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Swiss-cheese action on the totalization of action-operads

JULIEN DUCOULOMBIER

We prove that, if a pair of semicosimplicial spaces (X7; X) arises from a colored
operad, then the semitotalization sTot(X) has the homotopy type of a relative
double loop space and the pair (sTot(X?);sTot(Xy)) is weakly equivalent to an
explicit algebra over the two dimensional Swiss-cheese operad SC» .

55P48, 55P47

Introduction

A multiplicative operad O is an operad under the associative operad As. In [15],
McClure and Smith build a cosimplicial space O°® from the multiplicative operad O
and show that, under some conditions, its homotopy totalization is a double loop space.
V Turchin in [19] and, independently, Dwyer and Hess in [7] are able to identify the
space of double delooping and prove, under the assumption O(0) >~ O(1) =~ *, that

hoTot(0°*) ~ Q? Operadh (As; O),
where Operadh (As; O) is the space of derived maps from the associative operad to O.

In order to prove this statement, Turchin introduces the categories of bimodules and
infinitesimal bimodules over an operad O, denoted respectively by Bimodp and
Ibimodg, such that hoTot(O°®) is weakly equivalent to IbimodﬁS (As; O). Then he
proves the following two weak equivalences:

Ibimod” (As; 0) ~ Q Bimod” (As; 0),
Bimodﬁs(As; 0)~Q Operadh (As; O).

This result was motivated by the following theorem of D Sinha: the space of long knots
Emb,.(R; R?) has the homotopy type of hoTot(K%), where K4 is a multiplicative
operad weakly equivalent to the little d—disk operad. The Swiss-cheese operad SC; is
a relative version of the little disc operad. It is a two-colored topological operad with
set of colors S = {0; ¢} that has been introduced by A Voronov in [21]. In particular,
if f: A — X is apointed continuous map, then the following pair is an SC;—space:

QIx:Q4(X; ) := (QX;hofib(Q97'4 > Q91 X)).
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In this paper we make great use of the operad 7((SC;), which is the operad of monoid
actions Act: it is a 2—colored operad whose algebras are the pairs of spaces (X; A4),
where X is a monoid and A a left X —module. The operad .Act- ¢ is the nonunital
version of Act. Similarly to the uncolored case, there is a notion of an .Act- o—bimodule
and an Act- ¢—infinitesimal bimodule. We prove that, if O is an operad under Act,
then it gives rise to a pair of semicosimplicial spaces (O.; O,) such that the pair
(sTot(O.); sTot(0,)) is weakly equivalent to

(222 Operad” (As~o; Oc); @2 (Operad” (As-.o; O); Operad” (Act=o; 0)));
that is, it is an SC,—space.

Organization of the paper The paper is divided into six sections. Section 1 is an
introduction. It describes the categories of colored operads, bimodules and infinitesimal
bimodules over an operad. An explicit description of a point X" in Bimod 4./, and
Ibimod 4c.., in terms of pairs of semicosimplicial spaces (X.; X,) is given. We
insist on the link between bimodule structures over Act- ¢ and monoidal structures on
semicosimplicial spaces introduced by McClure and Smith in [15].

Section 2 introduces the left adjoint functors to the forgetful functors from the categories
of bimodules and infinitesimal bimodules over an S —colored operad to the category
of S—sequences. These adjunctions will be used in Section 3 in order to define a
model category structure on Bimodp and Ibimodp. We also determine an explicit
cofibrant replacement of Act (resp. Acts¢) in the model category Ibimod 4., (resp.
Bimod 4. ,) and prove the weak equivalence

Ibimod”,_ (Act; M) ~ Ibimod_ (As: M),

where M is an Act- ¢—infinitesimal bimodule and M, is its closed part.

In Section 4 we prove the first relative delooping theorem. From an Act- ¢—bimodule
map n: Act — M, we extract two semicosimplicial spaces (M.; M,). We prove, under
some conditions, the following weak equivalence of pairs:

(sTot(M,); sTot(M,)) ~

(@ Bimodh,__(Asso: Mc): 2(Bimodf,__ (Asso; Mc); Bimod”,_ (Actso: M))).
Section 5 consists in considering a particular case where a double relative delooping
theorem holds. Namely let «: As — O be a map of operads and : O — B be a
map of O-bimodules. The two objects O and B are equipped with semicosimplicial
structures. Under some conditions, we prove the weak equivalence of pairs
(sTot(O); sTot(B)) =~

(@* Operad” (Asso: 0); Q2 (Operadh (Assq; 0); Operad?o;c}(Act>0; X))).
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where X is a colored operad build out of O and B.

Section 6 is devoted to the proof of the main theorem: if O is an {o0; c}—operad under
Act such that O(0;c) >~ O(1;¢c) >~ O(1;0) >~ *, then we have the weak equivalence
of pairs

(sTot(O); sTot(Oy)) ~

(92 Operadh (As=g: Oc): Qz(Operadh(As>0; O.); Operad?ogc}(Acgo; 0))).

Convention By space we mean compactly generated Hausdorff space, and by abuse
of notation we denote by Top this category; see eg Section 2.4 in Hovey [14]. If X,
Y and Z are spaces, then Top(X;Y) is equipped with the compact-open topology in
order to have a homeomorphism Top(X; Top(Y; Z)) = Top(X x Y; Z).

A semicosimplicial space X* is a family of topological spaces {X” | n > 0} endowed
with operations
d: X" - X"t forie{0,...,n+1},

satisfying the cosimplicial relations d/d = d'd’/~! for 0 <i < j. By semitotalization
sTot(X*) we mean the space of natural transformations from the semicosimplicial
space A® to X°. From a cosimplicial space, the semitotalization of the underlying
semicosimplicial space is also called the fat-totalization, which is a homotopy invariant.
Since the homotopy totalization of a cosimplicial space is weakly equivalent to the semi-
totalization (see Lemma 3.8 in Dror and Dwyer [6]), we will ignore the codegeneracies
in the present work. We denote weak equivalences by the symbol ~.

1 Bimodules and infinitesimal bimodules
over a colored operad

In what follows we introduce the category of colored operads as well as the categories of
bimodules and infinitesimal bimodules over a colored operad. We focus on the operads
with two colors {0; ¢}, called {0; c}—operads. In particular, we define the {o; c}—operad
Act~o of monoid actions as in [13]. Besides, we characterize the bimodules and
infinitesimal bimodules over this operad in terms of semicosimplicial spaces.

1A The operad of (unital) monoid actions

Definition 1.1 Let S be a set. An S—sequence is a collection of topological spaces
{0(s1,...,5; Sn+1)}?,-€eNS' The set S is called the set of colors. A map between two
S —sequences Op and O, is a collection of continuous maps
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We denote by Coll(S) the category of S —sequences.

Notation 1.2 If M is an {o; c}—sequence, then we use the following notation in the
rest of the text:

M!=M(mn;c)=M(c,...,c;c) and M}=Mmn+1;0)=M(c,...,c,0;0).
—— ——
n n

We denote by M, the family {M[*},>¢ and by M, the family {M['},>¢.

Definition 1.3 An S-operad is an S—sequence O endowed with operations
. . / /.
0j: O(St, ..., SniSnt1) X O(S], .., Sy 80)
/ / .
> O(S1, ey Sic 158 s o Spys Sid 1o+ 2503 Sn41)s

for 1 <i <n, and distinguished elements {xs; € O(s;5)}ses satisfying associativity
and unit axioms [1]. We denote by x o; y the operation o;(x; y) for x, y € O. Define
Operadg to be the category of .S —operads, where a map of S —operads is an S —sequence
map that preserves the operadic structure.

Let O be an S—operad and A = {A};es be a family of topological spaces. The
endomorphism S—operad Endy (see [4]) is the family of spaces of continuous maps
defined by

End4(s1,..., 87 Sn+1) = Top(As; X -+ X Ag,5 As, ).
The family A is called an O—space if there exists a map of S—operads O — Endy.
Definition 1.4 [13] Let S = {0,c}. The S—operad of monoid actions Act~ is
given by the S'—sequence
Actso(n;c) = %, forn >0, Actso(n;0) = %441, forn>0,

and the empty set otherwise, with *,.. and *,., each being the one-point topological
space. The compositions are as follows:

*n;c i *miec = *n+m—1;c>
(1) *n:0 Oi *mic = ¥ntm—1:0 fOr 1 F# N,
*n50 On *mj0 = *n+m—1;0>
Similarly, the S —operad of unital monoid actions Act is given by the S —sequence

Actso(n;c) = *p, forn=>0, Actso(n;0) = %, forn>0,

and the empty set otherwise, with the same compositions. Consequently, the .S —operad
Act (resp. Acts) is generated by *q.c, *2.c and *3., (resp. *3.. and *3.,).

Algebraic € Geometric Topology, Volume 16 (2016)



Swiss-cheese action on the totalization of action-operads 1687

An Act—space is a pair of topological spaces (X; A) with X a topological monoid
with unit and 4 a left module over X .

The {c}—sequence given by the restriction of Act (resp. Act~q) to the color {c} is the
associative operad As (resp. the strict associative operad As-o). We use the notation
x5, to refer to the one-point topological space As(n).

The operad of monoid actions has been introduced by Hoefel, Livernet and Stasheff [13]
in the context of the recognition principle for relative loop spaces.

Definition 1.5 We define an action-operad to be an {o; c}—operad O equipped with
amap 1: Act — O.

1B Infinitesimal bimodules over a colored operad

Definition 1.6 Let O be an S—operad. An infinitesimal bimodule over the operad O
(or O—infinitesimal bimodule) is an S'-sequence M endowed with operations

00 O(S1s .. Sps Sng1) X M(ST, ..., 8,0 80)
—>M(sl,...,s,-_l,s/l,...,s;n,s,-+1,...,sn;sn+1),
ol M(sl,...,s,,;sn+1)xO(S’I,...,S;n;s,-)
= M(S1, oo Sim1aS e e ey Spps Sidt Lo+« s Sn3 Snt1)s

for 1 <i < n, satisfying associativity and unit relations [1]. A map between O-
infinitesimal bimodules is given by an S —sequence map preserving this structure. Let
Ibimodp be the category of infinitesimal bimodules over O. We denote by x o; y
(resp. x o' y) the operation o;(x; y) (resp. o’ (x;y)) with x € O and y € M (resp.
xeM and y € O).

Example 1.7 If n: O; — O, is any S—operad map, then O, is endowed with the
following O;—infinitesimal bimodule structure:

nxid o;
(o7 01X102-——%'02X102——9'02

and
i id xn o;
o't 03 x O —— 03 x Oy —> 0».

