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Moments of a length function on the
boundary of a hyperbolic manifold

NICHOLAS G VLAMIS

In this paper we will study the statistics of the unit geodesic flow normal to the
boundary of a hyperbolic manifold with nonempty totally geodesic boundary. Viewing
the time it takes this flow to hit the boundary as a random variable, we derive a formula
for its moments in terms of the orthospectrum. The first moment gives the average
time for the normal flow acting on the boundary to again reach the boundary, which
we connect to Bridgeman’s identity (in the surface case), and the zeroth moment
recovers Basmajian’s identity. Furthermore, we are able to give explicit formulae for
the first moment in the surface case as well as for manifolds of odd dimension. In
dimension two, the summation terms are dilogarithms. In dimension three, we are
able to find the moment generating function for this length function.

51M10; 57M50

1 Introduction

Let M be a compact hyperbolic manifold with nonempty totally geodesic boundary.
An orthogeodesic for M is an oriented geodesic arc with endpoints normal to dM
(see Basmajian [1]). We will denote the collection of orthogeodesics by Opr = {«;}.
If ¢; denotes the length of ¢;, then the collection |Ops| = {£;} (with multiplicities)
is known as the orthospectrum. As we will be summing over the orthospectrum, it is
important to note that Oy is a countable collection: this can be seen by doubling the
manifold and observing that the orthogeodesics correspond to a subset of the closed
geodesics in the double.

Given x € dM , let o, be the geodesic emanating from x normal to dM . Then, as the
limit set is of measure zero for almost every x € dM we have that oy terminates in
dM ; hence the length of «y is finite. This allows us to define a measurable function
L: 0M — R given by L(x) = length(ay). If dV denotes the hyperbolic volume
measure on dM , then V(dM) is finite allowing us to define the probability measure
dm =dV/V(0M) on M , so that (0M, dm) is a probability space. This lets us view
L: dM — R as a random variable. Given a random variable X on a probability space
with measure p, the k™ moment of X is defined to be E[X*] = /X kdp, where E[X]
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denotes the expected value. Let Az (M) be the k™ moment of L, and in particular
A1(M) be the expected value of L. In this paper we will show that the positive
moments of L are finite and encoded in the orthospectrum:

Theorem 1.1 Let M = M" be an n—dimensional compact hyperbolic manifold with
nonempty totally geodesic boundary. Then Ay (M) is finite for all k € Z=9.

Theorem 1.2 Let M = M" be an n—dimensional compact hyperbolic manifold with
nonempty totally geodesic boundary. Then for all k € Z.=°,

1
Ay (M) = ———— F, (¢
kM) = o 2 Fuk(©.
Le|O |
where

log coth(x/2) coth x + coshr
log| ———
cothx —coshr

k
)} sinh" 2 (r) dr

and 2, is the volume of the standard n—sphere. Furthermore, the identity for Ag(M)
is Basmajian’s identity.

Fo k() = Q0 /

0

Basmajian’s identity gives the volume of the boundary in terms of the orthospectrum:

Theorem 1.3 (Basmajian’s identity [1]) If M is a compact hyperbolic n —manifold
with totally geodesic boundary, then

V@OM)= ) Vn-1(logcoth(¢/2)),
ti€lOm|

where V,,(r) is the volume of the hyperbolic n—ball of radius r.

Note that by combining Theorem 1.2 and Basmajian’s identity we see that Az (M)
depends solely on the orthospectrum.

As corollaries to Theorem 1.2 we can write the function F;, ;(x) in dimension 2 and
all odd dimensions without integrals. In the following corollary, Lis(x) is the standard
dilogarithm (see Lewin [8]). We will also write £(dS) for sum of the lengths of each
boundary component of a surface S'.

Corollary 1.4 Let S be a compact hyperbolic surface with nonempty totally geodesic
boundary. Then

[Liz (— tanh? g) —Lip (tanh2 %) + n_]
L€|O0s|

AI(S):—Z(BS)
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Corollary 1.5 Let M be an n—dimensional compact hyperbolic manifold with non-
empty totally geodesic boundary, where n is odd. Then

29, (n—3)/2 (_1)(n—3)/2—j ((n—?))/Z)
Af(M) = 2= / th?/ T1(¢
M) = o MXO: | j;) 2j +1 - ©
=
J 2k
) 2j+1 1—tanh (Z)
X [log(2 cosh ) —¢; tanh™/ " () + Z —r |

k=1

The rest of the paper is dedicated to understanding the asymptotics of the F, x and
finding the moment generating function in dimension 3. The motivation of this paper
comes from recent work of Bridgeman and Tan [6], where the authors study the
moments of the hitting function associated to the unit tangent bundle of a manifold (ie
the time it takes the geodesic flow of a vector to reach the boundary). In the paper they
are able to show the moments are finite and give an explicit formula for the expected
value in the surface case as well as relate the orthospectrum identities of Basmajian
and Bridgeman (see Bridgeman alone [4] and with Kahn [5], and Section 6 below) as
different moments of the hitting function. In Section 6 we give a relationship between
Bridgeman’s identity and A;(S) in dimension 2.
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2 Kleinian groups

