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Rectification of weak product algebras
over an operad in Cat and Top and applications

ZBIGNIEW FIEDOROWICZ
MANFRED STELZER
RAINER M VOGT

We develop an alternative to the May—Thomason construction used to compare
operad-based infinite loop machines to those of Segal, which rely on weak products.
Our construction has the advantage that it can be carried out in Cat, whereas their
construction gives rise to simplicial categories. As an application we show that a
simplicial algebra over a X—free Cat operad O is functorially weakly equivalent
to a Cat algebra over O. When combined with the results of a previous paper, this
allows us to conclude that, up to weak equivalences, the category of O—categories
is equivalent to the category of BO—spaces, where B: Cat — Top is the classifying
space functor. In particular, n—fold loop spaces (and more generally E, spaces) are
functorially weakly equivalent to classifying spaces of n—fold monoidal categories.
Another application is a change of operads construction within Cat.

18D50; 55P48

1 Introduction

In [14], May and Thomason compared infinite loop machines based on spaces with an
operad acting on them to the Segal machine, which involves weakening the notion of
Cartesian product to that of a product up to equivalence. In the process they introduced
a hybrid notion of an algebra over a category of operators and created a rectification
construction to pass from this to an equivalent space with an operad action. Their
rectification is a 2—sided bar construction, which is simplicial in nature. Schwinzl
and Vogt gave an alternative comparison of the two infinite loop space machines in
[16], which is based on the fact that for a strong deformation retract A C X the space
of deformation retractions of X onto A is contractible. Neither approach translates
directly to Cat, the category of small categories, with realization equivalences as weak
equivalences: the May—-Thomason construction would convert categories into simplicial
categories, and there is no apparent candidate to replace the space of strong deformation
retractions in the Schwénzl—Vogt construction.
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Similarly, the change of operads construction used in May [13], if applied to operads
in Cat, ends up in simplicial categories.

In this paper we offer a comparatively simple third rectification which has the advantages
that it can be carried out in Cat and that a change of operads functor based on it stays
in Cat.

Our main motivation for this paper is to realize a program started in Balteanu, Fiedorow-
icz, Schwinzl and Vogt [2], where a notion of n—fold monoidal category was introduced
whose structure is codified by a X—free operad M, in Cat. The classifying space
functor B: Cat — Top maps M, to a topological operad BM,,, and it was shown in
[2] that there is a topological operad D and equivalences of operads

BM,, < D — Cy,

where C, is the little n—cubes operad. A change of operads construction for topological
operads then implies that the classifying space B.A of any n—fold monoidal category A
is weakly equivalent to a C,—space and hence to an n—fold loop space up to group
completion. It was conjectured that any n—fold loop space can be obtained up to
equivalence in this way.

More generally, let © and P be X—free operads in Cat and Top, respectively, and let
O-Cat and P-Top be their associated categories of algebras. Taking P = BO, one
might be tempted to conjecture that the classifying space functor induces an equivalence
of categories

O—Catlwe™ '] ~ BO-Top[we™ ],

where we C BO—Top is the class of all homomorphisms whose underlying maps are
weak homotopy equivalences and we C O—Cat is the class of all homomorphisms which
are mapped to weak equivalences in BO-Top. To ensure the existence of the localized
categories BO—Top[we™!] and O—Cat[we™!] we can use Grothendieck’s language of
universes [1, Appendix], where they exist in some higher universe.

A partial step towards a proof was accomplished in Fiedorowicz and Vogt [9], where it
was shown that the classifying space functor followed by the topological realization
functor induces an equivalence of categories

O-SCatlwe™ '] ~ BO-Top[we™!],

where O-SCat is the category of simplicial O—algebras in Cat and the weak equiva-
lences in O-SCat are those homomorphisms which are mapped to weak equivalences
in BO-Top. In particular, each E,—space is, up to equivalence, the classifying space
of a simplicial n—fold monoidal category. As far as E,—spaces are concerned the full
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program was finally realized in Fiedorowicz, Stelzer and Vogt [8] where a homotopy
colimit construction for categories of algebras over a X—free operad in Cat provided a
passage from simplicial O—algebras to O-algebras. If the morphisms of the operad O
satisfy a certain factorization condition this passage induces an equivalence of categories

O-SCatlwe™ '] >~ O-Cat|lwe™ ],

and the operads codifying n—fold monoidal categories, strictly associative braided
monoidal categories, and permutative categories satisfy this condition. For these
operads it was also shown that there is an equivalence of categories

(%) O—Cat[we™1] ~ BO-Top[we™!]

in the foundational setting of Godel-Bernays, where O—Cat[we~!] is a localization of
O-Cat up to equivalence (for a definition see [8, Definition 7.3]).

The main application of the construction developed in this paper is the full proof of the
above conjecture in the foundational setting of Godel-Bernays with no restrictions on the
operad O in Cat apart from X—freeness. For the existence of the genuine localizations
we use an observation of Schlichtkrull and Solberg [15, Proposition A.1], and we thank
them for communicating this to us. As far as E,—spaces are concerned, the present paper
offers an alternative simpler proof, because it avoids the comparatively complicated
homotopy colimit construction in O—Cat, which is of independent interest. In particular,
it considerably simplifies the part of the proof of the main result of Thomason in [20]
(the special case of () for the operad encoding permutative categories), which relies
on the homotopy colimit construction in Thomason [19].

The genesis of this paper stems from a previous paper of Fiedorowicz, Gubkin and Vogt
[7, Section 4], where a similar problem involved the rectification of a weak monoidal
structure on a category, without passing to simplicial categories. It was observed there
that the classical M —construction of Boardman and Vogt [5, Theorem 1.26], used for
this kind of rectification in Jop, could be carried out in Cat. This led us to seek a mod-
ification of this construction for the purpose of rectifying weak product algebras in Cat.

This paper is organized as follows: In Section 2 we recall some basic notions of
operads and their associated categories of operators. In Section 3 we recall free operad
constructions and the language of trees, which underlie our rectification constructions.
In Section 4 we construct a modification of the M —construction in 7op which allows
weak product algebras over an operad as inputs. In Sections 5 and 6 we recast our
modified M —construction as a homotopy colimit of a diagram in 7op. Building upon
work of Thomason [18] we then show that the Grothendieck construction on the same
diagram in Cat provides the requisite rectification of weak product algebras over an
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operad in Cat. The remaining sections are then devoted to various applications of our
rectification construction.

Acknowledgements We would like to thank the referee for a careful reading of this
paper and some helpful suggestions. Fiedorowicz also wishes to acknowledge the
support of the University of Osnabriick in the preparation of this paper.

Note The first two authors were saddened by the death of the third author during
the final stages of production of this manuscript. Rainer Vogt was a close friend and
collaborator to both of us. We will miss him.

2 Operads and their categories of operators

For the reader’s convenience we recall the notions of an operad and its associated
category of operators.

Let S be either the category Car of small categories, or the category Sets of sets, or the
category SSets of simplicial sets, or the category 7op of (not necessarily Hausdorff)
k—spaces. Then S is a self-enriched symmetric monoidal category with the product as
structure functor and the terminal object * as unit. In what follows, for an object X
in S, it will be convenient to refer to elements in X . If X is a topological space, this
will mean a point in X . If X is a simplicial set, this will mean a simplex in X . If X
is a category, then this will mean either an object or morphism in X'. We will also use
the following notions of equivalence in S. In Top an equivalence will mean a strict
homotopy equivalence. An equivalence between simplicial sets will mean a simplicial
map whose geometric realization is a homotopy equivalence. Lastly, in Cat we will
call a functor F: C — D an equivalence if it induces a homotopy equivalence on the
geometric realizations of the nerves.

2.1 Definition Anoperad O in S is a collection {O(k)}x>¢ of objects in S equipped
with symmetric group actions O(k) x X — O(k), composition maps

O(k) x (O(j1) x -+ x O(jk)) = OCj1 +- - =+ ji)-

and a unit id € O(1) satisfying the appropriate equivariance, associativity and unitality
conditions; see [13] for details.

An operad in Top is called well-pointed if {id} C O(1) is a closed cofibration.

2.2 Remark We often find it helpful to think of an operad in the following equivalent
way. An operad O in S is an S—enriched symmetric monoidal category (O, &, 0)
such that:
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i) obO=Nandmébn=m+n.
(i) @ is a strictly associative S—functor with strict unit 0.

(iii)) The map

]_[ O(r1, 1) x - x O(ry, 1) X%y, XX Ty Y = Ok, n),
Fitetra=k

(1o f) D) = (1 & ® fn)oT

is an isomorphism in S. (Note in particular that O(n,0) = @ for n > 0. By
contrast, there are no a priori restrictions on O(0, 1).)

In the topological case, “well-pointed” translates to {id} C O(1, 1) is a closed cofibra-
tion.

Each such category determines an operad in the sense of Definition 2.1 by taking
the collection {O(k, 1)}x>¢. Conversely, each operad determines such a category by

property (iii).

The symmetric monoidal category associated to the trivial operad Com parametrizing
commutative monoid structures can be identified with a skeletal category of unbased
finite sets F. Here we identify the natural number n with the set {1,2,...,n}, which
may be viewed as an object in any of our categories S. In particular, we identify 0
with the empty set. For any operad O, the natural map © — Com induces a symmetric
monoidal functor €: © — F. This functor induces an equivalence on S—enriched
morphism sets [ [,,, , O(m,n) — 1, , F(m,n) forany Eo; operad O. More generally,
for any morphism ¢: m — n in F and any operad O, €~!(¢) is isomorphic to the
product [T/—; O(|¢~1(i)|), where |S| denotes the cardinality of the set S

2.3 Definition Let O and P be operads in S.

(1) In the cases S = Cat, Sets or SSets, O is called X—free if the X,—action
on O(n) is free for each n. If S = Top we require that O(n) — O(n)/ X, is a
numerable principal X,-bundle for each n.

