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DAHA and iterated torus knots

IVAN CHEREDNIK
IvAN DANILENKO

The theory of DAHA-Jones polynomials is extended from torus knots to their arbitrary
iterations (for any reduced root systems and weights), which includes the polyno-
miality, duality and other properties of the DAHA superpolynomials. Presumably
they coincide with the reduced stable Khovanov—Rozansky polynomials in the case
of nonnegative coefficients. The new theory matches well the classical theory of
algebraic knots and (unibranch) plane curve singularities; the Puiseux expansion
naturally emerges. The corresponding DAHA superpolynomials are expected to
coincide with the reduced ones in the Oblomkov—Shende—Rasmussen conjecture upon
its generalization to arbitrary dominant weights. For instance, the DAHA uncolored
superpolynomials at a = 0, ¢ = | are conjectured to provide the Betti numbers of
the Jacobian factors (compactified Jacobians) of the corresponding singularities.

14H50, 17B45, 20C08, 57TM25, 17B22; 20F36, 33D52, 30F10, 55N10

0 Introduction

The theory of DAHA-Jones polynomials of torus knots [12; 22; 13] is fully extended
in this paper to arbitrary iterated knots for any reduced root systems and dominant
weights, which includes the polynomiality, duality and other properties of the DAHA
superpolynomials. We conjecture the coincidence of the latter with the stable reduced
Khovanov—Rozansky polynomials [27; 28; 26; 37] for pseudoalgebraic knots, including
all algebraic knots.

A similar connection is also expected with the physics superpolynomials associated
with the BPS states (see eg [15; 1; 16]) and those related to the Hilbert schemes of
plane curve singularities and rational DAHA; see [33; 23; 22] and references therein.
We note that using rational DAHA here is restricted only to the torus knots (and adding
colors is generally an open problem).

The new theory matches well the classical theory of algebraic knots and unibranch
plane curve singularities, though we see no a priori reasons for this. The Newton
pairs in the theory of Puiseux expansion naturally emerge in our approach; see eg [17].
For instance, the iterations that are trivial topologically result in interesting algebraic
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symmetries of the DAHA superpolynomials, for instance, in uniform formulas for the
torus knots in the form T'(r, mr +s) for any m > 0.

We expect that our superpolynomials add ¢ to the Oblomkov—Shende conjecture [34;
30] and add weights to [33, Conjecture 2] for algebraic knots; see [30, Section 1.5]. The
reduced ORS conjecture connects the Poincaré polynomial Pk of the triply graded
reduced Khovanov—Rozansky homology of an algebraic link with %, describing the
cohomology of the nested Hilbert scheme of the corresponding plane curve singularity
under the weight filtration. We conjecture them to coincide with the uncolored DAHA
superpolynomial Ppaga .

The coincidence with Pk is expected for any pseudoalgebraic knots (see above
and Conjecture 2.4). The reduction of Ppays to the HOMFLYPT polynomials is
conjectured for any iterated knots and weights (we prove it for s/, and checked in all
the examples). The link Ppsgs ~ Pgnr is a challenge (our examples are mainly for
the Khovanov polynomials).

Finding Pk;r is an involved task; one of the reasons is that the skein relations generally
cannot be extended from the HOMFLYPT polynomials to the HOMFLYPT homology.
The polynomial %, is very sophisticated too. For instance, its portion of minimal
a—degree requires knowing the so called perverse filtration in the cohomology of the
Jacobian factors. Even the Betti numbers of the latter are known only in few cases.
See [36, Theorem 22, Conjecture 23] concerning the torus knots and those for Puiseux
exponents (4,2u,v).

By contrast, papa can be calculated in an entirely formal way without any (theoretical)
limitations; we expect that this construction will eventually include arbitrary iterated
links. Thus, the main obstacle with stating parts (ii) and (iii) of Conjecture 2.4 below
for arbitrary weights is the absence of Pk and P4, in such a generality. Concerning
Ppana ~ Palg, the connection of DAHA with the K-theory of the Hilbert schemes of
C? [41] and the affine Springer fibers [45; 49] can be mentioned; the Jacobian factors
of isolated plane curve singularities are certain affine Springer fibers [29].

In the examples we calculated, the #—coefficients of the DAHA superpolynomials
evaluated at @ = 0,4 = 1 coincide with the Betti numbers (when known) of the
corresponding Jacobian factors (compactified Jacobians), which are the ranks of the
corresponding cohomology groups. Their sum, the Euler number, can be calculated
via the HOMFLYPT polynomial; see [34, Section 7] and [30].

We provide conjectural Betti numbers in the case of Puiseux exponents (6, 8, 9) and
(6,9, 10) and quite a few examples beyond the technique used in [36]. In the case of
(6, 8,9), we calculate formal DAHA counterparts of such Betti numbers for 2w; and
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wy . Also, we do this for several uncolored nonalgebraic iterated knots; for instance,
we extend the family (4, 6, v > 7) from [36] to pseudoalgebraic v =3, 5.

In all considered examples (not only for the pseudoalgebraic iterated knots), our
superpolynomials reduce to the corresponding HOMFLYPT polynomials under ¢ — ¢,
a +— —a for arbitrary dominant weights and any iterated knots. They match well the
(uncolored) Khovanov polynomials (for s/, ) in the sense of [12, Conjecture 3.7] for all
pseudoalgebraic knots we considered; recall that the latter are defined as those with
nonnegative coefficients of (uncolored) Ppap4 . It is possible that such a connection
can be extended to any iterated knots; see Section 4.1.

We note that our paper was triggered by paper [40], though it is restricted to 4; and
we do not quite understand its approach. The Newton pairs and other features of our
construction do not appear in [40]. Also, the polynomials J,, there have significant
g, t—denominators (even in the uncolored case); the polynomiality of DAHA-Jones
polynomials is the key in our theory. The J,—polynomials for Cab(£5,2)7 (3, 2)
from [40, Section 5.2] are very different from our ones in these cases (and we do not
understand how they were obtained); see (4-3) below. The first part of [40] is devoted
to the skein modules, which continues [5]; this direction is of obvious importance.

1 DAHA and Macdonald polynomials

1.1 Affine root systems

Let R = {a} C R” be a root system of type A4,,..., G, with respect to a euclidean
form (z,z’) on R” >z, z/, W the Weyl group generated by the reflections sq, Ry the
set of positive roots corresponding to fixed simple roots «,...,a,,and R_ = —R.
The form is normalized by the condition («,®) = 2 for short roots. The weight
lattice is P = @;_, Zw;, where {w;} are fundamental weights: (w;, a}/) = §;; for
the coroots o = 2a/(a, ). The root lattice is O = P}_; Za;. Replacing Z by
Zy ={meZ,£m >0}, we obtain Py, Q1. Seeeg[7] or [10].

Setting vy := (o, ) /2, the vectors & = [, vy j] € R xR CR"t! fora e R, j € Z
form the twisted affine root system R D R (z € R" are identified with [z, 0]). We add
ag := [—1, 1] to the simple roots for the maximal short root ¥ € R . The corresponding
set §+ of positive roots is R4+ U {[a,vqj],@ € R, j > 0}.

The set of the indices of the images of «( by all automorphisms of the affine Dynkin dia-
gram will be denoted by O (O = {0} for Eg, F4,G;). Let O’ :={r € O,r # 0}. The
elements w, for r € O" are minuscule weights, defined by the inequalities (w,,a") <1
for all @ € Ry . We set wy = 0 for the sake of uniformity.
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Affine Weyl groups Given & = [o, vy j] € Rand b € P, let

(1-1) sa@) =2~ (z,a")d, b'(E)=[z,0~(z,D)]

for Z = [z,¢] € R*T1. The affine Weyl group W = (s, & € §+) is the semidirect
product W ix Q of its subgroups W = (sq,@ € R4) and Q, where « is identified with

SaS[a,vg] = S[—a,ve]Se  fOra € R.
The extended Weyl group W is WK P, where the corresponding action is
(1-2) (wb)([z,¢]) =[w(z),—(z,b)] forwe W,be P.

It is isomorphic to W XTI for I1:= P / Q. The latter group consists of 7y = id and
the images 7, of minuscule w, in P/Q.

The group IT is naturally identified with the subgroup of W of the elements of the
length zero; the length is defined as

I(®) = [A(®@)| for M(D) := Ry N~ (—=R4).

One has w, = m,u, for r € O’, where u, is the element u € W of minimal length
such that u(w,) € P—.

Setting % = 7, € W for 7, € I1 and @ € W, [() coincides with the length of any

reduced decomposition of W in terms of the simple reflections s; for 0 <i <n.

1.2 Definition of DAHA

We follow [13; 12; 10]. Let m be the least natural number such that (P, P) = (1/m)Z.
Thus m = |I1| with the following exceptions: m = 2 for D,j, and m = 1 for By, and
Ck.

The double affine Hecke algebra, DAHA, depends on the parameters ¢ and ¢, (v €{vy})
and will be defined over the ring Zg, = Z[qil/ m til/ 2] formed by polynomials in
terms of qil/ ™ and {t,, } Note that the coefficients of the Macdonald polynomials
will belong to Q(q, ).

For & = [ot, ve j] € R,0 <i <n, we set
— — _ kv — 4V — —
t&—t(x _[Ua _qa ’ q&_q ’ tl _Z(Ziv ql —Qai-

Also, using here (and below) shr and /ng instead of v, we set

1 1
Pk 1= 5 Z kaO[ = ksht,Osht + klngplng’ Pv = E Z o= Z Wi

a>0 Vo=V v; =v,i>0
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For pairwise commutative X1, ..., Xy,

n
l,‘ i e~ 7 . A~
(1-3) Xp=[]X"¢ itb=1[bjl. BXp)=Xyz.
i=1 n
1
h b=§l--eP, e —7,
where 10} J o

i=1

ew.

)

For instance, X := Xo, = qXﬂ_l.

Recall that @, = 7,u, for r € O’ (see above). We will use that Jl’r_l is 7,(;y, where ¢
is the standard involution of the nonaffine Dynkin diagram, induced by o; — —wg(e;).
Generally, ((b) = —wo(b) = b*, where wy is the longest element in W . Finally, we
set m;j =2, 3,4,6 when the number of links between «; and «; in the affine Dynkin
diagram is 0, 1, 2, 3, respectively.

Definition 1.1 The double affine Hecke algebra #H is generated over Z 4 by the
elements {T; | 0 <i < n}, pairwise commutative {Xp | b € P} satistying (1-3), and
the group 11, where the following relations are imposed:

© (T =T+ =0 for0<i <n.

o LhGT---=T;T;Tj--- with m;; factors on each side.
(i) o Tim, ' =T; if p (o) = o .
(i) TiXp = XpX,,'T;! if (b,aY)=1, for0<i <n.
(v) T;Xp=XpT; if(b,a))=0 for0<i <n.

V) mXpr b = Xp, ) = Xurl(b)q(wun,b) forr € O'.

Given @ € W and r € O, the product
(1-4) Ty, 5:=n,Tj---T;;, wherew =s;, ---s; forl =I1(w),
does not depend on the choice of the reduced decomposition. Moreover,
(1-5) T:Ty = Tsp whenever (D) = /(D) + [(D) for D, € W.
In particular, we arrive at the pairwise commutative elements

n n
(1-6) Yoi=[[Y/. ifb=) liwieP, whereY;:=T,.beP.

i=1 i=1

When acting in the polynomial representation V (see below), they are called difference
Dunkl operators. Their orbit sums (symmetrizations) » . .y Y35 then become

the Macdonald operators and their generalizations upon acting on symmetric Lau-
rent polynomials.
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1.3 The automorphisms

The following maps can be (uniquely) extended to automorphisms of 74, where
¢"/®™ must be added to Z,; (see [10, (3.2.10-15)]):
(1-7) e Xp> Xy, Ti>Ti (i>0), Y, X, Y,q @e)/2
o To>q ' Xp Ty, T > g~ @2 x 1 (e 0),
(1-8) Y=Y, TieT (>0, X, Y Xq@re)/2
1., —1

T (Xy) =qTo X5 T, o=tpt ey = loyp T,

(1-9) o(Xp) =Y, o(Vp) =Ty Xp.' Ty, o(Ty) =T (i >0).

These automorphisms fix ¢, , ¢ and their fractional powers, as well as the anti-involution
(1-10) e Xy~ Y, Ve Xyl TieT;, (1<ic<n).

We will also need the involution

(1-11) nTi=>T7 Xy Xyl mem (0<i<n),

which “conjugates” ¢ and ¢, namely ZI}/(zm) — tv_l/(zm) and ql/(zm) — q_l/(zm). As
above, b € P and r € O’. The involution 1 extends the Kazhdan—Lusztig involution in
the affine Hecke theory; see [10, (3.2.19-22)]. Note that

1 1

-1, - -1
YT+ =T =0TL O , NI£N =714 .

Let us list the matrices corresponding to the automorphisms and anti-automorphisms
above upon the natural projection onto GL, (Z), corresponding to [1} /@m) — 1= q 1/@m)
The matrix (;’f g ) will represent the map

Xy XYY, Yy XPY)

for b € P. One has

(U (10 (01 (01 (10
+~\o1) Y7\ 1) —10) 7\ o) T 01)

Projective GL, We define the projective GLQ (Z)) as the group generated by 7+ and
1 subject to the relations 4t~ 'ty =ttt n? =1 and nran = ‘L':El. The span
of t4 is the projective PSLQ (Z) (due to Steinberg), which is isomorphic to the braid
group Bj.
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1.4 Macdonald polynomials

Following [10], we use the PBW theorem to express any H € 7#H in the form
Za,w,b Caw,bXaTwYp for w € W and a,b € P (this presentation is unique). Then
we substitute as follows:

(1-12) (o Xaro> g~ @@y s gloed) Zl-l/z.

Polynomial representation The functional #{ > H — {H},.,, called coinvariant,
acts via the projection H — H | := H(1) of #{ onto the polynomial representation
V, which is the #{-module induced from the one-dimensional character 7;(1) =
ll._l/z =Y;(1) for 1 <i <n and Ty(1) = 10_1/2. Recall that #g = fsne; see [10; 12; 13]
here and below.

In detail, the polynomial representation V' is isomorphic to Z4 [ X}] as a vector space,
and the action of 7; (0 <i < n) there is given by the Demazure—Lusztig operators:

(1-13) Ti=1"si4+ /=7 (X = 1) " (si—1) for0<i<n.

1

The elements X} become the multiplication operators and 7, (r € O’) act via the
general formula W(Xp) = Xy () for W € W. Note that — and 7 naturally act in the
polynomial representation. See formula [13, (1.37)]. For the latter,

(1-14) n(f)=f*, where Xy =X_4, (¢")" =q7", (t")* =177 forv e Q.
Concerning the action of 7_, see eg formula [13, (1.37)]. Also,

(1-15) {(p(H)}ev = {H}eva {n(H)}ev = {H}:v'

Macdonald polynomials The Macdonald polynomials Pp(X) for b € Py (they are
due to Kadell for the classical root systems) are uniquely defined as follows. For c € P,
let ¢4+ be a unique element such that ¢4+ € W(c) N P4. Given b € P4 and assuming

that by #cy eb—Q4,

(1-16)  Py— Y X.c@Qg.0)Xc and CT(PyXepu(X:q.1)) =0,
acW(b) ¢

where

0 J —1_j+1

[ ] 0 Haw = X 0™
HXq.1) = : (; 0!_1 - JH1T
a€R4 j=0 (1 = Xalaqa)(1 = X5 ' 1oqa )

Here, CT is the constant term; p is considered a Laurent series of X with the
coefficients expanded in terms of positive powers of g. The coefficients of P belong
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to the field Q(q, #,). One has
(1-17)  Pp(X ™) = Pp(X) = PJ(X),  Py(q™™) = Py(g™) = (Ps(g™"*))",

where
(aV,b)—1

J 3
(P )" =g @O T ] (1 e Tl ))-
>0 j=0 1_quXa(qpk)

Recall that ((b) = b* = —wqo(b) for b € P and see formula [10, (3.3.23)]. We set
Py := Pp/ Py(qg~Pk) for b € P4 ; this is the so called spherical normalization.

DAHA provides an important alternative (operator) approach to P—polynomials;
namely, they satisfy the (defining) relations

(1-18)  Lp(Pp) = f(g "2 Py, wherebe Py, Ly:= f(Xgr> Ya),
for any symmetric (W—invariant) polynomial f € C[X,,a € P]V .

2 DAHA-Jones theory

2.1 Iterated torus knots

The torus knots 7'(r,s) are defined for any integers assuming that gcd(r,s) = 1. One
has the symmetries 7'(r,s) = T'(s,r) = T (—r, —s), where we use “=" for the ambient
isotopy equivalence. Also 7'(r,s) = O if |[r]| <1 or |s| <1 for the unknot, denoted by O
here and below. See eg [38; 17] or the Knot Atlas for the details and the corresponding
theory of the invariants.

The iterated torus knots, denoted in this paper by 7 (¥, s), will be associated with two
sequences of integers of any signs:

2-1) F={ri,...rg}, s={s1,...s¢} suchthat gcd(r;,s;) = 1.

We will denote by £ the length of ¥ and 5. The pairs {r;, s;} will become characteristic
or Newton pairs for algebraic knots. We will use this name, but generally consider
arbitrary iterated knots in this paper.

