <i <n.
e type II: ('(’)’ ?),Where vy, (m) =0, forevery 1 <i <n.
e typelll: (12),be0k.

As explained in the previous subsection, we have a G —action on a oriented regular
(d + 1)—valence tree with a specified Busemann function fx, a specified geodesic line
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-+ Py (=2) Px(—1) Px(0) Px (1) Px(2) - -- . We denote the geodesic line by L, and the
end Py (0)Px(1)Px(2)--- by ex.

The action of G has the following properties:
e Gy fixes the end ey.

e Matrices of type I act by translation by distance —1 on 7; when restricted
to the geodesic line L, . Matrices of type II fix the geodesic line L, . Hence
Jx(M o P) = f5(P)+ 1 for any point P € T; and any matrix M of type L.
When M is a matrix of type I or III, then fi(M o P) = f+(P).

 Atthe vertex Px(0), there are d vertices going into Py (O) which bljectlvely
correspond to elements in the residue ring ]_[,_1 O/pi* = 0/ ]_[,_1 pik =~
O/x0O. For any b € O, (0 1 ) acts on these vertices by permutation, mapping
X to x + b, where x € O/xO and fixes P (0). In fact, it fixes the horoball
{PeTy| fx(P)=0;.

e (G acts transitively on the vertices of the tree 7,;. And the stabilizer of each
vertex is (p1, P2, ..., pn)—bounded. This means that there exists an integer /
such that vy, (mg;) >/ for each M = (my;) in the stabilizer and forany 1 <i <n.

Let {( ) |k eZ,be OK[ ]} be a subgroup of G. Note that this subgroup is
1somorph1c toour group I' = O K[ ]+ Xy 7. We have the following lemma.

Lemma 2.5 T acts on the vertices of T, transitively and the stabilizer of every
vertex is a free abelian group of rank n, where n is the degree of the characteristic
polynomial m(x).

Proof The transitive part comes from the fact that ( 01 ) acts transitively on vertices
of the geodesic line L, and the subgroup { ’ b e OK} acts transitively on the
d edges going towards the vertex Py (0). Slnce the action is transitive, we only need
to show that the stabilizer of P (0) is a free abelian group of rank #. Note first that
the stabilizer of Px(0) is a subgroup of {(}2)|be Ok[+]} andif b € Ok, then
(0 3 ) fixes Px(0). If b & Ok, then there exists a smallest / > 0 such that b € x 'Ok,
hence b = x~!a for some a € Ok, a ¢ xOk . Hence ((1) ‘1’) fixes Px(0) and permutes
(nontrivially) edges that point towards Py (0). On the other hand,

—1 —I l
((1) ol a) = (xo (1))((1) ‘ll)()f) (1))
) acts on the geodesic line by translation by distance —/, (} x_ll“) does
0). Therefore we have proved the stabilizer of Py (0) is

{(57) b0k} =0,

!

[=]

Since ()6
not fix Py

SN -

which is a free abelian group of rank . a
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3 A model for E(T')

In this section, we construct a model for E (O K[%]Jr Xy Z), a contractible space with
a free, proper and discontinuous I'-action, where T" is the group Ox [ ] xx Z. We
also put a metric on the space, such that I' acts isometrically on E(Og[1]" xx Z).
Then we shall prove some inequalities that we will need in the future. Compare with
[11] for the case when I" is a solvable Baumslag—Solitar group.

Let X = T; x R". We claim there is a free properly discontinuous diagonal action
of I' on X . The action of I' on T,; comes from the fact that I" is a subgroup of G
(see Section 2.5) via the faithful representation

¢: T = Gx CGLy(K) with g(b.k) = (),

where (b, k) € Ok [%]"' X Z . On the other hand, we also have an affine action of T’
on R” given in the following way. Since Ok is a free abelian group of rank 7, we
can fix a basis ey, e, ...,e, of it. Since x acts linearly on Ok, we can denote the
corresponding matrix relative to the basis e, e;,...,e, by Ax. Any b € OK[%] can
be written uniquely as byey +byep +- - -+ bpey, Where b; € Z[%] (since det(Ax) =d).
We have

(*) (b’k)(wlva""’wn) = (U)I,U)Z,...,wn)A];+(b1,b2,...,bn)"'

Remark 3.1 Note here that the actions of I" on 7,; and R” can both be extended
naturally to G ; hence we have an induced diagonal action of G on T; x R”.

