:. Algebraic & Geometric Topology 15 (2015) 36533705
msp

The algebraic duality resolution at p = 2

AGNES BEAUDRY

The goal of this paper is to develop some of the machinery necessary for doing
K (2)—local computations in the stable homotopy category using duality resolutions at
the prime p = 2. The Morava stabilizer group S, admits a surjective homomorphism
to Z, whose kernel we denote by Sé. The algebraic duality resolution is a finite
resolution of the trivial Z 2[[85]]—module Z, by modules induced from representations
of finite subgroups of Sj. Its construction is due to Goerss, Henn, Mahowald and
Rezk. It is an analogue of their finite resolution of the trivial Z; [[Gzl]]—module Zs at
the prime p = 3. The construction was never published and it is the main result in
this paper. In the process, we give a detailed description of the structure of Morava
stabilizer group S, at the prime 2. We also describe the maps in the algebraic duality
resolution with the precision necessary for explicit computations.

55Q45; 55199, 55P60

1 Introduction

Fix a prime p and recall that L,S is the Bousfield localization of the sphere spectrum
S with respect to the wedge K(0) V ---Vv K(n), where K(m) is the m™ Morava
K—theory at the prime p. The chromatic convergence theorem of Hopkins and Ravenel
[27, Section 8.6] states that the p—local sphere spectrum is the homotopy limit of its
localizations LS. Further, there is a homotopy pull-back square:

LnS LK(}’I)S

| |

Ly—1S — Ln—lLK(n)S

In theory, the homotopy groups of S can be recovered from those of its Morava K-
theory localizations Lk ,)S. For this reason, computing 7« Lk (,)S is one of the
central problems in stable homotopy theory. A detailed historical account of chromatic
homotopy theory can be found in Goerss, Henn, Mahowald and Rezk [14, Section 1].

The difficulty of computing 7« L g (,)S varies with p and n. The computation of
wx«Lg(1)S is related to K—theory and is now well understood. For n > 3, almost
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nothing is known, which leaves the case n = 2. For p > 5, w4« Lk ()S was computed
by Shimomura and Yabe in [33]. Behrens gives an illuminating reconstruction of their
results in [4]. The case when p = 3 proved much more difficult than the problem for
p = 5. It is now largely understood due to the work of Shimomura, Wang, Goerss,
Henn, Karamanov, Mahowald and Rezk (see Goerss and Henn [12], Goerss, Henn and
Mahowald [13], Goerss, Henn, Mahowald and Rezk [14; 15], Henn, Karamanov and
Mahowald [18] and Shimomura and Wang [32]).

The major breakthrough in understanding the case of » = 2 and p = 3 was the
construction by Goerss, Henn, Mahowald and Rezk [14] of a finite resolution of
the K(2)—local sphere called the duality resolution. The duality resolution comes
in two flavors. The algebraic duality resolution is a finite resolution of the trivial
Z3[G,]-module Z3 by permutation modules induced from representations of finite
subgroups G of the extended Morava stabilizer group G, . Its topological counterpart,
the fopological duality resolution, is a finite resolution of E, 2, where E, denotes
Morava E—theory. It is composed of spectra of the form Yk ERG and realizes the
algebraic duality resolution. Both the algebraic duality resolution and the topological
duality resolution give rise to spectral sequences which can be used to study 7« L g(2)S
at p =3.

The existence of a resolution analogous to that of [14, Theorem 4.1] at the prime
p = 2 was conjectured by Mahowald using the computations of Shimomura [30] and
of Shimomura and Wang [31]. The central result of this paper is its construction, which
is due to Goerss, Henn, Mahowald and Rezk. The author is grateful for their blessing
to record it here.

More precisely, for the norm-one subgroup S; defined in (2.3.6), we construct a
resolution of Z, by modules which are induced from representations of finite subgroups
of S%. We add a detailed description of the maps in the resolution, which will be
used in later computations. However, we do not construct a full algebraic duality
resolution of Z, by Z,[[G,]-modules as in [14, Corollary 4.2] (see Remark 1.2.3),
nor do we realize the algebraic resolution topologically as in [14, Section 5]. For work
on the topological realization of the algebraic duality resolution, we refer the reader to
Bobkova’s thesis [6].

The algebraic duality resolution has already proved to be a useful tool for compu-
tations. We use the results of this paper in [3] to compute an associated graded for
H*(S), (E3)+V(0)), where V(0) is the mod 2 Moore spectrum. The computations of
[3] play a crucial role in [2], where we prove that the strongest form of the chromatic
splitting conjecture, as stated by Hovey in [21, Conjecture 4.2(v)], cannot hold when
n=p=2.
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The algebraic duality resolution at p =2 3655

1.1 Background and notation

As in Goerss, Henn, Mahowald and Rezk [14, page 779], “we unapologetically focus
on the case [ p = 2] and n = 2 because this is at the edge of our current knowledge.”

We let K(2) be Morava K-theory, so that
K(2)x =Falv3 "]

for v, of degree 6, and whose formal group law is the Honda formal group law of
height two, which we denote by F, . The Morava stabilizer group S, is the group of
automorphisms of F, over [F4. It admits an action of the Galois group Gal(F4/IF,).
The extended Morava stabilizer group G is

Gz = Sz A Gal(IF4/IF2)

By the Goerss—Hopkins—Miller theorem (see Goerss and Hopkins [16]), the group
G, acts on Morava E—theory E, by maps of E,-ring spectra and, for X a finite
spectrum,
L X ~ E'C?
kX = E; AKX

In fact, for any closed subgroup G of G5, one can form the homotopy fixed point
spectrum ES’G; see the work of Hopkins and Devinatz [10] and of Davis [9]. For a
spectrum X , the action of G, on (E»)« induces an action on

For a closed subgroup G of G, and a finite spectrum X, there is a convergent descent
spectral sequence

ES = H*(G, (E2) X) = m—s(EXC A X).

We describe the most relevant example for this paper here. There is a norm on the
group S, whose kernel is denoted S; (see Goerss, Henn, Mahowald and Rezk [14,
Section 1.3]). Further,

(1.1.1) Sy =Sy x7Z,.
Similarly, the norm on S, induces a norm on G,. The kernel is denoted G; and
(1.1.2) Gy = G, % Zs.

Let m be a topological generator of Z, in G, and ¢, be its action on E,. If X is
finite, there is a fiber sequence

1 ”_'d 1
(1.13) LxoyX — EX% A x 2785 BI%  x
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1
For this reason, the spectrum E ;1 i is often called the half sphere. One approach for

computing 7« L g(2) X is to compute the spectral sequence

1
(1.1.4)  H*(GL,(E2):X) = H5(S), (Eq), X)CF/F2) — n,_sEéle AX

1
and then use the fiber sequence (1.1.3) to pass from JT*(E;lGZ AX) to muLg@)X.

Computing the E,—term of (1.1.4) can be difficult. At the prime 3, the algebraic duality
resolution of Goerss, Henn, Mahowald and Rezk constructed in [14, Theorem 4.1]
gives rise to a first quadrant spectral sequence computing the E,—term of the analogue
of (1.1.4). One of the most important consequences of this paper is the existence of
such a spectral sequence at the prime p = 2 (Theorem 1.2.4 below).

To state the main results and describe this spectral sequence, we must introduce some
subgroups of S,. The group S, has a unique conjugacy class of maximal finite
subgroups of order 24. Fix a representative and call it Gp4. The group Gj4 is
isomorphic to the semidirect product of a quaternion group denoted Qg and a cyclic
group of order 3 denoted C3 (see Section 2.4); that is,

Goy = Qg x Cs.

However, there are two conjugacy classes of maximal finite subgroups in S;. If w is
as above (1.1.3), the groups G4 and

G£4 = 7'[G247'[_1

are representatives for the distinct conjugacy classes. The group S, also contains a
central subgroup C, of order 2 generated by the automorphism [—1](x) of the formal
group law F, of K(2). Therefore, S; contains a cyclic subgroup

C6 = Cz XC3.

Choose a generator w of C3 and an element i in G4 such that G4 is generated by i
and w. That is,
G24 = (i, a))

Let j = wiw? and k = w?jw. The group S, can be decomposed as a semidirect
product

Sz ~ KX G24
for a Poincaré duality group K of dimension 4. Similarly,

Sé %Kl )<IG24
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for a Poincaré duality group K! of dimension 3; see Section 2.5. The homology of
the groups K and K play a central role in the construction of the duality resolution;
see Section 3.1.

The group S; is a profinite group and one can define the completed group ring
Z>[S;] =1imZ/(2)[S,/ Uj]
l’.]

where {Uj} forms a system of open subgroups such that (); Uj = {e}. For any closed
subgroup G of S!, we let

2,18,/ G]:= Z1[S31 ®z, 167 Za-

1.2 Statement of the results

The main result of this paper is the following theorem.

Theorem 1.2.1 (Goerss, Henn, Mahowald and Rezk, unpublished) Let Z, be the
trivial Z, 2[[85]]—m0dule. There is an exact sequence of complete left Z, zﬂSé]]—modules

a d a
0—)653—%(52—2)(51—1)%0—)22%0

where
Z,[S}/Gasl if p =0,
Cp =122[S;/Cs] ifp=12,
Z,[S3/G%,1 if p=3.

The resolution of Theorem 1.2.1 is called the algebraic duality resolution. The name is
motivated by the fact that the exact sequence of Theorem 1.2.1 exhibits a certain twisted
duality. To make this precise, let Mod(S;) denote the category of finitely generated left
Z2[[S;]]—modules. As above, let 7 be a topological generator of Z; in S, & S; XNZy.
For a module M in Mod(S;), let ¢, (M) denote the left ZZ[[S;]]—module whose
underlying Z,-module is M, but whose Z 2[[8;]]—module structure is twisted by the
element 7.

Theorem 1.2.2 (Henn, Karamanov and Mahowald, unpublished) Let

@, = Homg,1(p. Z1[S;])-

Algebraic & Geometric Topology, Volume 15 (2015)



3658 Agnes Beaudry

There is an isomorphism of complexes of left Z[S}]-modules:

d 0 d
0 %, P % l % L - % Z, 0

Lf3 lfz Lfl lfo
7 (07) 7 (93) 7(0%)
00— x (6)) T8 e (67) T e (67) T e (6F) —> Ty —= 0

Remark 1.2.3 The resolution of Theorem 1.2.1 has the following shortcoming: it does
not extend to a resolution of the group G, or of the group S, as in [14, Corollary 4.2].
This is due to the fact that (1.1.1) is a nontrivial extension when n = p = 2. For n = 2
and p >3, S, = S)xZ,p.

One application of the algebraic duality resolution is given by the following theorem.

Theorem 1.2.4 Let M be a profinite left Zz[[S;]]—module. There is a first quadrant
spectral sequence

EP? = Ext!

2153 o M) = HP(S3. M)

with differentials d,: EP*? — EPT™97" " Further, there are isomorphisms

H(G4, M) ifp=0,
EP? >~ SHI(Cs, M) ifp=1,2,

HY(G,. M) if p=3.

The spectral sequence of Theorem 1.2.4 is called the algebraic duality resolution
spectral sequence. Its computational appeal is twofold. The E;—term is composed
of the cohomology of finite groups. Further, it collapses at the E4—term. The d;
differentials are induced by the maps of the exact sequence in Theorem 1.2.1. In order
to compute the spectral sequence, it is necessary to have a detailed description of these
maps, which we do in Theorem 1.2.6 below.

