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Rigidity in equivariant stable homotopy theory

IRAKLI PATCHKORIA

For any finite group G, we show that the 2—local G —equivariant stable homotopy
category, indexed on a complete G —universe, has a unique equivariant model in
the sense of Quillen model categories. This means that the suspension functor,
homotopy cofiber sequences and the stable Burnside category determine all “higher-
order structure” of the 2—local G —equivariant stable homotopy category, such as
the equivariant homotopy types of function G —spaces. Our result can be seen as an
equivariant version of Schwede’s rigidity theorem at the prime 2.

55P42, 55P91; 18G55

1 Introduction

One of the most difficult problems of algebraic topology is to calculate the stable
homotopy groups of spheres. There has been extensive research in this direction
establishing some remarkable results. A very important object used to do these kinds
of computations is the classical stable homotopy category SHC. This category was
first defined in [27] by Kan. Boardman, in his thesis [6], constructed the (derived)
smash product on SHC whose monoids represent multiplicative cohomology theories.
In [8], Bousfield and Friedlander introduced a stable model category Sp of spectra
with Ho(Sp) triangulated equivalent to SHC. The category Sp enjoys several nice
point-set level properties. However, it does not possess a symmetric monoidal product
that descends to Boardman’s smash product on SHC. This initiated the search for new
models for SHC that possess symmetric monoidal products. In the 1990s, several such
models appeared: S—modules of Elmendorf, Kriz, Mandell and May [15], symmetric
spectra from Hovey, Shipley and Smith [24], simplicial (continuous) functors from
Lydakis [31], and orthogonal spectra from Mandell, May, Schwede and Shipley [34].
All these models turned out to be Quillen equivalent to Sp (and hence, to each other)
and this naturally motivated the following:

Question How many models does SHC admit up to Quillen equivalence?
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In [43], Schwede answered this question. He proved that the stable homotopy category
is rigid, ie if ¢ is a stable model category with Ho(%’) triangulated equivalent to SHC,
then the model categories ¢ and Sp are Quillen equivalent. In other words, up to
Quillen equivalence, there is a unique stable model category whose homotopy category
is triangulated equivalent to the stable homotopy category. This result implies that
all “higher order structure” of the stable homotopy theory, such as homotopy types of
function spaces, is determined by the suspension functor and the class of homotopy
cofiber sequences.

Generally, when passing from a model category ¢ to its homotopy category Ho(%'), one
loses “higher homotopical information” such as homotopy types of mapping spaces in ¢
or the algebraic K—theory of ¢ . In particular, the existence of a triangulated equivalence
of homotopy categories does not necessarily imply that two given models are Quillen
equivalent to each other. Here is an easy example of such a loss of information.
Let Mod-K(n) denote the model category of right modules over the n™ Morava
K—theory K(n), and let dg Mod-« K (n) denote the model category of differential
graded modules over the graded homotopy ring 7« K (n). Then the homotopy categories
Ho(Mod-K(n)) and Ho(dg Mod-r« K(n)) are triangulated equivalent, whereas the
model categories Mod-K(n) and dg Mod-7« K(n) are not Quillen equivalent. The
reason is that the homotopy types of function spaces in dg Mod-m4« K(n) are products
of Eilenberg—MacLane spaces, which is not the case for Mod-K(n) (see eg [38,
Proposition A.1.10]).

Another important example which we would like to recall is due to Schlichting. It
is easy to see that, for any prime p, the homotopy categories Ho(Mod-Z/ p?) and
Ho(Mod-F,[¢]/(¢%)) are triangulated equivalent. In [41], Schlichting shows that the
algebraic K —theories of the subcategories of compact objects of Mod-Z/p? and
Mod-F,[¢]/(t?) are different for p > 5. It then follows from Dugger and Shipley [11,
Corollary 3.10] that the model categories Mod-Z/ p? and Mod-F[t]/ (%) are not
Quillen equivalent. Note that there is also a reinterpretation of this example in terms of
differential graded algebras by Dugger and Shipley [12].

Initiated by Schwede’s result, much research has been done in recent years on establish-
ing essential uniqueness of models for certain homotopy categories. In [40], Roitzheim
shows that the K (;)—local stable homotopy category has a unique model. For other
theorems of this type, see Barnes and Roitzheim [3], and Hutschenreuter [25].

The present work establishes a new uniqueness result. We prove an equivariant version
of Schwede’s rigidity theorem at the prime 2. Before formulating our main result, we
would like to say a few words on equivariant stable homotopy theory.
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The G —equivariant stable homotopy category (indexed on a complete G —universe), for
any compact Lie group G, was introduced in the book [30] by Lewis, May, Steinberger,
and McClure. Roughly speaking, the objects of this category are G —spectra indexed on
finite-dimensional G —representations. In this paper, we will work with the stable model
category Spg of G —equivariant orthogonal spectra indexed on a complete G —universe;
see Mandell and May [33]. The homotopy category of Spg is the G —equivariant
stable homotopy category. The advantage of this model is that it possesses a symmetric
monoidal product compatible with the model structure. As in the nonequivariant case,
the G —equivariant stable homotopy category has some other monoidal models, such as
the category of orthogonal G —spectra equipped with the S—model structure (flat model
structure) in Stolz’s [48, Theorem 2.3.27], the model category of Sg-modules [33,
Section I'V.2] and the model category of G —equivariant continuous functors of Blumberg
[5]. For a finite group G, the model categories of G —equivariant topological symmetric
spectra in the sense of Mandell [32] and Hausmann [20] are also monoidal models for
the G —equivariant stable homotopy category. Note that all these model categories are
known to be G-Top,.—Quillen equivalent to each other; see [33, Theorem IV.1.1; 5,
Theorem 1.3; 48, Proposition 2.3.31; 32; 20].

Now we return to the actual content of this paper. Suppose G is a finite group and
H a subgroup of G. For any g € G, let £H denote the conjugate subgroup gHg™!.

Then the map
g X¥G/*H — XY G/H,

in the homotopy category Ho(Spg ), given by [x] — [xg] on the point-set level, is
called the conjugation map associated to g and H . Further, if K is another subgroup
of G such that K < H, then we have the restriction map

res?: 2PG/K — XTG/H,

which is just the obvious projection on the point-set level. Moreover, there is also a
map backwards, called the transfer map

ol 2°G/H — =PG/K,

given by the Pontryagin—Thom construction; see eg [30, Section IV.3] or tom Dieck
[10, Section I1.8]. These morphisms generate the stable Burnside (orbit) category,
which is the full preadditive subcategory of Ho(Spg ) with objects the stable orbits
E‘j_oG/H for H < G; see [30, Section V.9] and also Lewis [29].

Let G be a finite group. We say that a model category ¢ is a G —equivariant stable
model category if it is enriched, tensored and cotensored over the category G-Top,, of
pointed G —spaces in a compatible way (ie the pushout-product axiom holds) and if

Algebraic & Geometric Topology, Volume 16 (2016)



2162 Irakli Patchkoria

the adjunction
SVh— =% :QV ()

is a Quillen equivalence for any finite-dimensional orthogonal G -representation V.

All the models for the G —equivariant stable homotopy category mentioned above are
G —equivariant stable model categories. Different kinds of equivariant spectra indexed
on incomplete universes provide examples of G-Top, —model categories that are not
G —equivariant stable model categories, but are stable as underlying model categories.

Here is the main result of this paper.

Theorem 1.1.1 Let G be a finite group, let ¥ be a cofibrantly generated, proper,
G —equivariant stable model category, and let Spg,(z) denote the 2—localization of

Sp(G) . Suppose that
W: Ho(SpQ,2)) == Ho(%)

is an equivalence of triangulated categories such that
W(EG/H) =~ G/Hy A" W(S)

for any H < G . Suppose further that the latter isomorphisms are natural with respect to
the restrictions, conjugations and transfers. Then there is a zigzag of G-Top,. —Quillen
equivalences between ¢ and Spg, @ -

In fact, we strongly believe that the following integral version of Theorem 1.1.1 should
be true:

Conjecture 1.1.2 Let G be a finite group and let ¢ be a cofibrantly generated, proper,
G —equivariant stable model category. Suppose that
W: Ho(SpQ) > Ho(%)
is an equivalence of triangulated categories such that
V(ZPG/H) = G/Hy A" U(S)

for any H < G. Suppose further that the latter isomorphisms are natural with respect to
the restrictions, conjugations and transfers. Then there is a zigzag of G-Top, —Quillen
equivalences between ¢ and Spg.

Note that if G is trivial, then the statement of Conjecture 1.1.2 is true. This is Schwede’s
rigidity theorem [43] (or, more precisely, a special case of it, as the model category
in Schwede’s theorem need not be cofibrantly generated, topological or proper). In
particular, the solution of Conjecture 1.1.2 would imply that all “higher-order structure”
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of the G —equivariant stable homotopy theory, such as the equivariant homotopy types
of function G —spaces, is determined by the suspension functor, the class of homotopy
cofiber sequences and the basic wg—information of Ho(Spg), ie the stable Burnside
(orbit) category.

The proof of Theorem 1.1.1 is divided into two main parts: the first is categorical and
the second is computational. The categorical part of the proof is mainly discussed in
Section 3 and would essentially reduce a proof of Conjecture 1.1.2 to showing that a
certain exact endofunctor

F: Ho(Spg) —> Ho(Sp(O;)

is an equivalence of categories. The computational part shows that, 2—locally, the
endofunctor is indeed an equivalence of categories. The proof starts by generalizing
Schwede’s arguments from [42] to free (naive) G —spectra. From this point on, classical
techniques of equivariant stable homotopy theory enter the proof. These include the
double coset formula, Wirthmiiller isomorphism, geometric fixed points, isotropy
separation and the tom Dieck splitting. The central idea is to do induction on the order
of subgroups and use the case of free G —spectra as the induction basis.