For n > 2, let Isom™ (H") be the space of orientation-preserving isometries of hyper-
bolic n—space. With the topology of uniform convergence on the space of isometries,
we define a Kleinian group to be a discrete torsion-free subgroup of Isom™ (H").
If T < Isom™ (H") is a Kleinian group, then H”/T is a hyperbolic manifold, ie a
Riemannian manifold of constant curvature —1.

In the Poincaré model of hyperbolic space we can identify the boundary of H” with
the (n — 1)—sphere called the sphere at infinity and denoted S’!. Pick x € H" and
define the limit set of I" to be the set Apr = TxnN Sgo_l. Note that this definition
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is independent of the choice of x. Define the convex hull CH(Ar) of the limit set
Ar to be the smallest convex subset of H” containing all the geodesics in H” with
endpoints in Ar. As Ar is ['-invariant, so is CH(Ar) and so we can take the quotient
of CH(Ar) by I', which we call the convex core and denote C(I"). A Kleinian group
is convex cocompact if its associated convex core is compact (see [11]).

With these definitions at hand, we recall the following two theorems from Patterson—
Sullivan theory (see [10]):

Theorem 2.1 Let I' < Isom™ (H") be a convex cocompact Kleinian group and let
8 = §(I") be the Hausdorff dimension of the limit set of I". There exists ro such that
forr >ryp,

Nx(r) = |{y e T 1 d(y(x),x) <r}| <ae’

for some constant a depending on I" and x.

Theorem 2.2 Let I' < Isom™ (H") be a convex cocompact Kleinian group and let
8 = §(I") be the Hausdorff dimension of the limit set of I'. Then § = n — 1 if and only
if H" /T is of finite volume.

3 Finite moments

Let M = M" be a compact n—dimensional hyperbolic manifold with totally geodesic
boundary. As above, let L denote the time to the boundary of the unit normal flow on
the boundary. We let dV be the induced hyperbolic volume measure on the boundary
and define dm = dV /V(dM), so that (0M, m) is a probability space and L : IM — R
is a random variable on this space. We let A (0M) = E[L¥] = Jom L*dm be the k™
moment of L. In this section we will show that Ay (M) is finite for all nonnegative
integers k. We first state a basic fact from hyperbolic geometry.

Lemma 3.1 Let U be a hyperplane in H" and Bgr a hyperbolic n—ball of radius
R a distance s from U. The orthogonal projection of Bg to U has radius r <
log coth(s/2).

Proof Let p € dBg be the point closest to U, so that d(p, U) = s and let V be the
hyperplane containing p such that d(U, V) = s. Then the orthogonal projection of
BpR is contained in the orthogonal projection of V. The orthogonal projection of V' to
U has radius log coth(s/2) (see [1]), implying that r < logcoth(s/2) as desired. O

We can now show that Ay (M) is finite:

Theorem 1.1 Let M = M" be an n—dimensional compact hyperbolic manifold with
nonempty totally geodesic boundary. Then Ay (M) is finite for all k € Z=°.
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Proof We want to work in hyperbolic space: Identify the universal cover M of M
with a convex subset of H”, so that 7y M =T < Isom™ (H") is a convex cocompact
Kleinian group. As M has a finite number of disjoint boundary components and we
are investigating the integral over the boundary, it is enough to prove finiteness for
a single component. Fix S C M a component and a lift S € M of S (note that S
is a copy of H"~! sitting in H"). Let U be a convex fundamental domain for the
action of ' on M . Pick p €U and let BR(p) be a ball centered at p of radius R
such that U C Bgr(p). Set W =U N S to be a fundamental domain for the action of
Stab(S )<T on S. Define n;: W — H” to be the unit geodesic flow normal to S
into M for a time ¢ and set X; = {x e W |nsx)e M} Define 7: H" — S to be
orthogonal projection.

We will now bound V(X;) for ¢ > ro, where rg is taken from Theorem 2.1. If x € X;,
then n;(x) € yU forsome y € I'. If n;(x) e ns(X;)NyU,then d(p,y(p)) <t+2R.
Let 'y ={y € I' | n;(X;) N yU # @}, then from the above theorem, we know that
IT¢| < Np(t +2R) < aebt+2R) where § is the Hausdorff dimension of the limit set
of I'. As ns(X;) CUyer, YU and m(n:(X;)) = X;, we have

V(X)) < ) V(ryU)).

vel:

Now, fix y € I'y, then y-U C Br(y - p). Suppose that Br(y - p) is a distance s from
W and let r be the radius of its projection, we then have that ¢t < r + s + 2R by the
triangle inequality; in particular, s > ¢ —r —2R. Furthermore, as orthogonal projection
is always distance decreasing in hyperbolic space, r < R, so that s >t —3R. From
the above lemma, we can conclude that

r <logcoth(s/2) < logcoth( 23R> = f(1).

