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On the slice-ribbon conjecture for pretzel knots

ANA G LECUONA

We give a necessary, and in some cases sufficient, condition for sliceness inside
the family of pretzel knots P(p1,..., pn) with one p; even. The 3—stranded case
yields two interesting families of examples: The first consists of knots for which
the nonsliceness is detected by the Alexander polynomial while several modern
obstructions to sliceness vanish. The second family has the property that the correction
terms from Heegaard—Floer homology of the double branched covers of these knots do
not obstruct the existence of a rational homology ball; however, the Casson—Gordon
invariants show that the double branched covers do not bound rational homology balls.

57TM25

1 Introduction

Pretzel knots have been thoroughly studied since they were first introduced by Reide-
meister in [27]. In recent work, Greene and Jabuka have determined the order in the
smooth knot concordance group of 3—stranded pretzel knots P(p1, pa, p3) with all p;
odd [12, Theorem 1.1]. A corollary of their result is that the slice-ribbon conjecture
proposed by Fox in [9] holds true for this family of knots. In this paper we address
the question of sliceness in the family of pretzel knots P(py, ..., py) with one p;
even. Our main result, Theorem 1.1, gives a necessary condition for sliceness in this
family. The condition obtained is not sufficient, but we propose a conjecture of what
constraints should be added to Theorem 1.1 to obtain a complete characterisation of
ribbon pretzel knots.

As a byproduct of our research we have found two interesting families of pretzel knots.
The first one is a one-parameter family of knots for which most of the known slice
obstructions vanish: the signature, the determinant, the Arf invariant, the s—invariant
and the 7 invariant among others. However, by using the Alexander polynomial, one
can show that more than three quarters of the knots in this family are not slice. This
property makes this set of knots an excellent source to test future slice invariants. The
second interesting family consists of a set of pretzel knots whose double branched covers
do not bound rational homology balls. The nonexistence of these balls is determined
via the Casson—Gordon invariants which, for this particular family of 3—manifolds, turn
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out to be a more powerful tool than the d —invariants from Heegaard—Floer homology
in obstructing the existence of a rational ball.

A knot in S3 is said to be slice if it bounds a disc smoothly embedded in the 4—
ball. There are two other notions of sliceness directly related to this one. A knot is
topologically slice if it bounds a topologically flat disc in B+ and algebraically slice if it
is trivial in Levine’s algebraic concordance group [17; 18]. Every smoothly slice knot is
topologically slice and these knots are algebraically slice. The two inclusions between
these three sets are strict. Our aim is to understand which pretzel knots are slice, and a
natural starting point would be to pin down algebraically slice pretzels first, and from
there determine which ones are actually slice. However, this approach turns out to be
very difficult for pretzel knots with one even parameter. Indeed, even though Levine
constructed a complete set of invariants that establishes the algebraic concordance class
of a knot K, to determine their values one is required to find the irreducible symmetric
factors of the Alexander polynomial of K. As the question of whether or not a given
polynomial is irreducible is a difficult one in general, the task of determining all the
irreducible factors of a given symmetric polynomial can be quite intractable, more
so as the degree of the polynomial grows. This is exactly the case for pretzel knots
with one even parameter. Already inside the 3—stranded family P(2p + 1,2q + 1, 2r)
the Alexander polynomials are of arbitrarily high degree (in contrast with the knots
P(2p+1,2¢g+1,2r + 1) which all have degree two in an appropriate normalization).
Jabuka has determined the rational Witt classes of pretzel knots in [14], but which
3—stranded, one even parameter pretzels are algebraically slice is still an open question
(the algebraically slice knots of the form P(2p + 1,2¢g + 1,2r + 1) are precisely
those whose determinant is a negative square; this is known byproduct the work of
Levine [17]). In Section 4 we will deal with a one-parameter family of 3—pretzels for
which we cannot determine in general if they are slice, since we do not even know if
they are algebraically slice. One last remark regarding the algebraically slice pretzels is
that, whereas in the smooth setting of this paper working with 3—stranded or n—stranded
pretzels does not make much of a difference, this generalization is a major difficulty
when dealing with algebraically slice pretzels. Again in [14], Jabuka looks for a set
of numerical conditions on the parameters defining a pretzel knot that would pinpoint
their order in the rational Witt group. As he explains, the obstacle to achieving this
is number-theoretic in nature and only conditions for the case of 3—strands and some
special cases for 4—strands are given.

The strategy we follow in this article is as follows: use different obstructions to rule
out the nonslice pretzel knots and show that the remaining knots are slice by explicitly
constructing the slice discs in B*. The discs we find have the property of being ribbon,
that is they have no local maxima for the radial function in B*. The slice—ribbon
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conjecture asserts that all slice knots are ribbon and the results in the present work
support this conjecture.

The first obstruction we compute comes from Donaldson’s theorem on the intersection
form of definite smooth 4-manifolds, which is further explained later in this introduc-
tion. A necessary assumption to use this obstruction is the smoothness of the discs
bounded by the pretzel knots, and therefore it rules out the possibility of studying the
case of topologically slice pretzel knots. Other obstructions we compute, such as the
signature, the Alexander polynomial or the Casson—Gordon invariants, do not need
the smoothness assumption. One could be tempted to start with these topological or
algebraic invariants in order to get stronger results, but the computations for general
families as the one under study are way too involved.

Given nonzero integers pq,..., pn, the pretzel link P(pq,..., py) is obtained by
taking n pairs of parallel strands, introducing p; half twists on the ;™ pair, with the
convention p; > 0 for right-handed crossings and p; < 0 for left-handed crossings,
and connecting the strands with » pairs of bridges. The convention used to define right-
and left-handed crossings is the one from Figure 1, where the first knot corresponds to
P(-5,5,-3,3,7). If more than one of the p; is even or if n is even and none of the p;
are even then P(p1,..., pn) is alink. In all other cases it is a knot. Pretzel knots were
the first examples of noninvertible knots (see Trotter [29]): a change of orientation
of the knot changes its isotopy class. However, as far as sliceness is concerned this
feature will not play any role, and thus we will ignore orientations all throughout this
paper. Inside the family of pretzel knots P(py, ..., pn) we limit our considerations to
those with one even parameter and moreover, from now on we fix n > 3 and |p;| > 1
for all 7. Note that if » <2 or if » = 3 and one of the p; satisfies p; = %1, then the
pretzel knot is a 2-bridge, already studied by Lisca in [19; 20].

It is well known (see Burde and Zieschang [3, Theorem 12.19]; recall that pretzel
knots are a particular case of the more general family of Montesinos links) that among
the n! permutations of the parameters (p1,..., py), the 2n of them which correspond
to cyclic permutations, order-reversing permutations and compositions of these leave
invariant the knot P(py, ..., pn). Two pretzel knots K and K* which are not isotopic
but share the same set of parameters are mutants, that is K* can be obtained from K
by a finite sequence of the following tangle surgeries: remove a 3—ball from S3 that
meets K in two proper arcs and glue it back via an involution 7 of its boundary S,
where t is orientation preserving and leaves the set S N K invariant. All pretzel knots
defined by the same set of parameters pq,..., p, have the same double branched
cover; see Bedient [2].

Our main result, Theorem 1.1, is stated for pretzel knots up to reordering of the
parameters because the obstructions to sliceness that we analyze live in the double
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branched cover of these knots. Up to reordering we are able to establish the sliceness
of pretzel knots with one even p; except for the set of parameter sets

12
5:{{61’_61_2’_(61—;) vq15_ql:-~~me,_Qm}},

where m > 0, |¢i| = 3 odd, and ¢ > 3 and ¢ = 1, 11, 37,47,49, 59 (mod 60). Our
main result is the following.

Theorem 1.1 Let K = P(py,..., pn) be a slice pretzel knot with one even parameter
and such that {p1,..., pn} € E. Then, the n—tuple of integers (p1, ..., pn) can be
reordered so that it has the form

(1) (q1.—q1 £ 1,92,—q2,....qnj2, —qns2) if n is even,
@) (Go0:91-—915---+4(n—1)/2- —q(n—1)/2) if n is odd.

Remark 1.2 Ligang Long is independently working on this problem. He has several
partial results concerning the sliceness of pretzel knots with » = 5 and all parame-
ters odd.

As further explained in Section 2, not all possible orders of the parameters in Theorem 1.1
yield slice knots. In Corollary 2.2 we show that for certain orders of the parameters the
knots in the theorem above are actually slice. Moreover we conjecture that the orders
proposed in Conjecture 2.4 are all the possible orders of the parameters in Theorem 1.1
yielding slice knots.

As detailed in Section 4.2 most of the pretzel knots in the family P(a, —a—2,
a > 3 odd, are not slice. However establishing that none of them is slice is still an open
challenge. There is a great amount of evidence supporting the following conjecture

2
_(a—|—21) )’

Conjecture 1.3 If {p;,..., pn} € € then the pretzel knot P(p, ..., pn) is not slice.

Note that a pretzel knot of the form P(p1, p2, p3) is independent of the order of the
parameters, since cyclic permutations, order reversing permutations and compositions
of these comprise all possible permutations of three elements. For 3—stranded pretzel
knots whose defining parameters are not in £, an easy corollary of Theorem 1.1 is the
validity of the slice—ribbon conjecture.

In the following Corollary 1.4 the results for P(p1, p2, p3) with three odd parameters
were already proved in [12]. Our work proves the statement for 3—stranded pretzel
knots with one even parameter and leaves out the case P(a,—a —2,—(a + 1)2/2),
a>3oddand a =1,11,37,47,49,59 (mod 60).
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Corollary 1.4 The slice-ribbon conjecture holds true for pretzel knots of the form
P(p1, p2. p3), where py, pa, p3 € Z and {py, p2. p3} € €.

In order to prove Theorem 1.1 we start using the approach of [19], which is also followed
in [12]: if a pretzel knot K is slice then its double branched cover Y is the boundary
of a rational homology ball W; see Casson and Gordon [5, Lemma 2]. Moreover,
up to considering the mirror image of K, the 3—manifold Y is also the boundary
of a negative definite 4—manifold M obtained by plumbing together disc bundles
over spheres. We can build a closed, oriented, negative definite, 4—manifold X as
My, (—W). By Donaldson’s celebrated theorem [7], the intersection form Qx of X
must be diagonalizable and therefore, since H,(M ; Z)/ Tors = Hy(X;7Z)/ Tors = 7",
there must exist a monomorphism ¢: Z" — Z" such that Qs («, ) = —Id(t(a), t(B))
for every o, f € Z" = H,(M ;7Z)/ Tors.

The existence of ¢ is enough to guarantee sliceness among 2-bridge knots [19]. In the
case of pretzel knots P(p1, p2, p3) with all p; odd, this obstruction shows that there
must exist some A € Z such that —p3 = pA2 + po (A + 1)? [12, Proposition 3.1].
However, not all these pretzel knots are slice. In fact, using the Ozsvath—Szab6
correction terms for rational homology spheres, Greene and Jabuka conclude that only
A = 0,—1 result in slice knots. In our case, for pretzel knots P(p1,..., pn) with
one even parameter, even in the case of three strands, the existence of ¢ is a weaker
obstruction to sliceness than in the cases studied in [12; 19]. In fact, in our setting the
existence of ¢ does not imply that the knot signature is zero. For example, the knot
P(3,—4,—13) has signature 8, and therefore it is not slice, but ¢ exists. The opposite
phenomenon also arrives: the knot P(—5,—5,2,7) has vanishing signature but the
nonexistence of ¢ obstructs sliceness. Some other interesting examples are the knots
P(3,—5,—12) and P(3,—5,—8). In both cases the signature vanishes and ¢ exists,
however a Casson—Gordon invariant shows that the first knot is not slice while the
nonsliceness of the second example can be established by means of the Alexander
polynomial.

The proof of Theorem 1.1 has three main steps: first we determine the pretzel knots
with vanishing signature such that ¢ exists. Not all the resulting knots are slice. In a
second step we use the correction terms from Heegaard—Floer homology to further
restrain the family of candidates to slice knots. This leaves us with two one-parameter
families to further study. The sliceness of one of these families is ruled out using
Casson—Gordon invariants while the other one is partially treated studying Alexander
polynomials.