Proposition 3.2 T acts on Ty x R" properly, discontinuously and cocompactly.

Proof This is essentially a corollary of Lemma 2.5. I" acts on the vertices of 7; tran-
sitively while the stabilizer of Py (0) is a subgroup of Og [%] X {0} and isomorphic to
Z™. Note also that the action of Og [%] Xx {0} on R” is simply by translation defined
above by the formula (%), and we have that R" /O K[%] Xx {0} is homeomorphic to the
n—dimensional torus 7. Hence the action is proper, discontinuous and cocompact. O

One also sees that T; x R”/ T" is homeomorphic to a mapping torus of 7. In fact, the
linear action Ay of (x,0) € Ok [%] Xx Z on R”" induces an d—fold self covering map
on the standard torus 7" and Ty x R”/T" is homeomorphic to 7" x [0, 1]/(w, 0) ~
(wAx, 1). We need to put a metric on 77 x R” so that " acts on it by isometries. For
that we only need to put a metric on the quotient space 77" x [0, 1]/(w,0) ~ (wAx, 1).
First put a standard flat metric on 7" x {0}, and use the pullback metric by A, as the
metric on 7" x {1}. Then we linearly expand the metric to 7" x [0, 1]. Recall that Ty
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has a standard metric with edge length 1, and R” has the standard Euclidean metric.
Note that the metric we put here is different from the metric we constructed for the
Baumslag—Solitar group in [11, Section 2].

We are going to need the following lemmas in the future.

Lemma 3.3 For any two points (z1, wy), (z2, wp) € Ty x R",

deXRn ((Zlv w1)7 (227 w2)) Z deXRn ((Zl7 w2)7 (227 wZ)) = de (217 22)

Proof The metric is not a warped product, but very close to one. In fact, any
geodesic of the tree 7 is naturally a geodesic of 7; x R” (compare [8, Lemma
3.2] in the warped product case). Hence dr,xrn((21, w2), (22, w2)) = dr,(21, 22).
The same argument for proving the warped product case in [8, Lemma 3.1] shows
dr,xrn((z1, w1), (22, w2)) = dr, (21, 22). o

Remark 3.4 It is not always true that d7,xrn ((z1, w1), (22, w2)) = drr (w1, w2).

Corollary 3.5 Ifzy,z, € Ty, wy, w, € R”, then

drxre (21, w), (22, w2)) = Tdr,xre (21, 1), (21, W2)).

Proof Combining the triangle inequality for metric spaces and Lemma 3.3 yields the
corollary. a

Lemma 3.6 Given a point zy € Ty, there exists an neighborhood I of zy in Ty
containing zq such that for any z € I, if dgrn(wg, wy) is greater than some fixed &,
then there exists €¢ such that dr,xrn((z, wo), (z, wy)) > 5.

Proof The lemma comes from the observation we can define another standard product
metric in Ty x R”; the two metrics are different but they induce the same topol-
ogy on Ty x R". Hence they will induce the same topology on {z} x R”. In
fact, the open ball of radius gy centered at (z,wy) under the product metric is
open under our metric also, hence there exists &y such that the ball of radius &g
centered at (z, wg) under our metric is contained in the ball of radius g¢ under the
product metric. Therefore if d;yxgrn(wo, wy) is greater than &g, then (z,wq) is
going to be outside the ball of radius &y under the product metric centered at (z, wy).
Hence it will be outside the ball of radius & centered at (z, wgy) under our metric,
in particular dr,xrn((z, wo), (z, w1)) > €p. One can choose the neighborhood I
to be compact and sufficiently small; then, we can further rechoose & such that
dr,xr» ((z, wo), (z, wy)) > €5 holds for any z € I. O
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Lemma 3.7 Let zy be a fixed point in T; and w1, w, be two fixed points in R".
Denote the distance dr,xr»((zo, w1/n), (29, w2/n)) by Dy. Then for any € > 0,
there exists an N > 0 which depends on D but is independent of z, such that for any
n > N we have D, < €. In particular,

lim D, =0.