(2) An operad map O — P is a collection of equivariant maps O(n) — P(n) in S,
compatible with the operad structure.

(3) An O-structure on an object X in S is an operad map O — &y into the
endomorphism operad Ex of X, which is defined by £y (n) = S(X", X)) with
the obvious 3,—action and the obvious composition maps and unit. We say
that O acts on X, or that X is an O-algebra; if S = Top we also call X an
O-space.
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If we interpret an operad as a symmetric monoidal category as in Remark 2.2, an
(O-algebra is the same as a strict symmetric monoidal S—functor O — S taking n
to X”. Here strict monoidal means that we use the canonical isomorphisms in S
to identify X" with X™ x X",

(4) An operad map is called a weak equivalence if each map O(n) — P(n) is an
equivariant homotopy equivalence (in Car or SSets this means that each map is
an equivariant homotopy equivalence after applying the classifying space functor
or the topological realization functor, respectively).

(5) Two operads are called equivalent if there is a finite chain of weak equivalences
connecting them.

We denote the category of O—algebras in S by O-S.

24 Let O be an operad in S, interpreted as in Remark 2.2. As is shown in [5,
Chapter II], the symmetric monoidal category O can be enlarged into an S—enriched
category with products ®¢, such that # =1 x 1 x---x 1. This category ®¢ is called
the theory associated to O and is determined up to isomorphism by the requirement
that an O-structure on an object X extend uniquely to a product-preserving functor
X: 00— S. The category ®p contains O and II, the category of projections, as
subcategories, and O N I1 = X, the subcategory of bijections. We define the category
of operators O as the subcategory of ®©p generated by O and II, and note that the
symmetric monoidal structure on ©¢ restricts to O. For X an (’)—algebra the functor
X: ®p — S restricts to a strict symmetric monoidal functor X:0->c.

A more explicit description of O can be obtained as follows. First observe that for any
set S, a projection S I, sk corresponds to an injection k£ — [ of finite sets. Thus
the category of projections IT can be identified with Inj°P, the opposite of the category
of injections in F. Then

O.n)y= [] OCk.n) xz, Injk.1).
0<k=<l

In particular, @(l , 0) consists of a single morphism, the nullary projection. Composition
of (f,0) € O(k,n)xx, Inj(k,l) with (g1 ®---®g;,7) € O(p,l)xx,Inj(p, q), where
gi €0(ri, 1) and p =ry +---+ 1y, is defined by

(f,0)o(g1®-Dg1)=(f2Es1)D "D gok))-t00(r1,...,77)),

where
o(ry,....1) F=reqyt - +rok) > P
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is the following block injection: r and p are the ordered disjoint unions

r=reqyU--Urgg) and riU---Urg

the block injection o (ry, . . ., 7) maps the block 74 (;) identically onto the corresponding
block in p. For a comparison of this description of O with that given in May and
Thomason [14], the reader is referred to the proof of Lemma 5.7 in that paper.

We will often denote the morphisms (idg,0) € O(l, k) by o*.

2.5 Remark (1) If O = Com, then O can be identified with Fy, the skeletal
category of based finite sets, with objects ny = {0, 1,2,...,n}. The inclusion
© C O can be identified with the functor F — F, which adjoins a disjoint
basepoint 0 to the finite set n = {1, 2,...,n}. The theory ®Oc¢,, can be identified
with the category whose objects are the natural numbers with morphisms m — n
being n x m matrices with entries in the natural numbers, with composition
given by multiplication of matrices. We can then identify O =~ F, with the
subcategory of ®¢,,, whose morphisms are matrices with entries in {0, 1}, with
at most one non-zero entry in each column.

(2) The unique map of operads ©@ — Com induces functors €: O — Fy and
O ®p — B¢y, and there is a pullback diagram of S—enriched categories

O— 00
L
f*(—> ®C0m

For any Eo operad O, € induces an equivalence on S—enriched morphism sets
]_[ @(m, n) — ]_[ Fx(m,n).
m,n m,n

More generally, for any morphism ¢: m — n in Fyx and any operad O, €~ 1(¢)
is isomorphic to the product []7_, O(l¢~1(i)|). Moreover, Fy is the largest
subcategory of ®¢,, containing F with this property. For other morphisms
in ®c¢,, the inverse image under ® is the quotient of such a product by a
stabilizing group of permutations. For instance,

O ((22): 25 2) = (O(a+b)/ Sa x Tp) x (O(c +d)/ Te x ).

2.6 Definition An @—diagram in S is an S—enriched functor G: O — S. Such a
diagram is called special if the injections t;: 1 — n sending 1 to k define a homotopy
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equivalence (t],....1;): G(n) — G(1)" for each n, ie G is a weakly symmetric
monoidal functor.

We denote the category of @—diagrams in S by sO.

As we noted above in 2.4, there is an obvious functor
(-): 0-8 - 89,

given by extendlng a symmetric monoidal functor X: O — S toa product -preserving
functor X: ®o — S, and then restrlctmg this extension to X: O — S. Explicitly,
X: O — S is defined by X(n) = X", X((f,ld)) = X(f), and X(o*). X! — xk
being the projection

(xl, . ,x[) = (xa(l), . ,xa(k)).

By construction, X is special.

We recall that the classifying space functor B: Cat — Top is the composite

N* -
B: Cat —> SSets u> Top

of the nerve functor N, and the topological realization. The classifying space functor
preserves products, which implies the following result:

2.7 Lemma Let O be an operad in Cat, let X be an O—algebra, and let G: O — Cat
be an @—diagram. Then:

(1) BO is an operad in Top and BX is a BO-space.
2) B(@) ~ BO and BG: BO — Top is a E@—diagram. If G is special, sois BG .
(3) BX = BX.

If we want to determine the homotopy types of our categorical constructions, we
usually have to assume that all operads we consider are X—free. The reason we need
to make this assumption is that our constructions will require us to take quotients,
by permutation groups, of categories which are products of various O(k) categories
together with other categories. Under this hypothesis the classifying spaces of the
resulting quotient categories will be homeomorphic to the quotients of the classifying
spaces of the product categories, due to the fact that the classifying space functor
preserves finite products and the following elementary result.

2.8 Lemma Let a discrete group I' act freely on a small category C. Then BC is a
free I"'—space and
B(C/T)=(BC)/T.
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Proof Since BC is a '-CW complex with a free I'-action, BC — (BC)/ T is
a numerable principal bundle. We have ob(C/T") = ob(C)/ " and mor(C/T") =
mor(C)/ I'. Composition in C/ I' is defined by lifting to C: given composable mor-
phisms [ f]: [A] = [B] and [g]: [B] — [C] in C/ T", choose a representative object A
in C. Then there are unique morphisms f: A — B and g: B — C in C representing
[f] and [g], and [g][f] = [gf]. Hence any simplex in the nerve of C/ I" has a unique
lift to the nerve of C once we choose a lift of the initial vertex. It follows that the nerve
of C/ T is the quotient of the nerve of C by the action of I, which implies the result. O

This result fails to hold if the action of I on C is not free. For instance, if H is a
group regarded as a category with one object, C = H x H and I' = Z/2 acts on C
by permuting the factors, then B(C/I') = BA, where A is the abelianization of H.
This is clearly different from B(H x H)/ I’ = (BH x BH)/(Z/2), particularly if H
is perfect.

3 Free operads

Since our constructions start with free operads, we recall their construction for the
convenience of the reader and to fix notation. We follow the expositions [3, Section 5.8]
and [4, Section 3], because they are the most convenient ones for our purposes. We
recommend [14, Part I, Section 2] for background on the language of trees.

Recall that a collection K in one of our categories S is an N—indexed family of objects
KC(n) with a right X,—action. Let Opr(S) and Coll(S) denote the categories of operads
and collections in §. Then there is the obvious forgetful functor

R: Opr(S) — Coll(S),
and we are interested in its left adjoint

L: Coll(S) — Opr(S),
the free operad functor.

Let T denote the groupoid of planar trees and non-planar isomorphisms. Its objects
are finite directed rooted planar trees (see [12, pages 85-87] for a formal definition).
A tree can have three types of edges: internal edges with a node on each end, input
edges with a node only at the end, and one outgoing edge, called the root, with a node
only at its beginning. Each node v has a finite totally ordered poset In(v) of incoming

edges, also called inputs of v, and exactly one outgoing edge, called its output. The
cardinality In(v) of In(v) is called the valence of v. We allow stumps, ie nodes of
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valence 0, and the trivial tree consisting of a single edge. The poset of input edges of a
tree T is denoted by In(7"), and its cardinality by In(7"). We say that a subtree 7’ of
atree T is a subtree above a node v of T if T’ consists of an incoming edge of v
and all nodes and edges of T lying above that edge. Note that if 7’ is such a subtree,
then In(7") forms a (possibly empty) subinterval of In(7’).

3.1 Definition A morphism ¢: T — T’ in T is an isomorphism of trees after
forgetting their planar structures. So ¢ preserves inputs and hence induces a bijection
In(¢): In(T) — In(T’). If iny,...,in, are the inputs of 7" and in/,...,in), are
the inputs of 7’ counted from left to right, then ¢ has an associated permutation
= EEEn dezﬁnfz::d by ¢= (k) =1 if ¢(in;) = i} . Note that ¢ — $Z is covariant:
(W)~ =y =o=.

Let ®, denote the tree with exactly one node and » inputs. Any tree 7" with a root
node of valence n decomposes uniquely into » trees 77,..., T, whose outputs are
grafted onto the inputs of ®;, as in the diagram

T, T, -- T,

We denote this grafting operation by
T =0,0(T1®---®Th).
Any isomorphism ¢: T — T” has a similar decomposition

p=00(p1 DD ¢n)

into isomorphisms o: ®, — ©, and ¢;: T,(i) — T;. Since o only permutes the
inputs of ©, we usually denote o> simply by o.

Since the number of nodes and edges in each 7; is strictly less than the number of
nodes and edges in 7, this decomposition is suited for inductive procedures.