These are combinatorial data. The (topological) definition of iterated torus knots
requires one more sequence:

(2-2) ay =si, a =aj—1ri—1ri+si ( =2,...,m).
See eg [17] and [36]. Then, in terms of the cabling defined below,
(2-3) T(¥,3) :=Cab(3,7)(O) = (Cab(ag,rg) - -- Cab(az, r2))(T (a1, 11)).
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Note that the first iteration (application of Cab) is for {ay, r;} (not for the last pair!).
Recall that O is the unknot and knots are considered up to ambient isotopy (we use
“=" for it).

Cabling The cabling Cab(a,b)(K) of any oriented knot K in (oriented) S° is
defined as follows; see eg [32; 17] and references therein. We consider a small
2—dimensional torus around K and put there the torus knot 7'(a,b) in the direc-
tion of K, which is Cab(a,b)(K) (up to ambient isotopy). We will sometimes set
Cab(3,7) = Cab(3,7)(0).

This procedure depends on the order of a, b and orientation of K. We choose the latter
in the standard way (compatible with almost all sources, including the Mathematica
package “KnotTheory”); the parameter a gives the number of turns around K. This
construction also depends on the framing of the cable knots; we take the natural one,
associated with the parallel copy of the torus where a given cable knot sits (its parallel
copy has zero linking number with this knot).

By construction, Cab(a, 0)(K) = O and Cab(a, 1)(K) = K for any knot K and a # 0.
Accordingly, we have the following reduction cases:

(2-4) When r; =0 (i <),
T, 8)=THrix1s---5re} {8i+1,--.,5¢}) and T(r,8) =0 fori =4.
(2-5) Whenr;=1,s; =0,
TES) =T s i1 oo oo Tgf ST oo+ Si— 1S 15 -+ -5 S))-
(2-6) Whenr; =1,s; #0,
T?,g)=T({rl,...,r,-_l,rH_l,...,rg},{...,si_l,s;+1,si+2,...}),

where s; | =sit1 +siripy if i <€ (no s, fori =4¢).

Let us comment on the last relation; see (2-2). Since r; = 1, one has
aj =aj—1ri—1+5Si, i1 = ajri+1 +Si+1
=aj—1ri—17i+1+ (Si+1 +Siri+1)-

The pairs {r;, a;} are sometimes called topological (cable); the isotopy equivalence of
algebraic links generally can be seen only at the level of r, a—parameters (not at the
level of the Newton or Puiseux pairs).

Also, T'(r,s) = T (s, r), which results in the transposition property:

2-7 T, 8)=T{st,r2, .-, re} {r1,82,...,5¢}).
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The counterparts of these properties hold for the DAHA-Jones polynomials, though
due to entirely algebraic reasons.

Switching from K to its mirror image, denoted by K*, one has

(2-8)  Cab(a,b)(K*) = (Cab(—a,b)(K))* for any a, b with gcd(a,b) =1,
Cab(—3,7) = (Cab(3,¥))™,
T, —3) = (T(7.3)".
Changing the orientation, denoted by “—, at the i step, we obtain that for any
1<i=<{,
(2—9) —Cab(S,?) = Cab({. s di—15 375,341 - - .}, { R 7 P € N N [P }),
:|:T F,g) = T({ B 7 P € N N [P .}, { «esSi—15,"Si»Si+1,-- })

We note that the Jones and HOMFLYPT polynomials for K* are obtained from those
for K by the formal conjugation of the parameters, namely ¢ — ¢~ and a > a~!.
This will hold for the DAHA-Jones polynomials and DAHA superpolynomials (the
conjugation of ¢ will be added to that of ¢ and a). The orientation does not influence

our construction.

2.2 Algebraic knots

There exists a deep connection of the iterated torus knots for strictly positive r; and s;
with the germs of isolated plane curve singularities. Its origin is the Newton’s successive
approximations for y in terms of x satisfying a polynomial equation f(x,y) =0 ina
neighborhood of 0 = (x = 0, y = 0). The main claim is that the knot 7 (¥, s) for the
characteristic pairs {r;,s;} with r;,s; > 0 is the link of the germ of the singularity

(2-10) y = xSl/rl(C1 +x$2/(r1rz)(02 4. _|_x5(/(r1"2"'r€))) at 0,

which is the intersection of the corresponding plane curve f(x, y) =0 with a small 3—
dimensional sphere in C2 around 0. We will always assume that this germ is unibranch.

The inequality s; <ry is commonly imposed here (otherwise x and y can be switched).
Formula (2-10) is the celebrated Newton—Puiseux expansion, though Puiseux performed
the multiplication here,

y = blxml/rl +b2xm2/(r1r2) + b3xm3/(r1r2r3) 4,
for my =s; and m; =s; +rim;_y, where {r;, m;} are called the Puiseux pairs (which

we will not use).
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We will denote the germ of the curve in (2-10) by C; ;. If it has more than one branch
(near 0), then its complete topological description requires knowing the sequences
{¥, s} for all components together with the pairwise linking numbers. See eg [31] and
[17, page 49]. All algebraic knots can be obtained in such a way; the positivity of r;
and s; is necessary for 7(¥,3) to be an algebraic link.

Jacobian factors One can associate with a unibranch C; ; the Jacobian factor J(C;3).
Up to a homeomorphism, it can be introduced as the canonical compactification of the
generalized Jacobian of an integral rational planar curve with C; ; as its only singularity
[29]; there is a purely local definition as well. Its dimension is the §—invariant of the

singularity C; 3, also called its arithmetic genus.

The Jacobian factors are in the focus of many studies; see eg [4; 18, Theorem 1; 46;
36; 29]. The latter paper, where the connection with the affine Springer fibers was
established, provides a certain link to the theory of DAHA modules [45; 49], though
we cannot relate this to our using DAHA. An important connection of J(C; ;) and the
rational DAHA was established in [33; 23] (see references therein), which must be
mentioned, but this is not connected with our approach or that from [12; 13] so far.

Calculating the Euler number e(J(C;z)), the topological Euler characteristic of J (G 3),
and the corresponding Betti numbers in terms of ¥ and S is a challenging problem. For
torus knots 7'(r,s), one has e(J(C,s)) = (1/r+5s) (Hr's) due to [4]. This formula is
related to the perfect modules of rational DAHA; see eg [21].

The Euler numbers of J(G; ;) were calculated in [36, Main theorem] for the following
triples of Puiseux characteristic exponents:

(2-11) (4,2u,v), (6,8,v) and (6,10,v) foroddu,v >0,

where 4 < 2u < v, 8 < v and 10 < v, respectively. Here, § =dim J (C;’;) is
(r—=1)(s—1)/2 for T(r,s) and 2u+ (v—1)/2—1 for the series (4, 2u, v). Generally,
8 equals the cardinality |N \ T'|, where T is the valuation semigroup associated with
C; 35 see [36] and [S0]. The Euler numbers of the Jacobian factors (any isolated plane
curve singularities) can be also calculated now via the HOMFLYPT polynomials of the
corresponding links (see below) due to [34; 30].

Concerning the Betti numbers for the torus knots and the series (4, 2u, v), the odd
(co)homology of J(C;z) vanishes, and the formulas for the Betti numbers h(k) =
tk(H2* (J (C;3))) are known for some values of k (those sufficiently close to 0 or §),
where 0 < k < §. Not much is known/expected beyond these two series. Paper [36]
contains several results and conjectures for the Betti numbers of Jacobian factors; for
instance, there are quite a few formulas there for 7'(r, s) with min(r,s) < 4.
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What DAHA provides According to Conjecture 2.4, the DAHA superpolynomial
Mz (defined in Theorem 2.1) at @ =0, ¢ =1 in the uncolored case is Zi:o hGk)k
for any unibranch C; 3, which matches the formulas from [36]. This includes/implies
the van Straten—Warmt conjecture, which claims that all odd Betti numbers of J(C; 3
vanish since the DAHA superpolynomials contain only integral powers of . In the
opposite direction, such an interpretation of Hg 5 (L; g = 1,7,a = 0) would apply its
positivity. The whole (uncolored) H gz describes the geometry of Hilbert schemes of
C; z due to [33, Conjecture 2].

»S

We conjecture that the coefficients of the whole Hg 2, are positive for any rectangle
Young diagrams and algebraic knots; let us mention [6] in this respect. If such a
positivity holds for one box, the corresponding knots will be called pseudoalgebraic;
then Hg 2 is expected to coincide with the uncolored stable reduced Khovanov—
Rozansky polynomial of T (¥,3), producing (by definition) the Khovanov—Rozansky
polynomials for siy a =tV m for sufficiently large N . The substitution a = —1
here is expected to result in the Heegaard—Floer homology. This is stated in the DAHA
parameters ¢,7,a; see parts (ii) and (iii) of Conjecture 2.4. We restrict ourselves
there to the uncolored case, because this is needed in [33] and in the definition of the
Khovanov-Rozansky triply graded homology. However, see [47] and other papers on
the categorification (via quantum groups).

2.3 DAHA-Jones polynomials

The following theorems are mainly an extension of [13, Theorem 1.2] on DAHA-Jones
polynomials from torus knots to arbitrary iterated torus knots.

Torus knots 7'(r,s) are naturally represented by y, s € GL,(Z) with the first column
(r,s)" (tr is the transposition) for r,s € Z assuming that gcd(r,s) = 1. Then let
Vr.s € GLY(Z) be any pullback of y;.

Note that (r,s) can be obviously lifted to y of determinant 1 and, accordingly, to
from the subgroup PSL)(Z) generated by {4}, ie without using 7. This is actually
sufficient for the construction of the DAHA-Jones polynomials below.

For a polynomial F in terms of fractional powers of ¢ and #,, the tilde-normalization
F will be the result of the division of F by the lowest ¢, #,, -monomial, assuming that
it is well defined. We put ¢°®z°* for a monomial factor (possibly fractional) in terms of
q and t,,.

Theorem 2.1 Let R be a reduced irreducible root system. Recall that H — H || :=
H (1), where the action of H € 7 in V is used. Given two sequences 7, s of length
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¢ as in (2-1), we lift (r;,s;)" to y; and then to y; € GL%(Z) as above. For a weight
b € P4, the DAHA-Jones polynomial is

(2’12) (b ‘],f)_ D_H(b q7t)
= {71 (Pe=1 (e (Pp)/ Po(g™P)) L) 4)---)},,-

It does not depend on the particular choice of the lifts y; € GL,(Z) and y; € GL} (Z)
for 1 <i <{ and is indeed a polynomial in terms of ¢ and t, . Assuming that r;,s; > 0
for all i, ie that the knot T (¥, 3) is algebraic, the tilde-normalization JND;,g(b; q,t) is
well defined and is a polynomial in terms of ¢ and t, with constant term 1.

Proof The proofs of this and the next theorem almost exactly follow those in [13]
(for torus knots) We will provide here only the justification of the polynomial-
ity. If JD~~(b q,t) for b € P4 is not a polynomial in terms of ¢ and ¢,, then
Py := Py/Py(g~P¥) has a pole at € = 0, where ¢ = (1— qjtsh[tlng) for certain
j>0,r,s >0, r+s > 0. We can assume that ¢ is a maximal such binomial,

ie that there is no singularity here at (1 — g/ ULt tng)/€ =0 forany Z > v > 1.

Let us localize and complete the ring of coefficients of 7 and the polynomial rep-

resentation V', which is Z,, = Z[g*'/ ™ ,tE1Y2], by this €, ie with respect to the

ideal (1 —g/15,23,); the notations will be ij;, 7' and V'“. Note that we added
g=1/Cm o Zgq.r . We will use the evaluation pairing, defined as

{E,F}o=EXY )WF(X))(g ), E,FeV°.

See [11, Theorem 11.8] and [13, Theorem 1.2]. We set RAD, ¢ ={F € VO {F V), C
GZZ(;}} for £ € Z . Switching from V to the whole 7 , we define

(2-13) RAD. ¢ :={H € W{'® | {(HHH W}y € 'Ly} forleZy.

Equivalently, RAD ¢ = {H € #{'® | H)V'®)) C Rad, 4}, since Rad. = {F € V' |
{H(F)}. C eeZ;i),}; see [11, Lemma 11.3].

Here, ¢ is not a root of unity. Therefore, any Y —invariant submodule of V is
invariant with respect to the natural action of 7— in V. For instance, 7_(Pp) =
q_(b’b)/ 2_(b""k)Pb, assuming that Py, for b € P4 is well defined. We conclude that
Y and 17— preserve RAD¢ , for any p € Z (and generic ¢). The same holds for n;
see (1-11). Thus, the whole GL) (Z) preserves each RADc .

Let Py := ¢! Pg € V'© for minimal such / € N. Then Py (g~ P%) € elZ(E) due to the
normalization of Py . Since Pb is an eigenfunction of {L/} from (1- 18) one has that
Pb € Rad, ;; see [11, Lemmas 11.4-5].
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This 1mphes that )/(Pb) € RAD, ; forany y € PSL2 (Z)). The projection P = )/(Pb)ll
= )/(Pb)(l) then belongs to Rad, ;. Hence, (P ) € RAD; for any y’ € PSL,(Z)
and we can continue. One automatically obtalns that {P” Yoy is divisible by €’ for
P" := 7'(P") | and for any further such polynomials obtained by this procedure
for y”,y"”, and so on.

We conclude that JD;3(b; ¢, t) has actually no singularity at € = 0, which is a contra-
diction sufficient to claim polynomiality of JD-;(b;q,t) forany b € P4, ¥ and 5. We
mention that the nonsymmetric Macdonald polynomials are used in the corresponding
reasoning from [13], which are actually more convenient here than Py . O

Theorem 2.2 (i) The polynomials JD;3(b;q,t) coincide up to q°t*® for the pairs
from 2.1-2.1, ie for {¥, s} with isotopic T (¥,s). Also, (2-7) corresponds to

(2-14) JDF,_s'(b; q, [) = JD{sl S, 1,401 ,52,...,55}(b; q, t)’
and the following DAHA counterparts of (2-8) and (2-9) hold:

(2-15)  JD; _3(b;q.1) = (JD:3(b;q.1))*  for » from (1-14),

JD;z=JDy iy, for1 <i<{.

—risri+1 a"'}a{"'asi—l sSisSi+1 ""}

(ii) Let us assume that, for b, c € P4+ and certain w € W with w # id,

@216 qCroenw©e | 2 gbwea), P, Phed?

for any o« € R, where we set pY := w(py) — py. Then
2-17) JD;:(b;q,1) = JD;3(c;q,t) forsuchgq, it}

and for any ¥ and 5. Also, forb =Y }_, bjw;,

n
(2-18) JD;:(big=1,1) = l_[ JD:z(wisqg =1, 1)%  forany ¥ and 3.
i=l1

Justifying the symmetries from part (i) is essentially parallel to those in [13, Theo-
rem 1.2]. Let us comment on 2.1. Essentially, one needs to check here that the torus
knot 7'(mr + s, r) results in the same DAHA-Jones polynomial as the “2—cable” corre-
sponding to the Newton pairs {1,m}, {r,s}. Topologically, T (mr + s, r) is isotopic to
Cab(mr+s,r)T (m, 1), since T (m, 1) is the unknot. Algebraically, such a coincidence
is an interesting DAHA calculation.

Extending the connection conjectures from [12], we expect that JD;:(b; q, 1y > gv)
coincide up to ¢°® with the reduced quantum group (WRT) invariants for the corre-
sponding 7(¥,3) and any b € P, . The quantum group is associated with the root
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system R; see [12]. The shift operator was used there to deduce this coincidence from
[43] in the case of A, and torus knots; quite a few confirmations were provided for
other root systems (including special ones).

Using the shift operator for the iterated knots is almost exactly the same as for the torus
knots. The QG invariants of iterated knots are less studied than those for the torus
knots, though the Rosso—Jones formula can be potentially used for them and any root
systems. In the case of A, we will prove (i) using the formulas from [38; 32].

2.4 DAHA superpolynomials

Following [12; 22; 13], Theorems 2.1 and 2.2 can be extended to the DAHA super-
polynomials, which includes the stabilization of JD4 (b ¢, t) with respect to n. This
stabilization was announced in [12]; its proof was published in [22]. Both approaches
use [41] and can be extended to arbitrary iterated knots; the DAHA duality conjecture
proposed in [12] was proven in [22].

We mainly omit the justifications in this paper; with few reservations, they are similar
to those in [22; 13] (for torus knots). The focus of this paper is on the connections
with the Khovanov—Rozansky theory and the geometry of (germs of) unibranch plane
curve singularities.

The sequences ¥ and s will be as above (£ is the length), as well as the iterated
knots T(¥,s). We will also use the DAHA-Jones polynomials JD; ; and (later) the
Jacobian factors J(C;3) of Gz, which are the germs of unibranch isolated plane curve

singularities; see Section 2.2.

Theorem 2.3 We switch to the root system A, for sl, 1, setting t = tw = ¢* . Let us
consider P4 2 b = ZLI biw; as a (dominant) weight for any Ay, (for sl 41 ) with
m > n— 1, where we set w, = 0 upon the restriction to A,_1.
(i) Stabilization Given T (¥,3), there exists H;:(b;q,t,a), a polynomial from
Z[q.t*T', a), satistying the relations

(2-19) Hyz(big.t,a= —mtly = :I:q't'JDflg1 (b:q,t) foranym=>n-—1,

2
and normalized as follows. The polynomial H(a = 0) is assumed minimal, ie
not divisible by q,t or any prime number; the coefficient of the minimal power
of t in H(g = 0,a = 0) is selected positive.