Consequently, if A is an O—space, then Endy4 is an O—infinitesimal bimodule.
Definition 1.8 Let N and M be two S —sequences. The sequence M is of type N if

N(St1, -y SniSn+1) =8 = M(S1,--., 50 Sn+1) = 9.
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Proposition 1.9 Let M be an {0; c}—sequence of type Act. The following assertions
are equivalent:

(1) M is an Act-o—infinitesimal bimodule;

(i1) the families M, and M, are semicosimplicial spaces, and there exists a semi-
cosimplicial map h: M. — M,.

Moreover, (i) = (ii) even if M is not of type Act.

Proof Let M be an Act- o—infinitesimal bimodule. For n € N, let h: M — M}' be
defined by /(x) = 7., 01 x. The semicosimplicial structure is given as follows (see
eg [1; 15; 17]):

*2:0 02 X ifi =0,

d's M' — M x> {x ol %y ifi e{l,...,n},
*2:001 X ifi=n+1,
*2:5 0 X if i =0,

d's M} - M x> {xolsy.  ifiefl,...,n}

xot sy, ifi=n+1.

The reader can check that the relations (1) of Definition 1.4 and Definition 1.6 induce
the semicosimplicial relations.

Conversely, if 4: M. — M, is a semicosimplicial map, then let M (n;c) = M},
M(n + 1;0) = M and the empty set otherwise. The left and right infinitesimal
module structures are defined by the above construction since Act~ is generated by
*2.c and *,., as a colored operad. O

It is proved in [19] that the category of semicosimplicial spaces is equivalent to the cat-
egory of Ass o—infinitesimal bimodules. Consequently, the collection M, = {M ' },>0
is an infinitesimal bimodule over As- (. Since As- is generated by *, as an operad,
the structure of M, is given by:

%9 0y X = %2, 0p X, for x e M,
(2) ¥p01x =x0"Tlxy, forxe MP,
XOi*ZIXOi*z;C, forx e M andi €{1,...,n}.

1C Bimodules over a colored operad

Definition 1.10 Let O be an S—operad. An S—sequence M is an O-bimodule if it
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is endowed with operations

v 0(s1,...,s,,;sn+1)xM(sll,...,sll,l;sl)x---xM(sq’,...,szn;sn)
1 .
; , , —»‘Al(sl,...,szn,sn+1),
o't M(S1, ..., Sn;Sn1) X O(ST, ..., S5 8i)
= M(ST, oo Sim1aS e ooy Sy Sidk 1o+« s Sn3 Snt1)s

for 1 <i <n, satisfying associativity and unit axioms [1]. A map between O-bimodules
is an S —sequence map that preserves the bimodule structure. Let Bimodp be the cate-
gory of O-bimodules. We denote by x(y1,..., y,) the operation y;(x, y1,..., Vn)
with x € O and y; e M .

Example 1.11 If n: O; — O, is any S—operad map, then O, is endowed with the
following O;-bimodule structure:

nxid x--xid
Y1 O1 X0y X+ X0y ——————> Oy X+ X 0y > Oy

and
. idxn
o't 03 x O —— 0, X 05 — O;.

Consequently, if 4 is an O-algebra, then Endy4 is an O-bimodule.

A priori there is no relation between an O-bimodule structure and an O—infinitesimal
bimodule structure because the left operations differ. However, if n: O — M is a
morphism of O-bimodules, then M is an O-infinitesimal bimodule, and the left
infinitesimal bimodule structure is given by

00 O(S1, . SpySnt1) X M(ST, ..., 87,5 80)
—>M(sl,...,s,-_l,s/l,...,s;n,si+1,...,sn;sn+1),
(0:m) > 0(n(xsy), o, MGy )y 1N CGes )5 -5 N (s,),
where g is the distinguished element in O(s;s).

In [15], McClure and Smith define a monoidal structure on the category of semi-
cosimplicial spaces in order to recognize loop spaces. More precisely, they prove
that the group completion of the semitotalization of a monoid in this category has the
homotopy type of a loop space. We recall this construction since we need it to describe
Actso-bimodules under Act.

Proposition 1.12 [15, Proposition 2.2] Let X* and Y* be two semicosimplicial
spaces, and let X R Y be the semicosimplicial space whose m™ space is given by

( 1] XPqu)/~,

p+q=m
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where ~ is the equivalence relation generated by (x,d°y) ~ (d"*1*1x,y). The
semicosimplicial structure is the following:

di(x. 7) = {(dix’.y) if0 <7 <|xl.
’ (. d™=Xly) if x| <i < |x|+ |y + 1.

The category of semicosimplicial spaces equipped with X is a monoidal category de-
noted by (TopAi"i, ), with unit e being the constant semicosimplicial one-point space.

Proposition 1.13 Let M be an {0; c}—sequence of type Act. The following assertions
are equivalent:

(i) M isan Act-o—bimodule under Act;

(i1) in (TopAi"i, X), the family M, is a monoid with unit, the family M, is an M-
left module and there exists a morphism of M. —left modules h: M, — M,.

Moreover (i) = (ii) even if M is not of type Act.

Proof Let M be an Act.o-bimodule equipped with an Act~o—bimodule map
n: Act - M . Let M! = M (n;c) and M} = M(n + 1;0) for n € N. The bimodule

structure induces, for i € {1, ..., n}, the cofaces
i . n n+1 i
d" M — M, x> x0' .,
3) di - M(;l—>M(;1+1, X = xof *2:c,

dntl. M(f—>M(;’+1, x|—>xo”+1>l<2;g,
satisfying the semicosimplicial relations and the following two operations:
@ Mcj xMcl—>Mcj+l, (x5 9) > *2.0(x3 p),
M) xM(f—>Mof+l, (x; ) > *2:0(x5 ).

The map n: Act — M gives us the missing cofaces
d’ Mf — MZI—H, X > k2. (M(*15e), X),
5) A"l MP — MM x s ke (X, n(%150)),
d M — MM X x0.((15e), X),
inducing a semicosimplicial structure on M, and M, such that the two operations
defined in (3) make M, into a monoid with unit and M, into an M, -left module.

The map
h: Mcn - Mg’ X = *Z;O(X’ 77(*1;0))

is a left M.—module map.
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Conversely, let (M., M,, h) be a triple satisfying the conditions of the proposition.
By the same argument as in Proposition 1.9, the constructions (3) and (4) define an
Act~o—-bimodule structure on M. In particular, if M, and M, coincide with the unit e,
then the corresponding Act-.¢—bimodule is Act. There exists a map 1, from the unit
to M., for M. is a monoid with unit. Let 7, be the map from the unit to M, given
by 1o = hon.. The map n: Act — M so obtained is an Act~.g—bimodule map. 0O

Example 1.14 This proposition implies that the category whose objects are monoids
in (TopA*"i, X) is equivalent to the category of As.o—bimodules under As considered
by Turchin. Furthermore, if we substitute Act-o—bimodule by Act—bimodule and
semicosimplicial space by cosimplicial space, Proposition 1.13 is still true. From
now on, (X;*) is a pointed topological space, and A is a subspace of X containing
the basepoint *. Let QX* and Q(X; A)* be the two cosimplicial spaces defined
respectively by

QX" =X and QX;4A)":=X"xA forneN,

and
(%, X1, ..., Xn) ifi =0,
d: QX" - QX" (xp. .. xn) S (ys e X X xn) if €{1,....n},
(X1,...,Xp, %) ifi=n+1,
di: Q(X; A" — QX A
(%,X1,...,Xn,a) ifi =0,
(X1seo oy Xpe@) > S (X1, .0, X3, Xy ooy Xp,a)  ifi€{l,...,n},
(X1,...,xn,a,a) ifi =n-+1.

The codegeneracies consist in forgetting a point, and the concatenation makes 2 X*
into a monoid with unit in (Top®m, ), and Q(X; A)* into a left QX *-module. The
left €2.X*—module map is defined by

h: QX" - QX A", (X1,....x0) > (X1...., X, %).

Proposition 1.13 states that these data are equivalent to an .Act—bimodule map. So
the pair (2X°*;Q2(X; A)®) is the prototypical example of an Act—bimodule. The
evaluation maps,

QX — Tot(QX"®), S (e st (@), @) ns
QX A)—>Tot(Q(X; A)%),  f = {nt (i s> (@), [ (1), f(D))}a,

induce homeomorphisms, due to the codegeneracies. Here Q2X and Q(X; A) are
the space of loops based on * and the space of paths with endpoint in the subspace
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A, respectively, and (z1;--- ;1) is a nondecreasing sequence; that is, #; < ;41 for
1 <i <n. As seen in the introduction, these two spaces are models for the homotopy
fiber * — X and A — X over the basepoint *, respectively.

It provides an example of an Act—bimodule map 7: Act — M such that the total-
ization of M, (resp. M,) can be described as a loop space 2X (resp. a relative
loop space Q2(X; A)) with explicit topological spaces X and A. We will prove that
we can generalize this result for any Act- ¢o—bimodule map n: Act — M using the
semitotalization. Let us notice that, in this particular case, the sequence of cosimplicial
spaces QA®* — QX* — Q(X; A)* - A — X gives rise, under totalization, to the dual
of the Barratt—Puppe sequence for the map 4 — X .

2 The free (infinitesimal) bimodule generated by
an S-sequence

In what follows, S is a set, O is an S—operad and M is an S—sequence. In order
to prove that sTot(M,) has the homotopy type of a relative loop space and to ex-
plicitly identify this space, we have to introduce a model category structure on the
categories Ibimodp and Bimodp. The easiest way is to use a transfer theorem (see eg
Theorem 3.4), which needs a left adjoint to the forgetful functor from the category of
(infinitesimal) bimodules over O to Coll(S). In both cases, the first step consists in
introducing the category of trees, which encodes the (infinitesimal) bimodule structure.
Then we label the vertices by points in M or O. Similar constructions have been
considered in [5] and, more recently, [20].

By a tree we mean a planar rooted tree with an orientation towards the root, and let ¢
be such a tree.
e The set of its vertices is denoted by V(¢) and the set of its edges by E ().

e For a vertex v, the ordered set of its input edges is denoted by in(v) and its
cardinality by [v| such that in(v) = {e;(v), ..., e[, (v)}. The output edge of v
is denoted by eg(v), and a vertex without input edge is called univalent.

e The edges connecting two vertices are called inner edges, and the set of inner
edges is denoted by E™(¢).

e Anelement e € E™(¢) is determined by a source vertex s(e) and a target vertex
t(e) induced by the orientation of the tree.

¢ An edge with no source is called a leaf, and the ordered set of leaves is denoted
by {/1,....lx}.

Algebraic € Geometric Topology, Volume 16 (2016)



Swiss-cheese action on the totalization of action-operads 1693
e The edge with no target is called the trunk, denoted by eg, and its source, the
root, is denoted by r.
¢ [Each leaf is connected to the trunk by a unique path composed of edges.

e An S-—treeis a pair (¢, /) where ¢ is a planar tree and f: E(t) — S is called
an S—labeling of t.