n—>o0

Proof Two metrics on {zo} x R” that measure the distance between (zg, w;/n) and
(zo, wp/n): one using geodesics in T; xR", and the other using the standard Euclidean
metric. Since they define the same topology on {zo} x R”, we have that for any ball of
radius €/2 > 0 centered at (zg, 0) under our metric, we can find €’ > 0 such that the
ball of radius €’ under the Euclidean metric is contained in the ball of radius €/2 under
our metric. We first assume that (zg, wq) lies in the fundamental domain (assume
it contains Py (0) P (1) x {0}), which is compact; in particular dgn(wg, 0) < L for
some L > 0. Therefore both (zy, wg) and (zg, w;) lie in the ball of radius D{ + L
centered at (zg, 0) under the Euclidean metric. Now we choose N big enough such
that for any n > N, (z9, w;/n) and (zg, wp/n) lie in the ball of radius €’/2 under
Euclidean metric; in particular, their distance under the Euclidean metric is smaller
than €, hence both (zg, wy/n) and (zg, w,/n) will lie in the same ball of radius €/2
centered at (zg, 0) under our metric, therefore the distance between (zg, w;/n) and
(zo, wy/n) under our metric is Dy < €. Since the fundamental domain is compact, we
can rechoose N so that the lemma holds for any (zg, w) in the fundamental domain.

Next we extend the result to any (zg, w;) € T; x R*. Choose g = (b,k) e I’ =
Ok [%]4' Xy Z such that g(zg, wq) lies in the fundamental domain. Then we have

e (8 (20. 20). 8 (20. %)) = d e (20, %2 4%+ b). (g0, %2 4% 1 b)),
Since translation in the R” direction does not change the distance,
dr,xrn (g(20. 51). &(20. 52)) = dr,xr ((870. %Ai + %) (gzo. %A’; + %))
= dr,xr ((g20. 2gw1). (g20. 2gw>)).
In particular, when n =1,
dr,xr» ((g20. gw1). (g20. gw)) = Dy
and (gzp, 1/ngw;) lies in the fundamental domain, therefore when n > N,
dr,xrn ((g20. gw1), (g20. Lgws)) <e.

Hence dr,xrn(g(z0, w1/n), g(z0, w2/n)) < €. The element g acts on T; x R" as
an isometry, hence

dr,xrr ((20, 5). (20, 32)) <e.
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This finishes our proof. a

Lemma 3.8 Let T be a positive integer and zy,z; € Ty such that z; lies in the
geodesic ray connecting zo and the end ey, and dr,(z9,z1) = T. Let z lie on
the geodesic connecting zy and z;. Then there exists f > 1 depending on T and
independent of z; such that for any w € R, if dr,xr»((z1, w), (z1,0)) = R <1, then
dr,xrr((z, w), (z,0)) = BR.

Proof First fix w and z;, then let M be the maximum of dr,xr»((z,w), (z,0)),
where z lies in the geodesic connecting zy and z; (which is compact). Then we can
just choose B = M/R (we assume R > 0). Moreover we can choose such a 8 for
all w such that d7,xr»((z1, w), (z1,0)) < 1 at the same time since the set of all such
w forms a compact set. Notice that when w gets close to 0, the metric gets close to
Euclidean metric and we are able to choose such g for those w continuously (one can
also extend B to those w by simply making § large enough). We can further assume z;
lies on the edge Py (0) Px(1) by using the isometric action of I" on T; x R” to translate
any z; to Py (0)Px(1). In fact we can always translate the geodesic connecting z
and z; to a geodesic that lies in the specified geodesic line Ly and so that z; lies
in Py (0) Py (1). Finally, because Py (0)Px(1) is compact, we can further choose a
that works for all z; € Py (0) P(1). Hence B is independent of z; . a

4 Flow space for 7; x R”

In this section we define a flow space for E(Og [%] x 7.). The construction here is
parallel to the one in our previous paper [11], but as the metric we put on Tz x R” is
not as nice as before need some new ideas in certain proofs.

We first introduce Bartels and Liick’s flow space, starting with the notion of a generalized
geodesic.