As the above bound for the radius does not depend on y, we have
V(X0) < TeVam1 (f(0) < Np(t + 2R)Var (S () < ae® 2RV, (£(0)).

where V},(r) is the volume of a n—dimensional hyperbolic ball of radius r. We observe
two asymptotics: (1) limy_ oo €* logcoth(x/2) =2 and (2) limy—q V,(r)/r"* = Cy
for some constant C, > 0. From these facts and the above inequality, we see that

lim e~ 19 . y(x,) < 4

t—00

for some constant 4. From the theorem stated above, we know that n — 1 —6 > 0.
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We now move to the moments. We have set up the following situation:

kN k <oo k <Oo k
/SL dv_;:)/L Ldv_;(rﬂ)/L dv <Y (t+ DFV(X,).

“l@e+1) e +1) =0

But we saw that the asymptotics of V(X;) are less than a multiple of et with b >0,

which implies the above sum converges since Y (¢ + 1)kebt converges. O

4 The moments as a sum over the orthospectrum

4.1 Basmajian’s ball decomposition of the boundary

In this section we introduce a decomposition of M into a disjoint union of n — 1 balls
(affectionately known as “leopard spots”). We will recall Danny Calegari’s method of
accomplishing this from [7].

Definition 4.1 Let X and Y be totally geodesic copies of H”~! sitting inside of
H" with disjoint closure in H" U S%"!. A chimney is the closure of the union of the
geodesic arcs from X to Y that are perpendicular to X .

The distance between the hyperplanes X and Y defining the chimney is realized by a
unique geodesic perpendicular to both planes, called the core, the length of which is
the height of the chimney. The chimney cuts out a disk in X', which is called the base.
Let o be the geodesic containing the core and 8 a geodesic containing a diameter of
the base. Then o and S span a copy of H? in H". Furthermore, the intersection of
this plane with the chimney cuts out half an ideal quadrilateral with orthospectrum
{2€,2r}, where £ is the length of the core and r the radius of the base. We then have
sinh(r) sinh(£) = 1, which yields r = logcoth({/2) (see [2]).

Theorem 4.2 (Chimney decomposition [7]) Let M be a compact hyperbolic n—
manifold with totally geodesic boundary S. Let Mg be the covering space of M
associated to S. Then Mg has a canonical decomposition into a piece of zero measure,
together with two chimneys of height £; for each {; in the (unordered) orthospectrum.

If we take the bases of the chimneys in the decomposition of the above theorem, then
we get a decomposition of M into (n — 1)-balls. With this decomposition, we can
give the quick proof of Basmajian’s identity from [7]:
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Proof of Basmajian’s identity Recall that we are working with the ordered orthos-
pectrum. S in Mg is decomposed into a set of measure zero together with the union
of the bases of the chimneys. Thus

{;
= ~1(togcoth <1)
V(S) Z Vi 1( og cot 5 ):
1
where V},(r) is the volume of a hyperbolic n—ball of radius r. |

4.2 Deriving the length function

Let U; be the interior of the ball associated to £; € |Ops|. By the above, the union
of the U; is a full-measure set in S = dM . The measurable function L: S — R
assigning to each x € S the length of the arc emanating perpendicularly from S at
X can be written as L = Z&EIOMI L;, where L; = L|U;: U; — R, since the U;
are pairwise disjoint. As a chimney has rotational symmetry about its core, we see
that L(x) for x € S depends only on the distance between x and the core, ie L; is a
function of the radius; hence deriving a formula for L; is a problem in the hyperbolic
plane. Associated to each U; are two components of the boundary, R; and 7;, and
two lifts of these components to hyperplanes in H”, R; and T;. If x € R;, then we
are interested in the chimney with its base in ﬁi and the lift of x sitting in Ei , call it
¥. There is a unique copy of H? C H” containing the core of the chimney, X, and the
geodesic connectlng the two. The geodesic contained in this plane going through X
and intersecting R; perpendicularly intersects T; ; furthermore, the length of this arc is
L;i(x). A diagram of this situation in H? is in Figure 1.