Iy I3 I3 Iy Is =e3(v4)

ex(r) =ep(vs)

€o

Figure 1: A planar tree: r is the root, eq is the trunk, /; is a leaf.

2A The free infinitesimal bimodule

Definition 2.1 The trees encoding the infinitesimal bimodule structure are constructed
as follows.

e The join j(vi;vy) of two vertices vy and v, is the first common vertex shared
by the two paths joining v; and v, to the root. If j(vy;v,) =r, then vy and v,
are said to be connected to the root, and if j(v;v;) € {v1; vy}, then they are
said to be connected. In Figure 1, the vertices v; and v, are connected whereas
the vertices v{ and v; are connected to the root.

e Let d: V(T) x V(T) — N be the distance defined as follows. The integer
d(vy;vy) is the number of edges connecting v; to v, if they are connected,
otherwise d(vy;v3) = d(vy;v3) + d(v3; vy) with v3 = j(vq;vy). In Figure 1,
dwy;r)=2,ds;vg) =1 and d(vy;v3) =4.

e A pearl tree (or ptree) is a pair (¢, p) where ¢ is a planar tree and p € V(¢) is
called the pearl, satisfying the property: if v € V(¢) \ {p}, then d(v; p) = 1.
An S —ptree is a pearl tree ¢ together with an S'—labeling of 7; see Figure 2.
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S10

Figure 2: An S-—ptree.

Construction 2.2 The S—sequence Ibp (M) is defined as follows:
IbO(M)(Slv LRI »Sn§sn+1)
= 11 M(f(e1(p)),-... [ (ep|(p)); [leo(p)))

e,
S [T o(eiw..... /(e f(eo(v)))} /~

veV(O\{p}

Here, ~ is the equivalence relation generated by

Let x be a point in the space Ibg(M)(sy,...,Su;Sy+1) indexed by an S—ptree
(t, f,p), and let y € O(S’l, ... ,s,’n;s,-). The right infinitesimal module structure
consists of grafting the m—corolla indexed by y to the i™ input of ¢, and contracting
the inner edge so obtained if its target does not coincide with the pearl, by using the
operadic structure of O, as in Figure 3.

st sl st $3

51 82 53 s 55 55 51 1 2 33
0 002 )
N
° o? — S5
m Y m
S4 S2 S4
Figure 3: The right infinitesimal module structure.
Similarly, let x be a point in the space Ibo(M)(s]....,s,,:s;) indexed by an S—

ptree (¢, f, p) and let y € O(sq,...,Sn;Sp+1). The left infinitesimal module structure
consists in grafting the tree ¢ to the i™ input of the n—corolla indexed by y, and
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contracting the inner edge so obtained if its source does not coincide with the pearl, by
using the operadic structure of O. These maps pass to the quotient and are continuous.

There exists a map from the S—sequence M to Ibp(M) that maps a point m €
M(S1,...,Sn; Sp+1) to the pearl n—corolla whose leaves are labeled by s1, ..., s, and
the trunk by s, 1; the pearl is indexed by m.

We denote by (¢, f, p,g) a point in Ibp(M) indexed by (¢, f, p) and labeled by
g Vit)y—-0uM.

Proposition 2.3 The functor Ibo is the left adjoint to the forgetful functor:

Ibp(—): Coll(S) %= Ibimodg :U.

Proof Given an O-infinitesimal bimodule N and a map of S -sequences i: M — N,
we prove that there exists a unique map /4: Ibo (M) — N of O-infinitesimal bimodules
such that the following diagram commutes:

M—l N

| &

Ibo(M)

Let (¢, f, p, g) be a point in Ibp (M ). The map I is defined by induction on |V (¢)|
as follows. If |V (¢)| = 1, then the pearl p is the only vertex and ¢ is a corolla. In this
case we define /1 ((z, f, p,g)) = h(g(p)). Hence the commutativity of the previous
diagram is guaranteed.

If ¢ has two vertices, then there exists a unique edge e connecting the pearl p to the
other vertex v. There are two cases to consider:

o if s(¢) = p and e is the i™ input of v, then let }7(([, fip.g)=gW)o;i h(g(p));
o if t(e) = p and e is the i™ input of p, then let E((l, f.p.2)=h(g(p) o g(v).

Assume /1 has been defined for V()| =n=>2.Let (¢, f, p,g) € Ibo(M) such that
¢t has n + 1 vertices. There exists an inner edge e connecting the pearl p to another
vertex v such that 7(e) = p. Let (¢, f/, p, g’) be the tree obtained by cutting off the
corolla corresponding to the vertex v ( ¢’ has only n vertices ). We define

Wt fop.g)=h(({t, [, p.g") o g(v).

Due to the associativity axioms of the infinitesimal bimodule structure of N, hi does
not depend on the choice of v, and / is an infinitesimal bimodule map. The uniqueness
follows from the construction. m
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2B The free bimodule

Definition 2.4 A free with section (or stree) is a pair (z, V?(¢)) where ¢ is a planar tree
and V' #(¢) is a subset of V(¢), called the set of pearls, such that each path connecting
a leaf or an univalent vertex to the trunk passes by a unique pearl, and

Jj;p)efvipt = d;p) =1

forall ve V(t)\ VP(¢) and all p € VP(t). An S—tree with section (or S—tree) is
given by a triple (z, V2(¢), f) such that (¢, f) is an S—tree and (¢, V?(¢)) is a tree
with section.

S1

Figure 4: A tree with section.

Construction 2.5 The S—sequence Bp(M) is defined as follows:
Bo(M)(s1,...,8n;Sn+1)
= J] [ M(fer@))..... f(e(©): f(eo(v)))

@, f,VP(t))eS-stree ~veVP(t)

SUi)=si,f(eo)=sn+1
< 1 0. ... flew: feaw)] / ~
veV()\VP()

with ~ the equivalence relation generated by

Let x € Bo(M)(s1, ..., Sn; Sp+1) be indexed by a tree with section (¢, f, V?(¢)), and
let y € O(s1,...,Sy;s;). The right module structure consists of grafting the m—corolla
indexed by y to the i input of ¢, and contracting the inner edge so obtained if its
target does not coincide with a pearl, by using the operadic structure of O.

Let y be apointin O(sy,...,Sy; Sy+1) andlet x; € BO(M)(s’i, .. ,s};i;si) be indexed
by (4, fi, Vl.p (z)) for 1 <i < n. The left module structure consists of grafting each
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tree #; to the i™ input of the n—corolla indexed by y, and contracting the inner edges
whose source is not a pearl by using the operadic structure of O, as in Figure 5.

S1 S2 11 12 13 14 kl kz ll 12 13 l4k1 k2

S2

Figure 5: The left module structure.

These maps pass to the quotient and are continuous. Furthermore, there exists a map
from the S—sequence M to Bo(M) which maps a point m € M(s1,...,8n; Sn+1)
to the pearl n—corolla whose leaves are labeled by sy, ..., s, and the trunk by s,41;
the pearl is indexed by m. We denote by (¢, f, VP (t), g) a point in Bo(M) indexed
by (¢, f, VP(¢)) and labeled by g: V() > O U M.

Proposition 2.6 The functor B is the left adjoint to the forgetful functor:
Bop(—): Coll(S) & Bimodyp :U.

Proof Given an O-bimodule N and h: M — N amap of S-sequences, we prove
that there exists a unique map 4: Bo(M)— N of O-bimodules such that the following

diagram commutes:

M_—" N

| &

Bo(M)

Let (¢, VP(¢), f, g) be a point in Bp(M) and let nb(¢) be the cardinality of the set
V()\V?(t). The map h is defined by induction on nb(¢). If nb(¢z) = 0, then the pearl
p is the only vertex, and ¢ is a corolla. In this case, E((l, VP(), f,2)=h(g(p)).
If nb(z) = 1, we denote by v the unique element of V(¢)\ V?(¢). There are two cases
to consider.

o If v is the source of an edge e that is connected to a pearl p, and e is the i
input of p, then

W@, VP @), f.2) = h(g(p) o' g(v).

e If v coincides with the root, then all the pearls are connected to v. Let py, ..., pk
be the set of ordered pearls. We define / by

W@, V(@) £.2) = gW)(h(g(p1). ... h(g(pi))).
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Assume / has been defined for nb(r)=n=>1.Let (¢, VP(t), f,g) € Bo(M) such that
nb(¢) = n + 1. There exists an inner edge e whose target is a pearl p;. Let v = s(e)
and let (¢, VP(¢), ', g’) be the tree obtained from (¢, VP (), f, g) by cutting off the
corolla corresponding to the vertex v. Consequently, nb(¢') = n and Ji can be defined
by induction as

(@ VP@), f.2) =h((', VP(@), [, g) o g(v).

Due to the associativity axioms of the bimodule structure of N, Ji does not depend
on the choice of v, and / is a map of O-bimodules. The uniqueness follows from
the construction. O

3 Cofibrant replacement of the operad of monoid actions in
the category of (infinitesimal) bimodules over Act.

3A Model category structure on Bimodp and Ibimodo

In this section we define a model category structure on Bimodp and Ibimodp by using
the previous adjunctions. The references used for model categories are [8; 12; 14].
These structures have been considered by many authors in the context of operads
(symmetric or nonsymmetric), algebras over an operad, or left-right modules over
operads, most of them in the uncolored case; see eg Fresse [9], Berger and Moerdijk [2]
and Harper [10]. In order to be precise, we prefer to give the details of the model
category structure in our context, and we make use of this section to state lemmas that
will be useful for the sequel.

Theorem 3.1 [14, Theorem 2.4.24] The category Top is equipped with the following
model category structure.

Weak equivalences are the continuous maps f: X — Y suchthat f': mo(X)—
7o(Y) is a bijection and f,}: 7w,(X;x) — 7, (Y; f(x)) is an isomorphism, for
all x € X and for all n > 0.

Serre fibrations are the continuous maps f: X — Y having the homotopy
lifting property, ie for every CW-complex A, a lift exists in every commutative
diagram of the following form:

Ax {0} —— X

|~

7
Ax[0,1]— Y
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Cofibrations are the continuous maps having the left lifting property with respect
to the acyclic Serre fibrations.

Moreover, this model category is cofibrantly generated. The cofibrations are generated
by the inclusions dA™ — A" for n > 0, whereas the acyclic cofibrations are generated
by the inclusions of the horns A} — A" forn >0 and n > k > 0. We call this model
category the Serre model category.

Corollary 3.2 The category Coll(S) inherits a cofibrantly generated model category
structure from the Serre model category in which a map is a cofibration, a fibration or a
weak equivalence if each of its components is.

Lemma 3.3 [12] Let A < B be a cofibration in the Serre model category. For every
space Y, the induced map Top(B;Y) — Top(A4;Y) is a fibration.