(i) Symmetries The corresponding normalization of JD—polynomials, denoted by
JD, extends the tilde-normalization for algebraic knots from Theorem 2.1. For
sufficiently large m (forallm >n—1 if r;,s; > 0),

~Am
(2-20) Hiz(biq.t,a=—1"1") =JD:Y (biq.1).

Algebraic € Geometric Topology, Volume 16 (2016)



858 Ivan Cherednik and Ivan Danilenko

The symmetries from part (i) of Theorem 2.2 hold for H: ;, except for (2-15);

r,s?
e _o_.0

the latter holds for a* = a~' and up to a®q°t*®.

(iii) Color exchange Imposing (2-16), we consider w as an element of Sy, 11 (the
Weyl group for A,,) for every m > n, naturally acting in the corresponding P .
Then for any ¥ and 3,

(2-21) Hzz(bsq,t,a) = Hzz(c;q.t,a) forsuchgq,t.

In particular, let w =s5; = (i,i + 1) withi <n and b = c— (k + (¢, ®;))a; fora
dominant c. Then the inequalities ¢; /2 < —k < c¢; + min{c;+1>¢} fork € —Z+
imply (2-16).

(iv) Specialization and deg, Making ¢ =1, one has

n n
2-22)  Hpzbig=1.t.0) =] [Hezlwirg=1.t.0)" forb=)_bw;.
i=1 i=1
Assuming that |ri| > |s1| and r; # 0 for j > 1, deg, H;:(b;q.t,a) (the a—
degree) is no greater than (max{l, |sy|}|rp---rg| —1) times ord(Ap), the number
of boxes in the Young diagram Ap associated with b € P .

(v) Superduality [25; 12;22] Uptoapowerof q andt,
(2-23) Hez(hig.t,a) = gtz 0507 g7 a),

where we switch from (arbitrary) dominant weights b to the corresponding
Young diagrams A = Ap,, and A" is the transposition of X.

Concerning the stabilization and duality, we mainly follow here [22], switching from
Py, to the modified Macdonald polynomials. Since the projective action of PSL(2, Z)
is compatible with such a passage (see [22; 41]), the transition to the cables of torus
knots is relatively direct (with modest deviations for nonalgebraic knots). Note that the
DAHA of type gl,, and that for s, (of type A, ) result in coinciding DAHA-Jones
polynomials up to ¢*t®, which is not too difficult to justify. The compatibility of
DAHA and the Macdonald polynomials of types g/, and sl, is used here.

Color exchange See [13] for a systematic consideration of the color exchange in
(2-21). In terms of the Young diagrams it is as follows. We associate with ¢ =
Z;;l cjw; in part (ii1) the Young diagram

Ae={my=c1+--+cep.my=ci+-+cep—1.....mMy=05,0,0,...}.
Then, we switch to A, = {m} =m; —k(i —1)}, apply w € W to A, and finally obtain
(2-24) Ap = {méu(i) + k(i — 1)} = {mye) + k(i —w(@))}.

Algebraic € Geometric Topology, Volume 16 (2016)



DAHA and iterated torus knots 859

Here, w transforms the rows of A, and we set

WMy, My, ..., My} = {My1y, My(2), -+ M) }-

Given k < 0 (it can be fractional), A, must be a Young diagram; this condition
determines which w can be used.

Toward CVC The second part of [12] is devoted to the DAHA-Jones polynomials
for the root system C C;, which prepared the extension of the DAHA-Jones theory to
all CV C,. Furthermore, we expect here a relatively smooth switch to arbitrary iterated
knots. There is an interesting application of DAHA-Jones polynomials for CVCj to
the superpolynomials of type A for knots T'(2m + 1,2) (ie any A4,). We see relations
of this kind for certain iterated knots, say Cab(2m + 1,2)7T (3, 2), but we do not know
how far this can go; cf [16].

The a-degree Due to (2-22), it suffices to check the equality for the fundamental
weights only. We expect that, for algebraic knots, deg, H;:(b; ¢, 1, a) from part (iv)
equals (syry---rg — 1)ord(Ap) (there is no such coincidence in general). This equality
is likely to hold for the HOMFLYPT polynomials of algebraic knots (the inequality
from part (iv) holds for all iterated knots), which would formally result in such an
equality for H assuming part (i) of Conjecture 2.4 below.

2.5 Connection conjecture

Let us briefly discuss the HOMFLYPT and Khovanov—Rozansky polynomials. The
stable Khovanov—Rozansky homology is the s/ homology from [27; 28] in the range
of N where the isomorphism in [37, Theorem 1] holds; see also [26]. Thus, they
can be recovered from the triply graded HOMFLYPT homology. The cabling formula
for the quantum group invariants can be found in [32, Main theorem]; it provides the
formulas for the HOMFLYPT polynomials of torus iterated knots. See also [3; 2] and
[30] for the HOMFLYPT skein relations.

We need to restrict part (ii) of the conjecture below to the uncolored case, since the
Khovanov-Rozansky triply graded homology requires this. The corresponding reduced
Poincaré polynomial, the so called stable Khovanov—Rozansky polynomial, is denoted
by KhRy.,(q,t,a) in what will follow. The passage to the stable Khovanov—Rozansky
polynomials for sy, denoted by KhRy, is a >tV \/q_/t . Equivalently, ag — qS]tV
in the standard parameters from the conjecture below. We always consider them
under the tilde-normalization; the notation will be KhR ~ . Note the relation to the
Heegaard—Floer homology for N = 0.
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We mention that categorification theory can generally deal with arbitrary weights, but
this is not sufficiently understood in such a generality. See eg [26; 48; 39; 47] and
references therein. Also, our construction is reduced (the normalization is by 1 at O,
necessary for the polynomiality of DAHA-Jones polynomials), which creates additional
difficulties for the categorification.

The polynomials KhRy,, are expected to coincide with the (reduced) physics super-
polynomials based on the BPS states [15; 1; 19; 20] (their theory is not mathematically
rigorous) and those obtained in terms of rational DAHA [23; 22] for torus knots. The
latter are known only in the uncolored case so far; the case of symmetric powers of the
fundamental representation is in progress, see [20].

We note that using the Macdonald polynomials instead of Schur functions in the
construction of the so called knot operators was suggested in [1], which triggered [12].
These operators naturally appear in the approach to the Jones and WRT invariants of
torus knots via the Verlinde algebras. This method was actually justified mathematically
only for the root systems A and D. It requires roots of unity ¢ and the formula for
the Verlinde S —operator, which becomes very involved in the Macdonald setting (even
for A;). Also, the final output must be uniform in terms of ¢, which cannot be
really explained in this approach; this seems the main reason why only the simplest
superpolynomials were discussed in [1]. These problems were resolved (actually
bypassed) in [12] for any reduced root systems and dominant weights.

Conjecture 2.4 (Connection conjecture) Let H;’;(b; q,t,a)g denote ’H;’g(b; q,t,a)
expressed in terms of the standard parameters (in the Khovanov—Rozansky theory; see
[12] and [33, Section 1]):

2 2 2
(2_25) = qst’ q= (qsttst) ) a= asttst’

A=t ty=+/q/t, a}=at/q.
(i) We conjecture that for any ¥ and s as above (possibly negative),
(2-26) Hzz2(b;q.t > g,a > —a) = HOM;3(Ap: ¢, a),

where the latter is the tilde-normalization of the (reduced) HOMFLYPT poly-
nomial; b is an arbitrary dominant weight represented by the Young diagram
Ap . The authors conjecture that the a—degrees of these polynomials are equal to
(sirp---rg — 1)ord(Ap) provided the positivity of s; and r;, and that s; <ry.

(i) For uncolored pseudoalgebraic knots (those with positive coefficients of uncol-
ored DAHA superpolynomials), one has

(2-27) H;z(Osq.t,a) = KRR p(@sts tor, dr),  where O = .
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We denote by Ial/?stab the (reduced) KhR., divided by the smallest power of ag
and by g2t> such that KhR ., (as = 0) € Z 4 [qs, ts] with the constant term 1.

stost
(iii) Following Section 2.2, let C; ; be the (unibranch) germ at 0 of the plain curve
singularity corresponding to {r;,s; > 0} and h'® = tk(H*(J (G;2))) the Betti
numbers of the Jacobian factor J(C;z). Then [33, Conjecture 2] and claim
(ii) above result in the coincidence of the tilde-normalization of reduced P ,,
there with H;,;(D; q.t,a)s; see formula (4-24) below for some details. We also

conjecture that
28

(2-28) Hez(Dig=1t.a=0)=> K2 fors =dimJ(Gy).
i=0

which implies that h°™ = 0 (the van Straten—Warmt conjecture).

We hope that we will be able to justify part (i) in the Connection conjecture following
[12, Proposition 2.3], where we used [43] (for torus knots), and Proposition 4.2 below,
which states that

—_— ~ A
(2-29) H(mwy;q,q,—q*) = HOM (mw;; q,¢*) = JD" " (mw1: 4, q).

The latter is the reduced tilde-normalized Jones polynomial for any iterated knot 7 (¥, 3).
Using [38; 32], this approach can be generally extended to any root systems.

Concerning part (ii), it is generally difficult to calculate KhR,; except for n = 1
(the celebrated Khovanov polynomials), especially for cables; KhR,, are of a more
algebraic nature, but not too much simpler. Even if KhRg,, is known, the problem
of recovering all individual KhiR,, from it is quite a challenge. This is generally
provided by the theory of differentials 9,41 from [26; 37]. The corresponding homology
associated with 0,41 gives KhR, 41 forany n > 1.

These differentials are involved, but their certain algebraic simplification, suggested in
[37; 15] and developed further in [12], works surprisingly well for sufficiently small
knots. The assumption in [12] is that the actual d,4; are “as surjective as possible”
beginning with @ = 0. See [12, Conjecture 2.7; Section 3.6]; the “smallest” torus knot
when KhR, cannot be obtained this way is 7(12,7). The output of this reduction
procedure will be denoted by DAHA'KhR,, 1 .

For example, if # (in the DAHA-parameters) contains g’ (t/a™ + ¢t/ 7"~ 1am*1 4+
t/=2n=2Mm+2) where ¢'t'a™ was not involved in the reductions for smaller deg,,
then ¢t/ =2"=2¢™*2 will go to DAHA'KhR,,; from this triple (subject to possible
further reductions). However if the actual (topological) 9,41 is not onto when acting
from the space associated with ¢t/ ~"~14™+1 to that for ¢’t/a™, then ¢'t’ a™ is the

Algebraic € Geometric Topology, Volume 16 (2016)



862 Ivan Cherednik and Ivan Danilenko

right term to pick for KhR, 1. Thus, there can be topological corrections, which makes
the above recovery algorithm insufficient. Nevertheless, even if these corrections are
present, one can expect that KhR, —DAHA'KhR, is a linear combination of gLl (1+1y)
(the case of d, = 0), q‘f,tsf;(l — té) and so on with nonnegative coefficients. If this is
the case, then such a positivity can be considered a confirmation of part (ii), which
always holds in the examples of pseudoalgebraic knots we considered.

We extend this procedure to arbitrary iterated knots changing all “—1” by **1/a
in H(O;q,t,a) followed by the reduction as above. Practically, one deletes in H
all pairs +tig/a™ ("1 + @) and t'q’/ @™ (t*"+? — 4?) beginning with m = 0, then
switches to the standard parameters and substitutes —1 +— 1/¢;. We will also use
DAHATKhR, where —1 is replaced by a/¢" ! before applying the reduction procedure.
In all (uncolored) examples we considered, one of these two procedures gives correct
I%nﬂ for stable 7, or else results in the corrections as above for any 7. Presumably
DAHAT KhR must be used here when the a-leading term of #(O; ¢, ¢, a) is positive,
but the evidence is limited so far.

3 Numerical confirmations

We will consider examples (mainly numerical) confirming the Connection conjecture.
We selected only really necessary, relatively simple and instructional ones. They are
expected to contain a lot of geometric-topological information (including the Betti
numbers of Jacobian factors), and are important confirmations of our Connection
conjecture. We do not discuss torus knots here; see [12; 13].

3.1 Simplest algebraic iterations

1) r={3,2}, s={2,1}, T =Cab(13,2)T(3,2);
H;x(O;q,t,a) =1+ qt —I—q2t +q3t +q2l2 +q312 +2q4t2 —I—q3t3 —I—q4t3 +2qst3
A 2 1 P 1 T g5 g7 ¢ 4 g8
+a*(q®+q7t +4q%%)
+a2(q3+q4—|—q5+q4l+2q51+2q61+q512+2q6t2+2q712
145 12478 + 453 +q7t4+q8t4+q815)
talg+q® + 4>+ 1243 + 3¢ + @t + 317+ 2¢% 2 + 4412
g8 gt 2053 1 4¢83 + 47 + 51t 1 2¢504
+3q7l4+q6l5+2q7t5+q8t5+q7t6+q8l6+q8l7).
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Betti numbers We will systematically provide the values of the DAHA superpolyno-
mials at @ = 0, ¢ = 1; the corresponding Betti numbers (conjecturally coinciding with
their 7 —coefficients) are known only in 2 cases from the eight uncolored algebraic knots
we consider. We will also give the formula for such a DAHA-Betti polynomial for 2w,
and 73 23,12,1y = Cab(13,2)T (3, 2), which is the square of H(q = 1,7,a=0) in (3-1),
that for w,, and calculate the DAHA-Betti polynomials for nonalgebraic knots. As for
the latter, the coefficients in (3-11) and (3-12) are clear predecessors of the Betti numbers
for Cab(13,2)T (3, 2), the first algebraic knot in the family Cab(2m + 1,2)7T(3,2) for
meZ.

For ¥ = {3,2},5 = {2, 1}, the DAHA-Betti polynomial equals
B-1)  H@g=1,t,a=0)=1+4+3t+4t> +4:3 +4r* + 36> + 25+ 17 + 8,

which gives exactly the first line of Betti numbers from the table before [36, Con-
jecture 23]; the corresponding Puiseux exponents are (4,6,7). The next example
gives the second line in this table, for the exponents (4, 6, 9); see formula (3-2) below.
The corresponding two C; ; are represented by the local rings R = Clz*, 26 4+ z7°];
6 = 8,9. Note that the arithmetic genus § always coincides with the t—degree of the
Betti polynomial (in the examples below). Any other H(g = 1,¢,a = 0) provided
below are beyond known (or conjectured) formulas for the Betti numbers of J(C; 3
(as far as we know).

HOMFLYPT polynomial It coincides with the corresponding DAHA-generated tilde-
normalized HOMFLYPT polynomial:
H(g, t+— q,a+> —a)
14320 5 13¢5+ +3¢8 1% 43¢0+ 12¢ "2 4¢P g g0
_a3(q6 +q8 +q10)
+a2(q3 + ¢4 +2¢° +2¢° +3¢7 +2¢% +3¢° +2¢'° +2¢" + 412 +q13)
—alg+4> +2¢° +2¢* +4¢° +3¢° +5¢7 +3¢° + 5¢°
£3¢10 4 4g" 42412 4 2g13 4 g1 +q15).
Up to ¢°, this polynomial is equal to the one considered in [34, Section 7] upon its

division by a'® and the substitution z = g —g~!. We need to change a2 and ¢? there
by our a and ¢, ie switch from the standard parameters to ours.

All superpolynomials we obtained (we provide here only some), including nonalge-
braic iterated knots, satisfy the HOMFLYPT part of the Connection conjecture. The
HOMEFLYPT formulas will be omitted below. We used software by S Artamonov for
calculating colored HOMFLYPT polynomials, connected with papers [3; 2].
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Figure 1: Cables (11,2),(13,2), (15,2) of T'(3,2), Cab(19,3)T(3,2) and
Cab(25,2)T(4,3).

Figure 1 contains the braid for the knot Cab(13,2)T(3,2) and further iterated knots
we will consider below. These presentations are used to calculate the HOMFLYPT
polynomials and Khovanov polynomials.

Khovanov-Rozansky polynomials We provide the corresponding DAHA-Khovanov
polynomials for all examples below in the standard parameters; for instance, ¢ and ¢
in the next two formulas are ¢, and t; from the conjecture. If the algorithm from [12]
results in DAHA'Kh := DAHA'KhR, matching the Khovanov polynomial (for s/,),
then this is an indication that DAHA’KhR,4; can match KhR,, for all n.

For this and the next knot, we will provide DAHA'KhR3, but will omit them in all
other examples (they were calculated for any n); KhR>3 are unknown for the knots
we consider here.

(1) DAHA'Kh(Cab(13,2)T(3,2)) = 1 +q*1> +¢5¢% + ¢%t* + ¢'%¢° + ¢3¢
+q12t7+2q12t8+2q14t9+q16t10+2q18111+2q20t12+q22113,
DAHA'KhR3(Cab(13,2)T(3,2)) = 1+ ¢*t? + ¢33 +¢%t* + ¢%t* + 4%
+q12l5+C[816+qlol6+2q14l7+q16l7+2q12[8+q14l8+C[18l8
—|—2q16t9—|—2q18t9—|—2q16t10+q22t10+3q20t11—|—q22l11+2q20t12
+q24f12 +q26t12+3q24113 +q24t14+q28t14+2q28l15 +q32116'
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This knot, the next one, and the last two knots (6 and 7 below) have their DAHA-
Khovanov polynomials DAHA’Kh (n = 2) coinciding with the actual Khovanov
polynomials (under the tilde-normalization).

