:. Algebraic € Geometric Topology 16 (2016) 1851-1904
msp

Steenrod squares on intersection cohomology
and a conjecture of M Goresky and W Pardon
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We prove a conjecture raised by M Goresky and W Pardon, concerning the range of
validity of the perverse degree of Steenrod squares in intersection cohomology. This
answer turns out to be of importance for the definition of characteristic classes in the
framework of intersection cohomology.

For this purpose, we present a construction of cup; —products on the cochain complex,
built on the blow-up of some singular simplices and introduced in a previous work.
We extend to this setting the classical properties of the associated Steenrod squares,
including Adem and Cartan relations, for any loose perversities. In the case of a PL-
pseudomanifold and range 2 p, we prove that our definition coincides with Goresky’s
definition. We also show that our Steenrod squares are topological invariants which
do not depend on the choice of a stratification of X .

Several examples of concrete computation of perverse Steenrod squares are given,
including the case of isolated singularities, and more especially, we describe the
Steenrod squares on the Thom space of a vector bundle as a function of the Steenrod
squares of the base space and the Stiefel-Whitney classes of the bundle. We also
detail an example of a nontrivial square, Sq>: H 5 — Hpy2, whose information is lost
if we consider it as taking values in H,5, showing the interest of the Goresky—Pardon
conjecture.

55N33, 55510, 57N80

Intersection cohomology was introduced by M Goresky and R MacPherson in [10] and
[11] in order to adapt Poincaré duality to singular manifolds and extend characteristic
classes to this paradigm. Steenrod squares on the intersection cohomology of a pseudo-
manifold X were already defined and studied by Goresky in [13]. For that, he uses a
sheaf introduced by Deligne and proves that the Steenrod construction of cup; —products
induces a morphism Sqlé: H g(X :Fp) — Hjy 1—'," i(X ;IF») for any Goresky—MacPherson
perversity p such that 2p(£) <£—2 for any £, where I, is the field with two elements.

Here we consider the blow-up N* (X) of the normalized cochain complex on a filtered
version of the singular simplicial set associated to X . This notion of blow-up, which we
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defined in [4] and recall in Section 1, comes from a version adapted to differential forms
already existent in Brasselet, Hector, and Saralegi [3]. The elements of N *(X) have a
perverse degree (see Definition 1.2) which allows the definition of a complex N 5 (X)
for any loose perversity p. In [4], we have proved that the blow-up C*(X) gives
the Goresky—MacPherson intersection cohomology of the pseudomanifold X for the
complementary perversity when we are working over a field. With Proposition 1.5, the
blow-up N *(X) inherits this property; we denote its cohomology by Hry . (X;F2).

When the coefficients of N *(X) are in F,, we define a structure of cup;—products
Uj: ]fo X)® ﬁg (X)— ﬁprrq(X) for any loose perversities p and g. This is done
following the work of C Berger and B Fresse in [1] (see also May [18]): we consider a
normalized, homogeneous bar resolution £(2) of the symmetric group X, and prove
that there exists a X,—equivariant cochain map

Y2 EQ)® N5 (X) ® Nj (X) = Ny z(X).

Such a map is called a structure of a perverse £(2)—algebra on NX(X ), its construction
comes from the existence of a diagonal on £(2), established in [1]. Moreover, we
prove in Theorem A that the cup; —products arising from the existence of v, verify
the two properties @ Ujz a = a and a U; @’ = 0 if i > min(|al, |a'[), where |a], ||
are the respective degrees of a and a’.

The definition of perverse £(2)—algebras can be extended to perverse £ (n)—algebras
for any n. As this work is concerned with Steenrod squares, we consider only perverse
£(2)—algebras over I,. Nevertheless, it is clear that our methods of proof can be
enhanced to give a structure of perverse E,—algebras over Z on ]V,* (X). We will
come back on these points in a forthcoming paper.

As usual, Steenrod squares are defined on H{‘W’ 5(X;F2) by Sq’(a) =aUg_;a. Using
May’s presentation of Steenrod squares in [18], we see that the classical properties of
Steenrod squares are direct consequences of the structure of perverse £(2)—algebras.
We collect them, together with Adem and Cartan relations, in Theorem B. (One may
observe that the proof of the Adem relation on a tensor product needs a brief incursion
in the world of perverse £(4)—algebras over F;.)

In Theorem B, we also answer positively to the problem asked by Goresky in [13,
page 493] and to the conjecture made by Goresky and Pardon in [12, Conjecture 7.5].
This problem concerns the range of the perversities: with the definition of Steen-
rod squares via the cup;—products, it is clear that Sq’ sends H%‘W, 5(X;F2) into
H%‘\?; ’2 ﬁ(X ; F2). We prove that, in fact, there is a lifting as a map,

Sq': Hiw 5(X:F2) — HEG 50 (X ),
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where L(p,1) is the loose perversity defined by £(p,i)({) = min(2p(£), p(f) +1i),
which is exactly [12, Conjecture 7.5]. This reveals an important fact because it allows
the lifting of Wu classes in intersection cohomology, in a lower part of the poset
of perversities.

In Theorem C, we prove that our definition of Steenrod squares coincides with Goresky’s
definition introduced in [13]. For doing that, we transform the blow-up ]V,* into a
sheaf IN} on X and prove that IN} is isomorphic to the Deligne sheaf in the derived
category of sheaves on X . The rest of the proof comes from a unicity theorem for
Steenrod squares defined on an injective sheaf, established by Goresky [13].

We end this part of the work with examples of concrete computation of perverse Steenrod
squares, beginning with the case of isolated singularities. From it, we are able to write
the Steenrod squares on the intersection cohomology of the Thom space associated
to a vector bundle as a function of the Steenrod squares of the base space and the
Stiefel-Whitney classes of the bundle. We also detail an example of a nontrivial square
Sq?: Hrw,5(X:F3) — Hyw,z(5,2)(X:F2) whose information is lost if we consider it
as values in Hrw >3, showing the interest of the Goresky—Pardon conjecture. This last
example can also be seen as a tubular neighborhood of a stratum, which is the first step
in the study of intersection cohomology of pseudomanifolds.

In Theorem D, we prove that Steenrod squares, Sq': HT’W, (X F2) —>HTr\}t "E( 5.0 (X:F2),
are topological invariants when X is a PL-pseudomanifold. This completes the re-
sult of [13] that the Steenrod squares are topological invariants as homomorphisms
H5(X;F,) — H, I}L "(X;IF,). The proof is combinatorial, using the description of
Steenrod squares made by Steenrod in [22].

We now emphasize some particularities which are important in the process of the proof
of the Goresky—Pardon conjecture. The main point is that our technique allows an
explicit construction of the cup; —products at the level of cochain complexes without
requiring the derived category for their definition. In the context of filtered objects,
observe first that the notion of filtered singular simplices is a natural one; see Remark 1.7.

The second modus operandi is the blow-up of these simplices. In differential geometry,
a blow-up is the replacement of a submanifold N of a manifold M by the boundary of
a tubular neighborhood of N in M . Its simplicial version can be illustrated as follows
in the case of A = AJ0 % AJ1: we cut off a small open neighborhood of A/0 in A to
get A = cAJo x AJ1; see Figure 1.

In the general case of A = AJ0 x...x AJ/n we use an inductive process which consists
in cutting off a small open neighborhood of the smallest stratum; see Figure 2.

The faces containing A’i x{1} as a factor, which play a fundamental role in the definition
of the perverse degree (see Definition 1.2), have been shadowed in these figures.
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(AJ0 x {1}) x A/t

AJ1 AJ1

cAJo

Figure 1: A = AJ0 x AJ1 (left) has for blow-up A = cAJo x A1 (right).

(AJ0 x {1}) x c ATt x A2

¢ A0 x (AT x {1}) x AJ2

Figure 2: A = AJ0 % AJ1 % AJ2 (left) has for blow-up A = cAJ0 x e AJ1 x AJ2 (right).

The motivation for such process occurs when one determines the intersection coho-
mology of a pseudomanifold with differential forms: as these forms cannot be defined
on the singular strata, the only possibility is to define them on the regular part and
ask for some control in the neighborhood of strata. That is what we do here for
cochains. As observed in [8] by G Friedman and J E McClure, the classical way for
the definition of a cup-product (with back and front faces) does not fit with perverse
degrees. But one advantage of the blow-up is that we can define the cup-product (and
more generally, the cup; —products) stratum after stratum, on each factor of the product
cAJO x ... x e AJn=1 x AJn from the classical definition and in a compatible way with
the perverse structure. Finally, this procedure reveals itself of an easy use and does
not lose any information in cohomologys; it gives the same structure on cohomology as
Goresky’s definition as it is established in Section 4.

In Section 1, we recall basic notions concerning filtered face sets and their intersection
cohomology. Section 2 is devoted to the construction of a structure of a perverse £(2)—
algebra on the blow-up N *(X) which corresponds to the building of cup; —products.
In Section 3, we establish the main properties of perverse Steenrod squares, including
the proof of the perverse range conjecture of Goresky and Pardon. The comparison
between our definition and Goresky’s definition of Steenrod squares in the case of a
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pseudomanifold is done in Section 4. The particular case of isolated singularities and
the treatment of Steenrod squares in the intersection cohomology of a Thom space are
presented in Section 5. An example of a square Sq? in the intersection cohomology of
the total space of a fibration whose fiber is a cone is given in Section 6. This example
shows the interest of having a range of perversity in £(p, i) instead of 2p. Finally,
Section 7 is devoted to the topological invariance of our Steenrod squares.

All the cohomology groups appearing in this text are over the field with two elements, [ .
If there is no ambiguity, we simplify the notation H*(X;[F,) in H*(X).

Acknowledgements We thank the anonymous referee for her/his comments and sug-
gestions which have contributed to improve the organization and the writing. The third
author is partially supported by the MICINN grant MTM2013-41768-P, ANR-11-BS01-
002-01 “HOGT” and ANR-11-LABX-0007-01 “CEMPI”

1 Blow-up and perversity

In this section, we recall the basics of a simplicial version of intersection cohomology,
already introduced in [4].

Let A be the standard simplex of Rk+1, whose vertices vy, ..., v verify v; =
(to,....tx) witht; =01if j #7 and ; = 1. Let §;: {0,1,....k—1} = {0,1,... k}

be defined by
) i if j <1,
5:(/) = {f. AN
j+1 ifj=>i.
Such maps generate linear applications, still denoted §;: Ak=1 5 AK and defined by
di(vj) = vg;(j)- More generally, any map o: {0, 1,...,£} —{0,1,...,k} generates a
linear application o' At — Ak
We fix an integer n and consider the category A[]’_f] whose
o objects are the joins A = AJ0 % A/l x...x AJn_ where AJi is the simplex of
dimension j;, possibly empty, with the conventions A™! = @ and @ % X = X ;
o maps are the 0: A = AJO x A/l s x AJn 5 A = Ako s AKT o AR
of the shape o = *_ 0, with 0;: {0, 1,..., ji} —{0,1,...,k;} an injective
order-preserving map for each 7.

The category A[;]“L is the full subcategory of A[;] whose objects are the joins
AJO s ATV ... x AJn with AJn # @5 ie j, > 0. To any such element, we associate
its blow-up which is the map

W A=cAOx o x e At x AT A= A0 s x A
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defined by

m(yo. sol. - - - [Yn—1-8n—11. yn)
=s0y0 + (L—=s0)s1y1 + -+ (1 =50) -+ (1 = $p—2)Sn—1Vn—1
+ (1 =s0) -+ (1 = sp—2)(1 = Sp—1) ¥,
where y; € AJi and [y;,s;] € cAJi = (Adi x [0, 1])/(AJi x {0}). The prism A is

sometimes also called the blow-up of A.

Observe that this blow-up is well defined thanks to the restriction to the subcate-
gory A[;]’Jr. In the topological setting (see Remark 1.7), this restriction means that we
do not consider simplices entirely included in the singular part.

Definition 1.1 A filtered face set, of formal dimension 7, is a contravariant functor K
from the category A[]ff] to the category (:lf _s::ts; ie (jo....,Jjn) = Kjo,....jn)- The
restriction of the filtered face set K to A[f]’ is denoted K4 .

If K and K’ are filtered face sets, a filtered face map f: K — K’ is a natural
transformation between the two functors K and K’. We denote by A[;]—Sets the
category of filtered face sets.

To any simplicial set Y, we can associate the [F, —vector space C;(Y) generated by the
d —dimensional simplices of Y. The normalized chain complex N;(Y) is the quotient
of C;(Y) by the degeneracies s; :

Na(Y) =Cq(Y)/50Cq—1(Y) + -+ +854-1Ca—1(Y).
We consider also the duals
N*(Y) =homp,(N«(Y),F;) and C*(Y)=homp,(Cx(Y),F,).
Any face operator, §;: AJt — AJetT for some £ € {0, ...,n—1}, induces a chain map
87 N*(AT) Q- -Q N¥(cATH) @...@ N*(A/n)
— N*(A) @ @ N*(cA) ®--- @ N*(A/)
defined by the identity on the factors in AJi for i # £.

We denote also by §;: AJ0 s .o s AJC s AJn — AJO s AJeFT g AJn the
operator defined by 8;: A/¢ — AJ¢+1 and the identity maps. Additionally, for any
simplex 01 AJ0 s...x AJetl g .. AJn — K o we define by 9;0 = 0 0§; a simplex
0;0: AJ0 s .. AJt se...x AJn — K and a complex

N} =N*(cA)®-- @ N*(cA/m=1) @ N*(A/m).
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These previous considerations on face operators can easily be adapted to the case £ =n.

A global section (or cochain) on K is a function which assigns to each simplex o € K +
an element ¢, € N* such that ¢y, = 8 (cs) for all 0 € K4 and all §; € Am] +
(The restriction to A[ i+ implies AJn # @ )

The space of global sections is denoted by N *(K) and called the blow-up of N* over
the filtered face set K. Global sections have an extra degree, called the perverse degree,
that we describe now.