Theorem 3.4 [2, Section 2.5] Let Cy be a cofibrantly generated model category and
let I (resp. J ) be the set of generating cofibrations (resp. acyclic cofibrations). Let
L: C;y = C; :R be a pair of adjoint functors. Assume that C, has small colimits and
small limits. Define a map f in C, to be a weak equivalence (resp. a fibration) if R(f')
is a weak equivalence (resp. fibration). If we have that

(i) the functor R preserves filtered colimits,

(i) C, has a functorial fibrant replacement, and

(iii) for each fibrant object X € C, we have a functorial path object Path(X) with
X = Path(X) - X x X (a weak equivalence followed by a fibration) a
factorization of the diagonal map,

then C, is equipped with a cofibrantly generated model category (LI, LJ) with L1 =
{L(u)|uel}and LJ ={L(v)|v e J}. Furthermore, (L, R) is a Quillen pair.

Application 3.5 For the adjunction Ibp(—): Coll(S) 2 Ibimodp :U, the identity
induces a functorial fibrant replacement since all the objects of Coll(S) are fibrants.
From an O-infinitesimal bimodule M, a functorial path object Path(M) is given by
the following S —sequence:

Path(M)(s1, ..., 81 Sn+1) = Top([0, 1]; M (s1, ..., Sn; Sn+1))-

The O-infinitesimal bimodule structure and the functoriality of Path(—) are induced
by that of M. The factorization of the diagonal map is given pointwise:

Mi)Path(M)&MxM.
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The map f7 maps a point m € M(sy,...,Sn;Sp+1) to the constant path in m. Due
to the homotopy between a path / and the constant path in 4(0), the map f; is
a weak equivalence. The map f, maps a point & € Path(M)(sy, ..., Su;Sp+1) tO
the pair (4(0); A(1)) € (M x M)(sy,...,81;Sy+1). This map is a fibration since
Path(M)(sy,...,Sn; Sp+1) is a path object in the Serre model category.

Similarly, the adjunction Bp(—): Coll(S) & Bimodp :U induces a cofibrantly gener-
ated model category on Bimodp .

Definition 3.6 The O-infinitesimal bimodule M is obtained from the O —infinitesimal
bimodule N by attaching cells if M is obtained as a pushout diagram of the form

Ibo(4)~——=1bo(B)
Ibo (i)

7

N—M
with i a cofibration in Coll(S), f: A — N an S-sequence map called the attaching
map and f the O-infinitesimal bimodule map induced by f; see Proposition 2.3.

Similarly, an O-bimodule M is obtained from an O-bimodule N by attaching cells
if M is obtained as a pushout diagram of the form

Bo(A)5—— Bo(B)
o)

1

N—M

with i a cofibration in Coll(S), f: A— N an S-sequence map called the attaching
map and f the O-bimodule map induced by f'; see Proposition 2.6. In both cases,
the map N — M so defined is a cofibration.

Definition 3.7 Let A, B and C be three topological spaces and f: A — B be a
continuous map. The space of continuous maps g: C — B such that g 4 = f is
denoted by Topf((C, A), B).

Lemma 3.8 [19] Let M and N be two O —infinitesimal bimodules. If M is obtained
from N by attaching cells as in (6), then one has the homeomorphism

Ibimod?, (M, N); Y) = Coll(S)¢°/ (B, A); Y),

with f the attaching map and g: N — Y an O —infinitesimal bimodule map.
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Similarly, let M and N be two O -bimodules. If M is obtained from N by attaching
cells as in (7), then one has the homeomorphism

Bimod) (M, N); Y) = Coll(S)¥°/ (B, 4): Y),

with f the attaching map and g: N — Y an O -bimodule map.

Definition 3.9 (i) As in [19] (see also [8, Lemma 4.24]), if A and B are O-
infinitesimal bimodules (resp. O-bimodules), and A€ is a cofibrant replacement of A,
then Ibimodp(A€; B) (resp. Bimodp(A4€; B)) is independent, up to weak equiva-
lences, of the choice of a cofibrant replacement of A since every O —infinitesimal
bimodule (resp. O-bimodule) B is fibrant. This space is called the space of derived
O—infinitesimal bimodule (resp. O-bimodule) maps from A4 to B and is denoted by

Ibimod® (4; B) (resp. Bimod®(4; B)).

(i) Similarly, Berger and Moerdijk define a model category structure on the category of
S —colored operads in [2], and Operadg (A; B) denotes the space of derived S —operad
maps from A4 to B.

(ii) If C is the category Bimod 4., (resp. Operady,,..,), then for any cofibrant model
A of Actsg, the family A, gives rise to a cofibrant replacement of Ass in the
category Bimodas., (resp. Operad). As a consequence, the homotopy fiber of the
projection onto the closed part is independent (up to weak equivalences) of the choice
of a cofibrant model. By abuse of notation, we denote by

(8) pit: Bimod",_ (Actso: M) — Bimod’,__ (Asso: M),
)] pé’: Operad?o;c}(Acgo; 0)— Operadh (Assq; O.),

the projections onto the closed part whenever a cofibrant model of Act-¢ is fixed.
Furthermore, if the Act- g—bimodule M and the {o; c}—operad O are endowed with a
map from Act, then all the spaces and maps are pointed. In this case, define

Q(Bimodk,_ (Assq: Mc): Bimod,_ (Actso: M))
and
Q(Operadh (As=q; O¢); Operad?o; c}(Act>0; 0))

to be respectively the homotopy fiber of the projection p{’ and pé’. They are called
relative loop spaces.

Hence, in order to describe the spaces of derived maps and the relative loop spaces, we

need to understand specific cofibrant replacement in the different categories involved.
This is the aim of the two following subsections.
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3B Cofibrant replacement of .Act in Ibimod 4,_,

Proposition 3.10 A cofibrant replacement of the Act- o —infinitesimal bimodule Act
is the Act o —infinitesimal bimodule A given by

An;c)=A" forn>0 and A (n;0) = A""1x[0,1] forn >0,

where the structure is defined, for 1 <i <n (resp. 1 <i <n—1) in the first (resp.
second) map, by

— o't RA(mie) > A+ Lio),  (tri i) = (tee st i ty),

— ol k0.0t A (m;0) > A+ 150), (1500 sty1) X E > (t130 it styy) X1,
— " k0 K (n:0) > A(n+1;0),  (t13+itg—1) X 1> (130 ity—1: 1) X1,
*Z;COZ_IA(”I;C)_)A(”‘FRCL (t1;-+:tn) = (05215 5tn),

12,001 — A(m;c) > K@+ Lie), (13- 3tn) > (1130 1 tns 1),

*2;9 02 —! A@;0) > A +1;0), (t135tgm1) Xt > (0311500 5 tym1) X 1,
2,001 —: A\ (n;0) > A+ 10), (11 3n) > (fseity) X 1.

Here, (t1;--- ;tm) is a nondecreasing sequence; that is, t; < t;+1 for 1 <i <m.
Proof Since Act is generated as a colored operad by *5.. and *;., with the relations

(1) of Definition 1.4, the previous structure makes A into an Act-o—infinitesimal
bimodule. Let A » be the sub- Act ¢—infinitesimal bimodule of A generated by

(A (N LA (00}, with N e N,

That is, A y_;(N:c¢) is the boundary of the space A (N;c), whereas A y_1(N;0)
is composed of all the faces of dimension N — 1 in A (N;0) except AN~1 x {0}. By
convention, A _; is the infinitesimal bimodule Ib Act~o (D), and dA® = &. The space
A\ | is obtained from A _; by the attaching cells

IbAct>()(aA) — IbACf>()(A)

l |

A—l —_— Ao

with 4(0;¢) = A® and the empty set otherwise.

Let B and C be the {o;c}—sequences given by B(N;0) = AN~1 x {0}, C(N;0) =
AN=1x[0,1], C(N;c) = AN and the empty set otherwise. For N € N, the
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Ao Ao

A (1;0) A (2;0) A 3;0)

Figure 6: The structure of A.

infinitesimal bimodule A\ y is obtained from A n_; by the sequence of attaching cells:

IbAC[>() (aB) I IbACl>0 (B) Ib.ACl>() (aC) — IbACl>0 (C)
l l and l l
N1 — A A— Ay

The attaching map B — A\ y_; is the restriction to the boundary of the map
ii AN —>A(N;0), (t1;--- stn—1) > (t1;--- 5tn—1) X 0.

This step consists in adding the missing face of dimension N —1. The homeomorphisms
AN_(N;0) »> (AN x[0,1]) \ Int(AN~! x {0}) and B(N;0) - AN~1 x {0}
give rise to a homeomorphism from A(N;0) to JA (N;0) = dC(N;0), yielding the
right hand side attaching map. For N > n, A y(n;k) = A (n;k) with k € {o;c}.
Consequently, limy A y = A , and A is cofibrant. The weak equivalence between
A and Act is due to the convexity of A in each degree. |
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Remark 3.11 According to Definition 3.9, the sequence given by A(n) = A (n;¢) =
A" inherits an As- ¢—infinitesimal bimodule structure, and it is a cofibrant replacement
of As in the model category Ibimoda,_; see also [19, Proposition 3.2].

Theorem 3.12 Let M be an Act- o—infinitesimal bimodule. One has

Ibimodf’m> JAct; M) >~ Ibimod{,"S> J(As; M) >~ sTot(Mc).

Proof From Proposition 3.10 and the previous remark, a cofibrant replacement of .Act
in the model category Ibimod 4., is given by A | and a cofibrant replacement of the
associative operad As in the model category Ibimodas_, is given by A. Since M, is
an infinitesimal bimodule over As- ¢ (see Proposition 1.9), Definition 3.9 induces

Ibimod},__ (As; Mc) = Ibimodas. , (A: M)
and
Ibimod”,_ (Act; M) =~ Ibimod ..., (A ; M).

Let i be the inclusion defined by
iz Tbimodas_, (A; M,) <> Ibimod 4.;_, (A ; M),
which sends a point [ := { f.c: A" — M(n;c)}nen to the map g defined by
gniet A" —> M(n;¢), (i itn) > fse(rie-- 5tn),
Eniot A" X T = M(n;0), (15 1lnm1) X T > 2,001 fu—pse(f13e+ 1lp—1).