H(3,2),42,3) switch from Cab(13,2) to the “next” Cab(15,2).
2) T=1{3,2}, $={2.3}, T =Cab(15,2)T(3,2);
Hez(Oiq.t.a) =1+qi +q*t + ¢t +¢* 1> + 1> +2¢° 0 + ¢ + ¢*1°
12450 + g+ 5t 250 + 55 1 ¢85 424718
g5 g7 g3 g7 437 + g3+ %0
+a*(¢®+q7t +¢%* +¢°1)
+a* (@ +q* + 47+t +2¢°t +2¢% + 417 +2¢50% + 29717 + 4513
+2q7l3 +2q8t3 +q7t4 +2q8l4 +q9[4 +q8Z5 +q9[5 +q9t6)
+alg+q* + 3> + Pt +2¢°3t +3¢% + @t + @1 + 2¢% 1 + 45 +¢01 + ¢*?
+2q5t3 +4q613 —|—q7l3 —|—q5l4 +2q6l‘4 —|—4q7l4 +q814 +q615 —|—2q7Z5
+ 3q8t5 +q7t6 +2q8Z6 +q9f6 +q8Z7 +q917 +6]918).
Betti numbers

(32) H(g=1,t,a=0)=143t+41> +413 +4t* +4> + 365+ 26" + 18 +1°.

Khovanov-Rozansky polynomials
(2) DAHA'Kh(Cab(15,2)T(3,2)) = 1 +¢*1> + ¢%3 + ¢5¢*
+q10t5 +q8t6 +q12[7+2q12[8 +2q14l9+q18111+q20t12,
DAHA'KhR3(Cab(15,2)T(3,2)) = 1 +q*t?> + ¢33 + ¢5¢* + 4%¢*
—i—qutS +q12l5 +q816 +q10t6—|—2q14t7 +q16[7 +2q12[8 +q14l8 +q18t8

+2q1619+2q18t9+q16t10+q22t10+2q20t11+q22111+q24t12 +q26l‘12.

3.2 Degree S and beyond

The a—degree was 3 in the previous examples; let us consider two examples of un-
colored DAHA superpolynomials of degree 5 (which is sjrp — 1 in these cases) and
then some further examples of DAHA-Betti polynomials, which are beyond known
or conjectured formulas. We note that DAHA’KhR do not coincide with the reduced
(tilde-normalized) Khovanov polynomials Kh in these two examples, but the structure
of the difference matches our conjecture.

3) F=1{3,3), =101}, T =Cab(19,3)T(3,2):;

Algebraic € Geometric Topology, Volume 16 (2016)



866 Ivan Cherednik and Ivan Danilenko

Hiz(Oiq.t.a) = 1+qi+q°t+q t+q* 1+¢° 1+q* 1> +¢° 1> +2¢* 1> +2¢° 1> + 3¢ °1*
+2q7t2—|—q8t2+q3t3+q4t3+2q5l3+3q6t3+4q7l3+4q8t3+4q9t3+q10t3+q4t4
+@° 1 42¢5 1307 +5¢8 1 4 5¢° 1 +64 0t +4q A g 2 g0 ¢80
+2¢713¢3° +5¢° 7 464" + 74" P +64"2 13 +3¢ 3 1 +¢5 0 +q 715+ 243°
+3¢°1545¢"° 0+ 6411 10 +8¢ 210+ 7¢ 310 +3¢ 410 +q 10 +q 71 +43 T +24°17
+3¢"0 7 +5¢M T +64"2 17 +8¢ 31T +8¢ 41T +3¢ 11T +¢8 18 +¢° 1 4241013
+3q11[8+5q1218+6q13[8+8q14l8+7q15[8+3q1618+q919+q101‘9+2q112‘9
+3q12t9+5q13t9+6q14t9+8q1519+6q1619+q17t9+q10110+q1111°+2q12t10
+3q132‘10+5q14[10+6q15l‘10+7q16t10+4q17l10+q11111+q12111+2q13l11
+3q14111+5q15l11+6q16l11+6q17l“+q18111+q12112+q13Z12+2q14112
+3q15t12+5q16t12+5q17t12+4q18t12+q13tl3+q14t13+2q15113+3q16113
+5q17t13+4q18113+q19ll3—l—q14ll4+q15114+2q16t14+3q17t14+4q18114
+2q19l14+q15l15+q16l15+2q17115+3q18115+3q19[15+q16l16+q17tl6
+2q18t16+2q19116—!—(120116—!—(117117—I—q1Stl7—I—2q19tl7+q20117+q18118
+q19t18+q2°t18+q19t19+q20119+q20120+q21121
—i—as(q15—i—q]6t+q17t—l-q1712+q1812+q1912+q18l3+q1913+q1914+q20l4+q20t5+q2116)

+a4(q10+q“+q12+q13+q14+q11l+2q12Z+3q13t+3q14t+3q151+q161+q1212
+2q13l‘2+4q14l‘2+5q15l2+5q161‘2+3q17l‘2+q1812+q13l‘3+2q14l‘3+4q15l‘3
+6q16t3+6q17l3+3q18t3+q19t3+q14t4+2q1514+4q16t4+6q17t4+6q1814
+3q19l4+q15l5+2q1615+4q17l‘5+6q18[5+5q1915+q2015+q1616+2q17t6
+4(]1816+5q19t6+3C]2016+C]1717+2(]1817+4C]1917+3(]2017+(]21t7+(]18t8
+2q19t8+3q20t8+q21t8+q19t9+2q2019+q2119+q2011°+q2111°+q21111)

+a’ (¢°+q"+2¢%+2¢° +2¢"°+¢" +¢"* +q" 1+2¢%1+4¢°1+64'°1+7¢" 1

+4q13l+2q14t+q8Z2+2q912+5q10t2+8q1112+12(]12Z2+12q13t2+10q1412
+5¢°042¢" P+’ +2¢"°C +5¢" P +9¢" P +14¢ PP +17¢"40°
+15q15t3+9q16l3+3q17t3+q1813+q1014+2q11t4+5q1214+9q13t4+15q14t4
+19¢ 54 41841014 +10g 714 +3¢ 3t +¢' 1 15 +2¢ 125+ 5¢ 1315 +9¢ 1413
+156[1515+20(]16t5+18(]17t5+9([1815+2(]1915+(]1216+2(]13[6+5q14l6
+9q1Sl6+15q16f6+19q17l6+156]1816+5q19I6+q13l7+2q14l7+5q1517
+9C]1617+15(]17[7+17q18l7+10([1917+2q2017+q1418+2(]15[8+56]16l8
+9q1718+146]18I8~|—12q19l8+4q2018+q1519+2q16l9+5q1719+9q1819
+12q19z9+6q20t9+q21t9+q16t10+2q17l10+5q18l10+8q19l10+7q20t10
+q21l1°+q17l“+2q18t“+5q19t“~|—6q201“+2q21t“+q18112+2q19112
+4q20t12+2q21112+q19113+2q2°ll3+2q21113+q20t14+q21t14+q21t15)
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+a* (¢ +q*+2¢° +2¢5+2q" +q* +0° +q* t+2¢° t +4q°t +64"t+84%t +7¢°t +64"°t
+3¢ " 1+ g 21 4+q° 1242012 +5¢7 12 +8¢ 812 +13¢° 12 +15¢ 012 +15¢ 1 12 +10¢ 212
+5¢3 024" 2 4453 +2¢7 3 +5¢3 3 +9¢° 13 +15¢ 1013 4204 13 4244123 +19¢ 1313
+11g" 3 +4¢P 3 4¢3 44714 424314 +5¢° 14 499 Ot + 164 114 42241214 4299 1314
+27¢" 14 +16¢"°1* 464"t +¢" 1 +¢% > +2¢° 7 +5¢ " +9¢ " P +164 217 +23¢ 1310
+31¢M 543092 +19¢" 1 +64" 3 +q 137 +¢° 10 +2¢ 1010 454 116 +9¢ 21+ 164316
~|—23q14t6+32q1516+3Oq16t6+16q17t6+4q1816+q10t7+2q11t7+5q1217+9q13l7
+16¢"174+23¢" 7 +31¢ T +27¢" T +11¢" 37 +¢"0t T +q" 13 4-2¢" 213 +-5¢ "3 ¢®
+9q14t8+16q1518+23q1618+29q17t8+19q18t8+5q19t8+q1219+2q1319+5q14t9
+9q15l9+16q16l9+22q17l9+24q1819+10q19t9+q20t9+q13t1°+2q1411°+5q15l10
+9q16l‘10+16q172‘10+20q18110+15q19l10+3q20[10+q14l‘11+2q15111+5q16[11
+9q17l11+15q18t11+15q19111+6q20l11+q1SZ12+2q16112+5q17l12+9q18112+13q19t12
+7q20112+q21112+q16t13+2q17t13+5q18t13+8q19113+8q2°t13+q21t13+q17t14
+2q18t14+5q19l14+6q20t14~|—2q21tl4+q18l15+2q19t15+4q20115+2q21t15+q19t16
+2q20l16+2q21116+q2°ll7+q21117+q21118)
+a(qg+a*+¢* +4* +@° +@ 1 +2¢° 1+ 3¢ 1 +4¢°1+5¢°1+4q 1+ 243t +-¢° 1+ ¢ 1>+ 241
+4¢° 1246452 +9¢" 1> +10¢3 12 +9¢° 1> +-5¢" 1> 124 12 4 q* P 1247 P 4¢3 + 747 1
+11q8t3+14q9t3+16q1013+13qlll3+6q12t3+2q1313+q514+2q6t4+4q7l4+7q814
+12¢° 14 +164'°t* 4209 1 14 420¢ 214 +13¢ 3 14 +4q 1 g Pt g5 124710 +4481°
+7q9t5~|—12q1015+17q“t5~|—22q12t5+24q1315+17q14t5~|—7q1515+q1615+q7l6+2q8t6
+4¢°t8+7¢" 0 +12¢"1 10 +17¢" 21 4+23¢ 3154264 10+ 184 10+ 7¢ 10+ 4 10 44817
+2¢°17+4¢" 0T +7¢" T +12¢ 2T +17¢ 137 +23¢ 4T 4264517 +179 61T +44 117
+q9t8+2q10t8+4q11t8+7q12t8+12q1318+17q14t8+23q1518+24qlél8+13q1718
4281841 420" P +4q 20+ 713 1° 4124417 4174101 4224617 42041710
+6q1819+q11l10+2q12t10+4q1311°+7q14t10+12q1511°+17q1611°+20q17l1°+13q18t10
g 010 12410 1013411 L g 14411 17015011 4 1016411 4 16417411 4 16418411 4 541911
+q13t12+2q14z12+4q15t12+7q16t12+12q17t12+14q18112+9q19t12+q2°t12+q14t13
+2q15113+4q16t13+7q17ll3+11q18t13+10q19ll3+2q20t13+q15t14+2q16t14+4q17l14
17 8114 19g 19114 14420414 4 416415 £ 217415 1 418415 4 6419415 1542015 1417416
+2q18Z16+4q19l16+4q2ol16+q2ll16+qlsl17+2q19tl7_,’_3q20t17+q21l17+q19Z18
+2q2°t18+q21t18+q2°t19+q21t19+q21t2°).
We note that examples involving torus knots and cables different from 7°(2m + 1, 2),

Cab(2m + 1,2)(-) are important, since the knots/cables of types (%,2) and their
invariants are generally very special.
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Betti numbers (Conjecturally)

(3-3) H(g=1,t,a=0)=1+5t+12t> + 201> 4+ 28¢* + 341> + 3715
+37t" + 3618 4+ 33t° +29¢10 4 25¢ 1 4 21412 41713 4 13414
+ 106"+ 7010 45017 4 3018 42010 4420 4421
The germ C: ; is given here by the local ring R = C[[z%, z° + z!°] with the Puiseux
exponents (6, 9, 10), the valuation semigroup I' generated by 6,9, 19 and 6 = |N\I'| =
21, which matches the top #—degree in the DAHA-Betti polynomial from (3-3). Thus,
the Euler number of J (C~ 2) is 365 (the value in (3-3) at # = 1), which follows from
[34; 30], and we predict that the Betti numbers of J(C; ) are the coefficients of this

polynomial. This example is from the table after [36, Theorem 13] with some cases
where the approach there is not applicable (including counting the Euler number).

Khovanov polynomial

(3) DAHA’Kh(Cab(19,3)T(3,2)) = 1 +¢*1? +¢°0 +¢°1* + ¢'%1 + ¢%°
—|—q1217+q10t8+q12 8+2C[14l‘9+(]12 10+q14 10+2q16 11 +q18 11
+3q16 12+q20 12+2q18 13+2q20 13+2q18 14_|_q22 14+4C]22 15
+q20 16+2q22 16 +q24 16+q26 16+4q24 17+3q24 18 +q28 18
+3C]26l‘19+2q28 19+(]26 20+(]28 20_|_2q30 20+4C]30 21 +2(]30 22
+2q32 22+3C]32 23 +q32 24+q36 24_|_2q36 25+6]34 26
+q36 26+2q38 26+q36 27+q38 27+q40 27+q40 29+q42 30

This one is now different from the actual Khovanov polynomial:
Kh—DAHA'Kh = ¢** 12 (1 4+ 2t — %) + ¢%%1%2(1 — %)
+ q40t27(1 _ 12) + q42l28(1 _ 12).

There is no coincidence, but the 7—degree corrections involve only top terms and all
are in the expected direction. As it was discussed after the Connection conjecture, if
the difference Kh— DAHA'Kh is a sum of the terms q't7(141) and ¢t/ (1—1?) with
positive coefficients, then this is a confirmation of part (ii). Here and below (where
Khovanov polynomials are discussed), ¢ and ¢ are actually g, and f,. This is what
can be expected, taking into consideration the nature of the procedure from [12] (and
the example of T(12, 7) there).

H(4,2),(3,1) The next example will be of the same deg, = 5. Recall that deg, <
(sirp — 1) in the uncolored case with 2 iterations; conjecturally the coincidence holds
here for algebraic knots. Generally, (s;r, — 1) must be multiplied by ord (Ap).
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4 r=1{4,2}, s={3,1}, T =Cab(25,2)T(4,3);

Hiz(O:q.t.0) = 1+qi+q* 1+ t+q* 1+¢° t+¢* 1 +q° 1> +2¢* 1> +2¢° 1> +3¢°1* +q71*
+q8t2+q3t3+q4t3+2q5l3+3q613+4q7l3+3q8t3+3q913+q4t4+q5t4+2q614+3q7t4
+5(]8t4+4(]9l4+5(]10[4+(]11[4+(]5[5+(]6[5+2(]7t5+3(]8[5+5([915+5(]1015+6C]1115
+q 2 +q5% 0 +q714+2¢% 10 +3¢°10+5¢" 010 +5¢ 10479210 +¢ 310 +q 71T +4°17
+2q9l7+3q10l7+5q11l7+5q12l7+6q13l7+q14l7+q8l8+q9l8+2q1018+3q11l8
+5q1218+5q13t8+5q14t8+q9l9+q1019+2q11tg+3q1219+5q13l9+4q1419+3(]15t9
+q1°tlo+q11t10+2q12l10+3q13t10+5q14l10+3q15110+q16110+q1ll“+q12111
+2q13t11+3q14tll+4q15l11+q16t11+q12112+q13112+2q14[12+3(]lsl12+3q16112
+q13t13+(,]14t13+2q15[13+2q16113+q17t13+q14l14+q15114+2q16114+q17l‘14
+q15115+q16115+q17l15+q16116+q17ll6+q17ll7+q18l18
—i—as(ql5+q161+q17t2+q1813)
+a4(q10+q11+ql2+q13+ql4+qllt_l_zq12l+2q13l+2q14l+2q15l+q12t2+2q13l2
+3q14t2+3q15t2+2q16t2+q13t3+2q14t3+3q15t3+3q16t3+2q17t3+q14t4
+2q15Z4~|—3q1614+2q17l4+q18l4+q15l5+2q16t5+2q1715+q1815+q1616
+2q17Z6+q1816+q17l7+q1817+q1818)
+a*(¢°+q"+2¢%+2¢° +2¢"°+q"  +q" 2 +q" t+2¢51+4¢°1+5¢" 1 + 64"t +44 1
+3¢ B3t 4+q" 1 +q8 2 42¢° 12 +5¢ 102+ 7 12410 212+ 73 12 4+ 5¢ 412+ 4013
12413 41501 3 1801213 11291313 199413 1641513 4¢3 1410 124 114 541204
+8q13t4+13q1414—1—9(115t4+5q1614+q17l4+q1115+2q12t5+5q1315+8q14t5+12q1515
17¢ 55 43¢ 15 1 2121310450 416184 51611041616 +4q 1644181614131
12gM4 T 4561517 171507 164117 11817 +-q 484241518 4501648 151718 4241848
+q1St9+2q16t9+4q17t9+2q18t9+q16t10+2q17t10+2q18110+q17l11+q18tll+q18[12)
+a* (¢ +q* +2¢° +2¢°+2q" +¢* +¢° +q* 1t +2¢° t +44°1 + 64" 1+ 71 +64°t +5¢"°t
+2¢" g 2t H2¢0 2 +5¢7 12 +8¢8 12 +12¢° 12 +12¢ 012+ 114" 12 4-5¢ 1212
+2¢3 02 +¢°3 424713 +5¢3 3 +9¢° 3 1443 +17¢ 3 +17¢ 213 +8¢ 3 13 43¢ 1413
g7t 248 45001 19¢ 0t 1 15¢ 14 119 204 120 314 1 9g 4t 13151 g Bt
+2¢°154+5¢"°° 499" 2 +15¢" 217 +20¢ 3% +204 41 +8¢ 1517 +2¢ 01 +¢°1 24016
+5ql116+9q12l6+15q13l6+19q14l6+17qlSl6+5q16l6+q17l6+q1017+2q11Z7+5q1217
491317 +15¢" 7 417¢ T+ 11017 42" 1T+ 1B 429123 454 184941448
+14¢5 8 412¢"5 8 4501 3 4120 424317 450 42 +9¢ 1 P +12¢ 10 + 6410 +¢181°
+q13l10+2q14110+5q15l10+8q16[10+7q17l10+q18110+q14l11+2q15111+5q16t11
+6q17t11+2q18t11+q15t12+2q16t12+4q17t12+2q18t12+q16t13+2q17t13+2q18t13