Let 0: AJo x...x AJn — K, and £ € {1,...,n} such that A/»—¢ £ &. For any
cochain ¢, € N*(cA/0) ®--- ® N*(cAJn=1) ® N*(AJn), its restriction

() Cong € N*(cA) @ @ N* (ATt x {1}) @+ @ N*(c A=) @ N* (A7)
can be written ¢4 ,— g—zkcan Z(k)@can (k) , with
Con g(k)eN*(cAfO)@) @ N*(cAJn—t=1) ® N*(AJn—t x {1}) and
R (k) € N*(cAJn—t+1) @ - @ N*(AJn).

ane

Observe that each term of the tensor product in formula (1) has a finite canonical
basis, and the decomposition of ¢, ,_¢ can be canonically chosen as a function of the
associated basis of the tensor product.

Definition 1.2 If ¢, ,_¢ # 0, the {—perverse degree |cs| ¢ of ¢ is equal to
leolle = Sup{lcan (k)| such that ¢, (k) # 0},

where |c o _¢(k)| denotes the usual degree of the cochain c o (k). If ¢c5 g =0o0r
A=t = & we set ||co||g = —00.

The perverse degree of a global section ¢ € N *(K) is the n—tuple

lell = el - liella).

where ||c||¢ is the supremum of the ||¢5 ||y forall o € K.

Intersection cohomology requires a notion of perversity that we now introduce, follow-
ing the convention of [15].

Definition 1.3 A loose perversity isamap p: N — Z, i — p(i) such that p(0) =

A perversity is a loose perversity such that p(i) < p(i +1) < p(i)+ 1 forall i € N.
A Goresky—MacPherson perversity (or GM-perversity) is a perversity such that p(1) =
p(2) =0.
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If p; and p, are two loose perversities, we set p; < p, if we have p;(i) < p,(i) for
all i € N. The poset of all loose perversities is denoted P/’ ..

The lattice of GM-perversities, denoted P", admits a maximal element ¢ called the
top perversity, defined by (i) =i —2 if i > 2, and £(0) =7(1) = 0.

To these posets, we add an element oo which is the constant map to co. We call it the
infinite perversity despite the fact that it is not a perversity in the sense of the previous
definition. Finally, we set P" = P" U {50} and P . = Py .. U{}.

Definition 1.4 Let p be a loose perversity. A global section ¢ € N *(K) is called
p—admissible if ||c|; < p(i) for any i € {1,...,n}, and a global section ¢ is of
p—intersection if ¢ and its differential §¢ are p—admissible.

We denote by N ; (K) the complex of global sections of p—intersection and by
H;(I_(; N) its homology.

By using the same process with C* in place of N*, we obtain a second complex of
global sections of p—intersection C pf (K) of homology H ;(I_( ; C). Directly from [4,
Theorem A], we get an isomorphism between these two cohomologies.

Proposition 1.5 Let K be a filtered face set and p a loose perversity. The canonical
surjection Cx(—) — N«(—) induces a quasi-isomorphism Nli; (K) — Cpf(l_() and,
therefore, an isomorphism H; (K;N) =~ H;([_(; C).

If there is no ambiguity, we denote by HT*W’ 5(K) this common value and called it
the Thom—Whitney cohomology (henceforth TW-cohomology) of K with coefficients
in I, for the loose perversity p.

The topological objects corresponding to the filtered face sets are locally conical,
stratified topological spaces. Here we only consider the case of pseudomanifolds
defined as follows.

Definition 1.6 An n—dimensional topological pseudomanifold is a nonempty topolog-
ical space with a filtration by closed subsets

@ZX_IgXog-'-an_szn_ngnZX

such that X;\ X;_; is an i —dimensional metrizable topological manifold, or the empty
set, for all i . Moreover, for each point x € X;\ X;—; with i # n, there exist:
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(a) an open neighborhood V of x in X, endowed with the induced filtration;
(b) an open neighborhood U of x in X;\X;_1;

(c) a compact topological pseudomanifold L = (L;)o<j<n—i—1 With dimension
n—i—1, whose cone ¢L = (L x [0, 1[)/(L x {0}) is endowed with the conic
filtration, ie (¢L); = ¢L;—; for i > 0;

(d) ahomeomorphism ¢: U x ¢L — V such that

(1) @(u,v) =u forany u € U, with v the cone point,
(2) ¢(UxCLj)=VNXjtjt1 forany j €{0,...,n—i—1}.

The couple (V, @) is called a conic chart of x and the filtered space L the link of x.

This definition makes sense with an induction on the dimension, starting from pseudo-
manifolds of dimension 0, which are discrete topological spaces by definition. Also,
one can prove that the subspace X\ X,—, is dense.

Remark 1.7 The set of filtered singular simplices is the bridge between pseudo-
manifolds and the more general notion of filtered face sets. More precisely, for any
pseudomanifold X we define (see [4, Example 1.5]) the singular filtered face set by

1Sing” (X)jy.. iy =100 AT Adn 5 X | 071X = AT 5o oox AT

Such simplex is called filtered.

If X is a pseudomanifold and K = ISing” (X)), we use the notations N zi; (X), C pf (X)
and kaw, 5(X) for the Thom-Whitney complexes and their cohomology. (As Xj—1 =
X,—», the case i =1 in Definition 1.4 is vacuous in this setting.)

We end this section with a reminder of Goresky—MacPherson cohomology (with
coefficients in IF,) and its link with the blow-up. Let p be a loose perversity. A filtered
simplex 0: A = AJ0x...x AJn — X has a perverse degree ||| = (|o]lo. ..., [|o]n),
where ||o || = dim(A70 % ... % AJn=t) with ||o|; = —oc0 if 671 X,y = @.

A p-admissible simplex of X is a filtered simplex 0: A = AJ0 % ... % AJn — X
such that ||o|ly <dimA —£¢+ p({) forany £ € {1,...,n}. A p—admissible chain
is a linear combination of p—admissible simplices. A chain ¢ is of p—intersection
if ¢ and its boundary dc are p—admissible. Denote by CSM-7(X) and NFM-P(X)
the complexes of p—intersection chains, by CSM’ 7(X) = hom(CSM-?(X),FF,) and
N, 5(X) =hom(NSM-P(X),F,) their duals, and by Hin 5(X) = H(Cép, (X)) =
H (NSM’ 7(X)) their homology, called the Goresky—MacPherson [10] intersection
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cohomology of X (henceforth GM-cohomology) with coefficients in F,. This coho-
mology is isomorphic to the original Goresky—MacPherson cohomology in the case of
a pseudomanifold X and a GM-perversity p see [4, Proposition A.29] and [15].

The GM and TW cohomologies are related in [4, Theorem B] that we recall here.

Proposition 1.8 Let X be a pseudomanifold, and let p and g be two perversities
such that ¢ > 0 and p(i) + gq(i) =i —2 forany i € {2,...,n}. Then there is an
isomorphism between the GM and the TW cohomologies: H]’fwﬁ(X ) = HSM’ 7(X).

2 Perverse £(2)-algebras and filtered face sets

Steenrod squares are built from an action of a normalized homogeneous bar resolu-
tion £(2) of the symmetric group X, on the normalized singular cochains. This is
the way the noncommutativity of the cup-product is controlled up to higher coherent
homotopies. This action enriches the multiplicative structure given by the cup-product.
We first review it in order to adapt this construction to the perverse setting.

Recall that the resolution £(2) of [F, as a ¥,-module is defined by

o £ @

with £(2); = Fa(ei, 1) and de; = dt; = ej—1 + ti—1. (As we are using cochain
complexes, £(2) is negatively graded.) From the isomorphism ¥, = {e;, t;} with 7;
the generator of X,, the (left) action of X, defines a natural action on £(2). This
action is extended to the tensor product £(2) ® £(2) as a diagonal action. Moreover,
the complex £(2) is equipped with a X, —equivariant diagonal D: £(2) - £(2) ® £(2)
defined by

i
D(ej) = Zej ®1’.ei—j,
j=0
with t.e; = 13 and 1.7 = e¢j. This diagonal is essential for the definition of the

structure of the £(2)—algebra on N *(K). Finally, observe that, for any vector space V,
there is a X, —action on hom]FZ(V‘X’Z, V) defined by (7. f)(vi ® v2) = f(vy ® v1).

Definition 2.1 An £(2)-algebra structure on a cochain complex A* is a cochain map
V: £(2) ® A®? — A which is X, —equivariant as map from £(2) to homp, (492 A).

If we denote ¥ (e; ® x; ® x3) by x; U; X, the previous definition is equivalent to
1) Y(®x1®x)=1v(e; ® X2 ®X1) =X U; X1, together with
(2) the Leibniz condition

8(x1 Ui x2) =x1 Uj—1 Xp + X Uj—g x1 +8x1 Ui X2 + X1 Uj 8x5.
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This means that an £(2)—algebra structure is given by a cochain map, called a cup;—
product Uj: AT ® A5 — A" T571 satisfying the previous Leibniz condition.

Let L be a simplicial set. In [1], C Berger and B Fresse prove the existence of an
£(2)—action on the normalized cochain complex of L, ie the existence of a cochain map

YL EQ)@N*(L)®? — N*(L), ¢; ®x; ®x3 > x1 Uj X3

which satisfies the requirements of Definition 2.1. As established by May in [18],
classical properties of cup;—products are a direct consequence of this £(2)—algebra
structure, except for two of them that we quote in the next definition. (We mention that
N*(L) satisfies these two additional properties; see [1].)

Definition 2.2 An £(2)-algebra A* is nice if it satisfies the next two properties for
all x,x’ € A of respective degrees |x| and |x'|:

(i) xUpyx=x,

(i) xU; x’ =0 if i > min(|x]|, |x']).
Observe this useful property of nice £(2)—algebras.

Lemma 2.3 Let A be a nice £(2)-algebra. If a € A% and b € A, we have

aUgb=>bU,a.

Proof Property (ii) of Definition 2.2 and the Leibniz rule imply
8(aUg1b6)=0
=aUgb+bUga+8aUgi1b+aUgzyq b
=aUgb+bU,a. |

We recall now from [1] the construction of the tensor product of £(2)—algebras. Let
Vit EQ)® Algz — A; be £(2)—algebras for i =0, 1. We use the diagonal D of £(2)
for the construction of an £(2)-action on the tensor product A9 ® A1, as the following
composite, denoted by ®, where Sh are the appropriate shuffle maps:

A?Z DRId®id

EQ)® (4o ® 41)®2 5 £2) ® A% ® EQ)®EQ)® AD*® A2

lSh
Yo®Y
Ag® A —————EQ) @ AFREQ) @ AP
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We have to verify that the map & satisfies the two conditions stated after Definition 2.1.
Condition (2) is the compatibility with the differentials, which is direct here because
® is the composite of maps that are compatible with the differentials. Thus, we are
reduced to condition (1). Recall from the definition of the diagonal of £(2):

i i i
D(ei) = Z ej®tlei_j and D(;) = Z re;®@t/ e ;= Z T QT
j=0 j=0 j=0

A computation from the definition of ® gives

i
(1 ®ag ®a; ®by®b1) =Y _ Yo(tj ®ao ®bo) ® Y1 (t/.7i—j ® ay @ by)
j=0
and

i
D(ei @by ® by ®ag®ay) = Y _ VYolej ® by ®ao) ®Y1(t).ei—j @by ®ay).
j=0
If j is even, we have
Y1 (t)eij ® by ®ay) = Yi(ei—j @by ®ay)
= Y1(timj ®a1 ®@b1) = Y1 (t).5imj ®a; @ by).

A similar computation in the case where j is odd gives
CD(‘E,' ®Cl() ®ai ®b0 ®b1) = q>(€i ®b0 ®b1 ®a0 ®Cl1).

Now consider a family of £(2)-algebras ¥;: £(2) ® A?z — A; withi =0,...,n. As
D: £E(2) — £(2) ® £(2) is the diagonal of a bar resolution, it is a cochain map, it is
coassociative [1], and we may iterate it as follows:

i i J
D?(e;) = Z D(ej) ®@t’.eimj = Z Z e ® Ik.ej_k ®t’ei—j.
j=0 j=0k=0

If weseti;y =k, i, =j—k and i3 =i — j, this last expression can be written as
) . L
D (e;) = Z e ‘L'“.e,'2 ® ‘L'll+12.€i3.

X (il‘si27l:3) X

i1+ixtiz=i
More generally, an induction gives

Dn—l(ei) — Z ei, ® Tll-eiz R ® Tll+“'+ln_l~ein-
(i13'~-’in) R

iy tip =i
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As in the previous case of two £(2)-algebras, the action of £(2) on @7_, A4; is
obtained from appropriate shuffle maps and the iteration D"~ of the diagonal. By
using the notation in cup;—products, this structure is defined as the map

n R2 ® n
) £EQ)® (® A,-) — ) 4i
i=0 i=0

which sends the element ¢; ® (Q;—g Xi) ® (Ri—o i) to

2
. (ll a'"a.in) X
1+-+ip=i

yn)7

n

where we set, for j > 0,

i xU;y if jiseven,
3) xUZy={ ’

yU; x if j is odd.

Up to shuffle maps, ® is obtained as a composite and tensor product of equivariant
cochain maps; thus it satisfies the requirements of Definition 2.1. Moreover, as we
establish below, the tensor product of nice £(2)-algebras is a nice £(2)—algebra.

Lemma 2.4 Any tensor product of nice £(2)—algebras is a nice £(2)—algebra for the
product structure coming from the diagonal of £(2).

Proof By coassociativity of the diagonal of £(2), it is sufficient to reduce the proof
to the case of the tensor product of two nice £(2)—algebras 4 and B.