The following result introduces some important elements in S;.
Theorem 1.2.5 There is an element o in K such that S, is topologically generated

by the elements w, o, i and w. The group S; is topologically generated by the
elements o, i and .
To state the next result, for any element 7 in Gj4, let

o = rat a7l

Let S 21 be the 2-Sylow subgroup of Sé. The group S21 admits a decreasing filtration,
denoted Fy /S 21 which will be defined in Section 2.2.
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Theorem 1.2.6 Let e be the canonical generator of Z 2[[8;]] and e, be the canonical
generator of 6, . For a subgroup G of 5'21 , let IG be the kernel of the augmentation
&: L»[G] — Z,. The maps 0p: 6, — €,—1 of Theorem 1.2.1 can be chosen so that:

(@) d1(e1) = (e —)eo.
(b) 0>(ez) = Oeq for an element © in Z2|[Sé]]c3 such that
O=et+a+i+j+k—ai—aj—or modJ,
where J is the left ideal
J = (IFysK', (IF3,KY(IS)), (IKY),2(IK")? 41K, 8).
In particular, ® = e + o modulo (2, (IS21)2).
(¢) There are isomorphisms of 7. 2[[8%]]—modules gp: €p — 6, and differentials

/ .
81 Cpr1 = G

such that
0 d 0
0 Gy — Gy —= C) ——> G Zy 0
Lgs lgz Lgl lgo H
9 9 9
0 653 - 652 651 650 ZZ 0

is an isomorphism of complexes. The map 05: €3 — ¢ is given by

Vy(es) =m(e+i+j+k)e—aHnle,.

Theorem 1.2.6 is the key to doing computations using the duality resolution spectral
sequence. The most difficult part of Theorem 1.2.6 is giving a good estimate for
0y: €, — €. A detailed description of the map 9, is given in Section 3.4. Though
such precision is not needed for our computations in [3], the hope is that it will be
sufficient for most future computations using the duality resolution spectral sequence.

1.3 Organization of the paper

Section 2 is dedicated to the description of the Morava stabilizer group in the special
case of p =2 and n = 2. (A more general account of the structure of S, can be
found in Goerss, Henn, Mahowald and Rezk [14, Section 1].) We begin by recalling
the standard filtration on S, and defining the norm. This allows us to define the unit
norm subgroup S% and describe its finite subgroups. In particular, we give an explicit
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choice of maximal finite subgroup G,4 in Lemma 2.4.3. In Section 2.5, we introduce
a subgroup K such that S, =~ K x G,4 and compute the cohomology of K and of
its norm-one subgroup K!. These results are due to Goerss and Henn but are not
published. We finish the section with a proof of Theorem 1.2.5.

In Section 3, we introduce the finite resolution of the trivial ZzﬂSé]]—module Zy. We
construct the algebraic duality resolution spectral sequence. We describe the duality
properties of the resolution and give a proof of Theorem 1.2.2. We end this section by
giving a detailed description of the maps in the resolution, proving Theorem 1.2.6.

The appendix, contains the results on the cohomology of profinite p—adic analytic
groups used in this paper.
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2 The structure of the Morava stabilizer group

2.1 A presentation of S,

Let F, be the Honda formal group law of height 2 at the prime 2. It is the 2—typical
formal group law defined over [, specified by the 2—series

2]F, (x) = x*,

The ring of endomorphisms of F, over Fy is isomorphic to the maximal order O, in
the central division algebra over Q, of valuation %, which we denote by

D, = D(Q3, 3).

We begin by describing this isomorphism. More details can be found in Ravenel [26,
A2.2; 27, Chapter 4].
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Let W = W(IF4) denote the ring of Witt vectors on F4. The ring W is isomorphic
to the ring of integers of the unique unramified degree 2 extension of Q,. It is a
complete local ring with residue field F4. The Teichmiiller character defines a group
homomorphism

T F,— WX

Let w be a choice of primitive third root of unity in F, and identify « with its
Teichmiiller lift t(w). Given such a choice, there is an isomorphism

W = Zs[w]/(1 + o + w?).

The Galois group Gal(IF4/F,) is generated by the Frobenius o. It is the Z,-linear
automorphism of W determined by

0’ =ow”.
The ring O, is a noncommutative extension of W. It is given by
O, = W(S)/(S?=2,aS = Sa°)

for a in W. Note that any element of O, can be expressed uniquely as a linear
combination a + bS for a and b in W. The division algebra D, is given by

D; = 0, ®z, Q».
The 2-adic valuation v on Q, extends uniquely to a valuation v on D, such that
v(S) = % Further, O; = {x € D | v(x) > 0} and OF = {x € D | v(x) = 0}. Therefore,
any finite subgroup G € D is contained in O3 .
Next, we describe the ring of endomorphisms of F, and give an explicit isomorphism
End(F3) = O,. A complete proof can be found in Ravenel [26, Section A2]. First,

note that
El’ld(Fz) - ]F4|IX]].

To avoid confusion with the elements W C O, let { be a choice of primitive third root
of unity in the field of coefficients F4[[x]. Let S(x) correspond to the endomorphism

S(x) = x?
so that
21F, (x) = x* = S(S(x)) = S?(x).
Define w’(x) = ¢'x and 0(x) = 0. Given an element @ in W, one can write it uniquely
as a =Y ;oqa;2" where a; in W satisfies the equation

x*—x=o.
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Thatis, a; isin {0, 1, , w?}. Let y =a+bS be anelementof O,. Let a = Y >0 ay; 2"
and b= ;5 a»i+12". Using the fact that S = 2, the element y can be expressed
uniquely as a power series

2.1.1) y =ag+2a;+4a4+---+ (a; +2a; —|—4a6—|—-~)S:Za,~S".

i>0
One can show that
y(x) = ao(x) + 5, a1 (x?) + 5, ax(x*) 45, A E @i (xF) 4y

is a well-defined power series in [F4[[x]. This determines a ring isomorphism from O,
to End(F,).

The Morava stabilizer group S is the group of automorphisms of F,. Thus,
S, >~ O;( .

Any element of S, can be expressed uniquely as a linear combination a + bS for a in
W> and b in W. The center of S, is given by the Galois invariant elements in W >,

Z(Sy) > 7.

Further, the element @ in W generates a cyclic group of order 3 in S,, denoted Cj.
The reduction of W modulo 2 induces an isomorphism C3 = [F°.

The Galois group acts on S, by
(@a+bS)° =a® +b°S.
The extended Morava stabilizer group G, is defined by
Gy =S, xGal(F4/F»,).

2.2 The filtration

In what follows, we use the presentation of S, induced by the isomorphism S, = OF
that was described in Section 2.1. That is,

Sa = (W(S)/(S* =2,aS = Sa°))"

for a in W. As described in Henn [17, Section 3], the group S, admits the follow-
ing filtration.

Recall from Section 2.1 that there is a valuation v on O, such that

v(S) = %
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Regard S, as the units in O, . For all n > 0, define

Fn/2S; ={x €Sy |v(x—1)=n/2}.
This filtration corresponds to the filtration of S, by powers of S'; that is, for n > 1,
2.2.1) Fup2So={yeSaly=1+a,S" +---}.

The motivation for indexing the filtration by half integers is that the induced filtration
on Z3 €S, is the usual 2-adic filtration by powers of 2.

Let
8,72 S2 1= Fy2Sa2/ Fnt1)/252

erS, = @grn/z S,.

n=0

and

Define S := Fy/,S,. The group S, is the 2—Sylow subgroup of S,. The map
Sy —>TF I which sends y to ag has kernel S,. It induces an isomorphism

Suppose that n > 0 and that y is an element of F,/,S>, so that
y=14a,S"+---

for a; as in (2.1.1). Let ¥ denote the image of y in gr,/, Sy. For n > 1, the map
defined by y +— a, gives a group isomorphism

gly/2 S, =~ Fy.

It follows from these observations that the subgroups F;/,S, form a basis of open
neighborhoods for the identity, so that S, is a profinite topological group.

Given any subgroup G of S,, the filtration on S, induces a filtration on G, defined
by Fn/zG = Fn/ZSZ NG. Let

(2.2.2) orG=Per,,G
n=0
be the associated graded for this filtration.
The associated graded gr S, has the structure of a restricted Lie algebra. The bracket
is induced by the commutator in S, and the restriction is induced by squaring. In [17,

Lemma 3.1.4], Henn gives an explicit description of the structure of this Lie algebra.
We record this result in the case when p =2 and n = 2.
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Lemma 2.2.1 (Henn) Forn,m >0,leta € F,/,S, and b € F,,;»S>. Let a be the
image of a in gr,;, S» and b be the image of b in gr,,/, S>. If [a, b] denotes the
commutator aba='b™1, then

[a,b] = ab>'+a"'b € & (ntm)/2 S2-
If P(a) = a?, then

aegry, S, ifn =1,
P(a)={a+a*egr,S; ifn=2,
a €gry/ppS2  ifn>2.

2.3 The norm and the subgroups S} and G

The group S, = O3 acts on O, by right multiplication. This gives rise to a represen-
tation p: Sp — GL,(W):

2.3.1) p(a+bS) = (Z zab:) .
The restriction of the determinant to S, is given by
(2.3.2) det(a + bS) = aa® —2bb°.
This defines a group homomorphism det: S, — Z7.

Lemma 2.3.1 The determinant det: S, — 77 is surjective.

Before proving this lemma, we introduce elements of S, that will play a key role in
the remainder of this paper and in future computations. First, let

2.3.3) m:=14+2w.

By Hensel’s lemma, Z, contains two solutions of f(x) = x2+7. One of them satisfies

v=T7T=144 mod 8.

This allows us to define
1 -2w
=7

Note that the elements 7 and « are in WX C S,.

(2.3.4) o=

Proof of Lemma 2.3.1. The group Z7 is topologically generated by —1 and 3.
It suffices to show that these values are in the image of the determinant. A direct
computation shows that det(sr) = 3 and that det(o) = —1. a
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Definition 2.3.2 The norm N: S, — Z75 /{%1} is the composite

d
Sy <> 75 — L {1},
For a prime p and an integer i > 1, let U; = {x € Z; | x =1 mod p'Y. For p =2,
there is a canonical identification
(2.3.5) 75 = {1} xU,.

Therefore, the image of the norm is canonically isomorphic to the group U, . Further,
the group U, is noncanonically isomorphic to the additive group Z,.

The subgroup S; is defined by the short exact sequence
N
(2.3.6) 1 —S)— S)—Z5/{+1} — 1.

Any element y such that N(y) is a topological generator of Z5/{#£1} determines a
splitting. The element 7 defined in (2.3.3) is an example. This gives a decomposition

(2.3.7) Sy = SyXZS/{E1} =Sy X Zs.

Note that the group S; is closed in S; as it is the intersection of the finite index
subgroups which are the kernels of the norm followed by the projections U, — Z /2"
for n > 0.

The norm N extends to a homomorphism
N: Gy — 25 /{x1} x Gal(F4/F,) — Z5 /{£1},

where the second map is the projection. The subgroup G% is the kernel of the extended
norm and

(2.3.8) Gy =Gy XLy J{£1} =Gl xTZ,.

We note that there is no splitting which is equivariant with respect to the action of the
Galois group.

The filtration on S, induces a filtration on S; and
(2.3.9) S, := F1/,S,
is the 2—Sylow subgroup of S;.

Remark 2.3.3 Note that for odd primes p, there is a canonical isomorphism

Z; ng_l x Uy,
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where Cp,_1 is a cyclic group of order p — 1. The exact sequence analogous to (2.3.6)
is given by

1-S >SS, »2%/Cy_y — 1.
2 p!Cp

Further, it has a central splitting. Therefore, when p is odd, the Morava stabilizer
group is a product

Gy =Gy xZ}/Cpy =Gy X Zp.
There is no central splitting at the prime p = 2 and the extensions (2.3.7) and (2.3.8)
are nontrivial.

We will need the following result in Section 2.5 to prove Theorem 2.5.7.

Lemma 2.3.4 Forn > 1,
C sl I, ifn is even,
$n/2°2 TR, ifn is odd.
Proof Let Fy/»Z5 = 775 and, for n > 2 even,
FujaZ% = Fiuo1y2Z5 :=Upjp =1y |y =1 mod 2"2}.
Let y bein S;,. Let n > 2 be even and suppose that y has an expansion of the form
y=1l4+a,_18" ' +a,S" mod S"T1.
By (2.3.2),
det(y) = 1+ 2"%(an +a) + an—1a°_2"~" mod 2"/2*1,

which is in F,/,Z7 . Therefore, the determinant preserves this filtration. In fact, it
induces short exact sequences of [F,—vector spaces:

0— gr,/2 Sy = 8/2 S2 = gy 25 — 0.