The only part of the proof of Theorem 1.1.1 which uses that we are working 2-locally
is the part about free G —spectra in Section 4. The essential fact one needs here is that
the self map 2-id: M (2) - M (2) of the mod 2 Moore spectrum is not zero in the
stable homotopy category. For p an odd prime, the map p-id: M (p) — M (p) is equal
to zero, and this makes a big difference between the 2—primary and odd primary cases.
Observe that the nontriviality of 2-id: M (2) —> M (2) amounts to the fact that M (2)
does not possess an A, —structure with respect to the canonical unit map S — M (2).
In fact, for any prime p, the mod p Moore spectrum M (p) has an A,_;—structure
but does not admit an A,—structure; see Angeltveit [2]. The obstruction for the latter
is the element oy € 3, _3Sp) . This is used by Schwede to obtain the integral rigidity
result for the stable homotopy category in [43]. It seems to be rather nontrivial to
generalize Schwede’s obstruction theory arguments about coherent actions of Moore
spaces [43] to the equivariant case.

This paper is organized as follows. Section 2 contains some basic facts about model
categories, triangulated categories and G —equivariant orthogonal spectra. We also
review the level and stable model structures on the category of orthogonal G —spectra.
In Section 3, we discuss the categorical part of the proof. Here we introduce the
category of orthogonal G —spectra Sp(o; (%) internal to an equivariant model category
%, and we show that if & is stable in an equivariant sense and additionally satisfies
certain technical conditions, then ¢ and Spg (%) are Quillen equivalent. This allows
us to reduce the proof of Theorem 1.1.1 to showing that a certain exact endofunctor F
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of Ho(Spg, (2)) 18 an equivalence of categories. In Section 4, we show that F' becomes
an equivalence when restricted to the full subcategory of free G —spectra.

In Section 5, we prove a technical result that reduces the proof of the main theorem to
checking that the map

F: [SPG/H,2YG/HIS — [F(EXG/H), F(SG/H)|¢

is an isomorphism for any subgroup H of G. This is then verified inductively in
Section 7. The results of Section 4 are used for the induction basis. The induction
step uses geometric fixed points and a certain short exact sequence that we discuss in
Section 6.

2 Preliminaries

2.1 Model categories

A model category is defined as a bicomplete category ¢ equipped with three classes of
morphisms, called weak equivalences, fibrations and cofibrations, satisfying certain
axioms. We will not list these axioms here. The point of this structure is that it allows
one to “do homotopy theory” in ¥’. Good references for model categories include [13],
[23] and [39].

The fundamental example of a model category is the category of topological spaces; see
[39; 23, Theorem 2.4.19]. Further important examples are the category of simplicial
sets (see [39; 17, Theorem 1.11.3]) and the category of chain complexes of modules
over a ring as in [23, Theorem 2.3.11].

For any model category ¢, one has the associated homotopy category Ho(%), which
is defined as the localization of ¥ with respect to the class of weak equivalences;
see eg [23, Section 1.2] or [13]. The model structure guarantees that we do not face
set-theoretic problems when passing to localization, ie Ho(%") has Hom—sets.

A Quillen adjunction between two model categories ¢ and Z is defined to be a pair
of adjoint functors
F:¢=9:E,

where the left adjoint F preserves cofibrations and acyclic cofibrations (or, equivalently,
E preserves fibrations and acyclic fibrations). We refer to F' as a left Quillen functor
and to E as a right Quillen functor. Quillen’s total derived functor theorem (see eg
[39] or [17, Theorem I1.8.7]) says that any such pair of adjoint functors induces an
adjunction

LF: Ho(¢) <= Ho(2) :RE.
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The functor L F is called the left derived functor of " and RE the right derived functor
of E. If LF is an equivalence of categories (or, equivalently, RE is an equivalence),
then the Quillen adjunction is called a Quillen equivalence.

Next, let us quickly review cofibrantly generated model categories. Here we mainly
follow [23, Section 2.1]. Let /I be a set of morphisms in an arbitrary cocomplete
category. A relative I—cell complex is a morphism that is a (possibly transfinite)
composition of pushouts of coproducts of maps in I. A map is called I-injective if it
has the right lifting property with respect to 1. An I—cofibration is map that has the
left lifting property with respect to /—injective maps. The class of I—cell complexes
will be denoted by I—cell. Next, I-inj will stand for the class of I-injective maps and
I—cof for the class of I—cofibrations. It is easy to see that /—cell C I—cof. Finally, let
us recall the notion of smallness. An object K of a cocomplete category is small with
respect to a given class Z of morphisms if the representable functor associated to K
commutes with colimits of large enough transfinite sequences of morphisms from 7.
See [23, Definition 2.13] for more details.

Definition 2.1.1 [23, Definition 2.1.17] Let ¥ be a model category. We say that ¢
is cofibrantly generated if there are sets I and J of maps in ¢ such that:
(i) The domains of I and J are small relative to I—cell and J—cell, respectively.
(i) The class of fibrations is J—inj.

(iii) The class of acyclic fibrations is I—inj.
Here is a general result that will be used in this paper.

Proposition 2.1.2 (See eg [23, Theorem 2.1.19]) Let ¢ be a category with small
limits and colimits. Suppose that % is a subcategory of ¢ and that I and J are sets of
morphisms of €. Assume that the following conditions are satisfied:

(i) The subcategory ¥ satisfies the so-called “two out of three” property and is
closed under retracts.

(i) The domains of I and J are small relative to I—cell and J—cell, respectively.
(iii) J—cell C # N I—cof.
@iv) I-inj =% N J-inj.

Then € is a cofibrantly generated model category with # the class of weak equiva-
lences, J—inj the class fibrations and [—cof the class of cofibrations.
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Note that the set I is usually referred to as a set of generating cofibrations and J as a
set of generating acyclic cofibrations.

Furthermore, we recall the definitions of monoidal model categories and enriched
model categories.

Definition 2.1.3 (See eg [23, Definition 4.2.6]) A monoidal model category is a
closed symmetric monoidal category ¥ together with a model structure such that the
following conditions hold:

(1)

(ii)

(The pushout-product axiom) Let i: K — L and j: A — B be cofibrations in
the model category ¥ . Then the induced map

i0j: KABVgagaLANA— LAB

is a cofibration in #. Furthermore, if either i or j is an acyclic cofibration, then

soisidj.

Let g: QI — I be a cofibrant replacement for the unit /. Then the maps
gNA1l: QIANX — IANX and 1Aqg: XAQI — X AT

are weak equivalences for any cofibrant X .

Definition 2.1.4 (See eg [23, Definition 4.2.18]) Let ¥ be a monoidal model category.
A ¥ —model category is a model category ¢ with the following data and properties:

@

(ii)

(iii)

The category % is enriched, tensored and cotensored over ¥; see [28, Sec-
tions 1.2, 3.7]. This means that we have tensors K A X, cotensors XX and
mapping objects Hom(X,Y) € ¥ for K € ¥ and X,Y € %, and that all these
functors are related by #—enriched adjunctions

Hom(K A X, Y) =~ Hom(X, YK) ~ Hom(K,Hom(X, Y)).

(The pushout-product axiom) Let i: K — L be a cofibration in the model
category ¥ and j: A — B a cofibration in the model category ¥ . Then the
induced map

i0j: KABVgags LANA— LAB

is a cofibration in ¥ . Furthermore, if either i or j is an acyclic cofibration, then
soisidj.

If g: QI — I is a cofibrant replacement for the unit / in ¥, then the induced
map g Al: QI AN X — I A X is a weak equivalence in ¢ for any cofibrant X .
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Finally, let us recall the definition of a proper model category.

Definition 2.1.5 A model category is called left proper if weak equivalences are
preserved by pushouts along cofibrations. Dually, a model category is called right
proper if weak equivalences are preserved by pullbacks along fibrations. A model
category which is left proper and right proper is said to be proper.

2.2 Triangulated categories and stable model categories

We start this subsection by recalling some basics about triangulated categories. The
references for triangulated categories include [16, Chapter IV; 37; 50, Section 10.2].

A triangulated category is an additive category 7 together with a self equivalence
3. T —> T (suspension functor) and a class of triangles in T of type

h
y Ly2 7z sy
called distinguished triangles. These are subject to certain conditions which axiomatize
the mapping cone sequences from homological algebra or cofiber sequences from
algebraic topology. We do not recall these conditions here and refer to [16, Chapter 1V;
37; 50, Section 10.2] for details.

An exact (or triangulated) functor between triangulated categories 7 and S is an
additive functor F: 7 — S together with a natural isomorphism «: FoX = Yo F
such that, for any distinguished triangle

h
x Lyt 2 sy

in T, the triangle

)] () (h)

F(z)-2 s ko)

F F
F(X) F(Y)
is distinguished in S.

A natural transformation 6: F' —> G of exact functors is a said to be triangulated if it
commutes with the suspension isomorphisms, ie if the following diagram commutes:

Fox 2%, Gox

T

YoF ——=3XYo(G

Let 7 be a triangulated category with infinite coproducts. A full triangulated subcat-
egory S C T is called localizing if it is closed under infinite coproducts. A set of
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objects P in T is said to generate the triangulated category 7 if the smallest localizing
subcategory of 7 containing P coincides with 7.

Suppose now that we are given a triangulated category 7 with infinite coproducts
and a set of objects P in 7 consisting of compact objects (an object P is called
compact if T(P,—) commutes with infinite coproducts). Then by [47, Lemma 2.2.1],
the following are equivalent:

(i) The set P generates T .

(i) An object X of T is trivial if and only if 7(X" P, X)) = 0 for any P € P and
integer n.

The following two lemmas will be very useful.

Lemma 2.2.1 Let 7 and S be triangulated categories with infinite coproducts and
a set P of generators for 7. Further, suppose F,G: T —> S are exact functors
which commute with infinite coproducts, and 6: F — G is a triangulated natural
transformation. If 6(P): F(P) — G(P) is an isomorphism for any P € P, then 0 is a
natural isomorphism of functors.

