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Embedded Lagrangian cobordisms between Legendrian submanifolds are produced
by isotopy, spinning, and handle-attachment constructions that employ the technique
of generating families. Moreover, any Legendrian with a generating family has an
immersed Lagrangian filling with a compatible generating family. These constructions
are applied in several directions, in particular to a nonclassical geography question:
any graded group satisfying a duality condition can be realized as the generating
family homology of a connected Legendrian submanifold in R2nC1 or in the 1–jet
space of any compact n–manifold with n� 2 .
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1 Introduction

Lagrangian cobordisms between Legendrian submanifolds have recently enjoyed in-
creasing interest, partly due to their centrality in symplectic field theory (see Eliashberg,
Givental and Hofer [19], and see also Bourgeois, Ekholm and Eliashberg [7] and
Ekholm [13; 14] for recent examples) and wrapped Fukaya category frameworks (see
Abbondandolo and Schwarz [1], Abouzaid and Seidel [2], and Fukaya, Seidel and
Smith [24]), and partly due to their connections to smooth topology, including the
computation of the slice genus of a knot (see Chantraine [9]).

This paper extends the study of Lagrangian cobordisms in two ways: First, we develop
tools to construct Lagrangian cobordisms between Legendrian submanifolds in 1–jet
bundles using the Morse-theoretic framework of generating families. We call the result-
ing Lagrangian cobordism xL between the Legendrians ƒ� and ƒC a gf-compatible
cobordism and write .ƒ�; f�/ �.xL;F / .ƒC; fC/; see below for a precise definition.
An important special case is a gf-compatible null-cobordism .∅; f�/�.xL;F / .ƒC; fC/,
which we call a gf-filling. Second, we investigate applications of our constructions,
with an emphasis on solutions to geographic questions for Legendrian submanifolds.
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1.1 Constructions

We study four constructions of Lagrangian cobordisms:

Immersed fillings (see Proposition 3.1) Every Legendrian submanifold with a gen-
erating family has an immersed gf-filling.

Spinning (see Proposition 3.2) An embedded, gf-compatible, n–dimensional cobor-
dism may be “spun” to an .nC 1/–dimensional embedded gf-compatible cobordism.

Legendrian isotopy (see Proposition 3.6) A Legendrian isotopy starting at a Legen-
drian with a generating family induces a gf-compatible embedded cobordism.

Handle attachment/embedded surgery (see Theorem 4.2) In an appropriate setup,
it is possible to create a gf-compatible cobordism by attaching a Lagrangian handle,
thereby realizing an embedded Legendrian surgery. This construction may also be
performed locally to create a Lagrangian cobordism even without the presence of a
global generating family.

The construction of an immersed filling is novel, but others have studied the spinning,
isotopy, and surgery constructions. The fact that Legendrian isotopy induces a La-
grangian cobordism (though without the gf-compatibility) has previously appeared in
work of Chantraine [9] and Eliashberg and Gromov [20, Lemma 4.2.5]. The surgery con-
struction and its relation to generating families is closely related to work of Entov [21],
though his work applies to a somewhat different setting. During the preparation of this
paper, alternative approaches, without reference to generating families, to spinning (see
Golovko [25; 26]) and surgery (see Dimitroglou Rizell [12] and Ekholm, Honda and
Kálmán [17]) were developed.

1.2 Applications

With these constructions in hand, we turn to their applications. The first type of
application involves finding Lagrangian fillings of Legendrian submanifolds in J 1Rn

using the surgery and isotopy constructions. The 3–dimensional case is particularly
interesting, as Chantraine proved that a Lagrangian filling for a Legendrian knot
realizes the smooth 4–ball genus of the underlying smooth knot [9]. In Section 5, we
demonstrate the existence of Lagrangian fillings for several families of links: Legendrian
links that topologically are twisted Whitehead doubles or 0–closures of positive braids
(see Propositions 5.1 and 5.4). The techniques we discuss here also have interesting
applications that have appeared elsewhere:

� Any positive knot has a Legendrian representative with a Lagrangian filling (see
Hayden and Sabloff [27]).
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� There exist Legendrian links with nonhomeomorphic fillings, answering a ques-
tion of Boileau and Fourrier [5] about the uniqueness of fillings of links by
complex curves (see Cao, Gallup, Hayden and Sabloff [8]).

� For any Legendrian knot, it is possible to construct a Lagrangian cobordism so
that ƒ� is a Legendrian unknot; for twist, torus, and low crossing knots this can
be done so that the cobordism has minimal smooth genus (see Boranda, Traynor
and Yan [6]).

We note that Ekholm, Honda, and Kálmán’s construction of Lagrangian cobordisms
in [17] (see also Dimitriglou Rizell [12]) would work equally well for these applications.
In contrast, there are also several applications of the fact that the cobordisms we
construct in this paper are gf-compatible:

� There exist Legendrian spheres in J 1Rn that have arbitrarily many different
generating family homologies (see [8] again).

� Denote the space of all Legendrian spheres in J 1Rn by Ln . For any n > 1,
there exists a Legendrian sphere ƒn such that �1.LnIƒn/ is nontrivial (see
Sabloff and Sullivan [38]).

The second type of application is to geography questions for Legendrian submanifolds:

Which collections of invariants can be realized by a Legendrian submanifold?

We first restrict the geography question to the generating family cohomology invariant,
which is defined in Section 2 below. Denote the Poincaré polynomial of the generating
family cohomology GH�.f / by �f .t/.

Question (Nonclassical generating family geography) Given a Laurent polynomial
P .t/ 2NŒt; t�1�, is there a connected Legendrian submanifold ƒ� J 1M (where M

is compact or equal to Rn ) with a linear-at-infinity generating family f such that
�f .t/D P .t/?

Any investigation of geography must begin by understanding obstructions. The first
obstruction to a polynomial being the Poincaré polynomial for the generating family
homology is the duality result of Traynor and Sabloff [39], which we strengthen below
in Theorem 6.1; see also Ekholm, Etnyre and Sabloff [15], Fuchs and Rutherford [23],
and Sabloff [37]. In particular, duality implies the following:

Algebraic & Geometric Topology, Volume 15 (2015)
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Theorem 1.1 Given a Legendrian ƒ � J 1M with a linear-at-infinity generating
family f , the generating family Poincaré polynomial is of the form

(1-1) �f .t/D .q0C q1t C � � �C qntn/Cp.t/C tn�1p.t�1/;

where p.t/ D
P

i2Z;i�b.n�1/=2cpi t
i , qk C qn�k is the k th Betti number of ƒ, and

qn ¤ 0.

For connected Legendrians, the polynomial in (1-1) has qn D 1 and q0 D 0. A
polynomial of the form of the right hand side of Equation (1-1) with qn ¤ 0 is said to
be compatible with duality; if, in addition, the polynomial has qnD 1 and q0D 0, then
the polynomial is in connected form. The spinning, isotopy, and embedded surgery
constructions, coupled with the cobordism exact sequence of [39] (see below), allow us
to prove the following complete answer to the nonclassical generating family geography
question.

Theorem 1.2 If the Laurent polynomial P .t/ is compatible with duality and is in
connected form, then for any n� 2, there exists a connected Legendrian submanifold
of J 1M with a generating family f so that �f .t/D P .t/.

The n D 1 case was proven by Melvin and Shrestha for Legendrian contact homol-
ogy [31], and the work of Fuchs and Rutherford [23] implies that the results of Melvin
and Shrestha also hold for generating family homology.

In fact, the Legendrians constructed to prove the theorem above are all gf-compatibly
Lagrangian cobordant to higher-dimensional analogues of the Hopf link, and (hence) are
all Lagrangian null-cobordant (though not necessarily gf-compatibly). Our techniques
are suitably functorial so that, using the results of [15] in place of Theorem 1.1 to
restrict the admissible polynomials, and [11; 25] for Legendrian contact homology
versions of the cobordism exact sequence, Theorem 1.2 also holds for Legendrian
contact homology.

Our investigations into the nonclassical geography question also yield results for the
classical Thurston–Bennequin and rotation number invariants in higher dimensions:

Question (Classical fillable geography) Given a pair of integers .�; �/, does there
exist a fillable Legendrian n–sphere ƒ � J 1Rn whose Thurston–Bennequin and
rotation numbers are � and � , respectively?

It is well-known that if ƒ is fillable, then its rotation number vanishes; see the discussion
in [9, Section 2.2], for example. Further, for even-dimensional Legendrians, the
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Thurston–Bennequin number is determined by the Euler characteristic; see [16] or [33,
Appendix A], for example. Thus, the only interesting question for classical fillable
geography involves the Thurston–Bennequin number in odd dimensions, where tb
must be odd [33, Appendix A]. We provide a complete answer to the classical fillable
geography question in Section 6.3:

Theorem 1.3 For any odd n and � , there exists an odd-dimensional fillable Legendrian
sphere ƒ� J 1Rn with tb.ƒ/D � .

Plan of the paper We set notation and sketch the necessary background for Lagrangian
cobordisms and generating families in Section 2. In Section 3, we work in the setting
of gf-compatible Legendrians and Lagrangians to construct immersed Lagrangian
fillings, spun Legendrian submanifolds and Lagrangian cobordisms, and Lagrangian
cobordisms arising from Legendrian isotopy. The construction of the attachment of a
Lagrangian handle is described in Section 4. Applications of the constructions begin in
Section 5 with several examples of gf-fillings for Legendrian knots in J 1R. Finally, in
Section 6, we use constructions developed in this paper, together with the cobordism
exact sequence of [39], to investigate the geography questions mentioned above.