The space Ibimodas.,(A; M) is a deformation retract of Ibimod 4¢;. (A M) with
the homotopy

H: Tbimod 4., (A ; M) x [0, 1] — Ibimod 4, , (A ; M)
sending a point ( f x u) to the map H(f;u) given by
H(f: u)n;d A" — M(n;c), (s sty) =~ fn;c(tl§ s tn),

H(f;u),,;,,:A”_1 x I — M(m;0), (t1;-- ith—1) Xt
= fn;o((tl;"‘ stn—1) X (fu + (1 _u)))

The map H is continuous, and H(f; 1) = f. Furthermore,
H(f;0no((t1: stnm1) X 1) = frso((t15+++ 1 1g—1) x 1)
= fn;o(*z;o op (t1;--- ﬂn—l))

= *2;0 01 fn—l;c(tl; ceilp—1).
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So H(f;0) is in the image of the inclusion map 7 ; also, for all f € Ibimodas_,(A; M)
and for all u €0, 1], we have H(i(f);u) =i(f). Indeed,

(HE():1) o (1o s ta1) X 1) = i (Phmso (W12 5 ta1) X (tu + (1 = u)))
= (%230 01 Su—1;0) (113" ++ S tn—1)
=i (Nnso((t1;+++ s ta—1) X 1). 0
Corollary 3.13 Let M denote an Act-y—bimodule such that M (0;c) >~ = and let
n: Act — M be a map of Act-y—bimodules. The following weak equivalences hold:
Tbimod”,,_ (Act; M) ~ Ibimod’,_ (As; M) ~ Q Bimodk_ (As=q: Me).

Similarly, let O denote an action-operad such that O(0;c) ~ O(l;c) >~ x. The
following weak equivalences hold:

Ibimodfﬁlc,N)(Act; 0) ~ Ibimod{,"S> J(As; Oc) =~ Q2 Operad?o; c}(As>0; 0.).

Proof It is a consequence of Theorem 3.12 together with [19, Theorem 6.2] and
[19, Theorem 7.2]. O

3C Cofibrant replacement of Act.¢ in Bimod 4,_,
Proposition 3.14 A cofibrant replacement of the Act-y—bimodule Act~ is the
Act~.o—bimodule OJ defined, for n > 0, by
O(r:e) =[0:1]""" and  O(n:0) =[0: 11",
whose bimodule structure is given, for 1 <i <n (resp. | <i <n—1) in the first (resp.
second) map, by
—of *2.c:0(m;c) > 0Om+1;¢), (..o tp—1) = (1o i1, 008, o tg—1),s
—of *p..:0(m;0) = Om+1;0), (t1,....th—1) = (t1,. . ti—1,0,ti, ... ty—1),
—o"xy.0:0(m;0) > Om+1;0),  (t1,... tg—1) = (t1, ... 1y—1,0),
*2.0(—;—):O(n;c) xO(m; c) - O@m + m; c),

(1o eoitym1); (At ) > (s ety Lty L),
*2;0(—; —): 0O(n; ¢) x O(m; 0) — O(n +m; 0),
([177Zn—1);(t{?9Z;n—1)|_>(tlaatn—lvlvt{,,t;n_l)

Proof Since Act. is generated as a colored operad by *;.. and *;., with the
relations (1) of Definition 1.4, the previous structure induces an .Act-o—bimodule
structure on 1. For N > 0 let Oy be the sub-.Act-¢o—bimodule of [ generated
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by {O(n;k) |ne{l,...,N}, k € {o;c}}. In other words, the spaces Oa—;(7;¢)
and On—q(n;0) are the (N —2)—skeletons of [I(n; ¢) and O(n;0), respectively. By
convention, [y is the Act-o—bimodule B 4. ,(<). The bimodule Oy is obtained
from O by the attaching cells

BAct>() (aA) — BAct>() (A)

l |

Oy—y — On

with A4 the {o; c}—sequence defined by A(N;c) = A(N;0) =[0; 1]¥~! and the empty
set otherwise.

For N > n, On(n; k) = O(n; k) with k € {0;c}. Consequently, limy Oy = O,
and thus O is cofibrant. The weak equivalence between [ and Act~.¢ is due to the
convexity of [J in each degree. a

Remark 3.15 According to Definition 3.9, the sequence given by (. (n) = O(n; ¢)
inherits an As-¢-bimodule structure, and it is a cofibrant replacement of As-( in the
model category Bimoda,_, ; see [19, Proposition 4.1].

4 Relative delooping of sTot(M,)

Let M be an Act-o-bimodule endowed with a map n: Act — M . Since the semi-
cosimplicial space M, is not a monoid in (TopAi"-i, X) (see Proposition 1.12), M,
is not a bimodule over As- ¢, and we can not expect that its semitotalization has the
homotopy type of a loop space. However, we will use the left module structure on
M, to prove that the pair (sTot(M,); sTot(M,)) has the homotopy type of an SC{—
space. The first step consists in showing that sTot(M,) is weakly equivalent to the
homotopy fiber of the map (8) of Definition 3.9. The next definition gives a model of
this homotopy fiber using the cofibrant replacement [ of Act~g.

Definition 4.1 Let n: Act - M be an Act-¢—bimodule map, and let [ x I be the
{0; c}—sequence defined by

(@OxI)(n;c) =0(n;c)x[0,1] and (OxI)(n;0)=0(m;0)x{1} forn>D0.
A relative loop in M is an {0; c}—sequence map g from [0 x [ to M defined by

8n:e: O(n;¢) x[0,1] > M(n;¢) and  gu.o: O(n;0) x {1} > M(n;0) forn >0,
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satisfying
gnie(x of *2.051) = Gn—1:c(X:1) of *2:¢ forxeOm—1;c)and 1 <i <n—1,

8nie(¥2:c(x1 )5 1)
= %2,0(81.c(X:1); gn—t;c(y:1)) forx € O(/;c)and y € O(n—1;c),

gnio(x of *2.011) = gn—1:0(x; 1) of *2.0 forxeOm—1;0)and 1 <i <n-2,
gnio(X o1 *2:05 1) = gn—l;o(x§ l)on_l %20 forxe O —1;0),

&no(*¥2;0(x5 )5 1)
= *2:0(g1;c (X1 1): gn—t;0(y: 1)) forx € d(/;c) and y € O(n—1;0),

with the boundary conditions gp.c(x;0) = () for x € O(n; ¢). This model for the
space of relative loops is denoted by Q2(Bimodas.,(H¢: Mc); Bimod 4., (O; M)).
Theorem 4.2 If M is an Act-o—bimodule endowed with a map of Act-.o—bimodules

n: Act — M, then
sTot(M,) ~ Q(Bimod4,__ (Asso; Mc): Bimod”,,_ (Actso: M)).
Proof It is a consequence of Proposition 4.4 and Proposition 4.5. a
Notation 4.3 Let M be an Act-¢—bimodule endowed with a map n: Act — M . The
{o;c}—sequence M * given by
M*(n;c) = n(*pe) forn>0, M%*(n;0) = M(n;o) forn>0,
and the empty set otherwise, inherits from M an Act-.o—bimodule structure with a
map 1: Act > M*.
Proposition 4.4 We have the following weak equivalence:
sTot(M,) ~ Bimodﬁtc,>0 (Actsg; M™).
Proof As seen in the first section, sTot(M,) ~ Ibimodﬁs> o (As; M) using the struc-
ture (2). The first step of the proof consists in building an alternative cofibrant replace-
ment [ of As in the category of infinitesimal bimodules over As-¢ such that there

exists amap &: Bimod 4., (O0; M *) — Ibimodas_, (3; M,). Let us recall that a point
g € Bimod 4., (OJ; M*) is described by

Znic:Om;¢) > M*(n;¢), x> n(kpe) forn>0,
gnio-0(n;0) = M*(n;0) for n > 0,
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satisfying
gnio(x of *2:¢) = gn—1;0(X) of *2:c forxeOm—1;0)andi #n—1,
Enso(X o ! *2:0) = &n—1;0(X) o ! *2;0 forx e O(n—1;0),

gn;a(*z;o(X; ) = *Z;O(gl;c(x); gn—l;o()’))
— 0 (10120 ): Ent0(¥) for x € O(J; ) and y € O(n —1: 0).
Define ~ to be the equivalence relation on [0, 1]” generated by
(.o ty) ~(t],.... 1) < thereexistsi €{l,...,n}
such that

ti=ti=1 and ¢ =t; forj>i.

We denote by O the sequence {C1(n) = [0, 1]/ ~tn>0-
The map g induces a sequence map g := {&,11: L(n) = M*(n + 1;0) = M }p>o0.

Indeed, if (¢1.....t;) ~(t].....t;), then there exists i such that #; =¢/ =1 and #; = t]f
for j >i. So the following equalities hold:

Sntt0(is - tn) = gnytzo(tt, oo limt, Liligr, oo In)
= Znt1:0(¥2:0 (1. 1im1); (i1 .. 1n)))
= *2;0(&isc(t1, -+ -, ti—1): En—izo(lit1, -, In))
= gn—l—l;o(ti’ s tr/;)

This equivalence relation is the usual way to describe a simplex as a quotient of the
cube. So there exists an homeomorphism between ﬁ(n) and A”. For this work we will
just prove that (7 is a cofibrant replacement of As as an As- g—infinitesimal bimodule.
The infinitesimal bimodule structure is given, for 1 <i <n, by

(i) —ol s On)—>0Om~+1), (ty,...ita)> (1o tim1, 0.ty 1),
() #p0;— 0Om)—OMm+1), (t1,....ta) > (t1,....1,0),
(i) #p0,— Om) = Om+1), (@1, ....tn) > (L,11,....10).

This structure satisfies the infinitesimal bimodule axioms over Assg, and it makes g
into an As- —infinitesimal bimodule map. Furthermore, [ is a cofibrant replacement
of the As- o—infinitesimal bimodule As, as we will now show.

Cofibrant Let (I, be the sub- As>0—1nﬁn1t651mal bimodule of (] generated by
{00(i) | 0 <i <n} for n € N. By convention, (1_ 1 is the As>0—1nﬁn1t651mal bimodule
Ibas. o (@). Let us notice that the boundary of (I(n) is determined by CI(n — 1) and
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its infinitesimal bimodule structure. Indeed, the map [0, 1]* — O(n) preserves the
boundary, and by definition, a point in [0, 1] has one of the following forms:

(ll,...,l[_l,o,f]+1,...,fn) or (Z],...,tl_l,1,[[+1,...,tn).

In the first case, the class of such a point lies in ﬁn_l by the axioms (i) and (ii). In the
second case, we have the following identification:

t,...,t1—1,1,t )] =1a, 00,1t PR 4
[t -1, L1141 n)] = [( I+1 n)]
/
:*202[(1,...,1,[[+1,...,ln)].
——
I—1

Consequently, (1, is obtained from (1,_; by the pushout diagram

Ibas. o (04) —— Ibas_,(A)

(10) dl |

ﬁn—l S — ﬁn
where A is the sequence given by A(n) = [0, 1]* and the empty set otherwise. The
attaching map is the restriction of the quotient map ¢: [0,1]* — [0,1]*/ ~ to the
boundary. Moreover, if n > i, then Dn(z) = (i), and the map 94 — A4 is a
cofibration. So lim, (J, = El and thus [ is cofibrant.