% Li(r)

¢
Figure 1: A Lambert quadrilateral showing the setup for L(r)

We see that L;(x) is the length of a side in a Lambert quadrilateral (a hyperbolic
quadrilateral with three right angles). Let r be the distance from x to the core. Then
as we noted that L; is solely a function of the radius, we will write L;(x) = L;(r).
From hyperbolic trigonometry we find coth L; (r) = sech(r) coth(¢;) (see [2]) or

coth£; 4+ coshr )

1
1 L;(r) = arccoth(sech(r) coth((;)) = 5 1
(1) i (r) = arccoth(sech(r) coth({;)) > Og(cothﬁi _coshr
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where the second equality holds as sech(r) coth({;) > 1 on the domain of interest
r € [0,log coth(¢; /2)).

4.3 Proof of Theorem 1.2

For completeness, we restate the result:

Theorem 1.2 Let M = M" be an n—dimensional compact hyperbolic manifold with
nonempty totally geodesic boundary. Then for all k € 729,

S o N0

A (M) = V(M) oy

where
log coth(x/2) th h k
F,r(x)= Qn—2/ log cothx + coshr sinh” 2 (r) dr
’ 0 cothx —coshr
and Q2 is the volume of the standard n—sphere. Furthermore, the identity for Ao(M)

is Basmajian’s identity.

Proof From the additivity property of measures we have [ Lkdm = > U Lf.‘ dm.
As dm =dV/V(OM) and dV is the (n — 1)—dimensional hyperbolic volume form we
can write it in spherical coordinates as

dm sinh” 2 (r) drd2p—»,

= V(aM)

where d2;,_, is the volume form on the standard unit sphere. Above we saw that L;
is a function solely of the radius and Uj; is a (n — 1)—dimensional hyperbolic ball with
radius log(coth(¢;/2)), so that

1 log(coth(¢; /2))
/ LK dm = / f LK (r) sinh"2(r) drdQp—»
Ui V(M) Jsn— Jo
Qn—Z log(coth(¥¢; /2))
T V(OM) J

where we write Q2,5 for the volume of the standard (n — 2)—dimensional unit sphere.
Define F, x(x) as stated in the theorem, so that the equality holds for Ay (M) by (1).

L¥(r) sinh"=2(r) dr,

Note that F, o(x) gives the volume of a hyperbolic (n—1)-ball of radius log coth(x/2).
As Ag(M) =1, we see that this identity yields

: Z Vi1 (log coth g)

1=
V(oM) telowy]

which is Basmajian’s identity. |
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5 Surface case

5.1 Dilogarithms

For |z| < 1 in C, the dilogarithm is defined as

X _n

Li2c) =Y ;—2

n=1
Using the Taylor series for log(1 —z) about z = 0, we can write

0
Liz(2) =/ log=2) ;.

z

One can then take a branch of log(z) in order to analytically continue Liy(z) to
the complex plane minus a branch cut. The standard definition of the dilogarithm
assumes the branch cut for log(z) is along (—oo, 0]; however, for our purposes we
will be interested in a different branch cut. Define the function %(z) to be the resulting
dilogarithm by using the branch cut along (—i oo, 0] for log(z) such that log(—1) =in.
We note that Li(z) = @(z) for z € (—o0, 1).

The dilogarithm Liy(z) obeys the well-known identity (see Lewin [8])
. N A VI
L12(z)—|—L12<Z)_ 2log (—2) ¢

This identity is verified by differentiating both sides. As Li, = 9’ and Liz(z) = 9(z)
on the negative real axis, the identity holds for % ; hence,

1Y - Loy = 72
z)_ 7 log"(=2)—

(The branch of logarithm being used should be clear from context.)

2) 9(z) + QB(

5.2 Deriving the formula for F; ;(x)

For a fixed positive value of x, we define the map
. X
H,: [0,10gcoth(2)] — C,
—e T X)) = -r X —e T X)) = -r X
r |—>€D( e coth(z)) Qb(e coth(z))—i—@( e tanh(z)) Qb(e tanh(z)).

dMHyx) Io coth x + coshr

L 5.1 _—
cmma dr £ coth x —coshr
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Proof We first calculate H, and then take real parts. Given the definition of the
dilogarithm and the fact that coth(x/2) + tanh(x/2) = 2 coth x, we have that

H.(r)= log(l + e " coth %) —log(l —e " coth %)
+ 10g<1 + e~ tanh %) - log(l —e " tanh %)
= log[(l + e~ " coth %) (1 + e~ " tanh %)]

_ e coth X )(1— e tanh X
log[(l e cothz)(l e tanhz)]

= log[2e™" (coshr + coth x)| —log[2e ™" (cosh r —coth x)]
th h
= log(coth x + cosh r) —log(cosh r — coth x) = log COMX T COSAT +coshr —im
cothx —coshr

Given the domain for H,, the argument of the logarithm above is always a positive
real number. |

We therefore see that F 1(x) = 2- R[Hx(logcoth(x/2)) — Hx(0)] as ¢ = 2. For
a surface S with boundary, let £(0S) be the sum of the lengths of the boundary
components. Given the above we can now prove the following:

Corollary 1.4 Let S be a compact hyperbolic surface with nonempty totally geodesic
boundary. Then

A1(S) = [Liz (— tanh? g) ~Liy (tanh2 g) n ”—2].