The rest of the paper is organized as follows. The proof of Corollary 1.4 is carried out
in Section 2 assuming Theorem 1.1. An easy algorithm is given to detect ribbon pretzel
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knots and we show that many of the knots from Theorem 1.1 are actually slice. In
Section 3 we recall some properties of the Seifert spaces associated to pretzel knots and
of the knot signature. Section 4 deals with the two interesting families of pretzel knots
whose properties were described above. Finally, Sections 5 and 6 treat the general case
combining Donaldson’s theorem with the knot signature and the correction terms from
Heegaard—Floer homology.
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2 Slice pretzel knots

In this section we prove that, for certain orders of the parameters, the knots in
Theorem 1.1 are actually slice. Moreover, assuming this theorem we prove Corollary 1.4
which deals with the slice-ribbon conjecture for 3—stranded pretzel knots. We start
with the following proposition which explains an easy algorithm to determine whether
a pretzel knot is ribbon.

Proposition 2.1 (Ribbon algorithm) Let K = P(py,..., pn) be a pretzel knot and
let py41 := p1. While for some j € {1,...,n}, pj =—pj41, we reduce the number
of parameters to n — 2 and repeat with the knot P(py,..., pj—1.,Pj+2,..., pn). If at
the end of the sequence of reductions we are left with a pretzel knot with exactly one
parameter or with two parameters a and b satistying a = —b — 1, then K is ribbon.

Proof On a pretzel knot K, whenever there are two adjacent strands p; and p, with

the same number of crossings but of opposite signs, we can perform the ribbon move
shown in Figure 1, which simplifies the pretzel knot yielding the disjoint union of an
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unknot and a new pretzel knot K’. The knot K’ is equal to K without p; and p,.
Therefore, if n is odd and after the sequence of reductions the set of parameters
defining K consists of only one integer, we have that after performing (n—1)/2 ribbon
moves on K we obtain the disjoint union of (74 1)/2 unknots. Thus, K is ribbon. On
the other hand, if # is even and after the sequence of reductions the set of parameters

defining K consists of exactly two integers ¢ and b satisfying b = —a — 1, then after
performing n/2 — 1 ribbon moves on K, we obtain, since P(a,—a — 1) is the unknot,
the disjoint union of 7/2 unknots. Thus again, K is ribbon. |

Corollary 2.2 Let K = P(p1,..., pn) be a pretzel knot satistying the assumptions
of Theorem 1.1. Then the above ribbon algorithm shows that for certain orderings of
the parameters K is slice.

Proof of Corollary 1.4 Given K = P(p1, p2, p3) as in the assumptions, if any
of py, ps or p3 equals £1, then K is a 2-bridge knot (see [12, Figure 2] for a
proof) and by [19, Corollary 1.3], the slice-ribbon conjecture holds in this case.
On the other hand, if |p;| > 2 for every i € {1,2, 3}, then the parameters satisfy
either pq, pa, p3 = 1 (mod 2) or there is exactly one even parameter. For the first
possibility [12, Theorem 1.1] holds and the statement follows. In the second case, if
K= P(p1, p2, p3) is slice then Theorem 1.1 holds and we obtain that (py, p, p3) is of
the form (p, —¢, ¢) for some ordering. Since 3—stranded pretzel knots are independent
from the ordering of the parameters, we have K = P(p, ¢, —¢) and Proposition 2.1
shows that K is ribbon. O

S e W
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Figure 1: On a pretzel knot, whenever there are two adjacent strands with the
same number of crossings but of opposite sign, we can perform the ribbon
move shown in this example obtaining the disjoint union of an unknot and
the original pretzel knot with two strands less.
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Remark 2.3 The only 3-stranded pretzel knots for which the slice-ribbon conjecture
remains open are a subset of the family P(a, —a —2,—(a + 1)2/2). We conjecture
that none of these knots are slice and thus that the slice-ribbon conjecture holds for all
3—stranded pretzel knots.
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Given a pretzel knot P(py,..., py) with |p;| > 1 for all i and {py,..., pa} €€,
the necessary condition for sliceness that we establish in this paper, namely that for
some permutation o of the parameters, the knot P(pg(1), - .. Ps(n)) can be shown
to be ribbon using Proposition 2.1, is not sufficient. For instance, in [13, Section 11]
Herald, Kirk and Livingston show that the mutant Ky = P (3,5, —3,—5,7) of the slice
pretzel knot K, = P(3,—3,5,—5,7) is not slice. This result is proved using twisted
Alexander polynomials associated to a higher-dimensional metabelian representation
of the knot group. If a knot is slice, then these polynomials, which are elements
in Q[Zq][til], where {, is a primitive root of unity of prime order, must have a
particular factorization. Given a family of knots the computation of this obstruction is
very challenging and we have not attempted to pursue it in this paper. However, we
conjecture what constraints on the ordering of the parameters (py,..., pn) need to
be added to Theorem 1.1 in order to obtain a sufficient condition for sliceness. For
all the examples we know (including in particular the knots K; and K, above) the
ribbon algorithm of Proposition 2.1 establishes that the knot K(py, ..., py) is actually
ribbon. On the basis of these considerations we propose:

Conjecture 2.4 The pretzel knots P(py,..., pn) with |p;| > 1 for all i that are
ribbon are precisely those detected by the algorithm in Proposition 2.1.

3 Preliminaries

3.1 Double branched covers of pretzel knots

Let " be a plumbing graph, that is, a tree in which every vertex v; carries an integer
weight a;, i =1,...,n. Associated to each vertex v; is the 4—dimensional disc bundle
X — S? with Euler number «; . If the vertex v; has d; edges connected to it in the
graph T', we choose d; disjoint discs in the base of X — S2 and call the disc bundle
over the j disc B; = D? x D?. When two vertices are connected by an edge, we
identify B;; with By by exchanging the base and fiber coordinates and smoothing
the corners. This pasting operation is called plumbing (for a more general treatment we
refer the reader to Gompf and Stipsicz [11]), and the resulting smooth 4-manifold Mt
is said to be obtained by plumbing according to T.

The group H,(Mrt;Z) has a natural basis represented by the zero-sections of the
plumbed bundles. We note that all these sections are embedded 2—spheres, and they
can be oriented in such a way that the intersection form of Mt will be given by the
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matrix Or = (¢ij)i,j=1,..,n With the entries
a; ifi=7j,
gij = 41 if i is connected to j by an edge,
0  otherwise.
We will call (Z", Or) the intersection lattice associated to IT".

A star—shaped graph is a connected tree with a distinguished vertex vy (called the
central vertex) such that the degree of any vertex other than the central one is less than
or equal to 2 (see Figure 3 for two different examples). A leg of a star—shaped graph
is any connected component of the graph obtained by removing the central vertex.
The boundaries of the 4—manifolds obtained by plumbing according to star shaped
graphs are Seifert manifolds (see Neumann and Raymond [24, Section 5] for further
references).

Proposition 3.1 (von Randow [26]) If I is a star—shaped graph then the boundary
Yr := OMT is a Seifert space with as many singular fibers as legs of the graph T".

Given a pretzel knot K = P(p1,..., pn),let Y(p1,..., pn) denote the 3—manifold
obtained as the 2—fold cover of S3 branched along K.

Theorem 3.2 (Montesinos [21]) The 3—-manifold Y (py,..., pn) is a Seifert fibered
space with n singular fibers.

The Seifert manifold Y (py,..., pn) can be described as the boundary of the 4—
manifold obtained by plumbing according to the graph in Figure 2.

P 0 Dn

Figure 2: Plumbing graph of a 4-manifold with boundary Y (p1, ..., pn)

The order of the first homology group of Y(pq,..., pn) can be computed via the
incidence matrix of any graph I" such that Y = Y (py,..., pn) = 0Mr and we have
(see [24])

n n
1
() |H\(Yr)| = |det Or| =) —[] pr-
i1 P
It will be of particular interest to describe the Seifert manifold Y (p1,..., py) as

the boundary of a plumbing Mt such that the matrix Qr is negative definite. The
following result establishes when is this possible.
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Theorem 3.3 [24, Theorem 5.2] The Seifert space Y (p;,..., pn) can be written as
the boundary of a negative definite plumbing as long as

2) L-l----—i-L>0.
D1 Dn

If the inequality in this last theorem holds, there is a canonical negative plumbing tree,
which from now on will be denoted W, satisfying Y (py, ..., pn) = My and My is
negative definite. All the vertices in W have weight less than or equal to —2 except for
the central vertex which has weight less than or equal to —1. The tree W is obtained
as follows. Take the graph in Figure 2: For every p; such that p; > 1 substitute its
corresponding length-one leg with a (—2)—chain with p; — 1 vertices and subtract 1
from the weight of the central vertex. In this way, we obtain a new 4—manifold, which
is negative definite and has the same boundary as before the substitutions. Formally this
is done by a series of blow downs and blow ups (see Neumann [23]). An example is
shown in Figure 3. We call C; the (—2)—chain corresponding to the parameter p;>1.

—4 0 5 -4 -2 =2 =2 =2 =2
° ° ® ° °
-2
-7 3 -7
-9 -9 -2

Figure 3: After a series of blow ups/downs we achieve the canonical negative
plumbing of the pretzel knot P(—4,—7,-9,3,5).

Recall that if a knot K is slice then its mirror image K is also slice. In the case
of pretzel knots we have that for K = P(p1,..., pn) the mirror image satisfies
K = P(—p1....,—pn). Therefore, when studying sliceness of pretzel knots, up to
taking mirror images, we can always suppose that the double branched cover is the
boundary of a negative definite plumbing or equivalently that the defining parameters
satisfy inequality (2).

From now on we will only consider pretzel knots satisfying (2) and with one p; even.
We shall divide them in the following three families:

(p1) n is even and all except one of the p; are odd.
(p2) n isodd, all except one of the p; are odd and the only even parameter is positive.

(p3) n is odd, all except one of the p; are odd and the only even parameter is negative.

Since the Seifert space Y =Y (p1, ..., pn) does not depend on the order of pq,..., px,
from now on we adopt the following convention for the ordering and notation of the
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parameters. We write
Y=Y(ai,...,as;¢c1,...,¢ct), s$,t=>0, n=s-+t,

where aq,...,as < —1 and c¢;,...,c; > 1. Note that the central vertex in W has
weight —z.

We label the vertices of the graph W as follows: the central vertex will be called vq; the
vertices corresponding to the negative parameters ay, ..., as will be called vy, ..., vy;
the vertices of the (—2)—chain Ci, k € {1,...,¢}, will be called vy ...., V¢, —1 k>
where vy is connected to vy x and v; g is connected to vj g forall j €{l,...,1—1}.
The number of vertices in W, which will be called m, coincides with the rank of
H,(My; Z). It is immediate that

t
m=|V| :S+1+Z(C’i—1)-
i=1

Let (Z™,—1d) be the standard negative diagonal lattice with the m elements of a
fixed basis % labeled as {e]].‘ }j k (the convenience of the double script labeling of
the basis vectors will become apparent later). As an abbreviation in notation let us
write ejl.‘ ‘ef to denote — Id(ejl.‘, ef). If the intersection lattice (Z™, Q) admits an
embedding ¢ into (Z™, —1d), then we will omit the ¢ in the notation: instead of writing
L) =ik xj’.‘ej’.‘ we will directly write v =73, ¢ xj’.‘ej’.‘. If ¢ exists we will call, for
every S C U,

US:={e]]~‘€%|ejl~‘-v750fors0meveS}.

3.2 Signature of pretzel knots

It is well known (see Murasugi [22]) that slice knots have vanishing signature. For our
purposes it will be convenient to express the signature of pretzel knots in terms of the
associated plumbings described in the previous subsection. Indeed, in Section 5, we will
find constraints on the parameters defining the Seifert spaces Y, which arise as double
branched covers over slice pretzel knots, combining the signature with Donaldson’s
obstruction to sliceness.