Acknowledgements The authors thank the American Institute of Mathematics, the
Université de Nantes, the Royal Academies for Science and the Arts of Belgium, and
the Banff International Research Station for hosting conferences at which the authors
initiated and completed the work discussed in this paper. The authors also thank Matt
Hedden for his help in straightening out some references. The present work is part
of Bourgeois’ activities within CAST, a Research Network Program of the European
Science Foundation. Bourgeois is partially supported by ERC Starting Grant StG-
239781-ContactMath. Sabloff is partially supported by NSF grants DMS-0909273 and
DMS-1406093. Traynor is partially supported by NSF grant DMS-0909021.

2 Background notions

In this section, we briefly review the language of generating families for Legendrian
submanifolds of J 1M and for Lagrangian cobordisms between them. See [23; 28; 39;
40] for the original definitions and for more details.

2.1 Generating families for Legendrians

The technique of generating families may be used to construct Legendrian submanifolds
of the 1–jet bundle of a smooth manifold M . For future reference, we denote the front
projection by �xz W J

1M ! J 0M and the base projection by �x W J
1M !M .
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Given a smooth manifold M , let f W M n �RN ! R be a smooth function, where
M �RN has coordinates .x; �/. Unless otherwise noted, we assume that M is either
compact or Rn . Suppose that 0 is a regular value of the map @�f W M � RN !

RN . We define the fiber critical set of f to be the n–dimensional submanifold
†f D .@�f /

�1.0/. Define immersions if W †f ! T �M and jf W †f ! J 1M in local
coordinates by

if .x; �/D .x; @xf .x; �//; jf .x; �/D .x; @xf .x; �/; f .x; �//:

The image L of if is an immersed Lagrangian submanifold; the image ƒ of jf is an
immersed Legendrian submanifold. We say that f generates L and ƒ, or that f is a
generating family (of functions).

Not every Legendrian submanifold has a generating family — see [34], for example —
but for those that do, the Morse theory of the set of generating families gives rise to
interesting nonclassical invariants. Since the domain of a generating family f W M �
RN !R is not compact, we need to control the behavior of f at infinity. We define f
to be linear-at-infinity, or tame, if there exists a nonzero linear function AW RN !R
such that f .x; �/DA.�/ outside a compact subset of M �RN .

The Morse-theoretic invariant that a generating family attaches to a Legendrian sub-
manifold is defined using the difference function ıW M �RN �RN !R:

(2-1) ı.x; �; z�/D f .x; z�/�f .x; �/:

It is not hard to show that there is a one-to-one correspondence between the Reeb chords
of ƒ (ie line segments parallel to the z axis that begin and end on ƒ) and the critical
points of ı with positive critical value. Choose ! > � > 0 so that all positive critical
values of ıf lie between ! and � , and define the relative (resp. total) generating family
cohomology of f to be the relative cohomology of the ! and � (resp. �� ) sublevel
sets of ı :

GH k.f /DH kCNC1.ı! ; ı�/; eGH k.f /DH kCNC1.ı! ; ı��/:

The generating family homology is defined analogously with the same index shift. In
most other sources, the relative generating family cohomology is simply called the
generating family cohomology, and we will adopt this convention throughout this
paper except in the appendix. The long exact sequence of the triple .ı! ; ı�; ı��/,
together with the Thom isomorphism, relates the relative and total generating family
cohomologies:

(2-2) � � � !GH k.f /! eGH k.f /!H kC1.ƒ/! � � � :
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The set of all generating family cohomology groups taken over all possible generating
families for ƒ forms an invariant of ƒ up to Legendrian isotopy (see [23; 40]).

2.2 Generating families for Lagrangian cobordisms

Let .X; ˛/ be a contact manifold and denote its symplectization by .R�X; d.et˛//. A
Lagrangian submanifold xL of the symplectization is said to be a Lagrangian cobordism
between the Legendrian submanifolds ƒ˙ �X if there exist t˙ > 0 such that

xL\ ..�1; t���X /D .�1; t���ƒ�;

xL\ .ŒtC;1/�X /D ŒtC;1/�ƒC:

We denote such a Lagrangian cobordism by ƒ� �xL ƒC , and we denote the compact
manifold xL\ Œt�; tC��X by L.

If the contact manifold is a 1–jet bundle J 1M , then there is a symplectomorphism
between its symplectization and T �.RC �M / with its canonical symplectic structure.
As in [39, Section 4], we shift our perspective to T �.RC �M / so that we may
use generating families to describe Lagrangian cobordisms. Lagrangians constructed
through generating families will be exact and these will map to exact Lagrangians in
the symplectization of J 1M . For ease of notation, we denote a Lagrangian cobordism
xL and its image in T �.RC �M / by the same symbol.

If the functions f˙W M �RN !R and F W RC�M �RN !R satisfy the following
relation for some t� < tC :

(2-3) F.t;x; �/D

�
tf�.x; �/ t � t�;

tfC.x; �/ t � tC;

then we say that the triple .F; f�; fC/ is compatible. A gf-compatible Lagrangian
cobordism consists of a Lagrangian cobordism ƒ� �xL ƒC together with a compatible
triple of generating families for the three objects involved. We denote a gf-compatible
cobordism by

.ƒ�; f�/�.xL;F / .ƒC; fC/I

for a filling, ie when ƒ�D∅, we will frequently use the shorthand notation ∅�.xL;F /
.ƒ; f /, with the understanding that f� is a linear function. We require the triple of
compatible functions to be tame in the sense that f˙ are linear-at-infinity and F is
slicewise linear at infinity, ie each F.t; � ; � / is equal to a linear function At .�/ outside
a compact set of ftg �M �RN .

A key finding of [39] is the following:
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Theorem 2.1 (Cobordism exact sequence) A gf-compatible Lagrangian cobordism
.ƒ�; f�/ �.xL;F / .ƒC; fC/ induces a linear map ‰F W GH k.f�/! GH k.fC/ that
fits into the long exact sequence

(2-4) � � � // GH k.f�/
‰F // GH k.fC/ // H kC1.L; ƒC/ // � � � :

3 Basic constructions

In this section, we discuss three global constructions of gf-compatible Lagrangian
cobordisms. The first is an explicit proof of the Gromov–Lees theorem in this setting,
namely that a Legendrian submanifold with a linear-at-infinity generating family has a
gf-compatible, immersed Lagrangian filling. The second is a translation of the Ekholm–
Etnyre–Sullivan spinning construction [16] to the generating family setting, together
with a generalization to properly embedded Lagrangian submanifolds in half-spaces;
see also [26]. The final construction is a translation to the generating family setting of
Chantraine’s proof that Legendrian isotopy induces a Lagrangian cobordism [9]; see
also [20] and [25].

3.1 Immersed Lagrangian fillings

If a Legendrian knot ƒ � R3 has a generating family, then r.ƒ/D 0 (see [23], for
example) and thus has an immersed Lagrangian filling by work of Chantraine [9, Re-
mark 4.2]. We strengthen this statement by extending it to Legendrian submanifolds in
arbitrary dimensions and by showing that the filling can be constructed via a compatible
generating family. The idea is to smoothly deform a generating family to a linear
function.

Proposition 3.1 If ƒ � J 1M is a Legendrian submanifold with a linear-at-infinity
generating family f , then there exists an immersed gf–compatible cobordism ∅�.xL;F /
.ƒ; f /.

Proof Let f W M �RN !R be a linear-at-infinity generating family for ƒ; assume
that f agrees with the nonzero linear function A.�/ outside a compact set. To show
the existence of a gf-compatible immersed filling, it suffices to construct F W RC �
M �RN !R so that:

(1) For all t outside a compact set of ftg �M �RN , F.t;x; �/ is a nonzero linear
function Bt .�/.

(2) There exists a t� such that, for t � t� , F.t;x; �/D Bt .�/.
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(3) There exists a tC such that, for t � tC , F.t;x; �/D tf .x; �/.

(4) 0 2RN is a regular value of @�F .

To begin the process, choose a smooth, increasing function � W RC!R that is 0 on
.0; 1� and 1 on Œ2;1/. Define a function GW RC �M �RN !R by

G.t;x; �/D t �
�
�.t/f .x; �/C .1� �.t//A.�/

�
:

Then, for fixed t� < 1 and tC > 2, G satisfies conditions (1–3) desired for F . For
later purposes, note that outside a compact set of ftg �M � RN and for t � t� ,
G.t;x; �/D tA.�/.

We now modify G to guarantee that condition (4) is satisfied. Since f is a generating
family, 0 2RN is a regular value of @�f . Since f is linear-at-infinity, we may find
an open, convex ball U � RN around 0 that consists of regular values of @�f . By
Sard’s theorem, there exists "G 2 U that is a regular value of @�G and satisfies for all
t 2 Œ1; 2� that, as functions, "G ��¤ tA.�/. Choose a smooth path "W RC!U so that
".t/� "G when t � 2, ".t/ � � 6� tA.�/ when t 2 Œ2; tC�, and ".t/� 0 when t � tC .
Now consider the function

F.t;x; �/DG.t;x; �/� ".t/ � �D

8<:
G.t;x; �/� "G � � t � 2;

tf .x; �/� ".t/ � � t 2 Œ2; tC�;

tf .x; �/; t � tC:

Conditions (1–3) are still satisfied by F . Further, since "G is a regular value of @�G ,
it follows that 0 is a regular value of @�F when t � 2. It remains to show that 0 is a
regular value of @�F when t � 2. When t � 2, @�F .t;x; �/ vanishes if and only if
@�f .x; �/D ".t/=t . Since ".t/ lies in the convex set of regular values U and t � 2,
".t/=t 2U is a regular value of @�f for all t � 2. Thus when t � 2, at a point .t;x; �/
where @�F D 0, we see that the final nCN columns of the N � .1C nCN / matrix
D.@�F / form a submatrix of rank N , as desired.