The result then follows from the fact that

I, if nis even,

7%=
8ln/2 52 {o if 7 is odd,

and gr,,/, Sy = (F5)? for n > 1. a
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2.4 Finite subgroups of S,

In this section, we describe the finite subgroups of S, that will be used in the
construction of the resolution of Theorem 1.2.1. We also prove that there are two
conjugacy classes of maximal finite subgroups in Sé. This will be used in the proof of
Theorem 1.2.1.

Proposition 2.4.1 is a special case of Hewett [19, Theorem 1.4].

Proposition 2.4.1 (Hewett) Any maximal finite nonabelian subgroup of S, is iso-
morphic to a binary tetrahedral group

Gog = Qg x C3.
Here, Qg is the quaternion group
Qs (i.j|i*=j%iji =)
and the action of C3 permutes i, j andij.

Our next goal is to prove that there are two conjugacy classes of maximal finite
subgroups in Sé. To do this, we will need some preliminary results. Note that the
classification of conjugacy classes of maximal finite subgroups of S, is addressed in
Hewett [20] and in Bujard [8]. According to Bujard [8, Remark 1.36], Hewett’s [20,
Theorem 5.3] is incorrect. However, [8, Theorem 1.35] in the case n = p =2 is also
stated incorrectly. A correct statement can be found in [8, Theorem 4.30]. To avoid
confusion, we restate the results we need.

Proposition 2.4.2 (Bujard) There is a unique conjugacy class of groups isomorphic
to Qg, and one of groups isomorphic to G4, in Sy.

Proof For Qg, this is [8, Lemma 1.25]. For G4, this is [8, Theorem 1.28]. m|

It will be useful to have explicit choices of subgroups Qg and G,4. The proof of the
following lemma is a direct computation.

Lemma 2.4.3 (Henn) Let

=L g
i:= 20 (1—-aS).
Define j = wiw? and k = w?iw =ij. The elements i and j generate a quaternion
subgroup of S,, denoted Qg. The elements i and w generate a subgroup isomorphic
to Goy4. Further, in D, ,
i+ k

—
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For H a subgroup of G, let Ng(H) be the normalizer of H in G. Let Cg(H) be the

centralizer of H in G Note that the element 1 +i in DY is in NDX(Qg) Since the
valuation v(1 + i) = 5, the restriction of the valuation to the normahzer is surjective.
Therefore, there is an exact sequence

1 = Ns, (Qg) = Npy(Qs) = 3Z — 0.

Since D, = Q5 (i, j), it follows by the Skolem—Noether theorem that Aut(Qg) can
be realized by inner conjugation in DJ'. There is an exact sequence

I = Cpx(Qs) = Npx(Qg) — Aut(Qs) — 0.

The next proposition describes which of these automorphisms can be realized by
conjugation in S .

Proposition 2.4.4 (Henn) The subgroup of Aut(Qg) that can be realized by conju-
gation by an element of S, is isomorphic to the alternating group A4. It is generated
by conjugation by the elements i, j and .

Proof The group Aut(Qg) is isomorphic to the symmetric group G4. One verifies by
a direct computation that conjugation by i, j and @ generates a subgroup of Aut(Qg)
isomorphic to A4. Let Outs, (Qg) be the group of automorphisms of Qg that can be
realized by conjugation in S,. Since C]D)X(Qg) =~ Q7 and Cs,(Qg) = Z7, there is a
commutative diagram

Z% Qf ————1Z

| |

Ns,(Qs) — Npx(Qs) —= }Z

| |

Outs, (Qg) G4 Z]2

where the columns and rows are short exact. Therefore, Outs, (Qg) = A4. a

Lemma 2.4.5 Let Gy4 = Qg x C3. The normalizer of Qg in S, is given by

Ns, (Qg) = Uy x Gag.

Proof By Proposition 2.4.4, there is a short exact sequence

1 — CSz(QS) - NSz(QS) - A4 — 1.
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The centralizer is the subgroup Z; ~ Cy x Uy of S,. Since G4 is defined by the
extension
1—>C2—>G24—>A4—>1,

and the elements of U, are in the centralizer of G4, it follows that Ng,(Qg) is
isomorphic to Uy X Gy4. m|

Since the image of the norm is torsion free, any finite subgroup G of S, is contained in
the kernel Sé. Therefore, S; has the same maximal finite subgroups as S,. However,
there are more conjugacy classes in Sé.

Proposition 2.4.6 There are two conjugacy classes of maximal finite subgroups in
Sé. One is the conjugacy class of G4 defined in Lemma 2.4.3. The other is £Gy4£7 !,
where & is any element such that N () is a topological generator of U, .

Proof Let Z; C S, be the center. Define
S9 =S x Ua,

where U, is as in (2.3.5). The restriction of the determinant to U, surjects onto (Z;()z.
Therefore, there is an exact sequence

1 =S>8, = Z5/({£1},(Z)?) — 1,

and S,/S9 = Z/2. If N(§) is a topological generator for Z}/{+£1}, then £ is a
representative for the nontrivial coset in S,/ Sg.

By Proposition 2.4.2, there is a unique conjugacy class of subgroups isomorphic to G4
in S;. Since conjugation by any element of the center Z7 is trivial, any two conjugacy
classes in S; differ by conjugation by an element of S,/S9 = Z /2. Therefore, there
are at most two conjugacy classes.

Next, we show that the conjugacy classes of G4 and £Gy4& —1 are distinct in Sé.
Conjugation acts on the 2—Sylow subgroups; hence, it suffices to prove the claim for
the subgroup Qg of Ga4. Suppose that there exists an element y in S; such that

EQsE7 =y0sy~ .

This would imply that y~!£ is in Ns,(Qg). By Lemma 2.4.5, y L€ is a product zt
for z in U, and t in G,4. This implies that £ = yzt. However, yzt is in Sg. This
is a contradiction, since the residue class of £ in S,/ Sg is nontrivial. Therefore, G4
and £G,4E~1 represent distinct conjugacy classes in Sé. a
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A choice for £ is the element 7 defined in (2.3.3). For the remainder of this paper,
G}, will denote

2.4.1) Ghyi=wGoam ™,

so that G4 and G, are representatives for the two conjugacy classes of maximal
finite subgroups in Sé.

2.5 The Poincaré duality subgroups

In this section, we introduce the subgroups K and K! and we describe their continuous
cohomology rings H*(K,F,) and H*(K!,F,) as G,4—modules. The author learned
the results of this section from Paul Goerss and Hans-Werner Henn. We refer the reader
to the appendix for details on the cohomology of a profinite group.

Let K be the closure of the subgroup of S, generated by « (as defined in (2.3.4)) and
F3/2§2 . That iS,
K = (a, F3/5S,).

Proposition 2.5.1 The subgroup K is normal in S,. Further, S, =~ K x Qg and
S, = KxGyy.

Proof There is an isomorphism S, 2 S5 % C3; and o commutes with the group Cs.
Further, for any element y in S, it follows from Lemma 2.2.1 that the commutator
[y,a] isin F3/,S,. Since Sy = S x C3, and F3/,S; is normal, K is also normal.
The quotient S,/ K is a group of order 8 generated by the image of the elements i and
j defined in Lemma 2.4.3. The inclusion of Qg followed by the projection to S,/ K
is an isomorphism. This defines a splitting. Similarly, the group S,/ K is a group of
order 24 generated by the image of @ and i, and this defines a splitting. a

Corollary 2.5.2 If K 1 is the kernel of the norm restricted to K , then Sé ~ K!'%Gyy.

Proof The elements « and 7 are in the group K since o™ ! 7 isin Fy /252 . Therefore,

the norm restricted to K is surjective and S; /K'~=S,/K. O

Our next goal is to compute the group cohomology of K and K'. We will need a few
preliminary results.

Proposition 2.5.3 Any open subgroup of S, or of S21 is a profinite 2—adic ana-
Iytic group.
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Proof According to Dixon, Du Sautoy, Mann and Segal [11, Theorem 8.1], a topolog-
ical group is 2—adic analytic if and only if it has an open subgroup which is a finitely
generated powerful pro-2 group. (By [11, Definition 3.1], a pro-2 group H is powerful
if the quotient H/H* is abelian, where H* = (h* | h € H).) By Lemma 2.2.1, if
n=>3,then F,/,S; is topologically generated by any finite set of elements that surjects
onto Fy 282/ F(n42)/2S> . Further, the image of P2 Fyuj2S2 — Fyy4)/2S2 is dense
by Lemma 2.2.1. If n > 4, then

[Fn/282, Fr 2821 € Fany/282 € Fnt4)/252.

This implies that F},/,S> is powerful for n > 4. Since any open subgroup G of S,
contains £/, S, for some large n, it is a profinite 2—adic analytic group.

The proof for open subgroups of S21 is similar, using Fy/» S21 instead of F,/,S>. O

By Proposition 2.5.3, open subgroups of S, and Szl are compact 2—adic analytic
groups. This motivates our use of the following definition, which can be found in
Symonds and Weigel [35, Section 4].

Definition 2.5.4 Let G be a compact p—adic analytic group. Then G is a Poincaré
duality group of dimension #n if G has cohomological dimension n and

Ly ifs=n,

0 ifs#n

as abelian groups. The right Z ,[G]-module H"(G,Z,[G]) is denoted D,(G) and

called the compact dualizing module. If the action of Z,[G] on D,(G) is trivial, the
group G is called orientable.

H*(G.,Z,[G]) = {

Remark 2.5.5 For a Poincaré duality group G of dimension 7, one can show that
Hy, (G, Dy(G)) is isomorphic to Z,; see Symonds and Weigel [35, Theorem 4.4.3].
Given a choice of generator [G] for H, (G, Dp(G)), the cap product induces a natural
isomorphism
_ n[G]
H" (G, —) — H«(G. Dp(G) ®z, —).

The following observations are useful to compute Dp(G). Let ¢p,G): G — Z;’; be
the representation associated to the action of G on D,(G). Let L(G) be the Q,-Lie
algebra associated to G, as defined in Lazard [24, Definition V.2.4.2.5]. The right
conjugation action of G on itself induces a natural right action on L(G), and thus a
homomorphism Ad: G — Aut(L(G)). By [35, Corollary 5.2.5], if G is p—torsion
free,

¢p,(6)(g) = det(Ad(g)).
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Proposition 2.5.6 If an open subgroup U of S, is a Poincaré duality group, then it
is orientable.

Proof This is the argument given by Strickland in the proof of [34, Proposition 5].
For any open subgroup U of S,,, L(U) is isomorphic to the central division algebra
Dy over Q, of valuation 1/n. For g in U, the action Ad(g) is given by conjugation
in D, , which has determinant one. m|

The next result relies on Lazard’s theory of groups which are équi-p—valué. We refer
the reader who is unfamiliar with the theory of Lazard to Huber, Kings and Naumann
[22, Section 2] for an overview of the terminology.

Theorem 2.5.7 For n > 3, the group Fy /S, is a Poincaré duality group of dimen-
sion 4. The continuous group cohomology H*(F,;,S>.IF,) is the exterior algebra
generated by

H'(Fy/2S5.F3) = Homp, (gr,/2 S2 @ (412 S2. F2) = F5.

Similarly, Fy/» Szl is a Poincaré duality group of dimension 3 and H*(Fn/zSzl JIFp) is
the exterior algebra generated by

H'(Fy28,.F2) = Homp, (gr,/, S; ® gr(nr1)/2 Sy F2) = 5.