This construction implies that O(m) isa CW-complex. We recall that if 4(n) =10, 1]"
and the empty set otherwise, then the points in Ibas_,(A)(m) are the pairs (¢; x) with
x € A(n) and ¢ a {c}-tree satisfying the following conditions:

t has m leaves,
11 forallve V(t) \ {p}, we have |v| > 1, and

|pl =n.

We denote by trj;, the number of {c}—trees satisfying the conditions in (11). The space
Clo(m) is the disjoint union of tr9, points, that is, a CW—complex Assume O l(m) is
a CW-complex for all m > 0. For m <n—1, we have that O (m) =0,_;(m)=0(m)
is a CW-complex. The pushout (10) implies that up (n) = O(n) is a CW-complex.
Finally, for m > n, the space [1,(m) is obtained from the CW-complex [1,_; (m) by
attaching tr,, cells of dimension n according to the infinitesimal bimodule structure
over As-q, and is thus a CW-complex.

Contractible The map ¢: [0, 1]* — C(n) is a continuous map between compact
CW-complexes. Since the fiber of ¢ over a point (¢1,...,%—1, 1, ti41,...,1;), with
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tj # 1 for j > i, is homeomorphic to the contractible space [0, 1=, the map ¢ is a
weak equivalence [18, Main Theorem]. Hence [I(n) is contractible.

Since (1 is a cofibrant replacement of As as an infinitesimal bimodule over Assg, the
semitotalization sTot(M,) is weakly equivalent to Ibimodas_,(0; M,), and we have
a map

£: Bimod ¢, (00; M*) — Tbimodas_, (0; M,), g+ &.

In order to prove that £ is a weak equivalence, we will introduce two towers of fibrations.
For k > 0, define A; and By to be the subspaces

k+1 k+1
A € [ Top(Q(iz 0): M*(iz.0)) x [ | Top(D(i:0): M*(i:0))

i=1 i=1

reduced to a point

and
k .
Bi < [ [ Top(@0i): M;).
i=0

with Ay satisfying the Act-o—bimodule relations and By the Assg—infinitesimal bi-
module relations. In other words, Ay and By are the spaces Bimod acr o (Og41; M™)
and IbimodAS>0(ﬁk; M,), respectively, where Oy is the sub-Actso—bimodule
introduced in the proof of Proposition 3.14. The projection

k+1 k
[ ] Top(@G): M5) — [ | Top@0): M)
i=1 i=1
induces a map Bj41 — By . From Lemma 3.3, the following map is a fibration:
Top(8(k 4 1); M¥+1) - Top(d8(k + 1); MFT1).

The space By is obtained from By by the following pullback diagram:

Biey1 — Top(O(k + 1); METT)

| l

By, — Top(30(k + 1); MF+1)

Since the fibrations are preserved by pullbacks, By — By is a fibration. Similarly,
the next pullback square makes the map Ax; — Ay induced by the projection into
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a fibration:

Apr1 —— Top(O(k + 2;¢); M*(k 4+ 2;¢)) x Top(d(k + 2;0); M*(k + 2;0))

| l

A — Top(00(k + 2;¢); M*(k + 2;¢)) x Top(dO(k + 2;0); M*(k + 2;0))
So we consider the two towers of fibrations
Ag«— A1 «— - «— A «— Apq <— <,

By<«— By <«— - <«— By <«— Bpj1 <— - <—

such that
Aoo = limy Ay >~ holimy A ~ Bimod a._,(O; M™),

Boo = limy, By ~ holimy, By, ~ Ibimodas_, (C1; My).

By restriction, the map & induces a map between the two towers

Ao A, Ay Apg1
léo l%’l lEk l$k+1
By B, By Biig— -

with & = limy, & = holimy, &, . Consequently, £ is a weak equivalence if each & is a
weak equivalence. We will prove this result by induction on k.

First, note that & and &; coincide with the identity. They are weak equivalences. Now
assume that & _; is a weak equivalence. We consider the following diagram, where g
is a point in Ay_, Fy is the fiber over g and Fp the fiber over &;_1(g):

Ak_1<—Ak<—FA

e | |&

Bk—l (—Bk<—FB

Since the two left horizontal arrows are fibrations, the map & is a weak equivalence if
the induced map £, is a weak equivalence.

The fiber F4 is homeomorphic to the space Top&k+1:0 (([O, 17%: 9[0, l]k); M(k+1; 0))
by Lemma 3.8. Similarly, (g is obtained from Clj_; by the pushout diagram (10).
So the fiber Fp is homeomorphic to Top®—1&%°4(([0, 11¥; 3[0, 1]¥); M (k + 1;0)),
and we have the following commutative square:

F 4 —— Top&k+tio(([0, 1155 9[0, 11¥); M (k + 1;0))

y

Fp — Topsk-1@®k°4(([0, 1]%; 9[0, 11¥); M (k + 1;0))

id
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Consequently, & is a weak equivalence. |

Proposition 4.5 The space Q(Bimodﬁsw (As=o; M¢); Bimod’}m> o (Actso; M)) is
weakly equivalent to the space BimodZCBO (Actsq; M™).

Proof In this proof, [ will serve as a cofibrant model of the Act- ¢o—bimodule Act~g.
Through the following inclusion, we can consider Bimod 4., ,(CJ; M *) as a subspace
of Q(Bimodas. ,(H¢; Me); Bimod 4o (O; M)):

i: Bimod 4¢. o (O; M*) — Q(Bimodas.,(O¢; Mc); Bimod 4., (O; M)),
{§n;c: O(n; ) x [0, 1] = M (n;¢); (x;1) = n(*nsc),
Zn:o: O 0) x {1} — M(n;0); (x;1) > gnio(x).

In order to show that i is a weak equivalence, we introduce two towers of fibrations.
One of them is the tower Ay of Proposition 4.4. The second one is defined by

k+1 k+1
C € [ Top@(i:c) x [0. 1]: M(iz)) x [ | Top(Q(i: 0): M iz 0)).
i=1 i=1
satisfying the relations of Definition 4.1. The map Ciy; — Ci induced by the
projection is a fibration due to Lemma 3.3 and the following pullback diagram:

Top(I:I(k +2;¢) x[0,1]; M (k + 2; c)) X
Top(O(k + 2;0); M (k + 2;0))

|

Top(9'(O(k + 2;¢) x[0,1]); M (k + 2;¢)) x
Top(d0I(k + 2;0); M (k + 2;0))

Coer1 —

Ck—>

Here,
' (O(k +2;¢)x[0,1]) = Ok +2;¢) x {0} UdO(k + 2;¢) x [0, 1].

The restriction of the inclusion i induces a map between the two towers:

Ao Ay Ak A+1
lio ll& lik lik+l
Co C Crk Cr+1
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We will prove that i is a weak equivalence by induction on k. If £ = 0, a point in C
is a pair (g1.¢: £1:0), and the points in the image of i( are the pairs satisfying

gi:c: O(L;0) x[0,1] = M(1;¢),  (%8) = n(*1:c).

Since g1.c(*;0) = n(*1;c) for any pair in Cy, the inclusion iy induces the following
deformation retract:

H(J’)l;c(*? 1) = gl;c(*; t(1—-1)),
H(y)1;00(65 1) = g150(: 1).

From now on, we assume that i;_; is a weak equivalence for k > 1. We consider the
following diagram, where g is a point in Ax_;, F4 is the fiber over g and F¢ the
fiber over i;_1(g):

H: Cox[0,1]=Cy, y=((g1:c:&81:0): 1) > {

Ak—l — Ak — FA
lik—l lik lig
Ck_1 — Ck — FC

Since the two left horizontal arrows are fibrations, the map iy is a weak equivalence if
the induced map ig is a weak equivalence.

A point in Fc is defined by a pair (gx+1:c: Sk+1:0) satisfying the relations seen in
Definition 4.1. Since gg 1. is in the fiber over ix_;(g), the map sends all the faces of
Ok +1;¢) x [0, 1] to n(kk41:c), except for the face CI(k + 1;¢) x {1}. Furthermore,
they are no interaction between g1 1. and gx41.0-

On the other hand, the points in the image of ig coincide with the pair (gx+1:¢: &k+1:0)
such that

Gk+1;e: Ok +1:¢) x [0, 1] > M(k + 1ic). (x:1) = NCkggse)-

In order to prove that iy induces a deformation retract, we introduce the homotopy
(also described in [11, Proposition 0.16])

H: (O(k +1;¢) x [0, 1])x[0,1]—>|:|(k+1;c)x[0, 1]

illustrated by the following picture:
H( ;0) H( ;1) H( ;1)

— )

[0; 1]

O(k+1;¢)
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In other words, the points in the image of iy coincide with the pairs such that
Cht1:0(x31) = gkg1:c(H((x:0); 1)) forx € O(k + 1:¢) and 7 €[0, 1].
Finally, the deformation retract H,: F¢ x [0, 1] — F¢ is given by

V= ((&k+1:¢> &k+1:0):11)
{Hz(y)k+1;c(x§ 1) = gr+1:c(H((x:2);11)) forxe O(k 4 1;¢) and £€[0, 1],
Hy(V)k+1:0(x:1) = grg1:0(x: 1) for xe O(k + 1;0).

Thus, the space Q(Bimodas.,(O¢; M, ); Bimod 4., (0; M)) is weakly equivalent to
Bimod 4¢r o, (O; M *). ]

5 Double relative delooping: a particular case

First of all we recall that, for any pointed continuous map f: A — X, the homotopy
fiber hofib( /') and the loop space 2 X based at * are weakly equivalent to the pullback
diagrams (I) and (II):

Top([0, 1]; X) Top([0, 1]; X)
(evo;ev1)l 1)) (evo;evl)l (1)
*XAd—f>XxX * Xk — X x X
1d X

By the double relative loop space 2%(X; A), we mean the loop space of the homotopy
fiber hofib( /). Since finite colimits commute, the double loop space can also be
defined by the homotopy fiber of the continuous map Q2 f .

From now on, let O be a multiplicative operad; that is, there exists an operad map
a: As— O. Let B be an O-bimodule equipped with an O-bimodule map 8: O — B.
If we assume that B(0) >~ %, we know from [19, Theorem 6.2] and the As-o—
bimodule map B o«a: As — B that sTot(B) is weakly equivalent to the loop space
Q Bimod’/_’\s> ,(As>o; B). Since B is not an operad, we can not expect that its semito-
talization has the homotopy type of a double loop space. However, we will prove that
Bimodﬁs> o (As=o: B) has the homotopy type of a relative loop space by building an
{0; c}—operad X from the pair (O; B) as follows:

(12) X(n;c)=0m) forn>0, X(m;0)=Bmn-1) forn>0,
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and the empty set otherwise. The operadic structure is defined by
oj: X(m;e) x X(m;e) > X(n+m—1;¢), (x;y)>x0;Y,
oii X(m0)x X(m;¢) > X(n+m—1;0), (x;y)>x0y,
op: X(m;0) x X(m;0) > X(n+m—1;0), (x;p)—a(x)(x;p),
using the operadic structure of O, the right O-bimodule structure of B, and the left

O-bimodule structure of B, respectively. The operadic axioms are satisfied except the
unit axiom. This axiom holds under the assumption

(13)  a(x2)(Boa(xo):x) =a(xy)(x:Boa(xg)) =x forx e X(m;o).
Under this assumption, X is an action-operad with

NCkize) = a(*;),

: Act — X,
" N(kizo) = Boa(ki_1).