Let K = P(p1,..., pn) be a pretzel knot and let Y = dMT be its double branched
cover. Since K is a knot the determinant of the intersection form Qr is odd and the
equation

3) Or(w,x) = QOr(x,x) (mod?2) forall x € Hy(Mr;Z)

has exactly one solution in H,(Mrt; Z,). This solution admits a unique integral lift
w € Hy(Mrt;Z) such that its coordinates are 0 or 1 in the natural basis of H,(Mrt;Z)
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given by the vertices vq, ..., vy of the graph I". The homology class w is called the
Wu class. There is a well-defined subset J C {1, ..., m} such that

w= Z vj € Hy(Mr: Z)
jeJ

and we define the Wu-set as {v; € I' | j € J}.

In Figure 4 the encircled vertices form the Wu-set of the canonical negative plumbing
graphs associated to pretzel knots in the families (p1), (p2) and (p3). In the family (p2)
we assume that the only even parameter is c¢;, while in the family (p3) the only even
parameter is a;. We have determined the Wu-set in each of these families via the
following algorithm.

Algorithm 3.4 (Computation of the Wu-set Theorem 7.1 [24]) Reduce the graph T’
to a collection (possibly empty) of isolated points with odd weights by a sequence of
moves of type 1 and 2 below. Consider a leaf v € I' connected to the vertex u € I".
Move 1 If the weight on v is even, then erase v and u from I".

Move 2 If the weight of v is odd, then erase v and change the parity of the weight
on u.

In order to determine which vertices belong to the Wu-set we undo the sequence of
movements starting with the isolated vertices until we reobtain I', taking the following
into account.
e All the isolated vertices with odd weight obtained in the final step of the reduction
of I belong to the Wu-set.

e If we undo move 1, then the vertex u does not belong to the Wu-set whereas
the vertex v will belong to the Wu-set only if the weight on the vertex u and
the number of adjacent vertices to # which already belong to the Wu-set do not
have the same parity.

e If we undo move 2, then the vertex v will belong to the Wu-set if and only if u
does not belong to the Wu-set.

The formula in the following theorem, due to Saveliev [28, Theorem 5], expresses the
signature of a pretzel knot, o (P(p1, ..., pn)), in terms of the intersection form Qr
and the Wu class w € Hy(Mt;7Z).

Theorem 3.5 (Saveliev) Let P(pi,..., pn) be a pretzel knot and Yr = dMTr its
double branched cover where I' is a tree. The equality

“ o(P(p1....,pn)) =sign(Qr) —w-w

holds, where w - w stands for Qr(w, w).
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(1) G b2) —Zﬁ

(03) > G

Figure 4: Wu-set on canonical negative plumbing graphs corresponding to
the pretzel knots in families (p1), (p2) and (p3).

Remark 3.6 Notice that the expression sign(Qr) —w - w equals (Yr), where it is
Neumann’s invariant.

4 Two interesting families of pretzel knots

In this section we study the sliceness of two subfamilies of pretzel knots of type (p3).
Both of them stem from the detailed general study of pretzel knots developed in the
remaining sections, but specific arguments are needed to prove that the knots in these
families are not slice. In the first subsection we study the family P(a,—a—2,—a —
(a® +9)/2) with a > 3 odd. We shall prove that the double branched covers of these
knots do not bound rational homology balls, in spite of the fact that the obstruction given
by the d —invariants from Heegaard—Floer homology (see Section 6.1) vanishes. The
main tool we use is the Casson—Gordon invariants. The second subsection deals with
the family P(a, —a—2,—(a+1)?/2) with a > 3 odd. A major difficulty presented by
this family is that the double branched covers of these knots are all integer homology
spheres. As further explained in Section 4.2, many of the recent obstructions to knot
sliceness defined from Heegard—Floer homology or Khovanov homology vanish for
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this family, while the Alexander polynomial is able to detect the nonsliceness of many
(perhaps all) the knots in this family.

4.1 Casson—Gordon invariants and the family P(a, —a —2,—a — "2T+9)
In 1975 Casson and Gordon introduced some knot invariants that were used to show
that not all algebraically slice knots are smoothly slice. The invariants depend on a knot
K C S3 and on the choice of a character x defined on the first homology group of
the double branched cover of K. In [5] two different invariants, denoted o (K, x) and
(K, x), are defined from the difference of the twisted signatures of some 4—manifolds
associated to the couple (K, x). We shall only deal with the properties of a specific
version of o (K, x) that suits our purposes.

Since they were introduced, Casson—Gordon invariants have been thoroughly studied
and generalized. In particular work of Kirk and Livingston shows that they can
be interpreted as twisted Alexander polynomials [15], and they have been used to
distinguish concordance classes among pretzel knots [16]. A complete study of pretzel
knots from the perspective of these invariants is certainly of interest, however we will
limit ourselves to the family in this subsection. Unfortunately, the general computation
is out of reach with our current techniques.

Consider a slice knot K C S3 with double branched cover Y. Let p be a prime,
r € N and x: Hi(Y:Z) — 7Z/p" be a character of order p”. Suppose that the
covering Y induced by the character satisfies H (Y Q)=0. Let Wp be the double
cover of B* branched over a slicing disc for K and V be the kernel of the map
ix: H(Y;Z) — H{(Wp;Z) induced by the inclusion.

Theorem 4.1 (Casson and Gordon) With the above assumptions, for every charac-
ter x of prime power order vanishing on V. we have |o (K, x)| < 1.

We shall compute the Casson—Gordon invariants of some of the pretzel knots in the
family (p3) via the formula given by Cimasoni and Florens in [6, Theorem 6.7]. This
formula computes o (K, x) from a surgery presentation of Y regarded as a colored
link and the term o (w) stands for the colored signature of L.

Theorem 4.2 (Cimasoni and Florens) Let Y be the 3—manifold obtained by surgery
on a framed link L with m components and linking matrix Q. Let x: H{(M;Z) —
7./ p" be the character mapping the meridian p; of the i™ component of L to n;
with 1 < n; < p” and n; coprime to p. Consider L as an m—colored link and set
w=(ny,...,ny). Then

5  o(K.x)=oL(w)—Y Qij—signQ+ pz, Z(p —ni)n; Qij.

i<j
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In order to use this formula to compute the Casson—Gordon invariants for the pretzel
knots K, = P(a,—a —2,—a — (a* +9)/2), a > 1 odd, we will use the surgery
presentation of the Seifert space Y, = Y (a,a —2,—a — (a* + 9)/2) given by the
framed link L, in Figure 5. It is obtained from the diagram associated to the canonical
negative plumbing tree by blowing down the central vertex and subsequently blowing
down every new (—1)—framed unknot.

2+9 a’ et

s YOVeY
=:L,
—a— //‘) 2 blow downs

Figure 5: The diagram on the left corresponds to the negative definite
plumbing manifold bounded by the Seifert space Y, = Y(a,—a —2,—a —
(a®> 4+9)/2). After a series of blow downs we obtain the diagram on the
right that we shall use to compute the Casson—Gordon invariants. In the
diagram L, the two meridians, generators of H;(S*\ L,:7Z), are depicted
in red and the box labeled a stands for a right handed full twists between the
strands entering the box.

—a —

From this surgery presentation of Y, we can read the following presentation of its first
homology group:

a’>+9 a+9
Hl(Ya;Z)=<M1,M2’— 3 M1+aM2,aM1—2M2>=<M1,M2’ > Ml—M2,9M1>-

It follows that H(Y,;Z) =~ 7 /9 with p; being a generator of the group and p, =
%(a + 9)ie1. We now proceed to define a character on Hy(Yg; Z) vanishing on the
subgroup V', which is cyclic of order 3 generated by 3u; (cf Remark 6.1). The
character x: H{(Y,;Z) — 7Z/3 such that x(u;) = 1, where 1 is a generator of Z /3,
has the desired properties.

We have all the necessary ingredients to compute o (K, x) via the formula (5). Notice
however that if @ = 0 (mod 3) then the above setting yields y(u;) = 0 which is not a
valid value for 7, in the hypothesis of Theorem 4.2. Therefore we shall first compute
0(Kyg4, x) for a # 0 (mod 3) and later we will use yet another surgery presentation
of Y, to deal with this remaining case.

The linking matrix for the link L, in Figure 5 is given by

a’+9
— a
frny 2
o ( 4 _2)
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and formula (5) yields

6)  o(Ka. )=o0r,(1.n)—a+2+

=or,(1,ny)—a+2+ %(—az— 13 + a(ny + 3)),

2
2 (_a +92—%(12112 +a(3—n2)—2(3—n2)n2)

where the second equality is obtained substituting the two possible values of n;,
namely 1 and 2, and then rewriting a common formula for both possibilities.

Our aim is to show that the knots K, are not slice and to do so it suffices to esti-
mate |0 (Kg, x)| in (6) and show it is greater than 1. Indeed, all the assumptions of
Theorem 4.1 are satisfied since Hq(Yy; Z) is cyclic and the character x is of order 3,
which implies that the first rational homology of the induced covering vanishes; see
Casson and Gordon [4, Lemma 4.4]. The term o, ,(1,72) is the coloured signature
of the link L, and it is defined as the signature of an n x n hermitian matrix, where
n is the rank of the first homology group of a C —complex for L, (see [6] for the
definitions and details). The C—complex for L, depicted in Figure 6 allows us to
determine o, (1,ny) € {—a+1,a—1}.

Figure 6: This figure presents a C—complex for L3 with a basis of its first
homology depicted in red. The evident generalization to the links L, shows
that the order of the first homology of the C —complex is @ — 1 and therefore
oL, €{—a+1l,a—1}.
In the case at hand, the term —a? — 13 + a(n, + 3) attains its maximum value, —%,
for a =5 and ny = 2. Since or,(1,n3) —a+2 <1 we have the estimate

|O(Ka,X)|2%(d2+13—a(n2+3))—122_96_1>1

for all @ > 1 odd, a # 0 (mod 3). This last inequality shows that the knots K, with
a # 0 (mod 3) are not slice.

To deal with the remaining case, the knots K, with ¢ = 0 (mod 3), we shall use the
surgery presentation of Y, given in Figure 7.

It is obtained from the diagram in Figure 5 by sliding the left handle over the handle
with framing —2. The new framings are obtained by applying the rules of Kirby
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(a+2)2+9 (a+2)2+9 _(a+2)3+9

) 2
_—>
N handle 1sot0py 1sotopy
slide

Figure 7: Starting with the link L,, in which the thin curve represents the
framing of the right component, we perform the indicated handle slide to
obtain the second diagram. After a series of isotopies we obtain the link La,
which is a suitable surgery presentation of Y, to compute the Casson—Gordon
invariants of K, when a = 0 (mod 3). Again the red curves in the last
diagram are the meridians generating H;(S3\ La: 7).

calculus (see [11] for details). This surgery diagram yields the following presentation
of the first homology group of Yj:

(a+2)2+9
2

Hl(YaQZ)=<M1,M2‘— 7 —(a+2)uz,—(a+2)m—2uz>

=7
= (Ml,uz | aTlh +M279M1>-

As before Hy(Yy;Z) = 7. /9 is generated by 11 and this time we have u, = 7%“/“.
We choose the character x: H;(Yy;7Z) — Z/3 defined by (1) = 1 which satisfies
the assumptions of Theorem 4.1 and since x(u,) = 2 we can use the formula (5) to
compute o (Kg, x). This time the link L of the surgery presentation in Figure 7 has

linking matrix
(a+2)?+9
04 = - a2
—a—2 -2

(a+2)249
2

=07 (1,2) +a+4—3(27+9a+d%).

and the formula reads

0(Ka. ) =0z (1, 2)+a—|—2+2+9( 2—(a+2)4—(a—|—2)—4)
Similar arguments to the ones used before allow us to estimate

l6(Ka, )| = —2a—5+6+42a +%:2%+1>1

and therefore by Theorem 4.1 we have the following statement.

Theorem 4.3 For all odd a > 1 the knots in P(a,—a—2,—a— “2%) are not slice.
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Remark 4.4 In fact, we have shown something stronger than the nonsliceness of the
pretzel knots in the family P(a, —a —2, —a — (a® 4+ 9)/2); the arguments in the proof
of Theorem 4.1 imply that the Seifert spaces Y, = Y(a, —a —2, —a — (a®> +9)/2) do
not bound rational homology balls.