4
£(dS) te10s]
Proof From the above formulation of F, ;(x), we get

Fa1(x) = 2-§R[9D(a) +@(%) — 9 (—a) —@(—%) +@(—al2) —@(aiz) _ ”Tz]

where a = coth(x/2). From applying (2) twice we see that:

L) - 9(-a)-9(~1) = 2 (log>(@) ~ log>(-a)).

%(a) +gz>(; -

Recalling that log(—1) = iz for a > 0, we have log(a) —log(—a) = —log(—1), so
that simplifying the above gives

Qb(a)—i-gb(%) —QD(—a)—QD(—%) = %z—inloga fora > 0.

In particular, for positive values of a, the real part is always 72/2. As {; is always
positive this identity holds in the case of interest. Furthermore, Li, (& tanh(¢; /2)) =
%(+ tanh(¢; /2)) as &+ tanh({; /2) € (—1, 1); hence the result follows. O
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5.3 Asymptotics for F; 1(x)

We will use the following notation throughout the rest of the paper: For f,g: R - R
we will write f ~ g if limy—co[ f(x)/g(x)] = 1. This is clearly an equivalence
relation on real-valued functions. Below we find the asymptotic behavior of F> 1 (x)
from our above result; we note that we will also come to the same result later in the
paper when we study the asymptotics of F,, ; from the integral definition.

Proposition 5.2 Let F» 1(x) be defined as above. Then F, 1(x) ~ 8xe™™.

Proof We start with the observation that
. Lip(—x) —Lia(x) + 72/4
lim =

11
x—>1 (x =1 log(l —x)

which is a direct application of L’Hoépital’s rule and the definition of the dilogarithm.
From this, we gather that

Fr1(x)~ 2(tanh2 % — 1) log(l — tanh? %) = 4sech? % log cosh%

2 g 1+e™*
= 4(m) 10g|:ex/2(+Te)] ~8xe . |
e e

6 Connecting with Bridgeman’s identity in dimension 2

6.1 Liouville measure and Bridgeman’s identity

We first need to recall Bridgeman’s identity. Denote the space of oriented geodesics in
H? by G(H?), then by identifying a geodesic with its endpoints in S., we see that

G(H?) = (S, xSl)—A,

where A denotes the diagonal and we view the geodesic [x, y] € G(H?) as oriented
from x to y. The Liouville measure j is an Isom(H?) invariant measure on G (H?).
If we identify S., with R, then y is characterized by

(a—c)(b—4d)

(a—d)b—-c)
for disjoint intervals (a,b) and (c,d) in R. The Liouville measure on G(H?) is
derived from the Liouville measure on the unit tangent bundle 77 (H?), which is given
by dVd6, where dV is the hyperbolic volume measure and d6 is the standard measure
on S (see [3; 10] for details). In fact, the natural fibering T} (H?) — G(H?) is such
that the volume measure on T (H?) is djudl, where dl is the length along a fiber. Note
that the factor of 2 appears above so that dudl agrees with dVd6.

,u((a, b) x (c, d)) = 2‘10g
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There are local coordinates for G(H?) in which the Liouville measure can be written
as a product measure. Let y € G(H?) and p € y a base point. If  be a geodesic
intersecting y, then 7 is determined by the signed hyperbolic distance s = +d(y N1, p)
coming from the orientation of y and the angle 8 between y and n measured from 5
to y. In these local coordinates, we have

(3) d/j,(s,g) = sin 6 dsdf.
These coordinates are described in the appendices of [3].

Given a hyperbolic surface S with totally geodesic boundary, identify the universal
cover of S with a convex subset S € H2. Define G(S) C G(H?) to be the set of all
geodesics intersecting S. LetT C Isom(H?) such that § = S /T'. Then we can set
G(S) = G(S) / T to be the space of geodesics in S. The Liouville measure descends
to a measure on G(S).

Let S be an orientable compact hyperbolic surface with nonempty totally geodesic
boundary and given v € T1(S) let o, € G(S) such that o (1) = v for some ¢ € R.
For each orthogeodesic «;, set W; = {v € T1(S) | oy > «; rel S}, where ~ denotes
homotopy equivalence in S. We then have Vol(77(S)) = 42| x(S)| = 3_ Vol(W;).
If we define Lg: G(S) — R by Lg(g) = length(g), where length is measured in S,
and set W; = {ay, € G(S) | v € W;}, then it was proved in [4] that

Vol(W;) = / Lsdu= &Ezf(sech2 E—’)
Wi 2

where £(x) = Liz(x) + % log |x|log(1 —x) for x <1 is the Rogers dilogarithm. This
gives Bridgeman’s identity,