Proof We define a filtration w: F,/,S, — R U {oo} in the sense of Lazard [24,
Definition I1.1.1.1]. Let w(1) = oo. For k > 0 and x € F(,424)/252\ F(n42k+2)/252
let w(x) = (n + 2k)/2. With this filtration, F /5S> is équi-p—valué of rank 4 in the
sense of Lazard [24, V.2.2.7], with gr F,/» S, generated by

Fuj2S2/ Fnt2)/252 = 8,72 S2 @ gr(n41)/2 S2-

To verify that w is a filtration and that F, /S is équi-p—valué€ with respect to w, one
uses the formulas of Lemma 2.2.1, noting that the squaring map

P: Fuioky/282/ Flnt2k+2)/282 = Fut2k42)/252/ Flnt2k+4)/252

is an isomorphism if and only if #» > 3. The result then follows from [24, Proposition
V.2.5.7.1], which states that H*(F,/,S5,F>) is an exterior algebra on the I, —linear
dual of

Fuj2S2/ P(Fuj2S2) 2 FujaSa/ Finy2)j2S2 = F; = 5.

According to Symonds and Weigel [35, Theorem 5.1.5], this also implies that F},/,S>
is a Poincaré duality group of dimension 4 (note that in [35], the authors imply in
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the third footnote that they use the terms uniformly powerful pro-p and équi-p—valué
interchangeably.)

To prove the second claim, we use the same filtration, £/, Sz1 . By Lemma 2.3.4,
Fu/2S3 ) Fuiay2S) ~Fy ®@F, = TF;. o
Recall that we use the convention that
o =[r,0] = rat a7,

The following congruences will be used in the computations of this section:

i=14+S modS?, j=140w*S mod S?
—1=1+S? mod S*, a=14+wS? mod S*,
aizl+S3 modS4, ajzl+a)253 mod S4,

a’=1+5* modS°, ar=1+wS* modS°.
They are obtained by a direct computation using the definitions of 7, «, i and j,

which were given in (2.3.3), (2.3.4) and Lemma 2.4.3.

Definition 2.5.8 Let

0pg =, o1 = o, 0y =0, o3 =062, Oyq =TT,
and let x; in Homp, (grS,,F,) be the function dual to the image of o in grS,. The
action of conjugation by an element 7 on an element g is denoted by 74(g).

Remark 2.5.9 The action of conjugation by t can be computed using Lemma 2.2.1
and the formula

[T, 7]y = w(y).

Corollary 2.5.10 The continuous group cohomology H*(F3;,S,,[F) is the exterior
algebra generated by

H'(F3/,8,,Fp) = Fp{xy, X2, X3, X4}
for x; as in Definition 2.5.8. The action of & on H' (F3/282,F2) is trivial.
Similarly, H*(F3/, S21 ,IF») is the exterior algebra generated by
HY(F3/,8,,Fp) = Fa{xy, x2, X3}

with a trivial action by «.
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Proof By Theorem 2.5.7, H*(F3/,S5,IF,) is an exterior algebra generated by the I, —
linear dual of F3/,S5/Fs/5S>. This group is generated by the image of 1, , @3 and
o4 of Definition 2.5.8. Therefore, H™* (F3/,S5.,IF,) is the exterior algebra generated by
Fa{x1,x2,x3,X4}. Since o isin F5/5 S5, if g isin F3/,S,, the commutator [a, g] is
in Fs5/5S>. Using Remark 2.5.9, we conclude that the action of a on H! (F3/282,TF2)
is trivial.

The second claim follows in the same way from the fact that F3/, S21 /Fs /2S21 is
generated by the image of o, oy and «3. m|

Lemma 2.5.11 For «; as defined in Definition 2.5.8, and «; its image in Hy (K, Z,),
there is an isomorphism
Hy(K,Zy) = Z/4ao} ® Z/2{001, Gz} @ Zo{da),
where 20 is the image of a3 = . Similarly,
H\(K',Z,) = Z/MGo} ® /261, @2}

The conjugation action of Qg on K factors through the quotient of Qg by the central
subgroup C,. The induced action on H{(K,Z,) is trivial on &4. On the other
generators, it is given by

i*(aO) =0+ o, j*(&o) =g + o3,
ix(0) = oy, Je(@1) = @y + 2,
l*(&Z) = o + 2, ]*(&2) =a>.

Hence, H;(K',Z,) is generated by the image of « as a G,4—module.

Proof First, we prove that the group [K, K] is dense in Fs /2521. Note that K is
contained in F,/,S>. Let ¢ and b be in K. For @ and b as in Lemma 2.2.1,

[a.b] = ab* +a@*b € gry ), Ss.

Since @ and b are in F4 and x* = x for all x in Fy4, this implies that [, 5] = 0 in
gry/2 S2. Therefore, [a,b] € F5/5S,.

Since the norm is multiplicative, the elements of [K, K| have norm one. Hence, [K, K]
is contained in F5/2521. Further, the map from [K, K] to F5/2S21/F7/2S21 induced
by the inclusion is surjective. Indeed, Fs/, S21 /F1/2 521 is generated by the images of
the elements [o, [i, «]], [, [/, @]] and [[i, ], [/, «]], all of which are in [K', K!]. By
Corollary 2.5.10, this implies that the composite

[K',K'|— [K, K] — H;(Fs5/,S,.F>)

Algebraic & Geometric Topology, Volume 15 (2015)



The algebraic duality resolution at p =2 3675

is surjective. According to Behrens and Lawson [5, Theorem 2.1], it then follows from
results of Koch and Serre that [K', K] and [K, K] are dense in Fs /2 521 . Therefore,

[KT. KT =[K.K]= Fs),S,.

Hence, H (K, Z>) = K/Fs;»S) and H\(K',Z>) = K'/Fs;,S). Since o and 7
are in K, the norm N: K — Z3/{#£1} is split surjective. The image of ay = an
generates 75 /{%1} = Z,. Therefore,

H\(K,Zy) = H\(K',Z,) ® Zo{ay)}.

Finally, H,(K',Z,) is generated by the image of ag = o, o} = o; and oy = Qj.
Since «; and «; are in F3/,S>, it follows from Lemma 2.2.1 that ozl.z and cx]? are in

Fs;»S, =[K!', K!].

Therefore, the images of «; and «; have order 2 in K!'/[K!, K!]. Finally, &> = 1+ 5*
modulo S3, so that the image of « has order 4 in K!/[K!, K]. We conclude that

H{(K', Zy) = Z/Mdo} ® Z/2{@;. @)}

The action of Qg by conjugation factors through C, = {1} since Cj; is in the center
of S,. The action of the generators i and j is computed using Remark 2.5.9 and the
following relations, which hold modulo S3:

i,d]=0w;, [i,ai]l=1, [i,Olj]E(Xz, i,arx]=1,
J.al=aj. [j.aul=a? [j.ol=1. [j.ax]=1
These relations are obtained from Lemma 2.2.1. O

Corollary 2.5.12 The group K is an orientable Poincaré duality group of dimension
4 and the group K is an orientable Poincaré duality group of dimension 3.

Proof It is a theorem of Serre [29, Section 1] that the cohomological dimension of
a p-torsion free profinite group G is equal to the cohomological dimension of any
of its open subgroups. The group K is a 2—group, and by Lemma 2.2.1, the squaring
operation P on K has a trivial kernel. Therefore, K is torsion free. The group F3/, S,
is an open subgroup of K. Hence, the cohomological dimension of K is equal to
the cohomological dimension of F3/,S3, so that K has cohomological dimension
4. Similarly, K! has cohomological dimension 3 since it contains Fj /2S21 as an
open subgroup. According to Symonds and Weigel [35, Proposition 4.4.1], a profinite
group G of finite cohomological dimension is a Poincaré duality group if and only if it
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contains an open subgroup which is a Poincaré duality group. Therefore, both K and
K are Poincaré duality groups.

Since K is an open subgroup of S,, it follows from Proposition 2.5.6 that it is orientable.
It remains to prove that K! is orientable. Let Z; be the center of S,. Let U, C Z;
be as in (2.3.5). The group H = K' x U, is an open subgroup of S,, and hence H
is orientable. Further, L(H) = L(K') ® L(U,), and the action of H preserves the
summands. Recall from Remark 2.5.5 that the representation ¢p,g): H — Z3 is
given by the determinant of the adjoint action of H on L(H). For g in H,

det(Ad(g)) = det(Ad(g)| (k1)) det(Ad(g)|L(»))-
Since U, is abelian, det(Ad(g)|r(u,)) = 1. It follows from the orientability of H that
det(Ad(g)|r (k1)) = 1. In particular, this holds for any g in K 1. and the representation
®p, (k1) 1s trivial. ml
Theorem 2.5.13 (Goerss and Henn, unpublished) As an I, —algebra,
H*(K,F,) = Fy[x0, X1, X2, x4]/(x§, x12 + Xxox1, x% + XoX2, xﬁ),
where xg has degree one and is as in Definition 2.5.8. Further,
H*(K1 o) = Fylxg, X1, xz]/(xg, x% + xoxl,x§ + X0X2).

The conjugation action of Qg factors through Qg/Cy = C, x C,. It is trivial on xq
and x4. On x1 and x,, it is described by

ix(X1) = X0 + X1, Jx(X1) = x1,
ix(x2) = X2, Jx(X2) = X0 + x2,
so that the induced representation on H'(K',IF,) is isomorphic to the augmentation
ideal I(Qg/C>), and H*(K ', TF,) is isomorphic to the coaugmentation ideal 1(Qg/C>)*.
Proof The spectral sequence for the group extension
1 — F3/2S, > K — Z/2{ap} — 1

has E,-term given by
IFZ[XO] ® E(x19 xz’ x37 x4)

It follows from Lemma 2.5.11 and Lemma A.1.5 of the appendix that xg = 0. Since
x3 is the function dual to the image of a? in grS,, we have that d»(x3) = xé. Using
the isomorphism H'(K,F,) = Hom(K,F,) and Lemma 2.5.11, one computes that

H' (K, Fy) = F{xq, X1, X2, X4}
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Hence, d,(x;) =0 for i # 3. All other differentials are determined by these differentials,
and
E; >~ FEy >~ E(X(), X1, X2, X4).

Similarly, the E,-term for the extension
1 — F3/3S) — K' — Z/2{@o} — 1
is given by F»[xo] ® E(x1,Xx3,Xx3), and E3 =~ Eo = E(xg, X1, X2).

Now we determine the multiplicative extensions. First, note that it follows from
Lemma A.1.5 that xi = 0 since x4 is dual to a class that lifts to the free class &4 in
H\(K,Z,). Similarly, x? and x7 are nonzero since they lift to 2—torsion classes @;
and a, in H;(K,Z,). Therefore, xf and x% are linear combinations of xgx; and
XoX2. We will show that xf = xoX1. The proof that x% = XoXp is similar.

Let N be the closure of the normal subgroup of K! generated by Fg 2K 1 «? and
oj . That is,

N = <F6/2K1,062,Olj).

Since [K!, F3/2K1] C F6/2K1, and [o, o] = ozjg, the group K!/N is a group of
order 8 generated by the image a of « and the image b of «;. The order of a is 2
and the order of b is 4. Further, since [o, o] = oel.z, the group K'/N is isomorphic to
the dihedral group Dg. Now, note that

Hl (Dg, Fz) = Fz{a, b}
It is proved in Adem and Milgram [1, Chapter IV, Theorem 2.7] that
H*(Dg,Fy) = Falx, y, w]/(xy),

where x is the function dual to a and y is the function dual to @ 4+ b. Changing the
basis of H;(Dg,F,) from (a,a + b) to {(a,b) sends the basis (x, y) of H'(Dg,F,)
to the basis (19, y1) = (x + », ). We obtain the following presentation

H*(K'/N,Fy) = Fa[yo, y1, wl/ (3] + yoy1)-
The projection induces a map
f: H*(K'/N,Fy) — H*(K',T,)
with f(y9) = xo and f(y1) = x1. Therefore, xl2 +xox1 =0 in H*(K'/N,F,).

The action of Qg follows from Lemma 2.5.11. The isomorphism between the repre-
sentation H!(K!,[F,) and the representation /(Qg/C,) defined by

0 — 1(Qs/Ca) = Fy[Qs/Ca] > Fy — 0
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is given by sending x¢ to the invariant e +i 4 j +ij, x; toe+j and xp toe+i. O

The following description of the integral homology of K! will be used heavily in the
proof of Theorem 1.2.1.