Let x =Y, ar®b; € (A® B)? and X' =Y, ay®b; € (A® B)? with d <d’. We
set f =d + m with m > 0. One computes

xUpx'= 3 > (ar Uy, a)) ® (b UL b)),
fitfo=f ki

If the element (ay Uy, a%) ® (by U };1 bé) of this sum is not equal to zero, we must have
J1 =min(lag|, |ag]) and f> <min(|bgl, |bg)),

which implies f = f1+ f, =d+m <|ay|+|bx| =d and m = 0. We have established
property (ii) of Definition 2.2. As for property (i), we consider

xUgx = Z Z(ak Us ay) ® (b, Ujj;l byr).
fi+fo=d kK’
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As above, if the element (ax Uy, ag) ® (bi U};‘ by+) of this sum is not equal to zero,
we must have

Ji =min(lag|. lag:]) and  fo < min(|bgl, [b).

Suppose min(|ag|, |ag|) = |ak|, then we have |bg/| < |bg|, because |ag|+ |br| =
lag:|+ bk |, and also d = |ag|+|br| = f1+ f2 < lak|+1bj|; these imply |bg| = [bx/].
Thus the nonzero elements of this sum must be of the form (aj Uy, ax/)® (bx Uf byr)
with |ay| = |ag/| = d —r and |by| = |by/| = r. With Lemma 2.3, if a; # ay/, the
term (ay Ug_, apr) Q (b Uf" by) also appears as (ayr Ug_, ar) ® (b U;i_’ by).
Their sum is equal to zero. With the same argument applied to the case by # by, we
have reduced the previous expression to

xUgx= Z(Clk Ud—r ax) ® (bx Uy by) = Zak ® by = x,
k k

and Property (i) of Definition 2.2 is established. |

We come back to the intersection setting and recall [4] that a perverse cochain complex
is a functor defined on P" with values in the category of cochain complexes. A functor
from ﬁlﬁose with values in the category of cochain complexes is called a generalized
perverse cochain complex. For instance, if K is a filtered face set, the association
P N ; (K) is a (generalized) perverse cochain complex, and this association is natural
in K.

Definition 2.5 Let A, be a generalized perverse cochain complex. We denote by
(p%: A} — Ag the morphism associated to p < ¢q. A perverse £(2)—algebra structure
on A} is a family of cochain maps ¥57: £(2) ® A}% ® Ag — A}+,7 satisfying

(i) a compatibility condition with perversities: for any loose perversities pi, ¢,
p2 and g, with p; < p, and ¢; < g, the following diagram is commutative:

Wﬁl.ﬁl
* * *
8(2)®A171 ®A171 A171+f71

. 123 qs Pr+dn
1d®¢5) ®vg; l l‘/’m +a;

wﬁzﬁz
* *
£Q)® A%, ® A%

*

p2t+q2

(i1) a X,—equivariance as a map from £(2) to (hom(A} ® Az, A’;;Jra)) 5,5 With the
following X;—action on the codomain: to any family 1y z: A} ® Ag — Aj7+47’

we associate the family (1n) 5 7: A}@Ag —>Af—,+c7 defined by (1) 5,7 (x1®x2)=

ng,p(x2 ® X1).
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Equivalently, a perverse £(2)—algebra structure on Af. is entirely determined by maps,
called perverse cup;—products U;: A5® Az — A;;isq_l , satisfying the previous Leibniz
condition and the compatibility conditions with the poset structure of perversities. (The
two settings are related by x U; y = Y5 z(e; ® X ® y).) Nice perverse £(2)—algebras

are defined as in Definition 2.2.

When A is a perverse cochain complex and the sum p + g replaced by the sum of GM-
perversities p @ g in Definition 2.5, we say that A7 is a GM-perverse £(2)-algebra.

Let K be a filtered face set and 0: A = AJ0 % AJ1 x...% AJn — K. With the tensor
product of £(2)—algebras recalled in (2) and the structure of nice £(2)—algebras defined
on the normalized cochain complex in [1], we get a structure of a nice £(2)—algebra
on the tensor product N*(K)y = N*(cAJ0) @ --- @ N*(cAJn-1) @ N*(AJr). The
next theorem establishes the compatibility of this structure with the perverse degrees.

Theorem A Let K be a filtered face set and p a loose perversity. The generalized
perverse cochain complex p — N 1’,—" (K) is a nice perverse £(2)—algebra, natural in K,
for the filtered face maps.

Recall that a continuous map f: X = (Xj)o<j<n — Y = (¥})o<j<n between pseudo-
manifolds is a stratum preserving stratified map if, for any stratum S’ of Y', f~1(S’)
is a union of strata of X, and f~!(Y,_y) = X,_¢ for any £ > 0. As any stratum-
preserving stratified map induces a filtered face set map, ISﬂgF (X)— ISiioff (Y),
(see [4, Example 1.5]) the next result is a direct consequence of Theorem A.

Corollary 2.6 Let X be a pseudomanifold and p a loose perversity. The generalized
perverse cochain complex p — N ; (ISing” (X)) is a nice perverse £(2)-algebra,
natural in X by stratum-preserving stratified maps.

Proof of Theorem A A cochain ¢ € N *(K) associates to any simplex o: A =
Ao s ..x AJn — K anelement cg € N*(cA/0)®---® N*(cAJn=1) @ N*(AJn).

If we set (c U; ¢')¢ = ¢ Uj ¢, by naturality of the structure of an £(2)-algebra on
N*(cAM)®---@ N*(cAJn—1)® N*(AJn), we get a global section c U; ¢’ € N*(K).
More precisely, we have a ¥, —equivariant cochain map

EQ) @ N*(K)®* - N*(K)
entirely defined by ¢; ® ¢ ® ¢/ — ¢ U; ¢/, which gives to N*(K) a structure of an
£(2)—algebra. The niceness of this structure is a direct consequence of Lemma 2.4.

The naturality in K comes from the naturality of the £(2)—algebra structure on a tensor
product, already mentioned, and from the naturality of the association K +— N ; (K);
see [4, Proposition 1.36].
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We now study the behavior of this structure with the perverse degree. The perversity
degree is a local notion, so we let ¢, ¢’ € N*(cA/0) ®---® N*(cAJn—1) @ N*(AJn)
with j, >0, and £ € {1,...,n} such that A/»—¢ # & We denote by ¢,y and g
the respective restrictions of ¢ and ¢’ to

N*(cAI) Q- - @ N¥ (At x{1}) ®@--- @ N*(cA/n=1) @ N*(A/m).
We decompose ¢ and ¢’ as ¢ =) (L i ®---®c¢; and ¢’ = PN g ®-®c,

and likewise their restrictions as

m m
Cp—t :ZC(S)@)"'@‘:—ZCZ—Z@”'(X)CZ and Cflz—ﬁ :ch(g)...®L:_£C;lt_e®...®c;1t’
s=0 t=0

where L:_ ¢ 1s induced by the inclusion AJn—t x {1} < ¢ AJn—t By definition, we have

lelle = sgp{|c,s1_e+1 ®---Qcy| such that ¢ ® -~ ® 1, _,c5_, # 0}.

Define 7, as follows:

N*(cA0)®--- @ N*(cAIn—t)®--- Q@ N*(cAJn=1) @ N*(AJn)
JT;ezid@)t:e@id
N*(cAI)®- - @ N*(AIn—t x {1) ®--- & N*(cA/n=1) @ N*(AJn)
As the cup;—product is natural, we have T+ ,(c U; ¢") =77 () U; Tr_,(c).
o IfT* ,(c)=0o0r7r ,(c')=0,wehave ¥ ,(c)U;T* ,(c") =0, and thus
lle Ui c'llg = —oo.

* Suppose now ©*_,(c) #0 and T, (c’) # 0. By definition of the cup; —product,
T;l"_ :(©) U,-T:_ ‘ (¢) is a sum of tensor products whose elements are of two kinds:

(1) ¢} Uy ¢f with j #n—L, or
) Gy (ep_ ) Uy Ty gey_y)-

As |c; Uy, c]’f | < |c]s. | + |cj’.t | — fj, the cochain degree decreases and we obtain, for
each ¢,
lle Ui clle < llelle +llelle

by definition of the perverse degree; see Definition 1.2. Therefore, we have

lle wi el < llell + liell-
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Now, the rule of Leibniz implies
18(c Ui ) = max(|8c]l + <" 18" + llell. el + lle").

Thus, if |lc]| < p, I8¢ < P, |Ic’| £ ¢ and ||8¢’|| < g, we have ||c U; ¢’|| < p+ ¢ and
16(c Ui ¢')|| < p+¢q. This implies that the £(2)—algebra structure on N *(K) induces
equivariant cochain maps

£(2)® N5 (K) ® N7 (K) — Ny z7(K).

This means that ]V.*(I_( ) is a perverse £(2)-algebra. a

3 Steenrod perverse squares

From the existence of perverse cup; —products, we define Steenrod squares, as in the
classical case. In the next statement, when i > 0, the fact that the loose perversity image
of Sq’ is £(p, i), defined by £(p,i)(£) = min(2p(£), p(£) + i), answers positively a
conjecture of Goresky and Pardon; see [12, Conjecture 7.5]. More explicitly, we prove
the existence of a dashed arrow which lifts the square Sqi :
Hiw e (i)
_ 2

e
e

Hiw 5 — Hiwhp
We still denote by Sq’ this lifting.

Theorem B Let K be a filtered face set and p, q loose perx_/ersities The perverse
cup; —products induce natural perverse squares, defined by Sq' (x) = x U|y|—; x for
x € Hyw, 5(K), which satisfy the following properties:

(1) Ifi <0, then Sq’ (x) = 0.

(2) Ifi >0, then we have

Sq't Hiw, 5(K) > Hig 5.0 (K).

where L(p,i) = min(2p, p+i), and
(i) Sq'(x)=0ifi > |x|;

(i) Sq*l(x) =x2;
(i) Sq° =id;
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(iv) ifxe H%', ﬁ(g) and y € HR;‘, 6(5)’ one has the (internal) Cartan formula
. . . + + '
Sqd(xUy) = > Sq'(x)USq2(y) € Hpy t” (K).
i +iz=i
with7 =min(2p+2g, p+q+1i) and U = Uy;
(v) for any pair (i, j) with i <2j, one has the Adem relation
k-1 kg k
iQui — —K— itj—
Sq'Sq —Z( ik )Sq Sq*,
k=0
and Sq'Sq’ sends HT*Wj into HT*VJ&Z’;LJ. with7 =min(4p,2p+i, p+i+j).
Before proving this theorem, we establish a technical property on the tensor product of
two nice £(2)—algebras, which is the keystone in the proof of Theorem B.

Lemma 3.1 Let A and B be two nice £(2)-algebras and A ® B their tensor product
equipped with the £(2)-algebra structure coming from the diagonal of £(2). Let
x,x" €A and y,y" € B be such that |x|+ |y| = |X'|+|y/|=d, |y| <r and|y'| <r.
Then, for any k € {0,...,d —i} such that (x Ug_j_; x') ® (y Uz_k_i V) #0, we
have |y Uz_k_i YI<r+i.

Proof Suppose d —k —i even. If (x Uy_i_; x') ® (y Ug ') # 0, we must have
k <min(]y|,|y’]) and d —k —i < min(|x|, |x’|), which implies
d —i —min(|x|, |x|) <k.

Suppose min(|x|, |x’|) = |x|. Then we have

Y1+ 11 =d +i+min(jx|. |X'[) =[]+ V| = (x[+ y]) +i + x| =[]+,
which implies

Uk YT+ =k <yl + Y —d +i+min(|x], X)) < [y/[+i <7 +i.
A similar argument gives the result in the case min(|x|, |x’|) = |x’|. Also, the proof is

analogous to the previous one if d —k —i is odd, since |y’ U y| < |V/|+ |y|—k. O

Directly from the definition of cupy —products, the inequalities |y| < r and |y’| <r
imply |y Ug y'| < 2r. Thus, the bound |y Uy y'| <r +1i obtained in Lemma 3.1 is
exactly what is needed for the proof of the Goresky—Pardon conjecture, as we show in
the beginning of the next proof.

Algebraic € Geometric Topology, Volume 16 (2016)



Intersection cohomology and Steenrod squares 1869

Proof of Theorem B Let i > 0. From their definition as particular cup;—products,
the Steenrod squares have their image in the intersection cohomology with loose
perversity 2p. We first prove that the loose perversity 2p can be replaced by L£(p,i).
We take over the arguments and the method used at the end of the proof of Theorem A by
considering a cocycle ¢ € N*(cA/0)®---@ N*(cA/n=1)®@ N*(A/n), L e{l,..., n}
such that AJn—¢ = @ and the restriction ¢,_; of ¢ to

N*¥(cA) @@ N*(A/r—t x {1) ® --- @ N*(cA/n—1) @ N*(ATn).
First observe that, by naturality, we have (¢ Uj¢|—; ¢)p—g = ¢p—g Uje,_y|—i Cn—t -

e If ¢, =0, wehave (cUj¢—; ¢)p—¢ =0 and [[c Uj¢|—; ¢||¢ = —00.

o If c,_g # 0, then we let A = N*(cA/)® --- ® N*(A/n—t x {1}) and let
B =N*(cAn—t+1)®..-@ N*(cA/n—1) ® N*(A/), and so we decompose
¢p—¢ in a canonical form, ¢,y = > (¢ , ®c*, € A® B. Now, using
Lemma 3.1, we know that

t lcn—el—k—i it
(Cp—g Vlen_ol—k—i Cp—g) ® (cp2 g U™ ) #0
implies
|C;,/s_e Ul/f"_d_k_i C,/,/t_e| <p()+i

for any pair of indices (s, 7) in the writing of ¢,_¢. This implies |lc Uj¢|—; c|| <
p +1i, as stated.

The condition on the perversity of the differential of ¢ Uj¢|—; ¢ is immediate here
because ¢ is a cocycle, and the naturality follows from the fact that the lifting already
exists at the level of the spaces of cocycles.