Definition 4.1 Let X be a metric space. A continuous map c: R — X is called a
generalized geodesic if there are c—,c4 € R:=R Il {—o0, 0o} satisfying

c—<cy, C—Fo00, (4 F—00
such that ¢ is locally constant on the complement of the interval /. := (c—, ¢4+) and

restricts to an isometry on /.

Definition 4.2 Let (X, dy) be a metric space. Let FS(X) be the set of all generalized
geodesics in X'. We define a metric on FS(X') by

d .d
drs(x)(c. d) == /R dx (c(1), d(1))

drt.
2ell
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The flow on FS(X) is defined by ®: FS(X) xR — FS(X), where ®;(c)(t) =c(t+ 1)
for t e R, c e FS(X) and ¢ € R.

Lemma 4.3 The map ® is a continuous flow. If we take ¢, d € FS(X), t € R, then
e dps ) (e, d) < dpsx) (P(¢), P (d)) < eTdps(xy (. d).
Proof A more general version is proved in [4, Lemma 1.3]. a

Note that the isometry group of (X, dx) acts canonically on FS(X'). Recall that a map
is proper if the inverse image of every compact subset is compact. Bartels and Liick
also proved the following for the flow space FS(X) in [4, Proposition 1.9 and 1.11].

Proposition 4.4 If (X, dy) is a proper metric space, then (FS(X), dgs(x)) is a proper
metric space; in particular, it is a complete metric space. Furthermore, if a group T" acts
isometrically and properly on (X, dx), then I also acts isometrically and properly on
(FS(X). dps(x)). In addition, if ' acts cocompactly on X , then I' acts cocompactly
on FS(X).

Now we define our flow space by
HFS(T; x R™) := FS(T;) x R",

where Ty has its natural metric with edge length 1. Since I' has an action on both
FS(T;) and R”, T" will have a diagonal action on FS(7,;) x R”. One can think of
HFS(T,; x R™) as the horizontal subspace of FS(T; x R"). In fact, there is a natural
embedding of HFS(7; x R") (as a topological space with the product topology) into
FS(T; x R™) defined as follows: For a generalized geodesic ¢ on T; and w € R”, we
define a generalized geodesic on 7,; x R", which maps ¢t € R to (¢(z), w) € T; x R"
(by Lemma 3.3, ((c(2), w)) is a geodesic of T; x R” for ¢ € [0, o0]). HFS(Ty x R")
will inherit a metric from this embedding.

For the rest of this section, let X = T; x R.

Lemma 4.5 The flow space HFS(T,; x R") is a proper metric space, in particular a
complete metric space.

Proof The proof here is parallel to the proof of Lemma 3.5 in [11], where we replace
[11, Lemma 2.6] by Lemma 3.6. For completeness, we write the proof here. To
prove that HFS(7,; x R") is a proper metric space, we need to show that every closed
ball B,(c) = {c¢’ | durs(r,xrm)(c.c’) < r} in HES(T; x R") is compact. Let {c;}
be a Cauchy sequence in the closed ball B,(c); we need to show it converges to a
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point in B,(c). Since the space FS(T; x R") is proper, we can now assume {c;}
converges to a point ¢y in FS(7T; x R"). We only need to show ¢y € HFS(T; X
R™). Denote the projection map from T; x R” to T; as ¢, from T; x R” to
R” as g,. Then ¢;(t) = (q1(ci(t),q2(ci(¢))). Suppose co & HFS(T; x R"); then
g2(co(2)) is not a constant map. Choose a big enough closed interval / in R such
that ¢, (co(2)) restricted to 7 is not a constant. In particular, we can choose two points
11,12 € I such that g»(c(t1)) # q2(c(f2)). Let A1 = gq2(c(#1)) and Ay = qa(c(r2)).
Let § = |41 — A,|, which is the distance between A; and A, under the standard
Euclidean metric. Let I} = {t € I | |q2(co(t)) — A1| < §/4}, and correspondingly
I, ={t€1l]||q2(co(t))— Ap| <8/4}. Note that 11 and I, are nonempty compact sets
with measure bigger than 0. Now for any given ¢;, if |g2(c;) — A2| = §/2, then for

t € Iy, drn(g2(co(?)), q2(ci(?))) = 6/4 and

dr,xrr (co(1). ¢i (1))

dFS(X)(CO’Ci)sz el dt
dr,xrn(co(t),ci(t))
2/12 Sl dt
>/ dr, xrn ((q1(co(?)), q2(co(1))), (q1(ci(?)), q2(ci(2)))) 1
- I 2e|t|
1 X
=/ Edean(Co(f),(;Iélifo(f)),%(é’z(f)))) dt (by Corollary 3.5).
I