For any collection K we define a functor K: T° — S inductively by mapping the
trivial tree to the terminal object and putting

K(T)=K(©Ono(T1 & @& Tn)) = K(n) x K(T1) x -+ x K(T5).
On morphisms ¢: T — T’ we define ¢*: K(T’) — K(T') inductively by

P =(00(p1® - DPn)" =0 X)X Xy
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which is determined by setting
o*: Kn) - K@m), awra-o.

There is also a functor A: T — Sets associating with each tree T the set A(T') of
bijections 7: {1,2,...,In(T)} — In(T"). On morphisms ¢: T — T’ we define

Mp): M(T) — MT), v+ In(p)or.

Since Sets is canonically included in Cat, SSets and Top as the full subcategory of
discrete objects, we can consider A as a functor A: T — S. The groupoid T is the
disjoint sum of the groupoids T (n) = {T € T :In(T) = n}, and the free operad functor

L: Coll(S) — Opr(S)

sends the collection K to the operad whose underlying collection is the family of
coends
LK(n) = E@T(n)i, neN.

Before we define the operad structure, let us give an explicit description of LK (). An
element of L/C(n) is represented by a triple (7, f, r) consisting of a tree 7" with n
inputs, a function f assigning to each node v of 7" an element @ € K(In(v)), and a
bijection 7: n ={1,2,...,n} = In(T). We call a the decoration of v and i the label
of the input 7(i). We usually suppress f and t and speak of a decorated tree 7' with
input labels.

3.2 Equivariance relation We impose the following relation on the set of decorated
trees T with input labels. Let

T/ T/ e Tl/

be a subtree of 7' above a node v with decoration a € K(/), and let 0 € ¥;. Then T
is equivalent to the decorated tree 7" obtained from T by replacing 7’ by
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The elements of LK(n) are the equivalence classes of decorated trees with input labels
with respect to this relation.

If (T, f, ) represents an element x in LK (n) and if o € ¥,, we define x -0 to be
represented by (7, f, t oo). This defines the right action of ¥, on LK(n). Operad
composition is defined by grafting decorated trees with input labels according to the
labels: T o (T) @---@ Ty) is obtained by grafting 7; on the input of 7" labeled by 7.

Let t: n — In(T") be an input labeling of 7', and suppose (i) is the k™ input of T
counted from left to right. Then we identify v with the permutation t € ¥, sending i
to k. Using this identification we obtain the following:

3.3 Proposition We have
LK) =K ®1mr = [K(T) ®aucr) Zn. 720,
(T]

where the sum is indexed by isomorphism classes of trees in T (n).
For later use we observe that Proposition 3.3 is a special case of a more general result.

3.4 Let G be a groupoid and let F: G®® — S and A: G — S be functors. Then

Feeh=]]F®eht=]]FG) ®ruo) MG),
[G] [G]

where the sum is indexed by isomorphism classes in G. The coend F ®(g) A is
taken over the elements in the class [G]. The isomorphism depends on the choice of
representatives G in the class [G].

4 Rectifying @—spaces

We start with our rectification construction for @—spaoes, which is easier to describe
than the version we use for the Cat case. Although this space version is simpler, it
uses some of the same ingredients as our subsequent rectification construction for
@—categories and will help to motivate that construction. In the process we give a
simple variant of a rectification result of May and Thomason [14, Theorem 4.5] We
should also note that the construction we define here is a variant of the M —construction
of Boardman and Vogt [5, page 134ff].
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4.1 Let O be an arbitrary operad in Top. We are going to define a rectification functor
M: 7'01,(5 — O-Top.

Our construction starts with a modification of the free operad construction. We in-
ductively define a functor £O: TP — Top by mapping the trivial tree to a point and
putting

LO(T) =LOOpo(T1 @B Ty)) =On) x I"x LO(Ty) X -+ x LO(Ty),
where [ is the unit interval. On morphisms ¢: T — T’ the functor is given by
¢* =(0o(P1 @ DPn)* =0" X Pk XX Bh.
with
o*: Om)xI" - Om)xI", (a;ty,....tn) > (a-05te(1).-- - lon))-

For G: O — Top there is a functor A = Ag: T — Top, sending the trivial tree to
G(O(1)) and On o (T; & --- ® Tp) to G(In(Ty)) X -+ x G(In(Ty)). In particular,
A(®,) = G(O(1))". On morphisms o: ®, — O, it is defined by

M0): G = G, (g1, 8n) = (€o-1(1)s -+ €51 m))»
andfor g =0 o(p; ®--- Dp): T — T’ by
AM@): G(In(Ty)) x---x G(In(Ty)) — G(In(Tl/)) x - x G(In(T})),
(€)i=1 = (G2 1) €11 i=1

Here recall that ¢;—1(;): To—1(;) — T is in T and ¢>§71(1~) is the induced inputs
permutation (see Definition 3.1). A natural transformation G — G’ induces a natural

transformation Ag — Ag’.

Let T C T be the full subgroupoid of non-trivial trees. Restricting our functors to T,
the coend construction defines a functor

LO @7 A(-y: Top@ —Top, G+ LO®g Ag.

The functor M : Top@ — O—Top will be a quotient of this functor.
4.2 We find it helpful to view an element of LO(T') as a triple (7, f, h) consisting of
atree (7, f) with vertex decorations as in Section 3, and a length function / assigning

to each internal edge of 7" a length in 7. We usually suppress f and /& and speak of a
decorated tree 7' with lengths whose nodes are decorated by elements in O and whose
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internal edges have a length label. It will be clear from the context whether T denotes
a decorated tree with lengths or just a tree. Let 7" have the form

T1 T2 . Tn

“4.3) T = root

Here T; is allowed to be the trivial tree.
We define

V(G,T) = LO(T) x G(In(T)),
U(G,T) = LO(T) x G(n(T})) x - - x G(In(Ty)),

LO®z hg = (]_[ UG, T)) /~,
T

where the unions is taken over all trees in T and the relations are as follows:

4.4 Equivariance relations It is helpful to consider U(G, T') as
UG, T)=0mn)xI"xV(G,T))x---xV(G, Ty),

where (f1,...,1,) € I" are the lengths of the incoming edges of the root from left to
right and O(n) is the space of root decorations.

(1) Root equivariance Let o € ¥,. Then
(a;lh---’Zn;(Tl,gl),---,(Tn,gn))
~(a-o; lo(1)s -+ s lam) (Ta(l)’ gcr(l))v ceey (Ta(n)v ga(n)))-

(2) Tj—equivariance T;—equivariance is a relation on the factor V(G, T;). We use
the notation of 3.2 with the difference that the internal edges of our trees have
a length label. As in 3.2, let T’ be the subtree above a node v of valence /
of T; decorated by a. Let 0 € X; and let ° T; be obtained from 7; as in 3.2.
Then o determines an isomorphism ¢: 7; — ° T; of underlying trees in T, and
T;—equivariance is the relation

(Ti; gi) ~ CTi; G(9®)(g1))
4.5 Definition The functor

M: Top@ — O-Top
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is obtained from the functor LO ®4 A(—) by imposing the following relations. Let T
be a decorated tree with lengths of the form (4.3).

(1) Shrinking an internal edge An internal edge e of length O may be shrunk:
node w with decoration b

e = y edge e with length 0

node v with decoration a

Let 7’ be obtained from 7 by shrinking e. If e is the i™ input of v counted from
left to right, the new node in 7" is decorated by a o (id;—1 ®b @ idjyy)—i)-

(a) v is not the root Then

(T:g1,---,8n)~(T';21,....8n), g € G(In(Ty)).

(b) v is the root Then T; has the form

and e is the outgoing edge of w. If w is not a stump, shrinking ¢ makes the in-
coming edges of w into incoming edges of the root of 7”. Let z;: In(Tj; ) CIn(7})
be the inclusion. Then there is a map

™ G(In(Ty)) — 1_[ G(In(T3;))
j=1

whose j component is G(r;‘). We have the relation

(T;gl""’gn)’\'(T,;gl""7gi—17r*(gi)’gi+l7'~'7gn)'

If w is a stump, In(7;) = @ and we impose the relation

(Tig1.--.gn) ~ (T 81, ... 8n).

(2) Chopping an internal edge An internal edge e of length 1 may be chopped off.
Let e be as above, but of length 1. Let T” be the subtree of 7' with root w. Then
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T” is a subtree of some T;. Let T’ be obtained from T by deleting the subtree 7.
Composing all node decorations of 7" using the operad composition gives us an
element ¢ € O(In(T")). We label the inputs of 7; from left to right by 1 to In(7}).
Then the inputs of 7" form a subinterval s + 1,5 +2,...,5 +¢ with t = In(T").
Define

¢ = ids ®c ® idpy(r)—s—r € O C O.

We have the relation
(T:81,--.86) ~ (T 81, 8i—1, G(O)(&i), Git1s-- - &k)-
In particular, if w is a stump then ¢ = b € O(0), In(T”) = @ so that ¢t = 0, and
In(T")=In(T) + 1.
4.6 Proposition M (G) has an O-algebra structure, and we obtain a functor

M: 7'019?9 — O-Top.

Proof Let x; € M(G), i =1,...,n, be represented by (7;: gi1.-..,&ik;) and let
a € O(n). Then a(xy,...,x,) is represented by
(Tlel’---’glklv---agnly---’gnkn)a

where T is obtained from 77, ..., T, by grafting the roots of the 7; together to a
single root. If the root of 7; is decorated by b;, the new root is decorated by

ao(by®---®by). o

We want to compare the O— —space M (G) associated with the O—algebra M (G) with
the original O- —space G . For this purpose we define an O- —space

Q(G): O —Top. n+> Qu(G)
by

04(G) = ([T £O(T) -+ X LO(T) x GAN(TY) + -+ + In(Ty)) ) /~,

where the union is taken over all n—tuples (74, ..., T,) of trees in T . The relations are:

(1) Shrinking an internal edge An internal edge e of length 0 in any of the trees
may be shrunk as explained in Definition 4.5(1a), which makes sense even if e
is a root edge.