4.2 Alexander polynomials and the family P(a,—a -2, —%)

This section is devoted to the study of the sliceness of the pretzel knots of the form
P,=P(a,—a—2,—(a+1)*/2)

with @ > 3 odd. All the knots in this family have determinant 1 and therefore the double
branched covers Y, are integer homology spheres. It follows that the Casson—Gordon
invariants cannot be used to study the existence of rational homology balls bounded by
the Seifert manifolds Y,. We will pursue the study of the sliceness of the knots P,
leaving open the question of the existence of rational homology balls bounded by their
double branched covers.

There are several well-known obstructions to sliceness that we have computed for the
knots of the form P, but all of them vanished. In the sequel we shall not use any of the
following facts but we have decided to include them for completeness. In the remaining
sections we will show that each knot P, has vanishing signature, its determinant is
a square and Donaldson’s theorem does not obstruct sliceness. Moreover, we have
checked that the only d—invariant of their double branched covers, which are homology
spheres, vanishes. The hat version of the knot Floer homology of pretzel knots is
known. The family P, lies within the hypothesis of Eftekhary [8, Theorem 2] which
combined with the Alexander polynomials computed below suffices to determine that
the Ozsvath—Szabé 7 invariant is zero for all the knots in this family. Moreover, the
Rasmussen s—invariant of the knot

P(S’ _5’ _4) = 12}1475

is known to be zero and a crossing change argument implies that the first knot in our
family, namely the knot P(3,—5, —8), also has vanishing Rasmussen invariant.

Given all this vanishing of obstructions one might be tempted to think that the knots in
the family P, are actually slice. However, we conjecture that this is not the case for
any parameter ¢ and we will show that indeed for a # 1, 11, 37,47,49, 59 (mod 60)
the knot P, does not bound a disk embedded in the 4—ball. The invariant capable of
detecting the nonsliceness of these knots is the Alexander polynomial.
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We have postponed the tedious computation of the Alexander polynomials A,(¢) of
the knots P, to the Appendix. In it we show that

T2 411941 (a+1)?

- a—1 _ 2
Aall) = =7 ;=D
_ _ a_@tD?ar 2
= [T ®a=0 [ ®s(-0) = =" =12,
dla+2 8la
d#1 8#1

where ®, stands for the n™ cyclotomic polynomial, and = means equality up to
multiplication by +¢% with k € Z.

If the knots in family P, were slice then it would follow, by Fox and Milnor’s theo-
rem [10], that Ag(¢) = f(t) f(t~") for some polynomial f(z). Our goal is to show
that this is not the case and to this end several strategies are possible. If we showed
that the polynomials A, (#) are irreducible in Z[t], we would be done. Stepan Orevkov
has kindly taken a look at this problem and informed us that he checked with the
computer and up to a = 1597 the polynomials A,(¢) are in fact irreducible. However
we have not found a proof to show the irreducibility of every polynomial in our family.
Another possible approach is to look at these polynomials modulo p for some prime
and study their irreducibility in F,[¢]. However, by Ahmadi and Vega [1, Theorem 12]
the number of irreducible factors of A,4(¢) (mod p) is even for every odd p, which
implies that many (perhaps all) the polynomials A,(¢) are irreducible over the integers
but reducible over F,, for every p.

We are not able to show that none of the polynomials A,(¢) satisfy the Fox—Milnor
factorization but there is a lot of evidence indicating that this might be the case. Taking
advantage of the rich literature on the reducibility of cyclotomic polynomials, we will
prove the following statement.

Theorem 4.5 For a # 1,11,37,47,49, 59 (mod 60) the polynomials A,4(t) do not
have a Fox—Milnor factorization.

Corollary 4.6 For a #= 1,11,37,47,49,59 (mod 60) the pretzel knots P, are not
slice.

Proof of Theorem 4.5 Since the Alexander polynomial A,(¢) is a self reciprocal
polynomial, ie A, (f) = t9€8a A, (1), its irreducible factors are all self reciprocal
or come in reciprocal pairs, that is if g|A, and g is not self reciprocal then g*(¢) :=
19e2€ g(+=1) is also a factor of A,. Suppose that there exists a polynomial f such that
Aqa(t) =192 f(r) f(t7"); then we have that the irreducible self reciprocal factors of
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A, all have even multiplicity. The idea of the proof is to show that the reduction mod
p, for suitable primes p, of A, has an odd number of self reciprocal irreducible factors.
We start with a prime number p dividing (¢ 4 1)?/4 and consider the polynomial

(M AL(1) = Da() (mod p) = [T @50 [ ] ®f (=)
dla+2 8la
d#1 §#1

Notice that since ged(p,a) =gcd(p,a + 2) =ged(a,a +2) = 1 all the irreducible
factors of the polynomials CTDZ and 55 in F,[f] appearing in (7) have multiplicity one
and are all distinct. Since cyclotomic polynomials are self reciprocal, if A, satisfies
the Fox—Milnor condition, it follows that every cyclotomic polynomial in (7) has an
even number of irreducible factors. It is well known that the number of irreducible
factors of 55 equals the quotient between ¢(d) and the order of p mod d, where ¢
is Euler’s totient function. Let us call this quotient N ; . It follows that if A, has a
Fox—Milnor factorization, then for every p dividing (a + 1)?/4 and every d|a + 2,
d # 1, and every §|a, 6 # 1, the numbers N ; and NV 8” are even. The rest of the proof
will consist of suitable choices of p and a that force N ; or N 8” to be odd.

Let us consider the odd parameter ¢ modulo 12. If a = 3,7 (mod 12), then 3 divides
either @ or @ + 2 and (a + 1)?/4 is even. We obtain N32 = 1. Moreover, if a =
9 (mod 12) then 3 divides a and we choose p dividing (a + 1)?/4 such that p =
2 (mod 3). This choice is always possible since under these assumptions (a + 1)?/4 =
(6n+5)%, neN and 61+ 5 =2 (mod 3). Again in this case we obtain N3p =1.1t
follows that for @ = 3,7,9 (mod 12) the polynomial A, does not have a Fox—Milnor
factorization.

We can push the same argument further to study the cases ¢ =1, 11 (mod 12) with less
success. If @ = 12n+11 for some n then (a+1)?/4 is even and we choose p =2. The
difficulty comes in the choice of d, since in this case there is not a common divisor for
all @ or a4+ 2. Adding the hypothesis n = 1,2 (mod 5) we obtain that d = 5 divides a
or a+2 and N52 = 1. Similarly, if a = 12n 4+ 1 and n = 1,2 (mod 5) then again
d =5 divides either @ or a +2. We choose a prime p dividing (¢4 1)?/4 = (6n+1)2
such that p = 2,3 (mod 5). This choice is always possible since under the current
assumptions 6n + 1 = 2,3 (mod 5). In this case it follows that NV, ff’ = 1. Summing
up we have shown that for ¢ = 13,23,25, 35 (mod 60) the polynomial A, does not
factor as 19%¢/ £(¢) £+ ).

The last case we shall study is a = 12n + 5. This case requires a different argument.
We shall prove that in this case the polynomial ¢2 + ¢ + 1 is a reducible factor of the
mod 2 reduction of A, and it has multiplicity 1. Instead of working with the previ-
ous normalization of the Alexander polynomial we shall use the Laurent polynomial
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t~degAa/2 A, which we will keep calling A, to ease the notation. The irreducible
factor we shall be looking at is then # + 1 +¢~!. It is not difficult to check that we
have the following identities:

A=+ + 1413 +17,

6
Alynys(®) =AYy 1asO + Z(z‘z("—1)+5+21 4 (120D +5420))
i=1

Since these polynomials verify, in [F,,

P4+ +14+t3 4+ =+ 1+ DY+ + 22+ 14724173 41074,

6 2
Z(tx+2i 4 t—(x+2i)) =41+ t—l)(z(tx—f-ll—i I t—(x-i—ll—i))
i=1 i=0 2
+ (Z(Zx+5_i + t—(x+5—i))
i=0

an easy induction argument shows that # + 1 +¢~! is an irreducible factor of 5%2 nts
for all n € N. However (1 + 1 +¢71)2 =% +1+¢2 (mod 2) is never a factor of
A%z nts: Indeed, one can easily check that t2 + 1+ ¢~2 does not divide Ag, but on
the other hand we have

6
Z(tx+2i+t—(x+2i))=(12+1+l—2)([x+10+tx+4+l—(x+4)+l—(x+10)).
i=1

Again and easy induction argument yields the claim and the theorem is proved. a

Remark 4.7 The first knot in the family P, that is not covered by Theorem 4.5 is
Py = P(11,—13,—72). However it is immediate to check that in this case N 121 =1
and therefore Pp; is not slice. It is frustrating to accept the fact that for every single
knot we have checked we have found an argument to determine its nonsliceness but
that all attempts to generalize the proof to the whole family have miserably failed.

5 The general case: First obstructions to sliceness

We start now the study of slice pretzel knots with one even parameter in full generality.
A necessary condition for a pretzel knot K := P(py,..., py) to be slice is that the
intersection lattice associated to its canonical negative plumbing graph (Z™, Q)
admits an embedding into the standard diagonal negative lattice of the same rank. This
follows, as explained in the introduction, from the fact that if K is slice, the associated
Seifert space Y smoothly bounds a rational homology ball. As remarked in Section 3
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up to considering mirror images we can suppose that Y 7_, 1/p; > 0 and thus the
canonical negative plumbing graph W exists. Moreover, K being slice implies that the
invariant ¢ (K) vanishes. In this section, imposing these two conditions, the existence
of the embedding and the vanishing of the knot signature, we get important information
on pi,..., pn and on the embedding

(Z™, Qy) — (Z™,—14d).

The conclusions differ depending on whether the parameters satisfy the conditions
(p1), (p2) or (p3) defined in Section 3. In fact, the existence of the embedding and
the condition o (K) = 0 totally determine Y for the families (p1) and (p2) and they
determine Y up to one parameter for the family (p3).

Given W, we are interested in whether an embedding into the standard negative lattice
exists. With the notation established in Section 3 in the following lemma we prove that,
up to a change of basis, the images under the embedding of the (—2)—chains and of
the central vertex are totally determined.

Lemma 5.1 LetY :=Y(ay,...,as;c1,...,c;) be a Seifert manifold which is the
boundary of a negative definite canonical plumbing My, whose associated intersection
lattice (Z™, Q) admits an embedding into (Z™,—1d). Moreover, suppose that the
associated pretzel link is a knot. Then, up to a change of basis, we have the following.

(1) Forevery k € {1,...,t}, the image of the vertices vy k, ..., V¢, —1k of the

k k

(—=2)—chain Cy is v = e —e foreveryi € {1,...,cy — 1}. In particular,

i+1°
Uc, NUc, =@ forevery k£ €{1,...,t} withk # (.
(2) The central vertex satisfies vy = —e} —ef — —ei, with ell‘ defined in (1).
B3) s=t—1.

Proof We start by proving (1) using the same argument as in [12]. The only linear
combinations of the {e{‘ }i.x which yield vectors of square —2 are of the form j:ell‘ j:e]‘.Z .
Since vy  has square —2, up to reindexing the basis of Z" and up to scaling by —1, we
must have vy ; = ellC - e’z‘. If ¢j > 2, then there exists v;  , which has also square —2,
and since vy vy x = 1, one of the vectors appearing in v, ; must be either —e’f or e’z‘ .
Thus, again up to reindexing and rescaling, we are forced to define v, 4 = e’z‘ — e’?f. So
far we have proved (1) for ¢, =2 or ¢, = 3. In the proof of [12, Lemma 3.1] it is
explained how to proceed by induction to show that (up to a change of basis) we are
forced to make the assignment v; j = el{‘ — elk_H forall i € {1,...,c; — 1}, provided

¢ > 5. Therefore, we are left with the case c; = 4. It is easy to check that this time
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there is a second possibility for the embedding of the (—2)—chain Cj, namely

k k
Vi k=€) —e,,
k k
Uy g = €5 —ey,
k k
V3 = —e] —e;.