Corollary 2.5.14 (Goerss and Henn, unpublished) The integral homology of K is
given by

7, ifn=0,3,
Hy(K'.Z,)={7Z/4®(Z/2)* ifn=1,
0 ifn =2.

Proof The result for n = 1 is Lemma 2.5.11. The homology Hy(K',F,) is dual to
H*(K',F,), computed in Theorem 2.5.13. The groups H,(K',Z,) for n =2,3 are
computed from the long exact sequence associated to

2
0—>Zz—>Zz—>Fz—>O,

using the fact that H,(K! F,) and H,(K',Z,) are known. a
We finish this section by proving Theorem 1.2.5.

Proof of Theorem 1.2.5 Since S, =~ S, x C3 and w generates Cj3, it suffices to
show that S, is generated by 7, «, i and j = wiw™!. Further, according to Behrens
and Lawson [5, Theorem 2.1], it suffices to prove that the inclusion (7, o, i, j) — S,
induces a surjective map

H\(S3,Fy) = S,/S%,

where S is the group S22[S2, S>]. The claim then follows from the isomorphism
S» = K x Qg, the surjectivity of the map

(7,0, 0;,0;) — K/K*

and the fact that i and j generate Qg. The argument for S; is similar. a

3 The algebraic duality resolution

This section is devoted to the construction of the algebraic duality resolution and the
description of its properties. We refer the reader to the appendix for background on the
cohomology of profinite groups.
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3.1 The resolution

From now on, we fix p = 2. The goal of this section is to prove Theorem 1.2.1,
which was stated in Section 1.2, and is restated as Theorem 3.1.7 below. The proof
is broken into a series of results given in Lemma 3.1.1, Lemma 3.1.2, Lemma 3.1.3
and Theorem 3.1.6. All results in this section are due to Goerss, Henn, Mahowald
and Rezk.

Let G,4 be the maximal finite subgroup of S, defined in Lemma 2.4.3. Recall that
G;4 =Gy~ ! for m =1+ 2w in S,. It was shown in Proposition 2.4.6 that there
are two conjugacy classes of maximal finite subgroups in S!, and that G,4 and G; 4
are representatives. Recall that C, = {£1} is the subgroup generated by [—1](x) and
Cs = C, x C3. The group K! is the Poincaré duality subgroup of S; which was
defined in Section 2.5.

Lemma 3.1.1 Let 6y = Zz[[S;/GM]] with canonical generator eqy. Let ¢: 6y — Z,
be the augmentation

&: Z,[Sy/Gaal = Z» ®z,[s1] Z[S5]1 ®2,(Gra1 Z2 = Zos.
Let Ny be defined by the short exact sequence
(.L1) 0— No = Go—> Zy — 0.
Then Ny is the left Zz[[Sé]]—submodule of 6o generated by (¢ — )eq, for e the unit
in Sé and o as defined in (2.3.4).

Proof Since S; ~ K' % Gay, 6y = 7Z,[K'] as a Z,[ K']-module. Therefore, N,
is isomorphic to the augmentation ideal 7K'. Lemma A.1.4 of the appendix implies
that H;(K',Z,) = Hy(K"', Ny), where an isomorphism sends the image of g in
K'/[KT, K] to the image of e —g in IK'/(IK1)2. It was shown in Lemma 2.5.11
that K!/[K1, K1] is generated by a as a Go4—module. This implies that, as a Go4—
module, Hy(K!, Ny) is generated by the image of (e — a)eg. Therefore, the map
F: ZzllS;]] — Ny defined by F(y) = y(e —a)eq induces a surjective map

Fa ®z,1x17 F: F2 ®z,1x17 Z2[S;]1 = F2 ®7,1x 17 No-

By Lemma A.1.3 of the appendix, F itself is surjective, and (e —a)eg generates N
asa Zz[[S;]]—module. o

Lemma 3.1.2 Let Ny be as in Lemma 3.1.1. Let ¢, = Zz[[S;/Cs]] with canonical
generator ey . There is a map d1: 61 — Ny defined by

(3.1.2) d1(yer) =y(e—a)eg
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fory inZ 2[[8%]]. Further, let N1 be defined by the short exact sequence

01
(3.1.3) 0—> Ny —> % — Ny—0,
and let ®© in Zz[[S;]] be any element such that ®ge; is in the kernel of d; and
Ooer =B +i+j+k)ey mod (4, IK").
Then ®geq generates Ni over S;.
Proof The element « satisfies to = at for v € Cg. Therefore, the map d; given by
(3.1.2) is well defined.

Let Np be the kernel of d;. Note that ZZ[[S;/Cs]] =~ 7Z,[K']* as Z,[K']-modules,
generated by ey, iey, je; and ke;. Therefore, there is an isomorphism of G,4—
modules

Hy(K', 61) = Z,[G24/Cs].

As Z5[K]-modules, Hy(K!, ) = Z; generated by the image of the classes e;, ieq,
jer and ke;. Since Ng = IK!, Lemma A.1.4 of the appendix and Corollary 2.5.14
imply that

H{(K', No) = Hy(K",Z,) = 0.

Therefore, the long exact sequence on cohomology gives rise to a short exact sequence
0— Ho(K',Ny) — Ho(K', %)) — Ho(K"', Noy) — 0.
By Lemma A.1.4 of the appendix and Lemma 2.5.11,
Ho(K'. No) = H\(K'. Z2) = Z/4 & (Z/2)*,

which is all torsion. Thus, we can identify Hy(K!, N;) with a free submodule of
Hy(K',%,). Further, it must have rank 4 over Z,. This can be made explicit
as follows.

The map Hy(K!, d;) sends the residue class of re; to that of v(e —a)eqy. For 7 in
Gas, T leg = eg, hence 7(e —a)eg = (e — 4 (a))eg, where 74 () = taer—!. Again,
using the boundary isomorphism H;(K',7Z,) = Hy(K', Ny) of Lemma A.1.4, the
formulas of Lemma 2.5.11 together with the fact that k = ij can be used to compute

di(er)=a, 0di1(ie)) =a+a;, 81(jel)E&+&j, 81(k€1)53&+&j+&j.

Here, @ is the image of @ in H{(K',Z,). As a generates a group isomorphic to Z /4,
and «; and o both generate groups isomorphic to Z/2, a set of Z, generators for
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the kernel of Hy(K!, d,) is given by the elements

fi=—4er, fa=2(—e)er, f3=2(J—e)er, [fa=(k—i—j—e)er.

Let
f=Q@e+i+j+k)e € Hy(K', Ny).

Then f generates Ho(K', Ni) = Z5[G24/Cg] as a Go4—module. Indeed, using the
fact that G,4/Cg = Qg/C,, one computes

S1=13G+j+k=5/f fa=if—f fi=jf—Ff Ja=—k(f+ S

(Note that —t denotes (—1)-t for the coefficient —1 in Z,, as opposed to the generator
of the central C; in Qg.)

Next, we show that if
f'=f mod (4,IK"),

then f” also generates Hy(K!, Ny) asa G,4—module. To do this, note that Z,[Qg/C>]
is a complete local ring with maximal ideal m = (2, /Qg/C,). Hence, any element
congruent to 1 modulo m is invertible. Therefore, if f” = f + €f for € in m, then
f’ is also a generator. However, for a in Hy(K{, %6}),

4ae, :a%((e—i)—i-(e—j)+(e—k)+2e)f.

Hence, a%((e —i)+ (e—j)+ (e — k) + 2¢) is in m. Therefore, 4Hy(K, %) is
contained in m f.

Let ©¢ in Zz[[S;]] be such that
Ope1 =B +i+j+k)ey mod (4, IKY).

Let F: Z>[S1] — Ni be the map defined by F(y) = y©qe; . It induces a surjective
map
Fz ®Z2[[K1]] F: Fz ®Z2|IK1]] ZZ'IS;]] - IFZ ®Z2[[K1]] N].

By Lemma A.1.3 of the appendix, F itself is surjective, and ®ge; generates Ni as a
Zz[[S%]]—module. a

Define trc,: Zo[S3] — Z>[S)] to be the Z,-linear map induced by

(3.1.4) tre,(g) =g + wgo '+ lgw

for g in S; and o our chosen generator of C3.

Lemma 3.1.3 Let %6, = Zz[[Sé/CG]] with canonical generator e, . Let © in ZzﬂSé]]

satisfy:
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(1) t® =07 fort in Cg,
(2) ®e isin the kernel of 01: €1 — %y,
(3) ®e; =B+i+ j+k)e; modulo (4,IK").

Then the map of Z. 2[[8;]]—modules 0y: € — % defined by

(3.1.5) d2(yez) = yOes

surjects onto N1 = ker(0;). Further, if N, is defined by the exact sequence

0
(3.1.6) 0— Ny — € — Ny — 0,

then N, = Z,[K'] as Z,[K']-modules.

Proof Choose an element ®y which generates N; as in Lemma 3.1.2. Recall that
C¢ = C, x C3 and that C; is in the center of S,. Therefore, for trc, as defined by
(3.1.4),

® = L tre;(O)

satisfies properties (1), (2) and (3). The map d, given by (3.1.5) is well defined and
surjects onto Ny by Lemma A.1.3.

Let N, € %, be the kernel of 9, as in the statement of the result. The map 9, induces
an isomorphism Hy(K',%,) =~ Hy(K', N;). Hence, for all n,

Hy(K', N>) = Hy (K, Ny) = Hyyn (K, No) = Hy3(KY, Z5).
This implies:

Z, ifn=0,

Hy(K', N») =~
n( 2) {0 ifn > 0.

Choose an element ¢’ in N, such that ¢’ reduces to a generator of Z, in Ho(K', N,).
Define ¢: Z,[K'] — N, by ¢(k) = ke’. Then
1
TOTOZZIIK IF,, ¢)
is an isomorphism, and

7 1
Tor, 2K ]](IFZ, o)

is surjective. By Lemma A.1.3 of the appendix, ¢ is an isomorphism of Z,[K']—
modules. a

Algebraic & Geometric Topology, Volume 15 (2015)



The algebraic duality resolution at p =2 3683

Splicing the exact sequences (3.1.1), (3.1.3) and (3.1.6) gives an exact sequence
(3.1.7) 0> Ny —> %6 —>C —Co— Zy— 0,

which is a free resolution of Z, as a trivial Z,[K!]-module. The next goal is to
find an isomorphism N, = Zﬂ[Sé/Gh]], where G, = 7w Goam ™! represents the other
conjugacy class of maximal finite subgroups in S;. To prove this, we will need a few
results. Before stating these, we introduce some notation.

Let G be a subgroup of S, which contains the central subgroup C,. We define

PG :=G/C,.
We let
(3.1.8) Ayq := PGy,
(3.1.9) A = PG),.

The choice of notation is justified by the fact that both of these groups are isomorphic
to the alternating group on four letters. Note also that, since C; is central, PCg = C3
and PS% =~ K x A,. Therefore, for any G which contains C,,

Z,[S;/G] = Z,[PS,/PG]

as Zz[[S;]]—modules. To prove that N, =~ ZzﬂS; /G, ], it will thus be sufficient to
prove that

N = Z,[PS;/A4,]
as ZZHPS;]]—modules.

We showed in Corollary 2.5.12 that K! is a Poincaré duality group (see Definition 2.5.4).
Further, there is an isomorphism of Z,[K !]-modules

Z,[PS) ALl = Z,[K'].
Hence,

Z, ifn=3,

3.1.10 H™(K', Z,[PSL/A.]) =~
( ) ( el 2/ 4]]) {0 otherwise.

Lemma 3.1.4 The inclusion i: K' — PS)} induces an isomorphism

o H?(PS), Z,[PSy/AL]) — H(K', Z,[PS)/ALD.
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Proof The action of A4 on H3(K!, Zz[[PS /A}]) is trivial. This follows from the
fact that there are no nontrivial one-dimensional representations of A4. Indeed,

Hom(A4, G11(Z,)) = H' (A4, Z5).
and H'(A4,7Z%) =0. Since PS] = K' x Ay, there is a spectral sequence
HP (A4, HI(K', Z5[ PS}/ A}]) = HPTI(PS}, Z,[ PS,/ AL)).