Proof Consider the full subcategory of 7 consisting of those objects X for which
0(X): F(X) — G(X)

is an isomorphism. This full subcategory is a triangulated subcategory and is closed
under infinite coproducts, ie it is a localizing subcategory. By our assumption, this
localizing subcategory contains the set P. Since P generates 7, the minimal localizing
subcategory containing P coincides with 7. Hence 6(X): F(X) — G(X) is an
isomorphism for any X in 7T . o

Before stating the second lemma, we introduce the notation 7 (X, Y )4 for T(Z*X,Y).

Lemma 2.2.2 Let 7 be a triangulated category with infinite coproducts and with a
set of compact generators P. Further, suppose F: T — 7T is an exact functor that
commutes with infinite coproducts and, for any P € P, the object F(P) is isomorphic
to P. If the map

F: T(P, Py — T(F(P), F(P))«

is an isomorphism for any P, P’ € P, then F is an equivalence of categories (here we
implicitly identify F(X* P) with X* F(P)).
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Proof For any fixed P € P, the full subcategory of those objects ¥ in 7 for which
F:T(P,Y) — T(F(P), F(Y))«

is an isomorphism is a localizing subcategory of 7. By our assumptions, P is con-
tained in this localizing subcategory, and P generates 7 . Hence the latter localizing
subcategory coincides with 7. Now we want to show that

F:TX.Y)s — T(F(X), F(Y))«

is an isomorphism for any X and Y . For any fixed Y, consider the full subcategory
of those objects X of 7 for which the latter morphism is an isomorphism. Again we
see that this subcategory is localizing, and by the previous paragraph, it contains P.
Thus it coincides with 7", and we conclude that F is fully faithful.

Finally, since F is fully faithful, exact and commutes with infinite coproducts, its
essential image is a localizing subcategory. By assumption, P is contained in the
essential image of F'. Hence the essential image of F coincides with 7. o

The examples of triangulated categories we are interested in come from stable model
categories. Recall [39; 23, Definition 6.1.1] that the homotopy category Ho(%') of a
pointed model category & supports a suspension functor

Y Ho(%¢) — Ho(%)
with a right adjoint loop functor
Q: Ho(¥¢) —> Ho(%).

If the functors ¥ and 2 are inverse equivalences, then the pointed model category ¢
is called a stable model category. For any stable model category %, the homotopy
category Ho(%) is naturally triangulated; see [23, Section 7.1] and also [39, Section 1.4].
The suspension functor is the shift, and the distinguished triangles come from the cofiber
sequences.

Examples of stable model categories are the model category of chain complexes and
also various model categories of spectra (.S—modules [15], orthogonal spectra [34],
symmetric spectra [24], sequential spectra [8]).

Next, suppose
F:¢—=9:E

is a Quillen adjunction between stable model categories ¥ and 2. Then by [23,
Section 7.1] (see also [39, Section 1.4]), the derived functors

LF: Ho(%) == Ho(2) :RE.
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are exact functors of triangulated categories, and the derived unit id — RE oL F and
counit LF oRE — id are triangulated natural transformations.

For any stable model category % and objects X,Y € ¢, we will denote the abelian
group of morphisms from X to Y in Ho(%) by [X, Y]H(®)

2.3 G —equivariant spaces

Convention 2.3.1 In this paper, G will always denote a finite group.

Convention 2.3.2 By a topological space, we will always mean a compactly generated
weak Hausdorff space.

The category G-Top, of pointed topological G —spaces admits a proper and cofibrantly
generated model structure such that f: X — Y is a weak equivalence (resp. fibration)
if the induced map on H —fixed points

X" —y#
is a weak homotopy equivalence (resp. Serre fibration) for any subgroup H < G'; see
eg [33, Section III.1]. The set of G—maps
(G/HxS" Y, — (G/HxD")y, n>0, H<G

generates cofibrations in this model structure. The acyclic cofibrations are generated
by the maps

incly: (G/HxD")y — (G/HxD"xI);, n>0, H<G.
The model category G-Top,, is a closed symmetric monoidal model category; see [33,
Section III.1]. The monoidal product on G-Top,, is given by the smash product X A Y,

with the diagonal G —action, for any X, Y € G-Top,., and the mapping object is the
nonequivariant pointed mapping space Map(X, Y) with the conjugation G —action.

2.4 G —equivariant orthogonal spectra

We start by reminding the reader about the definition of an orthogonal spectrum [34].

Definition 2.4.1 An orthogonal spectrum X consists of the following data:

* A sequence of pointed spaces X}, for n > 0.

e A base-point preserving continuous action of the orthogonal group O(n) on X,
for each n > 0.

e Continuous based maps o,: Xy A S I, X, 1 -
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This data is subject to the following condition: for all n,m > 0, the iterated structure
map X AS™ — Xyqm is O(n) x O(m)—equivariant.

Next, let us recall the definition of G —equivariant orthogonal spectra. Here we mainly
follow [45]; see also [33], which is the original source for G —equivariant orthogo-
nal spectra.

Definition 2.4.2 An orthogonal G —spectrum (G —equivariant orthogonal spectrum)
is an orthogonal spectrum X equipped with a categorical G —action, ie with a group
homomorphism G — Aut(X).

The category of orthogonal G —spectra is denoted by Spg . Any orthogonal G —spectrum
X can be evaluated on an arbitrary finite-dimensional orthogonal G -representation V.
The G —space X (V) is defined by

X(V)=LR",V)y Aom) Xn-

where the number 7 is the dimension of V, the vector space R” is equipped with
the standard scalar product and L(R”, V') is the space of (not necessarily equivariant)
linear isometries from R” to V. The G —action on X (V) is given diagonally:

g-lp.x]=[gp.gx], g€G, peLR",V), xeX,.

For the trivial G -representation R”, the pointed G -space X (R") is canonically
isomorphic to the pointed G—space X,. Next, let S¥ denote the representation sphere
of V, ie the one-point compactification of V. Using the iterated structure maps of X,
for any finite-dimensional orthogonal G —representations V' and W, one can define
G —equivariant generalized structure maps

oyw: XV)ASY — X(VaWw).
These are then used to define G —equivariant homotopy groups
G
nkGX = colim, [SKT"°6 X (npg)] ., ke,

where pg denotes the regular representation of G'. Furthermore, for any subgroup
H < G and integer k, one defines n,fl X tobe the k™ H —equivariant homotopy group
of X considered as an H —spectrum.

Definition 2.4.3 A map f: X — Y of G-equivariant orthogonal spectra is called a
stable equivalence if the induced map

n,fl(f): n,fX—)n,{{Y

is an isomorphism for any integer k and any subgroup H < G'.
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2.5 Comparison of different definitions

Before continuing the recollection, let us explain the relation of Definition 2.4.2 with
the original definition of G —equivariant orthogonal spectra due to Mandell and May.
For this, we first recall the category Og. The objects of Og are finite-dimensional
orthogonal G —representations. For any orthogonal G -representations V' and W,
the pointed morphism G—space Og(V, W) is defined to be the Thom space of the
G —equivariant vector bundle

EV. W) — L(V. W),
where L(V, W) is the space of linear isometric embeddings from V' to W, and
EV.W)={(/.x) eL(V.W)x W [x L f(V)}.

For more details about this category, see [33, Section I1.4]. It follows from [33,
Theorem V.1.5] (see also [21, Proposition A.19]) that the category of Og—spaces (which
is the category of G-Top, —enriched functors from Og to G-Top,, ) is equivalent to
the category of G —equivariant orthogonal spectra.

Remark 2.5.1 In[33, Section II.2], Mandell and May define G —equivariant orthogonal
spectra indexed on a G —universe %/ (which is a countably infinite-dimensional real
inner product space with certain properties; see [33, Definition II.1.1]). Such a G-
spectrum is a collection of G —spaces indexed on those representations that embed
into 7% together with certain equivariant structure maps. It follows from [33, Theo-
rems I1.4.3, V.1.5] that for any G —universe % , the category of orthogonal G —spectra
indexed on 7% and the category Spg are equivalent. This shows that universes are not
relevant for the point-set level definition of an orthogonal G —spectrum. However, they
become important when one considers the homotopy theory of orthogonal G —spectra.
We will use the homotopy theory of orthogonal G —spectra where all finite-dimensional
orthogonal G -representations are built in. This means that we will work with the
genuine G —spectra or, in other words, with the homotopy theory of orthogonal G -
spectra indexed on a complete universe (as a model of such a universe one can take the
sum ocopg of countable copies of the regular representation pg ).

Next, the category Spg is a closed symmetric monoidal category. The symmetric
monoidal structure on Sp(G) is given by the smash product of underlying orthogonal
spectra (see [34]) with the diagonal G —action. Further, for any universe % , the category
of G —equivariant orthogonal spectra indexed on % , as well as the category of Og—
spaces, are closed symmetric monoidal categories. It follows from [33, Theorems 11.4.3,
V.1.5] (see also [21, Proposition A.19]) that all the equivalences discussed above are,
in fact, equivalences of closed symmetric monoidal categories.
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From this point on we will freely use all the results of [33] for the category Sp(o; having
the above equivalences in mind.

2.6 The level model structure on Spg

In this subsection we closely follow [33, Section III.2].

For any finite group G, the category Og is skeletally small, ie there is a small full
subcategory sk Og of Og such that the embedding sk Og < Og is an equivalence
of categories. Such a subcategory is called a small skeleton of Og. We can fix once
and for all a small skeleton sk Og of Og.

Next, for any finite-dimensional orthogonal G —representation V, the evaluation functor
Evy: Spg —> G-Top,,
given by X — X (V), has a left adjoint G-Top,.—functor
Fy: G-Top,, —> Spg,
which is defined by (see [33, Section 11.4])
FyA(W) = O0g(V,W) A A.
Let Ilf,; denote the set of morphisms
{Fy(G/H xS" Y,)— Fy(G/HxD"),)|V eskOg, n>0, H<G)}
and JC denote the set of morphisms
{Fy((G/Hx D" ;) — Fy(G/Hx D" xI)y)|V €skOg,n>0, H<G}.