(2) Chopping an internal edge Any internal edge e of length 1 in any of the trees
may be chopped as explained in Definition 4.5(2) with the difference that ¢ is
formed using all inputs rather than only the ones of 7;.

Algebraic € Geometric Topology, Volume 16 (2016)



Rectification of weak product algebras over an operad in Cat and Top and applications 727

(3) Egquivariance T;—equivariance, as explained in 4.4(2), holds for each tree
Ty, ...,Ty,, and the relation reads

(Ty,....Tn:g) ~(Ty.....0T;, ..., Ty GAd X -+ - x = x - -+ x id)(g)).

This defines Q(G) on objects.

For o € Inj(k,[) the map Q(G)(c*): Q;(G) — Qk(G) is given by the projections
LO(Ty) x -+ x LO(T7) — LO(T5(1)) X ==+ x LO(T5(k))

and the map G(o(In(T}),...,In(7}))*) defined in 2.4. If k1 +---+ k, = m and
a=(a,...,00) € Oky, 1) x -+ x O(ky, 1) C O(m, 1),

then Q(G)(a): Om(G) — Q,(G) maps a representing tuple (77,..., Ty,: g), where
each T; is a decorated tree with lengths and g € G(In(T}) + - -- + In(Ty,)), to the
element represented by (77,...,T/;g). If p=ky+---+k;_; then T} is obtained
from Ty y,..., Tpyk, by grafting their roots together and decorating the root of 77
by a;jo(B1 @+ ® Bx,;), where B; is the root decoration of T4 ;.

Like M(G), the space Q,(G) is the quotient of a coend, namely the coend of the

functor
product

£0g,: (T 25 Top 2% 7op

and the functor

ro,: T" = Top, (Ti,...,Ty) > G(In(Ty) + -+ In(Ty)).

4.7 Theorem There are maps of @—spaces, natural in G,
M(G) <— Q(G) = G,
such that

(1) each e,: Qn(G) — G(n) is a homotopy equivalence, and

(2) if O is X—free and G is special, each t,: Q,(G) — M(G)" is a homotopy
equivalence.

Proof The map &,: Q,(G)— G(n) is defined by chopping the roots of each tree. This
makes sense in this case although roots are not internal edges. By construction, the ¢,
define a map &: Q(G) — G of O-spaces. Each ¢,: 0,(G) — G(n) has a section

sp: G(n) > 0,(G), g+ (01,...,01;9),
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with id € O(1) as node decoration of ®;. Let T'(¢) be the tree obtained from 7' by
putting 7" on top of ®; and giving the newly created internal edge the length ¢. Then for

(T1,....Ty;8) € LO(T7) X -+ X LO(Ty) x G(In(T) + - - - + In(T},))

we have
(T1(0), ..., Tx(0);8) ~ (T1,...,Ty: g)

by the shrinking relation, and
(T1Q1),....Tw(1); g) ~ snen(T1, ..., Ty g)

by the chopping relation. Hence ¢ — (71 (¢), ..., Tx(?); g) defines a homotopy from
idp,(G) 10 spoé&y.

We define
if T; is of the form T; = O, o (Tj,1 ® -+ ® T;,;), and where

oi,j: In(T; ;) CIn(T;) CIn(Ty) + -+ 4+ In(Ty)

is the canonical inclusion. By construction, the 7, define a map of @—spaces.

We now prove the second statement of the theorem. So assume that G is special and
O is X—free. Then the map

n k,‘

7w =(G(01 ). ... Gloy . )): Gn(Ty) + -+ +In(Ty) — [ [ 6(n(T:))
i=1j+1

is a homotopy equivalence. For notational convenience we denote

G(n(Ty) + -+ In(Ty) Go(Ty.....Ta).
Mo T15, Gan(T: ) by Gu(Th..... Ty,
[T~ Aut(T;) Aut(Ty, ..., Ty).

Similarly, we denote
LOg,(Th,....,Ty) = LO(T1) x---x LO(Ty) by LO(Ty,...,Ty).
By 3.4, M(G)" is a quotient of

[ (COxAuGM(T1.....Ty),
(AT11ooon [ Ta))
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where
(ﬁ(’) X Aut GM)(TI, e Tn) = ,CO(T], cees Tn) XAut(Ty,....Tn) GM(TI, ey Tn),
and Q,(G) is a quotient of
[ (COxauGQ)(Tr.....To).

(T1),....[Tn]D
where

(£O X Aut GQ)(T], RN Tn) = ﬁO(Tl, PN Tn) XAu(Ty,..., T,) GQ(Tl, ey Tn).
In both cases the sum is indexed by the isomorphism classes in T*.
Hence the proof reduces to showing that

idxaumn: || LOxauG(T1.....Tw) > [] (LOxauGm)(T1.....Ty)
(T1).. [T (T ] [Tu))

induces a homotopy equivalence Q,(G) — M (G)". (This part of the proof relies on
certain technical facts about numerable principal bundles that we list in 4.8.)

We choose a representative 7 in each isomorphism class [7'] and filter both spaces. Let
F,(Q) and F,(M) be the subspaces of Q,(G) and M(G)" of those points which
can be represented by elements for which the (77, ..., T,)—part consists of trees whose
total number of internal edges is less than or equal to ». We prove by induction that
the above map induces a homotopy equivalence F,(Q) — F,(M) for all r, which in
turn implies the result.

Fo(Q) is the disjoint union of spaces
(O(k1) x -+ % Olkn)) Xz, s Tyoy Gkt 4+ ki)
and Fy(M) is the disjoint union of spaces
(O(ky) % +++ X Okn)) X5y, oDy, GFITFHn,

Here observe that Aut(®z) = Xj. Since O(kq) x---x O(ky) is a numerable principal
(Zg, X -+ x g, )-space, id xm, defines a homotopy equivalence Fo(Q) — Fo(M)
by 4.8(2).

Now assume that we have shown that id x sy, induces a homotopy equivalence
F,_1(Q)— F,_1(M). We obtain F,(Q) from F,_1(Q) and F;(M) from F,_1(M)
by attaching spaces (LO xau Go)(T1, ..., Ty) and (LO Xaw Grpr) (T, ..., Ty), re-

spectively, where (77, ..., T,) have exactly a total of r internal edges. In both cases, an
element in the attached space represents an element of lower filtration if and only if an in-
ternal edge in (77, ..., T,) is of length O or 1, because in these cases the shrinking and
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chopping relations apply, respectively. Let D(T}, ..., T,)) C LO(Ty,...,Ty)) be the
subspace of such decorated trees. The inclusion of this subspace is an Aut(77, ..., T,)-
equivariant cofibration (see the product pushout theorem [5, page 233]). Consider the
diagram

TOj i
Fr_1(Q) = (D xau G)(T. ... Ty) —2— (LO xpau G)(Ti. ..., Ty)

L, l

Fr_y (M) «222 (D xaw Gag)(Th. .. To) =25 (LO X pw Gag)(Ty. ... Ty)

where the vertical maps are induced by id X a7, . The maps i and ips are closed
cofibrations (see [5, page 232]). We will prove in Lemma 4.9 that O(T') is a numer-
able principal Aut(7)—space. (Recall that O: T°P — Top was defined in Section 3
for the collection X = @.) Hence O(Ty) x --- x O(Ty) is a numerable principal
Aut(Ty, ..., Ty)—space (see 4.8(4)). Since there are equivariant maps

f
D(Ty,...,Ty) = LO(Ty,..., Ty) —=5 O(Ty) -+ x O(Ty),
both D(Ty,...,Ty,) and LO(Ty, ..., T,) are numerable principal Aut(7Ty,..., T,)-
spaces (see 4.8(1)). Hence the vertical maps of the diagram are homotopy equivalences
(see 4.8(2)), and the gluing lemma implies that F,(Q) — F,(M) is a homotopy
equivalence. O

4.8 Facts about numerable principal ['-spaces The following results are either
fairly obvious or can be found in the appendix of [5]. Let I" be a discrete group and X
a numerable principal right I"'—space.

(1) If f: Y - X is a '-equivariant map, then Y is a numerable principal I"—space.
Moreover, f is an equivariant homotopy equivalence if and only if it is an
ordinary homotopy equivalence of underlying spaces.

(2) If f: Y — Z is an equivariant map of left ['—spaces, which is an ordinary
homotopy equivalence of underlying spaces, then id Xp f: X xp Y - X xp Z
is a homotopy equivalence.

(3) If H is asubgroup of I', then X is a numerable principal H—space.

(4) If Y isanumerable principal right I''—space, then X XY is a numerable principal
right T x I"—space.

4.9 Lemma If O is a X—free topological operad, then O(T') is a numerable principal
Aut(T)—space.
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Proof We prove this by an inductive argument. If 7= ©,, then Aut(7) = ¥, and
O(T) = O(n). By assumption, O(n) is a numerable principal X,-space.

Nowlet T = 0O, 0(T) &---® Ty). The following calculation of Aut(7") is taken from
[4, page 815]. By choosing T appropriately in [7'] we may assume that it has the form

T=0,0(T'® 6T, & T/ & -aT])

where T' 1’ R TkIl, are copies of a planar tree 77, and T* and T/ are not isomorphic
in T for i # j. Then Aut(T) is the semi-direct product

Aut(T) = (Aut(Tl)kl X ~~-xAut(Tl)k’) X (g, X xZg,)=TrxZr,
where X, acts on Aut(TH)%i by permuting the factors.