X:&E(sech2 %’) = %2|)((S)|.
i

6.2 Random variables

Let S be an orientable compact hyperbolic surface with nonempty totally geodesic
boundary. Given an angle 8 € (0, ), we define a new random variable on (35, dm)
as follows: Let y be a component of dS and x € y. Let v € Ty (S) such that the unit
speed geodesic «, resulting from the geodesic flow in the direction of v makes an
angle 6 with y when measured from «, to y (where the orientation of y is such that
the surface is on the right). Define ag = oty . Then the function Lg: dS — R defined
by Lg(x) = length(ozg) is a random variable on (3S, dm). We define its moments

A9(S) = E[LE] = /BS LY dm.
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As above, we can decompose our boundary into intervals associated to orthogeodesics:
for a; € Og let
Ul-e ={x€adS |o¢£ ~a;rel S},

Lemma 6.1 Forevery 6 € (0, ), the set Ul.e is an interval of length 2 log coth({; /2).

Proof Let yq, y» be the components of 95 such that ¢; travels from y; to y» (possibly
y1 = y2). We may then put this picture in the upper half-plane with ¥; = [0, co] and
¥ = [1,a;], where a; = coth®(¢;/2). For x € Ul.e there exists a unique lift &'g
intersecting y7 in angle 6 and also intersecting ¥,. As in the proof of Basmajian’s
identity, we see that Ul.e lifts to the 6—projection of y, onto y;. Define g(6) such that
the geodesic B = [g(0), 1] intersects 7 at angle 6 as in Figure 2. Define b(8) so that
B intersects y; at the point i h(6). Observe that the geodesic [a; g(6), a;] intersects y;
at angle 6 at the point ia;b(0) as it is the image of B under the Mobius transformation
z + a;z. In particular, the length of Ul-e is log(a;). O

ib(0)a;

g(0)a; g(9) 1 a;

Figure 2: The figure shows the 8 —projection of the geodesic [1, a;] to [0, o0]
as in Lemma 6.1

In the above proof we see that the picture of Ul.g only depends on ¢;, so as in
Theorem 1.2 we have that there exists functions

ER ) =/ LK dm,
U/

such that

AUS) =) F ().
i
In particular, each Az gives an orthospectrum identity.
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Proposition 6.2 For 0 € (0, ), the identity for Ag(S ) is Basmajian’s identity.

Proof As m(J Ul-e) =1 and Ul-e N Uj9 = @ for i # j, we have
i
1 ¢
— 0y — _2 =L
1= Ei m(U;”) 105) i 2log coth X a

We now have the following connection between A;(S) and Bridgeman’s identity:

Theorem 6.3 Suppose S is a compact hyperbolic surface with nonempty totally
geodesic boundary. Let Fs: [0, 1] = R be defined by

Fs(¢) = £(3S) /O(p A9(S)sin 6 db.

Then the identity for Fs(m) is Bridgeman’s identity and F'(7/2) = A1(S).

Proof Let S be the universal cover of S identified with a convex subset of the upper
half-plane H. Let «; be an orthogeodesic traveling from the boundary component y;
to the component y,. Assume that the geodesic [0, oo] C H? is a lift of y; and the
geodesic [1,a;] C H? is a lift of y,, where a; = logcoth(£; /2). As in the proof of
Lemma 6.1, we lift the set W; to the set W; =(—00,0)x(1,a;) C G(S) Then every
geodesic [x, y] € W can be given coordinates (s, §), where

e = 300

and 6([x, y]) is the angle from [x, y] to [0, co]. Using these local coordinates the
Liouville measure can be written as in (3) and from the notation above it follows that

log(b(9)a;)
Vol(W;) —/ Lsdu = / / Lg(s)sin 8 dsdf
log(b(9))

and thus
log(b(8)a;)

Fs(m) = £(3S) / AJ(S)sin6 do = Z / / Lo(s) sin 0 dsdf

log(b(6))
= ZVOI(VV,‘) =38 Xz(ilf(sech2 %’)
i i

Using the notation from the beginning of the section, we see that almost every element
of G(S) can be realized as ozg for p € S and 6 € (0, r) implying that dS x (0, )

Algebraic € Geometric Topology, Volume 15 (2015)



Moments of a length function on the boundary of a hyperbolic manifold 1923

is full-measure in G(S). In particular,

Fs(m)= K(BS)/AO(S)SandH //LgsmﬂdsdQ L dpw=47%x(S)|.
G(S)

This shows that the identity for Fg () is Bridgeman’s identity. Further, it is clear from
the definition that F¢(m/2) = A1(S). |

Remark This also shows that A? () is finite. We can also see that Az () is finite for
all k using the same approach as in the proof for the finiteness of A, (M) given earlier.