In other words, the sets IS and Jlg are obtained by applying the functors Fy -, for V €
sk Og , to the generating cofibrations and generating acyclic cofibrations of G-Top,,,
respectively. Further, we recall

Definition 2.6.1 Let f: X — Y be a morphism in Spg. The map f is called a
level equivalence if f(V): X(V) — Y (V) is a weak equivalence in G-Top,, for any
V € sk Og. It is called a level fibration if f(V): X(V) — Y(V) is a fibration in
G-Top, for any V € sk Og. A map in Sp(G) is called a cofibration if it has the left
lifting property with respect to all maps that are level fibrations and level equivalences
(ie level acyclic fibrations).

Proposition 2.6.2 [33, Theorem II1.2.4] The category Spg , together with level
equivalences, level fibrations and cofibrations, forms a cofibrantly generated, proper
model category. The set IS serves as a set of generating cofibrations and the set Jl?
serves as a set of generating acyclic cofibrations.
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2.7 The stable model structure on Sp&

The reference for this subsection is [33, Section II1.4].

Recall that for any G —equivariant orthogonal spectrum X, we have the generalized
structure maps
oyw: XVYASY — X(Vew).

Let Gy X(V) — QW X(V @ W) denote the adjoint of o,y .

Definition 2.7.1 An orthogonal G —spectrum X is called a G—S2—spectrum if the
maps oy, are weak equivalences in G-Top, for any V and W in Og.

Before formulating the theorem about the stable model structure on Spg , let us recall
certain morphisms in Spg that will form a generating set of acyclic cofibrations for
this model structure. Let V, W € sk Og and

)\V,W3 FV@WSW — FVSO
denote the map of G —equivariant orthogonal spectra that is adjoint to the map
SY — Evpew (FyS°) = 0g(V.V @& W)

1,0
that sends z € W to (V u V & W, z); see [33, Definition I11.4.3]. Using the
mapping cylinder construction, the map Ay, - factors as a composite

Ky .w rVGBW
FrewS"W — MAygw —— FyS°,

where rygw is a G—equivariant homotopy equivalence, and «kp p is a cofibration
and a stable equivalence [33, Lemma II1.4.5, Definition II1.4.6]. Now consider any
generating cofibration

it (G/HxS" ), — (G/H x D" 4.

Let i Oky,p denote the pushout-product induced from this commutative square:

(G/HxS" Yo A FygwSY —— (G/HXxS"™ ). AMAygw

| |

(G/H x D") 4 A FygwSW ——— (G/H x D") 4 A MAygw

Define
K® ={igkyw |V.W eskOg, H<G,n>0}.
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Let J¢ stand for the union J¢ U K. For convenience, we will also introduce the
notation 1§ = Ilg.

Before stating the main theorem of this subsection, we need the following definition.

Definition 2.7.2 A map f: X — Y of orthogonal G —spectra is called a stable fibra-
tion, if it has the right lifting property with respect to the maps that are cofibrations
and stable equivalences.

Theorem 2.7.3 [33, Theorem II1.4.2] The category Spg , together with cofibrations,
stable equivalences and stable fibrations, forms a proper, cofibrantly generated, stable
model category. The set 1C generates cofibrations and the set JO generates acyclic
cofibrations. Furthermore, the fibrant objects are precisely the G —S2—spectra.

The category Spg , together with the latter model structure, is referred to as the stable
model category of orthogonal G —spectra (indexed on a complete G —universe). From
now on, the notation Sp(G) will always stand for this model category.

Finally, we recall that the stable model category Spg , together with the smash product,
forms a closed symmetric monoidal model category [33, Section III.7]. In particular,
the following holds:

Proposition 2.7.4 Suppose thati: K — L and j: A — B are cofibrations in Spg.
Then the pushout-product
i0j: KABVgagsLANA— LAB

is a cofibration in Sp(o; . The map i O j is also a stable equivalence if, in addition, i or
J is a stable equivalence.

2.8 The equivariant stable homotopy category

In this subsection, we list some well known properties of the homotopy category
Ho(Sp(O;). Note that the category Ho(Spg) is equivalent to the Lewis—-May G-
equivariant stable homotopy category of genuine G —spectra (see [33, Section IV.1])
introduced in [30].

As noted in the previous subsection, the model category Spg is stable, and hence the
homotopy category Ho(Spg ) is naturally triangulated. Further, since the maps

)\V = )\O’Vi FVSV — FOSO
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are stable equivalences [33, Lemma II1.4.5], it follows that the functor

SV A— Ho(SpG) — Ho(SpG)
is an equivalence of categories for any finite-dimensional orthogonal G-represen-
tation V.

Next, before continuing, let us introduce the following notational convention. For
any G —equivariant orthogonal spectra X and Y, the abelian group [X, Y]HO(SPG) of
morphisms from X to Y in Ho(Sp ) will be denoted by [X,Y]C.

An adjunction argument implies that, for any subgroup H < G and an orthogonal
G —spectrum X, there is a natural isomorphism

[2XG/H, X% =nH x.
As a consequence, we see that the set
{(XPG/H|H <G}

is a set of compact generators for the triangulated category Ho(Spg ); see Subsection 2.2.
Note that, since G is finite, for * > 0 and any subgroups H, H' < G, the abelian group

[Z°G/H,°G/H'¢
is finite; see eg [18, Proposition A.3].
Finally, recall from the introduction that the stable Burnside category, which is the
full preadditive subcategory of Ho(SpG) with objects the stable orbits %5°G/H for
H < G, is generated by the conjugations, transfers and restrictions. The stable Burnside
category plays an important role in equivariant stable homotopy theory, as well as in
representation theory. The contravariant functors from this category to abelian groups

are exactly Mackey functors. Note that the stable Burnside category shows up in the
formulation and proof of Theorem 1.1.1.

3 Categorical input

3.1 Outline
Recall that G is a finite group. We start with the following:

Definition 3.1.1 Let ¥ be a G-Top,—model category (see Definition 2.1.4 and
Subsection 2.3). Then ¥ is said to be a G—equivariant stable model category if
the adjunction

SVAv =% QY (o) =)
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is a Quillen equivalence for any finite-dimensional orthogonal G -representation V.

Examples of G —equivariant stable model categories are the model category Spg of
G —equivariant orthogonal spectra [33, Chapters II and III], the model category of
G —equivariant orthogonal spectra equipped with the S—model structure [48], the model
category of Sg—modules [33, Section I1V.2], the model category of G —equivariant con-
tinuous functors [5] and the model categories of G —equivariant topological symmetric
spectra ([32] and [20]).

The following proposition is an equivariant version of [47, Theorem 3.8.2].

Proposition 3.1.2 Let ¢ be a cofibrantly generated (see Definition 3.3.1), proper, G —
equivariant stable model category. Then the category Spg (¢) of internal orthogonal
G —spectra in € (see Definition 3.2.1) possesses a G —equivariant stable model structure,
and the G-Top,. —adjunction

%% ¢ == $p2 (%) :Ev

is a Quillen equivalence.

The proof of this proposition is a straightforward equivariant generalization of the
arguments in [47, Section 3.8]. It will occupy a significant part of this section.

The point of Proposition 3.1.2 is that one can replace (under some technical assumptions)
any G —equivariant stable model category by a G —spectral one (see Definition 3.5.1),
ie by an Spg —model category. In particular, this implies that Ho(%) is tensored over
the G —equivariant stable homotopy category Ho(Spg ).

To stress the importance of Proposition 3.1.2, we will now give a general strategy for
how one should try to prove Conjecture 1.1.2. Recall that we are given a triangulated
equivalence

W: Ho(SpQ) > Ho(%)
with certain properties. By Proposition 3.1.2, there is a G-Top,—Quillen equivalence
% ¢ = SpQ (%) :Evy .

Let X be a cofibrant replacement of (LX% o W)(S). Since Spg (¢) is G—spectral
(see Definition 3.5.1), there is a G-Top, —Quillen adjunction

—AX:Sp8 ==Spd (%) :Hom(X, —).
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Hence, in order to prove Conjecture 1.1.2, it suffices to show that the latter Quillen
adjunction is a Quillen equivalence. Next, it follows from the assumptions on W that
we have isomorphisms

U(2PG/H) = REv((2XG/H Al X)

that are natural with respect to transfers, conjugations, and restrictions. Using these
isomorphisms, we can choose an inverse of W,

w1 Ho(%) — Ho(Sp2),

such that ~1(R Evo(X°G/H AL X)) = XG/H . Moreover, since the isomorphisms
above are natural with respect to the maps in the stable Burnside category, we get the
identities

VI (REvo(g AV X)) =g.

v IR Evo(resg Al X)) = resg,
U (REvy(rf VX)) =k,

where g € G and K < H < G. Now let us consider the composite

_ AL v, —1
F: Ho(SpQ) —2% Ho(Sp2(¢)) ~% Ho(%) —> Ho(Sp2).

Since the functors REvy and W™ are equivalences, to prove that (—A X, Hom(X, —))
is a Quillen equivalence corresponds to showing that the endofunctor

F: Ho(SpQ) — Ho(Sp2)

is an equivalence of categories. By the assumptions of Conjecture 1.1.2 and the
properties of W~!, we see that F enjoys the following properties:

() F(EPG/H) =3P G/H for H<G.

(i) F preserves transfers, conjugations, and restrictions (and hence the stable Burn-
side category).

(iii) F is an exact functor of triangulated categories and preserves infinite coproducts.

Similarly, if we start with the 2-localized genuine G —equivariant stable homotopy
category Ho(Spg ,2) and an equivalence Ho(Spg ,2) ~Ho(%) as in the formulation
of Theorem 1.1.1, we obtain an endofunctor Ho(Spg ,2)) — Ho(Spg ,(0)) that also
satisfies the properties (i), (ii) and (iii) above. The following theorem, which is one of
the central results of this paper, immediately implies Theorem 1.1.1.
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Theorem 3.1.3 Let G be a finite group and F'" Ho(Spg,(z)) — Ho(Spg,(z)) an exact
tunctor of triangulated categories that preserves arbitrary coproducts such that

F(XYG/H)=XYG/H
for H < G, and also
F(g)=g F(resf)=resf] and F(f)=ul

for g e G and K < H < G. Then F is an equivalence of categories.