The properties (1), (2i), (2ii) and (2iii) are a direct consequence of Theorem A and
[18, Section 5].

Let A and B be two nice £(2)—algebras. By definition of the diagonal action of £(2)
on the tensor product, we have a Cartan external formula

Sq'(@a®b)y= > Sq"(a)®Sq2(b)

i1+is=i

for a € A and b € B. In our case, each factor, A and B, satisfies the Cartan internal
formula. Therefore, the Cartan internal formula on A ® B is a direct consequence of
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the next equalities:
Sq' (a®b)U(d ®b"))
=) Sq'((aUd) @ (bUD"))
=@ ) $q'(@Ud)®Sq(bub)

i1+ix=i

=3 Y. (84" (@)USq” (@) & (Sq*' (b) USq*2 (b)),
Ji1t+Jjo2+ki+ko=i
and

> Sq'(@®b)USq(d ®b')

i1+ir=i
=(2) Z (Sq°' (a) ® Sq*?(h)) U (Sq"' (¢") ® Sq'2(b"))
s1+so+t =i
=) > (Sq°' (a) USq" (a')) ® (Sq*?(b) U Sq2(b").
s1+so+t =i

where =) comes from the definition of the cup-product on a tensor product, =(3)
from the application of the Cartan external formula and =3y from the Cartan internal
formula on each factor.

For Adem’s formula (2v), we recall some properties in order to track the perversity
conditions. The classical proof uses the bar resolution £(4) of F, as a ¥4—module,
and the existence of a ¥ 4—equivariant cochain map £(4) ® N*(L)®* — N*(L) for
any simplicial set L, called an £(4)—algebra. As these objects appear just in this part
of proof, we do not recall them in detail, referring to [1, Section 1]. We mention only
the points related to the control of perversities.

Denote by w: £(2) ® £(2) ® £(2) — £(4) the cochain map induced by the wreath
product Xy X X5 X Xy — 4. Let A be an £(2) and an £(4)—algebra whose structure
maps are respectively denoted by v, and ¥4. By definition, we say that A4 is an
Adem-object [18] if there is a commutative diagram

Q) ®EQ)®2® A% —“P ey @ a® ", 4

| e

EQ)RER)RA®H®2 . £(2) @ A®?
. ®R2
id®y,
where Sh is the appropriate shuffle map.
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Let A=AJ0%...xAJn and A= N*(cA/0)®---Q N*(cA/n=1)@ N*(A/n). Because
N*(L) is an Adem-object for any simplicial set L, and because the tensor product of
two nice £(2)—algebras which are Adem-objects is an Adem-object [18, Lemma 4.2,
page 174], A is an Adem-object.

In Theorem A, we prove that 1/, restricts to amap £(2) ® A5 ® A7 — Ap1g. Exactly
the same argument can be used for ¥4, replacing ¢ U; ¢’ by ¥4(ai @ ¢1 ® ¢2 ® ¢3 ®¢4)
for each «; € £(4) in the last part of the proof of Theorem A. Thus 4 restricts to
amap £(4) ® Ap, @ Ap, @ Ay, ® Ap, — Ap,+5>+p5:+p5,> and we get an Adem
formula for intersection cohomology.

Successive applications of Lemma 3.1 show that the nonzero terms in the right-hand
side of the Adem relation belong to intersection cohomology in perversities less than,
or equal to, min(4p,2p+2j,2p+i,p+i+j)<min(dp,2p+i,p+i+j), since
i < 2j. The same argument applied to the left-hand side implies that the nonzero terms
belong also to intersection cohomology in the same range of perversities. |

Remark 3.2 Previous definitions and results can be adapted to the context of GM-
perversities. By restricting to GM-perversities p and g such that p + g < 7, the
cup; —products are defined by

.oqr s r+s—i
U;: A17®Af7_)A17€B(7 ,

where the sum p @ g is taken in the lattice P"; see [14] or [4, Section 2.1]. The
Steenrod squares introduced in Section 3,

i. r r+i
Sq’: HTW’ 5 HTWJ,

are therefore defined for GM-perversities p and 7 such that min(2p, p+i) <7.

4 Comparison with Goresky’s construction

As this section is concerned with isomorphisms between different definitions of Steenrod
squares in intersection cohomology, in some crucial points, we keep all the information
in the notation of cohomology groups.

In [11] (see also [2]), the intersection cohomology on a pseudomanifold X is introduced
by the use of a sheaf due to Deligne. The Deligne sheaf P is defined by a sequence
of truncations starting from the constant sheaf on X,\ X,,—,. As we are not using this
specific construction, we do not recall it, sending the reader to the previous references.
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In [13], Goresky has already defined Steenrod squares Sqé on the intersection cohomol-
ogy H*(X;Pp) of a topological pseudomanifold X in the case of a GM-perversity p.
In this section, we prove that the two Steenrod squares, Sq’ and Sq,, coincide.

Recall the filtered face set ISing” (X) introduced in Remark 1.7. The next result
connects Goresky’s definition of Steenrod squares on H*(X;Pj) to our definition
of Steenrod squares on the TW-cohomology of the filtered face set ISi_ngJT (X), de-
noted Hry, 5(X).

Theorem C Let X be an n—dimensional topological pseudomanifold. For any GM-

perversity ¢, there exists an isomorphism 0(’7" : HT*W, 7(X) = H*(X;Pg). Moreover,
if p is a GM-perversity such that 2p < t, then the following diagram commutes:

Sqi . .
Hiy, 5(X) —— H{{'r5.0(X) —— Hiyh5(X)

Sqf

H'(X;Pp) H" (X P2p)

The previous statement implies that

Or i yoSd o (05)7" H' (X;Pp) — H ™ (X Pr(pi)

is a lift of the Steenrod squares defined by Goresky,
S H' (X:Pp) — H (X1 Pap).
Therefore the Goresky—Pardon conjecture has a positive answer.
From the functor N *, we define a presheaf on X by
IN;(U) = N7 (ISing”(U))

for any open set U of X. Denote by Cov(U) the directed set of open covers of U,
ordered by inclusions. For any U/ € Cov(U), ISing”*¥(U) is the subfiltered face
set of ISing” (U) whose elements have a support included in an element of /. The
sheafification of IN’;; is given by

IN%(U) = lim  NX(Sing”%(U));

U= lim Ny (Sing™ (V)

see [9, Exemple 3.9.1] in the case of singular cochains. The cup; —products introduced
in Section 3 on N.(ISing”>¥(U)) induce cup;—products on IN}(U) by definition of
the last one as a direct limit.
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Theorem C is a direct consequence of Lemmas 4.1 and 4.3. First, we connect the
definition of Steenrod squares on ISing” (X)) with a definition involving the sheaf IN}
on X.

Lemma 4.1 For any n—dimensional topological pseudomanifold X and any GM-
perversity p, we have a commutative diagram:

Sq' r+z
H' (X; INp) —— H""(X;INg5.0))

The vertical maps are isomorphisms induced by the canonical map IN} — IN}.

Proof For any U/ € Cov(X), the restriction map
ru: IN3(X) — N5 (ISing”“ (X))
is compatible with the inclusions of open covers. This gives the morphism

IN5(X) > D(X.IN%) := lim  Nx(ISing”¥(X
SO0 = TXING) = lim 5 (1Sing”(X))
induced by the canonical map IN} — IN, . By taking the direct limit of the quasi-
isomorphisms of Lemma 4.2, we get an isomorphism

H*( lim N*(Islngf“(U))) ~ H*(N*(Sing” (U))) = Hiy 5(U).
UueCov(U) ’

In a second step, by following the lines of [9, Exemple 3.9.1.], we prove that the sheaf
IN% 7 1s soft. The elements of INO (U) are 0—admissible vertices; they are the vertices of
the regular part and the map N°(U) — INO(U ) can be con51dered as the restriction to
the regular part. Also, in this degree 0, the presheaves N ° and NG o are clearly sheaves,
and N 0(U ) — INO(U ) is a morphism of sheaves of rings. Observe also that IN’; 7(U)
is an INO(U )—module for the cup-product. As the sheaf N is soft, and as (see [9,
Théoreme 3.7.1.]) any sheaf of modules over a soft sheaf of rings is soft, we deduce
the softness of IN}. Thus the hypercohomology is the cohomology of the space of
sections of the sheaf, and we get a series of isomorphisms

H*(X:INp) = H*(I(X,IN})) = H* (N5 (Sing” (X))) = Hfy, 5(X).
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By definition of the cup;—products on INY, the following diagram commutes:

IN7(X) ® INE(X) ——— INGE (X)

r s Vi r4s—i
r'ex, IN%) ® I'(X,INz) — rex, INZ&7 )
With the properties already established, the vertical maps are quasi-isomorphisms
induced by the canonical map IN. — IN . The stated result is now a consequence of
the definition of Steenrod squares from cup; —products. a

Lemma 4.2 Let X be an n—dimensional pseudomanifold and U an open cover of X .
The canonical inclusion t: 1Sing” ¥ (X) — 1Sing” (X) induces an isomorphism in
intersection cohomology for any GM-perversity p.

Proof With Proposition 1.5, we can replace N*(—) by the blow-up C*(—) al-
ready studied in [4]. Let g be the GM-perversity defined by p(k)+q(k) =k—2. Recall
from [4, Theorem B] that, for any filtered face set K, there exists a quasi-isomorphism
eval: C5(K) — hom(CM4(K), IF,), defined as follows: for any ® € C5(K) and
0: A0 x...x AJn — K we have

@a = Zq)(),a,j ®"'®q)n,a,j c C*(CAJO)®®C*(AJ’1)’
Jj
and we set

eval(®)(0) = Y Do, ([CA]) - By g (A7),
j

where [—] is the maximal simplex. Applying to K =1Sing” (X) and K =ISing”*(X),
we get the following diagram, whose commutativity follows directly from the definitions
of the maps:

eval®

H{fw’ﬁ(ISingf(X)) —_ Hé‘M"Y(ISingf(X))

* *
‘Twl l‘GM

eval®

HT*W’F(ISingF’u(X)) —_— HéM’q(ISingF’“(X))

We know that the two evaluation maps eval® are quasi-isomorphisms, and we have
to prove that the map t}y,, induced by the inclusion ¢, is an isomorphism. With the
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commutativity of the previous diagram and the fact that the homology is over a field, it
is sufficient to prove that

tomx: HOMM (1Sing” Y (X)) — HIM (1Sing” (X))

is an isomorphism. Set CE(X) = CEM’q(ISﬂgF(X)). Recall from [4, Lemma A.16]
the existence of a chain map which is the classical subdivision sd: C{(X) — CJ(X),
and for any integer m, the existence of a homomorphism 7': CJ (X)— C{1(X) such
that 97 + T 9 = id—sd™. By construction, for any element ¢ € CJ (X)), there is an inte-
ger m such that sd”c € CEM4(1Sing” ¥ (X)). Moreover, if ¢ € CEM4(ISing™ ¥ (X)),
then Tc € C*GM’E(ISﬂgF’”(X)). Also, if ¢ is a cycle, sd”c is a cycle as well, and
the two homology classes [c] and [sd”¢] are equal. This implies the surjectivity and
injectivity of tgm,+ through a classical argument. |

The second step in the proof of Theorem C is the comparison of the two definitions of
Steenrod squares, respectively associated to the sheaf IN7 and to the Deligne sheaf P} .
This is a consequence of the comparison of the two associated cup; —products done in
the next lemma.

Lemma 4.3 Let X be an n—dimensional topological pseudomanifold, and let p and q
be GM-perversities such that p @& q <1, where p @ q is the smallest GM-perversity 7
such that p +¢q < 7. Then for any i, there is a commutative square

Ui
IN}(X) Q IN;(X) _ IN;TEBJ(X)

| ﬁ

* * Ui *
in the derived category of sheaves on X, linking the two cup; —products, such that
vertical arrows are isomorphisms.

Proof Let S* be a differential graded sheaf on the pseudomanifold X'. We denote
by S; the restriction of S* to the open set X\ X,,_x for k € {2,...,n+ 1}. Recall
the conditions (AX1) of [2, 2.3]:

(a) S* is bounded, S’ = 0 for i <0 and S’ is quasi-isomorphic to the ordinary
singular cohomology.

(b) Forany k € {2,...,n} and any x € X,_;\X,—k—1, we have H:(S)x = 0 if
i>pk).

(c) The attachment map oy: Sl’: R =S} , induced by the canonical inclusion
X\ X,—r = X\X,—_x_1, is a quasi-isomorphism up to p(k).
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If S* is soft, from [20, Remark 2.3.], we may replace condition (c) by the following
equivalent one:

(¢/) Forany k €{2,...,n}, j < p(k) and x € X;,_;\X,_k—1, the restriction map
induces an isomorphism

limy, HY (P (Ux:$%) = limy, H (I (Ux\ X 4:8")).

where Uy varies into a cofinal family of neighborhoods of x in X'\ X,_x_;.

On the regular part, the sheaf IN7 is the sheafification of N* and thus computes the
singular cohomology. Therefore, condition (a) is satisfied for IN*. In order to prove
that the sheaf IN satisfies the axioms (b) and (c”), we use the isomorphism established
in Lemma 4.1,

H*(X:IN,) = Hpy (X).

Let x € X;,_x\X,—k—1. The cohomology H*(IN,), is determined by the following
isomorphisms:

H*(INS)x = limy, H* (T (Ux:ING)) 2 limy, Hiyy o (U),

where the direct limits are taken over the open neighborhoods Uy of x. (The first
equality is the definition of the stalk at a point.) Moreover, these limits can also
be obtained from a restriction to a cofinal family of trivializing open neighborhoods
Uy =~ R" Kk x ¢L, where L is the link of x. Thus axiom (b) now follows from
HT”‘W,E(R”_I‘ xcL) = Hyy 5(cL) = 0 if x > p(k); see [4, Corollary 1.47].