3.2 Spinning constructions

Let H n denote the closed upper half-space of Rn , ie

H n
D fx 2Rn

W xn � 0g:

Ekholm, Etnyre, and Sullivan [16] described a method of producing an .n C 1/–
dimensional Legendrian submanifold of J 1RnC1 from an n–dimensional Legendrian
in J 1H n by spinning a front diagram about the z axis. Ekholm and Kálmán generalized
the construction to twist-spun Legendrians [18]. In this section, we generalize these
constructions to certain properly embedded Legendrian submanifolds of J 1H n , show
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how these constructions can be performed using generating families, and discuss
spinning Lagrangian cobordisms in the spirit of Golovko [25].

A smooth, properly embedded Legendrian submanifold ƒ of J 1H n is a spinnable
Legendrian if for all p 2 @ƒ � @J 1H n , the local parametrization of ƒ near p ,
�W H n! J 1.H n/, extends to a smooth map �W Rn! J 1.Rn/ by �.x1; : : : ;xn/D

�.x1; : : : ;�xn/ when xn < 0. A spinnable Legendrian ƒ gives rise to a spun Legen-
drian ƒs � J 1RnC1 whose front projection is obtained by rotating the front projection
of ƒ about the subspace fxn D xnC1 D 0g. More generally, a spinnable Legendrian
loop consists of a smooth isotopy ƒ� , � 2 S1 D Œ0; 2��=�, of spinnable Legendrians
such that for all � , a neighborhood of @ƒ� does not vary with respect to � . A
spinnable isotopy ƒ� , in turn, gives rise to a twist-spun Legendrian ƒts � J 1RnC1 by
following the isotopy during a rotation about fxn D xnC1 D 0g. More specifically, if
�� W U !H n �R are smooth, local parametrizations of the fronts ƒ� given by

�� .q/D .x
�
1 .q/; : : : ;x

�
n .q/; z

� .q//;

then a parametrization of the front of the twist-spun submanifold ƒts is given by

�ts.q; �/D .x�1 .q/; : : : ;x
�
n�1.q/; x�n .q/ cos �; x�n .q/ sin �; z� .q//:

We say that a generating family f W H n �RN ! R is a spinnable generating fam-
ily if f has a smooth extension to f W Rn � RN ! R with f .x1; : : : ;xn; �/ D

f .x1; : : : ;�xn; �/, for xn < 0. A spinnable loop of generating families consists
of a smooth path of spinnable generating families f� , � 2 S1 D Œ0; 2��= �, such
that in a neighborhood of @H n �RN , f� does not depend on � . By construction,
spinnable (loops of) generating families generate spinnable (loops of) Legendrians. A
spinnable loop of linear-at-infinity generating families consists of a spinnable loop of
generating families f� such that outside a compact set of H n �Rn , f� .x; �/ agrees
with a nonzero linear function A.�/ for all � .

Proposition 3.2 If a Legendrian submanifold ƒ � J 1H n has a spinnable linear-at-
infinity generating family then the spun Legendrian submanifold ƒs has a linear-at-
infinity generating family. More generally, if ƒ� is generated by a spinnable loop
of tame generating families then the twist-spun Legendrian submanifold ƒts has a
linear-at-infinity generating family.

Proof The first part of the claim follows from the second via the constant isotopy,
so we only prove the twist-spun claim. If f� W H n �RN ! R is a spinnable loop
of linear-at-infinity generating families for ƒ� , then we claim that the function
f tsW Rn�1 �R2 �RN !R given by

f ts.x1; : : : ;xn�1;xn; �; �/D f� .x1; : : : ;xn�1;xn; �/;
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where .xn; �/ denote polar coordinates on R2 , is linear-at-infinity and generates ƒts .

Since f� j@H n�RN does not depend on � , f� .x1; : : : ;xn�1; 0; �/ is independent of
� and so f ts is well-defined. The condition that all f� coincide on a neighborhood
of @H n �RN guarantee that f ts is smooth. Since each f� agrees with the same
linear function A.�/ outside a compact set, f ts is linear-at-infinity. A straightforward
calculation shows that since 0 is a regular value of @�f� for all � , 0 is a regular value
of @�f ts , and thus f ts is a generating family for ƒts .

Example 3.3 One way to create higher-dimensional analogues of the Legendrian
unknot is to cut the unknot in half along the z axis and spin the result; see Figure 1.
Iterating this construction yields “flying saucers” with generating families in all dimen-
sions.

Figure 1: Spinning half of a Legendrian unknot yields a “flying saucer”

Remark 3.4 In [29], Kálmán constructed a loop of Legendrian trefoil knots — ie a
spinnable isotopy — that is not contractible in the space of Legendrian trefoils; this
isotopy was viewed in the context of spinning in [18]. Even though the trefoil has a
generating family, and hence the isotopy gives rise to a path of generating families for
the trefoils along the isotopy, the fact that the twist-spun Legendrian torus does not
have an augmentation shows that this path of generating families is not a loop.

The spinning construction for generating families may be extended to Lagrangian
cobordisms; see [25] for a relative of this construction that does not consider generating
families. As above, a spinnable Lagrangian cobordism is a properly embedded La-
grangian cobordism xL�T �.RC�H n/ such that for all p 2 @xL� @T �.RC�H n/, the
local parametrization of xL near p , �W R�H n! T �.RC�H n/, extends to a smooth
map �W R�Rn! T �.RC �Rn/ by �.t;x1; : : : ;xn/ D �.t;x1; : : : ;�xn/. We say
that a generating family F W RC �H n �RN ! R is a spinnable generating family
if F has a smooth extension to F W RC �Rn �RN ! R by F.t;x1; : : : ;xn; �/ D

F.t;x1; : : : ;�xn; �/. By construction, a spinnable generating family generates a
spinnable Lagrangian cobordism.
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The construction of a spun Lagrangian cobordism with a spun generating family then
follows exactly the same steps.

Proposition 3.5 Given a spinnable Lagrangian cobordism xL with tame, spinnable
generating family F of the form .ƒ�; f�/ �.xL;F / .ƒC; fC/ in T �.RC �H n/, the
spun Lagrangian cobordism ƒs

� �xLs ƒ
s
C has a compatible, tame generating family.

3.3 Legendrian isotopy

In this subsection, we translate the fact that a Legendrian isotopy induces a Lagrangian
cobordism [9; 20; 25] to the generating family setting. Namely, we prove:

Proposition 3.6 Suppose that ƒ� is a Legendrian submanifold of J 1M with a tame
generating family f� , and that ƒ� is Legendrian isotopic to ƒC . Then there exists an
embedded gf-compatible Lagrangian cobordism .ƒ�; f�/�.xL;F / .ƒC; fC/. Further,
if f� is tame, then F is tame.

The proof of Proposition 3.6 will use the notion of a difference function ı.x; �; z�/, as
introduced in Section 2.1. The following lemma is our key technical tool:

Lemma 3.7 (Family of functions construction) Given a 1–parameter family of func-
tions ft W M �RN !R, t 2RC , define the function F W RC �M �RN !R by

F.t;x; �/D t ft .x; �/:

If

(1) 0 is a regular value of @�F , and

(2) for all .x; �; z�/ with � ¤ z� in the fiber critical set of the difference function
ıt .x; �; z�/D ft .x; z�/�ft .x; �/, we have

(3-1)
@

@x
ıt .x; �; z�/D 0 D) ıt .x; �; z�/¤�t

@

@t
ıt .x; �; z�/;

then F generates an embedded Lagrangian submanifold of T �.RC �M /.

Proof If 0 is a regular value of @�F , then F generates an immersed Lagrangian
xL� T �.RC �M / given by

(3-2) xLD f.t;x; ft .x; �/C t@tft .x; �/; t@xft .x; �// W @�ft .x; �/D 0g:

A direct calculation shows that the double points of xL are in bijective correspondence
with points .t;x; �; z�/ with �¤ z� satisfying:
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(1) .x; �; z�/ is in the fiber critical set of ıt ,

(2) @
@x
ıft
.x; �; z�/D 0, and

(3) ıft
.x; �; z�/D�t @

@t
ıft
.x; �; z�/.

By hypothesis, it is impossible to simultaneously satisfy these three conditions, and
thus the Lagrangian generated by F is embedded.

We are now ready to prove Proposition 3.6.

Proof of Proposition 3.6 Let ƒt be a 1–parameter family of Legendrian subman-
ifolds of J 1M such that ƒt D ƒC for t � tC and ƒt D ƒ� for t � t� . By the
persistence of linear-at-infinity generating families under Legendrian isotopy (see, for
example, [10; 28]), we obtain a 1–parameter family of linear-at-infinity generating
families ft W M �RN !R that generate ƒt for t 2 Œt�; tC�. Extend ft to a smooth
family for all t 2RC so that outside of a compact interval, we have ft D f˙ .