The proof of this theorem will be completed at the very end of this paper. In this section,
we will concentrate on the proof of Proposition 3.1.2 and on the p—localization of the
stable model category Spg .

Let us outline the plan that will lead to the proof of Proposition 3.1.2. We first define
the category Sp(G) (%) of orthogonal G —spectra internal to a G-Top,.—model category
% and discuss its categorical properties. Next, for any cofibrantly generated G-Top,.—
model category ¢, we construct the level model structure on Spg (¢). Finally, using
the same strategy as in [47], we establish the G —equivariant stable model structure
on Spg (%) for any proper, cofibrantly generated, G-Top,—model category % that is
stable as an ordinary model category.

3.2 Orthogonal G -spectra in equivariant model categories

Recall the G-Top, —category Og from Subsection 2.5. The objects of Og are finite-
dimensional orthogonal G -representations. For any finite-dimensional orthogonal
G —representations V' and W, the pointed morphism G -space from V to W is the
Thom space Og (V, W). Recall also that the category Spg is equivalent to the category
of Og—spaces (which is the category of G-Top,—enriched functors from Og to
G-Top,,).

Now suppose that % is a G-Top,—model category (in particular, ¥ is pointed). We
remind the reader that this means that we have tensors K A X', cotensors X K and
pointed mapping G —spaces Map(X,Y) for K € G-Top, and X,Y € %, that are
related by adjunctions and satisfy certain properties; see Definition 2.1.4. In particular,
the pushout-product axiom holds. Specifically, let i: K — L be a cofibration in the
model category G-Top, and j: A — B a cofibration in the model category ¢ . Then
the induced map
i0j: KABVgagLANA— LAB

is a cofibration in % . Further, if either i or j is an acyclic cofibration, then sois i 0 .
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Definition 3.2.1 Let ¥ be a G-Top, —model category. An orthogonal G —spectrum in
¢ is a G-Top, —enriched functor (see [28, Section 1.2]) from the category Og to €.

The category of orthogonal G —spectra in ¢ will be denoted by Spg (%). Note that by
[33, Theorem I1.4.3] (see also Subsection 2.5), the category SpG (G-Top,,) is equivalent
to SpG Next, since % is complete and cocomplete, so is the category SpG (%) (see
[28, Section 3.3]) and limits and colimits are constructed levelwise.

Remark 3.2.2 When talking about limits and colimits over Og or using the notations
VeOg . . .. . .

I Veog and [ , we will always implicitly mean that the indexing category over

which these (co)limits are taken is the chosen small skeleton sk Og .

Proposition 3.2.3 Let ¥ be a G-Top, —model category. The category SpG (%) is
enriched, tensored and cotensored over the symmetric monoidal category SpG of
equivariant orthogonal G —spectra.

Proof Let K € SpG and X € Sp (¢). Wedefine KA X € Sp (%) by the following
G-Top, —enriched coend:

V,WeOg
K/\Xzf Og(VeW,-)AK(V)AX(W).

This product is unital and coherently associative. The proof uses the enriched Yoneda
lemma [28, Section 3.10, (3.71)] and the Fubini theorem [28, Section 3.10, (3.63)]. We
do not provide the details here as they are standard and well-known. Next, one defines
cotensors by a G-Top,.—enriched end

X&) = / X(W e v)KOM),
WeOg

Finally, for any X,Y € Sp (%), one can define Hom-G —spectra by a G-Top,,—
enriched end

Hom(X,Y)(V) = /W o Map(X(W),Y(W & V)).

It is a consequence of [28, Section 3.10, (3.71)] that these functors satisfy all the
necessary adjointness properties:

Hom(K A X,Y) = Hom(X, Y X) ~ Hom(K, Hom(X, Y)). O
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3.3 The level model structure on Spg (%)

In order to establish the stable model structure on Spg (%), one needs the additional
assumption that ¢ is a cofibrantly generated G-Top, —model category.

Definition 3.3.1 Let ¥ be a G-Top, —model category. We say that ¢ is a cofibrantly
generated G-Top,—model category if there are sets I and J of maps in ¢ such that
the following hold:

(i) Let A be the domain or codomain of a morphism from /. Then for any subgroup
H < G and any n > 0, the object

(G/Hx D"y ANA
is small relative to I—cell (and hence relative to /—cof by [23, Proposition 2.1.16]).
(ii)) Domains of morphisms in J are small relative to J—cell and I—cell.
(iii) The class of fibrations is J—inj.

(iv) The class of acyclic fibrations is I—inj.

The model category G-Top,, is a cofibrantly generated G-Top,.—model category; see
[33, Theorem III.1.8]. Other important examples of cofibrantly generated G-Top, —
model categories are the model category Sp(G) of G —equivariant orthogonal spec-
tra [33, Theorem II1.4.2], the model category of G —equivariant orthogonal spectra
equipped with the S—model structure [48, Theorem 2.3.27], the model category of
Sg—modules [33, Theorem IV.2.8], the model category of G —equivariant continuous
functors [5, Theorem 1.3] and the model categories of G —equivariant topological
symmetric spectra ([32] and [20]).

Remark 3.3.2 If a G-Top, —model category ¢ is cofibrantly generated as an ordinary
model category (see Definition 2.1.1), then it does not necessarily follow that ¢ is a
cofibrantly generated G-Top, —model category in the sense of Definition 3.3.1.

The conditions in Definition 3.3.1 are necessary for the proof of Proposition 3.4.7. In
fact, all the claims in this section that come before Proposition 3.4.7 do not use the fact
that ¢ satisfies all the conditions of Definition 3.3.1. They still hold if we only assume
that ¢ is a G-Top,—model category and cofibrantly generated as an underlying model
category. However, for the rest of the paper, we will concentrate only on cofibrantly
generated G-Top, —model categories in the sense of Definition 3.3.1 since more general
model categories are irrelevant here.
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Now suppose that ¢ is a cofibrantly generated G-Top, —model category with I and
J generating cofibrations and acyclic cofibrations.

Definition 3.3.3 Let /: X — Y be a morphism in Spg (#). The map f is called a
level equivalence if f(V): X(V)— Y (V) is a weak equivalence in ¢ forany V € Og.
It is called a level fibration if f(V): X(V)— Y (V) is afibrationin % forany V € Og.
A map in Spg (¢) is called a cofibration if it has the left lifting property with respect
to all maps that are level fibrations and level equivalences (ie level acyclic fibrations).

The level model structure on Spg (%) that we will construct now is a cofibrantly
generated model structure. Before stating the main proposition of this subsection, we
would like to introduce the set of morphisms that will serve as generators of (acyclic)
cofibrations in the level model structure on Spg (©).

The evaluation functor Evy : Spg (¢) > €, given by X — X(V), has a left adjoint
G-Top, —functor
Fy: 6 —> Sp2(%)
defined by
FyA=0g(V,—)AA.

For any finite-dimensional orthogonal G —representation V, consider the following sets
of morphisms:

Fyl ={Fyil|liel} and FypJ={Fyj|jeJ}
We define
FI= |J FyI and FI= | FyJ.
Vesk Og Vesk Og

where sk Og denotes the chosen small skeleton of the category Og .

The following proposition is an equivariant analog of [47, Proposition 3.7.2] (compare
[19, Theorem 4.31]).

Proposition 3.3.4 Suppose ¢ is a cofibrantly generated G-Top, —model category.
Then the category Spg (¢) of orthogonal G —spectra in €, together with the level
equivalences, cofibrations and level fibrations described in Definition 3.3.3, forms a
cofibrantly generated model category. The set FI generates cofibrations and the set
FJ generates acyclic cofibrations.

Proof Illman’s results [26, Theorem 7.1, Corollary 7.2] imply that, for any finite-
dimensional orthogonal G —representations V' and W, the space Og(V, W) isa G-CW
complex. Since, for any object 4 in ¢,

FVA(W) = 0g(V, W) ANA,
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and the evaluation functors preserve colimits, it follows that any morphism in F'I—cell is
a levelwise cofibration and any morphism in F'J—cell is a levelwise acyclic cofibration.
The rest of the proof is a verbatim translation of the proof of [47, Proposition 3.7.2] to
our case, and we do not provide the details. a

3.4 The stable model structure on Spg (%)

This subsection establishes the stable model structure on Spg (%) . For this one needs
more assumptions than in Proposition 3.3.4. More precisely, we have to assume that the
cofibrantly generated G-Top,.—model category ¥ is proper and stable as an ordinary
model category. The strategy is to follow the arguments given in [47, Section 3.8].

Let W be a finite-dimensional orthogonal G —-representation and
)\W = )\O,W3 FWSW —> FOSO =S

denote the stable equivalence of G —equivariant orthogonal spectra that is adjoint to the
identity map
id: S¥ — Evp(S) = SY;

see [33, Definition I11.4.3, Lemma II1.4.5] or Subsection 2.7.

Definition 3.4.1 Let ¢ be a G-Top, —model category. An object Z of Spg (%) is
called an Q2—spectrum if it is level fibrant and for any finite-dimensional orthogonal
G —representation W, the induced map

0 w
Ayt Z = zFoST . zFwS
is a level equivalence.

Since ZfwS" ~ z (W @ —)S W, this definition recovers the definition of a G-
Q—spectrum in the sense of [33, Definition III.3.1] when ¥ = G-Top,; see also
Definition 2.7.1.

Now suppose again that % is a cofibrantly generated G-Top, —model category. By
Proposition 3.3.4, the level model structure on Spg (%) is cofibrantly generated. Hence
we can choose (and fix once and for all) a cofibrant replacement functor

(—)°: Sp2 (%) —> Sp2(¥).

Definition 3.4.2 A morphism f: A — B in Spg (%) is a stable equivalence if, for
any 2-spectrum Z, the map

Hom( /¢, Z): Hom(B¢, Z) — Hom(A¢, Z)

is a level equivalence of G —equivariant orthogonal spectra.
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The following proposition is an equivariant analog of [47, Proposition 3.8.5]. Again we
do not provide details here as the proof is completely analogous to the nonequivariant
counterpart from [47].