The verification of (¢’) is quite similar. As in [20, Proof of Theorem 7.1.], we are
reduced to analyzing the map

limy, H*(Uy:INy) — limy, H*(Ux\ X, INS),

where the direct limit is taken over a cofinal family Uy &~ R"*x¢L of trivializing open
neighborhoods of x. We consider the following commutative diagram, whose horizontal
maps are induced by the canonical inclusions and vertical maps are isomorphisms:

H*(Uy;IN,) ——— H*(Ux\ X,—; IN,)

| |

H*(R" % x ¢L;IN,) —— H*(R" % x (¢L — {v});IN,)

H*(cL:IN,) —— H*(cL — {v};IN,) ——— H*(L;IN,)
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Finally, we note that the composite at the bottom is an isomorphism when * < p(k),
as shows the classical computation of the intersection cohomology of a cone. Modulo
the vertical isomorphisms, this is exactly the axiom (c’).

Therefore, the sheaf IN satisfies conditions (AX1), and by [2, Theorem 2.5], there
exists a quasi-isomorphism between IN} and P ; see also [11]. As a consequence,
these two sheaves have a common injective resolution, and we may apply to it the
uniqueness of cup;—products established by Goresky in [13, Proposition 3.6]. a

From the previous results on cup;—products, we get an isomorphism of algebras of
cohomology with coefficients in ;.

Corollary 4.4 If X is an n—dimensional pseudomanifold, there are isomorphisms of
perverse algebras

Hriy . (X) = H*(X:IN,) = H*(X:P,).
Moreover, if X is compact and PL, one has also an isomorphism of algebras
H*(X;P.) = HIZL(X;Fy),

with the intersection product on the last term.

Proof The two first isomorphisms are consequences of the previous results on cup; —
products. The last one is established by Friedman in [6]. |

If we are interested only by the cup-product Uy, we may consider versions of the
sheaves IN and P over any field. In this case, the previous corollary is still true for
any field and not only for IF,. With more work of this type, one also should be able to
show the existence of an isomorphism between our definition of cup-product and the
definition of Friedman and McClure [8].

5 Pseudomanifolds with isolated singularities

In this section, we determine Steenrod squares on the intersection cohomology of
pseudomanifolds with isolated singularities. In this case, if the pseudomanifold is of
dimension 7, the perversity p is determined by one number, p(n). Recall now that the
intersection cohomology of a cone ¢Y" on a space Y is given by Hry, p(cY)=H"(Y),
if ¥ < p(n) and O otherwise.
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Proposition 5.1 Let p be a GM-perversity and X an n—dimensional pseudomanifold
obtained from a triangulated manifold with boundary (W, dW) by attaching cones on
the connected components (3, W),y of dW;ie X is the pushout:

W =,eg W —— W

|

Ller c(QuW) —— X

We filter the pseudomanifold X by & C {v, |u € I} C X, where v, is the cone point
of ¢(d,W). Then the following properties are satisfied:

(i) The cochain complex N ; (X)) is quasi-isomorphic to the pullback in the category
of cochain complexes N *(W)® y*@w) T<pm) N *(0W), where t< 5,y N *(OW)
is the usual truncation (see [2, 1.10]),

N’(?W) ifr < p(n),
(t<pmyN*@W))" = ZNPM QW) ifr = p(n),
0 ifr > p(n),

in which Z denotes the vector space of cocycles. Moreover, the GM-perverse
E(2)-algebra p — N g (X)) is quasi-isomorphic to the pullback in the category of
GM-perverse £(2)—algebras, defined by pr—> N*(W)® n+ow) T<pm)N *(0W),
with the £(2)-algebra structure on N *(—) defined in [1].

(i1) The intersection cohomology of X is determined by

H* (W) itk < p(n),
Hfy 5(X) = {Ker(H¥(W) — H¥@W)) ifk = p(n) + 1,
HK(W, 0W) ifk > p(n) + 1.

(iii) If (a,*a) € N*(W) @ n=@w) T<pm)N *(0W) is a cocycle of p—intersection
and i is a positive integer, we have

Sq (o, *a) = (Sq'e, 1*Sq'a) € H;VJ\ZQ:(ﬁ,i)(X)-

Proof (i) Starting from a triangulation of (W, dW'), we may suppose that X', W, dW
and | |,c; ¢(9,W) are triangulated in such a way that any simplex of the triangulation
of X is filtered, with filtration @ C {v, |[ue I} C X.

Let Y be one of the spaces above and Y7? the associated triangulated space. In [7,
Chapters 3 and 5], Friedman proves that the cochains CE}kM, 5(Y) and CC’,"M, 5(Y'T) are
quasi-isomorphic for any GM-perversity p. Let p and g be two GM-perversities such
that p(k) + q(k) = k — 2. There exists a quasi-isomorphism between CSMJ(Y) and
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C g(Y); see [4, Theorem B] or Proposition 1.8. Recall also from Proposition 1.5 the
existence of a quasi-isomorphism between C g (Y)and N ;7" (Y). Thus, the isomorphism

Comg(X ) = C* (W) &@, ., c*@. W) (EB CéM,(j(C(aMW)r))»

uel

obtained by construction of the triangulations, gives quasi-isomorphisms

CéM,q(X) ~ C*(W) EBC*(BW) (@ CC:'kM,q(C(au W)))

uel

~ C*(W) &cxow) (@ T<i(m)—g(m)C (Ou W))

uel
= C W) ®cow) T<im—gm € (OW)

~ N*W) @y om) T<tny—aen N (OW).

Therefore, we have obtained a quasi-isomorphism
N3 (X) > N*(W) &y omr) T<pmy N F(OW).

We now investigate the structure of the £(2)—algebra. In [1], C Berger and B Fresse
prove that a restriction map N*(Y) — N*(Z), induced by an inclusion Z < Y,
is a morphism of £(2)—algebras. Therefore, we obtain functors from the lattice of
GM-perversities (and c0) to GM-perverse £(2)—algebras, defined by p — N ;—f (X),
p=>N*(W), pr=> N*(0W) and p = t<5(,)N*(0W). Restriction maps define GM-
perverse &£(2)-algebra maps between N [%k (X) and the three other GM-perverse £(2)—
algebras. From them, we obtain a GM-perverse £(2)—algebra map

@) NZ(X) = N*(W) @ ywomry T< ey N * (@W),

whose codomain is a pullback in the category of GM-perverse £(2)—algebras; see [1].
We have proved above that this last map is a quasi-isomorphism for each p, and the
first item of the statement is established.

(ii) An element of the previous sum is of the type («, t*«), with (*a of degree less
than, or equal to, p(n). This means that, if « is of degree k, we must have

Fa=0 if k > p(n),

t*a is a cocycle if k = p(n).
This immediately implies that H{‘W’ »(X)=H k(w) if k < p(n) and also that
H{‘Wj(X) = HK(W,0W) if k > p(n)+1. Indegree k = p(n)+1, the p—intersection
cohomology of X is formed of the elements of H k(W) which are in the image of
HK(W,dW), ie the kernel of H* (W) — H*(dW).
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(iii) The quasi-isomorphisms between ]V;—f (X) and N*(W)®n+*@ow) T<pm N *(OW)
define a map of GM-perverse £ (2)—algebras, and therefore they are compatible with the
cup; —products. Also, the right-hand complex of (4) can be used for the determination
of cup; —products; ie we have

(., Fa) Ui (B, " B) = (@ U; B, ¥ U; 1*B),

from which we deduce the announced formula for Steenrod squares. a

Remark 5.2 We give a direct proof of the Goresky—Pardon conjecture in the case of
isolated singularities. Let (a, ) be a cocycle in N¥(W) @ Nk@w) T<pm)N k@w).
The perverse degree of the Steenrod square Sq” (a, (*ar) = (a, t*a) Uk—j (@, t%a)
satisfies the inequality

(et ") Ug—j (a0, Fa) || <oy [Fa Up—j | <o) k+ 7 =<3y p(n) + /,
where
* =(1) comes from the fact that the perverse degree of a cochain is less than or
equal to its usual degree,
* =(p) is a consequence of |a U; b| <|a|+ |b] —1i,

e =@y uses *a=0if k > p(n).

Remark 5.3 The fact that the image of HT*W, 5(X) by Sq’ is in perversity £(p,i) =
min(2p, p + i) is perfectly in phase with the characterization of the intersection
cohomology of X, written in Proposition 5.1(ii). This remark follows from these
observations for a cocycle (a, *a) € NK(W) DNk W) rsﬁ(n)Nk(aW):

e If k < p(n), then by definition of the Steenrod squares in H*(W), we have
ISq' (@) =k +i < p(n) +i.
- If i < p(n), this implies [Sq’ (o, *a)| < L(p.1)(n).
- If i > p(n), we have Sq' (a, t*) = (Sq'e, 1*Sq’ ) = 0.

o If k> p(n), then *a =0 and |Sq’ (o, *at)| =k +i > p(n) +i > L(p.i)(n).

In conclusion, Sqi respects the caesuras in the determination of the perverse cohomolo-
gies Hryy 5(X) and Hyy r(5,:(X). Moreover, in degrees k < p(n), the Steenrod
squares on H%‘W, 5(X) coincide with the Steenrod squares on H kw).
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Example 5.4 (Steenrod squares on the intersection cohomology of the suspension of a
manifold) Let X be an (n—1)—dimensional manifold and p a GM-perversity. The
following pushout defines X X as in Proposition 5.1:

X uxy 25 x w1, 1]

l l

CX_l |_|CX1 — 32X

where (1: X7 = X x {1} > X x[-1,1] and (—;: X1 = X x{—-1} - X x[-1,1]
are the canonical injections. From (i) of Proposition 5.1, we know that N l’,—k(EX ) is
quasi-isomorphic to the cochain complex

(5) N*X x[-1,1)"P? @ {« € NP (X x[-1,1]) | diF () = di* (o) = 0}
& (Ker] ﬂKerLf1)>ﬁ(”),

in which the superscript refers to the degree. For instance, (A)<k is the set of elements
of A of degree less than k.

The suspension ¥ X can also be obtained as a cofiber, X UX_; - X x[-1,1]=> XX,
which gives a short exact sequence

(1))

0 — (Kertf NKert* ) < N*(X x[—1,1]) ——= N*(X;) @ N*(X_;) — 0.
The morphism of £(2)—algebras [1], N*(ZX) - N*(X x[-1,1]), lifts as a quasi-
isomorphism of cochain complexes, N*(XX) — (Ker:} NKer:*,). From (5) and the
previous observation, we deduce the intersection cohomology of the suspension £ X as

H5(X) if k < p(n),
k . —
Hyy 5(2X) =10 ifk=pn)+1,
HK(SX)= HKsY(X) ifk> p(n)+1.
With Remark 5.3, we know that, in degrees k < p(n), the Steenrod squares on
H{‘W’ 5(XX) coincide with the Steenrod squares on H k(X). Moreover, the inter-
section of kernels being endowed with the induced structure of an £(2)—algebra of
N*(X x[~1,1]), the quasi-isomorphism N *(XX) — (Ker(] NKer* ) is a morphism
of £(2)—algebras; see [1]. Thus, in degrees k > p(n) + 1, the Steenrod squares on
H%‘W’ 5(XX) coincide with the Steenrod squares on H k(£ X), which are the suspen-
sions of the Steenrod squares on X .

We consider now the case of the Thom space of a vector bundle, R” — F — B.
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Example 5.5 (Steenrod squares on the intersection cohomology of a Thom space) Let
R™ — Dpg £, B be the disk-bundle of associated sphere-bundle S~ ! — Sp %> B.
The Thom space Th(E) is built from the disk-bundle along the process described
in Proposition 5.1. We filter Th(E) by the point of compactification. Let p be a
GM-perversity entirely determined in this case by the number p(n) with n = dim E.
In this example, we prove that the Steenrod squares on H{fwy 5(Th(E)) are entirely
determined by the Steenrod squares on the base space and the Stiefel-Whitney classes
of the bundle.

Denote by ¢ € H™(B) the Euler class and by 6 € H™(Th(E)) the Thom class.
Let j: D — Th(FE) be the canonical map, and recall that the Thom isomorphism
Th: H*=™(B) — H¥(Th(E)) =~ H*(Dg, Sg) is defined by Th(y) = g*(y) U 6.
The Euler and the Thom classes are connected by the two exact sequences

e HY(Th(E)) L H¥(D ) — H¥(Sp) — HEH(Th(E)) — - --

T

o HF(B) 2% HF(B) L H*(Sp) —— HFY1M(B) —— -

and the fact that j *(@) = g*(c). From Proposition 5.1, we know that the complex
N pf (Th(E)) is quasi-isomorphic to
N*=N*(B) ®n+(sg) =5y N " (SE)
= N<PO(B) @ {o € NP®(B) | df*(@) = 0}
& Ker(W* (B) = N*(5))™P®.
Thus we recover (see [16, page 77]) the intersection cohomology of the Thom space,
Hk(B) if k£ < p(n),

Hfy 5(Th(E)) = HF(\V) = { (Im (— U ¢))* if k = pln)+1,
Hk=™(B) =7, H*(Th(E)) ifk > p(n) + 1.

e Ifk<p(n)+1,the Steenrgd squares Sqi: Hg(Th(E)) — Hg(%’;,-)(Th(E)) coincide
with the Steenrod squares Sq': HF¥ (B) —> Hk+1(B); see Remark 5.3.

o Let k> p(n)+1 and y € H*(B). The (classical) internal Cartan formula gives

J J
Sa/ (g* (M UB) =) Se/“(g* () UST () =D g*(Sa/ () U g* () U .
£=0 {=0

where the w, are the Stiefel-Whitney classes of the fibration f'; see [19, page 91].
Set u = g*(y) U0 = Th(y) € H*(Th(E)). In this range of degrees, the Steenrod
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squares on Th(E), denoted by Sqry,, and the Steenrod squares on B, denoted by Sqp,
are related by

. J .
Safu (W) = g*(Say ‘() Uwy) U .
£=0

With the Thom isomorphism 7/: H*~"(B) — H*(Th(E)) the previous formula can
be written as

. j .
S = Th{ Y- Sa (77 o) Vo )
£=0

6 Example of a fibration with fiber a cone

In this section, we construct an example showing the interest of the lifting of the image
of Sq' to the perversity £(p,i) instead of 2p. As the case of Sq1 was analyzed in
[12], we choose an example with Sq?>.