7 Odd dimensions

In this section we will write an explicit formula for A;(M"™) with n odd. For n odd,
we can simplify the integral in the definition of F}, ; by substituting u = coshr to get

coth x
th
Fra) =0 [ 0200210 O gy,
1 cothx —u

An elementary calculation gives these integrals (up to a constant) when m is even:

Ffw.y) = [ u™og(y + ) du
m+1 m—k+1 k}

1
= gy Yk
k=1

F, (u,y) =/um log(y —u) du
1 o » m+1 ym—k+1yk
m m
= - 1 —u)— —_—
= ety > ]
Now set
Jm(x)= F+(cothx coth x)— F+(1 cothx)+F,, (1,cothx)— lim F, (u,cothx).

u—>(coth x)—
After some routine manipulation and simplification, we find that

m/2
log(2 cosh x) — x tanh™ 1 (x) + Z
k=1

Jm(x) =

2 coth™ 1 (x) |:
2k

1 — tanh?* (x)
m+1 '

If we expand out the binomial in F} 1(x), we find

(n—3)/2
Fut(®) =R 3 (—)=9/2-] ((" - 2) foy ).

Jj=0
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We then immediately have the following corollary.

Corollary 1.5 Let M be an n—dimensional compact hyperbolic manifold with non-
empty totally geodesic boundary where n is odd. Then

2911—2

AL(M) = =2
1(M) VOl(aM)MXO: =
i M =

J 2k
' 1 —tanh“"* (¢;
X |:10g(2cosh£,-) —¢; tanh®/ t1(g;) + Z anT(,)]

k=1

(n—3)/2 (_1)(n—3)/2—j ((n—a)/z)
J

T coth> +1(¢;)

8 The asymptotics of F, i

In this section, we explore the asymptotic behavior of the F,, j.

Theorem 8.1 Foralln,k e Z™,

i e—(n—l)an’k(x) B 2n+k—19n_2
xggo xk - n—1 ’

Furthermore, for n odd we have

2
n—2

. _ 1
)}111)10 x" 2Fn,1(x) = [Ing + EH(n—l)/2}’

where H, is the n™ harmonic number.

Proof Recall that Fy, (x) = Qp—2 féogcmh(x/ 2 L¥(r) sinh”2(r)dr. Using the sub-
stitution ¥ = cosh r, we have

coth x k
th
Fur(x) = Qns / w2 — 1)("_3)/2|:10g(m)] dut.
’ 1 cothx —u
For the moment, let n > 3, so that (n —3)/2 > 0. Then

cothx k
th
2032 / (1) [log(m)} du
1 cothx —u

=< Fn,k(x)

coth x k
th
< (cothx + 1)™=/2Q, _, / (u—1)n=3/2 [log(—co s u)] du.
1 cothx —u

As cothx + 1 approaches 2 in the limit as x goes to infinity, we see from the above
inequalities that

coth x k
th
Fyi(x) ~2079/2Q, / (u—1)n=3/2 [log(w)] du.
, 1 cothx —u
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In the case n = 2, the inequalities above are reversed, but yield the same result; hence
what follows will hold for all n. We now look at the inequalities

coth x k
/ (u — 1)(”_3)/2[10g(cothx + 1) —log(coth x —u)|" du
1

th k
3 /co x(u_1)(n_3)/2|:10g(c0thx+u):| du
1 cothx —u

coth x

< / (u— 1)(”_3)/2[10g(2 coth x) —log(coth x — u)]kdu.
1

Note for large x that cothx —u < 1 for all u € [1, coth x], so that log(coth x —u) < 0.

As both log(2 coth x) and log(coth x + 1) limit to log 2, we see that both the integrals

in the inequalities are asymptotic to 10 Othx(u —1)=3)/2[10g(coth x — u)]¥du. Let us

write a(x) = cothx —1 and v = (u — 1)/a, so that we now have

1
Fy ke (x) ~ 2(”_3)/29n_2a("_1)/2/ v 2(10g(a — av)]*dv
0

1
=20=3/2Q, a2 / v D 2[10g a4 + log(1 — v)[Fdv.
0

As [Lv®=3/2[10g(1 — v)]™dv is finite for all m, we find that
0 g

1
Fo () ~ (=1)*20732Q,_»(loga)* a1/ / (=I/2gy
0
— % (log l)ka(n—l)/z.
n—1 a
Since, a(x) = cothx — 1 ~ 2e72*, we get the stated result.