Note that here drn(g2(co(?)).q2(ci(t))) > 6/4, and we can choose I C I, such that
Lemma 3.6 holds, hence there exists §’ such that

dr,xrn(co(t), (q1(co(1)). q2(ci(2)))) > &

for any ¢ € I’,. Then

/ bz (00). (@1 (0®). 42O / LA
I 2ell 1 2l

The last integral is independent of ¢;; denote its value by €1. If |q2(c;) — Az| <
5/2, then |g2(c;) — A1| = 8/2. For the same reason, there exists €, > 0 such that
drs(x)(co. i) = €3. Let € = min(eq, €2) > 0; then dpg(x)(co,¢;) = € > 0. Hence the
sequence {c;} can never converge to cq; a contradiction. a

Remark 4.6 The proof in fact shows that the embedding HFS(X) C FS(X) is a
closed I'—equivariant embedding.
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‘We define now the flow
®: HFS(T; x R") x R — HFS(T; x R")

by ®@.((c,w))(t) = (c(t + 1), w) for ¢ € FS(Ty) and 7, w,t € R. Note that ® is a
I'—equivariant flow.

Lemma 4.7 The flow space HFS(X) has the following properties:
(1) T acts properly and cocompactly on HFS(X).

(i) Given C > 0, there are only finitely many I" orbits of periodic flow curves with
period less than C (but bigger than 0).

(iii) Let HES(X)R denote the R —fixed point set, ie the set of points ¢ € HES(X) for
which ®;(c) = ¢ forall T € R. Then HFS(X)—HFS(X)R is locally connected.

(iv) If we put
kr :=sup{|H|| H € T subgroup with finite order | H |},
dups(x) = dim(HFS(X) —HFS (X)),

then kr and dygs(x) are finite.

Proof We skip the proofs of (i), (iii) and (iv) as they are parallel to the proof of Lemma
3.7 of [11]. The proof of (ii) needs some modification and uses the fact that x acts on
o K[%] as an irreducible matrix (over Q) with determinant greater than 1:

Note that periodic orbits in HFS(7; x R") are periodic orbits in FS(T; x R"), which
move horizontally (ie move along the tree direction, with R” coordinate fixed). Note
also that the embedding of HFS(T; x R") into FS(7; x R") is a I'—equivariant map,
and there are only finitely many nonzero horizontal periodic geodesics on (Tz xR")/ T’
of period less than C. In fact (T; xR")/T" =T" x[0,1]/(w,0) ~ (Axw, 1), where
T" is the n—dimensional torus (see Section 3 for more details) and horizontal periodic
geodesics with period m on it correspond to the number of solutions of the equation
ATw = w(mod(1,1,...,1)) times d"” (number of branchings in 7, ), where w €
(R/Z)™. The equation has finitely many solutions for any positive integer 7. In fact
the solutions are w = (A" —I)" 'k, k € Z", w € (R/Z)". Here A™ — I is invertible
due to the fact that A is an irreducible k x k matrix (over Q) with k > 1. So there
will be only finitely many nonzero horizontal periodical orbits on HFS((7; x R)/ T")
with period less than C. Hence the claim in (ii) now follows. a

Remark 4.8 We define an embedding V: T; x R” — FS(T;) x R" by (z,w) —
(cz, w), where ¢, is the unique generalized geodesic that sends (—o0,0) to z, and
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[0, co0) isometrically to the geodesic [z, ex), where ey is the specified end of Ty;. Also,
we can flow this embedding by flowing its image in HFS(X); define W, (z,w) =
®.(V(z,w)). Itis easy to see that W, is a ['—equivariant map since ey is fixed under
the group action.

We need the following lemma in the proof of our main theorem.