Because the action of 44 on H*(K!, Z2|[PS /A}]) is trivial, (3.1.10) implies that
the edge homomorphism

H*(PSj, Zo[PS)/AL]) — H(Aq, H¥ (K", Z,[PS)/AL])

induced by the inclusion ¢: K' — PS% is an isomorphism. a

Lemma 3.1.5 There are surjections
i Homy, 1 pg1p (N2 Zo[ PSY/ ARD) — H3(PS}, Zo[ PS}/ A,
n': Homg,17(Na, Zo[PS/AL]) — H (K", Z,[ PS} /AL

making the following diagram commute

Homg 1 psiy(N2. Zo[PS;/AY]) —— H*(PS,. Zo[ PS;/4}])

(3.1.11) L*L j‘*
Homg, g 17(Na. Zo[PSL/AL]) ——= H3 (K", Z,[PSL/A,])

where (* is the map induced by the inclusion 1: K! — PS%.

Proof Let %, = ¢, for 0 < p <3 and %3 = N,. Resolving %, by projective
Z 2[[PS;]]—modules gives rise to spectral sequences

EP ~ Ext; By, L[ PSy/AL]) = HPT9(PS), Z,[PS)/A,])

[[PSI (
and

FP4 = Ext] By, L[ PSY/AL]) = HPYI(K', Z,[PS)/ A,D).

Z>[K'] (
These are first quadrant cohomology spectral sequences, with differentials

. D9 pt+r,g—r+1
dy: EP9 — E}
and
. DPsq p+r,g—r+1
dy: FP9 — F] .
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Further, ©: K! — PS) induces a map of spectral sequences
f EPY — FPA

Let n be the edge homomorphism

n: By — HY(PS}. L[ PS}/ A},
and let n’ be the edge homomorphism

' F0 — H3(K', Z,[PS}/A,]).
First, note that since the modules %), are projective Z,[K -modules, F/*? collapses
with FZ9 =0 for ¢ > 0 so that

F3° — H3 (K" Z,[PS)/A,D)

is surjective. Hence, 1’ is surjective.

In order to show that 7 is surjective, it is sufficient to show that E f_q’q =0 for ¢ > 0.

For ¢ = 1 and ¢ = 2, this follows from the fact that Zz[[PSé /C3] is a projective
Zz[[PSé]]—module. Hence, if ¢ > 0, then
Exty PS%H(ZZ[[PSé /C3], Zo[ PS3/ ALD) = 0.

It remains to show that
0,3 3 1
El :EXtZg[[PS%]](%O’Zzﬂpgz/A;]])
is zero, where %, = Zzl[PSé/Aé;]].
Let V = C, x C; be the 2—Sylow subgroup of A4. Then
E\” =Bxt) pey(Zo ol PSy/AY]) = HP (A4, Zo[PS; /44D
=~ H3(V, Zo[PSL /4,

Let G, = PFy;»S) x A, and X, = PS,/Gy,. The profinite A4—set PS)/A/, is
isomorphic to the inverse limit of the finite 44—sets X, . There is an exact sequence

0 — lim " H?(V, Z,[Xn]) — H*(V, Z2[PS}/AL]) — lim H3(V, Z,[Xy]) — 0.

Since the groups H?(V, Z,[Xy]) are finite, the Mittag—Leffler condition is satisfied
and lim ' H2(V, Z»[X,]) = 0. Hence,

H3(V,Z,[PS}/A,]) = lim H3(V, Z5[Xy).
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We will show that there is an integer N such that H3(V, ZZ[X n]) =0 forall n > N.
This implies that H3(V, ZZIIPS /A}]) is zero, so that E =0.

Note that

HV.ZX) = @ HV.ZV/Vid= P H (V.2
xeV\X,/G, xeV\X,/Gy,

for Ve ={g €V | gxG, = xGy}. If the inclusion Vi C V is an equality, then x ' Vx
is a subgroup of G,. We show that there exists an integer NV such that, for all n > N,
there is no element x in PS; such that x~!Vx € G,,. This implies that, for n > N, for
all choices of coset representatives x € V'\ X3,/ Gy, the group V5 is either trivial or it
has order 2. In both cases, H3*(Vx,Z,) = 0. Hence, for n > N, H3(V, Z,[ X)) = 0.

Suppose that there is a sequence of integers n,, and elements x,,,,, such that xn_nl Vxu,, €
Gp,, - Since PS% is compact, we can choose the sequence (x,,) to converge to some
element y. The groups Gy are closed and nested, so the continuity of the group
multiplication implies that y~!Vy C G, for all n € N. Therefore,

y Wy ()G =4
n

and hence y~'Vy = V', where V' is the 2-Sylow subgroup of A4/,. However, it
follows from Proposition 2.4.6 that V' and V' are not conjugate in PS;. Therefore,
such a sequence cannot exist, and there must be some integer N such that, for all
n > N, there is no x in PS; such that x~1Vx C Gy. O

Theorem 3.1.6 There is an isomorphism of left Zz[[Sé]]—moduIes

¢ Za[[S3/Ga4l — N
where G}, = TGy L.
Proof It suffices to construct an isomorphism ¢: N, — Zz[[PS; /PG),] of left

Zz[[PS ]]—modules The result then follows by letting ¢ = ¢~!, considered as a map
of Z2|[S J-modules.

Recall from Corollary 2.5.12 that K! is an orientable Poincaré duality group of
dimension 3, as in Definition 2.5.4. That is, the compact dualizing module D,(K")
is isomorphic to the trivial Z,[K']-module Z, and H3(K',Z,) = Z,. Choose a
generator [K'] of H3(K',Z,). As in Remark 2.5.5, there is a natural isomorphism

N[K']
H> (K, )—>[ H. (K", -).
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Let
v Hy(K', Zy) > Zy ®7,1x17 N2

be the edge homomorphism for the homology spectral sequence obtained from (3.1.7).
Define

ev: Homg, (Z2 ®z,1x 1] N2. Z2 ®z,1 k17 Z2[ PS5/ AL]) — Ho(K'. Zo[PS} /AL
by

ev(f) = SO (K'])
Let i: K!' — PS% be the inclusion. Let  and 1’ be the edge homomorphisms of
Lemma 3.1.5. We obtain the following commutative diagram:

Homg, 1 pg1y(N2. Z2[PS;/44]) H3(PS), Z,[PS1/A,])
Homy g 17(Na, Za[ PSL/ 4} ) — 1~ H3(K', Z,[ S}/ 4}])
Z2®Zz[[1(l]]_j lm[Kl]

== Ho(K', Z2[PS}/4}])

Homg, (Z2®Z2[[K1]]N2v Z2®Z2[[K1HZ2[[PS /A h—

Since N[K']o 7’ is surjective, so is the map ev. Both N, and Zz[[PS /A}] are free
of rank one over Z,[K!]. Hence, Z, ®Zz[[K1]] Ny and Z3 ®z,1x1] ZZHPS /A,]
are abstractly isomorphic to Z,. Since ev is a surjective group homomorphism from
Z, to itself, it is an isomorphism. It follows from Lemma A.1.3 that any element of
Homg, g 17(NVa2, ZZIIPSI/A ]) that becomes a unit after applying Z, ®z, g1 — is
an isomorphism. By Lemma 3.1.5, the comp051te N[K'ot*on is surJectlve Therefore,
we can choose ¢ in Hom,, [[PS1]](N2,ZZ[[PS /A1) such that N[K']o* or)(go) isa
generator of Hy(K!, Zz[[PS /A D). Then (*(¢) in HomZz[[Klﬂ(Nz,ZzﬂPS /A, ]])
is an isomorphism, and hence ¢ must be an isomorphism.

Combining the previous results, we can finally prove Theorem 1.2.1. We restate it here
for convenience.

Theorem 3.1.7 Let 7, be the trivial Z, 2[[8;]]—module. There is an exact sequence of
complete Z,[S ;]] —modules

a
0—)%3 —3>(g2—><51—1>(€0i>Z2—>0,

where 6o = Zz[[Sé/GM]] and 61 =6, = Zz[[Sé/Cd] and 63 = Zz[[S;/Gé4]]. Further,
this is a free resolution of the trivial Z,[K']-module Z, .
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Proof Let
s := 71[Sy/ Ghyl.

Let ¢: 63 — N, be the isomorphism of Theorem 3.1.6. Let d3: 63 — %, be the

isomorphism ¢ followed by the inclusion of N, in %3 . This gives an exact sequence
a

(3.1.12) 0— 6 — € —> Ny — 0.

Splicing the exact sequences of (3.1.1), (3.1.3) and (3.1.12) finishes the proof. m|

The exact sequence of Theorem 3.1.7 is called the algebraic duality resolution. The
duality properties it satisfies will be described in Section 3.3.

3.2 The algebraic duality resolution spectral sequence

The algebraic duality resolution gives rise to a spectral sequence called the algebraic
duality resolution spectral sequence, which we describe here. The following result is a
refinement of Theorem 1.2.4, which was stated in Section 1.2. We define

Qf = Qgn L.

We also let V' be the 2—-Sylow subgroup of A4 and V' be the 2—-Sylow subgroup of
A, where A4 = PGy4 and Ay = PG, as defined in (3.1.8) and (3.1.9).

Theorem 3.2.1 Let M be a profinite Zz[[S;]]—module. There is a first quadrant
spectral sequence

p.q __ q p+q (gl
E1 _EXtZz[[Séll(%p’M):}H (S,, M)

with differentials d,: EP*? — EPT"97"T1 Further,

Hq(G24,M) 1fp=0,
EP? = JHY(Cs, M) ifp=1,2,
HY(G),. M) ifp=3.
Similarly, there are first quadrant spectral sequences

EP? = Ext} p61(6p, M) = HPY(G, M),
where G is Szl, PS% or PS;. The E{—term is

HP(Qg: M) ifqg =0,
EP? = HP(Cy; M) ifg=1,2,
HP(Q,: M) ifg=3
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when G is Szl,
H?P(A4; M) ifg =0,
EPY =~ I HP(Cy; M) ifg=1,2,
HP(A;M) ifg=3
when G is PS% and

HP(V:M) ifqg=0,
EP?T~ I HP({e}; M) ifqg=1,2,
HP(V'; M) ifqg=3

when G is PSZI.

Proof There are two equivalent constructions. First, recall that the algebraic duality
resolution is spliced from the exact sequences

(3.2.1) 0— N; > % — Ni—1 —>0,

with 43 = N, and N_; = Z,. The exact couple

8
Ext(Nx, M) Ext(Ny_1, M)

Ext(Gx, M)

gives rise to the algebraic duality resolution spectral sequence.

Alternatively, one can resolve each 4o — Z, into a double complex of projective
finitely generated Zz[[S;]]—modules. The total complex Tot(Pp, 4) for p > 0 is a
projective resolution of Z, asa Z,[S é]]—module. The homology of the double complex
HomZZ[[S;]](Tot(Pp,q), M) is
ptq ~ fgpta(sgl
EthZ[[Sél](Zz,M)=H (S,, M).

The identification of the E|—term follows from Shapiro’s Lemma A.1.2 of the appendix.
Indeed, any finite subgroup H of S; is closed. Further, since Sé =~ 521 xCs,

1 ~ 1 C
EXtézﬂgéﬂ(ZzﬂSz]]@Zz[H]Zz,M) = (EXtézﬂszl]](ZZ[[Sz]]®Z2[Sy12(H)] Zy.M))™

~ (Extq

C
Zatsyly(iry) (L2 M)) 7 = H(H, M).