When n is odd, we have the following when x approaches 0: As x tends to 0, it is
easy to see that tanh” 1! (x) f,,(x) is finite. As limy_.o[x coth x] is finite, we see that
limy—o X1 f,,(x) < co. Again, as F, 1(x) is a sum of the fy,, the largest exponent
dominates, which gives the result. |

9 The moment generating function in dimension 3

Let M be a hyperbolic 3—manifold with totally geodesic boundary and let S = dM .
We define the moment-generating function My (t) = E[e'L], where E[X] denotes
the expected value of a random variable X with respect to our probability measure
dm = dV/V(0M). The moment-generating function encodes all the moments of L in
its derivatives: Agx(M) = E[L¥] =M IEk) (0). In particular, by calculating My, (0) we
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will recover Basmajian’s identity and A1 (M) by calculating M (0). The goal of this
section is to prove that following theorem:

Theorem 9.1 Let M be a compact hyperbolic 3—manifold with totally geodesic
boundary S and let § be the Hausdorff dimension of the limit set of M. For t €
6—2,2-9),

4

Mp@) = 7(s)

Z coth(¢;)- B

(l — tanh ¢;
2
Li€lOm|

=114 t),
where B is the incomplete beta function.

9.1 Hypergeometric function and incomplete beta function

The hypergeometric functions » Fi(a, b, c,z) for z € C with |z| < 1 are given by the
power series

2Fi(a,b.c,z) = Z %;

n=0
provided ¢ ¢ Z=°, where

1 forn =0,

(a)n:{a(a+1)"'(a+n_1) for n > 0.

We will use the identity
(1—-z)"%=,F(a,1,1,z).

The incomplete beta functions B(x,a,b) are defined as
X
B(x,a,b):/ 57711 —5)P~ds.
0

We can also write an incomplete beta function in terms of a hypergeometric function
as (see [9])

a

@) B(x,a,b) = s Fy(a,1—b.a+1,x).
a

We present two calculations as technical lemmas that will allow us to derive the moment
generating function.

Lemma 9.2

ad 1+¢
— Fi(141¢,t,241t,x)= +

o T[(l—x)_’—zFl(l+t,t,2+z,x)]
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Proof We calculate:

0
—oFi(141,t,2+1,x)

ox
_i(t)n(l'i‘t)n xn—1 1+t2() n x"
_n_l 2+t -1 X "t+n+1n!
1+1 (t) (141)]x 1+1 On(1+1), x"
- Z[()n Gk i Zon——z w0+ 0 22
x = t+n+1 | n! t+2), n!
1+¢
= LR L) — 2 Fi (1 4+ 1.0.241.0)]
1+1¢
= + [(1—)() t—2F1(1+f £,2+1, x)] O
Lemma 9.3 If
t+1 a+tu
ga,0) =1+ a+u)' ' a)" 2F1(1+tt2+t - )
then
g (a+u !
o \a—u)’
Proof This is an immediate consequence of the previous lemma. |

9.2 Proof of Theorem 9.1
We can now find the moment generating function of L.

Proof of Theorem 9.1 Let S = dM and recall that 1 = 2. By definition,

M0 = Elet) = [ etan=Y" [ eian
S i i

B 207 /log(coth(ei /2)) COth(Ei) + coshr
=V coth(€;) —coshr

2 coth(¢;) th({: t
_ 27 Z/ coth(£;) + u du.
V(S) — /i coth(€;) —u
where u = coshr. By replacing L¥ with ¢’ in the proof of Theorem 1.1, we see that

[ e'Ldm converges for t <2—§. Note that if € (2— 8,8 —2) then |¢| < 1. From
the above lemma, we then have that

t
) sinh r dr.

(t)—V(S) > [g(coth(£;). coth(€;). 1) — g(0, coth(£;), 1)].

£i€|Opm|
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After expanding the above terms using the definition of g, some simplifications get us

coth(¢;)
= — 2, F1(1 2 1
ML (t) V(S) |Xo: = |:2 W +10,8,241,1)
;(l-ﬁ-tﬂfﬂh(ﬁ)) 2F (1+t,t’2+t,l+t+nh(€,‘)):|.

By (4) this becomes

M (t) = %MXO:MTOm(e,-)[B(l, 1+6,1—1)— B(Hta—;h“i), 1411 —z)]

It is left to investigate B(1,1+¢,1—¢)— B(a,1+¢,1—1¢). We find

1
B(1,1+t,1—t)—B(a,1+t,1—t)=/

a

0
s'(1—s5)"tds = —/ (1 —w)u"du
1—a
=B(l—a,1—t,1+1),

where u = 1 — a. Therefore, we can conclude that

L()_— > coth(t;) - B(l_taTrm(E"),l—z,Hz). O

( )£e|0

9.3 Recovering Basmajian’s identity in dimension 3

As My (0) =1 we have

1 —tanh(¥¢;)
thf B —’1’1
~ sy 2 eomen-n(
L;€l0Op|
and as B(a,1,1) = a, we have

L; .
v(S)= 3 2x(coth(¢)—1)= Y 5217;;(@) 3 Vz(log(coth %’))

Li€lOnm| Li€lOpm| Li€|Opm|

where V,(r) is the area of a hyperbolic circle of radius r.
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