O(n) is a numerable principal X7—space because X7 is a subgroup of 3,. By
induction, (_Q(Tl)k1 X e+ X (_Q(Tl )kl is a numerable principal I'r—space. Denote ®
by 7°. By [5, Appendix, Lemma 3.2] there are open covers U’ = Uo’;; a € A} of
O(T?),i=0,...,I, with subordinate partitions of unity { fi: O(T?)—[0, 1], a € A}
such that UL -hNUL = & for all h € H; different from the unit, where Hy = X7 and
H; = Aut(T") for i =1,...,/. The open cover

V:{UIOXUIIX---XUkII x---xUllx---xU,é}
of O(T'), where U ji runs through the elements of ¢/, satisfies the condition that
(U x U x-+-xUL)-hn (U x U x---x U )= 2

for all & € I'r x X7 different from the unit. The product numeration obtained from
the fof provides a partition of unity subordinate to V. Now the lemma follows from [5,
Appendix 3.2]. O

If X isan O-algebraand G = X then, by inspection, Q,(G) = Q1(G)", and the O-
structure on Q(G) defines an O-algebra structure on Q(G). The map 7;: Q1(G) —
M (G) is a homeomorphism of O-algebras, and ¢1: Q1(G) — G(1) = X is a weak
equivalence of O-algebras. Composing &; with the inverse of 7;, we obtain:

4.10 Proposition If X is an O—algebra in Top then there is a natural weak equiva-
lence of O-algebras

7 M(X)— X.
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5 Tree-indexed diagrams

In order to adapt the rectification construction described in Section 4 to the case of
categories, we will recast the topological version described there into a homotopy colimit
construction of a certain diagram. The same diagram makes sense in Cat, where we will
apply the Grothendieck construction, which is the analog of the homotopy colimit in Cat.

5.1 The indexing category 7 As in the previous section, our construction involves
trees with a root vertex. So the objects of 7 are the isomorphism classes [7'] of planar
trees in T. The shrinking and chopping relations of Definition 4.5 correspond to
morphisms in the diagram to be constructed. So the generating morphisms of 7 are of
two types:

(1) Shrinking an internal edge.
(2) Chopping off a subtree above any node v of a tree:
Ty ... Ti . T; Ty ... Ty, Ty ... Ti— Tiv1 ... Ty

That is, the subtree 7; in the original tree is replaced by a single input edge in
the new tree.

To define a general morphism in 7 we introduce the notion of a marked tree. A
marked tree is a planar tree S with a marking of some (possibly none) of its internal
edges with either the symbol s or the symbol ¢, subject to the constraint that an edge
which is anywhere above an edge marked c is left unmarked. A morphism in 7T
is an isomorphism class of marked trees with respect to non-planar isomorphisms
respecting the marking. The source of such a morphism f is the isomorphism class
of the underlying unmarked planar tree. Let S be a marked tree representing f and
let 7' be the unmarked tree obtained from .S by first chopping off the branches above
every edge marked c. (Note that this map would discard any markings of edges above
such an edge, which accounts for the constraint.) Then one shrinks all edges marked s.
The isomorphism class of 7 is the target of f. By construction, [T] is independent of
the choice of the representative S of f. In most cases, there is at most one morphism
between objects of 7. However, there are exceptions. For instance,

c and S
represent distinct morphisms with the same source and target.
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The following remark will make the definition of the composition easy.

5.2 Remark In the sequel we will need to prescribe a consistent way of representing
simplices in the nerve of 7 by a chain of marked planar trees. Given an n—simplex

[To] = [T1] = -+ = [T3]

in the nerve of T, pick a planar representative Ty € [Ty]. Any morphism [Ty] — [T7]
is represented by a marking of 7. By applying the edge shrinking and chopping
specified by the marking of T, we obtain a well-defined planar representative 77
of [T1]. Now apply the same procedure to the map [77] — [73] and carry on to obtain
a sequence

To— Ty —---— T, representing [To] — [T1]— -+ — [Th],

where the maps 7; — T;4; are given by a marking of 7;. If we had picked a
different representative 7 € [To], then there is an isomorphism ¢: To — T in T,
which transports the marking of Ty to a marking of 7}, and the marked tree T also
represents the morphism [T] — [T}]. Clearly ¢ can be extended to the whole sequence
of representatives in a unique way.

To define the composition of f: [S]— [T] and g: [T] — [U], we take a representing
chain S — T — U with a marking of S and a marking of T'. Let E(S) and E(T)
be the sets of internal edges of S and 7', respectively. Since T is obtained from S
by shrinking and chopping off internal edges, we may consider E(T) as a subset of
E(S). Observe that the marked edges of S do not lie in E(7). So the marking of T
defines a marking on edges of S which have not been marked before. We now erase in
this larger marking any mark above an edge marked with ¢ to satisfy our constraint.
The resulting marking of S represents the composition go f.

5.3 The diagram Let O be an arbitrary operad in S and let G: O — S be an
@—diagram in §, where S is Cat, Top, Sets or SSets. We are going to define a
diagram

FO T ->s.

We recall the functor O: T°? — S from Section 3. The definition of the functor
Ag: T — Top in 4.1 also makes sense if we replace Top by S. We define

FO(T) = O ®11h6

the coend obtained by restricting of the functors to the isomorphism class [T] C T.
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As in 4.2 we have the following explicit description of an element in F¢([T]). The
object
W(G,T)=0(T) x G(n(T))

replaces V(G,T). If T has the form (4.3) we define
rory = 11 owx[[wG. ) /~=( 1] o)< []6aumn )/~
Te[T] i=1 Te[T] i=1

where the relation is the equivariance relation 4.4 with the factor 7" dropped.

Next we describe FC on the generating morphisms of 7.

(1) Suppose «: [T'] — [T”] is shrinking a bottom edge of [T']. So « is represented
by T with a single marking s of the edge connecting the root node to a subtree 7;
of T

root

The corresponding morphism FY () is induced by the map

n i—1 r n
oT)x[] Gn(Ty) — oI x [ GIn(T) x [ Gan(Ty, ) x [ Gin(T)))
Jj=1 j=1 k=1 j=i+1

which sends a decorated tree T € O(T') to the decorated tree T’ obtained from T
as in the shrinking relation of Definition 4.5(1b), disregarding lengths. On the other
factors the map is given by identities and the map t* of Definition 4.5(1b).

(2) Shrinking a nonbottom edge corresponds under F€ to the map (T g1, ..., gn)
(T':g1,....gn), where T’ is obtained from T as in (1).

(3) Let =: [T] — [T’] be a chopping morphism, represented by a tree T of the form
(4.3) with exactly one marked edge e with marking ¢. This edge belongs to some
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subtree T; of T'; it could be its root. Then F(7) is induced by the map

i—1 n

H: O(T)x [ [ 6n(Ty)) » O(T") x [ [ G(In(T)) x GIn(T{) x [] G(n(Ty)),

j=1 j=1 Jj=i+l1

where T’ is obtained from 7" and 7/ from T; by deleting the subtrees with root
edge e (if e is the root of T; then T} is the trivial tree). The map H is given on
O(T) — O(T’) by the projection (the set of decorated nodes in 7"’ is a subset of the
set of decorated nodes in 7'), and on the other factors by the identities and the map

G (¢) of Definition 4.5(2).

In each case the equivariance relations on the operad O and the functoriality of G
imply that the definition of F¢ on the morphisms of 7~ does not depend on the choice
of representatives and that F© is a well-defined functor.

5.4 A relative version There is a relative version of this construction with respect
to a map of operads ¢: O — P in S. Again, let G: O — S be an @—diagram in S.
We then define the functor Fg : T — S in exactly the same way as we defined F©,
except that for Fg [T] the bottom node of a representing decorated T is decorated
with an element of P (k) instead of O(k). Thus

k
FO(T) = ( 1] Pt <[] wee. Ti)) I

Te[T] i=1

with the equivariance relation as above. On morphisms F, g is defined in the same way
as FO, except that when we shrink a bottom edge we apply ¢ to the element of @
decorating the node at the top of the edge before we compose it with the element of P
decorating the bottom node.

6 Homotopy colimits

For a diagram D: C — Cat in Cat the Grothendieck construction C [ D is the category
whose objects are pairs (¢, X') with ¢ €obC and X € ob D(c¢). A morphism (¢, X)) —
(¢’, X') is a pair (j, f) consisting of a morphism j: ¢ — ¢’ in C and a morphism
f: D(j)(X)— X' in D(c’). Composition is the obvious one.

6.1 Proposition If O is an operad in Cat and G O — Cat is an @—category then
T [ FC9 is an O-algebra.
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Proof We define
() O(m) xz,, (T[F®)" —>T[F¢

as follows. A planar representative of an object on the left side of () looks like

Tin_ T ... T

(A {(THYL,.Ci), with T; = B;

i=1

where A is an object in O(m), T; is a planar tree whose nodes are decorated by
objects in the appropriate O(k), and C; is an object in G(In(Tj;)) X - - - X G(In(Tj,))-
The underlying tree of T} represents an object [7;] in 7~ and the pair X; = (T}, C;)
an object in FY([T;]). We send this object to the object represented by the pair
(T, (Cy,Cs,...,Cw)), where

T Ty o Twi o Tk,
T = Ao(B1®B2®-® Bm)
For later use we denote this representative by u(4; Xy, ..., X;n). This map extends to

morphisms: the O(m) factor only affects A, while morphisms in 7 [ F G may result
in operad compositions from the right of the B; with other node decorations of 7;,
chopping or shrinking of internal edges and their effects on the C;. |

6.2 Definition Foradiagram F: Z— Top of topological spaces we define hocolimz F
to be the 2—sided bar construction

hocolimz F = B(x,Z, F),

where *: Z°° — Top is the constant diagram on a point (see [11, Proposition 3.1] for a
list of properties of the 2—sided bar construction). More explicitly, B(x,Z, F) is the
topological realization of the simplicial space

(1] > Bu(+. T, F) = | [ Zu(A. B) x F(4).
A,B
where Z,,(A, B) C (morZ)" is the subset of composable morphisms

als. g
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The degeneracy maps are defined as in the nerve of Z, the boundary maps
d': B,(%,T, F) — B,_1(x,I, F)
are defined as in the nerve for i >0, while d°(f1,.... fu:X)=(fa. ..., fu: F(f1)(x)).