We will now check that for an appropriate parametrization of the family ft , the function
F.t;x; �/D tft .x; �/ satisfies the hypotheses of Lemma 3.7, and hence generates the
desired Lagrangian cobordism. First, it is straightforward to verify that since 0 is a
regular value of @�ft for all t , 0 is also a regular value of @�F . Second, notice that
@
@x
ıt .x; �; z�/D 0 when .x; �/ and .x; z�/ correspond to the endpoints of a Reeb chord

of ƒt ; the “length” of the Reeb chord is precisely ıt .x; �; z�/, which may be positive
or negative. Let h > 0 denote the minimum absolute value of the lengths of Reeb
chords of all of the Legendrians in the isotopy ƒt . It then suffices to show that for
points .x; �; z�/ in the fiber critical set of ıt , we have

(3-3) h

t
> j@tıt .x; �; z�/j:

Since, for each t , the fiber critical set of ıt is compact, and @tıt D 0 for t outside
of a compact interval, it follows that @tıt is bounded on the domain of interest.
Thus, after an orientation-preserving diffeomorphism � of RC , we may assume that
zF .t;x; �/D tf�.t/.x; �/ will satisfy Equation (3-3).

We end this section with several remarks arising from the proof of Proposition 3.6 and
its consequences.

Remark 3.8 Since the Lagrangian cobordism generated in the proof of Proposition 3.6
is, in fact, a concordance (ie is diffeomorphic to ƒ�R), the cobordism exact sequence
in Theorem 2.1 tells us that the cobordism map ‰F is an isomorphism.
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Remark 3.9 It is important to point out that if a Lagrangian is constructed with the
generating family F.t;x; �/ D tft .x; �/, where ft generates a Legendrian ƒt , the
“slices” of the Lagrangian are not, in general, ƒt . An examination of Equation (3-2)
shows that if ft .x; �/ generates the Legendrian ƒt , the corresponding s–slice, s 2R,
of the Lagrangian in the symplectization R� J 1M generated by F.t;x; �; z�/ will
agree with ƒt if and only if for some neighborhood of t , ft is constant with respect
to t . When ft is not constant, the corresponding slice of the Lagrangian differs from
ƒt by a contribution of t@tft .x; �/ to the z–coordinate of ƒt .

4 Attaching Lagrangian handles

In this section, we explain how an embedded .q�1/–surgery on a Legendrian ƒ� �
J 1M with a generating family induces a gf-compatible Lagrangian cobordism given
by attaching a q–handle. As noted in the introduction, this construction is closely
related to those of Entov [21] and Dimitroglou Rizell [12].

4.1 Attaching regions and handle attachment

We begin by specifying the data necessary to attach a Lagrangian q–handle along
a Legendrian submanifold ƒ. We denote the cusps of the front of a Legendrian ƒ
by ƒ� , and if ƒ has a generating family, then the cusps that represent births/deaths
between critical points of indices j and j C 1 are denoted ƒ�j . Finally, denote a
k –dimensional disk of radius r by Dk.r/.

Definition 4.1 For 1� q � n, a smooth embedding

� W Dq.1C�/�Dn�q.�/�D1.�/!M n
�R;

for some small �, is a q–attaching region for a Lagrangian q–handle along the front
of a Legendrian submanifold ƒ if

(1) ��1.ƒ/D f.u; v; w/ W w2 D .kuk2�kvk2� 1/3g,

(2) ��1.ƒ�/D f.u; v; 0/ W kuk2�kvk2 D 1g with the image of this set called the
surgery domain, and

(3) for each fixed .u0; v0/ 2 Dq.1C �/ �Dn�q.�/, �.fu0g � fv0g �D1.�// is
parallel to the z direction in J 1M .

The embedding � is a gf-attaching region if, in addition, property (2) is modified
so that the surgery domain lies in ƒ�j for some fixed j � 0. The core disk of the
attaching region is the image of Dq.1/� f0g � f0g.
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Figure 2: A schematic picture of the domain of an attaching region
� W Dq.1C �/ �Dn�q.�/ �D1.�/! M n �R , with the preimage of the
Legendrian ƒ and the cusps ƒ� shown in solid and dotted curves respec-
tively.

See Figure 2 for a schematic picture of an attaching region. After an isotopy of ƒ, we
may assume that the image of the attaching region lies in the vertical slice defined by
c ��� z � cC� and that the core disk lies in the hypersurface defined by z D c .

We are now ready to formally state the surgery construction.

Theorem 4.2 Let ƒ� be a Legendrian submanifold of J 1M with a tame generating
family f�W M n�RN!R. Given a q–attaching region � for ƒ� , there exists a smooth
1–parameter family of functions ft W M �RN !R such that F.t;x; �/D tft .x; �/ is
tame and generates an embedded Lagrangian cobordism .ƒ�; f�/�.xL;F / .ƒC; fC/

satisfying:

(1) The cobordism xL has the homotopy type of a cylinder over ƒ� with a q–cell
attached.

(2) The Legendrian ƒC is obtained from ƒ� by an embedded .q�1/–surgery along
the boundary of the core disk.

See Figure 3 for an example of performing 0–surgery on a two-dimensional Legendrian
in R5 . Note that, as a special case, the theorem allows the attachment of a gf-compatible
Lagrangian 0–handle, which results in a null-cobordism for the standard n–dimensional
flying saucer.

The remainder of this section is devoted to a proof of the surgery construction theorem.
The proof begins by transferring the attaching region to the domain of the generating
family f� . We then attach a handle in RC �M �RN to the fiber critical set of f� .
With this scaffolding in place, we construct F itself. The proof ends with a verification
that F is, indeed, a generating family, and the Lagrangian cobordism that it generates
is embedded.
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Figure 3: (a) The core disk for a 0 surgery and (b) the result of embedded
surgery along the core disk for a Legendrian surface in R5 D J 1R2

4.2 Transferring the attaching region to M � RN

Condition (3) of Definition 4.1 guarantees that we may think of Dq.1C�/�Dn�q.�/

as being embedded in M . The region of the domain of f� involved in the attaching
of the handle is then

zE D .Dq.1C�/�Dn�q.�/�RN /\f �1
� .c ��; cC�/:

We let zE.u;v/ denote points in zE whose first two coordinates are .u; v/.

The structure of the fiber critical set †� of f� in zE is quite simple to describe
using conditions (1) and (2) of Definition 4.1. In terms of coordinates .u; v/ on
Dq.1C�/�Dn�q.�/, we have:

(1) If kuk2�kvk2 < 1, then †�\ zE.u;v/ D∅.

(2) If kuk2�kvk2 D 1, then †�\ zE.u;v/ consists of a single point.

(3) If kuk2�kvk2 > 1, then †�\ zE.u;v/ consists of two points.

Thus, after a fiber-preserving diffeomorphism of zE that preserves each zE.u;v/ , we
may assume that †�\ zE is the set

f.u; v; �/ W kuk2�kvk2� �2
1 D 1; �2 D � � � D �N D 0g:

For future use, we let E D zE \ f�2 D � � � D �N D 0g and we let Q.u; v; �1/ D

�kuk2Ckvk2C �2
1

.

4.3 Attaching a handle to †�

We next build the fiber critical set † of F by attaching a q–handle to †� . The set
†�RC �M �RN will consist of:

(1) A cylindrical extension .0; t���†� .
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(2) A q–handle attached to this cylinder for t 2 Œt�; tC�, whose boundary is †�[
†C D†\ft˙g.

(3) A cylindrical extension ŒtC;1/�†C .

�

u

v

Figure 4: The handle H in the domain of f� , with �x.H / shown in grey

To construct the q–handle, we first form its projection H to E �M �RN . As in the
standard construction of a handle (see [32, Section 3]), we let H be the deformation
retract of the sublevel set Q�1 to the region diffeomorphic to Dq �Dn�qC1 depicted
in Figure 4. We use the identification of H with Dq �Dn�qC1 to split the boundary
of H into three pieces:

(1) S D Sq.1C�/�Sn�qC1.�/.

(2) @�H D Sq�1 �Dn�q nS , ie the portion of the boundary of H that lies in †�
(not including S ).

(3) @CH DDq�Sn�q�1 nS . Note that the closure of @CH is meant to be tangent
to †� (to all orders).

To place the handle H into the domain of F W RC �M �RN ! R, we consider a
smooth function hW H nS !R such that:

(1) h has a single critical point at the origin of critical value tc 2 .t�; tC/.

(2) h.u; v; �1/DQ.u; v; �1/C tc near the origin.

(3) h�1.t˙/D @˙H .

(4) Over @˙H , the graph of h is tangent (to all orders) to the vertical cylinder
@˙H �R.
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We construct † by taking the union

†D .0; t���†�[ .†�n @�H /� Œt�; tC� [ graph.h/[ ŒtC;1/�†C:

That † is smooth follows from the last two conditions in the definition of h.

A key feature of the † constructed above is that for all x 2 �x.Int H /, the cardinality
of the set

†.t;x/ D†\ h�1.ftg/\��1
x .fxg/\f �1.c ��; cC�/

is an increasing function of t , passing from 0 to 1 (for at most one value of t ) to 2.

The following lemma is obvious from the construction above, as we essentially use the
classical Morse-theoretic picture of [32].