However, since vy -vo = 1 we must have {e’f , eé‘ yNU,, # @, which is not compatible
with vg - vz, = 0.

In order to complete the proof of (1) suppose by contradiction that for two different
indices k, £ € {1,...,1} there exist i, j and eg such that eg € Uy, , N Uy, ,. Since
Vik - Vj¢ = 0, there must exist some other basis vector, say e, in Uy, , N Uy, ,
and since v;x - Vix = Vj ¢ - vj¢ = —2, we have Uy, = Uy; , = {eg,e5}. By
assumption P(ay,...,ds,¢1,...,¢) is a knot, which implies in particular that at
most one parameter among ¢y, ..., ¢y is equal to 2 and therefore, at least one of the
chains Cy and Cy has length strictly greater than one; say it is C. It follows from
the above arguments that exactly one basis vector between e} and e;, belongs to
either Uy,_, , or Uy, , . Let us fix, without loss of generality, that ef € Uy, ,;
then we have that v; x -v; ¢ # 0. This contradiction proves (1).

Next, all the (—2)—chains Cq, ..., C; are connected to the central vertex and therefore
|Uvo NUc, | = 1 for every k. Since there are exactly ¢ (—2)—chains and the weight of
the central vertex is —, we have |Uy, NUc, | =1 for every k. Hence, up to reindexing
and scaling by —1, we have that for every k € {1, ..., ¢} the vector —e’f is a summand
in the expression of vg. Thus, (2) is proved.

We are left with (3), which follows from a straightforward computation. In fact,
from (1) we know that for each k € {1, ...,¢}, the image of the chain Cy, is contained
in the span of ¢ vectors of the basis {elk}i,k- Moreover, for every k,f € {1,...,t},
k # £, the images of Cy and C; are disjoint. Therefore, the rank of the image of the
embedding, which in the statement is called 7, must be at least equal to ch:l Ck -
On the other hand, since W the canonical negative plumbing graph, we know that

t
m:s+1+Z(ck—1).
k=1

Hence, s > ¢ —1 and (3) holds. a

Once established in Lemma 5.1 the convention on the embedding of the (—2)—chains
and the central vertex, we study in Lemmas 5.3, 5.4 and 5.5 the embedding of the
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whole lattice associated to W. In the three lemmas we will assume the following slice
conditions:

SC) n=s+t=3,Y:=Y(ay,...,as;c1,...,cr) is a Seifert manifold, boundary
of a negative definite canonical plumbing My, whose associated intersection lattice
(Z™, Q) admits an embedding into (Z™,—1d) and 6(Py) = 0, where Py is the
associated pretzel knot.

Remark 5.2 Notice that, with the notation that we have fixed for Seifert spaces, the

condition (p1) reads s + ¢ even and among aq,...,ds,cq,...,Cs there is exactly one
even integer; the condition (p2) asks s +¢ odd and all a;,...,as,c1,...,c; odd except
for one ¢;; finally, (p3) forces s +¢ odd and all a;,...,as,cq,...,c: odd except for
one a;.

Lemma 5.3 Assume (SC) and that aq, . ..,as,cq,...,c; satisty (pl). Then s = ¢,
Y =Y(—cy1,—ca,...,—Ct —1l;¢1,...,C1)

and the embedding into the diagonal standard negative lattice is, up to a change of basis,
the one in Figure 8.

Proof The homology Wu class w, depicted in Figure 4, is w = Y _;_; v; and hence
w-v; =a; forall i €{l,...,s}. The assumption o(Py) = 0 together with the fact
that My is negative definite imply, by (4), that w - w = —m. Since the determinant
of Qg is odd, we can consider the equation (3) defining w in (Z"™, Q) in the lattice
(Zz™,—1d) via t:

—1d(¢(w), x) = —1Id(x, x) (mod2) forall x € Hy(X:;Z),
where X is the smooth closed 4—manifold obtained glueing My to a rational homology
ball. Taking as x in the above formula each of the basis vectors ek, we see that the

embedding of w into (Z™, —1Id) must be of the form w =) . ik ﬁk ek with all ,Bk
odd. Since w-w = —m we conclude that ,Bk e {*1}.

Let us write the embedding of the v; as v; = Z K x( )/ i where x(i)j.‘ € Z. The
equation w - v; = v; - v; implies

=Y Bl == (x()H).
j.k Jj.k

Thus, ﬂk x(z)k € {0, 1} and for every i, the vector v; is a linear combination of exactly
lai| vectors of the basis {e 3.k with coefficients £1. Moreover, since for every 7, j e
{1,...,s} withi # j, we have v;-vj =0 from the equality w =) ;_; v; = ik ,3
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Figure 8: Up to a change of basis the embedding of the canonical negative
plumbing graph for the family (p1): the basis of Z™ is {e?, ej’-‘ }, where
ke{l,...,t}and j €{l,...,cx}.

we deduce easily that Uy, N Uy; = @. Furthermore, it follows that for each (—2)-
chain Cy, k €{1,...,t}, there must exist one and only one i (k) € {1, ..., s} such that
Uiy N Uc,, # . Notice that we do not yet exclude the possibility i (k) = i (k') for
k #k'. Since Cy is orthogonal to v;(), it follows that Uc, € U, ), which implies
in particular that ¢; < |a;()| for every k.

Consider the set A :={v; Cw | Uy, NUc, = @ for all k}. Observe that s < [A[+ 1.
By Lemma 5.1(1), it holds that

t
Uw\al = ) e
k=1
and therefore, since Uy, N U,; = & for every v;,v; Cw, i # j, we have

t

t t
|UA|§m—ch=s+1+Z(0k—l)—ch=s+1—t.
k=1 k=1 k=1

Since, for every i,£ € {1,...,s} with i # £ it holds a; < -2, Uy, N U,, = & and
|x (i )5‘| <1 for every j,k, it follows that the embedding in the statement is possible
only if 2|A| < |Ua|. Hence, only if s <¢ + 1. On the other hand, the embedding
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of the (—2)—chains requires, by Lemma 5.1(3), that s > ¢ — 1. Since, by assumption
(p1), we have n = s + ¢t = 0 (mod 2) it follows that s = ¢. Furthermore, this last
equality implies that A = @ and that for each i € {1, ..., s}, there exists at most one
ke{l,...,t} such that Uy, NUc, # <. In fact, assume by contradiction that there
exist i, k, k', with k # k', such that Uc,uc,, S Uy, ; then |[A| > s —¢ + 1 and the
inequality 2|A| < |Ua| gives s <t — 1. This contradiction shows that if k # k', then
i(k) #i(k’) and also that s € {z,7 + 1}. From now on, we assume without loss of

generality that i (k) = k for every k.

Equality s = ¢ forces

t t
1+ cp =m=—sign(Qy) =—0(Py)—w-w = lag].
Since ¢ < |aj|, we must have ¢; = |ay| for all parameters except one. Without
loss of generality we fix that a; = —c¢j for k € {1,...,t — 1} and a; = —c; — 1.
Notice that, by assumption (p1), either a; or c; is the only even parameter among
ay,...,das, cq,...,ct. At this point, after fixing the embedding of the (—2)—chains
and the central vertex applying Lemma 5.1, it is straightforward to check that the
embedding is as claimed. |

Lemma 5.4 Assume (SC) and that a4, . ..,as,cq,...,c: satisty (p2). Then s =t —1,
Y=Y(—cy,...,—Cr—1:C1,...,Ct)

and the embedding into the diagonal negative lattice is, up to a change of basis, the one
in Figure 9.

Proof By assumption, the parameters defining Y verify (p2) and therefore there is
exactly one even parameter and moreover, it is positive. Without loss of generality, we
fix it to be ¢;. The homology Wu class w, depicted in Figure 4, is

N
W=Vt V3t F V-1, + Zvi,
i=1
where v; is the vertex in the graph W with weight ¢; and vy, € C; forall j €

{(1,....¢/2).

From the assumptions o (Py) = 0 and the existence of an embedding of the intersection

lattice associated to W into the standard negative diagonal lattice of rank m1, it follows,

exactly as in the proof of Lemma 5.3, that for every i, € {1, ..., s} with i # £, the
k

vector v; is the linear combination of exactly |a;| vectors from the basis ej with

Algebraic & Geometric Topology, Volume 15 (2015)



On the slice-ribbon conjecture for pretzel knots 2159
1 2 t 1 1

_el_el_..._el e

1,1 1 1,1
eptey+-teg

24,2 2
ef eyt teg,

.............. 7—. 5
ecz—l —¢c,

(=2 =2 . 12
e AR T RTE O

t—1 I t—1
AT e el

\@> ¢y =0 (mod 2)
t t

Figure 9: Up to a change of basis the embedding of the canonical negative
plumbing graph for the family (p2), where ¢; > 0 is the only even parameter:
the basis of Z™ being {e]’-‘} where k € {1,...,t} and j €{l,...,c}.

coefficients =1 and that U,;, NU,, = &. Since w = Zj,k ﬂ]].‘e]/.‘, where ,BJ’.C e{xl1},it
follows that Uc, NU,, = @ for every i . Moreover, we deduce that for each (—2)—chain
Ci, ke{l,...,t—1}, there must exist one and only one i (k) € {1,...,s} such that
Uiy N Uc,, # . Notice that we do not yet exclude the possibility i (k) = i (k') for
k #k'. Since Cy is orthogonal to v;(), it follows that Uc, € U, ), which implies
in particular that ¢; < |a;)| for every k € {1,...,1—1}.

Following the proof of Lemma 5.3, define A :={v; Cw | Uy, NUc, = @ forall k €
{1,...,t—1}}. Observe that this time we have |A|>s—¢+1. Arguing as in Lemma 5.3
we obtain the condition 2|A| < |U|, which gives s <t — 1. On the other hand, the
embedding of the (—2)—chains requires, by Lemma 5.1(3), that s > ¢ — 1. Moreover,
s =t —1 implies that for every i € {1, .., s}, there exists at most one k € {1,...,t—1}
such that Uy, N Uc,, # @ (hence A = @). Indeed, if this were not the case, then
|A| > s—1t+2 and the inequality 2|A| < |Ua| would lead to the contradiction s <7—3.
Therefore, from now on, we assume without loss of generality that i (k) = k for every
ke{l,...,t—1}.

We have the following equalities:

t—1 t—1

1—1
(8) ch—l—ct=m:—o(P\p)—w-w=—Zak+c,=Zlak|+c,.
k=1 = k=1 k=1
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Recall that, for every k € {1,...,t—1}, it holds ¢ < |ag|. Then, (8) forces ¢ = |a]
for every k € {1,...,t— 1}, while ¢, the only even parameter, has no constraints. In
this way we have proved the relationship among the parameters aq,...,d;—1,¢1,...,Ct
claimed in the statement. The embedding of the (—2)—chains and of the central vertex
follows from Lemma 5.1 and at this point it is immediate to check that the rest of the
embedding must be as suggested in Figure 9. a

Lemma 5.5 Assume (SC) and that aq, .. .,as,cq,...,c; satisty (p3). Then s =1 + 1
and
Y =Y(—c; - (c1 —)»)2, —Cc1—2,—C2y.v.,—Ct;Clye ., Ct)

for some A € Z. Moreover, the embedding into the diagonal negative lattice is, up to a
basis change, the one in Figure 10.

—el —el—-—¢! €ei—1 €
e}+e%+---+egl—ke‘l)—(cl—k)e‘2) el —el /.
el +ey+---tep +e) +e)
2,2 2~ >N\ _— e
e tey+--teg, 2-'- eT.—ez
cr—1 co
R p—s
¢ —¢6 .
eé[—] _Cé[
Figure 10: Up to a change of basis the embedding of a plumbing graph in the
family (p3): the basis of Z™ is {e?,eg,e]’.‘} where k € {1,...,t} and j €
{1, ey Ck}.
Proof By assumption (p3), among ay,...,ds,c1,...,c; there is exactly one even

parameter and this parameter is negative. Without loss of generality we fix it to be a; .
The homology Wu class w, depicted in Figure 4, is w = Z§=2 ;.