+q17ll4+q18114+q18115)
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+a(g+q*+q* +q* +0° +q*t+2¢° t+3¢* t+4¢° t+5¢°t + 3¢t +2¢% 1 +¢° t+q° 1> +2¢% £
+4¢°12 46452 +9¢" 12 +8¢8 12 +7¢° 12+ 3¢ 1> + ¢ 2 +q 3 +2¢° P + 44513 + 74713
+11¢8 3 4+12¢°3 +13¢ 03 + 791 1 B3 42423+ 45 t4 4248t +4q 7 14 + 743 4+ 124014
+14qlol4+17q11t4+10q12l4+3q13t4+q6l5+2q7t5~|—4q8t5+7q9t5+12q10t5+15q“15
+19¢"2 041130 +3¢ 40 +¢71°4+2¢% 10 +4¢°1°+7¢ 110 +12¢ 1 +15¢ 21 +19¢ 1
+10q14l6+2q1516+q8t7+2q917+4q1°t7+7q11Z7+12q12t7+15q13l7+17q14t7+7q15l7
+(]16l7+(]9l8+2([1018+4q11l8+7(112[8+12(]1318+14(]14l8+13q1518+3([1618+([1019
+2q11t9+4q1219+7q13t9+12q1419+12q15t9+7q16t9+q17t9+q11t1°+2q12110
+4q1311°+7q14t10+1lqlsl10—|—8q16t10+2q17t10+q12111+2q13t“+4q14t“+7q151“
+9q16t“+3q17t”+q13t12+2q14t12+4q15t12+6q16t12+5q17t12+q14t13+2q15113
+4q16113+4q17t13+q18t13+q15l14+2q16tl4+3q17ll4+q18114+q16115
+2q17l‘15+q182‘15+q17l‘16+q182‘16+q18117).

Betti numbers (Conjecturally)

(3-4) H(g=1,t,a=0)=1+54+ 1124+ 173 +22¢* + 241> 4+ 25¢°
+ 2417 + 2268 4192 + 16¢10 + 12¢11 + 10112
+ 71 5 310 210 1T 18,
The corresponding (germ of the) curve is given by the ring R = C[z%, z8 4 z°] in this
case, with the Puiseux exponents (6, 8,9) and the valuation semigroup I" generated by

6, 8,25. Accordingly, § = [N \ I'| = 18 in the considered case, which matches the top
t—degree in (3-4).

Furthermore, H(g =1,¢ =1,a =0) =227, which does coincide with the specialization
at v =9 of the general formula for the Euler number e(J(C;3)) = 229/2 +25v/2 in
the case of the Puiseux exponents (6, 8, v). This formula is from [36, Main theorem];
its proof was technically involved and was not extended to the Betti numbers. We
conjecture that they are the ¢—coefficients in (3-4) in this case (v = 9).

Khovanov polynomial
(4) DAHA'Kh(Cab(25,2)T(4.3)) =1+ q*1% 4+ ¢%3 +¢%* + ¢'%1° + ¢%¢°
+q1217+q10Z8—|—q12l8+2q14l9+q12110+q14l10—|—2q16lll—i—qlgtll
+36]16112 +C]20[12 +26]18113 +2q20t13 +q18t14 +q20t14 +6]22Z14
-1-46122115+q201‘16+q22l16+q24l16+q26tl6+2q24tl7+q26l17
+2q24118+q28l18—|—2q26t19+q28t19+2q28t20+q30t20+3q30t21
+6]32122 +q34t23 +6]32f24 +q36t24 +6]34l25 +q36126 +6]38127.
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This one is different from the corresponding Khovanov polynomial as well as in the
previous example. Namely,

Kh—DAHA'Kh = 32122 (1 —12) + ¢3* 123 (1 = t3) + ¢ (1 = 12) + ¢332 (1 = 12).

Once again, the 7—degrees increase from Kh to DAHA'Kh; also, the number of ¢, —
monomials is the same in both, but this seems accidental. In spite of the nonzero
difference, this confirms Conjecture 2.4.

Further Betti numbers First of all, our DAHA-Betti polynomials (as far as we
calculated them) fully match the table before [36, Conjecture 23]. For instance, the
coefficients of Hs 21 (2,13(¢ = 1,¢,a = 0) for Cab(21,2)T (5, 2) constitute the line
there for the Puiseux exponents (4, 10, 11). Without posting the (known) formulas for
the superpolynomials, let us provide below only the DAHA-Betti polynomials, which
conjecturally give the corresponding Betti numbers.

H(4,2),(3,1) In this example, the knot, the ring of the singularity, the valuation
semigroup and the arithmetic genus are as follows:

T = Cab(20,3)T(3,2), R=C[%°+¢"], T =(69,20), §=22.
The counterpart of the DAHA-Betti polynomial (3-3) reads
(3-5) H(g=1,t,a=0)=1+5t+ 121242013 + 28¢* + 3517 +39¢° + 40¢7

+39:8 +37/° + 33610 4+ 29711 4 25¢12 4 21413 4 17414
+ 131 410210 + 7417 4 5618 4 3419 4 0420 4 421 4 422

The arithmetic genus of C = Cy3 31 (2,2} equals § =22 and e(J(C)) = 423 in this case;
the Puiseux exponents are (6,9, 11), and deg,=5.

H(s5,2),(3,2) The Puiseux exponents are (6,15,17), and deg, = 5. One has
T = Cab(32,3)T(5,2), R=C[z%, 2z +2'"], T =¢(6,15,32), §=37,
and the DAHA-Betti polynomial is
(3-6) H(g=1,t,a=0)=1+5t+ 15> +32¢> + 55t* + 81¢° + 10816
+ 13417 +157¢3 +175¢° + 186110 4+ 192¢11 + 192712 + 189713
+ 18171 4172615 + 159116 + 147617 13218 4 12041 + 105420
+ 93121 479122 4 68123 4 56124 + 471%% + 37126 + 30127 + 23128

+ 18622 + 133 + 1063 + 7632 + 5033 4 303% 42033 + 136 4177,
The Euler number of J(Cys,2y,¢3,23) is 3031.
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H(3,4),{2,1) Inthiscase, deg, =7 and the Puiseux exponents are (8,12, 13). One has
T =Cab(25,4)T(3,2), R=C[z% 212 +213], T'=(8,12,25), §=40,
and the DAHA-Betti polynomial is

(3-7) H(g=1,t,a=0)=1+7t+241> + 561> + 1041* 4+ 165> + 232:°
429717 + 3558 4 4021° 4 435110 + 454711 4 461112 4 456113
+ 44261 4420115 4394116 4362117 + 330118 +295¢1°
4262120 4229121 119972 + 168123 + 143124 4 118¢%°
+97628 + 7827 + 63128 + 481%° 438130 28131 421732
+ 1533 113% 47035 + 5036 43637 42038 4139 140,

The Euler number of J(Cy3 43,2,13) is 7229. The latter follows from [34; 30]; the
Betti numbers are conjectured.

Double iteration: ¥ = {3,2,2},5 = {2,1,1} The corresponding knot is 7 =
Cab(53,2)Cab(13,2)T'(3,2) and deg, = 7. In this case,

R=C[z% 22 +2"%+215], T'=(8,12,26,53), §=42,
and the DAHA-Betti polynomial is

(3-8) H(g=1,t,a=0)=1+7t+241> 4 561> + 1041* + 166¢°
+2361% + 30617 + 37018 + 424¢° + 465:10 + 492111 + 507112
+510¢13 +504¢1% + 488¢1° + 466110 + 437¢17 + 406118 4 370¢1°
+ 335020 + 298721 4264122 + 230123 + 19912 + 16812 + 143126
+ 118227 + 97128 + 781%° + 63130 + 48131 + 38432 + 28433
4+ 2134 1 15633 1 1130 + 7037 4+ 5038 43639 12040 ¢4 42,

The Euler number of J(Cy3,2,23,(2,1,1}) is 8512. This case is listed in [36] (right before
Section 4) as an example beyond the technique there.

We omit the complete DAHA superpolynomials and the DAHA-Khovanov polynomials
in this and the previous examples (they are all known). Quite a few interesting relations
for the (conjectural) Betti numbers can be seen from these and other examples of the
DAHA-Betti polynomials. For instance, we note that b, of J(C) coincides with the
multiplicity of the corresponding singularity minus 1 (Rego) and therefore exactly with
deg, = syrp---ry of the DAHA-superpolynomial (s; < ry).
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3.3 The case of two boxes

We will now consider the iterated knot from the first example with the weight 2w;. We
calculated the one for w; too; it is superdual to the one we provide and will be omitted.
Also, we will omit the corresponding DAHA-Khovanov polynomial (calculated using
the algorithm from [12]), since the Khovanov polynomials are uncolored.

(5) F=1{3,2), §={2,1}, T =Cab(13,2)T(3,2):;

Hez(OO: g, t,a) = 1+t16q32+t15q31+t14q31—|—t13q31+t15q3°+2114q3°+2t13q30
+2t12q30+t14q29+3[13q29+4t12q29+3[11q29+t14q28+2t13q28+5t12q28+6tl1q28
+4t10q28+t13q27+3t12q27+7111q27+811°q27+4l9q27+ll3q26+2t12q26+5t11q26
+lot10q26+9t9q26+2t8q26+t12q25+3t11q25+7[10q25+12t9q25+7t8q25+t7q25
+l12q24+2t11q24—|—5t1°q24+10t9q24—|—1418q24—|—4t7q24+111q23+3t10q23—|—719q23
+12t8q23+1ll7q23+16q23+111q22+2t1°q22+519q22+10t8q22+13t7q22+616q22
+t10q21+319q21+7[8q21+12t7q21+1016q21+15q21+110q20+2t9q20+5t8q20
+10t7q20+1316q20+315q20+t9q19+3t8q19+7l7q19+11l6q19+9t5q19+l9q18
+2t8q18+5t7q18+10t6q18+11t5q18+2t4q18+t8q17+3t7q17+716q17+10t5q17
+4l4q17+l8q16+2t7q16+sl6q16+9t5q16+8t4q16+t7q15+3l6q15+7t5q15+8Z4q15
+2t3q15+t7q14+2t6q14+515q14+8t4q14+3t3q14+t6q13+315q13+6t4q13+5t3q13
+z6q12+215q12+5t4q12+6t3q12+t2q12+t5q11+3t4q”+513q“+12q“+15q1°
214104431041 312¢ 01 P 4303 P 132 P+ B 23 B 3 g B 2 g 202
+tq7+t3q6+2t2q6+tq6+t2q5+tq5+t2q4+tq4+tq3+tq2
+a6(l4q35+l3q34+l3q33+12q33+12q32+12q31+lq3°+tq29+q27)
+a5(t7q35+t6q35+t5q35+t7q34+2t6q34+2t5q34+t4q34+216q33+4t5q33+4t4q33
—|—t3q33—|—t6q32—|—4t5q32+5t4q32+3t3q32+215q31+5t4q31+5[3q31+12q31+15q3°
+4t4q3°+6t3q30+3t2q3°+214q29+6t3q29+5t2q29+t4q28+4t3q28+5t2q28+tq28
+2t3q27—|—5t2q27—|—3tq27+t3q26+4t2q26+3tq26+2t2q25+31q25+q25+t2q24+31q24
+q24+2tq23+q23+tq22+q22+q21+q2°)
+a4(l9q35+18q35+l7q35+l1°q34+2t9q34+418q34+3t7q34+2t6q34+2t9q33+518q33
+817¢% +61°¢7* 137 ¢ +1° > +503 P+ 1107 ¢ 413154 +-80° ¢ 2142
+2083 19t 7 3 416153 1505 3 614 g3 3 3 e8P0 +51 7 30+ 1615430
+21t5q3°+l4t4q3°+3t3q30+2t7q29+9t6q29+22t5q29+2Ot4q29+813q29+t7q28
+5t6q28+16t5q28+2514q28+14l3q28+2t2q28+216q27+9t5q27+2114q27+2ot3q27
+5!2q27+t6q26+5t5q26+16t4q26+22t3q26+1012q26+2t5q25+9l4q25+20t3q25
—|—1312q25+2tq25+15q24+514q24+15t3q24—|—1712q24+4tq24+2t4q23—|—9t3q23
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+15[2 23+6t(]23+l4 22+5[3 22+1312 22+8l6]22+q22+2[3 21+8t2 21+9[(]21
+q +l3q20+5l2 20+8lq20+2q20+2l2 19+6Zq +2q +l2q18+4lq 8+3q18
+512¢%°+81¢*°+2¢%° +212¢ " +21¢" 7 +2¢" +1q' +2¢" +4" +¢*)
ta ( 10q35+112q34+2t11q34+3l10q34+3t9q34+18q34+112q33+3l11q33+6l10q33

+8l9 33—|—618 33+2l7q33+2[11 32+8[10 32+14t9 32+16t8 32+10[7 32+3l6q32
g3 510031 1519430 12508431 122173 1111563 42053 42119430 +10¢2¢3°
+2613¢3° 43617 g3 +261°¢*°+91° 20 +14 30 +110¢*° +5¢° g% +188¢* +39¢ 7 ¢*°
+4260g%° 4217 g% + 4t ¥ +21°¢* +108 28 +2917 28 +501 04?8 +391° 28 + 12144 %8
+23g2 41247 +503 2T +181 ¥ 43182 +520 ¢ ¥ 2514 P + 43 ¢ 4218476
+1017 g% 4291592 +5313 20+ 4114 >0 +1013 20 +13¢% +5t ¢ * + 181595 +431°¢ %S
+50Z4 25+2013q25+12q25+217 24+1OZ6 24+29Z5 24+50l4 24+32l3 24+5t2q24
+17gB +515qP +1815¢23 +4114q* 1391323 4102 ¢ +21%¢*2 +10° g *2 +2814 ¢ 2
+41t3 224 182 22+tq2 +t6q21+5t5 21+18t4 214 3643 21+2412q21+3tq21
+2l5 20+10Z4 20+26l3 20+2712 20+61q +l5q19+514q19+17l3 19+26l2 19
+91qg" 4214 1003 42102 8+ 1204 8+ 814 T 503 ¢ T +150%¢ " 13191
g T 4283¢ 01912410 1 122¢16 42416 113 ¢ 15 4562 ¢ 5 410215+ 315 1202 4 1 Teg 1
+3¢"4+12q"3 41" 43¢ 42192 43¢+ 29" +¢'0+¢°)