Lemma 4.3 †C is obtained from †� by a .q�1/–surgery.

4.4 Constructing F using †�

The next step in the proof of Theorem 4.2 will be to construct a 1–parameter family
ft W M �RN ! R, with t 2 RC , so that † is the fiber critical set of F.t;x; �/ D

tft .x; �/. Constructing the family ft is equivalent to constructing a smooth family of
functions f.t;x/W RN !R for .t;x/ 2RC�M so that the critical points of f.t;x/ are
precisely the points of †.t;x/ .

For x 62 �x.H /, simply let f.t;x/ D .f�/x . Note that in this case, f.t;x/ is clearly
linear-at-infinity.

Now suppose that x 2 �x.H /. As noted above, the cardinality of †.t;x/ increases
from 0 to at most 2, and contains a single point for at most one value t0 of t . Outside
of a neighborhood of †.t0;x/ , let f.t;x/ D .f�/x . If there exists t0 2 Œt�; tC� so that
†.t0;x/ consists of a single point .t0;x; �x/, then the construction of f.t;x/ proceeds
as follows: working one x slice at a time, we modify .f�/x in a neighborhood of
.x; �x/ so that there are no new critical points for t� � t < t0 , there is one birth-death
critical point for t D t0 , and for tC � t > t0 there is a pair of nondegenerate critical
points of indices j C 1 and j at positions dictated by †.t;x/ . The local nature of
this modification shows that f.t;x/ has exactly the same behavior at infinity as f� .
This finishes the construction of f.t;x/ , and hence the construction of the generating
family F .

The proof of Theorem 4.2 will be completed by the proofs of the following two claims:

Claim 4.4 After a small perturbation, F is a generating family for a Lagrangian
cobordism between ƒ� and ƒC .
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This claim essentially follows from the fact that we constructed †D .@�F /�1.0/ to be
a submanifold of RC�M �RN ; if necessary, a slight perturbation of F will guarantee
that 0 is a regular value of @�F .

Claim 4.5 The Lagrangian L generated by F is embedded.

To prove this claim, let ıt .x; �; z�/ be the difference function of ft . From Lemma 3.7,
we know the Lagrangian generated by F will be embedded as long as for all .x; �; z�/
with �¤ z� in the fiber-critical set of ıt , we have

@xıt .x; �; z�/D 0 D) ıt .x; �; z�/¤�t@tıt .x; �; z�/:

First, consider the case where .��1
x .�x.H //\†��H ; that is, in the front projection,

there are no additional portions of �xz.ƒ�/ above or below the image of the core disk.
In this case, the only potential immersion points arise from pairs of points inside H .
By modifying ft , we can guarantee that the only potential immersion points arise from
a pair at the “center” of the handle: namely, for .x; �; z�/ with �¤ z� in the fiber-critical
set of ıt ,

@xıt .x; �; z�/D 0 () t > tc and x D 0:

If � and z� are labeled so that ıt .x; �; z�/ > 0, then by modifying the movement of the
critical values of ft , we can guarantee that @tıt .x; �; z�/ > 0, and embeddedness of L

follows.

Second, consider the case where potential immersion points arise from pairs of points
.t;x; �/ and .t;x; z�/ where one point is inside H and the other point lies in the portion
of † that is cylindrical over †� . In this case, by perturbing ft we can ensure that
there is a compact set of potential immersion points where @xıt .x; �; z�/D 0, and that
jıt .x; �; z�/j � h> 0 on the domain of interest. Then, using an argument similar to the
proof of Proposition 3.6, by increasing tC and reparametrizing ft , we can guarantee
that jıt .x; �; z�/j=t � h=t > j@tıt .x; �; z�/j at all the potential immersion points. This
completes the proof of Claim 4.5, and hence the proof of Theorem 4.2.

A brief examination of the proof shows that the hypothesis of a global generating
family for the Legendrian ƒ� is unnecessary so long as we do not expect either the
Lagrangian cobordism xL or the Legendrian ƒC to have a generating family. All we
need is a generating family for ƒ� in a neighborhood of the attaching sphere of the
core disk, and such a family is easily constructed in a local model. Thus, we have the
following corollary:

Corollary 4.6 Let ƒ� be a Legendrian submanifold of J 1M . Given a q–attaching
region for ƒ� , there exists an embedded exact Lagrangian cobordism ƒ� �xL ƒC
such that:
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(1) The cobordism xL has the homotopy type of a cylinder over ƒ� with a q–cell
attached.

(2) The Legendrian ƒC is obtained from ƒ� by an embedded .q � 1/–surgery
along the attaching sphere of the core disk.

Remark 4.7 Note that the surgery construction used in Corollary 4.6 is equivalent to
the ambient surgery construction by Dimitroglou Rizell in [12]. There, the Lagrangian
handle is defined (see [12, Section 4.2.2]) in the front projection as the union of two
graphs, instead of our generating family description.

5 Constructions in dimension 3

In the special case of Legendrian links in R3 or J 1S1 , the handle attachment construc-
tion in the previous section reduces to the existence of a Lagrangian cobordism between
Legendrians whose front diagrams are depicted in Figure 5. These cobordisms are
related to the work of Ekholm, Honda, and Kálmán [17], but with the added benefit that
if the Legendrian knot at the bottom of the cobordism has a linear-at-infinity generating
family and the cusps have corresponding indices, then the link at the top also has a
generating family and the cobordism has a compatible generating family.

In this section, we illustrate the possibilities of the construction in two families of
examples. As noted in the introduction, deeper applications of these constructions
appear in [6; 8; 27; 38].

While the description of these examples follows the “bottom up” construction specified
by the handle attachment of the previous section, we note that these examples were
discovered by working “top down” from the resulting links, using graded normal rulings
to keep track of which pairs of critical points could be canceled (see [34] and [22], for
example).

5.1 Example: Whitehead doubles

Recall that for any Legendrian knot ƒ�R3 , one can form the Legendrian Whitehead
double, denoted Whtb.ƒ/, as follows. First form the 2–copy of ƒ, which is a link
consisting of ƒ and a small push-off of ƒ in the z direction; then make this Legendrian
link into a Legendrian knot by replacing a 0–tangle with a cusped 1–tangle. The top
of Figure 6 illustrates Whtb.ƒ/ where ƒ is the Legendrian unknot with tbD�3 and
r D 0. Topologically, Whtb.ƒ/ is the tb.ƒ/–twisted, positively clasped Whitehead
double of the underlying knot type K of ƒ.
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∅

Figure 5: The modifications to the front of a 1–dimensional Legendrian that
arise from attaching a 0–handle and a 1–handle

It is not difficult to show that no matter the original knot ƒ, its Legendrian Whitehead
double has tb.Whtb.ƒ//D 1 and r.Whtb.ƒ//D 0. Further, it has at least one graded
normal ruling, and hence a generating family by [23]. Moreover, we can use the
techniques of the previous two sections to prove:

Proposition 5.1 If ƒ is a Legendrian knot in R3 , then Whtb.ƒ/ has a Lagrangian
filling of genus 1. Further, if r.ƒ/D 0, then the filling is gf-compatible.

Proof We will construct a Lagrangian filling of Whtb.ƒ/ as follows: first, attach a
0–handle to obtain an unknot. Using the trace of ƒ, use Reidemeister type I moves at
the cusps and type II moves at the crossings to drag one cusp of the unknot along ƒ
until it lies next to the other cusp of the original unknot; see the left side of Figure 6 for
an illustration when ƒ is a Legendrian unknot with no crossings. Perform two more
Reidemeister type I moves, one each on the top and bottom strands of the original
unknot. Finally, attach two 1–handles as indicated in the center of Figure 6 to obtain
Whtb.ƒ/; if r.ƒ/ D 0, then the indices of the outer cusps match. The composition
of the 0–handle attachment, the isotopy, and the two 1–handle attachments yields a
genus 1 Lagrangian filling for Whtb.ƒ/ which is gf-compatible if r.ƒ/D 0.

By combining Proposition 5.1 with [39, Theorem 1.5] we obtain:

Corollary 5.2 The set linearized contact homology or generating family polynomials
for the Whitehead double of any Legendrian knot with rotation number 0 must contain
the polynomial 2C t .

Denote by tb.K/ the topological invariant given by the maximal Thurston–Bennequin
invariant of any Legendrian representative of a smooth knot K . By adding s stabi-
lizations to a maximal tb representative of K , we obtain a Legendrian representative
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Figure 6: The construction of a Lagrangian null-cobordism for a Whitehead double

ƒs of K with tb.ƒs/D tb.K/� s . Applying the construction above, for all s � 0 we
find a genus 1 Lagrangian null-cobordism for Whtb.ƒs/, which is topologically the
.tb.K/�s/–twisted Whitehead double of the underlying knot type K of ƒ. Combining
this construction with Chantraine’s result that a Lagrangian filling realizes the smooth
4–ball genus of a Legendrian knot [9], we obtain a result of Rudolph:

Corollary 5.3 (Rudolph [36]) For any r � tb.K/, the r –twisted Whitehead double
of K has smooth 4–ball genus equal to 1.

5.2 Example: Positive braids

Given a positive braid B D �i1
� � � �ik

on s strands, form a Legendrian link ƒB as in
the top of Figure 7.