Lemma 4.9 Let zy be a fixed point in Tz, wy, w, be two fixed points in R”, and
P, = (zo, wl/n)_, On = (zo,wy/n), dx(P1, Q1) < D. Then for any € > 0, there
exists a number N , which depends only on €, D and d, such that for any n > N,

dx(Pu.Qn) < and  dups()(¥(Pn). W(Qn) <e.

Proof Choose T to be the first positive integer greater than In4/e. Since W(Py,)(T)
and W(Q,)(T) have the same T, coordinate, by Lemma 3.7 we can choose a big
enough integer N such that for any n > N, dy (W(P,)(T), ¥(Q,)(T)) < €/(48),
where 8 > 1 is determined by Lemma 3.8 for our 7' here. Note that N depends only
on €, D, T (which is determined by €) and d. Using the definition of generalized
geodesics, we have

dx (W(Pp)(t), V(Pn)(T)) =1—T and dy(¥(Qn)(®).¥(Qn)(T)) =1-T,

where ¢ > T'. Hence for any ¢ > T', by the triangle inequality, we have
dx (W(Pn)(1)), W(Qn)(1))
< dx (V(Pn) (@), Y(Pp)(T)) + dx (V(Pu)(T), ¥(On)(T))
+ dx (W (Qn)(T), W(Qn) (1))
< %+2(1—T) < S+2-1).

On the other hand, for any 0 <7 < 7', by Lemma 3.8, we have
dx (W(Pn) (1)), Y(Qn) (1)) = Bdx (¥ (Pn)(T)), ¥(On)(T)) < %-

In particular,

dx (Pu, On) = dx (¥ (Pn)(0)). W(Qn)(0)) < 5.
Also, for t <0, W(P,) () =V (Py)(0) = P, and V(Q,)(t) =¥ (0,)(0) = O, hence

dx (W(Py)(1)), ¥(Qn)(1)) = dx (Pn, On) < ﬁ.
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Therefore, for any n > N,

dHFS(X) (lp(Pn)» lp(Qn))
:/ dx (Y(Pn) (). ¥(2n)®))) .
R 2e|t|
S BEEOS@ION [ AHENDFGID
(=00,0] 2e|t| [0,77] 2e|t|

+/ dx (¥ (Pn)(1)). ¥(2n) ) .
[T',00)

2eltl
£ £ E12(t—-T
s[ de[ 4 dt+/ gdr
(—00,0] 2e|t| [0,T7] 2e|t| [T,00) 2e|t|

€ T _€ € €
< < — + - = —
=47T¢ =3T3 T 7y
Hence we proved the lemma. O

Because of the properties proved in Lemma 4.7, [5, Theorem 1.4] yields a long thin
cover for HFS(X); ie the following result holds.

Proposition 4.10 There exists a natural number N , depending only on kr, dyrs(x)
and the action of I" on an arbitrary neighborhood of HFS(X )R, such that for every
A > 0 there is an VCyc—cover U of HFS(X) with the following properties:

(1) dimU <N.
(ii) For every x € HFS(X) there exists Uy € U such that
Py 1 (x) == {Pc(x) | T €[-A, A} Uk
(iii) T\ U is finite.

Here VCyc denotes the collections of virtually cyclic subgroups of a group.

Recall that the dimension of a cover U is defined to be the greatest N such that there
exist N + 1 elements in / with nonempty intersection. In general, for a collection of
subgroups F, we define a F—cover as following.

Definition 4.11 Let G be a group and Z be a G—space. Let F be a collection of
subgroups of G. An open cover U of Z is called an F—cover if the following three
conditions are satisfied.
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(1) For g € G and U € U we have either g(U)=U or g(U)NU = @.
(ii) For ge G and U €U, we have g(U) €U,
(iii) For U € U the subgroup Gy :={g € G | g(U) = U} is a member of F.
For a subset A of a metric space Z and § > 0, A% denotes the set of all points z € Z

for which d(z, A) < é. Combining Lemma 4.3 and the fact that " acts cocompactly
on FS(T;) xR (Lemma 4.7, (i)), Proposition 4.10 can be improved to the following.