+Cl2( 13q34+112q34+tl1q34+t14q33+2t13q33+4t12q33+4t11q33+3t10q33+2t13q32
+5[12 32+10[11 32+10l10 32+6[9q32+[8q32+[13 31+5112 31+12t11 31+20I10 31
+18l9 31+818q31+l7q31+2112 30+9lll 3O+21[10 30+32l9 30+24l8 30+9l7 30
+t6q30+t12q29+5t11q29+17t1°q29+35t9q29+45t8q29+25t7q29+7t6q29+2t1lqzs
+9[10 28+2719 28+4918 28+49[7 28+20t6 28+315q28+t11q27+5110q27+17t9 27
+42l8 27+6217 27+44l6q27+11l5q27+l4q27+2l10 26+919 26+2718q26+57l7q26
+63t6q26+28t5q26+3t4q26+t10q25+519q25+17t8q25+42t7q25+70t6q25+48t5q25
AP 120024 191824 12717 24 15615924 16615 g2 1241424 128324 1193
+5:8¢23 41717 g +421¢B 46713 g2 + 4214 B 613 P +213¢*2 +917 ¢*2 427154
+5563¢22 45414 P2+ 1503 g2 182 507 g2 + 17102 +4185 21 46014 ¢ 42613 ¢ 2!
12022 1247 ¢20 1976420 12715420 15014420 43813 ¢ 20 4+-52¢20 117410 4 5¢5¢1°
+1785¢1 43914 ¢ 0 +4313 ¢ 41202 ¢ 0 +215¢ 8 1905 ¢ 42614 ¢ 18 +-4113 ¢ 1 1812418
_qus_l_té 17+515q17+17l4q17—|—34l3q17+2512q17+2tq17+215 16+9t4 16+24t3 16
42502 04 51¢ 0+ 13 P 4504 g 1603 g0 +2502¢ " 81" +214 g 44913 ¢ 4191241
+101q" +14q B3 45031 +1402¢ VP F111g P 4¢3 4203 ¢ 2 1812 ¢ 2+ 111 q 2 ¢ +13¢ !
+502¢" +91g M +2¢ 1 4212410 +61¢' 0 +2¢ ' 0 +12¢° +41¢° +3¢° +21 ¢4 + 248 +1q”
+2¢7+4°+¢°)
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+a(t15q33+t14q33+ll3q33+115q32+2t14q32+3tl3q32+3112q32+ll1q32+2l14q31
1503381203 17 g3 4011031 111430 44413430 1012430 4 1411430
F110g30 439030 4211329 17112429 4 16011 20 4+221 1920 1151920+ 313¢%°
32814012028 110411 28 40411928 1091928 1141828 424728 4211247
11,27 10,27 9 27 8 27 727,627, .12 26 11,26
+7¢t g7 +19¢ g +3417 g 32t g7 11t g H10q 1 g +4t g
12619426 12879426 1423425 12747 g2 1516425 42111425 47410425 191425
+38t8(]25+43l7q25+17[6(]25+[5(]25+[11(]24+4t10q24+12[9q24+2818q24+46[7(]24
341007 4617 421" 0¢ P +71°¢P +191%¢ >3 43817 ¢ P +461%¢P +171° ¢ 414
+Zloq22+4t9q22+12l8q22+28l7q22+45t6q22—I—3115q22+4t4q22+2t9q21+718q21
+19t7q21+37t6q21+42t5q21+1lt4q21+t9q2°+4t8q20+12t7q20+2816q20+4215q20
2142043204263 104717 1O 41915410 435651043264 ¢ 10 +503 ¢ 10 +15¢
+417 g8 +1200¢ 8 42703 8 43504 g B 113 g 8 120 T g VT 4710 T 41913 ¢ T 43104 YT
+18t3q17_I_th17_I_t7q16_|_4t6q16+1ZZSql6+25t4q16+23l3q16+3t2q16+2Z6q15
+7t5q15+18t4q15+24t3q15+712q15+16q14+4t5q14+12t4q14+2113q14+10t2q14
1205 1714 3 1603 3 13020 3 41 P 15 2 4404 g P4 115 g 2 1482412
+2tg 2424 g 73 g 1202 3t 14 g 1O +43 g 104912 1 O+ 51g 04213 8
+612¢°+61q° +13q8+412¢% +5t¢% +212q" +4tq"+q " +12¢° +3t¢° +¢° + 214>
+¢°+1q4*+q*+4° +4°).
Betti numbers (Presumably)
(3-9) H(g=1,t,a=0)=1+6¢+ 17> +32¢3 +48¢* + 621> + 70¢° + 70¢7
+ 6418 +541° + 41110 + 2871 4 18712
+ 10213 4 5¢1% 42415 416
= (143t +42+43 +41* + 305 + 200+ 17 +13)2.
We put here (and below) “presumably”, since at the moment it is not clear which Betti
numbers this polynomial calculates (even conjecturally). The last relation is a particular

case of part (iv) of Theorem 2.3 (the specialization at ¢ = 1). The full specialization
formula in this case reads as follows:

HioeyQoiig = 1.6.a) = (1+3a+3a +a® + 3t + Tat + 5a°t
+a’t +41% 4+ 8ar® + 5% + a*r® + 417 + 8ar’
+4a?t® +4r* 4 6at* +2a%t* + 3t° 4 dar’
+a®% +205 +2a15 417+ al’ + %)’
=Hgi o on(eig=1,1,a)%

Algebraic € Geometric Topology, Volume 16 (2016)



876 Ivan Cherednik and Ivan Danilenko

H(3,2),{2,1)(@2) The superpolynomial for the same iterated knot and the weight w;
is connected with the one for 2w; by the superduality, so we will not list it. However,
let us provide its value at a = 0, = 1 (presumably a sequence of Betti numbers):

(3-10) Hop02,13(w259 =1,1,a=0)
=143t 472+ 113 + 184 +231° +291% + 3117 +36¢8 +35¢° +37¢1°
434 34012 431613 4 31614 425015 + 256160 421417
+ 1918 1151 15020 + 102 + 10622 + 7623 + 6124
+ 412 441720 42027 4228 4420 4430 4432,

A geometric meaning of formulas (3-9) and (3-10) in terms of certain Betti numbers
remains to be found. Generally, we expect that a variant of the construction from [30;
14] can be used here.

3.4 Pseudoalgebraic knots

This section is a theoretical challenge. It indicates that some nonalgebraic iterated
knots are similar to the algebraic ones, especially the pseudoalgebraic, defined above
as those with positive uncolored DAHA superpolynomials. This class conjecturally
includes all algebraic knots and their mirror images.

The two knots below possess such a positivity and all other DAHA properties of
algebraic knots; for instance, the existence of the tilde-normalization from Theorem 2.1
for any A holds, as does the strict equality for deg, in (2-20). We give below some
other examples of pseudoalgebraic knots that do not have these two features; see (4-1)
and (4-7).

In spite of the presence of negative s; there, we think that the coefficients of the
DAHA-Betti polynomials in (3-11) and (3-12) can be expected to be Betti numbers of
Jacobian factors for certain (germs of) curves. Hopefully partial normalizations of G; 3
will emerge here, however this is unknown at the moment.
(6) r=1{3,2}, s={2,-3}, T =Cab(9,2)T(3,2);
H::(O:q.t,a)=1+a’¢® +qt+q*t+q*t +q* > +q* 1> +2¢* 2 + ¢ +¢*1* +¢°13
+q* g 0 + g%
+a* (P +q* +¢° + gt +2¢°t + ¢t + ¢°1* + 51 + ¢°F°)
talg+q® + 4>+ 1263 +3¢% + ¢t + 4317 + 2442
372+ 4% +2¢°0 + 40 + @1 + 4% + ¢°),
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Betti numbers (Presumably)
(3-11) H(g=1,t,a=0)=1+3t+41> + 3> +2t* + 1> +1°.

This sequence of coefficients and the one in the next example do not come from
algebraic knots. However they fit the table of Betti numbers from [36] for the Puiseux
exponents (4,6,v). The first two entries there (our examples (1) and (2)) are for
(4,6,7) and (4, 6,9), respectively; the knots from (6) and (7) formally correspond to
nonalgebraic (4, 6, 3) and (4, 6, 5), respectively.

Khovanov polynomial

(6) DAHA'Kh(Cab(9,2)T(3,2)) = 1 4+q*t* 4+ ¢5% +¢5t* +¢'%1° + 4318 + ¢'217
£2g1208 £ 2g1410 4 18,11 4 420412,

This polynomial, as well as the next DAHA'Kh, coincide with the corresponding

(reduced) Khovanov polynomials. This confirms the Connection conjecture(ii) and

also demonstrates that the differentials that are necessary to extract the Khovanov
polynomials from the stable ones satisfy assumptions (2.13) from [12, Section 3.6].

H(3,2),{2,—1) This knot is pseudoalgebraic but nonalgebraic as well. In a sense, it is
the greatest nonalgebraic, since Cab(13,2)T(3,2) from (1) above is the first algebraic
one in this series.

7 r={3,2}, s={2,—-1}, T =Cab(11,2)T(3,2);
Hez(Diq, 1, 0) = Vgt + P+ 2+ 32 420 2 133 ¢ 3 42453 +¢4
+q514—|—q6t4+q5t5+q6t5+q616+q7t7+a3(q6—|—q7t)
+a2(q3—|—q4+q5—|—q4t+2q5t+2q6t+q5t2+2q6t2+q7t2~|—q6t3—|—q7t3+q7t4)
+a(qg+q*+@> +q* 1243 t+3¢ @ 1+ 12 +2q4 P +aq 1 +qS P gt
+2q5t3+3q6t3+q5t4+2q6[4+q7t4+q6t5+q715+q7l6).
Betti numbers (Presumably)

(3-12) H(g=1,t,a=0)=1+3+41>+43 +3t* + 205+ 15417,

The general formula is not very difficult to calculate because ¢ =1 is the trivial central
charge (when there are significant simplifications):

(3-13) Moy paon-1sy@=1t,a=0)=1+3t +4@>+---+1"%)
+ 3" 22
for Cab(2n—3,2)T(3,2), n > 6.
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Khovanov polynomial

(7) DAHA'Kh(Cab(11,2)T(3,2)) = 1 +q*t* +¢°> +¢5t* +¢'°° + ¢35 + 41217
g8 42140 4 ¢ 10110 4 0g 1811 4 420412,

This polynomial and the previous one coincide with the corresponding Khovanov

polynomials (under the tilde-normalization); recall that we use the standard parameters
in all formulas involving Khovanov polynomials. Thus, ¢, ¢ above are actually gy, #.

4 Further aspects

4.1 Nonalgebraic knots

Continuing the previous section, let us discuss nonalgebraic knots that are not pseudoal-
gebraic. Though the first knot we will consider is pseudoalgebraic, it has some features
that are not expected in algebraic knots. For instance, the corresponding deg, is strictly
smaller than (|sjr| — 1) = 3. The coincidence holds for the similar pseudoalgebraic
knots from (6) and (7) above and is conjectured to be true for all algebraic knots.

(a) r=1{3,-2}, s={2,5}, T =Cab(7,2)T(3,2);
Hez(Oiq.t.a)=14+qt+q* 1+ @1+ P+ P+ q* 2+ +q4* 0 + ¢4+ 40
+a*(¢* +q* +q*t + ¢t + ¢°1?)
+a(g+q*+ >+t +2¢°t +2q% + 312 + 2¢*t* + ¢°1*
FIPLYENPLIS +q514).
(4-1) H(g=1,t,a=0)=1+3t+3> 4203414413,
DAHA'Kh(Cab(7,2)T(3,2)) = 1 4+ q*t* + ¢%% + ¢%t* + ¢'°¢° + 4%
F g2 g 28 g0 g8 2012,
We see that the first formula is quite similar to (3-13). The DAHA-Khovanov poly-
nomial coincides here with the actual Khovanov one (reduced and under the tilde

normalization); recall that we use the standard parameters in the formulas for the
DAHA-Khovanov polynomials.

(b) F=1{3.-2}, ¥=1{27}, T =Cab(52)T(3.2):
Hez(Oiq.t.0) = 1—1a°q° +qt + 1 + ¢* 1> + 1 + ¢ + ¢*1*
a2 (g g5 — 1" +q*)

+a(q+q2—q4+q21+2q3l+q3t2+q4t2+q4l3).
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(4-2) H(g=1,t,a=0)=1+2t42> 41> +1*,
DAHA'Kh(Cab(5,2)T (3,2)) = 1 +q*t* +¢°¢3 + ¢%t* + ¢'°° + ¢'%°
F 207 g 28 g0 g8 4 2012,
The knot Cab(5,2)T (3, 2) is the first with nonpositive H; ;(0; ¢, 7, @) in the considered
family. The actual Khovanov polynomials coincide with DAHA'Kh.

The corresponding DAHA-Jones polynomial for 4y is

~ A
(4-3) JD{31,—2},{2,7}(601 pq.0) =H(g.t,a=—1?)
— 14 g1 +q% —qi® + @312 + g2
P PR gt — 5t g5,
Its value at # = g is the (reduced) Jones polynomial J = 14+¢%—q"—¢° +q'° (for our

¢ and under the tilde normalization); the (reduced) one produced by the KnotTheory
package is g% + g% — g1 —g'3 + ¢4,

We note that (4-3) has little to do with the polynomial obtained in [40, Section 5.2],
(for the same knot). We cannot comment on this and the general approach used in [40].
The latter stimulated our paper, but the construction there remains unclear to us.

© Fo{3,-2), $={2,9}, T =Cab(3,2)T(3,2):
Mex(Oig.t.a) =1—q* +qt +¢* 1 — ¢t + ¢*1* + ¢*F°
+ad(— gt = 1g%) + @ (P — g —g° — hgP — 1gP = 12g*)
talg+q*-2¢°—q¢* 1> -1 + P1 + P — gt + 471,
(4-4) Hig=1,t,a=0)=t+1>+13,
DAHA'Kh(Cab(3,2)T(3,2)) = 1 +q*t> + q*t3 + ¢%¢3 +2¢45¢* + ¢'°¢°
4106 11207 4 128 | 14,0 4 1811 L 120,12
Here, Kh — DAHA'Kh = ¢2°¢12(1 —¢2), which matches our expectations.
) F=1{3,-2}, $={2.11}, T =Cab(1,2)T(3,2);
He2(Oiq.t,0) = —q+1=2¢%1 +q1° =’ 1> + ¢*0°
+ad(—g° - LgP = Lg¥)
+a2(_2q3 _2q4_ti2q2_%q2_%2q3 _q4t_q5t)
+ a(—3q2 —q3 — %q - %qz +qt — 3q3t —q4t + q212 —q4t2).
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(4-5) Hg=1,t,a=0)=—1—t+13,
Kh(Cab(1,2)T(3,2)) = DAHA'Kh(Cab(1,2)T(3,2))
1422 2 g B g3 12454 110
+qlol6+qlzl7+q12t8+q14l9+q18111+q20112.
() F=1{3,-2}, $=1{2,13}, T =Cab(—1,2)T(3,2);
Hez(Oiq.t.a) = 1+ 2qt — 1> +q1*> +2¢°1* —q1® + ¢*1°
+a3(q4+l%q2+%q3 +q5t)
+a* (247 +2¢° + 5+ 14+ 1207 + 471 +2¢°t + 2¢% 1 + ¢4 + ¢°1)
+a(3q+q* + 1+ Lg +qt +4¢*t + ¢*t —qt? + ¢t + 34717 + ¢** + ¢*F).
Note that we have H(g = 0,¢,a = 0) = 1 + a/t for m < 0 in the family of knots
Cab(2m+1,2)T(3,2); it was 1 or ¢ before.
(4-6) H(g=1,t,a=0)=1+2r+21%
Kh(Cab(—1,2)T(3,2)) = DAHAY Kh(Cab(—1,2)T(3,2))
— 14+ ¢% 4+ q* 4+ 2+ ¢80 + 488 + 4%
+q10[4 +2q10[5 +q14l6 —|—q14l7 +q16Z8
+q16t9+q18110+q22t12 +q24t13.
Note the use of the procedure DAHA™T Kh here and in the next example (which starts
with the substitution —1 + a/¢% in DAHA parameters).
(f) F=1{3,-2}, $=1{2,15}, T =Cab(-3,2)T(3.2):
Hez(Oiq.t,a) = 1+ 2q1 + qt* +2¢°1* —qt® + ¢*0 + 2470 + ¢**
+a’(q* + tizq2 +1¢ + 47t +¢%%)
+a* (247 +2¢° + 5q+ +a+ 1247 +¢* 1 +2¢°1 + 24
+q3t2 +2q412 +2q5t2 +q5t3 +q6l3)
+a(3g+q*+ 11+ Lg + gt + 447t + ¢*t + 24712
+4¢° 12+ q* 2 + ¢ +3¢* 5 + 47 + ¢71?).
(4-7) H(g=1,1,a=0)=1+421+31>+213 +1*
DAHATKh(Cab(=3,2)T(3,2)) = 1 + ¢t + ¢%t + ¢*t* + ¢°13 + ¢8¢*

—{—qlols +q12t6 +q14l6 +q1217
+ 2¢q

14t7 +q18[8 +q18t9+q20t10
+q20[11+q22l12 —|—q26l14+q28115.
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Here, Kh— DAHATKh = q'2(t> —t7). Note the use of DAHA™ here and that there is
only one negative term in (J; ¢, ¢, a), namely —q¢>. Using the procedure DAHA’Kh
would result in the extra term —g® (¢ —¢3) in this difference, where —1 does not agree
with the (topological) 9.

(2) r=1{3,-2}, s={2,17}, T =Cab(-5,2)T(3.2);
H;z(O:q.t,a) = 1+ 2qt +qt* +2¢%1* + ¢*13 +2¢° 03 + ¢ t* + 2¢%* + 471
+a* (@ + 57+ 1 + 1+ 4% +470)
+a*(2¢° +2¢° + 5q+ tq+ 127 + ¢°1 +2¢°1 + 2¢% 1 + ¢ 1
£ 20%2 12452 1+ ¢*3 124583 + 24583 + ¢O1* +q7z4)
+a(3q +q%+ %1 + %q +qt+4¢%t + Pt +2¢%2 + 4¢3 + g4 + 423
12303 1443 + 458 1 g4t 4 3514 + g5 +q6t5).
(4-8) H(g=1,t,a=0)=1+2t+3t>+363+3t* +¢°,
DAHA'Kh(Cab(—5,2)T(3,2)) = 1 + ¢%t + ¢*t* + ¢5¢% + ¢8* + ¢'°¢°
g 20541207 g T g 618 g 1848
g 001241810 g2 10 221 g 2412
13 2614 4 304164 432,17
One has that Kh —DAHA'Kh = q'2(t>—1t7)+¢'%(t" —°), matching our expectations,
though this is obviously not in “top” ¢—degrees.