Proposition 6.1 There exists a pseudomanifold X and a GM-perversity p with an
explicit nontrivial perverse square

0% Sq%: Hiy, 5(X) — Hpy, 5.2 (X,

whose composition with the canonical map H1§W, c(p,2)(X) — H{fw’z 5(X) is zero.

Proof To begin with, we describe the general strategy of the proof. The first step is
the construction of a fibration S7 x $* — E %> CP(2), with a nontrivial differential
on a generator a7 of H’(S7 x S%), in the Serre spectral sequence. Secondly, we
consider the fiberwise conification c(S7 x S4) — X Y. cp (2) of the fibration ¢. The
space X is a pseudomanifold. A GM-perversity p on X is determined by the value
p(12) = k, and we denote it by k. (As p is a GM-perversity, we have & < 10.) In our
fibration, depending on the value of k, the element a7 is a class of p—intersection or
it is not; more precisely, we get H1§WJ;(X ) #0if k =6 and H?w’;(X )=0if k =8.
This property generates a nontrivial Steenrod square Sq>: HT6W’ 5(X)— H]gw’ £(p,2)(X)
such that the composite with the canonical map

qu
HT6W,17(X) —_— Hqijw,a(ﬁ,z) (X) — H”1§W,217(X)
is the zero map. Details are as follows.

e First, we observe, from the cellular approximation theorem and the construction
of K(Z,8), that the classifying map of the top class CP(2) x S* — K(Z, 8) lifts as
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amap f: CP(2)x S* — S®. We denote by p;: E — CP(2) x S* the pullback of
the Hopf fibration S!° — S% along /. We compose p; with the trivial fibration
p2: CP(2) x S* — CP(2) and obtain a fibration

¢: E— CP(2),
whose fiber F is S7 x S*. To show this last point, consider the commutative diagram:
F E S
P J
S — 5 CPQ2)xS* —— S8
P2

¥ —— CP(2)

The rectangle formed of |1]| and |2] is a pullback. As |1]is a pullback, we deduce [17,
Section II1.4] that |2]| is a pullback. Therefore, the rectangle formed of |2] and |3]is a
pullback, and the triviality of the map S* — S® implies that F is §7 x §*.

We study now the Serre spectral sequence of the fibration ¢. We denote by a4, ay
and a7 x a4 the generators of the reduced cohomology of S7 x S4, and by x and x?
the generators of the reduced cohomology of CP(2). An inspection of the degrees in
the differentials d,: E5" — EST"'"""! shows that the only differential which can
be potentially nontrivial is

dy: EYT = EY =Faa; — Ep* = Ey* =F2(x? ®ay).
By definition of S7 — E — CP(2) x S* as a pullback of the Hopf fibration, we

already know [21, Section II1.4] that the top class a7 of S” transgresses on the product

x2 x ay. This gives d4(a7) = x> ® a4 in the Serre spectral sequence of the fibration

p: E— CP(2).

We continue with the determination of the image of the cohomology class x ® a4
by Sq? in H*(CP(2)) ® H*(S” x S*). From the external Cartan formula, we have

Sq*(x ® as) = Sq*(x) ®as +5q" (x) ® Sq' (a4) + x ® Sq*(as).
The last two terms are zero for degree reasons. The equality Sq?(x) = x2 gives

S*(x ®as) = x> Qay.
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 The second step is the fiberwise conification ¢(S7 x §4) — X Y. cp (2) of the
fibration ¢. If x € CP(2), we denote by (S7xS*), the fiber over x and by v the cone
point of the cone c((S7 x.S*)x). A continuous section y of ¥, defined by 11(x) = vy,
identifies CP? to a closed subspace of X. We filter X by @ C Xo = CP(2) C X.
Observe that the singular set in X is CP(2) and that the link of a singular point is
ST x S*4.

Let k be a GM-perversity. The intersection cohomology H{"w’ 7z(X) is the abutment
(see [5, Theorem 3.5]) of a Serre spectral sequence with

7ES* = H"(CP(2)) ® Hyy j(c(S7 x S%)).
We may replace the right-hand term of this tensor product by its value and obtain
7Ey*=H (CP(2)® H*(S7 x S

if s <k and O otherwise. The existence of a morphism E — X over the identity
on CP(2) gives a morphism of spectral sequences, (; Ey’, d«) — (EY’, dx). From
our previous determination of the Serre spectral sequence (Ey°,dy) associated to
the fibration ¢: E —> CP(2), we deduce that the differentials dx of Ey’ are zero,
except dg(a7) = X2 ®ay if 7 < k. Thus, in perver51ty k <7, as the class a7 is not
of k—intersection, the class x> ® a4 survives and HTW 7(X) #0. Butif k =8, the
class a7 is of 8—intersection and kills the element x2 ® a4 (which is the only element
of degree 8 in the E£,—term). Thus Hffw,g(X )=0.

The square Sq?, that we have previously determined, arises in the GM-perversity 4,
and we have

Sq%: Hiwz(X) =Fa(x @ as) = Hiyz(X) = F2(x* ® ay).

Observe that 6 = £(4,4+2) is a GM- perversity and thus, with the argument above, Sq°
still survives as map from HTW 7 to HTW6 = HTW 7. But, for the GM-perversity
8 =2 x4, as HTW g(X) = 0, this square Sq? disappears if we express it as a map
from HTW4 to HTW 2x7- ]

7 Topological invariance of the Steenrod squares
in intersection cohomology

In the case of PL-pseudomanifolds, we know from [13] that the Steenrod squares are
topological invariants, as homomorphisms Hy, (X)) —> HTrg‘V"z 5(X). In this section,
we prove that the lifting we have introduced before, Sq': Hyy, 5(X) — HTW o) (X),
is also a topological invariant. The proof is based on the original combinatorial

description of Steenrod squares made in [22].
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Theorem D Let X be an n—dimensional PL-pseudomanifold and p a GM-perversity.
Then the Steenrod squares Sq': HT*W’ »(X) — kav-ix;,lﬁ( 5.i)(X) do not depend on the
stratification of X .

Theorem D is a direct consequence of Proposition 7.1 and Proposition 7.9. Before stating
and proving these two results, we need to introduce some material. First, recall from
[15, page 150] and [7, Chapter 2] the existence of a PL-pseudomanifold X* which is an
intrinsic coarsest stratification of X, together with a stratified map v: X — X* defined
by the identity map; see [4, Definition A.18]. In [15], H King proves that v induces a
quasi-isomorphism between the Goresky—MacPherson chain (and cochain) complexes.
Here we consider the map y, induced by v, between the Thom—Whitney complexes.

Proposition 7.1 Let X be an n—dimensional PL-pseudomanifold, and let p be a
GM-perversity. Then the canonical map v: X — X* induces a quasi-isomorphism
X: N;(X*) — N;(X).

Construction of y, the local step

Before giving the proof, we detail the construction of x based on the effect of
v: X — X* on filtered simplices of X. Let 0: A = AJ0x...x A/n - X be a
filtered simplex of X . Suppose that

o for some integer 0 <i <n— 1, the set 0 (A0 %--- % AJi)\o (A0 5.5 AJi-1)
is included in an i —stratum of X which “disappears” inside an (i +1)—stratum
of X*,

o for the other indices £ # i, the corresponding strata of ¢ (A) stay unmodified.

Then the filtered simplex o: A = AJ0 ... % AJn — X becomes a filtered simplex
of X*, namely voo: A(G) = AKo s ... Akn 5 X* with

©) {kg:jg if £<iord>i+1,

ki=-1 and ki1 =ji+ ji+1+1
This process is called an elementary amalgamation. The simplex voo: A — X*
can, in general, be written as a filtered simplex after a finite number of elementary

amalgamations. As we work with blow-ups, we need to consider two cases, depending
if i +1 =n or not. We write

N*(A) =N*(cA0)®---@ N*(cAT) @ N*(cAlit1) ®--- @ N*(A/")
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and
N*(cAT) Q- Q@ N*(co)
N*(A(i)) — ®N*(CAJ,-+11‘+1+1) Q--- Q@ N*(A'n)
N*(cAI)® - ® N*(c@) @ N*(Adn—1+tintly jfj =p—1.

ifi#£n—1,

We define below two morphisms,

a: N* (AT 5 N*(cA%) @ N*(cAP)
and
B: N*(c AP+ 5 N*(c A% @ N*(AD),

which correspond to the cases i #n—1andi =n—1.

Let v be the cone point of ¢@. We use @ and S for the definition of a morphism
Ei: N*(A(P)) —> N*(A) as follows. If @ =3, ®g ; ®-+-® Dy, j € N*(A()), then
fori #n—1, we set

D) &(@) =) @i j([v]) Do @+ ®Pi_1,; @(Piy1,;) Py ®® Dy,
J
and fori =n—1,
®) E(®) =) Py j([v]) Poj ® @ Pz j ® B(Py, )
J

These &; are the local ingredients used in the (global) definition of x, stated below.

Construction of a: N (cA**5+1) 5 N*(cA9) @ N " (cA?)

We define o by its values on the elements of a basis. If L is one of the simplicial
complexes, ¢cA?, ¢cAb or ¢ A9tP+! we denote by {1} the dual basis of N*(L)
obtained from the basis of faces F' of L.

If we represent by F, the faces of A% and by F} the faces of Ab | aface of cAaTbH!
is of the type c(Fy, * Fp) or F, * Fp, where F, and F} can also be the empty set. A
linear map « is entirely determined by

a(lep,sF,) = 1er, ® 1¢F, the cases F, = & and Fj = & being included,
a(lp,«F,) =1cr, ® 1F, if Fp # @, the case F, = & being included,
a(lp,)=1F, ®1y,+1F, R ly,,

where ly, is the sum of 1, when p runs in the set of vertices of A’ and v is the
cone point of cAP.
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Construction of B: N (A*+0+1) 5 N¥(cA%) @ N (AD)

With the previous notation, the linear map f is defined by

{ﬂ(lFa*Fb) =1c.r, ®1F, if Fp # @, the case F, = & being included,
B(F,) =1F, ®ly,.

These maps satisfy the next properties whose proofs are postponed until after the proof
of Proposition 7.1.

Lemma 7.2 The two morphisms, a: N*(cA?Tb+1) 5 N*(¢cA%) @ N*(cAP) and
B: N*(A?Tb+1y 5 N*(cA?) @ N*(AP), are compatible with the differentials and
the restrictions to faces of A% and A?.

Lemma 7.3 The morphism &: N*(A(i)) — N*(A) is compatible with the differen-
tials and the restrictions to faces of the AJ¢ . Moreover, it respects the perverse degree,
ie & (N};(A(i))) C N; (A) for any GM-perversity p.

Construction of x: N >k(X >k) —>N* (X), the global step

Let 0: Ag = AJ0x...% AJn — X be a filtered simplex of X, with blow-up Ay =
cAJO x ... x AJn_ As we have noted before, the domain of the filtered simplex
Vo0: Apog = AKO 5.5 Akn 5 X* has a different decomposition, obtained by a
succession of elementary amalgamations. We denote by Ayog the associated blow-up.

These elementary amalgamations give a finite sequence of decompositions A(ig)o<¢<m
such that A(0) = AJ0 s-..x AJn = Ay and A(m) = AR % ... Afn = A o0 . Two
consecutive terms correspond to an elementary amalgamation, ie A(iy) = A*0x- . -x A*n
and A(igyq) = AP0 x---x AV7_ with

{yuzxu if u<iporu>ip+1,
Yip=—1 and yj,4+1 =xi, +xi,., + 1.

Recall the map &;,: ]V*(A(igﬂ)) — N*(A(i;)) defined in (7) and (8). We set
Xo =Eigo---0&i, ;.

Finally, by Lemma 7.2, we have a map x: N*(X*) = N*(X), defined on 0: A — X
and ® € N*(X™*), by

X(P)o = xo(Pyoo).
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Proof of Proposition 7.1 By Lemma 7.3, the previous map x: N*(X*) —> N*(X)
is a cochain map which restricts as x: N5 (X*) — N5 (X).

There also exists a map evaly: N *(X) — hom(NSM(X),F,) defined as follows.

Forany ® € N*(X) and 0 AJ0s-- -5 AJn — X with By =Y, g ; @ @ Py, €
N*(cA0)®---® N*(AJn), we set

evaly(P)(o) = Z Do, j ([cAT0])--- Dy ; ([AIN]).
J

Let g be the GM-perversity such that p 4+ ¢ =¢. We have that the canonical morphism
px: Cu(—=) = Ni(—) induces p*: hom(NEM4(—), F,) — hom(CSM4(—),F,) and
0 N pf (=) — C 5 (—). The previous map evaly is connected with the morphism eval,
introduced in the proof of Lemma 4.2, by p* oevaly = evalop. As p and eval
are quasi-isomorphisms (see Proposition 1.5 and Proposition 1.8), we know that the
composite p* o evaly is a quasi-isomorphism. Now consider the following diagram:

NEX), 22, hom(NEM (X ), Fy) —— hom(CSMA(X ), Fy)

9 l JN*(U) lc*(v)

*

NEX) =225 hom(NEM (X)), ) —2— hom(CEMA(X), )

The right-hand square is commutative by naturality of p.. We prove now the commu-
tativity of the left-hand one. Let ® € N (X*), and let 02 Ag = AJ0 k- Adn — X
be a filtered simplex, with associated filtered simplex voo: Ay — X ™. We have
to check

(10) (N*(v) o evaly(®))(0) = evaly(x(P))(0).