Theorem 5.1 Under assumption (13), BirnodfiS> o (As>o: B) is weakly equivalent to
the relative loop space Q(Operadh (As=g; O); Operad?O; C}(Act>0; X)).

Proof It is a consequence of Propositions 5.5 and 5.6. |

Definition 5.2 In order to describe the homotopy fiber the map (9) of Definition 3.9,
we need a cofibrant replacement of Act~( as a colored operad. Since .Act-. ¢ is cofibrant
as an {o; c}—sequence, we know from [3] that the Boardman—Vogt resolution of Act~,
denoted by BV (Actsq) or just WA in our case, is the object we are looking for. We
recall the construction here.

o Let tree), be the subset of {o;c}—trees consisting of trees (¢, /) with n leaves,
where f is an {o;c}-labeling of ¢ with the trunk labeled by o and satisfying, for all
veV(),

fleo(w)=c = fl(ei(v))=cforallie{l,...,|v|}

fleo(w)) =0 = |v|>0, f(ep(v)) =0and f(e;(v))=cfori €{l,...,|v|-1}.

e The operad WA is the {0; c}-sequence given by

WA(n; c) =
[T TT Act=o(f(er)..... flep@): fleo@p) x [T 10,11/ ~.
te{c}—tree veV(¥) ec Eint(¢t)
WA(n;0) :=
LI T Actmo(fer).... flep: fleo@n) x T 1011/ ~.
tetreed, veV(¢) ec Eint(¢t)
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and the empty set otherwise. The equivalence relation ~ is generated by contracting
the inner edges indexed by 0, using the operadic structure of Act-( and the following

relation:
151 141
141 15}

A point in WA(n; 0) will be denoted by [T; {t.}], where T is an element in tree{, such
that each vertex has at least two inputs and 7, € [0, 1] for each inner edge e € E"(T).
Similarly, a point in WA(n; ¢) is denoted by [T; {#.}] with T an element in {c}—tree.
We will use the notation v; < v, if v; and v, are two distinct, connected vertices such
that d(vy;r) <d(vy;r).

The operadic composition o; of two points [T'; {#.}] and [T"; {¢,}] consists of grafting
the tree 7’ to the i leaf of 7" and labeling the new inner edge by 1.

e It is well known that the operad O := {O(n) = WA(n;c)}y>0 is a cofibrant
replacement of As-¢ as an operad. It is usually called the Stasheff operad.

max(t; 1)

The operad WA has been introduced in [13] so as to recognize Asc—spaces and Aso—
maps. The next definition is a description, using the cofibrant replacement WA, of the
relative loop space Q(Operadh (As~o; 0); Operad?o; c}(Act>0; X)).

Definition 5.3 Define €2(Operad(O; X,); Operady,..; (WA; X)) as the space of maps
given, for n > 0, by
8nic: WA(; ¢) x[0,1] = X(n;c) and  gpn:o: WAm;0) x {1} — X(n;0),
satisfying the relations
gnse(x 0i pit) = gry1;c(Xi1) 0 gutc(¥:1)
forx e WA(l + 1;¢),y e WA(m—1l;c) andi € {1,...,] + 1},

gmo(Xx 0i yi1) = gi41;0(x5 1) 0 gnp;e(¥: 1)
forx e WA(l 4+ 1;0),y e WA(n—1I;c)and i € {1,...,1},

gno(X o1 y: 1) = gri10(xs 1) 011 gnio(y: 1)
for x e WA(l 4+ 1;0) and y €e WA —[; 0),

and the boundary condition gy.c(x;0) = n(¥p;c) for x € WA(n;c).

Notation 5.4 Let o: As-g — O be a map of operads, f: O — B be a map of
O-bimodules and 7n: Act=g — X the corresponding map of {0; c}—operads. The
{o; c}—sequence X* given by

X*(n;¢) = n(kne) forn>0, X*(n;0)=B(n—1) forn>0,
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and the empty set otherwise, inherits from X an {0; c}—operadic structure endowed
with a map n: Act=g — X™.

Proposition 5.5 Under assumption (13), the space Bimod{,"S> o (As=o: B) is weakly
equivalent to Operad?o. oy (Act>0; X7).

Proof By assumption, B is an As.¢—bimodule. The first step of the proof consists
of building a cofibrant replacement O of Assg as an Assq—bimodule such that there
exists a map &: Operady,..;(WA; X*) — BimodAS>0(6; B). Let us recall that a point
g € Operad(WA; X™*) is described by

Znic: WA; ¢) > X*(n;¢), x> n(kne) forn >0,

Zn:o: WA(n; 0) > X*(n;0) forn > 0,

satisfying, notably for x € WA(/ + 1;0), y e WA(m—1[;c) and 1 <i <1, the relation
(14) Zn;0(X 0 ¥) = €14+1;0(X) 0 Eu—1;¢(¥) = &i+1;0(X) 0i N(xp—p5c)-
Define & to be the equivalence relation on WA(n; 0) generated by

te=1, Yee E™(T) with f(e) =0, and

T:{t M ~[T:{l )
KR {e}]<:>{te:le if dey <esuchthatt,, =/, =1and f(e;) =c.

We will denote by ¢ the sequence {O (1) = WA(n + 1;0)/ ~}n>0. By convention,
O (0) is the empty set.

Due to relation (14), the map g induces a sequence map g :={Zn: O (1) = B(1)}n>0.

Let us prove that O is a cofibrant replacement of As-¢ as an Asso—bimodule. The
bimodule structure is given, for 1 <i <n, by

(i) —olxy: Q)= O(m+1), [T:{te}] [T:{te}]oi 82ec

(i) *2(——): O)xO(m)— O(m+m), ([T1:{te}]: [Ta; {le}))
> [T {te} on1 [T2: (e},

where 6y;c is the n—corolla in {c}—trees and §,;, is the n—corolla in tree). This

structure satisfies the bimodule axioms over As-g, and it makes f into an Asso—
bimodule map. Furthermore b is a cofibrant replacement.

Cofibrant Let ?n be the As.o—bimodule generated by {5(1’)}?:1 for n > 0.
By convention, O is the Asso—bimodule Ba,_,(2). Let us notice that the map
WA+ 1;0) —> 6(11) preserves the boundary, and a point in dIWA(n + 1;0), by
definition, has the form [T'; {¢,}] such that there exists e; € E™™(T') with #,, = 1 and
either f(e1) = o or f(e1) =c. If f(e1) = o, then [T';{t.}] has a decomposition
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[Th; {te1 oy [T2: {tez}]. The image lies in Ont by axiom (ii). If f(e;) = c, then
[T'; {t}] has a similar decomposition [T7; {z}}]o; [T5; {t2}] with i < |Ty| and |T5| > 1,
and we have the identification

[T {te )= [(T1; {2 ) oi (Ta; 2 D= [(T1; {2 3)0i 811y e ) = (T 422 1) 038 1y —1:¢]0" %2

Hence [T;{t.}] lies in O,_;. Consequently, O, is obtained from O,_; by the
pushout diagram

Bas.o(04) —— Bas.(4)

(1) 7 |

6n—l———————*an

where A is the sequence given by A(n) = WA(n + 1;0) and the empty set otherwise.
The attaching map is the restriction of the quotient map ¢: WA + 1;0) — O(n)
to the boundary. Furthermore, if i > n, then O,(n) O (n), and the map 94 — A
is a cofibration. So lim; oF i = O and thus O is cofibrant. Like in the proof of
Proposition 4.4, these sequences of pushout diagram imply that, for each n, the space
O (n) is a CW-complex.

Contractible The map ¢: WA(n + 1;0) — O (n) is a continuous map between com-
pact CW-complexes. Since the fiber of ¢ over a point is homeomorphic to a product of
polytopes that is contractible, the map ¢ is a weak equivalence; see [18, Main Theorem].
Hence O (n) is contractible for n > 0.

Since O is a cofibrant replacement of As.( as a bimodule over itself, the space
B1modAs>0 (As=; B) is weakly equivalent to B1modAs>0(O B), and the assignment
£(g) = g defines a map

&: Operady,..;(WA; X*) — Bimodas. o (O: B). g+ Z.

In order to prove that ¢ is a weak equivalence, we introduce two towers of fibrations.
Define 4) and B to be the subspaces

k+1 k+1

Al € [ ] Top(WAG: ¢): X*(i:¢)) x [ | Top(WA(:0): X*(i: 0))
i=1 i=1

reduced to a point

and

k
B; C [ [ Top(&(1): B()),

i=1
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with A;{ satisfying the operadic relations and B,’c the As-o—bimodule relations for
k>0.In otheir words, A;( and B,’c are respectively the space Operad( WAy +1; X™*) and
Bimodas.,(O: B), where WA 44 is the suboperad of WWA generated by {WA(i;¢) |
1 <i<k+41}and {WA@G;0) |1 =i <k + 1}. Since WA(1;¢) and WA(1;0) are
reduced to the unit, the factors Top(WA(1; ¢); X *(1; ¢)) and Top(WA(1:0); X *(1;0))
are one point spaces and can be ignored. So we consider the two towers

/ - .

/ / /
Al «— Ay« — A «— 4} S

/ / / /
By <— By <— - <— B} «— B} <

such that
A = h/?l A) =~ hollcirn A ~ Operady,, ., (WA; X%,

Bl = lim B} ~ holim B}, ~ Bimodas_,(O; B).

By restriction, the map & induces a map between the two towers

4 A, A Ay
lél léz l&c lék-ﬁ-l
B B, By Bl

with & = limy & = holimy, &, . We will prove that £ is a weak equivalence if each &
is a weak equivalence by induction on k. First, note that £&; coincides with the identity.
It is a weak equivalence. Next, assume that £, _; is a weak equivalence. We consider
the following diagram, where g is a point in A;c_l , Fq is the fiber over g and Fp/
the fiber over &,_1(g):

/ /
A A —— Fy

e o e

Bllc—l — Bl/{ — FB/

Since the two left horizontal arrows are fibrations, the map & is a weak equivalence if
the induced map &, is a weak equivalence.