6.3 Proposition If O is an operad in Top and G: 0 — Top is an @—space then
hocolimy FY is an O-algebra.

Proof Since the classifying space functor preserves products it suffices to show that
B (%, T, FO) is a simplicial object in the category of O—algebras. By Remark 5.2, an
m—tuple of elements in B, (x, T, F G can be represented by sequences of marked trees

Zip

f
{(Tjo e Tjp; Xj)}1§j§m’

where 7 is Tji with a marking. An operation a € O(m) maps this m—tuple of
elements to the element represented by

w(tin,..., ta1) Wt 1psees thp) _
(1(Tyo, ..., Tno) ——0 oo 2 (T, ooy Tup); @ X -, X)),
where (74, ..., Ty) is the tree obtained from 77, ..., T, by gluing their roots together
and u(tq,...,t,) the corresponding marked tree, while (a; X1,..., X,) is defined
as in the proof of Proposition 6.1. a

If O is an operad in Cat, then BO is an operad in Jop by Lemma 2.7.

6.4 Proposition If O is an operad in Cat and G O — Cat is an @—category then
hocolimy B(F®) is a BO-space.

Proof By definition, hocolims B(F©) is the topological realization of the bisimplicial
set

([p). [gD) = Np(T) x Ng(FC (ToD),
where N is the nerve functor. An element in Ny, (7) x Ng(F G([To]) is a pair

(Tl 2 B 7 xS 25 ),

151 Ip . . . X1 Xq .
where [Ty] — --- — [T}] is a sequence of morphisms in 7 and Xo — --- — X, is
a sequence of morphisms in the category FC([T,]). We define an operation of NyO
on its diagonal: the element

o] op

(Ao — e — Ap) € Np,O(n)
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maps the n—tuple represented by

i1 Lip
{( Tj0—>—>m—>—>ij )}
Xj1 Xjp
Xjo Xjp 1<j<n

to the object represented by the pair of sequences:

W15 stn1) /‘L(tlpa-uatnp)

( [L(Tlo,...,Tn()) ,lL(Tlp,...,Tnp) )
— R(@13X115005%01) B(0p;X1pseesXnp)
m(Ao; X10, - - - Xno) e z (Ap: X1p, ... Xup)) O

In degree p, the nerve Ny (T f FO) consists of diagrams

> Ipl,Xp
(o). Xo) 20220, Qb)

(Tp]. Xp)

with

X; e FO(T). [ [Tim]—[T] in 7, and it [6](X;—1) — X; in FO((T;)).
We always tacitly assume that the representing trees 7; and the marked trees #; are cho-

sen as in Remark 5.2. The O-structure on 7 [ F G defined in the proof of Proposition 6.1
translates to an N,O-structure on Ny (T f F G) as follows: if

o
Ao RN A
is an element in N,O(n), it maps an n—tuple

([#i11.x1) (i plixjp)

{([Tj I, Xjo) (Tjp]. XJ'P)}lstn

to
([1(Thos - - - Tuo)], 1(A0; X10, - - -+ Xno))
— o= ([(T1ps - Tup)) B(Ap; Xips -+, Xnp))
in the notation above with the obvious maps.
Thomason [18] constructed a natural weak equivalence
n: hocolim B(FG) — B(TfFG)

defined on nerves by mapping

([To] nl [Tp])

X1 Xp
Xo—> -5 X,
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to
[111.[11]Gx1) ([zp1.ltpJo--olt1](xp))

(Tol. Xo) (Tp)Itplo- o [1]Xp).

6.5 Proposition The map n: hocolimy B(F%) — B(T [F G is a weak equivalence
of BO—spaces natural in G .

Proof We prove this on the level of nerves. So let

[ti1] [ p]
_ [Tj0]1—>"‘i>[ij]
(T, X): Xj1 Xjp
Xjo —> - —> Xjp 1<j<n

be an element in []7_; N, (T) x Np(FC([Tjo])) and

A= (402 . 2 4,) € N,OW).
We have to show that Axn"(T, X)) = n(A % (T, X)), where A % — stands for the

operation of 4.

To avoid a multitude of indices we do this for » = 2 and p = 1; the general case is
analogous. Then

[z 11.[2711(x51))
—_—

n*((T, X)) = {(Tol. Xjo) (T51L 60X 0) 2

and
Axn*((T. X)) = ([11(Tho. T20)]. i(Ao: X10. X20))

= ([(T11, To1)] B(A1: [11](X11). [21](X21))).-

Now
[w(t11,221)]

- {( (1 (T10, T20)] ——— [(T11, T21)] )}
Ax(T,X) = ;

w(@1;x11,X21) _

m(Aos X10, X20) ——> (A X11, X21)
which is mapped by 7 to
([u(Tho. T20)], 2(Ao; X0, X20)) = ([W(T11, Tan)] [1(t11. 2)I(A(A1; X1, X21))).
So we have to show that
[(t11. D)) (E(A: X1, Xa1)) = 2( A1 [01](X 1), [21)(X21)).
[ty DI X110 X21)) = B(ors [111]Cen)- [221](x21)).

These equations hold because the operation of A is defined by composition from the
left with the sum of the appropriate root labels, while the 7;; shrink edges of trees
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or are evaluations which could at most result in compositions with root labels from
the right. |

6.6 Proposition If O is S—free, there is a natural homeomorphism B(F%)([T]) =
FBG([T)) and hence a homeomorphism

hocolimy B(F®) 2 hocolimy FBC
of BO-spaces natural in G . In particular, Thomason’s map induces a weak equivalence

of BO—spaces hocolimr FBY — B(T [ F©).

Proof We have
FO(T)) = O(T) xpwry A6 (T) and  FBE([T)) = BO(T) X au(ry »BG(T)

by 3.4. Since B is product-preserving, there is a natural homeomorphism Agg — BAg.
Since Aut(7T) acts freely on O(T) it acts freely on O(T) x Ag(T). Hence there is
a natural homeomorphism B(O(T') X 1) AG(T)) — BO(T) Xauw(r) BAG(T) by
Lemma 2.8. Here we also use that B(O(T) x Ag(T)) = B(O(T)) x B(Ag(T)). O

A map 7: Gy —> G, of @—categories induces a map F%: FO1 — F92 of T—diagrams
in Cat and hence a map

T[F*: T[FC —T[FC%
of O-algebras.
6.7 Proposition If O is a X—free operad in S and t: G; — G, is a map of O-

diagrams in S which is objectwise a weak equivalence, then:

(1) If S = Cat, the functor T [ F*: TfFGl — TfFG2 is a weak equivalence of
O-algebras.

(2) If § =Top, the map hocolimy F G1 > hocolimy FO2 is a weak equivalence of
O-spaces.

Proof By Proposition 6.6 it suffices to prove (2) because weak equivalences in Cat
are detected by the classifying space functor B.
We have a commutative diagram

Fr([T))

FO1((T)) FOo([T))

l id X autA 7 (T) l

O(T) xpu(t) Ay (T) ———= O(T') X pu(T) A6, (T)
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Since O(T) is a numerable principal Aut(7) space by Lemma 4.9 and A.(T) is a
homotopy equivalence, the map id xayA:(7) is a homotopy equivalence by 4.8(2).
Hence F®: FO1 — FO2 s objectwise a weak equivalence, inducing a homotopy
equivalence hocolim F¢ — hocolim F©2. O

7 Change of operads

Let X be an O-algebra in Cat and X: O — Cat its associated @—diagram. Then we
have a map

& TfF)? — X
induced by

Cat
where e([T']) is the composite
e((T): FX(IT]) — O(n(T)) x5, X" — X.

If T is of the form (4.3) then the first map shrinks all edges of all decorated trees 7;.
The second map is the O-action on X .

By construction, ¢ is a homomorphism of O—algebras.

7.1 Proposition The homomorphism ¢: T [ F X X is a weak equivalence of
O-algebras.

Proof Note that FX (T) = W(A? ,[T']) modulo the equivariance relation, because
X (n) = X™. There is a section s: X — T [ FX of &, which is not a map of algebras.

It is induced by
* : T
L
=
b e e
Cat

where i takes * to the tree ®; which in turn is mapped to O(1) x X by F X , and
1(x): X - FX oj is the inclusion X = {id} x X Cc O(1) x X.
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Let j: 7 — T be the functor which maps [7'] to the isomorphism class represented by:

T

Now let R R
J:T[FX - T[FX

be the functor sending an object ([T'], X) with [T] € T and X € FX([T]) to the
pair (j([T]), j(X)), where j(X) has the decoration of X on the T—part and id as
decoration of the root of j([T']). This definition extends canonically to morphisms
with the root of j([T']) always decorated by the identity.

Shrinking and chopping the incoming edge of the root of j([T']) define natural trans-
formations J = Id and J = s o ¢, respectively. The classifying space functor turns
these transformations into homotopies Id ~ BJ ~ Bs o Be. O

7.2 Corollary Let ¢: O — P be a weak equivalence of X—free operads and let X be
an O-algebra. Then there are natural weak equivalences of O—algebras

X<T[F¥>T[F}.
In particular, X is weakly equivalent to a P—algebra.
Proof The left map is a weak equivalence of O-algebras by Proposition 7.1; the

right map is a weak equivalence of (O—algebras since FX — F, (;Y is objectwise a weak
equivalence. a

The analogous results hold in 7op: by [11, Proposition 3.1] the functors and natural
transformations constructed in the proof of Proposition 7.1 imply the following:

7.3 Proposition (1) Let O be a X—free topological operad, X an O-space and
X: O — Top its associated O—diagram. Then there is a natural homomorphism
of O—spaces ¢: hocolim FX — X, which is a weak equivalence.

(2) If ¢: O — P is a weak equivalence of X—free topological operads, then there
are natural weak equivalences of O—spaces

X < hocolim F X — hocolim F(p)? .