This knot is pseudoalgebraic, as well as all further knots in the considered family.
However, they are quite different numerically from the patterns in (3-11) and (3-12). For
example, the polynomial #(q = 1,¢,a = 0) becomes 1+2¢+3¢%+ 313 +41% 43¢5 16
for Cab(—7,2)T (3, 2). Generally,
49 Hp-apons7y(g = 1.0,a=0) = 1420+ 31> + 3¢
FAE TR 3 4"
for Cab(—2n+5,2)T(3,2), n > 5. Let us provide a pseudoalgebraic knot of type (4)
(for T'(4,3)).
Hiz(Oig.t.a) = 1+qi+q*t+@ t+q* 1+q° 1+¢* 1 +¢° 1> +2¢* 1> +2¢° 1> +3¢°1* +q71*
4P P+ P 12453 13¢5 44475 13635 1203 ¢ S 245
+3¢71*+5¢% 1 +4q° 14+ 3¢ 1 + P P +q5 1 +2¢7 P 43¢5 P +5¢° 1 +4¢' 00
124" 5481071542815 4315 +5¢ 015 43¢ 16 +¢ 21544717 +¢% T +24°1
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+3q1°t7+4q11l7+q1217+q818+q918+2q1°t8+3q11t8+3q1218+q919+q1019
+2q11l9+2q1219+q1319+q10110+q11l10+2q12110+q13110+q1llll+q12lll
+q13[11+([12112+C]13112+C]13l13+C]14ll4

+a4(q1°+q11+q12+q11t+2q12t+q13t+q1212+2q13t2+q14t2+q13t3+q14t3+q14t4)

+a (¢5+q7+2¢3+2¢° +2¢" 0 +q" +¢7t4+2¢%t +4¢°1+5¢ "t +5¢" t+29 21 +-¢°1*
+2q9t2+5q1°t2+7q11t2—|—7q1212+2q13t2+q9t3+2q1013+5q1lt3+7q12t3+5q13l3
+q14t3+q1014+2q11t4+5q12t4+5q13t4+2q14[4+q11[5+2q1215+4q13[5+2q1415
+q1216+2q13l6+2q1416+q13l7+q14l7+q1418)
+a* (P +q* +2¢° +2¢°+2¢" +¢* +4° +q* t+2¢° t +4¢°t + 647t +7¢%t +64° t + 44"t

+q11l+q5t2+2(]612+5q7l2+8([8[2+12q9[2+11q10[2+7q11t2+q12t2+q6t3+2q7l3
+5¢%349¢° 3 +14¢"°3 144" 3+ 70" 2 3 +q B P +q 7 14 2434+ 5¢° 14 494 Ot - 1441 1
+11q12l4+4q13l4+q815+2q915+5q1015+9q11l5+1241215+6q1315+q1415+q916
+2q10[6+5q11t6+8q12[6+7q13l6+q14l6+q1017+2q11[7+5q1217+6q13[7+2q14l7
+q11l8+26]1218+4q13l8+26]1418+6]1219+2q13l9+2q14l9+q13l10+q14l10+q14l11)

+a(q+q*+¢> +q* +¢° +q*t+2¢° 43¢ t+4¢° 1 +5¢°t +3¢ 1 +2¢8 1 +¢° t+¢ 1 +2¢* 1
+4q° 12464512 +9¢7 12484312 +64° 1> +2¢' > +-¢* P +2¢° 3 +4¢° > + 791 + 114843
112¢°23 4104103 43¢ 3 1 g5 14 424514 +4¢ 14 174814 124514 +13¢ 101 +-10¢ 1 14
+2¢" 214 4¢3 +2¢" P+ 43 P+ 740 +12¢ 10 +12¢ 1 P 46912 +¢ 3 +¢ 710424816
+4¢°15+7¢ 0t +11gM 1089 210 4+2¢ 3 16 4-¢8 17 +24°1 T +4¢ "0t +7¢" 7 +9¢ 217
+3q13t7+q918+2q10t8+4q1118+6q1218+5q1318+q1019+2q1lt9+4q1219+4q13l9
g0 g 1101 012410 £ 3413410 4 (14710 4 (12,11 4 513,11 4 f 14,11y 13,12
+q14112+q14113).

The corresponding Khovanov polynomial equals

DAHA'Kh(Cab(17,2)T(4,3)) = 1 +¢*1% + ¢ + ¢%* 4+ ¢'°° + ¢84° 4+ ¢'%¢7
g0 1208 4 g1 40 g 12410 4 14410 4 916,11 | 18,11 4 316,12
4 q20012 L0 8413 | 020413 4 (18,14 4 20,14 | 22,14 4 422,15
4 g20r16 22416 | (24416 4 (26,416 4 524,17 | 26,17 | 24,18 | 28,18
4 q30020 126,19 4 28419 | 428,20 4 530,21 | 32,22 4 36,24 4 34,25
Here, Kh — DAHA'Kh = q3*(t?3 —t?3), which agrees with part (ii) of Conjecture 2.4.
The corresponding (reduced and tilde-normalized) HOMFLYPT polynomial coincides

with #(O; ¢, g, —a), as well as in all examples we considered (not only those posted
in the paper).
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The last example will be a non-pseudoalgebraic knot with a relatively involved relation
between DAHA'Kh and Kh.

(i) T={4,-2}, $={3,17}, T =Cab(7,2)T(4,3);

H:3(O;q,t,a) = —q?2¢3t—q*t—qPt =4 P =gt -2 P —64° 3 —¢ 53 + 14 —g*t?
—4q5t4—7q6t4—q7t4+qt5+q2t5+q3t5+q4t5—q5t5—5q6t5—7q7t5—q815+q216+q316
+2q4t6+q516_q6t6_4q7t6_6q8t6_q9z6+q3t7+q4t7+2q5t7+q6t7_q7t7_2q8t7
_4q9l7_q10t7+q4t8+q5t8+q6t8_q9l8_2q10t8+q5t9+q6t9_qlll9+q6110+q7t11
+a5(—q11—t%qs—tizqg—%qlo—qlzt—q13t2—q14t3)
+a4(—q7—3q8—3q9—2q1°—t% 6_%3 7_%2 6_%22(]7_%22(18_%2617_%3(]8_%2(19
—2q8t—3q9t—3q10t—2q1lt—q8t2—2q9t2—3q10t2—3q1112—2q12t2—q913—2q1°t3
—3q11t3—3q1213—2q13t3—q11t4—2q1214—2q1314—q14t4—q1315—q1415)
+a3(—q5—7q6—8q7—6q8—q9—t%qs—t%q“—l%qu—t%3q6—t%q7—%3q5—%5q6—%5q7
_%q8_3q61_11q7t_9q8t_6q91_q10[_q6t2_6q712_13q812_9q9t2_6q10t2_q11t2
—3q7t3—8q8t3—13q9t3—9q1°t3—6q11t3—q12t3+q6t4—3q8t4—6q9t4—1lq1°t4
—Sql114—5q12t4—q13l4+q715—q9t5—3q1015—7q11t5—5q12t5—3q13t5—q11t6
_3q12[6_2q13[6_q14t6_q13t7)
—|—a2(—3q4—10q5—7q6—3q7—ll2q3—%2q4—%2 5—%(]3—%4q4—%4q5—%2q6—q4t—8q51
—164%t—9¢7t—3¢%t -3¢t —14¢°1* =204 1*—9¢81t*—3¢°t*—¢°1* —8¢°%13—194" 13
21433 =9¢°> -3¢"° P+ Pt gt 12471 Pt —11q7 14 —19¢3 14 —204° 4 —94 0 1*
—3q11t4+q4t5+2q515+3q6t5—q7t5—8q8t5—14q9t5—16q1°t5—7q11t5—2q12t5+q5t6
+2q6l6+2q7t6_q8Z6_3q9Z6_8q1016_1Oql1t6_4q12[6_6113t6+q6t7+q7t7_q1017
_3q11[7_4q1217_q13[7+q7[8_q12t8_q1318)
+a(-3¢°—-4¢*-2¢°— 14>
—3q712—q4t3—7q5t3—18q613—11q7t3—3q8t3+qt4+q2t4+q3t4+q4t4—2q5t4—12q6l4
—20¢7t*—11¢%1*=3¢°t* +q* 3 +2¢3 3 +3¢* > +3¢°1° =243 —12¢7 1> — 184813 —104°
_3q1015+q3t6+2q4[6+4q5l6+3q6t6_2q7[6_7q8t6_13q9[6_8q1016_2q11Z6+q4l7
+2q5t7+3q6t7+q7t7—q817—3q917—7q10t7—4q11t7—q12t7+q5t8+2q6t8+q7t8
_q1018_3q11ZS_q12t8+q6t9+q7t9_q12l9+q7l10)’

—%q3—%q4—q3t—7q4t—8q51—3q61—3q412—13q512—10q6t2

In this example, applying the DAHA’ reduction procedure goes essentially as follows.
Starting with m = 0, one cancels consecutively the pairs in the form

j:qxty(am+am+1/t2) and qxly(am_am+2/z4)
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in the superpolynomial H4 5y 13,173 The output is
—q4+a4(—q“ _tiz 8_%2 9—%q9—%2q10)—q51+12+qt3—|—q2t3—|—q3t3
+q¢*C + @ +q* 01 + 248 + 470
—|—a3(—q10—tl2 6_%22617_%2618 —%qg—qgtz—qlolz—q”t3)
+a2(_tlzq6 _ %q7 Ot =3 5 g5 g +q8t4)
+a(—q5 _ %q4_q6[ gt @23 3 2% + 24588
g5 +q5t4+2q6t4+4q7t4+q8z5).
Then we substitute a +— q;‘tts,, g+ (guty)? and t — qszt then divide by the smallest

power of ¢, and, finally, replace —1 + 1/¢,. Recall that ¢ and ¢ mean actually g
and fy, respectively, in all formulas for KhR—polynomials. Finally,

DAHA'Kh(Cab(7,2)T(4,3)) = 1 + ¢32t22 + ¢34 + 34125 + * (12 +17)
+q6(t3 +t4+l8)+q8(l6+t9)+q10(l5 +t8 +Z10)+6]14(2t9+l10+f12)
g 2T 10 1) 2012 23 My g 1O 2012 14 g 1)
g B 2013 1201 22 4015 12018 24O 11T 19 4420
F g0 1T g 2Yy 12818 g2 4 122) 30120 12423,
One has
Kh(Cab(7,2)T(4,3)) — DAHA'Kh = ¢"21'1 (1 —1?)

» (1+2q6t3_,’_2qlot5+ql4t8+2q18t10+q22t12+(1+t)(q4t+ql2t6+ql6t8))’
where the positivity of the coefficients matches our expectations (based on our assump-
tions concerning d, ) and holds for all (uncolored) nonalgebraic knots we calculated so
far, where DAHA'Kh is taken if the a—leading term in #(J; g, 7, a) is negative (in our

examples, the ¢, f—monomials there are all positive or all negative) and DAHA™' Kh
otherwise. We hesitate to conjecture this in general.

4.2 The case of A,
We are going to prove part (i) of the Connection conjecture in the A; case, ie the equality

p— ~ A
(4-10)  H(bwi:q.q.—q*) = HOM (bwy;q,q*) = JD l(ba)l;q,q), bels.

We need the simplest case of the theory of the difference shift operators; see [9,
Theorem 2.4] and [12].
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For t, = qﬁ”" ,let k = {k, =0, 1}. Generally, we define

ko—1

(4-11) A= [ TT (@ix)"?— X)),

a€Ry j=0
Recall that ¢, = ¢g"*, where vy := (o, ) /2.

Weput H=H (&) for elements H from the double affine Hecke algebra 7P with
the structural parameters ¢ and #, = q,’f" , as well as their images in the corresponding
polynomial representation, denoted by y&), Accordingly, rE_Lk) will be automorphisms
of 7).

We set o = ({k, = 0}). Then the operator H° is obtained from H by replacing every
Y, (b € P) by the difference operators 51, and Ty, (w € W) by w. One has

4-12) 3(Yp) = ¢ OO 2 x, v, 22 (Xp) = ¢PD2Y, X, forb e P.

Lemma 4.1 Let H be an algebraic expression with complex coefficients in terms of
the standard W—symmetrizations of monomials with respect to { X} and those with
respect to {Y}. The restriction of the corresponding operator to the subspace (V%)W
of W—invariant elements in V'®) will be denoted by H () Then

sym *

HS) = %7 Hye, (080 (H®)) g = 27 G2 (H) gm X

sym sym

Let us formally set for A, A" € C",

n
Y=g u=0x). Ya=XNHX »¥=@x)=) o))
i=1
We will treat 73 and any elements y € SL(2, Z) as automorphisms of the linear span
of X;q™M x*/2 for all A € C" and M from a sufficiently general subset of C (see the
inequalities for M, N, M’ below). Given A, only cA for certain ¢ € C will be actually
needed in (4-13) and (4-14).

This linear span will be denoted by V. The action of W in V is naturally extended to %

through its action on {x; }; ¢™* */2 are W-invariant and satisfy the standard difference
equations for P C W.
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The main formulas we need are as follows:
A2/(2M)

° M2 q 2
(4_13) o (E(}Lq M x /2): 1/2 +x /(ZM)’

(Ti)N(XAq_MxZ/Z) — qu(N—M)Xz/Z,
o _ 2 o o . B ,
@)V (X M¥2) = ((6°) 7 (x2) N o®) (Xpe M*7/2)
1 _ 22N M
U_]M—N)IQQZ(I—MN)XX/(I_MN)q ST

Here, N € Z and the parameters M are sufficiently general complex numbers; for in-
stance, M N # 1 in the last formula. We also assume that (M M’)1/2 = M V/2(M")1/2
for M, M' € C.

Xy m4q

These formulas can be readily extended to the following free action of the whole
SL(2,7) on X;q7**/2,

1 22c az+b 2
T 2(cz+d X A qcz-l—dx /2

(cz+d)1/2q cz+d
for y = (‘cZ 3) e SL(2,7Z), » € C", and for generic z € C.

(4-14) yo(Xq7* /%) =

DAHA-Jones polynomials We will now switch to the 4 case. Let « = a1, s = 54
and w = w;; then ¢ = @y = 2w and p = w. The extended affine Weyl group is
W = (s, w). The weights bw (b € Z) will be denoted simply by b.

The double affine Hecke algebra 7H is generated by invertible elements ¥ = Y,
T =Ty, and X = X,, subject to the quadratic relation (7 —¢'/2)(T +¢~1/2) =0
and the cross relations

(4-15) TXT=x""', Tyt '=vy"', vy 'xlyx7?%'?=1.

The field of definition will be Q(ql/ 4 11/2) . Here, qil/ 4 is needed for the automor-
phisms 74 :

(4-16) T+(X)=X, ‘L’+(T)= T, ‘[+(Y)=q_1/4XY’
T_(Y) = Y, 'E_(T) = T, -[_(X) — q1/4YX

We will prove the Connection conjecture for the nonreduced version of the DAHA-Jones
polynomials. Namely, we modify (2-12) as

@17 DR (big.0) = {7 (- (Pemt (G (PO 1) 1))},

for t := ¢k and y = Vrs lifted to ¥ € PSL2(Z), where we show explicitly the depen-
dence of the P—polynomial on the parameter k£ and also use &) for the corresponding
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coinvariant. Generally, the nonreduced DAHA-Jones polynomials are inconvenient
because of their nontrivial ¢, f—denominators. However, they become g—polynomials
as t = ¢ and simplify the considerations.

4.3 Jones polynomials

We are going to use the relation for the colored Jones polynomials of the cable
Cab(a, r) K with that of the initial knot K. See [32; 44] and references therein. Note
that 7 in [44] is our ¢'/*, and Cab(r, s) there is our Cab(a, r) (in this order!).
Assuming here and below that the j—summation has step 1, one has

b/2

(4-18) Jgab(a,r)K(b;q) — g b b+2)/4 Z qaj(jr—i—l)jlli((zrj;q)'
j=—b/2

This formula gives a recursive definition of the Jones polynomials of iterated knots;
the unknot is normalized as

(4-19) jé (b;q) = (gTD/2 _ = B+D/2) j(1/2 _ =1/

Proposition 4.2 For any (possibly negative) {r,s} from Theorem 2.1,

4-20) D (b;q,1— q)

—ay rgb(b+2)/4j7ﬁ"({
r

yeest0 3,451 500550}
=dq
where T ({r1,...,r¢},{s1,...,s¢}) = Cab(3,7) = (Cab(ayg,ry)---Cab(ay,r1))(O),

and a; are recursively defined by relations a; 11 = rirj+1a; +sj4q1 for 1 <i <{—1
and the initial condition a; = s; .

Proof As above, we formally set X; = ¢** for A € C, which extends X}, = X b, =
X? for b in Z (identified with the lattice P = Zw, ). The free action of SL(2,Z) on
X, gM** from (4-13) will be used for y = (©7%)- We need the formula

o o\ — — 2/4—
(4-21) Yo (X () N (X)) = g AT 2

which results in
b/2

o 1 o\ — — o i o\ — —
PV (X - X)) =y ( 3 X0 (X - X 1))
j=—b/2
b/2 b/2
— Z q—(rj+1)st2rj+l_ Z q—(rj—l)ster—l
j=—b/2 j=—b/2
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b/2 b/2
— Z q—(rj+1)SJX2rJ+1 _ Z q—(rj"rl)SJX—er—l
j==b/2 j==b/2
b/2
o ; B ’
— Z q (r]+1)S](X_X I)Pz(r}’
j=—b/2
and then implies the relation
~ D) ~(1)— —1~0 —1 /~0\—
@22 GOPPEMTHE =@ Ao ) U
b/2
_ —(rej+Dsej p(1)
_ Z q (rej )Upzr“_
j=—b/2

for Xy = X — X~!. Thus, we can switch from k = 1 to the case of k = 0, where the
free action of PSL(2, Z) can be used.