Proposition 5.4 For any positive braid B with k crossings on s strands, the Legen-
drian link ƒB with c components has a gf-filling of genus 1

2
.2� cC k � s/.
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Figure 7: The construction of a Lagrangian null-cobordism of genus 0 for
the zero closure of the positive braid �2�1 . The 1–handles are attached in
succession from the outermost to innermost cusps.

Proof We construct a gf-filling of ƒB as follows: first, for each generator �ij , attach
.s � 1/ 0–handles and perform an isotopy to obtain a nested unlink Uj of .s � 1/

components with a single crossing mimicking the �ij crossing in ƒ; for an example,
see the left side of Figure 7. Position these unlinks next to each other, ordered from U1

to Uk . Finally, successively attach s 1–handles between each pair of adjacent unlinks,
starting at the outermost cusps, as in Figure 7 to obtain ƒB . If ƒB has c components,
then this filling has genus 1

2
.2� cC k � s/.

In particular, when ƒB is a knot, we see that the smooth 4–ball genus of ƒB is
1
2
.1 C k � s/, as originally proved by Rudolph [35, Section 3] as a corollary of

Kronheimer and Mrowka’s work on embedded surfaces in 4–manifolds [30].

Remark 5.5 In a similar spirit, Lagrangian fillings of positive, Legendrian rational
links are constructed in [6]. In particular, it is shown that the smooth 4–ball genus
of these positive rational knots can be calculated from its rational notation; see [6,
Remark 1.8].

Remark 5.6 The discussion in this subsection is the beginning of a more interesting
story about the relationship between various notions of positivity (braid positivity,
positivity, and (strong) quasi-positivity) and the existence of a Lagrangian filling;
see [27] for a deeper exploration.
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6 Legendrian geography

With the isotopy, spinning and, most importantly, handle attachment constructions in
hand, we proceed to apply them to two questions about the geography of Legendrian
submanifolds: a nonclassical geography question (which generating family polynomials
can be realized by Legendrian submanifolds?) and the classical fillable geography
question (what Thurston–Bennequin numbers can be realized by fillable Legendrian
submanifolds?). Throughout this section, we work with coefficients in a field F .

6.1 Duality and compatible polynomials

After strengthening the duality exact sequence for generating family cohomology
of [39] to better take into account the algebraic topology of the underlying Legendrian,
we prove Theorem 1.1, which restricts the possible Poincaré polynomials for the
generating family cohomology. Analogous versions of these results for linearized
contact homology appear in [15]. The strengthening of the duality exact sequence
takes two forms. First, we relate the maps in the duality exact sequence to the Poincaré
duality of the Legendrian; second, we prove the existence of a “fundamental class” for
the generating family homology.

Theorem 6.1 (Duality) If ƒ is a Legendrian submanifold of J 1M with linear-at-
infinity generating family f , then there is a long exact sequence

(6-1) � � � // GH k�1.f /
�k // GHn�k.f /

�k // H k.ƒ/
ık // � � � :

The maps ık satisfy two further properties:

(1) If 
 W H k.ƒ/ ! Hn�k.ƒ/ is the Poincaré duality isomorphism, then, when
using coefficients in a field, 
 ı �k is the adjoint of the map ın�k .

(2) The map ın does not vanish. In particular, over a field, it is an isomorphism
when ƒ is connected.

We will delay the proof of this theorem until the appendix, as the somewhat technical
proof uses methods that are quite different than those in the rest of the paper. We call
an element ˛ 2 Im ık a manifold class. If ƒ is connected, then the image under ın of
the top class of ƒ in GH n.f / is called the fundamental class.

Remark 6.2 If we were to use the total generating family cohomology instead of the
relative version, then part (2) of the duality theorem above and long exact sequence (2-2)
would imply that there is no fundamental class in eGH n.f /, but that there is a manifold
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class in degree 0. This indicates that the total generating family cohomology would be
more convenient for the study of the cohomology ring, as the degree-0 manifold class
would constitute a unit.

The strengthened duality theorem is the key ingredient in the proof of Theorem 1.1,
which states that every generating family polynomial is compatible with duality.

Proof of Theorem 1.1 To set notation, let dk D dim GH k.f /, let qk D dim Im ık ,
let bk D dim H k.ƒ/, and let pk D dk � qk .

We begin by proving that under the hypotheses of Theorem 6.1, when using field
coefficients, we have

(6-2) bk D qk C qn�k :

First note that since ın�k and �k are adjoints up to the isomorphism 
 , the dimensions
of their kernels are the same. The relation (6-2) now follows from the rank–nullity
theorem and the exactness of the sequence (6-1) at H k.ƒ/.

We next claim that for all k 2 Z, we have

(6-3) pk D pn�1�k :

The rank-nullity theorem for �k and the exactness of the sequence (6-1) at GH k.f /

imply that

(6-4) dk D qk C dim ker �kC1:

Equation (6-2) and the rank–nullity theorem for ık then imply that qn�1�k D bkC1�

qkC1 D dim ker ıkC1 . Combining this fact with the rank–nullity theorem for �kC1

and the exactness of the sequence (6-1) at GHn�1�k.f /, we obtain

(6-5) dn�k�1 D dim ker �kC1C qn�1�k :

Combining Equations (6-4) and (6-5) then yields

(6-6) dk D qk Cpn�1�k ;

and Equation (6-3) now follows from the definition of pk .

The theorem is now a consequence of Equations (6-2), (6-3), and (6-6) with qk and
pk forming the coefficients of q.t/ and p.t/, respectively. The fact that qn ¤ 0 is a
consequence of Theorem 6.1.
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6.2 Nonclassical geography

In the previous section we proved that every generating family polynomial of a con-
nected Legendrian submanifold of J 1M is compatible with duality; in this section,
we use the constructions of Sections 3 and 4 to prove Theorem 1.2, namely that every
Laurent polynomial in connected form that is compatible with duality is the generating
family polynomial for some connected Legendrian submanifold of dimension n� 2.
We will construct the Legendrian in a J 1Rn coordinate chart inside J 1M .

Before beginning the constructions proper, we set down a useful computation for the
generating family cohomology of a gf-compatible 0–surgery connecting two connected
Legendrians.

Lemma 6.3 (0–surgery lemma) Suppose ƒ� has a tame generating family f� such
that �f�.t/ is of the form

�f�.t/D .2tn
C qn�1tn�1

C � � �C q1t C q0/Cp.t/C tn�1p.t�1/;

where p.t/D
P

i2Z;i�b.n�1/=2c pi t
i . If ƒC is a connected Legendrian obtained from

ƒ� by a gf-compatible 0–surgery, then ƒC has a tame generating family fC with

�fC.t/D �f�.t/� tn:

Proof Let L denote the .nC 1/–dimensional Lagrangian cobordism between the
Legendrians ƒ� and ƒC described in the hypotheses of the lemma. Since L is
obtained from ƒ� by attaching a 1–handle, L is obtained from ƒC by attaching an
n–handle. When k is neither n nor n�1, the cobordism exact sequence of Theorem 2.1
implies that GH k.f�/ ' GH k.fC/. The remaining terms of the cobordism exact
sequence are

(6-7) 0!GH n�1.f�/!GH n�1.fC/! F !GH n.f�/!GH n.fC/! 0:

Since dim GH n.f�/ D 2C pn by hypothesis, the exactness of the sequence above
implies that either dim GH n.fC/D 1Cpn or dim GH n.fC/D 2Cpn . To see which
of these is correct, we turn to the duality exact sequence (6-1), which tells us that

0!GH�1.fC/!GHn.fC/!H 0.ƒC/! � � � :

We already know the isomorphism GH�1.fC/'GH�1.f�/, and thus we have that
dim GH�1.fC/ D p�1 D pn . Since ƒC is connected, we use Theorem 6.1 (2) to
conclude that dim GHn.fC/D dim GH n.fC/ must be 1Cpn . It then follows from
the exactness of the sequence (6-7) that dim GH n�1.fC/D qn�1Cpn�1 , thus proving
the lemma.
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One situation in which we can use this lemma is in the connected sum of two connected
Legendrians in J 1Rn . Given two Legendrians with tame generating families .ƒi ; fi/,
i D 1; 2, sufficiently separated in the horizontal direction, there is a tame generating
family f� for their disjoint union with

�f�.t/D �f1
.t/C�f2

.t/I

see [39, Proposition 3.19] for more details. Let .ƒC; fC/ be the result of a gf-
compatible 0–surgery on .ƒ�; f�/ that connects the two components of ƒ� .

Corollary 6.4 (Connected sums) The generating family cohomology of the connect
sum .ƒC; fC/ may be computed as

�fC.t/D �f1
.t/C�f2

.t/� tn:

The first important step in the proof of Theorem 1.2 is to build up Legendrians with
interesting manifold classes, which are represented by the polynomial q0Cq1tC� � �C

qntn in Equation (1-1).

Lemma 6.5 (Manifold lemma) For all integers a D 1; : : : ; n � 1, there exists a
connected, n–dimensional Legendrian submanifold ƒa�J 1M with a tame generating
family fa such that

�fa
.t/D tn

C ta:

In addition, there exists a 2–component n–dimensional Legendrian link ƒ0 with a
tame generating family f0 such that

�f0
.t/D tn

C t0:

Proof In this proof and in the proofs below, we will construct the Legendrian ƒa in a
J 1Rn coordinate chart inside J 1M . Let ƒ� denote the n–dimensional Legendrian
sphere obtained from spinning the front of the Legendrian unknot shown in Figure 8.
Since Legendrian isotopy commutes with spinning, we know that ƒ� is isotopic to
the standard n–dimensional flying saucer. This implies that ƒ� is gf-fillable (by
attaching a 0–handle as in Theorem 4.2, and by Proposition 3.6). By construction, ƒ�
contains an .n�1/–dimensional sphere of cusps that bounds a horizontal disk Dn . For
aD 0; 1; : : : ; n� 1, perform an .n� a� 1/–surgery on ƒ� , which when combined
with the Lagrangian filling of ƒ� also yields a gf-filling .La;Fa/ of .ƒa; fa/. For
a> 0, the resulting Legendrian ƒa is connected.