For a given o, we can decompose v in a finite number of elementary amalgamations
and thus replace xo: N*(Ayos) = N*(Ag) by &0 N*(A(@)) — N*(A), as defined
in (7) and (8). Set @00 = Zj Dy ®---®Dy,; € N*(A(i)) and suppose i #n—1.
By definition (7), we have

X(@)g = Xo(Proo) = &i(Puoo)

= 0 j([v])- Do ® @ Pi_1,; ®(Pit1,;) ® Dif2,; @ ® Dp,j.
J

and the right-hand side of (10) is equal to

evaly (x(9)(0) = > (Do, i ([c A -+ D;_y j ([cAT1]) - B; j ([v])
J c(@ig1,;)[c AT @ [cATIH1]) -+ @y ([AT]).
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We determine now the left-hand side of (10):
(N*(v)oeval y(®))(0) = evaly(®)(voo)

= (Do, ; ([cAO] -+ By j ([cAT=1]) - By ([v])
7 (@i y 1, (AT @y ([ AG)).

Thus the left-hand and the right-hand sides coincide by definition of «. A similar
argument gives the result when i =n—1.

We have established above that the two horizontal lines of the commutative square (9)
are quasi-isomorphisms. The right-hand vertical map is a quasi-isomorphism also; see
[15]. Thus y: pr (X*) — pr (X) is a quasi-isomorphism. |

Proof of Lemma 7.2 We first consider the map o and its behavior with restriction
maps. Let V, and V}, be faces of A4 and Ab, respectively, including the cases V, = &
or Vp = &. Then the diagram

N*(CAa+b+1) > N*(cA?) ® N*(CAb)

Resl lRes

N*(Cva+b+l) e N*(cV9) ®N*(va)

commutes, where the two vertical maps are given by the restriction map. To verify this
assertion, we consider two faces, F, of V, and F} of V, and check the commutativity
for the cochain 1.(f,«F,), the other cases being similar:

Res(a(l¢(F,xFy))) =Res(l¢cr, ® 1cF,) = 1cF, ® leF,
= O‘(lc(Fa*Fb)) = O‘(Res(lc(Fa*Fb)))-

Now, comes the differential. Let L be a finite simplicial complex endowed with a
partial order of its vertices such that the vertices of any simplex are simply ordered.
In the cone cL, the cone point is the greatest element. In the sequel, we adopt the
following; see [22, page 292].

Steenrod’s convention

A symbol, such as F, G or V, will denote, ambiguously, either (1) a simplex of L, or
(2) the array of vertices of the simplex ordered as in L, or (3) the orientation of the
simplex determined by this order, or (4) the elementary cochain which attaches +1 to
this oriented simplex and 0 to all others. The ambiguity can usually be resolved by
examining the context in which the symbol is used.
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With this convention, the definition of a: N*(cA?T0+1) 5 N*(cA?) @ N*(cAb)
can be written as
a(c(Fg*x Fp)) =cF,®cFp  the cases F;, = @ and Fj = @ being included,
a(Fg*x Fp)=cF,Q® Fp if Fp # &, the case F; = @ being included,
O‘(Fa)=Fa®Vb+Fa®Vb:

where V), denotes the sum of the vertices of A?. The definition of the coboundary
with this convention is also specified in [22, page 296]. Let F, = (ag,...,ay) be
a nonempty face of a simplex A%; we denote by cF, = (ay,...,ak,Vq) the face
obtained from the adjunction of the cone point v,. It is important to observe that, in
this setting, the differential of a face F' (viewed as a cochain) depends on the simplicial
complex in which we do the computation. For instance, the differentials §¢ in A% and
44 in ¢A? are linked by

§°U(cFq) = c(8 Fa),
6caFa :8aFa+cFa,
5%, =cVy,,

where V, is the sum of the vertices of A?. If Fj, is a nonempty face in A?, the
differential §4*2 in A% % A® is defined by

ST (Fy % F) = (8%F,) % Fiy + Fa x (82 Fp),
§T*bF, = §9F, + Fy %V,
5a*be =Vyx Fp + 5be.

The differential on ¢(A? x A?) = (¢A%) x A® can be deduced from the combination
of the previous equalities; we denote it by §¢(@xb) We make the notations uniform by
setting §¢4®<b and §¢4®b (o the product differentials on N*(cA%) ® N*(cAP) and
N*(cA?) @ N*(Ab), respectively. We now verify the compatibility of « with the
differentials by considering the various cases:

e Suppose Fo #+ & and Fp, # O
(8°®D) (au(c(Fa * Fp))) = (8°“®P)(cFy ® ¢ Fp)
= 8UcFy) @ cFp + cFa @ 8P (cFp)
=c8'F;QcFp+cF; ® chFb
= a(c((8“ Fa) * Fp)) + al(c(Fy * (8° Fp)))
= a(c(8™*P(Fy  Fp)))
= a(&c(“*b)c(Fa * Fp)),
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(8°9®PYq (Fy x Fp) = (8“®P)(cFy ® Fp)
= (6°UCFa) ® Fiy + cFa ® (8 Fp)
= (c89F) ® Fp +cFa ® (8° Fp) 4+ cF, ® cFp
= a((8" Fa) * Fp) + a(Fa * (8° Fp)) + a(c(Fa * Fp))
= a(8Y*P (Fyx Fp) + ¢(Fa % Fp))
= a (8D (F, x Fp)).

e Suppose Fy, # @ and Fp = &:

(6°4®P)a(cFa) = (°°®P)(cFa ® i) = (°cFa) ® vy +cFa ® 5wy
= (c8°F) @vp + (cF) @cVp = a(c(8%F, + Fy % Vp))
= a(c(E" Fa)) = a8V cFy).

(8“®PYa(Fy) = (8““®P)(Fa @ vp + Fa ® V)
=8F, ® (vp + Vp) + Fa ® 8 (vp + V)
= (8"Fa) ® (vp + Vp) + cFa ®Vp +cFa ® Vp +0
= a(89Fa) + a(cFa) + a(Fq % V)
= (8 Fq + cFy)
= a8 F,).

(We have used §¢? F, = §9F, + cF, and §°° (v, + V) = 0. For the last one, observe
that v + Vp is the nontrivial cocycle in degree 0.)

e Suppose Fp =0 and Fy, #+ O:

(5¢99D)q(cFp) = (5®L)(vy ® cFp) = ¢V, @ cFy + vy ® c8P F
= a(c(Vg x Fp)) + a(c8® Fp) = a(c8*P Fy)
= a8 cFy),

(80a®cb)a(Fb) — (86a®cb)(va ® Fb) — CVa ® Fb + vy ®5€be
= a(V, % Fp) + a(8° Fp) + a(cFp)
— a(ac(a*b)Fb).

Algebraic € Geometric Topology, Volume 16 (2016)



Intersection cohomology and Steenrod squares 1893

o Suppose Fy=Fp =0:
(6°1®P)a (c@) = (5°®P) (v ® vp) = cVa ® Vpy +va ® V)

=a(cVa+cVp) =a(cVaypr1)
= a(§°@D) ¢ ).

As for the map B: N*(AtP+1) 5 N*(cA%) @ N*(AP), its description with Steen-

rod’s convention is written:

{,B(Fa x Fp)=cF,® Fp, if F # &, the case F; = & being included,
IB(Fa) =F,® Vp.

The proof of its compatibility with restriction maps is totally similar to the proof done
for . Therefore, we are reduced to check the compatibility of 8 with the differentials.
As before, we list the different cases:

e Suppose Fy # @ and Fp # O
(8°“®PY(B(Fa * Fp)) = (8““®P)(cFa ® Fp) = (8““cFa) ® Fip + ¢Fa ® (8° Fp)
= (¢8°Fa) ® Fj + cF, ® (§° Fp)
= B((8“Fa) * Fp) + B(Fa * (8° F))
= B(8* (Fy x Fp)).
e Suppose Fo#+ & and Fp, = O
(8“®P)(B(Fa)) = (8“®P)(Fa ® Vp) = (8““Fa) ® Vj + Fa ® (8°V})
=(8F)QVy +(cF) @V +0=PB(8%F, + Fy % Vp)
= B(8™* Fy).
e Suppose Fo =@ and Fp # O
(8°9®PY(B(Fp)) = (8““®P)(va ® Fp) = (cVa) ® Fp + va ® (8° Fp)
= B(Va * Fp) + B(8° Fp) = B(8*P F). O
Proof of Lemma 7.3 The compatibilities with restriction maps and differentials being

local, they are direct consequences of Lemma 7.2. We now study the behavior of &;
with the perverse degrees.

We continue with Steenrod’s convention and begin with the expression of the perverse
degree in this context. Let F = Fy ® --- ® Fj, be a tensor product of nonempty faces
in A =c¢AJo x...x ¢AJn=1 x Adn In Steenrod’s convention, we do not distinguish
between F' and the tensor product of cochains, 15, ® ---® 1, . We observe that, if a
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face Fy of ¢A/k is not included in A7k, then the cochain 1 F, restricts to O on the
subcomplex A’k x {1} of ¢A/k. Therefore, by Definition 1.2, the perverse degree
of F is given by

—00 if Fy_y ¢ Adn—t,

Fo® - QF = . .
” 0 n“Z {Fn—€+1|+"'+|Fn| lan—ZCAJn_e,

forany £ € {1,...,n}. A similar definition occurs for the blow-up &U ) of A(Q).

As &; is compatible with the differentials, it is sufficient to prove that the image of a
P —admissible cochain is p—admissible. Let V =V ®---® V), be a tensor product of
faces of A(i) such that

IVo®:---®Vyulle < p(f) foranye{l,...,n}.

As we are dealing with A(i) (see (6)), we have V; = ¢@ and, with the notations of
(7), qD,'j ([V]) =1. Thus,

Vo®---®Vi1 ®a(Viz1)®Vif2®---@Vy, ifi #n—1,
VO@"'@Vn-Z@ﬂ(Vn)y lfi:n_l.
The morphisms « and B preserving the dimension of faces, it is sufficient to consider
the following cases:

MW®M®Wﬁ{

e Suppose i #n—1and n—¥£ =i. Then £ # 1, and we have

15 (Vo ® - ® Vn)lle
- if Vi | = Vg # Vj with V £ &,
= orif Viy1 =c(VgxVp),
max(|v|, [V]) + [Vp—g4a| +--++ |Va| if Vi1 = Vg,

<[Vo®:--® Vallg—1 = p(t—1) = p(D).

We have used here that the perversity p is order-preserving and |v| = |V| = 0
in ¢ AJn—t+1,
e Supposei #n—1and n—{ =i+ 1. We have

(Vo ® -89 ={—oo %f Vit ic(Va *Vp), B
Vi1l 4+ Vol if Vigr =VaxVpor Vigy =V,
SIVo®:---® Vil = p(f).
e Suppose i =n—1 and £ = 1. We have
—oo if V, = Vg% Vy with Vp, # &,
V] if Vi, = Vg,
<0=p(). O

HM%®W®WW={
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Steenrod’s definition of cup; —products

Let L be a finite simplicial complex endowed with a partial order of its vertices
such that the vertices of any simplex are simply ordered. Let F = (ag,...,a;) and
G = (by, . ..,by) be two (ordered) simplices of L, and let i > 0 be an integer. The
ordered pair (F, G) is called i —regular if F and G have exactly (i + 1) vertices in
common, (cg,...,¢;), such that

* ¢o=bo,
e ¢j and ¢j4 are adjacentin F if j is even and adjacent in G if j is odd, for
all0<j <i,

e ¢; is the last vertex of F if i is even and the last vertex of G if i is odd.

Denote by Fy the face of F' spanned by its vertices lower than or equal to ¢y and
by F,; the face of F' spanned by its vertices greater than or equal to ¢, 1 and lower
than or equal to ¢y, (0 <2j <i).If i is odd, let F; be the face of F spanned by
its vertices greater than or equal to ¢;. We do a similar decomposition for G, denoting
by Gyj4+1 (1 =2j+1<i+1) the face of G spanned by its vertices greater than
or equal to ¢ and lower than or equal to c¢;41. If i is even, let G; 1 be the face
spanned by the vertices greater than or equal to ¢;. This gives the decompositions
F=F0*F2*"'*F2_g and G=Gl>kG3>k"'*G2s+(_1)i,
with 25 =7 if 7 iseven and 25 =i 4 1 if i is odd.
Now, we denote by G}, j+1 the face of G4 obtained by deleting the vertices ¢y
and ¢; 4 1. Moreover, if 7 is even, let Glf 1 be the face of G obtained by deleting ¢; .
Definition 7.4 We define F U; G = 0 in the group of (k+{—i)—cochains, if the
couple (F, G) is not i —regular, and otherwise, by
/ .

FU;G=FyxG s Fy%Gyx-x ity 1 l'%seven,
F;+q ifiisodd.
Example 7.5 We give an illustration of the cases i even and i odd in low dimensions.

(1) The pair (F = (ag,...,ar),G = (bg,...,by)) is 0-regular if a; = by. We write
their vertices as follows:

F: ag— — — ag

G: bo — — — by
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By definition, F Uy G = (ao, - .., ak, b1, ..., by) is the (classical) cup-product.

(2) The pair (F, G) is 1-regular if they have two common vertices (cg, ¢1) such that
the vertices of F' and G can be put in two lines, as follows:

F: g — — — g, = Co Akp+1 =C1 — = —dg
G: bo=€0————bg=()1
By definition, F Uy G = (ao....,ak,.D1.....bg—1,apy1.-- .. ak).

(3) The pair (F, G) is 2-regular if they have three common vertices (cg, ¢y, ¢2) such
that the vertices of F' and G can be put in two lines as:

F: ap — — — djy = Co Akg41 =C1 ——— —dg =C2
G: bo=co————by =c; by +1=c2—— by
By definition, F Uy G = (ag, ... .aky.b1.....bg,—1,ky41-- - Ak Dy 42, ... by).