We start with the same argument of Lemma 5.3. From the assumptions ¢ (Pyg) = 0
and the existence of an embedding of the intersection lattice associated to W into the
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standard negative diagonal lattice of rank m, it follows that for every i,£ € {2, ..., s}
with i # £, v; is the linear combination of exactly |a;| vectors from the basis eJ’? with
coefficients &1 and that Uy, N Uy, = &.

Next, by Lemma 5.1(3) the embedding of the (—2)—chains is possible only if s >¢—1.
On the other hand, being W the canonical negative plumbing graph, it holds vy-vy = —¢.
This implies, since for every i, j € {2,...,s} with i # j we have v; -v9 = 1 and
Uy, NUy; =, that s —1 <¢. Hence, s € {t —1,¢,t 4+ 1}. Moreover, by assumption
(p3), we know s +¢ =1 (mod 2), which forces s € {t — 1,¢ + 1}.

We assume first s = ¢ — 1. In this case the Wu-set of W consists of the # — 2 vertices
vy, ..., Vs—1. These vertices are connected to the central vertex, which has weight —¢.
Recall that for every i, j €{2,...,t— 1} with i # j, we have Uy, N U,; = & and
that m = |Uy,|. It follows that either

(1) there exist two different indices 7, j € {2,...,¢ — 1} such that |U,;, N Uy,| =
|Uv] N UU()l - 2, or

(2) there exists exactly one i € {2,...,t— 1} such that |Uy,, N Uy,| = 3.

We will show that both (1) and (2) lead to contradiction. In fact, if (1) holds, call ef‘ , ef

the two basis vectors in Uy, N Uy, . Then, the equalities |e£‘-vj| = |ef-v0| = |e£-vj| =
|ef -vp| =1 are incompatible with v; -vg = 1. Suppose now that (2) holds and consider
the vertex vq. Since vy -vg =1, there exists h€{2,...,t—1} and k € {1,...,¢} such

that U,, N Uc, N Uy, # @. Moreover, Since v; and vy are orthogonal to Cy, we
have that Uc, € Uy, N Uy, . The index & must be the index 7 in the statement of (2);
otherwise we would have Uy, = Uc, , which leads vj, - vy # 0. At this point, there are
two possibilities.

o |Uy, NUy, NUyy| = 2: in this case there are two (—2)—chains, say Cj and
Cy¢, such that UCkUUCe C Uy, . Since vy -vg =1 and v; is orthogonal to Cy
and Cy, there must exist some A € Z such that

vi =—hef —-—dek + A+ Def+--+ A+ Def,.

where we use the convention fixed in Lemma 5.1 for the embedding of the (—2)-
chains. Since by assumption the parameters ay,...,d;—1;¢1, ..., satisfy (p3),
we have that a; is even and cg, ¢; are odd. However, v;-v; = —A%cy—(A+1)2cy,
which is in contradiction with a; being even.

o Uy, NUy, NUy,| = 3: this time we have three (—2)—chains, say Cy, Cy and Cp,
such that

vi =Aef +- Ak +pel +-+ pel, +8el +--+8el
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for some A, p,§ € Z. Since a; is even and ¢, ¢y and ¢, are odd, there are two
possibilities for the coefficients A, p and §: the three of them are even or two of
them are odd and one is even. In both cases we have vy -vg=A+p+8§ # 1.

After this final contradiction we conclude that, under the assumptions of the statement,
it is not possible to have s =¢ — 1.

We are only left with analyzing the case s = ¢+ 1. Since m = |Uy,| and since for every
i,j €{2,....t +1} with i # j, we have Uy, N Uy, = &, we deduce that for each
(—2)—chain Ci, k €{l1,...,t}, there must exist one and only one i (k) € {2,...,s}
such that Uy, N Uc, # @. Moreover, since there are ¢ vertices in the Wu-set and
the central vertex has weight —¢, it also holds that if i (k) =i (k’), then k = k’. We
fix, without loss of generality, that i (k) = k + 1 for every k € {1,...,¢}. Since Cy
is orthogonal to v, it follows that Uc, < Uy, ,, which implies in particular that
¢k =< lag+1| forevery k.

The assumption s =7 4 1 and Lemma 5.1(1) imply that

t t t
m=s+1+Y (—D=2+ =2+ |Ugl
k=1 k=1 k=1

Therefore, since m = |Uy|, there are exactly two basis vectors, say e? and e(z),
such that e?,eg € Uy and for every k € {1,...,¢} we have e(l),e‘z) ¢ Uc, . Since
w= Z;ZZ v = Zj,e ,Bffef with ,Bf €{x1} and ay,...,a;41;¢1,...,Ct are odd, we
necessarily have that there exists one vector, say vy, such that ¢?, ¢J € U,,. Note that
this implies that for every i € {3,...,¢ 4+ 1}, we have a; = —c;—; . At this point, using
Lemma 5.1 to fix the embedding of the (—2)—chains and the central vertex, it follows
that the embedding of vg, v3,...,vs41,Cq, ..., C; is as claimed in Figure 10.

In order to conclude, we must determine the embedding of v; and v,. Since v, C w and
{e?, eg} U Uc, = Uy, it follows that, up to the sign of e? and eg, we have v, = ell +
ctel t+ e(l) + eg . The vector vy, which is the only one with even square, is connected
to the central vertex, and since it is orthogonal to all the other vertices, we necessarily
have Uc, € Uy, and Uy, NU,, = @ forevery i € {3,...,t+ 1}. Since vy v, =0
we deduce that there exist A € Z such that v = e% +o ecl1 — ke? —(c1— k)eg. O

6 Remaining cases

Lemmas 5.3 and 5.4 proved in the last section imply Theorem 1.1 for pretzel knots in
the families (p1) and (p2). The “only” thing left now is to understand what happens
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with the Seifert spaces from Lemma 5.5. In this section we introduce the correction
terms from Heegaard—Floer homology and explain how to use them in combination with
Donaldson’s theorem to get further obstructions to sliceness. This enhanced obstruction
suffices to reduce the candidates to Seifert spaces bounding rational homology balls in
Lemma 5.5 to the double branched covers of the knots studied in Section 4.

6.1 Correction terms from Heegaard—Floer homology

Ozsviath and Szabd, using techniques from Heegaard—Floer homology, showed that
if Y is a rational homology sphere bounding a rational homology ball W, then, for
each Spin‘—structure s on Y which extends over W, the so-called correction term
d(Y,s) vanishes. Details can be found in [25]. We summarize here, following [12], a
particular way of using this information as an obstruction for a Seifert space to bound
a rational homology ball.

We denote by Spin®(W) the set of Spin® structures on the manifold W. This set
admits a free transitive action of the group H?(W;Z) and the following diagram,
where the horizontal arrows give the action, r is the restriction and i * is induced by
the inclusion, commutes:

H?*(W;Z) x Spin® (W) —— Spin® (W)

(i*,r)l Lr

H?*(Y:;7Z) x Spin‘(Y) — Spin“(Y)

After fixing a reference Spin® structure on W, say s,, we are able to identify H?(W;Z)
with Spin®(W) as Spin®(W) = s, + H?*(W; Z) and analogously Spin°(Y) = r(s,) +
H?(Y ;7). Therefore, it follows from the above diagram and Ozsvith and Szab6’s
result that if ¥ bounds a rational homology ball W then for every s € r(Spin©(W)) €
Spin‘(Y) the correction term d(Y,s) vanishes and we can identify r(Spin©(W))
with 7(s,) 4+ i*(H?*(W;Z)). We shall denote by V the subgroup i *(H?*(W;Z))
H*(Y:7Z).

Remark 6.1 Notice that the group V' defined above coincides with the group V in
Theorem 4.1. There is in fact a striking formal similarity between the Casson—-Gordon
invariants and the d—invariants of a 3—manifold. Nevertheless these two invariants
detect different phenomena. For example we shall see in the next subsection that the
correction terms do not obstruct the existence of a rational homology ball bounded by
Y(a,—a—2,—a— (a® +9)/2) while the Casson-Gordon invariants do obstruct (cf
Section 4.1 and Remark 4.4).
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Given a slice knot K C S*, the 2—fold cover of D* branched over a slicing disc D
of K is arational homology ball Wp [5, Lemma 2]. Hence, we can specialize the above
discussion to Wp and Y = dWp, which is the 2—fold cover of S> branched over K.
In the case K is a Montesinos knot, let I be its associated plumbing graph with m
vertices, and let us further assume that the associated incidence matrix Qr is negative
definite. Let us call ¥ = Y1 = dMT the boundary of the plumbing 4-manifold Mt
associated to I".

The manifold Mt Uy, (—Wp) is a closed, oriented, negative definite, 4—manifold
and hence, by Donaldson’s theorem, there exists a basis e, ..., e, of H 2 (Mr Uy
(—=Wbp); Z) with respect to which the intersection pairing is represented by — Id.
Let Xq,...,%, € Hy(Mr;Z) be a basis determined by the m 2-handles of M
and let Dy,..., Dy, € Hy(Mr, YT;7Z) be a dual basis determined by their cocores.
With these choices of bases, the map n: Hy(Mrt;7Z) — Hy(Mr, Yr;Z) is repre-
sented by the incidence matrix Qr of the graph I'. The application in cohomology,
y: H*(Mr,Yr:Z) — H?*(Mr;Z), is again represented by the matrix Ot , when we
consider in H? (M, Yr;Z) the basis ¥, .. Z* of the Poincaré duals of the %;
and in H*>(Mr;Z) the basis S S ofthe Hom-duals of the ;: %; (%j)=46ij.

The long exact sequence in cohomology of the pair (Mr, Yr),

0 —— H*(Myp,Yr;Z) — H2(MF,Z)—>H2(YF 7Z) ——0
©) [ I I
7m 7m Zm/Qrzm’
allows us to identify H?(Yr;Z) with the cokernel of Qr via §. Therefore, we can

further identify Spin®(Y) = r(so) + coker Qr. Using some algebraic topology one
can obtain [12, Theorem 3.4], which in our notation states:

Theorem 6.2 (Greene, Jabuka) Let K, Wp, Yr, Mr, Or be as above. Then,
with the above fixed bases, H*(Mr Uy, (—Wp);Z) — H?*(Mr;Z) has a matrix
representative A, which leads to a factorization Qr = —AA"'. Moreover, § in (9)
induces an isomorphism

(im A)/(im Q) = i *(H*(Wp: Z)) € H*(Y1; Z) .
N —— e’

coker Q1

From the above discussion we know that d (YT, s) = 0 for every s = r(s,) + v, where
veV =i*(H*(Wp:Z)). Therefore, we must have at least |V | Spin‘—structures
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on Yt for which the invariant d vanishes. By Theorem 6.2 we can calculate |V| as

(10) V| =|(imA)/(im Q)| = [(AZ™)/(—AA'Z™)]
=|Z"/(—A'Z™)| = |det A|.