Proposition 4.12 There exists a natural number N , dependmg only on kr, dyrs(x)
and the action of I' on an arbitrary neighborhood of HFS(X ) such that for every
A > 0 there is a VCyc—cover U of HFS(X') with the following properties:
(i) dimU<N.
(ii) There exists a § > 0 depending on A such that for every x € HFS(X) there
exists Uy € U such that (dD[_;‘,;‘](x))‘S C Uy.

(iii) T \U is finite.
Proof A simple modification of [5, Section 1.3, pages 1804—1805] yields the result.
Their Lemma 7.2, used in the proof, is replaced by Lemma 4.3 in our case. a

5 Proof of the main theorem

5.1 Some induction

Let D be a integral domain with quotient field K, let a € U(D), where U(D) denotes
the units of D. Form the semi-direct product group D x, Z, where D™ denotes the
additive group of D and Z acts on D™ via multiplication by a.

Lemma 5.1 IfFJIC is true for DT x, 7, then it is also true for K+ x, 7, and hence
for every subgroup of K+ x, Z.

Proof If b € D\ O, then

[ ] Gbl t = lim LDJ“ and (Dl:l:l)+>qaZ— lim LD xg 7.

n—>o0 b b n—>o0

Since 77 LDt %,7 =~ DT x,Z, FIC is true for —DJr Xg Z and hence for the direct
limit group D[ ]" %4 Z by Proposition 1.1(3). On the other hand

+
Kt x,7Z = lim D[l] %1, Z.
beD\o Lb

hence FIC is true for KT x, Z. By Proposition 1.1(1), any subgroup of K x, Z also
satisfies FIC. O
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Let m(x) be a monic polynomial in Z[x] that is irreducible in Q[x]. Let K be the
number field determined by m(x), ie K = Q[x]/m(x)Q[x], and let Og denote its
ring of integers.

The rest of the section is devoted to prove the following result.

Theorem 5.2 The FIC is true for the group I' = OK[)I—C]"‘ Xy Z, and hence true
for K+ xx Z by Lemma 5.1.

Corollary 5.3 Let M € M, (Z) have determinant d > 1. Assume that its characteristic
polynomial m(x) is irreducible in Q[x]. Then I' = (Z[%])” Xps 7 satisties FIC.
Moreover, Q" s 7 satisfies FIC.

Proof It suffices, because of Theorem 5.2, toembed I" in KT x,Z. Leteq, ea, ..., ep
be a basis for (’);g. (Recall that O;g is a free abelian group of rank 7.) Note that x € (’)IJg
since m(x) = 0 and m(x) is a monic polynomial with integral coefficients. Hence
multiplication by x induces an endomorphism f of (9;? and f determines a matrix
M € M,(Z) via the basis {e;,e....,e,}. Furthermore the minimum polynomial of
M is also m(x). So M and M have the same minimum and characteristic polynomial
m(x), which is Q[x]-irreducible. Consequently M and M are conjugate via a matrix
T € GL,(Q). Let e1,e5,...,e, be anew basis for K = Og ® Q determined by T
and the basis ey, e3, ..., e,. Then multiplication by x on K determines the matrix M
in terms of ey, e,,...,e,. We can now define the desired group homomorphism

F: (Z[3]) > = KT > Z,  (b.k) > (b. k),

where (b,k) € Z[%]" Xy 2, b= (by,by, ..., by) with b; € Z[%] and b = bye; +
byey + -+ + bye,. This homomorphism is clearly monic. Since this extends to an
embedding of Q" s Z into KT xx Z, Q" x5y Z also satisfies FIC. a

5.2 Hyper-elementary subgroups of (Z/sZ)" xp, Z[rZ

Recall a hyper-elementary group is an extension of a p—group by a cyclic group of
order n such that (n, p) = 1 (compare Definition 1.5).

Proposition 5.4 Given M an n x n matrix with integer coefficients with det(M ) =
d > 1, we have the following:
Given any positive integer N , there are positive integers s and r satisfying:

i s=1modd.