We now proceed to compute the generating family cohomology of the links ƒa . Since
the Lagrangian La was constructed by attaching an .n� a/–handle to a 0–handle, its
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Dn

Figure 8: Spinning this unknot results in an n–dimensional Legendrian
submanifold isotopic to the standard flying saucer, but having an Sn�1 family
of cusps that bounds a disk Dn on the outside.

homology is supported in dimensions 0 and n� a, both with dimension 1. Poincaré
duality then implies that

H k.La; ƒa/D

�
F k D aC 1; nC 1;

0 otherwise.

The cobordism exact sequence implies that GH k.fa/ ' H kC1.La; ƒa/, and the
lemma follows.

Remark 6.6 The proof of Lemma 6.5 shows that the Legendrians ƒa are all gf-fillable.

Taking connect sums of the Legendrians constructed in Lemma 6.5 and applying
Corollary 6.4 allows us to build up Legendrians with (almost) arbitrary manifold
classes.

Corollary 6.7 (Manifold class building block) For arbitrary nonnegative integers
q1; q2; : : : ; qn�1 , there exists a connected, n–dimensional Legendrian submanifold that
has a tame generating family f with

�f .t/D tn
C qn�1tn�1

C � � �C q1t1:

We are now ready to build up the “duality classes” recorded by the polynomials p.t/

and tn�1p.t�1/. We begin by constructing Hopf links with the desired classes.

Lemma 6.8 (Hopf link lemma) For n � 2 and a ¤ 0; n � 1, there exists an n–
dimensional Hopf link ƒa with a tame generating family f such that

�f .t/D 2tn
C ta
C tn�1t�a:
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Proof By the symmetry of these polynomials, it suffices to show it is possible to
realize the polynomial 2tnC taC tn�1�a , for a� b.n� 1/=2c and a¤ n� 1.

a

aC 1

0

�1

a

aC 1

0

�1

Figure 9: Two Legendrian Hopf links used in the proof of Lemma 6.8. Both
have six Reeb chords along the central axis, with the length of the Reeb chord
from the bottom of the upper component to the top of the lower component
shorter than then Reeb chord between the bottoms of the two components.

We begin by considering the 1–dimensional Legendrian Hopf link on the left side of
Figure 9. We claim that this link has a generating family with the indicated (relative)
fiber indices. Start with two linear-at-infinity generating families f0 and f1 for the
lower and upper unknots, respectively, on the left side of Figure 9; suppose that they
have the same fiber dimensions and that their fiber critical sets have the same fiber
indices. Stabilize f1 with a nondegenerate quadratic function of index aC 1 and
stabilize f0 with a nondegenerate quadratic function of the same dimension, but of
index 0. Finally, translate the domain of f1 in the fiber so that its support is disjoint
from that of f0 and let fL be the sum of f0 and f1 in the sense of [39, Definition 3.18];
the resulting fL is a generating family for the full Hopf link with the desired indices
on the fiber critical sets.

Spinning the two fronts in Figure 9 yields isotopic n–dimensional Legendrian Hopf links
ƒL and ƒR ; note that ƒL has a generating family (again called fL ) by Proposition 3.2.

Since ƒL and ƒR are isotopic and ƒL has a generating family, the persistence of
generating families under isotopy implies that ƒR has a generating family fR that
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has the same generating family homology as fL . The difference functions for both
fL and fR have six critical points with positive critical values. The indices of these
critical points, listed in order of decreasing critical value, are:

ƒL nC 1C a n nC a n n� 1� a a

ƒR aC 1 n a n n� 1� a a

It follows that the critical points of fL with indices nC 1C a and nC a cannot
contribute to the homology; similarly, for fR , the critical points with indices aC 1

and a cannot contribute to the homology, and thus the total homology is at most
4–dimensional.

Except in the cases aD n� a; nC 1; n� 1, index arguments imply that the generating
family homology must be 4–dimensional, ie that

�f .t/D 2tn
C ta
C tn�1�a;

as desired.

By assumption, a¤ n� 1, so it remains to show that the generating family homology
is 4–dimensional when aD n� a and when aD nC 1.

When aD n�a, then the critical points in degrees a and n� 1�aD a� 1 survive in
homology since the critical value of the critical point of index a� 1 is larger than that
of the critical point of index a. Thus, this case also yields the desired 4–dimensional
homology.

Finally, when a D nC 1, we can apply a duality argument to show that the total
homology is 4–dimensional. In this case, n� 1� aD�2, and if the homology were
not 4–dimensional, then we would have �f .t/D tnC t�2 . This is a contradiction to
the duality long exact sequence, as the part of the sequence

GH nC1.f /!GH�2.f /!H nC1.ƒ/

would become
0! F ! 0:

This completes the proof of the lemma.

Remark 6.9 As all of the Hopf links constructed in the lemma above are Legendrian
isotopic to the Hopf link ƒ0 of Lemma 6.5, they are all fillable, though not necessarily
gf-fillable.
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We next use the Hopf links constructed above to produce Legendrian spheres whose
generating family homologies have a given pair of dual classes.

Lemma 6.10 (Sphere lemma) For all integers a, there exists a Legendrian n–sphere
ƒ with a tame generating family f such that

�f .t/D tn
C ta
C tn�1t�a:

Proof By symmetry, it suffices to restrict to the case where a� b.n� 1/=2c.

First, we generalize the first Reidemeister move to higher dimensions as follows: for
any Legendrian submanifold ƒ � J 1Rn , the Legendrian submanifold ƒ0 obtained
by replacing a graph-like portion of the front projection of ƒ with one of the fronts
depicted in Figure 10 is Legendrian isotopic to ƒ. To see why, let ƒ0 �ƒ be an open
subset obtained as the 1–jet of a function and contained in a Darboux chart of J 1Rn .
We claim that the 1-parameter family of generating families f W Œ�1�1��Rn�Rn!R
defined by

ft .x; �/D˙.k�k
4
C tk�k2/Cx � �;

where xD .x1; : : : ;xn/ and �D .�1; : : : ; �n/, describes a Legendrian isotopy between
ƒ0 (for t D C1) and the Legendrian submanifolds whose fronts are depicted in
Figure 10 (for t D�1). The ˙ sign can be chosen in order to obtain the front on the
bottom or top of the figure.

ƒ0

Figure 10: The higher-dimensional first Reidemeister moves

With this technique in hand, take a Hopf link constructed in Lemma 6.8 and apply
aC1 Reidemeister moves; in the case aD 0, use the link from Lemma 6.5. The result
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has a generating family ga with the fiber indices indicated in Figure 11. Applying
a 0–surgery along a horizontal line indicated in Figure 11 produces a gf-compatible
Lagrangian cobordism from the Hopf link to a sphere ƒa with generating family fa .

a

aC 1

0

�1

aC 1

Figure 11: A scheme to construct a Legendrian sphere with �fa
.t/D tnC

taC tn�1t�a with a� b.n� 1/=2c .

To finish the proof of the lemma, we verify that the generating family cohomology
of .ƒa; fa/ is given by �fa

D tnC taC tn�1t�a . If .a; n� 1� a/¤ .n� 1; 0/, then
the 0-surgery lemma, Lemma 6.3, implies the desired result. If, on the other hand,
we are in the case .a; n� 1� a/D .n� 1; 0/, the cobordism exact sequence implies
that dim GH 0.f0/D 1 and that dim GH k.fa/D 0 for all other k ¤ 0; n� 1; n. The
remaining part of the cobordism exact sequence is

0!GH n�1.f0/! F ! F !GH n.f0/:

Thus, GH n�1.f0/ and GH n.f0/ either simultaneously vanish or have dimension
1. Theorem 6.1 (2) implies that the latter is, indeed, the case, which completes the
proof.

Remark 6.11 Continuing Remark 6.9, we note that the spheres constructed in the
lemma above are all fillable since they arise from attaching Lagrangian handles to
fillable Legendrians.

From this lemma, we obtain spherical building blocks for duality classes:

Corollary 6.12 (Sphere building block) For any n� 2 and any polynomial p.t/DP
i2Z;i�b.n�1/=2c pi t

i , there exists an n–dimensional Legendrian sphere with tame
generating family f with polynomial

�f .t/D tn
Cp.t/C tn�1p.t�1/:
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The corollary follows from Lemma 6.10 in an analogous fashion to how Corollary 6.7
followed from Lemma 6.5 and Corollary 6.4.

Finally, we have all the building blocks to answer the nonclassical generating family
geography question.

Proof of Theorem 1.2 This proof follows from taking a connect sum of a manifold
constructed in Corollary 6.7 and a sphere constructed in Corollary 6.12; once again,
the generating family polynomial is computed using Corollary 6.4.