For 3-manifolds Y obtained as boundaries of 4—dimensional plumbings specified
by certain graphs, Ozsvéith and Szabé give in [25] an explicit formula to calculate
d(Y,s). The class of graphs that they consider includes all star-shaped graphs I" such
that Qr is negative definite. In order to state the formula we need to introduce some
definitions and notation. With the above fixed basis, a covector v € H?(Mr; Z) is called
characteristic for Qr if it is congruent modulo 2 to the vector (Qr,,,..., Or,,,)>
whose coordinates in the basis f]l, e f]m are the elements in the diagonal of Qr.
We will denote by Char(Qr) € H?(Mr;Z) the set of all characteristic covectors
for Qr. Given a cohomology class v € H?(Mr:Z) we will write [v] to denote its
equivalence class in coker Qr . For a given s € Spin®(Yr) we define the set

Chars(Qr) := {v € Char(Qr) | s = r(so) + [v]}-

With these conventions and definitions in place, we are ready to state the formula we
use for computing correction terms (see [25, Corollary 1.5]):

viOslv 4 |T
(11) d(Yr,s)=  max QF—H.
v€EChar, (Qr) 4

We already know that for every s € r(sg) + V' we have d(YT,s) = 0. Nevertheless,
let us compute d(¥T,5s) for s € r(s¢) + V with equality (11). Greene and Jabuka’s
result, Theorem 6.2, shows V = (im 4)/(im Qr), so we consider a cohomology class
v = Ax € H>(Mr;Z). In this case, the term v’ QFIU from (11) simplifies to

v OF!y = —xTA (44 Ax = —x" AT (AT AT Ax = —|x 2,
and therefore

el2
(12) d(YT,s) = max M
Ax€eChars(Qr) 4

where m is the number of vertices in I'. The requirement that v = Ax be characteristic
can be expressed as a condition on x itself. In fact, by definition v = ) ;- visi
is characteristic if and only if v; = Qr;; (mod 2) for all i. Since, by Theorem 6.2,
Or = —AA", we have that v = Ax is characteristic if and only if

m m m
(13) ZAi,-xj = ZA,.Zj (mod 2) = ZA,-,- (mod2) foralli=1,...,m.
j=1 i=1 j=1
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Since det(Qr) is the determinant of the knot K, it follows that det(A4) is odd and
therefore the matrix A is invertible (mod 2). Hence, the vector x (mod 2) is uniquely
determined by equivalence (13). At the same time, it is clear that taking x; =1 (mod 2)
for all i, the equivalences in (13) are satisfied, so it must be the unique solution. Now,
since d(YT,s) = 0, equation (12) forces x; € {£1} for all i € {1,...,m}. Notice
that there are 2™ such vectors v = Ax in im A, while the number |V | of equivalence
classes of these vectors [v] in V = (im A)/(im Qr) might be significantly smaller.

In the next subsection we shall compute, for the Seifert spaces in Lemma 5.5, an upper
bound N on the number of Spin® structures with vanishing correction terms. The
above arguments imply that the inequality |V| < N must hold, which will give further
constraints on the invariants defining Seifert spaces in family (p3) that bound rational
homology balls.

6.2 Further study of family (p3)

Lemma 6.3 Let a = A+ p > 1 be an odd integer, A, p € 7Z with A, p > 0. If the
Seifert space Y = Y (—a —A? — p?, —a —2; a) bounds a rational homology ball, then
either Y =Y (—a—(a* +1)/2,—a—2;a) or Y =Y (—a— (a* +9)/2,—a—2;a).

Proof Since Y is the boundary of a rational homology ball, the intersection lattice of
its associated canonical negative plumbing graph W, which is easily seen to be negative,
admits an embedding into (Z™, —1d), where m = a + 2. Let us label the vertices in ¥
as follows: let vy,...,v,—1 be the vertices in the (—2)—chain corresponding to the
parameter a, where v; is connected to the central vertex; let v, be the central vertex;
let v,41 be the vertex with weight —a —2 and finally let v, , be the remaining vertex.
The 2-handles represented by the vertices {vy, ..., vg42} form a basis of H,(My;Z).
With respect to this basis, the incidence matrix of the graph Qy is the matrix of the
intersection pairing on My . Since Y satisfies the assumptions of Lemma 5.5 we know
explicitly the factorization Qg = —AA":

(1 0 0 —-11 1
-1 1 0 0 1
0 —1 . R B |
A= | RN
0 0 1 01 1
0 0 -1 0 1 1
0 0 ...... 0 0 1 —A
0 0 ...... 0 0 1 —p)
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By assumption, there exists a rational homology ball W such that ¥ = W . With
the notation and conventions fixed in Section 6.1, we have that every s € Spin®(Y’)
which extends to W is of the form r(sg) + v, where v € V C H?(Y;Z). Greene and
Jabuka’s result, Theorem 6.2, states that V' =~ (im A)/(im Q) and by (10) we have

|V |=|det A| = /|det Q\p|
1
\/‘ — 2 pz)a(—a—2)(—a—k2—p2) =|A—pl.

—a—k2

Notice that we have used equality (1) to calculate |det Q.

From the discussion in Section 6.1 we know that, for every cohomology class v = Ax €
im A for which s = r(s¢) + v satisfies d(Y,s) =0, it holds that x = (x1, ..., xs) has
coordinates x; € {1} for all ;. While there are 2 such v = Ax in im 4, there are
significantly fewer equivalence classes of such vectors [v] in V = (im A)/(im Q). In
fact, observe that any two cohomology classes, v = Ax and v/ = Ax’, satisfy [v] =[]
if and only if there exists some y such that A(x —x’) = —AA"y. Namely, if and only
if x —x’ €im A’. The first @ + 1 columns coly, ..., col,; of A’ generate the kernel
of £: 7™ — 7., where £(Xx1,...,Xq42) = Xq+1 — Xq+2. In fact, since £(col;) =0
fori =1,...,a+ 1 we have span(coly,...,col,1+1) € ker£. On the other hand, for
every ¥ = (¥1,-.-, Va+2) € kerd, ys41 = ya+2 and since the determinant of the
leading principal minor of A’ is —1, it follows that span(coly, ..., colg41) = ker £.
Therefore, ker £ C im A’ and hence, if £(x) = £(x’) then [v] = [v']. The functional ¢,
when restricted to the set {x € Z%t2 | x; € {£1}}, only takes 3 different values.
Thus, d(Y,s) vanishes for at most 3 Spin® structures in r(so) + V. On the other
hand, we know that all the Spin® structures of the form s = r(s¢) + v, with v € V,
extend to W and therefore, they all have vanishing correction terms. We conclude that
|V| =|A—p| <3. Since a is odd we cannot have A = p + 2, and therefore A = p+ 1
or A = p+ 3. Taking into account that « = A 4 p and making the pertinent substitutions
we obtain the Seifert spaces in the statement. a

Corollary 6.4 Every Seifert space in Lemma 5.5 bounding a rational homology ball
is either of the form Y = Y (—c| — (C12 +1)/2,—c1 —2,—¢3,...,—Ct;C1,...,Ct) OF
Y=Y(—c;— (cl2 +9)/2,—c1—2,—Cay..,—CtC1y v, Ct).

Proof The Seifert spaces in Lemma 5.5 are of the form
Y =Y(—ci —A*—p2%, —c1 —2,—Cay .., —C11Cla e, Ct)

for some A, p € Z such that A + p = ¢q. Since Y is invariant under any change of
order of the parameters, it is the double cover of .S 3 branched over the pretzel knot

. 22
K := P(—cp,¢0,—C3,¢3,...,—Ct,Ct,—C1 — A — p°,—c1 —2,¢1).
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Adding to the projection of K the band shown in Figure 1 and performing a ribbon
move along it, we obtain the disjoint union of an unknot and the pretzel knot

. 2 2
Ky := P(—c3,¢3,...,—Cs,¢r,—C1 — A" —p°,—c1—2,¢1).

Therefore K ~ K,, where ~ stands for concordance equivalence. Since concordance
is an equivalence relation, we have K # -K ,~ Ky #—K > and hence K #—K 5 is slice.
It follows that its double branched cover, the 3—manifold Y # —Y5, is the boundary
of a rational homology ball, and therefore there exists a rational homology cobordism
between Y and

Yy :=Y(—c3,¢3,...,—Cr, 01, —C1 — A — p*,—c1 —2,¢1).

Obviously, we can repeat the same construction ¢ — 1 times showing that there exists a
rational homology cobordism between Y and the Seifert space with three exceptional
fibers Y (—c; — A% — p?, —c; —2,¢1). Among these spaces, by Lemma 6.3 the only
ones that possibly bound rational homology balls are of the form ¥ = Y (—c¢; — (cf +
1)/2,—c1—2;c1) and Y =Y (—cq — (cl2 +9)/2,—c1 —2;c1). a

Remark 6.5 The above corollary shows that the Seifert space
Y@y,....,ap,01,...,00,—01,...,—0),

where a;,aj € Z, bounds a rational homology ball if and only if Y (a;, ..., ax) does.

6.3 Proof of main theorem

In this last section we prove Theorem 1.1 putting together the conclusions of the
preceding sections. We shall give two nearly equivalent statements of our main result:
one regarding the sliceness of pretzel knots, as stated in the introduction, and another
one focusing on the Seifert spaces bounding rational homology balls. Notice that in
this second case our results are slightly weaker since we were able to determine, in
Section 4, that many of the knots in the family P(a, —a—2,—(a+1)?/2), a > 3 odd,
are not slice but this does not imply that the double branched covers do not bound
rational homology balls.

Proof of Theorem 1.1 Up to considering mirror images we can suppose that the
double branched cover of the slice knot K bounds a negative definite 4—manifold.
Since K isslice o (K) =0 and its double branched cover Y bounds a rational homology
ball. It follows that the slice condition (SC) from Section 5 are satisfied.

If K is of type (p1) or (p2) then the theorem is an immediate corollary of Lemmas 5.3
and 5.4, since the Seifert spaces determine the pretzel knots up to reordering of the
parameters.
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If K belongs to (p3) then its double branched cover Y is one of the Seifert spaces
in Corollary 6.4. If Y = Y(—cq — (cl2 +9)/2,—c1—2,—¢3,...,—Ct;C1,...,Ct) then
by Remarks 6.5 and 4.4 it does not bound a rational homology ball and therefore K
is not slice. Finally, if ¥ = Y (—c; — (012 +1)/2,—c1 —2,—Cpy .oy —CtiC1y v, Ct)
then it is the double branched cover of all pretzel knots with defining parameters
{—c1 —(cf +1)/2,—c1—2,—¢3,...,—Ct;C1, ..., Ct}. Since the Alexander polynomial
is invariant under mutation, all the different pretzel knots with the same set of parameters
have the same Alexander polynomial. By assumption K is slice and therefore its
Alexander polynomial has a Fox—Milnor factorization. It then follows that the Alexander
polynomial of any knot concordant to K also has a Fox—Milnor factorization. Since the

pretzel knot P(cq,—c; —2,—(c1 +1)?/2,¢2,—ca, ..., ct,—c;) is clearly concordant
to P(cy,—c; —2,—(cy 4+ 1)2/2) and by assumption {c;, —c; —2, —(c; + 1)?/2} € &,
by Theorem 4.5 we conclude that K is not slice. a

As far as Seifert spaces bounding rational homology balls are concerned we have the
following result which is just a rephrasing of Theorem 1.1.

Theorem 6.6 Consider a Seifert space of the form Y =Y (p1,..., py) withn >3, p;
even and p; odd fori =2,...,n. If'Y is the boundary of a rational homology ball,
then the set of parameters P = {p;, ..., pn} satisfies one of the following:

(1) n isevenand P can be written as {p1,—p1 £ 1,q41,—q1.....qn/2. —qnj2}-
(2) n isoddand P can be written as {p1,q1,—q1, .- -+ q4(n—1)/2> —9(n—1)/2} -

(3) n isodd and P can be written as

(a) {a’ —a— 29 _(a + 1)2/25 q91,—491,---, CI(n—3)/2, _fl(n—3)/2} or
() {—a.a+2,(a+1)?/2.91,—q1. ... q—3)/2- —q(n—3)/2} »

where a > 3 and |pi| = (a + 1)%/2.

Moreover, in the two first cases the rational homology ball exists.

Appendix

In this appendix we compute the Alexander polynomial of the pretzel knots
Py= P(a,—a—2,—(a+1)*/2),

where @ > 1 odd. To this end we shall heavily rely on Jabuka’s theorem [14, Theo-
rem 3.1] which gives in particular a symmetrized linking form £ + L* of the pretzel
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knots P, associated to the Seifert surfaces given in [14, Figure 2]. We shall use the
following notation, where A, is a square matrix of size n:

t—1 -1 -1 - —1 -1
t t—1 -1 -+ -1 -1
¢t t—1- -1 -1
Ap =
t t t r—1 —1
t t t t t—1

Theorem A.1 (Jabuka) The Alexander polynomial A, (t) of the knots in family P,
satisfies Ay4(t) = det ®,, where

—1 0
Ag+1 0 5
—1 0
1 0
@azﬁ—tﬁrz
0 —A, : :
1 0
t e t]—t - —t]0 —t
2
0 --- 0/l0 - 011 @(1_,))

Expanding the determinant of ®, by the last column we obtain

2
(1) Aa(t) = det O = 1 det Ay det Ag_; + @(1 — 1) det Ba,

where B, equals ®, with the last row and column removed. In the following two
lemmas we shall compute the determinants of A, and B, forall n € N.

n
Lemma A.2 We have det A, = Y (—1)"7/¢'.
i=0
Proof The statement is trivially true for 4. Let us suppose the lemma holds for
At,..., Ay—1 and we will show that it is then true for A, finishing the proof. After
subtracting the second row from the first in A4,, expand the determinant by the first
row to obtain
det A, = —det A, +tdetC,—q,

where the entries of the matrix C,, are defined as

(en)ii = {(Cn)ll =1,
Y (cn)ij = (an)ij for (i, j) # (1,1).
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Remark that the determinant of C,, satisfies det C,, = ¢ det C,,_; and thus detC,, = ¢".
We have then det A, = —det 4,—; + t", concluding the proof. a

Lemma A.3 We have det B, = t"t1 —¢".