For the convenience of the reader, we recall the next statement of Steenrod, written
with the notation of this paper.

Proposition 7.6 [22, Theorem, page 295] The Steenrod squares satisfy:
c(FU; G) Ifi iseven,
0 ifi is odd,

0 if i is even,
@ (F)UiG= {c(F Ui G) ifi is odd,
(3) (¢cF)Ui(cG)=c(FUj—1 Q).

(1) FU;i(cG) = {

The domains of the functions o and B are the euclidean simplices A9T0+1 = A5 AD
and c(A? % AP). Therefore, we need to study the cup;—products in these complexes.
The case of the cone ¢(A“ * Ab ) can be deduced from the first one, AThHL with
Proposition 7.6. We order the vertices of A%+b+1 guch that any vertex of A? is lower
than any vertex of AP Also, the cone point v is the greatest element of the set of
vertices. Recall from (3) the notation

{F U; G if j is even,

FUlG= O
! G U; F if j is odd.
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Lemma 7.7 Let F, and G, be (nonempty) faces of A?, and let Fp and Gy be
(nonempty) faces of AP. For any i > 0, we have, in A? x A,

(A1) (FaxFp)Ui (GaxGp)= Y (FaUj, Go) * (Fp U Y Gy).
i1 +iz=i—1

Note that the right-hand side of the equality (11) has at most one nonzero term.

If we set —U_; — = 0, the right hand side of (11) is equal to zero in the case i = 0.
Note also that F,; and G} cannot have a common vertex, and neither can Fp and G.
Therefore, with the hypotheses of Lemma 7.7, the simplices Fj * F} and G, * Gp
cannot have exactly one vertex in common and respect the convention on the order of
the vertices. As a consequence, the equality (11) is also true for i = 0, with the two
sides equal to zero.

Proof The cup;—product of F = F, * Fj, and G = G, * G, is not zero only if F
and G have (i + 1) vertices in common. Denote by (x + 1), with 0 < x < i, the
number of vertices in common for F, and G,. Thus F} and Gj have (i —x) vertices
in common. We also observe that the only nonzero term of the right-hand side of (11)
corresponds to i} = x.

Suppose i is even and x is odd. With the previous notation, we decompose
Fo=Fgo%:--%Fgxi1 and Gg =G % % Gapx,
Fp=Fpo*---xFp; 1 and Gp=Gp % *Gp;_y.
Thus we have
(Fg* Fp) Ui (GaxGp) = Fg 0% Gé,1 seeeek Gy % Fy oy % Fp o Gl’)’1 Kook Gl'),i_x
= (FaUx Ga) * (Fp Ui—x—1 Gp)
= (FaUx Ga) * (Fp UL, Gp).

Now suppose i is even and x is even. We decompose
Fo=Fa0%--xF,x and Gga=Gg1% - *%Ggxt1.

Thus we have

/ /
F,Uy G, = Fa,()>x<Ga’1 L ERRE Y *Ga,x+1-

Note that F,U, G, contains all the vertices of F'U; G belonging to A?. The first vertex
in common between F, and G, is the first vertex of G,. The number of common
points in A% being the odd number x + 1, the last vertex of A? in common must be
the last vertex of F,. Therefore, the first vertex of A? in common is the first vertex
of Fj. (See Example 7.8 for an illustration of this argument.) Thus, for writing this
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final part of vertices in F'U; G as a cup;_,_; —product, we have to decompose Fj
and Gy as

Gp=Gpo*-*Gp;—x and Fp="Fp *---*xFp; 1.
We deduce
(Fa* Fp)Ui (GaxGp) = FaoxGy %% Gy 4 %Gpox Fy x5 Fp i %Gy
= (FaUxGa)*(GpUi—x—1 Fp)
= (FaUx Ga)*(Fp Uil Gp).

In the case where i is odd, the conclusion is obtained with totally similar arguments. O

Example 7.8 We specialize, with x = 2, the argument from the previous proof. Let

Fax Fy=(f& ... 1O =L, b

and
Ga*Gb=(gg,...,gZ)*(gg,...,gﬁ).

The following diagram represents

(Fa*Fb)Ui(Ga*Gb):(FaUZGa)*(FbU3_3Gb):(FaUZGa)*(GbUi—3Fb):

FaxFy:  fo——- /i fy ===

Gq * Gp: -—- ————gﬁgg————‘

Proposition 7.9 Let X be an n—dimensional PL-pseudomanifold, and let p and q
be GM-perversities. Then the quasi-isomorphism x: N}(X*) — NJ(X) induced by
v: X — X* is compatible with the cup; —products, ie

X(@U; W) = x(®) Ui x(¥),
forany i >0, ® € NI(X*), We NS(X*) and D U; W e NZES™/ (X*).

As cup; —products on N *(—) are defined locally, it is sufficient to do the proof for an
elementary amalgamation. Thus Proposition 7.9 is a direct consequence of the next
lemma.

Lemma 7.10 The two morphisms a: N*(cA%T0+1) 5 N*(cA?) @ N*(cAP) and
B: N*(A*Th+1y 5 N*(cA%) ® N*(Ab) are compatible with the cup; —products.
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Proof Consider the faces F = F, * Fj, and G = G, % Gp of A4Tb+1,

e First suppose that F, # &, Fp # &, G, # @ and Gp # J, and begin with the
map B. We have to prove

(12) B((Fa* Fp) Ui (Ga * Gp)) = B(Fa * Fpp) Ui B(Ga * Gp).
From Lemma 7.7 and the definition of 8, we get
B((Fax Fy)Ui (GaxGp))= Y (c(FaUi, Ga) ® (Fp UL Y Gp).
iV iz=i—1
On the other side, we have

B(Fqx Fp) Ui B(Ga * Gp) =(1) (cFq ® Fp) Uj (cGq @ Gp)

1
=@2) »_(cFaUg ¢Ga) ® (Fp UX; Gp)
k=0

1
=@3) Z ¢(FqUk—1 Ga) ® (Fp UF_, Gy)
k=1

= Z (C(Fa Uil Ga)) ® (Fb Ug—'_l Gb),

i1+ir=i—1

where =y is the definition of B, =(,) comes from the structure of an £(2)—algebra on
a tensor product of £(2)—algebras, recalled in Section 2, and =(3) 18 [22, Formula (4.3)],
recalled in Proposition 7.6.

e With the same restriction, F, # &, Fp # &, G, # @ and Gp # &, we now
study the map «. The arguments are coming from Lemma 7.7, from the structure of
£(2)—algebra on a tensor product and from Proposition 7.6, as before. In the sequel,
we use them without an explicit recall. We have only to study the cases where one
of the faces contains the cone point, the other cases being already verified when we
considered the map f.

(i) Let ¢(F, * Fp) and ¢(Gg4 % Gp) be faces of cA?Tb+1 Then we have

a(c(Fg* Fp) Ui c(Ga * Gp)) = a(c((Fg * Fp) Ui—1 (G * Gp)))
— a(c( > (FaUi, Ga)# (Fy Ut G,,)))
i1 +ir=i—2
= Y c(FaUi Ga)®c(Fp Ul Gy),

i1+ix=i—2
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and

a(c(Fg* Fp)) Ui a(c(Ga * Gp)) = (cFa ® cFp) Ui (¢Gqg ® cGp)

1
= ) (cFaUg ¢Ga) ® (cFp Uy ¢Gyp)
k=0
i—1
= Z ¢(FaUg—1 Ga) ® c(Fp UL, _| Gp)
k=1

= Y c(FaUy Ga)®c(F UL Gy).

i1 +iz=i—2
The compatibility with cup; —products is proved for these faces.

(i) Let c(Fy* Fp) and (Gq % Gp) be faces of cA?T0+1 We have to prove that
(13) a(c(Fg* Fp) Ui (Gg x Gp)) = a(c(Fg * Fp)) Ui a(Gg * Gp).

First observe that a(c(Fg* Fp)U; (GaxGp)) =0 if i is even; see Proposition 7.6.
We now study the cup;—product of the images under «:

a(c(Fq* Fp)) Ui a(Ga x Gp) = (cFa ® cFp) Ui (¢Ga ® Gp)

i
=) (cFa Ui ¢Ga) ® (cFp US_ G).
k=0

We study the last right-hand side term in the case where i is even.
— If k is even, then (cF} Uf.‘_k Gp) = cFp U;_j Gp = 0 since i — k is even.
— If k is odd, then (cF} Uf.‘_k Gp) = Gp U;_j cFp =0 since i —k is odd.
Thus (13) is satisfied for i even.
Suppose now that i is odd. The left-hand side of (13) can be expanded as

a(c(Fq* Fp) Ui (Ga * Gp)) = a(c((Fa * Fp) Ui (Ga * Gp)))
= a(c( Y (FaUi, Ga) # (Fy Ut ™! G,,)))
i1+ix=i—1
= Y c(FaUi Go)®c(Fy ULt Gy).
i1 +ix=i—1

We now consider the expression of the right-hand side of (13) already obtained:

i
Y (cFa Uk ¢Ga) ® (cFp UY_, Gy).
k=0
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— For k even, i —k is odd, so (cFp Uf.‘_k Gp)=cFpU; 1 Gp=c(FpU;_Gp).
— For k odd, i —k is even, so (cF} Uf.‘_k Gp)=GpU;_jcFp=c(GpU;_ Fp).
In conclusion, we have proved that ¢ F}, Uf.‘_k Gp = c(F) Uf.‘_k Gp) and
i
a(c(Fa* Fp)) Ui a(Ga % Gp) = Y ¢(Fa Ug— Ga) ® ¢(Fj U Gp)
k=1

= ). (FaUi Ga) ®c(Fp U™ Gp).

i1+iz=i—1
We have established the compatibility with cup;—products in this case.

(iii) Let (F, % Fp) and ¢(G, * Gp) be faces of ¢ A%t2+1 | This situation is similar
to the previous one.

e We now consider the case where at least one of the subsets, F,;, F}, G, and Gy, is
the empty set, and we begin with the map S. The verification follows the same routine
as above, but we cannot apply Lemma 7.7 in this situation. Therefore, we prove the
compatibility with a direct computation of the two sides of the equality (12). We list the
different possibilities with the values of the left-hand side (LHS) and of the right-hand
side (RHS). If F, = Fp = @ or G, = Gp = J, the expressions become trivial and we
may focus on the cases below.

Before doing these verifications, we note that V, is a chain of vertices and, if F, C A?
is given, one (and only one) of theses vertices, say ay, is the first vertex of F,. This
implies V,Uqg F,; = (as) Uy F, = F,. Similarly, we have F, Uy V, = F,, and V, acts
as a neutral element for — Uy —. Also, as v, ¢ F,;, we have v, Ug F; = FaUgv, = 0.

(1) Fu=0, F,#9,G,=09, Gy # 0.

LHS = B(Fp Ui Gp) = va ® (Fp Ui Gp).

RHS = (Va ® Fp) Ui (va ® Gp) = (va Ug Va) ® (Fip U Gp) = va ® (Fp U; Gp).
Q) Fao#t o, Fp=0,G,#9,Gp,=0.

LHS = B(FaU; Gg) = (F,U; Gg) @ V.

RHS = (Fg ®Vp) U (Ga ®Vp) = (Fa Ui Ga) ® (Vp Uy V) = (Fa Ui Ga) @V,
B Faot o, Fp=9,G,=9, Gp # 3.

LHS = B(F, U; G3) = 0.

RHS = (Fy ® Vp) U; (va ® Gp) =0,

because F, U v, =0 for any k.
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4) Fo=09,Fp#9,G,#9, Gp =92.
LHS = B(Fp U; G4) = 0.
RHS = B(Fp) Ui B(Ga) = (va ® Fp) Ui (Ga ® Vp) =0,
because v, Uy G4 = 0 for any k.
5) Fao=9, Fp #£9,Ga# 9, Gp # 3.
LHS = B(Fp Ui (Ga * Gp)) =0,
because F NG, = @ and G, # 9.
RHS = B(Fp) Ui B(Ga * Gp) = (va ® Fp) Ui (¢Ga ® Gp)
= (VaUo ¢Gqa) ® (Fp Ui Gp) =0,
because the cone point v, is the greatest vertex.
6) F,#9, Fp =0, G, #9, Gp # 2.
LES = B(Fy U; (G % Gp))
_ {,B((Fa Ui Gg) * Gp) = ¢(F, U; Gg) ® Gy, for i even,
0 for i odd.
RHS = B(Fy) Ui B(Ga * Gp) = (Fa ® Vp) Ui (¢Ga Q Gp)

— (a1 cGa) @ (V U Gy = (e 2 G © oo even
The nullity when i is odd comes from Proposition 7.6.
(7 Fa# 92, Fp #2,G, =09, Gy # 2.
LHS = B((Fq * Fp) Ui Gp) = B(Fax (Fp Ui Gp)) = cFq ® (Fp U; Gp).
RHS = B(Fq * Fp) U; B(Gp) = (¢Fa ® Fp) Ui (va ® Gp)
= (cFaUova) ® (Fp Ui Gp) = cFa Q (Fp U; Gp).
8) Fa# O, Fy#0,Ga#3,Gp=0.
LHS = B((Fq * Fp) Ui Ga)
_ {O for i even,
B((FaU; Gy) * Fp) = c(FaU; G;) ® Fp,  for i odd.
RHS = B(Fy * Fp) Ui B(Ga) = (cFa ® Fp) Ui (Ga ® Vp)
0 for i even,
c(FaU; Gg)® Fp,  fori odd,

with the argument already used in the case (6).

= (cFaU; Gg) ® (Fp U} V) = {
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* The end of the proof is concerned with the map o when at least one of the subsets,
F,, Fy, G, and Gy, is the empty set. Computations are similar to the previous ones. O
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