6.3 Classical fillable geography

The constructions built up in the previous section, especially the sphere building block
Corollary 6.12, also suffice for the proof of Theorem 1.3. We will also need the
fact that the Thurston–Bennequin number of a Legendrian submanifold ƒ � J 1Rn

with generating family f may be computed by taking the Euler characteristic of the
generating family homology:

(6-8) tb.ƒ/D .�1/.n�2/.n�1/=2�f .�1/:

This fact was proven in [16] for linearized Legendrian contact homology, and can be
translated to generating family homology using [39, Proposition 3.2].

Proof of Theorem 1.3 Fix an odd n� 2 and any odd integer 2kC 1. Suppose that
the quantity .n� 2/.n� 1/=2 is even; the proof in the other case is entirely similar.
If 2k C 1 > 0, it is straightforward to compute that the Legendrian sphere ƒ with
generating family polynomial

�f .t/D tn
C .kC 1/tn�1

C .kC 1/t0

has tb.ƒ/D 2kC 1. If 2kC 1< 0, use the Legendrian sphere with generating family
polynomial

�f .t/D .jkjC 1/tn
Cjkjt�1:

By Remark 6.11, all of the spheres used above are fillable, though only the first set is
gf-fillable. This completes the proof of Theorem 1.3.

Appendix: Proof of the duality theorem

We conclude this paper by proving Theorem 6.1, repeating some of the proof of
the original statement so as to properly set notation for the strengthening. The key
ingredient in the proof of the duality exact sequence is [39, Lemma 7.1], which we
restate here for the reader’s convenience:
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Lemma A.1 [39] Assume f W M n � RN ! R is linear-at-infinity; let ıW M n �

R2N ! R be its associated difference function. For sufficiently large ! and for all
a 2R, there is an isomorphism

ˇW H j .ı! ; ı�a/
�
�!H2NCn�j .ı

a; ı�!/:

Proof of Theorem 6.1(1) The duality exact sequence is modeled on the cohomology
long exact sequence of the triple .ı! ; ı�; ı��/ for sufficiently large ! and sufficiently
small � > 0; we have already encountered this triple in the long exact sequence (2-2).
In fact, using this long exact sequence and the duality isomorphism from Lemma A.1,
we obtain the following commutative diagram:

// H kCN .ı! ; ı�/
pk //

˛'

��

H kCN .ı! ; ı��/
sk //

ˇ'

��

H kCN .ı�; ı��/


'

��

ık //

// Hn�kCN .ı
��; ı�!/ // Hn�kCN .ı

�; ı�!/
s0

n�k // Hn�kCN .ı
�; ı��/ //

We now identify several terms in the diagram above. By definition, H kCN .ı! ; ı�/D

GH k�1.f /; by the Thom isomorphism, H kCN .ı�; ı��/ ' H k.ƒ/. To identify
the middle term on the bottom line, observe that the term Hn�kCN .ı

�; ı�!/ is
part of the homology long exact sequence of .ı! ; ı�; ı�!/. Owing to the fact that
H�.ı

! ; ı�!/ vanishes, the connecting homomorphism @n�k W Hn�kCNC1.ı
! ; ı�/!

Hn�kCN .ı
�; ı�!/ is an isomorphism for all k . Since, by definition, GHn�k.f /D

Hn�kCNC1.ı
! ; ı�/, we see that the middle bottom term is isomorphic, via @n�k , to

GHn�k.f /.

The map �k W GH k�1.f /!GHn�k.f / is defined as �k D @
�1
n�k
ıˇıpk , and the map

�k W GHn�k.f /!H k.ƒ/ is defined as �k D sk ıˇ
�1 ı@n�k . Since field coefficients

are used, the adjoint ı�
n�k

of ın�k fits into the following commutative diagram, obtained
from the long exact sequences of the triples .ı! ; ı�; ı��/ and .ı! ; ı�; ı�!/:

// Hn�kCNC1.ı
! ; ı�/

ı�
n�k // Hn�kCN .ı

�; ı��/ //

// Hn�kCNC1.ı
! ; ı�/

id

OO

@n�k // Hn�kCN .ı
�; ı�!/ //

i�Ds0
n�k

OO

Thus ı�
n�k
D .s0

n�k
/ ı @n�k D .
 ı sk ıˇ

�1/ ı @n�k D 
 ı �k , as claimed.

In order to prove the second part of Theorem 6.1, namely the existence of the funda-
mental class, we need to use a slight extension of the standard Morse–Bott machinery
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described in [3]. We begin by recalling some of the basic objects in Morse–Bott theory
to set notation. Fix a generating family f for ƒ and consider its difference function ı
and a Morse–Bott–Smale metric on the domain M �R2N of ı . Given nondegenerate
critical points q and r of ı , we denote by M.qI r/ the moduli space of gradient
trajectories of ı from r to q modulo reparametrization by a constant shift. It is a
smooth manifold of dimension Indı q � Indı r � 1. Let † �M �� be the critical
submanifold of ı in its zero level set. Similarly, we denote by M.qI†/ the moduli
space of gradient trajectories from † to q modulo reparametrization by a constant shift.
It is a smooth manifold of dimension Indı q �N � 1. It is equipped with a smooth
evaluation map evWM.qI†/!† at �1.

The key construction for the proof of Theorem 6.1 (2) is a new moduli space of gradient
flow lines that begin on the “diagonal” M ���M �RN �RN . Given a nondegenerate
critical point q of ı , we define M.qIM ��/ to be the space of gradient flow lines

 W Œ0;1/!M �R2N of ı with 
 .0/ 2M �� and limt!1 
 .t/D q . Finally, we
define M.†IM ��/ to be the space of gradient flow lines 
 W Œ0;1/!M �R2N

of ı with 
 .0/ 2M �� and limt!1 
 .t/ 2 †. The moduli space M.†IM ��/

consists entirely of constant trajectories, so we may identify the moduli space with †
and its evaluation map at C1 with the identity.

Lemma A.2 The moduli space M.qIM ��/ is a smooth manifold of dimension
Indı q �N . If it has dimension 1, it is compactified by the 0–dimensional moduli
spaces

M.†IM ��/�†M.qI†/ and
[

Indı rDN

M.r IM ��/�M.qI r/

so that each element in these moduli spaces is in the closure of a single end of
M.qIM ��/.

Proof The moduli space M.qIM ��/ is the intersection of the stable manifold
of q with M � �. After a small perturbation of the metric on M � R2N , this
intersection is transverse, so that M.qIM ��/ is a smooth manifold of dimension
Indı qC .nCN /� .nC 2N /D Indı q�N .

The compactification of the space of gradient trajectories 
 W R!M �RN �RN whose
restriction to Œ0;1/ is in M.qIM ��/ consists of broken gradient trajectories [3,
Lemma 3.3]. Any such broken gradient trajectory contains a gradient trajectory passing
through M � � at t D 0, so that its restriction to Œ0;1/ is either an element of
M.†IM ��/ or an element of M.r IM ��/ for some nondegenerate critical point
r of ı . Note that the part of the broken trajectory passing through M �� cannot be
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a piece of a trajectory from a critical point with negative critical value to q since the
image of the whole broken trajectory is symmetric under the exchange of the two RN

factors. The compactification of M.qIM ��/ therefore consists of broken trajectories
with such an element followed by an ordinary broken gradient trajectory from † or r

to q .

Let us first assume that the gradient trajectory passing through M �� at t D 0 is
an element of M.†IM ��/. The next gradient trajectory in the broken gradient
trajectory runs from † to a critical point s of ı with ı.s/ > 0, an element of the
moduli space M.sI†/ with dimension Indı s �N � 1 � 0. If Indı q DN C 1, this
forces sD q so that the broken trajectory is an element of M.†IM ��/�†M.qI†/.
Conversely, the Morse–Bott gluing theorem [3, Theorem A.11] shows that any element
of this moduli space is the limit of a unique end of M.qIM ��/.

We now assume that the gradient trajectory passing through M�� at tD0 is an element
of M.r IM ��/. If Indı q DN C 1, there can only be one more gradient trajectory
in the above broken gradient trajectory: an element of M.qI r/ with Indı r D N .
Conversely, the usual gluing theorem in Morse theory shows that each element of
M.r IM ��/�M.qI r/ is the limit of a unique end of M.qIM ��/.

With this technical lemma in hand, we are ready for the proof of the existence of a
fundamental class.

Proof of Theorem 6.1(2) Let ƒ1; : : : ; ƒk be the connected components of ƒ and let
pi be the generator of H 0.ƒi/ for i D 1; : : : ; k . We claim that pD

Pk
iD1 pi 2 ker ı0 .

In view of the property (1) proved above, this means that ın has rank at least 1.

Note that ı0.p/ results from the count of gradient trajectories with cascades [4] from
a minimum of an auxiliary Morse function on † to a critical point q of the difference
function with Ind q D N C 1. Such cascade gradient trajectories are in bijective
correspondence with elements of M.qI†/.

In order to prove our claim, define the cochain c 2 C N .ı! ; ı�/ by

c D
X

ind rDN

#M.r IM ��/ r:

Denoting the Morse codifferential of c by dc , the claim above follows from the
assertion that ı0.p/CdcD 0. Lemma A.2 implies that this relation encodes a count of
the boundary of the one-dimensional moduli space

S
Ind qDNC1 M.qIM ��/: here

ı0.p/ accounts for the first type of broken flow line in the lemma, while dc accounts
for the second type.
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