Proposition 3.4.3 Let % be a left proper and cofibrantly generated G-Top, —model
category Suppose that i: K — L is a cofibration in Spg and j: A — B a cofibration
in Sp (%¢). Then the pushout-product

ioj: KABVgsaLAA—> LAB

is a cofibration in SpG (¢). The map i O j is also a stable equivalence if, in addition, i
or j is a stable equivalence.

Next, we introduce the set Ji which will serve as a set of generating acyclic cofibrations
for the stable model structure on Sp (%) that we are going to establish. Let W be
a finite-dimensional orthogonal G -representation. Consider the levelwise mapping
cylinder M Ay of the map Ay : Fir S — FyS°. The map Ay factors as a composite

FuS" 25 Moy 255 Fy SO,

where ryp is a G —equivariant homotopy equivalence and k- a cofibration and a stable
equivalence [33, Lemma II1.4.5, Definition II1.4.6]; see also Subsection 2.7. Define

={kyOFyi |V,WeskOg,iecl},

where O is the pushout-product, / is the fixed set of generating cofibrations in €
(see Definition 3.3.1) and sk Og the fixed small skeleton of O¢g. Next, recall from
Proposition 3.3.4 that we have sets FI and FJ, generating cofibrations and acyclic
cofibrations, respectively, in the level model structure. Define

Ja=FJUK.

For convenience we will denote the set '/ by Ii. The cofibrations in the stable model
structure on Sp (%) will be the same as in the level model structure, and thus Iy = FI
will serve as a set of generating cofibrations for the stable model structure.

The following three propositions are again equivariant analogs of [47, Proposition 3.8.6,
Lemma 3.8.7, Proposition 3.8.8]. For convenience we once again omit the proofs as
they are very similar to those in [47].

Proposition 3.4.4 Let ¢ be a left proper and cofibrantly generated G-Top,. —model

category. Then any morphism in Jy—cell is an Iy —cofibration (ie a cofibration) and a
stable equivalence.
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Proposition 3.4.5 Let € be a cofibrantly generated G-Top,. —model category and X
an object of Sp(o; (¢). Then the map X — % is Jy—injective if and only if X is an
Q —spectrum.

Proposition 3.4.6 Let € be a right proper and cofibrantly generated G-Top,. —model
category that is stable as an ordinary model category. Then a map in Spg (%) is
Jst—injective and a stable equivalence it and only if it is a level acyclic fibration.

Finally, we are ready to establish the stable model structure. The following proposition
constructs the desired model structure. The proof that this model structure is stable is
postponed to the next subsection.

Proposition 3.4.7 Let € be a proper and cofibrantly generated G-Top,. —model cate-
gory that is stable as an ordinary model category. Then the category Spg (¢) admits a
cofibrantly generated model structure with stable equivalences as weak equivalences.
The sets Iy and J generate cofibrations and acyclic cofibrations, respectively. Fur-
thermore, the fibrant objects are precisely the 2 —spectra.

Proof The strategy of the proof is to verify the conditions of Proposition 2.1.2. The
only things that still have to be checked are the smallness conditions. The rest follows
from the previous three propositions.

That the domains of morphisms from /I are small relative to Iy—cell follows from
the equality I = FI and Proposition 3.3.4. Next, recall that J = FJ U K. We will
now verify that the domains of morphisms from Jg are small relative to levelwise
cofibrations. This will imply that the domains of morphisms in J are small relative to
J—cell since

Jg—cell C Iy—cof

by Proposition 3.4.4, and any morphism in /i —cofis a levelwise cofibration as we saw in
the proof of Proposition 3.3.4. That the domains of morphisms in FJ are small relative
to levelwise cofibrations follows from an adjunction argument, Definition 3.3.1(ii) and
[23, Proposition 2.1.16]. It remains to show that the domains of morphisms from K
are small relative to levelwise cofibrations. Any morphism in K is a pushout-product
of the form

kw OFyi: (MAw A Fy AN g, swap,a (FwS" A FyB) — MAw A Fy B,

where the morphism i: A — B is from the set 7, and V and W are finite-dimensional
orthogonal G —representations. For any finite G—CW complex L and any object D
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that is the domain or codomain of a map from 7, the spectrum Fyr L A Fyr D is small
relative to levelwise cofibrations. Indeed, we have an isomorphism

Hom(Fyw L A Fy D, X) = Map(L AD, X(V & W)).

Since a pushout of small objects is small, Definition 3.3.1(i) implies that L A D is
small with respect to I—cof, and hence Fy L A Fy D is small relative to levelwise
cofibrations. Now we twice use that pushouts of small objects are small. First we
conclude that M Ay A Fy A is small relative to levelwise cofibrations and then we
also see that

(MAw A Fy )V g, swapya (FwSY A FyB)

is small relative to levelwise cofibrations. O

3.5 G —equivariant stable model categories and completing the proof of
Proposition 3.1.2

We start with the following:

Definition 3.5.1 An Spg —model category is called G—spectral. In other words, a
model ¢ category is G —spectral if it is enriched, tensored and cotensored over the model
category Spg , and the pushout-product axiom for tensors holds; see Definition 2.1.4.

By Proposition 2.7.4 the model category Spg is G —spectral. Next, Proposition 3.4.3
shows that the model structure of Proposition 3.4.7 on Spg (%) is G—spectral.

Recall from Definition 3.1.1 that a G —equivariant stable model category is a G-Top, —
model category such that the Quillen adjunction

SVh—v=7%:QV(~)

is a Quillen equivalence for any finite-dimensional orthogonal G -representation V.
Before stating the next proposition, note that every G—spectral model category is
obviously a G-Top, —model category.

Proposition 3.5.2 Let ¢ be a G —spectral model category. Then ¢ is a G —equivariant
stable model category.

Proof Consider the left Quillen functors
SYAN—%—% and FyS'A— % —¢
and their derived functors

SY Al —: Ho(¥) — Ho(¥) and FyS° Al —: Ho(%¥) —> Ho(%).
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Since the map Ap: Fyp S V' 'S is a stable equivalence [33, Lemma IIL.4.5], for every
cofibrant X in ¥, one has the weak equivalences

Av Al
SYAFySOAX = FypSY A x 2 x

and
N2

FyS°ASVAX = FySY AX = X.

This implies that the functors S¥ Al'— and Fj S® Al — are mutually inverse equiva-
lences of categories. a

Corollary 3.5.3 Let ¢ be a proper and cofibrantly generated G-Top,, —model category
that is stable as an ordinary model category. Then the category Sp(o; (¢) together with
the model structure of Proposition 3.4.7 is a G —equivariant stable model category.

From this point on, the model structure of Proposition 3.4.7 will be referred to as the
stable model structure on Spg (%) and the symbol Spg (%) will always denote this
model category.

Finally, we observe that the G-Top, —adjunction
Fo=X%: % == Sp2(%) :Evo

is a Quillen equivalence for every cofibrantly generated (in the sense of Definition 3.3.1)
and proper G —equivariant stable model category ¢ . The proof of this fact is a verbatim
translation of the last part of the proof of [47, Theorem 3.8.2] to our case. This finishes
the proof of Proposition 3.1.2.

Remark 3.5.4 The Quillen equivalence
% ¢ == Sp2 (%) :Evg

is, in fact, a G-Top, —Quillen equivalence. Indeed, (£°°, Evy) is a G-Top, —enriched
adjunction, and an enriched adjunction that is an underlying Quillen equivalence is an
enriched Quillen equivalence by definition. Next, since enriched left adjoints preserve
tensors [28, Sections 3.2, 3.7], the functor X°° preserves tensors. Similarly, the right
adjoint Ev preserves cotensors. Further, the equivalence

LX%: Ho(%) == Ho(Sp2(%)) :REv,

is a Ho(G-Top,,)—enriched equivalence. Finally, we note that the functor LX*° pre-
serves derived tensors, and since R Evy is an inverse of LX°, it is also compatible
with derived tensors.
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3.6 The p-local model structure on G —equivariant orthogonal spectra

This subsection reviews the p—localization of the stable model structure on Spg for any
prime p. Note that one can construct the p—local model structure on Sp(G) by using
general localization techniques of [22] or [7]. Another possibility is to translate the
arguments of [46, Section 4] to the equivariant context.

Definition 3.6.1 (i) Amap f: X — Y of orthogonal G —spectra is called a p—local
equivalence if the induced map

(L nHX QL — 1Y QZ
is an isomorphism for any subgroup H of G.

(i) Amap f: X — Y of orthogonal G—spectra is called a p—local fibration if it
has the right lifting property with respect to all maps that are cofibrations and
p-local equivalences.

Recall from Section 2 that the stable model structure on Spg is cofibrantly generated
where 1¢ =1 and J¢ = K¢ U JC are generating cofibrations and acyclic cofibra-
tions, respectively. Further, we also recall that the mod / Moore space M (/) is defined
by the following pushout:

st_—1 g1

I

CS' —— M)

(C(=) = (1,0) A — is the pointed cone functor.) Let t: M (/) — CM(/) denote
the inclusion of M (/) into the cone CM (/). Define J g,) to be the set of maps of
orthogonal G —spectra

Fu(G/Hy AS™): Fo(G/Hy AS"M(l)) —> Fo(G/Hy AS"™CM(1)),

where n,m >0, H <G and / is prime to p, ie invertible in Z (,,. We let Jlgc denote
: G G

the union Ji" U J ).

Proposition 3.6.2 Let G be a finite group and p a prime. Then the category Spg of
G —equivariant orthogonal spectra, together with p —local equivalences, cofibrations and
p—local fibrations, forms a cofibrantly generated stable model category. The set IS?
generates cofibrations and the set Jlgc generates acyclic cofibrations. Furthermore, the
fibrant objects are precisely the G —S2 —spectra whose H —equivariant homotopy groups
are p—local forany H < G.
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Proof We do not give the details here and only observe that it is completely analogous
to the proof in [46, Section 4]. O

Proposition 3.6.3 Suppose thati: K— L and j: A — B are cofibrations in Spg () -
Then the pushout-product

i0j: KABVgagLANA— LAB
is a cofibration in Spg, (m - If, in addition, i or j is a p—local equivalence (ie a weak

equivalence in Sp(o;,(p) ), thensoisidj.