In particular, X is weakly equivalent to a P—space.
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8 Comparing @—categories G with T [ F G

Let G: O — Cat be an O—category. We define a functor
An = Ang: T" — Cat

by sending (77,...,T,) to G(In(7T) + --- +In(7},)) and a morphism (¢q, ..., $n)
0 G@r - ®PT). Let
WS T" - Cat

be the diagram given on objects by the coend
WI(T), - [T) = O X+ X O @1 xeox(Ty] Mn
obtained by restricting the functors A, and
Ox--x0:T" = Cat, (Ty,....Tp) > O(Ty) x -+ x O(Ty)
to [T1]x---x[T,] C T”. On generating morphisms WnG is defined as follows:

¢ Shrinking an internal edge: WnG (—) is defined in the same way as F¢(—) for
shrinking a nonbottom edge.

e Chopping off a branch: WnG (—) is defined in the same way as FC(—) with
the difference that G(¢) is defined with respect to the union of all inputs of
Tl ) Tn .

As before, an object or morphism of WnG ([T1],...,[Ty]) is represented by a tuple
(T1,..., Ty, C) consisting of trees T; € [T;] decorated by objects or morphisms in
O(In(T})), respectively, and an object or morphism C € G(In(7}) + --- + In(7})),
respectively. The appropriate equivariance relations hold.

8.1 Remark Note that, unlike in the F G construction, the bottom edges of trees
play no special role in the WnG construction. Also note that WIG ([T]), modulo the
equivariance relation, coincides with the construction W(G, T) used as a stepping
stone for the FC construction.
8.2 Lemma The correspondence

nT"[WC
extends to an @—category

M=T*WE: O car.

Algebraic € Geometric Topology, Volume 16 (2016)



744 Zbigniew Fiedorowicz, Manfred Stelzer and Rainer M Vogt

Proof If o € Inj(k,/) then M(c*): M(l) — M (k) is induced by the projection
T > 75 (T (T = (Tom) - [ Tow))
and the map G(o(In(T}),...,o(In(T7))*) (see 2.4). If
a=(ag,...,a,) €0k, 1) x-+-x Oy, 1) and m=k;+---+k,,

then M («): M (m)— M (r) maps arepresenting tuple (774, ..., Ty, C), where each T;
is a decorated tree and C € G(In(7} + --- + In(7},)), to the element represented
by (T/....,T;.C). Here T; is obtained by grafting the roots of T, y1,..., Tpik,
together, where p =k +---+k;_1, and decorating the root of 7} by at;o(B1®---®By;)
if B; is the root node decoration of 74 ;. |

8.3 Lemma If O is a ¥—free operad, there is a map of @—categories

o M=T"WE > T[FC,
natural in G, which is objectwise a weak equivalence if G is special.
Proof The map t(n): M(n) — (T [ FO)" sends a representative (77, ..., Ty, C) to

((Ty, G(Uf)(C)), e es Ty, G(0,)(C)), where o;: In(T;) — In(Ty) +--- + In(Tp) is
the canonical inclusion.

By construction, this defines a map of @—categories.

If G is special, the map

n
(G(07), ..., G(o7)): GUn(Ty) + -+ In(T)) — [ | G(In(Ty))
i=1
is a weak equivalence. Consequently, 7 is a weak equivalence because O is X—free
(see Lemma 2.8 and also 4.8(2)). O

8.4 Lemma There is a map of @—categories

e M=T"WE -G,
natural in G, which is objectwise a weak equivalence.
Proof The map e(n): M(n) — G(n) is defined on (74,..., Ty, C) by chopping off
the roots of T7, ..., T, as explained in the definition of FC. To prove that (n) is a
weak equivalence we proceed as in the proof of Proposition 7.1. The functor £(n) has

a section s,: G(n) - M(n) sending C € G(n) to (01,...,0,C) € M(n), where
the node of ®; is decorated by the identity.
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We define a functor J: 7" WG — " / W, in the same way as in Proposition 7.1:
we map ([T1],...,[Tu], X) to (j[T1],..., j[Tn]; j (X)) with the difference that j(X)
is obtained from X by decorating each of the n new root nodes by the identity. By
shrinking and chopping the incoming edges to the root nodes we again obtain natural
transformations J = Id and J = s, 0e(n). O

Combining the preceding three lemmas we obtain:

8.5 Theorem Let O be a X—free operad in Cat. Then there are functors
T[FO: ca® - 0-cat  and T*[ W : cat® > cat®

and natural transformations of functors Cat® — Cat®

T/FO T w1
such that

(1) each ¢(G)(n) is a weak equivalence, and

(2) if G is special, then each T(G)(n) is a weak equivalence. a

9 Comparing @—spaces G with hocolim F ¢

As one would expect, there are topological versions of the constructions and results of
Section 8. We will give a short account of these. In the process we will use the following
properties of the homotopy colimit construction (eg see [11, Proposition 3.1]):

9.1 Let C and D be small categories, F,G: C — D functors, X: C — Top and
Y: D — Top diagrams,
. F—>G, a: X—>YoF, B:X—>YoG

natural transformations such that (Y xt)oa = §:

c e __.p b
2N
X Y
Top YoF — X _,YogG

Then F and « induce a map

B(*, F,a): hocolim¢ X — hocolimp Y
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while t defines a homotopy
B(x, F,a) ~ B(x,G, B)

(see Definition 6.2 and [11, Proposition 3.1]).

Let O be an operad in 7op and G: 00— Top an @—space. Let
Ve " = Top

be the topological version of the diagram WnG, defined in exactly the same way. For a
morphism f € O(/, k), the corresponding map described in the proof of Lemma 8.2
defines a functor 7(f): 7! — T together with a natural transformation

[:VE =V oT(f)
which induces a map
hocolim VlG — hocolim 7« VkG,
and we obtain an @—space

hocolim7+ V*G: O — Top, n+> hocolimy= VnG.

9.2 Theorem If O is a X—free operad in Top, then there are functors
hocolimy F: Top@ — O-Top and hocolimy= V*(_): Top(5 — Top(5
and natural transformations of functors 7'0p(A9 — 7'0]??9
hocolimy FO < hocolimy= V.7 — Id
such that
(1) each e(G)(n) is a weak equivalence, and

(2) if G is special, each ©(G)(n) is a weak equivalence.

Proof The maps t,, defined on representatives like the maps t(n) in the proof of
Lemma 8.3, define a map from the diagram VnG to the diagram

(FO,....F%: 7" > Top.
Since topological realization preserves products, it induces a map

7,,: hocolimn VnG — (hocolimy FO)".
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By construction, the 7, define a map of @—spaces. If G is special, the map of diagrams
VnG — (FC,..., FO9) is objectwise a homotopy equivalence inducing a homotopy
equivalence 1.

Let * stand for the category with one object 0 and the identity morphism, let G(n): * —
Top be the functor sending 0 to G(n), and let P,: 7" — % be the projection. The
maps &, of the proof of Lemma 8.4 define natural transformations f: VnG — G(n)o Py,
thus inducing maps

en = B(*, Py, Bn): hocolimyn V.¥ — G(n)
which define a map of @—spaces.

Let j: T — T be the functor defined in the proof of Proposition 7.1. Let S: % — T"
send 0 to ([@¢],...,[®4]) and let y: G(n) — VnG o S be the natural transformation
sending C € G(n) to the element represented by (®1,...,®1, C), where the root
nodes are decorated by identities. The pair (.S, ) induces a section

s = B(x,S,y): G(n) = hocolimyn VnG

of &,. The functor j": 7" — T together with the natural transformation a: V,¥ —
VnG o j" sending a representative (74,...,7T,,C) to (j(T1),..., j(Ty),C), where
the added root nodes are decorated by identities, define a selfmap

J: hocolimyn VnG — hocolimy VnG.

There are natural transformations sh: j” — Id and ch: j* — S o P, defined by
shrinking and chopping the incoming edges to the root nodes, respectively. Since

(VnG*sh)oa:id and (VnG*Ch)oOt =y o B,

there are homotopies J ~id and J >~ S o P,. a

9.3 Corollary Let O be a Y—free operad in Top. Then there is a chain of natural
transformations of functors Top® — O—Top connecting the functor M of Section 4
and the functor hocolimy F(7), which are weak equivalences when evaluated at special

~

O-spaces.

Proof We apply the rectification of Section 4 to the diagram in Theorem 9.2 to obtain
a diagram of weakly equivalent O—algebras

M (G) < M (hocolimy+ V,C) — M (hocolimy FO).

By Proposition 4.10, the O—algebras M (hocolim; FC) and hocolim; FO are weakly
equivalent. |
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10 From simplicial O-algebras to O-algebras

Given a simplicial category Cy: A°P — Cat there are the Bousfield—Kan map and the
Thomason map

(10.1) | B(Cx)| <2 hocolimam B(Cx) —> B(A% [C4)

which are natural maps known to be homotopy equivalences by [6, Section XII.3.4] or
[10, Theorem 18.7.4] and [18, Theorem 1.2], respectively. So Thomason’s homotopy
colimit construction in Cat replaces a simplicial category by a category in a nice way:
their realizations in 7op via the classifying space functor are homotopy equivalent.

In this section we want to lift this result to simplicial O—-algebras over a X—free
operad O in Cat.

We start with the right-hand map in (10.1), for which there is a more general version.
Let £ be a small indexing category. Let O be an operad in S, where S is Cat or
Top, and let O-S* denote the category of £—diagrams of O—algebras in S. We have
functors

Higp: O—Top* — O—Top if O is an operad in Top,
H.y: O-Cat™ — O-Car if O is an operad in Cat,

defined by

Hiop(X) = hocolim F hocolimz X for an L—diagram X: £ — O—Top
and

Hew(D) =T [ F~/P for an £-diagram D: £ — O—Cat,

where X: O — Top~ and D: O — Cat” are induced by X and D, respectively.