For the groups S21 , PS, and PS21 , one applies the same construction, keeping the
following isomorphisms in mind. Let H C Sé be a finite subgroup which contains Cg
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and let PH = H/C,. There are isomorphisms
Z5[S/H] = L[ PS;] ®z,(pr) L2 = Lo PS,/ PH]

and
Z5[Sy/HY = Zo[ PS, 1 ®z1sy1,(PH)] Z2 == Zo[ PS}/ Syly(PH)]

as Z,[PS ;]] and Z,[PS 21 J-modules, respectively. O

3.3 The duality

The algebraic duality resolution of Theorem 3.1.7 owes its name to the fact that it
satisfies a certain twisted duality. This duality is crucial for computations as it allows
us to understand the map d3: 63 — 6>.

Let Mod(S ) denote the category of finitely generated left ZzﬂSé]]—modules Let
m =14 2w in S, be as defined in (2.3.3). For M in Mod(S ), let ¢z (M) denote
the left ZZ[[S J-module whose underlying Z,-module is M , but for which the action
of y in S; on an element m in ¢, (M) is given by

y-m= nyn_lm.
If ¢: M — N is a morphism of left Zz[[S;]]—modules, let ¢z (P): cx(M) — cx(N)
be given by

cx(P)(m) = ¢(m).

Then cy: Mod(S )—>Mod(S ) is a functor. In fact, ¢ is an involution, since 72 = —3
is in the center of S;. We can now prove Theorem 1.2.2, which is restated here for
convenience.

Theorem 3.3.1 (Henn, Karamanov and Mahowald, unpublished) There exists an
isomorphism of complexes of left Zz[[S;]]—modules:

d d d
0 % B 2 .4 ! 0

o o b
¢z (37) ¢z (93) ¢z (93)

0 —>cn(<5*) T e (6]) T e (65) T (6] — = Ly —— 0

Proof The proof is similar to the proof of Henn, Karamanov, Mahowald [18, Proposi-
tion 3.8]. Let 6 = HomZZ[[Sé]](CgP’ Z>[S;]) and d, = HomZZIISé]](aP’ Z>[S,]) be
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the Zz[[S;]]—duals of ¢, and 0, in the sense of Equation (A.1.1). The resolution of
Theorem 3.1.7 gives rise to a complex

H 93 3
(3.3.1) 0—> %y — € — 6, — € —0.

Because K! has finite index in S;, the induced and coinduced modules of Z,[K ']
are isomorphic; see Symonds and Weigel [35, Section 3.3]. Therefore

Homg, 1s17(%p. Z,[S3]) = Homg, 1 17(€p. Zo[K'])

and the homology of the complex (3.3.1) is H"(K!, Z>[K']). By Corollary 2.5.12,
H"(K',Z,[K']) is 0 for n # 3 and Z, for n = 3. Further, the action of G,4 on
H3*(K',Z,[K']) = Z is trivial, as there are no nontrivial one dimensional 2—adic
representations of G,4. Hence, (3.3.1) is a resolution of Z, as a trivial Zz[[S;]]—
module.

The module € is of the form Zz[[S; /H] via the isomorphism ¢ defined in (A.1.2).
Let € be the augmentation

e 653* g Zz.
Because the augmentation &: Z,[K'] — Z, induces an isomorphism
Homg, g 17(Z2. Z2) = Homg,x17(Z:[K '] Z2).

one can choose an isomorphism H?3 (K, Z,[K']) — Z, making the following diagram
commute:
(53* - H3(K17 ZZ[[KI]])
o

Ly

&

Therefore, the dual resolution is given by

* *

9 % z
0= 6CF = CF = CF —>CF — Lr — 0.

Take the image of this resolution in Mod(Sé) under the involution ¢ . Let e be the
canonical generator of ¢ (¢;). The map fo: 6o — ¢z (%) defined by

Soleog) =7
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is an isomorphism of Z 2|[S ]-modules, and the following diagram is commutative:

lfn H

Cn(%?*) 0

Therefore, fy induces an isomorphism ker ¢ = kerg. As both

a 0
D) 2 1 L kere

and
ez (33) ¢z (33)
cx(6y) 2 2 > kerg

are the beginning of projective resolutions of ker e and kerg as Z,[ P S;]]—modules,
fo lifts to a chain map:

93 02 01
0 %3 652 Cg] kere —— 0

l f3 L f2 j fi ] fo
Cﬂ(aT) CH(B;) Cﬂ(agk)

0 — ¢z (6y) — cn(€]) — cx(€)) — kerg —— 0

Let P521 = S21 / C,, where Szl denotes the 2—Sylow subgroup of Sé. By construction,
Jo is an isomorphism, which implies that I, ®z,[ PSI] J1 and 2 ®@z,[ PSI] f> are
isomorphisms. As %), and ¢ (%)) are projective Zz[[PS;]]—modules for p=1,2,
Lemma A.1.3 of the appendix implies that f; and f, are isomorphisms. Finally, f3
must be an isomorphism by the five lemma. |

3.4 A description of the maps

This section is dedicated to proving the statements in Theorem 1.2.6. The first statement
of Theorem 1.2.6 is that

di(er) = (e —a)eo.

This was shown in Theorem 3.1.7. In this section, we prove the remaining statements
of that theorem.

The following result provides a description of the maps d3: ¢35 — %> and proves the
last part of Theorem 1.2.6. It is a consequence of Theorem 3.3.1.
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Theorem 3.4.1 There are isomorphisms of Z[S}]-modules g,: ¢, — ¢, and dif-
ferentials

/ .

such that
3 3 3
0 C— Gy —C) —— Cy —— 7y 0
(3.4.1) l& ng lgl Lgo H
95 9 A e
0 653 (52 cgl (g() Zz 0

is an isomorphism of complexes. The map d%;: 63 — ¢ is given by

(3.4.2) y(es)=m(e+i+j+k)e—a Hrle.

Proof We will construct a commutative diagram:

d 0 d
00— G —— ey G —— =Gy —

Lfs lfz Lfl lfo H
e (07) ¢ (93) ¢z (0%) z
0 —cr () — Cn(%*) > x(€}) —> cx(CF) =Ly —0

lfh lqz lth l(lo H
9 9 9

0 %3 %2 (g] %0 d Z 2 0

Z, 0

The maps g, will be the composites of the vertical maps. First, let e € ¢z (Sa”;‘ ) be
the canonical generator. Define isomorphisms ¢p: ¢x (M;‘_p) — M, by

qp(egr_p) =ep.
Define g,: 6, — %, by
g =4dpJp

and 0/ , 1 €p41 — €p by

p+1-
’ 1
Ops1 =dpCr(03_p)dp -
By construction, (3.4.1) is commutative.

In order to compute 9%, it is necessary to understand d7. By definition,

3} (eg)er) = eg((e —a)er) = (e—a) Y h.

h€G24
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However,
e—a) D h=(e—a) Y hle+i™'+j " +k7h
h€G24 h€C6
=Y hle—a)e+i"+ 7 +k7h
hEC(,
=((e+i+j+k)e—aHef)er).
Hence,
ed)=(e+i+j+k)e—a et
A diagram chase shows that 97 is given by (3.4.2). a

The maps d,: 41 — %y and d3: €3 — %> now have explicit descriptions up to
isomorphisms. The map d,: 43 — % is harder to describe. Theorem 3.4.5 and
Corollary 3.4.6 below give an estimate for this map. These are technical results which
will be used in our computations in [3]. Note that Theorem 3.1.7, Theorem 3.4.1 and
Corollary 3.4.6 below prove Theorem 1.2.6, which was stated in Section 1.2.

Recall that

o =[r,0] = rat a7,

We will need the following result to describe the element ® of Lemma 3.1.3.

Lemma 3.4.2 Let n > 2 and x be in IFn/zKl. There exist hg, hy and h, in
Zz[[Fn/zKl]] such that

ho(e _aszl) +hy(e —afm_l) + hy(e —a]?m_l) ifn=2m,
zm—l

hole—a®") +hie—a?" ) +hyle—a?"")  ifn=2m+1.

1

343) x= {
Proof Define a map of Z;[Fy/» K 1]-modules

2
p: P Zo[Fup2K'Ni > IFy2K!
i=0

by sending (g, /11, hy) to the element given by (3.4.3). It is sufficient to show that the
map induced by p surjects onto

Hy(Fy2 K Fy) =T, ®Z5[Fu/2 K1 IF, K"
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By Lemma 2.2.1, H; (F,,/ZKI, F,) is generated by the classes

2m—l 2m—1 2m—1

o . . if n =2m,
m m—1 m—1 .
o’ af ,ocj2 ifn=2m+1.
Therefore, ' ®z,[F, , k17 P 1s surjective, and hence so is p. i

The ideal
I=(IK"Y 2(1K")?* 4(IK"),8)

will play a crucial role in the following estimates.

Corollary 3.4.3 Let eg be the canonical generator of ¢ and g be in Fg;» K 1. There
exists h in ZZ[[S;]] such that (e — g)eg = h(e —a)eg with h =0 mod Z.

Proof By Lemma 3.4.2, there exist &g, /; and /i, in Zz[[Fg/zKl]] such that
e—g=hole—a®)+hile—af)+hy(e —af).

Since
;

(e—xg)z(ZxS)(e—x),

s=0

this implies that

7
e—g=ho(Zas)(e—a)—I—hl(Zaf)(e—oci)—i—hz(Za]s-)(e—aj).
s=0

s=0 s=0
Let
7 7
h= hO(ZaS) +h1(2a;‘)(i — ;) +h2(zaj)(j —aj).
s=0 s=0 s=0
If T € Gy4, then Tey = ¢g. Hence,
(t —ar)(e —a)eg = (e —ar)eo.
Using this fact, one verifies that (e — g)eg = h(e —«)eq. Further,

7
sz =(1-x)"+2x*(x -3 +4x3(x—1) mod (8).
s=0

Since o, a; and «; are in K Uand K! is a normal subgroup, this implies that

h=0 mod (IKY),2(IK")?,4(IK"), ). i
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We will use the following result.

Lemma 3.4.4 The element oo oy is in F4/2K1. The element a,-ajakaz is in
Fg/nK!.

Proof Let T =aS in O, = End(F,). Then T2 = —2, and aT = Ta® for a in W.
As defined in (2.3.4) and Lemma 2.4.3, we have

1 . 1
a:—l—za), l:__1+2w 1_T7
J—_7( ) 5( )( )
j=—1(1+20)(1-0’T), k=-11+2w)1-wT).
Further,

ol = —L(l —2w?).

=

We use the fact that % and ﬁ are in Z(S,). We also use the fact t=! = —¢ for
T =1, j and k and the fact that S* =4 and S® = 16.

First, note that

i = —3—\/1__7(1 +20)(1—T)(1 —20)
- _3—\/1__7(1 +20)((1 - 20) — (1 —20)T)
— 1 —
= 3\/__7((5—1—46())—1—(1 4w)T).
Further,
i~ = —ﬁ(l +20)(1 - T)(1 —202)
— 1 — 2y —
= 7= (1 +20)((1 =207~ (1=-20)T)
:_3—\/1__7((—1+4a))—(5+4w)T).
Therefore,

ai=iai e = —L((5+40) + (1 —40)T)((—1 +4w) — (5 +4w)T)
=13+ Q2+8w)T mod S8.

2

Using the fact that oj = wa;w? and oy = w’a;o, this implies that

aj =13+ 0*(2+8w)T mod S®, o =13+w(2+8w)T mod S*.
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Hence,
ajoj = (134 2+ 80)T)(13 4+ 0*(2 + 8w)T)
= (9+0*(10+8w)T + (10 + 80) T + (2 + 8w)(w(2 + 8w?))T?)
=9+ 8w+ (84 14w)T mod S8,
so that
ajojor = (948w + (8+14w)T)(13 + w(2+8w)T')
= (548w + (84+6w)T + (9+8w)w(2+8w)T + (8+14w)w?(2+8w?)T?)
=13+8» mod S8.

This shows that o;ajox =1 modulo S 4. Finally, note that

1

V=1

2 2 1 2 9
iojoa” = (l3—|—8a))( (1—20))) =—7(13+8w)(1 —2w) -3

which shows that a,-ozjozkozz is in F8/2K1. a
Theorem 3.4.5 There exists ® in Z 2[[85]] satisfying the conditions of Lemma 3.1.3
such that
O=eta+i+j+k—ai—aj—a

— Ltrey((e — i) (j — ) + (e — i) (k — ) + (e — aiajag ) (e + @)
modulo Z = (IK')7,2(IK")3,4(1K"),8), where trc, is defined by (3.1.4).