Proof By [23, Corollary 4.2.5], it suffices to check the claim for generating cofibrations
and acyclic cofibrations. We do not give details because they are straightforward. O

Since every stable equivalence of G—equivariant orthogonal spectra is a p—local
equivalence, one obtains the following corollary:

Corollary 3.6.4 The model category Spg .(p 18 G —spectral, ie an Spg —model cate-
gory (see Definition 3.5.1).

In view of Proposition 3.5.2, we also obtain the following:

Corollary 3.6.5 The model category Spg, (p 1s a G —equivariant stable model cate-
gory (see Definition 3.1.1).

We end this subsection with some useful comments and remarks about the homo-
topy category Ho(Sp(O;, (p)- Since the model category Spg ,(p) 1s stable, the homotopy
category Ho(Sp(O;,( p) is naturally triangulated. Further, the following is a set of
compact generators for Ho(Sp(G) s():

{X°G/H | H =< G}.
This follows from the natural isomorphism
[0
[E2G/H, X1 2 2 X 917,

Finally, we note that for any G —equivariant orthogonal spectra X and Y, the abelian
group of morphisms [ X, Y]HGPE ) in Ho(SpZ. () (which will be also denoted by
[X,Y]¢ abusing notation) is p—local. This follows from the fact that, for any integer /
that is prime to p, the map /-id: X’ — X is an isomorphism in Ho(Spg,(p)).
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3.7 Reduction to Theorem 3.1.3

Now we are finally ready to explain why the arguments of Subsection 3.1 carry over to
the p—local case.

Let & be a cofibrantly generated (in the sense of Definition 3.3.1), proper, G —equivariant
stable model category. Suppose that

v Ho(Spg,(p,) — Ho(%)
is an equivalence of triangulated categories such that
V(ZPG/H) = G/Hy AMU(S)

for any H < G. Suppose further that the latter isomorphisms are natural with respect
to the restrictions, conjugations and transfers. By Proposition 3.1.2, there is a G-Top,.—
Quillen equivalence

% ¢ == SpQ (%) :Evy .

Next, as in Subsection 3.1, let X' be a cofibrant replacement of (LX° o W)(S). Since
Spg (%) is G—spectral (see Proposition 3.4.3), there is a G-Top, —Quillen adjunction

—AX:Sp8 == $p2(%) :Hom(X, ).

Since the Hom groups of Ho(%) are p-local, the latter Quillen adjunction yields a
G-Top, —Quillen adjunction

—AX: Spg,(p) ZSpg(%) :Hom(X, —).

Next, choose W™ as in Subsection 3.1 and consider the composite

—ALXx REv Ol
F: Ho(Spg,(p)) —_ Ho(Sp(G) (%)) N Ho(%) — Ho(Spg,(p)).

Since the functors REv( and ™! are equivalences, proving that (— A X, Hom(X, —))
is a Quillen equivalence corresponds to showing that the endofunctor

F: Ho(Spgwp)) — HO(SPg’ »)

is an equivalence of categories. By the assumptions and the properties of U1, we see
that F' enjoys the following properties:
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(i) F(EPG/H)=XPG/H,for H<G.
i) F(g)=g, F(resK)—resK,and F(trH)—tr ,forgeGand K < H <G.

(iii) F is an exact functor of triangulated categories and preserves infinite coproducts.

So finally, we see that in order to prove Theorem 1.1.1, it suffices to prove Theorem 3.1.3.
Note that we do not expect that an odd primary version of Theorem 3.1.3 is true.
However, we still think that Conjecture 1.1.2 holds. Schwede’s paper [43] suggests that
the proof in the odd primary case should use the explicit construction of the endofunctor
F, whereas in the 2—local case, certain axiomatic properties of F' are enough to get
the desired result, as Theorem 3.1.3 shows. This is a generic difference between the
2-local case and the p-local case for p an odd prime.

4 Free G —spectra

The set {EOOG/ H | H <G} is a set of compact generators for the triangulated category
Ho(SpG ,»). Hence, by Lemma 2.2.2, in order to prove Theorem 3.1.3 it suffices to
show that, for any subgroups H and K of G, the map

F: [SG/H,2XG/K|S— [F(EXG/H), F(2XG/K)I¢=[=2G/H, G/ K|S
induced by F' is an isomorphism.

In this section we show that, under the assumptions of 3.1.3, the map
F: [29G, 226G — [F(Z26), F(EX6)¢ =296, 2266

is an isomorphism. In fact, we will not need all the assumptions of 3.1.3 to prove this.
Since the functor F sends X°G to itself, it restricts to an exact endofunctor of the
localizing subcategory of Ho(SpG ,@) generated by X9°G. We will prove that any
exact endofunctor of the latter localizing subcategory that preserves infinite coproducts,
the suspension spectrum X3°G, and the morphisms g: ¥X9°G —> X°G forany g € G,
is an equivalence of categories.

Note that the graded endomorphism ring [Z°G, E‘X’G]G is isomorphic to the graded
group algebra 74 S[G], and the localizing subcategory generated by X°G in Ho(Spg)
is equivalent to Ho(Mod-X5°G), where £°G is considered as the group ring spectrum
of G.

We say that an object X € Ho(SpG) is a free G—spectrum if it is contained in the
localizing subcategory generated by G .

In the rest of the paper everything will be 2—localized and hence we will mostly omit
the subscript 2.

Algebraic & Geometric Topology, Volume 16 (2016)



2192 Irakli Patchkoria

4.1 Cellular structures

We start with the following

Definition 4.1.1 Let R be an orthogonal ring spectrum, X an R—module and » and
m integers such that n < m. We say that X admits a finite (n, m)—cell structure it
there are sequences of distinguished triangles

\/ =R — sk X — sk X — \/ ZFR

I Iy
in Ho(Mod-R), for k =n,n+1,...,m, such that the sets [Ij are finite, sk,_; X = %
and sk, X = X.

In other words, an R-module X admits a finite (1, m)—cell structure if and only if
it admits a structure of a finite R—cell complex with all possible cells in dimensions
between n and m.

Recall that there is a Quillen adjunction
G+ A—: Mod-S == Mod-XG :U

and that [X°G, ZfG]f =~ 4+ S[G]. The following proposition can be considered as a
2-local naive equivariant version of [42, Lemma 4.1] (compare [9, Theorem 4.2]).

o
Proposition 4.1.2 Any «a € [E9°G, ESFOG]SO(SPG’(Z)) , for n > 8, factors over an
%%°G —module that admits a finite (1, n — 1) —cell structure.
Proof We will omit the subscript 2. Under the derived adjunction
G+ A" —: Ho(Mod-S) == Ho(Mod-XG) :RU,

the element a corresponds to some map &: S” — RU(ZPG) = \/; S. By the proof
of [42, Lemma 4.1], for any g € G, we have a factorization

s 2L RUEXG) = \/g S —5 S
Zg

in the stable homotopy category, where Zg has S—cells in dimensions between 1 and
n — 1. Here we use the fact that n > 8. Indeed, since n > 8§, for any g € G, the
morphism proj, o & has an > ~Adams filtration of at least 2 by the Hopf invariant one
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theorem [1], and hence one of the implications of [42, Lemma 4.1] applies to proj, o &.
Assembling these factorizations together, we get the following commutative diagram:

sn \ @ RU(SG)
\/gEG Zg

Finally, by adjunction, one obtains the following desired factorization:

G+ AL (\/gGG Zg) o

TTEXG X6

Next, we use Proposition 4.1.2 to prove the following important lemma.

Lemma 4.1.3 Let G be a finite group and
F: Ho((Mod-X25°G) 2)) —> Ho((Mod-X5°G) (2))
an exact endofunctor such that
F(XYG)=27G
and F(g) =g in [29°G, Eﬁf’G]G for any g € G . Suppose that the map of graded rings
F: [29G, 226G — [F(Z26), F(EX6)¢ =296, 2266

is an isomorphism for x below and including dimension n for some n > 0. Then the
following hold:

(i) Let K and L be ¥ G —-modules that admit finite (Bx , 1 )— and (B, tr)—cell
structures, respectively, and assume that tg — 1, < n. Then the map

F:[K, L]° — [F(K), F(L)]°
is an isomorphism.

(ii) Let K be an ¥3°G -module admitting a finite (B, tx)—cell structure with
tx — Bk <n+ 1. Then there is an ¥5°G -module K" with a finite (Bg~, tx’)—
cell structure such that g < Bk, tx’ <1x and F(K') =~ K.
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(iii)) Ifn+ 1> 8, then the map

F: [5G, 9GI¢, , — [£26. 261,

is an isomorphism.

Proof Part (i) When K and L are both finite wedges of type \/ ZIOESFOG (ly is
fixed), then the claim holds by assumption.

We start with the case when L is a finite wedge of copies of X0 EPG for some
integer /o, and we proceed by induction on tx — Bg . As already noted, the claim
holds when g — Bg = 0. Now suppose we are given K with 7x — fg = r for
r > 1, and assume that the claim holds for all EfG—modules M that have a finite
(Bar, tar)—cell structure with tpy — Bar < r. Consider the distinguished triangle

\/ =ZFT'EPG — skt K — K — \/ TFETG.

Iry Iy

The E‘f G -module sk, —; K has afinite (g, tg —1)—cell structure. For convenience,

let P denote the wedge \/; XK -1 X%°G . The latter distinguished triangle induces
. . K

a commutative diagram

[Sskego1 K. LG —s [F(E skep_1 K). F(L)|S
[P LIS — [F(SP), F(L)®

G F G
[K,L]” ——— [F(K), F(L)]

[skeg—1 K. LG —" s [F(skep—1 K). F(L)I

F
[P.L]® ————— [F(P). F(L)I
with exact columns (The functor F is exact.). By the induction basis, the second and

the last horizontal morphisms in this diagram are isomorphisms. The fourth morphism
is an isomorphism by the induction assumption. Finally, since X sk, K has a finite
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(Bx + 1, tg)—cell structure, the first horizontal map is also an isomorphism by the
induction assumption. Hence, the claim follows by the five lemma.