10.2 Proposition Let O be a X—free operad in Cat. Then there is a natural weak
equivalence

n. IftopoBﬁ = B o Hey

of functors O—Cat* — BO-Top.
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Proof Let D: £L — O—Cat be an L—diagram of O-algebras. We have natural maps
of BO-spaces

Hiop(BD) = hocolimy Fhocolimz BD
— hocolimy FB(Cfﬁ)
~ hocolimy B(FZ/ D)
— B(T [ F~/P) = B(He(D)).
By [18, Theorem 1.2] Thomason’s map defines a pointwise weak equivalence
hocolim; BD — B(L/ 5)
so the first map is a weak equivalence by Proposition 6.7. For the isomorphism see

Proposition 6.6, and the second map is a weak equivalence by Proposition 6.5. a

In general we cannot say much about the homotopy type of Hi,,(X) and Hey (D).
This is different if £ = A° and X is proper. Here we call a simplicial space proper if
the inclusions sX, C X, of the subspaces sX}, of the degenerate elements of X}, are
closed cofibrations for all 7, and we call a simplicial O—space proper if its underlying
space is proper.

10.3 Proposition Let O be a X—free operad in Top and let X« be a proper simplicial
O-space. Then there is a weak equivalence of O—spaces
P I"Itop(X*) — | Xy

natural with respect to homomorphisms of proper simplicial O—spaces.

Proof We have natural maps of O—spaces
Higp(Xs) = hocolimy Fhocolimarr Xx _ pocolimy FIX*I | x,].

The Bousfield—Kan map hocolim aoep X, — |X’\*| is pointwise a weak equivalence
provided X is proper, so that the first map is a weak equivalence by Proposition 6.7.
Since topologlcal realization preserves colimits and finite products, we have a natural iso-
morphism |X x| = |X «|, and the second map is a weak equivalence by Proposition 7.3.
O

Combining these results we obtain the passage from simplicial O—algebras in Cat to
(O-algebras in Cat.
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10.4 Theorem Let O be a Y—free Cat—operad, and let BO—pTop®” be the full
subcategory of BO-Top®” of proper simplicial BO—spaces. Then there is a diagram

0] Aop 0] [
O—Cat®™ —2~ BO_pTopA” < BO-TopA”

H_y = I{top = -

B
O—-Cat — BO-Top
commuting up to natural weak equivalences.
Let const: Car — Car®” be the constant simplicial object functor and let C be an

O-algebra. Since | B(const C)| = B(C), the functor H oconst preserves the homotopy
type. But we can do better. The diagram

O ——car

A°Px—
S const
constC AP [—

Cat A’ ——— Cat

commutes.

10.5 Proposition Let O be a X—free Cat—operad and let C be an O—algebra. Then
there are weak equivalences of O—algebras

H(const C) = 7’fFAOpr°nSt €= 7’fFA°pX8 N TfFﬁ e,

where n is induced by the projection A°P x C — C and ¢ is the homomorphism of
Proposition 7.1.

Proof This follows from Propositions 7.1 and 6.7, because the projection A°P x C—>C
is objectwise a weak equivalence.

O

10.6 Remark Our passage from simplicial algebras to algebras translates verbatim to
Top, but, of course, topological realization is the preferred passage: it is well known that
the topological realization of a simplicial O—space is an O—space in a canonical way.

11 An application

11.1 Definition Let O be an operad in Cat and let P be an operad in 7op. In this
section a homomorphism of P—spaces is called a weak equivalence if its underlying
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map of spaces is a weak homotopy equivalence, and a homomorphism of O-algebras
f: A— B is called a weak equivalence if Bf is a weak equivalence of BO-spaces.
Two P-spaces X and Y are called weakly equivalent if there is a chain of weak
equivalences connecting X and Y, and similarly for two O-algebras A and B.

Let O be a X—free operad in Cat. We want to compare the categories O—Cat and
BO-Top. The classifying space functor maps an O-algebra C to the BO-algebra BC.
In [9] we showed that for each BO—space X there is a simplicial O—algebra A4 and
a sequence of natural weak equivalences of BO-spaces connecting X and |B.Ax|. By
Theorem 10.4 there is an O—algebra C such that BC and | B.Ax| are weakly equivalent
BO-spaces. So after localization with respect to the weak equivalences the categories
O—Cat and BO-Top are equivalent.

Since BO-Top carries a Quillen model structure with the weak equivalences of
Definition 11.1, its localization BO—Top[we™!] with respect to these weak equivalences
exists [17, Theorem B]. We do not know whether or not O—Cat carries a model structure,
but combining our previous results with a result of Schlichtkrull and Solberg [15] we
obtain:

11.2 Theorem Let O be a ¥ —free operad in Cat. Then the localization O—Cat[we™!]
exists and the classifying space functor induces an equivalence of categories

O-Catwe '] ~ BO-Top[we™].

Proof Let T = Ro S: Top — Top be the standard CW-approximation functor, ie the
composite of the singular functor S and the topological realization functor, which we
denote by R in this proof. Let X be a BO-space. Then T'X is a BO-space and the
natural map TX — X is a weak equivalence of BO-spaces. To see this, recall that
BO = RN,O. Consider the diagram

RN (O(n))x RS(X )1 KN b ¢ RN (O(n)) x RS(X )" — B2, RS(X)

id xg" €
eRNO(n)xe"
o

RN,(O(n)) x X" X

where a: RN«(O(n)) x X" — X is a structure map, and p and ¢ are the unit and
counit of the adjunction
R: SSets < Top :S.

Since all functors are product-preserving, the right square commutes by naturality, and
the triangle commutes because ¢R o Ry =id.
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In [9, Section 5] we constructed a functor 5.: BO-Top — O—Cat®” and showed
that there is a sequence of natural weak equivalences in O—-Car®” joining C, and
D. (BC), where C is an O—algebra and C, is the constant simplicial O—algebra on C
[9, Lemma 6.6]. Here we call a map f,: X, — Y, of simplicial BO-spaces a weak
equivalence if its realization | f,|: |X,| — |Y.| is a weak equivalence, and a map
g.. A, — B, of simplicial O-algebras a weak equivalence if B(g,) is a weak equiva-
lence in BO —Top®” . If X is a BO-space whose underlying space is a CW-complex,
we also showed that there is a sequence of natural weak equivalences in BO—pTop®”
joining BD, (X) and the constant simplicial BO-space X, [9, Lemma 6.3].

We define
F = HgoDyoT: BO-Top — O-Cat.

Let X be a BO-space and X, the constant simplicial BO—space on X . Theorem 10.4
implies that we have a natural weak equivalence

Hop(TX,) = |TX.| = TX — X.

By Theorem 10.4, Hy,, maps weak equivalences in BO- pTop®” to weak equivalences
in BO-Top. Soif we apply Hy,, to the second sequence of weak equivalences we obtain
a sequence of weak equivalences joining Hop(7'X,) and Hop(B 13.(TX )), and, again
by Theorem 10.4, there is a weak equivalence Hop(B f).(TX ) —> B(Hcat(ﬁ. (TX)).
So there is a sequence of natural weak equivalences joining B o F and 1d.

Let C be an O-algebra. By Proposition 10.5 there is a weak equivalence H.,(C,) — C,
and since BC is a CW-complex, the natural map 7' BC — BC induces a weak equiva-
lence ﬁ.(T BC) — D. (BC). By applying Hy to the first sequence of weak equiva-
lences above we obtain a sequence of natural weak equivalences joining Hcy(C,) and
Hcat(ﬁ. (BC)), because H., maps weak equivalences to weak equivalences. Altogether
we obtain a sequence of natural weak equivalences in O—Cat joining F o B and Id.

Then by [15, Proposition A.1], the existence of the localization BO—Top[we™!] implies
the existence of the localization O—Cat[we™!] and the equivalence

O—Catlwe™ '] ~ BO-Top[we™]. |

From Theorem 11.2 we obtain the results about iterated loop spaces of [8, Section 8]
without referring to the fairly complicated homotopy colimit construction in categories
of algebras over X—free operads in Cat. We include a short summary of these ap-
plications, because we now have statements about genuine localizations rather than
localizations up to equivalence. For further details, in particular the group completion
functors, see [8].
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11.3 Notation e JBr denotes the operad codifying strict braided monoidal cate-
gories, ie braided monoidal categories which are strictly associative and have a
strict 2—sided unit (recall that any braided monoidal category is equivalent to a
strict one).

e M, denotes the operad codifying n—fold monoidal categories, 1 < n < oo,
introduced in [2].

e Perm denotes the operad codifying permutative categories.

e (y, denotes the little n—cubes operad, 1 <n < oco.

11.4 Theorem The composites of the classitying space functors and the change of
operads functors induce equivalences of categories

Mp—Catfwe™ ] ~ BMy,~Toplwe™ '] ~ C,~Top[we 1], 1 <n<=<o0,
Br—Catflwe™ '] ~ BBr—Top[we™'] ~ C,~Top[we™ ],
Perm—Catlwe™ '] >~ BPerm—Top[we '] =~ Coo—Top[we™].

It is well known that the group completion of a C,—space is an n—fold loop space for
1 <n =<o00.Let Q"-Top denote the category of n—fold loop spaces and n—fold loop
maps. A weak equivalence in Q"-Top is an n—fold loop map whose underlying map
is a weak homotopy equivalence, or equivalently whose May delooping [13] is an
equivalence. Again by [15, Proposition A.1] the localization with respect to these weak
equivalences exists. Let weg denote the classes of morphisms in Br-Cat, M,-Cat and
‘Perm-Cat which are mapped to weak equivalences by the composites of the classifying
space functors, the change of operads functors, and the group completion functors. The
localizations with respect to these weak equivalences exist by the same argument and
we have:

11.5 Theorem The composites of the classifying space functors, the change of
operads functors, and the group completion functors induce equivalences of categories

Mn—Cat[weg_l] ~ Q"Toplwe™!], 1<n<o0,
Br—Cat[weg_l] ~ Q2 Top[we™1],

Perm-Catlweg '] ~ Q¥ Top[we™].
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