From Lemma 3.8, the space Top®<+to((WA(k + 1;0); IWA(k + 1;0)); B(k)) is

homeomorphic to the fiber F4 . Similarly, Oy is obtained from Oj_; by the pushout
diagram (15). So the space Topék—1(&k°q((WA(k + 1;0); IWA(k + 1;0)); B(k)) is

Algebraic € Geometric Topology, Volume 16 (2016)



1720 Julien Ducoulombier

homeomorphic to the fiber Fp’, and we have the following commutative square:

F4r —— Top8k+to (WA(K + 15 0); OWA(k + 1;0)); B(k))

J

Fgp —— Topék—l(g)’”q((WA(k + 1;0); OWA(k + 1:0)); B(k))

id

Consequently, & is a weak equivalence. a

Proposition 5.6 Under assumption (13), the space Operad?o;c}(Act>o; X*) is weakly
equivalent to the relative loop space Q(Operadh (As=q; X¢); Operad?o. C}(Act>o; X)).

Proof Using the following inclusion, we can consider Operady,..;(WA; X*) as a
subspace of 2(Operad(O; X.); Operadg,.., VWA; X)).

i: Operady,. .y (WA; X™*) — Q(Operad(O; X,); Operady,. .1 (WA; X))
{En;cz WA(n; ¢)x[0, 1] = X(n;¢), (x;t) = n(n:c)
Zniot WAm; 0)x{1} > X(n;0),  (x;1) > guio(x)
In order to show that i is a weak equivalence, we introduce two towers of fibrations.
One of them is the tower A;c of Proposition 5.5. The second one is defined by

k+1 k+1
C;, C 1_[ Top(WA(i;c) x[0,1]; X(i;¢)) x l_[ Top(WA(i;0); X(i;0)),
i=1 i=1
satisfying the relations of Definition 5.3. Since WA(1;¢) and WA(1; 0) are reduced to
the unit, the factors Top(WA(1;¢) x [0, 1]; X(1;¢)) and TopOVA(1;0); X(1;0)) are
the one point space and can be ignored. The restriction to the space A;€ of the inclusion
i induces a map between the two towers as follows:

Ay 45 Al Al
J/il liz Jik JikJrl
o o Cr o

Since the space €2(Operad(O; X.); Operady,...(WWA; X)) is weakly equivalent to the
limit of C,;, the map i is a weak equivalence if each i is a weak equivalence. We
will prove this result by induction on k.

If kK =1, apoint in Cl’ is a pair (g2.¢; £2:0), Whereas the points in the image of 7;
coincide with the pairs satisfying

820t WAR2;¢) x[0,1] = X (2:¢),  (x51) = n(*2c).
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Since g2;¢(x:0) = n(*1;) for any pair in C{, the inclusion i; induces the following
deformation retract:

H(y)2;c(82;c§l) = g2;c(52;c§l(1_t1))’

H: Cx[0,1]=>C!, y=((g2:c:g2:0):t )H{
1 25 250 1 H(y)2;0(52;0; 1) = g2;0(52;0;1)'

From now on we assume that i;_; is a weak equivalence for k£ > 2. We consider the
following diagram, where g is a point in A;{_l, F 4 the fiber over g and Fc/ the
fiber over i;_1(g):

/ /
Al e A+ Fy

kT

Coy ¢ Cp+—— Fcr

Since the two left horizontal arrows are fibrations, the map iy is a weak equivalence if
the induced map i is a weak equivalence.

A point in the fiber Fc¢- is defined by a pair (gx41:c: Sk+1:0) satisfying the relations
of Definition 5.3. Since the pair is in the fiber over ix_;(g), the map g 1., sends all
the faces of WA(k +1;¢) %[0, 1] to n(*x41.c), except for the face WA(k +1;¢) x {1}.

On the other hand, the points in the image of iy coincide with the pairs (gx+1:¢: &k+1:0)
such that

Sht1;e: WAk +1;0) x[0, 1] = X(k +1;0),  (x50) = n(¥k4150)-

In order to prove that i, induces a deformation retract, we consider a lift A’ in the
following diagram:

I(WA(k + 1;¢) x[0, 1]) x [0, 1]

U (WA(k + 1;¢) x [0, 1]) x {0} —>/VY«‘L(/€ +1;¢) x[0,1]

(WA(k +1: ¢) x[0,1]) x [0, 1]
Here, the horizontal arrow is the inclusion on the factor (WA(k +1; ¢) %[0, 1]) x{0} and

sends a point ((x;21);22) € IWA(k+1;¢)x][0, 1]) x[0, 1] to (x; (1 —22)21). Such alift
exists since the vertical arrow is an acyclic cofibration and the space WA(k +1; ¢) x[0, 1]

Algebraic € Geometric Topology, Volume 16 (2016)



1722 Julien Ducoulombier

is fibrant. The homotopy H’ is illustrated by the following picture:

H'( ;0) H'( ;1) H'(:1)
S -— -
:_ - D S
3 -— > - >
< - D S
<
[0, 1]

In other words, the points in the image of iz coincide with the pairs such that
Ght1:0(x3 1) = g1, (H'((x50)5 1) = n(pt13)
for x e WA(k + 1;¢) and ¢ € [0, 1]. Finally, the deformation retract
Hy: Fcr x[0,1]— F¢r

sends a point y = ((Sk+1;c: §k+1;0):11) tO

{Hz(y)k+1;c(x; 1) = gr+1:c(H'((x52);11))  for x € WA(k;c) and ¢ €0, 1],
Hy(Pk+1;0(x: 1) = ghy1;0(x5 1) for x € WA(k + 1: 0).

Consequently, we have that €2(Operad(©; X¢); Operady,..; (WA; X)) is weakly equiv-
alent to Operad,..;(WA; X™). O

Corollary 5.7 Let a: As — O be a map of operads and B: O — B be a map of
O -bimodules. Under assumption (13), if B(0) >~ x and O(0) >~ O(1) ~ %, then the
pair (sTot(O); sTot(B)) is weakly equivalent to the SC, —space

(822 Operad”(As=; 0); 22 (Operadh (Asso; X¢); Operad?o;c}(Acgo; X))).

where X is the operad given by relations (12).

6 Double relative delooping: general case

In this section, O is an {0; c}—operad endowed with a map of operads n: Act - O
that makes O into an Act~¢—bimodule under Act. We denote by (O,; O,) the pair
of semicosimplicial spaces associated to O; see Proposition 1.13. In Section 4, we
proved that the pair (sTot(O.); sTot(O,)) is weakly equivalent to

(@ BimodA,_ (As=o: Oc); Q(Bimod!_ (Asso: Oc): Bimod”,,_ (Acto; 0))),
under the assumption O(0;c¢) >~ *.

If we assume that O(1;¢c) =~ %, then BimodﬁS>O (Assg; O,) ~ Q Operadh (Assq; O.).
Similarly, Marcy D Robertson shows in [16] that the derived space of bimodule maps

Algebraic € Geometric Topology, Volume 16 (2016)



Swiss-cheese action on the totalization of action-operads 1723

is weakly equivalent to the loop space of the derived space of operadic maps. More
precisely, in our context, we have the following proposition.

Proposition 6.1 Let O be an action-operad with O(1;c) >~ O(1;0) ~ *. The space
Bimod’}mw (Actsq; O) is weakly equivalent to 2 Operad?o; C}(Act>0; 0).

Sketch of proof The proof is the same as in [19, Theorem 7.2]. According to the
notation of Turchin, BO is a cofibrant replacement of As. in the model category
Bimodas. , such that there exists a map

&2 Q Operad(O; Oc) — Bimodas_,(BO; O¢),  f+— Scf.

Using towers of fibrations as we do in Sections 4 and 5, Turchin proves that &, is
a weak equivalence. The construction of the map &, is obtained from a polytope
subdivision BO (n) = {BO(T)}7 indexed by {c}-trees with n leaves. More precisely,
for any {c}-tree T with n leaves, the space BO (T) is the product of the following
two spaces:

roM= T o@v).

veV(T)
xa(T) = {{to}ver(ry | v €10, 1] and 1y, <1y, if vy < v} [0, 1]V,

A point in BO(T) is denoted by {xy;t,} with {x,} € A~n(T) and {t,} € xa(T).
For any f € Q Operad(O; O,), the map Scf is defined on each polytope BO(T') by
induction on the number of vertices of T using the operadic structure of O,:

£1..: BO(T) — O(n:c)
uito} > fir (s ) (6, (s, B (),

with 7 the subtree of 7" whose trunk coincides with the i input edge of the root
of T.

In our case, a cofibrant replacement of Act~ ¢ in the model category Bimod 4¢s. , is
the {o; c}—sequence

BO (p:c3(n:¢) = BO o3 (n;0) = BO(n)  forn >0,
and the empty set otherwise, with the obvious .Act- g—bimodule structure. The space

BO {y:c}(n: 0) has a polytope subdivision {BO (,..1(T')}r indexed by tree;,. The space
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BO (o:¢3(T) is the product of the following two spaces:
ho(M) = [T WA@: fleo(w)).
veV(T)
xa(T) = {tv}ver(r) | tv €10, 1] and 1y, <1y, if v1 <v2} C[0,1

A point in BO.;(T) is denoted by {xy:#y}. For any f € Q Operad(WA; O), the
map £/ is defined by Er{ . as before, and é}{ , by induction on the number of vertices
of T using the operadic structure of O:

]\V(T)I‘

S%;o: BQp:c3(T) — O(n;0)
0 to} > SirioCors ) (651D, B (5 2Y),

with T; the subtree of 7" whose trunk coincides with the i™ input edge of the root of 7.
It defines a map from 2 Operady,..; (WA; O) to Bimod acr. o (BO {p;c3: O), which is
a weak equivalence using the same arguments as Turchin in [19]. |

Theorem 6.2 Assume O is an {0; c¢}—operad such that O(0;c¢) >~ O(1;¢) >~ * and
O(1;0) >~ *. If n: Act — O is a map of {o; c}—operads, the pair (sTot(O.); sTot(O,))
is weakly equivalent to the SC, —space

(Q* Operad”(As=¢; O,); 22 (Operadh (Assg; Oc); Operad?ogc}(Acgo; 0))).

Proof By [19, Theorem 7.2], we know that the space sTot(O,.) is weakly equivalent
to 22 Operad((>; O,). Proposition 6.1 implies that the projection of £ onto the closed
part gives rise to the commutative diagram

$2 Operady,. ., (WA; O) $—> Bimod 4., (O; O)
Q(Pz)l LDI
Q Operad(0; Oc) —— Bimodas., (Ce: Oc),

where p; and p, are respectively the maps (8) and (9). Since the homotopy fibers
commute with the homotopy limits, we have the following:

Q(Bimodas.,(O¢; O¢); Bimod 4., (O; O))

~ hofib(Bimod 41 o (C; O) —— Bimodas_ o (Ce: Oc))

Q
~ hoﬁb(Q Operady,..,(WA; O) ﬂ) Q Operad(O; Oc))
~ Q hofib(Operad,.., (WA: O) P2, Operad(0: O.))

~ Q?(Operad(Q; O); Operady,..; (WA: 0)). |
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