Proof Subtracting row n + 1 to each of the preceding rows, and subtracting column
n + 1 to each of the preceding columns in By, changes the first diagonal block into a
matrix A;l i1 whose determinant coincides with that of 4,4 (since 4’ is obtained
from A by elementary row and column operations). An analogous row and column

operation changing the block —A4,_; into —A’ _, yield the matrix

0)

Ay 0 |

0

—1

B, = 0
0 -4, :

0

1

0 -~ 0¢/0 -+ 0—]0

Note that the described row and column operations have the property that for every
i <n+1 the matrix A4}, the submatrix formed by the elements in the first i rows
and columns of A/, 41 1s exactly A;. Indeed, the row operations change every entry
of 4; into (a;; —t) fori, j =1,...,n—1, while the first i entries in the last column
of A,4+1 become all equal to —¢. The following column operations, yielding A; 1
change the entries (a;; —t) to (a;j —t + t) and the claim follows. A completely
analogous argument shows that the relevant submatrices of —A),_, are actually equal
to the corresponding —A;. Taking all this into account we expand the determinant
of Bj, by the last column to obtain

det B, = —(—tdet A,y det(—A,—,) £tdetCy)
+ (=D"PL((=1)""'t det A, det(—Ap—1) —t det Cy),

where C; and C, are easily seen to have vanishing determinant. By the proof of
Lemma A.2 it then follows that

det B, = (—1)"t(det 4,41 det A,,_, —det A, det 4,,_1)
= (=D ("' —det A,) det A,_, —det A, (t" ! —det A,,_,))
= (=D""(t* det Ay_p —det A,) = (=D (-t —1)) =" =", O
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Notice that for n even we have det 4, = (1"*1 + 1)/(¢t + 1). Substituting in the
expression (1) the results of the last two lemmas we obtain, since a is odd,

2410941 (a+1)?

= a—1., _ 1)2
Aat) = t+1 t+1 P (=1
_ _ _ _(a+1)2 a—1l/ 132
= [T ®a=0) [T ®s(-0) = =" =12,
dla+2 8la
d#1 8#1

where ®,, stands for the n'" cyclotomic polynomial.

References
[11 O Ahmadi, G Vega, On the parity of the number of irreducible factors of self-reciprocal
polynomials over finite fields, Finite Fields Appl. 14 (2008) 124-131 MR2381481

[2] RE Bedient, Double branched covers and pretzel knots, Pacific J. Math. 112 (1984)
265-272 MR743984

[3]1 G Burde, H Zieschang, Knots, 2nd edition, Studies in Math. 5, de Gruyter (2003)
MR808776

[4] AJ Casson, CM Gordon, On slice knots in dimension three, from: “Algebraic and
geometric topology”, (RJ Milgram, editor), Proc. Sympos. Pure Math. 32, Amer. Math.
Soc. (1978) 39-53 MR520521

[51 AJ Casson, CM Gordon, Cobordism of classical knots, from: “A la recherche
de la topologie perdue”, Progr. Math. 62, Birkhduser, Boston, MA (1986) 181-199
MR900252

[6] D Cimasoni, V Florens, Generalized Seifert surfaces and signatures of colored links,
Trans. Amer. Math. Soc. 360 (2008) 1223-1264 MR2357695

[7] S KDonaldson, The orientation of Yang—Mills moduli spaces and 4—manifold topology,
J. Differential Geom. 26 (1987) 397-428 MR910015

[8]1 E Eftekhary, Heegaard Floer homologies for pretzel knots arXiv:0311419v1

[91 RH Fox, Some problems in knot theory, from: “Topology of 3—manifolds and related
topics”, Prentice-Hall, Englewood Cliffs, NJ (1962) 168-176 MR0140100

[10] RH Fox, JW Milnor, Singularities of 2—spheres in 4—space and cobordism of knots,
Osaka J. Math. 3 (1966) 257-267 MR0211392

[11] RE Gompf, A1 Stipsicz, 4-manifolds and Kirby calculus, Graduate Studies in Math.
20, Amer. Math. Soc. (1999) MR1707327

[12] J Greene, S Jabuka, The slice-ribbon conjecture for 3—stranded pretzel knots, Amer.
J. Math. 133 (2011) 555-580 MR2808326

Algebraic & Geometric Topology, Volume 15 (2015)


http://dx.doi.org/10.1016/j.ffa.2006.09.004
http://dx.doi.org/10.1016/j.ffa.2006.09.004
http://www.ams.org/mathscinet-getitem?mr=2381481
http://dx.doi.org/10.2140/pjm.1984.112.265
http://www.ams.org/mathscinet-getitem?mr=743984
http://www.ams.org/mathscinet-getitem?mr=808776
http://www.ams.org/mathscinet-getitem?mr=520521
http://www.ams.org/mathscinet-getitem?mr=900252
http://dx.doi.org/10.1090/S0002-9947-07-04176-1
http://www.ams.org/mathscinet-getitem?mr=2357695
http://projecteuclid.org/euclid.jdg/1214441485
http://www.ams.org/mathscinet-getitem?mr=910015
http://arxiv.org/abs/0311419v1
http://www.ams.org/mathscinet-getitem?mr=0140100
http://projecteuclid.org/euclid.ojm/1200691730
http://www.ams.org/mathscinet-getitem?mr=0211392
http://dx.doi.org/10.1090/gsm/020
http://www.ams.org/mathscinet-getitem?mr=1707327
http://dx.doi.org/10.1353/ajm.2011.0022
http://www.ams.org/mathscinet-getitem?mr=2808326

On the slice-ribbon conjecture for pretzel knots 2173

[13]

(14]

[15]

[16]

(17]
(18]

[19]

(20]

(21]

(22]

(23]

(24]

[25]

[26]

(27]
(28]

[29]

C Herald, P Kirk, C Livingston, Metabelian representations, twisted Alexander
polynomials, knot slicing and mutation, Math. Z. 265 (2010) 925-949 MR2652542
S Jabuka, Rational Witt classes of pretzel knots, Osaka J. Math. 47 (2010) 977-1027
MR2791566

P Kirk, C Livingston, Twisted Alexander invariants, Reidemeister torsion and Casson—
Gordon invariants, Topology 38 (1999) 635-661 MR1670420

P Kirk, C Livingston, Twisted knot polynomials: Inversion, mutation and concordance,
Topology 38 (1999) 663-671 MR1670424

J Levine, Invariants of knot cobordism, Invent. Math. 8 (1969) 98-110 MR0253348

J Levine, Knot cobordism groups in codimension two, Comment. Math. Helv. 44 (1969)
229-244 MR0246314

P Lisca, Lens spaces, rational balls and the ribbon conjecture, Geom. Topol. 11 (2007)
429-472 MR2302495

P Lisca, Sums of lens spaces bounding rational balls, Algebr. Geom. Topol. 7 (2007)
2141-2164 MR2366190

J M Montesinos, Seifert manifolds that are ramified two-sheeted cyclic coverings, Bol.
Soc. Mat. Mexicana 18 (1973) 1-32 MRO0341467

K Murasugi, On a certain numerical invariant of link types, Trans. Amer. Math. Soc.
117 (1965) 387-422 MRO171275

WD Neumann, A calculus for plumbing applied to the topology of complex surface
singularities and degenerating complex curves, Trans. Amer. Math. Soc. 268 (1981)
299-344 MR632532

W D Neumann, F Raymond, Seifert manifolds, plumbing, p—invariant and orienta-
tion reversing maps, from: “Algebraic and geometric topology”, (K C Millett, editor),
Lecture Notes in Math. 664, Springer, Berlin (1978) 163—196 MR518415

P Ozsvath, Z Szabé, On the Floer homology of plumbed three-manifolds, Geom. Topol.
7 (2003) 185-224 MR1988284

R von Randow, Zur Topologie von dreidimensionalen Baummannigfaltigkeiten, Bonn.
Math. Schr. No. 14 (1962) 131 MRO0155304

K Reidemeister, Knotentheorie, Springer, Berlin (1974) MR0345089

N Saveliev, A surgery formula for the p—invariant, Topology Appl. 106 (2000) 91-102
MR1769335

HF Trotter, Noninvertible knots exist, Topology 2 (1963) 275-280 MRO0158395

Institut de Mathématiques de Marseille, Aix-Marseille Université
CNRS, Centrale Marseille, I2M, UMR 7373, 13453 Marseille, France

ana.lecuona@latp.univ-mrs.fr

Received: 23 April 2014 Revised: 27 October 2014

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


http://dx.doi.org/10.1007/s00209-009-0548-1
http://dx.doi.org/10.1007/s00209-009-0548-1
http://www.ams.org/mathscinet-getitem?mr=2652542
http://dx.doi.org/10.2140/pjm.2005.220.87
http://www.ams.org/mathscinet-getitem?mr=2791566
http://dx.doi.org/10.1016/S0040-9383(98)00039-1
http://dx.doi.org/10.1016/S0040-9383(98)00039-1
http://www.ams.org/mathscinet-getitem?mr=1670420
http://dx.doi.org/10.1016/S0040-9383(98)00040-8
http://www.ams.org/mathscinet-getitem?mr=1670424
http://dx.doi.org/10.1007/BF01404613
http://www.ams.org/mathscinet-getitem?mr=0253348
http://dx.doi.org/10.1007/BF02564525
http://www.ams.org/mathscinet-getitem?mr=0246314
http://dx.doi.org/10.2140/gt.2007.11.429
http://www.ams.org/mathscinet-getitem?mr=2302495
http://dx.doi.org/10.2140/agt.2007.7.2141
http://www.ams.org/mathscinet-getitem?mr=2366190
http://www.ams.org/mathscinet-getitem?mr=0341467
http://dx.doi.org/10.2307/1994215
http://www.ams.org/mathscinet-getitem?mr=0171275
http://dx.doi.org/10.2307/1999331
http://dx.doi.org/10.2307/1999331
http://www.ams.org/mathscinet-getitem?mr=632532
http://www.ams.org/mathscinet-getitem?mr=518415
http://dx.doi.org/10.2140/gt.2003.7.185
http://www.ams.org/mathscinet-getitem?mr=1988284
http://www.ams.org/mathscinet-getitem?mr=0155304
http://www.ams.org/mathscinet-getitem?mr=0345089
http://dx.doi.org/10.1016/S0166-8641(99)00075-9
http://www.ams.org/mathscinet-getitem?mr=1769335
http://dx.doi.org/10.1016/0040-9383(63)90011-9
http://www.ams.org/mathscinet-getitem?mr=0158395
mailto:ana.lecuona@latp.univ-mrs.fr
http://msp.org
http://msp.org




	1. Introduction
	2. Slice pretzel knots
	3. Preliminaries
	3.1. Double branched covers of pretzel knots
	3.2. Signature of pretzel knots

	4. Two interesting families of pretzel knots
	4.1. Casson–Gordon invariants and the family P(a,-a-2,-a-(a2+9)/2)
	4.2. Alexander polynomials and the family P(a,-a-2,-(a+1)2/2)

	5. The general case: First obstructions to sliceness
	6. Remaining cases
	6.1. Correction terms from Heegaard–Floer homology
	6.2. Further study of family (p3)
	6.3. Proof of main theorem

	Appendix
	References