(ii) The order of GL,(Z/sZ) divides r. In particular we can consider the group

(Z/sZ)" xp, 7./ 17, where My is the reduction of M modulo s. Note that
M € GL,(Z/sZ) since det(M) = d is coprime to s.
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(iii) If H is a hyper-elementary subgroup of (Z/sZ)" xpr, Z/rZ, then at least one
of the following two statements is true:
(a) [Z/rZ,pr(H)]> N, where pr is the projection map

(Z/SZ)' xpg, Z)vZ — L) L.
(b) There exists a natural number k k divides s, k > N and

H N (Z/sT)" x {0} C k(Z/sT)".

Proof The result just says that M is hyperbolic good in the sense of Bartels, Farrell
and Liick in [1, Definition 3.11] by taking o = d, which ensures that the reduction of
M, Mg € GL,(Z/sZ). The only tricky thing is here to show that det(M) =d > 1;
fortunately the proofs of Lemma 3.18 to Lemma 3.21 in [1] still apply directly. a

5.3 Proof of Theorem 5.2

The remains of the proof of Theorem 5.2 are exactly parallel to the proof of the FIC
for the solvable Baumslag—Solitar groups in [11, Section 5]. Hence we only sketch it.
Claim The group O K[%]Jr X4 Z is a Farrell-Hsiang group (compare Definition 1.3)
with respect to the family of virtually abelian subgroups.

If we can prove the claim, then by Theorem 1.6 we will have proved that O K[%]+ Xy L
satisfies the FIC with respect to the family of abelian subgroups. Since FJC is known
for abelian groups, by the transitivity principle (Lemma 1.2), we have proven our
Theorem 5.2. As noted in the proof of Corollary 5.3, Ok is a free abelian group of
rank n; we will fix a basis for it, and denote the action of x under this basis by M,
which is an integer matrix with determinant d > 1. Let M denote the reduced matrix
of M modulo s.

Sketch of the proof of the claim Given any m > 0, we will choose the finite group
Fp tobe (Z/sZ)" xpr, Z/r7Z, where r and s depend on m, and r divides the order
of GL,(Z/sZ). We need to construct a surjective group homomorphism

J’_
Um: OK[%] Xx Z — (Z/SL)" xpg, Z) ¥ L.

Note that Og [L]* is isomorphic to (Z[4])". s is coprime to  and sOg[+]T x {0}
is a normal subgroup of Og[1]* »x Z with quotient isomorphic to (Z/sZ)" 3y, Z.
On the other hand M € GL,(Z/sZ) while r divides the order of GL,(Z/sZ). Hence
we can further map (Z/sZ)" xpg, Z to (Z/SZ)" xpg, 2] 7.
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Now by Proposition 5.4 the hyper-elementary subgroup of F,, will be divided into two
cases and N will be determined later, but is at least bigger than 4m?.

Case (a) [Z/rZ,pr(H)]> N > 4m?, where pr is the projection map
(Z/sZ)" xpg, Z) v Z — Z] T L.

In this case we will choose E g to be the real line R with large cells. The map fg
from O [+]" x4 Z to R is just the projection map to the second factor as Z naturally
embeds in R. For more details, compare with the proof in [11, Section 5, Case (1)].

Case (b) There is a natural number k > N such that HN(Z/sZ)" x{0} Ck(Z/sZ)"
and k divides s. We will use the following diagram to produce E g in this case:
F 1

_ v,
L 7, xR" 25 Ty x R" =5 HES(T,; x R™).
Here Fi: Ty x R" — T; x R" acts by
Fr(zow)=(£9)(z,w) for (z,w) € Ty xR"

and 7 is just the embedding by picking up base point ( Py, 0), ie n(g) = g(Py,0). The
action of (’3 (1’) on (z,w) € Ty x R" is the diagonal action explained in Section 3. In
particular F; U will shrink T; x R” in the R” direction. W is defined in Remark 4.8.
By Proposition 4.12, we have a long thin cover on HFS(7; x R"), using Wr and F)~ !
we can pull back the cover to T; x R". E g will be the nerve of this cover, there is a
canonical map fH: Ty xR" — Ep; we define fg = /7H on. Now by some careful
choices of k and 7, one can prove that fz satisfies the inequality we need in the
definition of a Farrell-Hsiang group (Definition 1.3). For more details, compare with
the proof in [11, Section 5, Case (2)]. m|
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