Using the latter relation we can proceed by induction as follows:

4 .
IDT (4113 dst sy O30 T )

_ s ~(1) (1) p(1) (~(1)\—1 ~(1) -1 ~(D\—1 (D
=17 ("'(75—1()’5 Py (V) )ll(VZ—1 J4) )@ H7
b/2
_ —(rej+1Dsej f (1) (1) p(1) (1) -1 ~(1)y—1(D)
= Z g~/ )SU{Vl ("'(Vz—1P2rgj(V£—1 )ll)"')(h ) }
j=—b/2
b/2
= Z q_(r“JrI)SUJDNT({H,...,ug_l},{s,1 ..... s prejiq.t—=q)
j=—b/2
b/2
— Z q—(rﬁj-l-l)sej—ae—lre—l(Zrej)(2rej+2)/4

j=—b/2 4 N -
X TT (Gt 3ubstsser ) 2TET > 4)

b/2
_ —GeJ+Dse+ae-rere—1)) 7t g g
= Z q e seraemere 1]jT({rl,...,r(_l},{sl,...,sg—l})(zrzj’ql_)q )
j=—b/2
b/2
B —(rej+acj 4 E -
= Z q ¢ ¢ jT({rl,...,rg_l},{Sl ,,,,, Sl—l})(zrej’q}_)q )
j==b/2

__—aereb(b+2)/4 4 . -1
=q 7 T eroretdsr ey LA =4 ).
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Finally,

y g®+D/2 _ ~(b+D)/2 ; B
(4-23) ID(big.t—q) = SR obig—>q7),
which completes the proof. |

4.4 Concluding remarks

Concerning part (iii) of the Connection conjecture, adding colors (arbitrary Young
diagrams A) to [33, Conjecture 1.2] is a natural challenge. This would provide a
t—extension of [30, Theorem 1.2]. Then, our construction (which is for arbitrary colors)
will be employed at full potential; we hope to extend it from iterated torus knots (the
setup of this paper) to iterated links.

The switch to the curves Cj, from [30, Section 1.3] supported on C = (; ; and associated
with Young diagrams A is natural here. This approach was initiated in [14] (via the so
called resolved conifold). Using (the germs of) such curves can be hopefully combined
with considering the weight filtration in the cohomology of the corresponding nested
Hilbert schemes and Jacobian factors.

On the other hand, DAHA uniformly manages arbitrary root systems and weights via
the Macdonald polynomials; changing the curves G ; for incorporating the colors does
not seem really necessary from this perspective. Instead, the spaces Bung(C; ;) of
G -bundles over G ; for the simple Lie group G associated with the root system R
can be expected. This is related to the interpretation of the Jacobian factors as Springer

fibers due to [29]; C; ; would then become spectral curves.

See also [8, Corollary 2.3] (and Theorem 4.10), where this connection was established
for torsion free sheaves over arbitrary (possibly singular) coverings of P! or elliptic
curves E, assuming the semistability (stability for E) of their direct images, the
sheaves over P! or E. The connection with Baker functions and the “group” 7—
function was established there (Proposition 2.4), which makes this construction a
variant of the Hitchin system for factorizable Lie group schemes over E or P!. These
schemes are associated with arbitrary (nonunitary) classical r —matrices; see [8] and
[10, Section 1.7].

This approach potentially leads to certain cell decompositions of Jacobian factors,
different from those in [36] and defined via the Kac—Moody groups. The latter act
as Hecke transformations in the fibers of the coverings above; the output, but not the
procedure, is entirely local (only the germ C is really necessary).
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Khovanov-Rozansky homology On the topological side, the skein relations, the key
in [30, Theorem 1.2], are missing (by now) upon the switch from the HOMFLYPT
polynomials to their homology from [27; 28; 26; 48; 39] (generalizing the Khovanov
homology for the Jones polynomials). Adding colors (dominant weights) here is
generally a difficult problem, though the categorification theory (based on Quantum
Groups) provides tools for this.

In contrast to the Khovanov polynomials (n = 2), not many formulas for Khovanov—
Rozansky polynomials KAR,, are known. Let us mention some recent progress here
(by Oblomkov and Rozansky) based on further development of the theory of matrix
factorization. This may provide much better tools for finding the KhR—polynomials (at
least for torus knots and in the uncolored case).

Recall that Khovanov—Rozansky polynomials are defined as the Poincaré polynomials of
the corresponding triply graded homology. They exist for any links; such an universality
is one of the reasons why their theory is so complicated. For us, the Khovanov—
Rozansky and Khovanov polynomials are the only way so far to interpret geometrically
(topologically) the DAHA superpolynomials of arbitrary iterated torus knots. They are
generally nonalgebraic and their connection with the algebraic geometry is not clear at
the moment, though there is some partial progress with finding the geometric meaning
of pseudoalgebraic knots.

As the examples of Section 4.1 indicate, it is possible that part (ii) of Conjecture 2.4 can
be extended to any (uncolored) non-pseudoalgebraic knots using a special procedure of
replacing the negative terms in the DAHA superpolynomials by certain positive ones.
Such knots are defined exactly as those with some negative terms. Algebraically this
procedure seems somewhat artificial, but it worked for all non-pseudoalgebraic knots
we considered upon the reduction from superpolynomials to the Khovanov polynomials
(where we can compare our polynomials vs. the topological ones). However, the
evidence is insufficient so far.

Betti numbers The examples above confirm our conjecture that the DAHA super-
polynomials split the Euler numbers of the Jacobian factors (compactified Jacobians)
of unibranch plane curve singularities into the corresponding Betti numbers. Recall
that this is under the substitution ¢ — 0 and g — 1 in DAHA superpolynomials. See
(2-22) concerning g = 1, the case of trivial central charge.

Such a specialization is the simplest demonstration of the power of adding “¢” to the
theory, the refinement; our conjecture on Betti numbers is presumably related to the
expected connection of our superpolynomials to %, which is a reduced modification
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of that from [33, Conjecture 2]:

qst qu 2/ q2mm [l<l+m]
(4-24) Pae = (—) E m C
'z ag/ 1+ as,t‘, Im q ity v )

Here, 1 is the Milnor number (1 = 2§ in the unibranch case) and tv is the weight
filtration in the compactly supported cohomology of the corresponding scheme; its
existence was justified by Deligne. See the Overview and [33, Section 4]. The parameter

ty; is associated to it; ¢

; 1 there is a necessary normalization.

The spectral sequence E; in terms of the weight filtration on the compactly supported
cohomology over @, which converges to the whole cohomology and degenerates at
E, (for smooth not necessarily compact manifolds), can potentially connect (4-24)
with the Betti numbers. Here, one needs to know that the odd cohomology of the
Jacobian factors vanish for unibranch plane curve singularities (the van Straten—Warmt
conjecture) and that the corresponding mixed Hodge filtration is pure (a conjecture).
We thank V Shende for the explanations; see [33] (though the Betti numbers are not
explicitly discussed there).

Generally, not too much is known concerning the Betti numbers of the general Jacobian
factors, though they were calculated for many torus knots and those for the series
(4,2u, v) of Puiseux exponents, where 4 < 2u < v for both u and v odd. See [36]
and above. Actually there is not even a general conjectural formula for them in the
case of arbitrary torus knots, which can be potentially produced in our approach (to be
considered elsewhere).

We checked quite a few examples (beyond those posted above), including torus knots.
For instance, our DAHA-Betti polynomial for 7(12, 7) is
Hiz7(O;q =1,t,a=0)=1+46¢+19¢% + 41£> +70¢* +102¢° + 133¢° + 159¢7
+178¢% +1902° + 19411 4 193¢ + 18412 + 174113 + 159114 4 145¢1°
+127¢M8 4 112017 495018 4 81117 66120 4 5521 43172 4 35123
+ 26124 420025 + 1422 4 11627 + 7028 £ 502° 43630 12031 4132 4433,
Its coefficients match those given before [36, Theorem 21]. We will omit the corre-

sponding DAHA superpolynomial; note that it can be also obtained by E Gorsky’s
construction (via rational DAHA).

Semigroups and semimodules Apart from the torus knots, we established the coin-

cidence of the DAHA-Betti numbers with the actual ones for many entries in the table
before [36, Conjecture 23]. The examples in this table are more involved that those
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for torus knots, since not all modules A over the valuation semigroup I" contribute to
the cell decompositions of J(C; ;) from [36]. See Definition 8 of admissible modules
there, as well as Theorem 13 (we use his notation). Let us provide an example,
which demonstrates how surprising our conjectural connection with DAHA is and the
challenges that we face.

The set of Puiseux exponents (4,2u, v) = (4, 14,17) corresponds to the Newton’s
pairs {r; = 7,s1 =2} and {r, = 2,s, = 3}. They encode the planar singularity

Gz:y= x5 (e 4 x%2/ 172y = 32T (e 4 X314 with R = C[z%, 21 + 2],

Recall that the latter is the local ring of this singularity, and its topological link is
Cab(31,2)T(7,2).

The semigroup is I' = (4, 14, 31) (41 is the last missing valuation for this C); § = 21
and e(J(C;z)) = 194. The total number of semimodules A (which is relatively simple to
calculate) is 222. Thus, not all contribute to the cell decomposition; 28 are not present.
Their list is involved combinatorially, as well as the calculation of the dimensions of
the cells corresponding to admissible A (though there are explicit formulas for the
dimensions and the admissibility). It is not impossible that semimodules A have some
connection to the DAHA-procedure. However DAHA also produces the correct number
of missing (nonadmissible) ones, which seems more surprising (at the moment).

The corresponding y —matrices, needed in the construction of the DAHA superpoly-
nomial, are y7, = rirf and y, 3 = 7_7t4+7—. Note the order of 2,3 in the last y.
Its Betti-reduction #H(7 53 (> 33(00: ¢ = 1,7, a = 0) matches the corresponding entry in
[36]. It reads

143t +6:2+1023 +13t* + 1567 + 16 + 1617 + 1615 + 161° + 15¢1°
+ 14" 12012 410613 4 81 4 7015 4 5e10 40T 3018 210 20 4 f20

For the sake of completeness, let us provide the whole DAHA superpolynomial. Its
a—degree is s;rp — 1 = 3;

F={7,2}, $=1{2,3}, T =Cab(31,2)T(7,2):

Hiro.(3:q.t,a) = L+qt+q°t+q° t+q* >+ > +2¢* > +¢° 2 +q5 1> +¢° £ +¢* 1
+2q5t3+2q6t3—|—2q7t3+q813+q9t3+q4t4+q5t4+2q6t4+2q7t4+3q8t4+2q914
2410 4 P +q5 427 248 +3¢° 2 +3¢ 10 43¢ P +¢51 0+ 7 18424840
+2q9l6+3q1016~|—3q11l6+4q12l6+q7l7+q817+2q917+2q10l7+3q1ll7+3q1217
+4q13l7+q818+q918+2q1018+2q1118+3q1218+3q1318+4q1418+q919+q1°l9

_,’_2ql119+2q1219+3q13l9+3q14t9+4q1519+q10110+q11110+2q12110+2q13l10
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+3q14[10+3q15 10+3(]16 10+q11 11+q12 11+2q13 11+2q14 11+3q15 11+3q16 11
+2q17 11+ql2 12+q13 12+2q14 12+2q15 12+3q16 12+2q17 12+q18 12+q13 13
+q14 13+2q15 13+2q16 13+3q17t13+q18t13+q14t14+q15 14+2q16 14+2q17 14

_|_2q18 14+q15 15+q16 15+2q17 15+2q18 15+q19 15+q16 16+q17 16_|_2q18 16+q19 16
+q17 17+q18 17+2q19 17+C]18 18+q19 18+q20 18+q19 19+q20 19+q20 20+q21 21
+a3(q6+q7l+q8t+q9l+q8l2+q9t2+2q1012+q1112+q1212+q ¢ +q10 3+2q11 3
+2¢ 203 42¢ 3 B3 4 q 0t g A 2 21 4 2¢ P 3¢ e g P g P+ 2g
+2q14l5+3q15t5+q12t6+q13t6+2q14l6+2q15[6+3q16t6+q13t7+q14 7+2q15 7
+2q16 7+3q17t7+q14l8+q l8+2q16 8+2q17 8+2q1818~|—q1519~|—q16 9_|_2q17 9
+2q18[9+q19[9+q16[10+q17[10+2q18 10+q19 10_|_q17 11+q18 11+2q19 11
+q18 12+q19 12+q20 12+q19 13+q20 13+q20 14+q21 15)
+a* (P +q* +q° +q t+2¢°t+3¢51+2q" t+q 1 +¢° 12 +2¢° 12 +4q" 1> +4¢° 1 +44°12
+2¢102 44" 24483 427+ 443 P +5¢° 13 4641013 +5¢ 1 3 43¢ 23+ T 14 424814
+4q9l4+5q10 4+7qll 4_|_7q12 4+5q13t4+q t +2q915+4q10 5+5qll 5+7q12 5
+8q13l5+6q1415+q916+2q10[6+4q11l6+5q12[6+7q13t6+8q14t6+6q1516+q10 7
+2q11 7+4q12 7+5q13 7+7q l7+8q15 7+6q16l7+q11 8+2q12 8+4ql3 8+5q14 8
+7q1518+8q16[8+5q1718+q1219+2q13 9+4q14t9+5q15 9+7q16[9+7q17t9+3q18 9
+q13 10+2q14 10+4q15 10+5q16 10+7q17 10+5q18 10+q19 10+(]14 11+2q15 11
+4q16 11+5q17 11+6q18 11+2q19 11+q15 12+2q16[12+4q17t12+5q18t12+4q19t12
+q16 13+2q17 13+4q18 13+4q19 13_|_q20 13+q17 14+2(]18 14+4q19 14+2q20 14
g 20" 43070 S g 1 42470 g g2 T P T 7 1)
+a(g+q* +¢*> +q*1+2¢° t+3¢* 1 +2¢° t+q°1+q* 1> +2q* 1> +4q° 1> +4¢° 1> +4q 712
+2q8t2+q912+q4t3—|—2q513+4q613—I—5q7t3+6q813+5q9t3+4q1°l3+q1ll3+q5l4
+2¢5t4 +4q 14 +5¢3 4 470t + 7 0t 7 A 4 2g A g8 4247 P 43 P +5¢°1°
+7q10t5+8q11t5+9q12t5+3q13t5—I—q7t6+2qst6+4q916+5q10t6+7q11l6+8q12 6
+10q13 6~|—3ql4l6+q ¢ +2q9t7+4q10 7+5q11 7_,’_7q12 7_|_8q13 7+10q14 7+3q15 7
+q918+2q1018+4q“l8+5q1218+7q13t8+8q1418+10q15t8+3q16t8+q10t9+2q11 9
+4q12 9+5q 19+7q14 9+8q l9+9q16 9+2q1719+q11 10+2q12 10+4q13110
+5q14 10+7q15 10+8q16[10+7q17 10+q18 10+q12 11+2q13 11+4q14 11+5q15 11
+7q16 ll+7ql7 11+4q18 11+q13 12+2q14 12+4q15 12+5q16 12+7q17 12+5q18 12
+q19 12+q14 13+2q15 13+4q16 13+5q17tl3+6q18 13+2q19 13+q15 14+2q16 14
+4q17l14+5q18l14+4q19114+q16ll5+2q17115+4q18l15+4q19l15+q20l15+q17f16
+2q18t16+4q191‘16+2q20I16+q18117+2q19[17+3q20117+q19118+2q20118+q21[18
+q20[19+q21119+q21120)-

135
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Versal deformations Last, but not least, we refer the reader to [24] for some rela-
tively recent developments concerning the Hilbert schemes of (locally) plane curves,
including their role in the theory of the Gopakumar—Vafa BPS invariants (see [35]) and
various generalizations.

This paper is helpful to put our construction into perspective and to link it to the versal
deformations of plane curve singularities, at least in the case of usual (nonnested)
Hilbert schemes of curves. We do not touch this important direction here. However,
let us mention that the theory of adjacent singularities of the pairs {R, V'} for finite-
dimensional irreducible representations V' of the simple Lie groups G for (arbitrary)
root systems R is expected to be related to the theory of the DAHA superpolynomials.

When ¢, = 1, and for the minimal possible degree of ay,, the sum in (4-24) essentially
reduces to the following summation:

(4-25) Y gt ecly = Y nc(z‘)(L)m_a, C=Cs,

_ 2
n=0 0<i<§ (1 —gs)

for the Euler numbers of Hilbert schemes C"! of n points on C of arithmetic genus §
(subschemes in C of length n, to be more exact). See [35; 24]. Importantly, ne (i) € Z +
due to [18] and [42], because these numbers are the multiplicities of C in the closures of
the strata in the space of its versal deformation, stratified with respect to the geometric
genus of the deformation curves.

In our notations, #; = 1 corresponds to ¢ = ¢, and we can therefore use our /g instead
of g here upon a = 0. Hopefully, [33, Conjecture 2] and our construction lead to a
similar deformation interpretation of the generalization of the right-hand side of (4-25)
to the nested Hilbert-schemes (which adds the parameter a ) under the weight filtration
(associated with ¢y ) and for arbitrary Young diagrams.
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