Proof We will use the following facts. First, note that
Teg =ey
for T € G4 and ¢ =0, or for t € Cg and ¢ = 1. This implies that
t(e—a)ey = (e —a)eg.

Since j = wiw ! and k = 0!

iw, it also implies that
wieg = jeg, wzieq = key.
The element @« € W* C S, commutes with @. This implies that
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‘We will use the fact that for t € G4,
(T —ag)(e —a)eg = (e —ar)eo.
We will also use the identity
e—gh=(e—g)+(e—h)—(e—g)(e—h).
Let ©®g =e+i. Then trc,(Og)ey = (3+i + j +k)e;y and
31(Ogeq1) = (e +i)(e —a)eg
=(e—a)eg+ (e —aja)eg
=2(e—a)eg + (e —aj)eg — (e — ;) (e —a)eg
= (e —a?)eg+ (e —a)?eq + (e —aj)eg — (e — i) (e —a)eg.
Let ®1 =e+i—(e—a)+ (e —«;). Then,
01(O1e1) = (e —a?)eg + (e — ai)eo.
Therefore,
91 (tre;(O1)er)
=3(e—a?)eg+ (e —a;)eq + (e —aj)eg + (e — g )eg
=3(e —a?)eg + (e —a;)(e —aj)eg + (e —ajaj)eg + (e —ag)eg
=3(e—a?)eq + (e — i) (e —aj)eq + (e —aiatj) (e — ag)eg + (e —aiejag)eo
=2(e—a?)eg + (e —a;)(e —aj)eg + (e —ajaj) (e — g )eg
+(e—ajajoy)(e — a)eg + (e — oz,-ajotkcxz)eo.
Let
O, =tre, (e+i—(e—a)+ (e —a;)) —2(e +a)
—(e— i) (j —aj) — (e —aiaj)(k —ay) — (e —aiajog) (e + ).
Then ®, =3 +i + j +k mod (4, IK"). Further,
01(0ze1) = (e —oz,-ajozkaz)eo.
By Lemma 3.4.4, oz,-(xjozkozz € Fg/zKl . By Corollary 3.4.3, there exists / such that
(e — a,-ocjozkocz)eo =h(e —a)eg
and 4 =0 modulo Z, where Z = ((IK')7,2(1K")3, 41K, 8). Therefore,

01((®3 —h)ey) = (e —ociajozkozz)eo —h(e—a)ey =0.
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Define
© = Lire,(©2—h).
Then © satisfies the conditions of Lemma 3.1.3. Further,

O=et+a+i+j+k—ai—oj—o
— Ttre,((e — i) (j — o) + (e — i) (k — ) + (e —ajjo) (e + )

modulo Z. O

Corollary 3.4.6 Let J = (IF4/,K', (IF3,,K")(1S)).T). The element © from
Theorem 3.4.5 satisfies

O=e+a+i+j+k—ai—aj—ar modJ,
and ® = e + o« modulo (2, (IS21)2).
Proof First, note that «; € F3/2K1 for © € Gy4. Further, by Lemma 3.4.4, ooy
isin Fy4/,K'. Hence, it follows from Theorem 3.4.5 that
O=e4+a+i+j+k—aj—aj—or modJ.
For the second claim, we first prove that 7 C (2, (1 S21)2). It is clear that
((IF3),K")(1S3).7) € (2.(IS)%).

Further, it follows from Lemma 3.4.2 and the fact that (e —xzk) =(e —x)zk modulo (2)
that

IFyK' € (2,(18,)%).
Therefore, J < (2, (ISZI)Z). Hence,
O@=c¢+a+i+j+k—ai—aj—ap mod(2,(IS,)?%).
Further, (e —i)(e—j)=e+1i + j + k modulo (2) and
e—aj=ia(le—a HNe—i"H)—(e—i " He—a)).
Therefore, e +i + j + k and ¢ — a7 are in (2, (IS21)2). We conclude that

O®=e+a mod (2,(IS21)2). a
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Appendix: Background on profinite groups

We use the terminology of Ribes and Zalesskii [28, Section 5]. Let G be a profinite
p—adic analytic group and {Uy } be a system of open normal subgroups of G such that
(i Ux = {e}. The completed group ring of G is

2,1G1:= lim 2/ (p"[G/ U,

The augmentation is the continuous homomorphism of Z,-modules &: Z,[G] — Z,
defined by ¢(g) = 1 for g € G. The augmentation ideal 1G is the kernel of ¢.

A left 7p[G]-module is a Z,[G]-module M which is a Hausdorff topological abelian
group with a continuous structure map Z,[G] x M — M. The module M is finitely
generated if it is the closure of the Z,[G]-module generated by a finite subset of M.
It is discrete if it is the union of its finite Z,[G]-submodules and profinite if it is the
inverse limit of its finite Z,[G]-submodule quotients; see [28, Lemma 5.1.1]. The
module M is complete with respect to the /G —adic topology if

M =lim Zp /(PG Ukl ®z, 161 M.

It is a theorem of Lazard that Z,[G] is Noetherian; see Symonds and Weigel [35, The-
orem 5.1.2]. Finitely generated Z,[G]-modules are thus both profinite and complete
with respect to the /G —adic topology.

Let M = lim; M; be a profinite Z,[G]-bimodule and N =lim; N; a profinite left
Zp[G]-module. Then

M ®Z,,[[G]] N = le]n M; ®Z1>|IG]] Nj
denotes the completed tensor product, which is itself a profinite left Z,[G]-module [28,
Section 5.5]. The abelian group of continuous Z,[G]-homomorphisms is denoted by
HomZp IG1 (M, N)

This is a topological space with the compact open topology. If M is finitely generated,
then it is compact; see [35, Section 3.7].

Lazard also proves in [24, V.3.2.7] that the trivial Z,[G]-module Z, admits a reso-
lution by finitely generated Z,[G]-modules. A Z,[G]-module M which admits a
projective resolution Pe — M by finitely generated Z,[G]-modules is said to be of
type FP®°; see [35, Section 3.7]. For such M, we let

Ext%p[[G]] (M, N) = H"(Homgz_G(Pe. N))
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and
Z,1G
Tory" 1N (M, N) = Hy(Po ®2,167 N).

These functors are studied by Symonds and Weigel in [35, Section 3.7]. There are
isomorphisms
H"(G,N) >~ Ext%p[[G]](M, N),

where H" (G, N) is the cohomology computed with continuous cochains and
H(G, N) = Tory 19Nz, N);

see Neukirch, Schmidt and Wingberg [25, Propositions 5.2.6, 5.2.14] or the discussion
in Kohlhaase [23, Section 3]. Therefore, these functors satisfy the usual properties of
group cohomology; see Ribes and Zalesskii [28, Section 6]. In particular, for [G, G]
the commutator subgroup, G* = G?[G, G], and Z), and [, the trivial modules, we
have

Hy(G,Zp) = G/[G,G], Hi(G.Fp) = G/G*,
HY(G,Zp) =Hom(G,Z,), H'(G,F,)=Hom(G,F,).

Examples A.1.1 We give examples, which we use in this paper, in [3] and in [2].
(a) The modules
ZPHG/H]] = ZPHG]] ®Z,,[H] Zp

for H a finite subgroup of G and Z, the trivial Z,[H]-module are finitely
generated, and thus profinite and complete.

(b) The Zp,[G]—dual of a finitely generated Z ,[G]-module M is defined as
(A.1.1) M* :=Homg, [67(M, Z,[G]).
with the action of g € G on ¢ € M* defined by
(g¢)(m) = p(m)g™".

This gives M™* the structure of a finitely generated left Z,[G]-module; see
Symonds and Weigel [35, 3.7.1] and Henn, Karamanov and Mahowald [18,
Section 3.4]. For example, if H € G is a finite subgroup and [g] denotes the
coset gH, there is a canonical isomorphism

(A.1.2) t: Z,[G/H] — Zp[G/H]*
which sends [g] to the map [g]*: Z,[G/H] — Z,[G] defined by

[gl*(x) =x > hg™".

heH
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We refer the reader to [18, Section 3.4] for a detailed discussion of Z,[G]-duals.

(¢c) Inthe case when G = S, is the p—Sylow subgroup of S;, an important example
is the continuous Zp[Sy]-module (Ey)+ X = w4 L g () (En A X) for a spectrum
X ; see Goerss, Henn, Mahowald and Rezk [14, Section 2]. In the case when X
is a finite spectrum, (E5)«X is profinite, although it is not known if, in general,
it is finitely generated over Z,[S,]. For a more extensive discussion, see the
work of Kohlhaase in [23].

Lemma A.1.2 (Shapiro’s Lemma) Let G be a profinite p—analytic group and let H
be a closed subgroup. Let M be a Z [ H]-module of type FP*° and let N = lim; N;
be a profinite 7 ,[G]-module, which is also a Z,[ H]-module via restriction. Then

Proof Let Po — M be a projective resolution of M by finitely generated Z,[H]-
modules. According to Brumer [7, Lemma 4.5], Z,[G] is a projective Z [ H]-module.
Hence, the functor Z,[G]®z, a7 (—) is exact, and Zp[G] ®z, a7 Pe is a projective

resolution of Z,[G] ®z, gy M by finitely generated Zp[G]-modules. Finally, note
that

HOInZP[[G]](ZpﬂG]] ®z,[H] Py, N) =~ lianomZp[[G]](ZPIIG]] ®z,[H] P, N;)
2 lim Homg,, 1 g7 ( P, Ni)
i
= HomZp[[H]](P"N)’

where the first isomorphism is proved by Symonds and Weigel [35, (3.7.1)] and the
second follows from Ribes and Zalesskii [28, Proposition 5.5.4(c)]. O

The following result is Lemma 4.3 of Goerss, Henn, Mahowald and Rezk [14]. Itis a
version of Nakayama’s lemma in this setting.

Lemma A.1.3 Let G be a finitely generated profinite p—group. Let M and N be
finitely generated complete 7 ,[G]—modules and f: M — N be a map of complete
Zp[|G]-modules. If the induced map

Fp ®z,161 ./ Fp ®z,161 M — Fp ®z,161 N

is surjective, then so is f. If the map
Torg"HG]] (Fp, f): Tor?pIIGH (Fp, M) — TorngG]] (Fp,N)

is an isomorphism for ¢ = 0 and surjective for ¢ = 1, then f is an isomorphism.
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The following is a restatement of some of the results which can be found in Ribes and
Zalesskii [28, Lemma 6.8.6].

Lemma A.1.4 Let G be a profinite group and let G be the augmentation ideal. For
a profinite 7 ,[G]-module M , the boundary map for the short exact sequence

0> 1G> Z,[G] > Z, — 0
induces an isomorphism

Hyr (G, M) = Tor2? W 16 ).

For the trivial module M = 7, this isomorphism sends g in G/[G, G] to the residue
class of e — g in Hy(G,IG) = IG/IG?*. Let G* be the subgroup generated by
[G.G] and G?. For M =T, it sends g in G/G* to the residue class of e — g in
Fp®z, 1G/1G2.

Finally, we note the following classical result.

Lemma A.1.5 Let G be a profinite 2—analytic group and suppose that H\(G,Z;) =
G/ m is a finitely generated 2—group. Suppose that the residue class of an element
g in G/[G, G] generates a summand isomorphic to Z/2K. Let x in H'(G,Z/2) =~
Hom(G, Z/2) be the homomorphism dual to g. Then x? is nonzero in H*(G,7/2)

ifandonly if k = 1.

Proof This follows from the fact that x in H'(G,Z/2) has a nonzero Bockstein in
the long exact sequence associated to the extension of trivial modules

1> Z/2—>7/4—7Z/2—1

if and only if g generates a Z /2 summand. O
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