Next, we do a similar induction with respect to t7, — 8. The case tp — By =0 is
taken care of by the previous paragraph. For the inductive step we choose a distin-
guished triangle

skg, L— L — L' —> Sskg, L.

The octahedral axiom implies that the £5°G-module L’ admits a finite (8 + 1., 77)—
cell structure. Now, as in the previous case, a five lemma argument finishes the proof.

Part (ii) We do inductionon tx —Bg . If tgx—Bx =0, then K is stably equivalent to a
finite wedge \/ % X°G, for a fixed integer /g, and the claim holds since F(X°G) =
%G . For the induction step, choose a distinguished triangle

\/ SHKTIEPG 5 skgot K — K — \/ SKELG
I‘EK ITK
as above. By the induction assumption, there is an X%°G-module M with a finite

(Bam, tar)—cell structure such that Bg < Bar, Tar <t — 1 and F(M) = sky—1 K.
Consider the composite

F( \/ E’K_lEfG) =5 \/ =% 15P6 s skyy K —> F(M).

Irp Irp

Since tx — 1 —Bpar < tx — 1 — Bk <n, part (i) yields that there exists

G
o' e [\/ sz—lszG,M]
Ly
such that F(a’) equals the latter composition. Next, choose a distinguished triangle
\/ =*715¥6 2 M — K — \/ T¥TYG.
ITK ITK

The ¥%°G -module K " has a finite (Bpz, Tg)—cell structure. On the other hand, since
F is exact, one of the axioms for triangulated categories implies that there is a morphism
K — F(K’) that makes the diagram

Vi

TEKTIEPG —5— skyp—1 K K Vi, EKEFG

R o S

F(\ 1, TKTISPG) —— F(M) —— F(K') — F(V, T 3YG)

K
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commute. Now another five lemma argument shows that, in fact, the map K — F(K')
is an isomorphism in Ho(Mod-X%°G), and thus the proof of part (ii) is completed.

Part (iii) By Proposition 4.1.2, any morphism o € [£"T! G, Z‘j_"G]G factors over
some X9°G-module K that has a finite (1, 7)—cell structure. By part (ii), there exists
an X3°G-module K’ admitting a finite (8-, Tg-)—cell structure such that 1 < Bk,
g <n and F(K’) = K. Hence we get the following commutative diagram:

F(E"HIEPG) = 252G 2 /E‘fG = F(£3G)
F(K')

Sincen+1—fg<n+1—1=n and g/ — 0 = tgs < n, part (i) implies that both
maps in the latter factorization are in the image of F'. Hence, the map « is also in the
image of the functor F, yielding that

F:[29G, 266, — [22G, 2361,

is surjective. As the source and target of this morphism are finite of the same cardinality,
we conclude that it is an isomorphism. |

From Lemma 4.1.3, together with Lemma 2.2.2, we have the following:

Corollary 4.1.4 Let F be as in 4.1.3 and assume that it commutes with infinite
coproducts. If the morphism

F: [Z°G, 226 — [£26G, 2268

is an isomorphism for * < 7, then the functor F' is an equivalence of categories.

4.2 Taking care of the dimensions <7
For this subsection,
F: Ho((Mod-X%°G) 2)) — Ho((Mod-XG) (2)
again denotes an exact endofunctor that commutes with infinite coproducts such that
F(XTYG)=27G
and F(g) = g in [X9°G, chG]G for any g € G. We will now show that the map

F: [29G, 226G — [F(Z26), F(EX6)¢ =226, 2266
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is an isomorphism for * < 7. By Corollary 4.1.4 this will imply that the functor F is a
self equivalence of the category of free G —spectra.

Recall that we have a preferred isomorphism [Z°G, EZE’G]E ~ 74S[G]. Since
F(g) = g forany g € G, and since the map F: 74+S[G] — 7«S[G] is a ring homo-
morphism, we conclude that it is an isomorphism for * = 0. Note that 7, S[G] is finite
for * > 0 and the Hopf maps 1, v and o multiplicatively generate w.<7S. Hence, it
suffices to show that the Hopf maps (considered as elements of 7,S[G] via the unit
map S — X9°G) are in the image of F'.

We start by showing that F(n) = 1. Recall that the mod 2 Moore spectrum M (2) in
the 2—-localized (nonequivariant) stable homotopy category is defined by the distin-
guished triangle

a
s s5 M) -Ss!
and that the map 2: M (2) —> M (2) factors as a composite
0 1 n L
MQ2)— S — S — M(2).

Applying the functor G4 Al'—: Ho(Mod-S) — Ho(Mod-%°G) to the distinguished
triangle above gives us this distinguished triangle

d
SRG 25 PG L5 Gy A MQ) 25 $3°6
in Ho(Mod-X%°G). Further, the map 2: G+ A M (2) —> G4+ A M(2) factors as

110 1AL

Gy AMQ2) 25 53%°6 L 526 25 G AM©Q).
One of the axioms for triangulated categories implies that we can choose an isomorphism
F(GEAMQ) =G+ AM(2)
so that the diagram

2 1AL 1A0

X6 X6 Gy AMQ2) —"0— TEPG

‘ 2 ‘ F(1Ay) l F(110) l

F(EXG) —2— F(E£XG) ——= F(G4+ A M(2)) ——= F(££2°G)

commutes. We fix the latter isomorphism once and for all and identify F(G4+ A M(2))
with G4 A M (2). Note that, under this identification, the morphisms F(1 A ) and
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F(1 A d) correspond to 1 At and 1 A 0, respectively. Next, since F(2) = 2 and
2= (1 A)n(1 Ad), one gets the identity

(1AYFm)(1AJ) = 2.

It is well known that the map 2: M (2) —> M (2) is nonzero; see [44, Proposition 4]
(in fact, [M (2), M(2)] = Z/4). Hence, 2: G4+ A M (2) —> G4+ A M(2) is nonzero as
there is a preferred ring isomorphism

(G AMQ2), Gy AMQ)C =[MQ2), M2)]x ® Z[G).

It now follows that F(1) # 0. Suppose F(17) = > _,c41g, Where A is a nonempty
subset of G. We want to show that A = {1}. The identity (1 A¢) F(n)(1 Ad) =2 yields

2=l /\L)(Z r]g)(l A=Y (Irgn(lAdg=)_ 2.
ge4 geA geA

Once again using the isomorphism [G 1 AM (2), G AM (2)]¢ = [M(2), M (2)]«RZ[G]
and the fact that 2 £ 0, we conclude that 4 = {1}, and hence F(n) = 7.

Next, we show that v is in the image of F. Let

FQ)=mv+ Z nggv.
geG\{1}

Recall that, 2-locally, we have the identity (see eg [49, Theorem 14.1(i)])
r]3 =4y,
Since F(n) = n, after applying F to this identity, one obtains

4y =13 = F(n®) = F(4v) = 4mv + Z dnggv.
geG\{1}

As the element v is a generator of the group 73S () = Z /8, we conclude that m =2k +1
for some k € Z, and for any g € G \ {1} we have ng =2/, and /, € Z. Hence

F)=Qk+ v+ Y 2ggv.
g€G\{1}

Using that F(g) = g, we also deduce that

F(gov) = 2k +1)gov + Z 2lgg0gV
geG\{1}
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for any fixed go € G'\ {1}. Thus the image of F in 73S 5)[G]= @ Z/8 is additively
generated by the rows of a |G| x |G |-matrix of the form

2k +1 even

even 2k +1

where each diagonal entry is equal to 2k + 1 and all the other entries are even. Since
the determinant of this matrix is odd and hence a unit in Z /8, the homomorphism
F: 73S 0)[G] = 73S (2)[G] is an isomorphism, and hence the element v is in the image
of F.

Finally, it remains to show that o € 77S C 77S[G] is in the image of F. Recall that o
is a generator of 7S ) = Z/16. We use the Toda bracket relation

80 = (v,8,v) inmSey

(see eg [49, Lemmas 5.13 and 5.14]) that holds without indeterminacy as 74S = 0.
This implies that

8o = (v,8,v) in mS[G].
Now since F is an exact functor, one obtains
8F(0) =(F(v),8, F(v)).

Recall that
Fv)y=0Qk+1)v+ Z 2lggv.
geG\{1}
Let F(0) =mo + }_,eq\ (13 "g&0 - By [4, Theorem 1.3] and the relation 160 = 0,
we get

8(m0+ > ngga)=<(2k+l)v+ > 2ggv.8.2k+ v+ Y ZIggv>

geG\{1} geG\{1} geG\{1}
=8(2k + 1)%0.
Hence we see that m is odd and the numbers n are even. Now a similar argument as

in the case of v implies that F: m7S[G] — 77S[G] is surjective, and hence o is in
the image of F'.

By combining the results of this subsection with Corollary 4.1.4, we conclude that,
under the assumptions of Theorem 3.1.3, the functor F: Ho(Spg (2)) — Ho(Spg (2))
becomes an equivalence when restricted to the full subcategory of free G —spectra,
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or equivalently, when restricted to Ho((Mod-X%°G) (). In fact, we have proved the
following more general proposition.

Proposition 4.2.1 Let G be any finite group and
F: Ho((Mod-X%°G) 2)) — Ho((Mod-X°G) (2)
an exact endofunctor that preserves arbitrary coproducts such that
F(XPG6)=27G

and F(g)=g in[X9°G, EfG]G forall g€ G. Then F is an equivalence of categories.

5 Double coset embedding

In this section, we will show that the graded maps between the generators {X°G/H |
H < G} of Ho(Spg) can be embedded into a certain direct sum indexed on a set of
double cosets. This will be very useful in the proof of Theorem 3.1.3.

5.1 Formulation

Let G be a finite group with subgroups H and K. For the rest of this section, we fix
once and for all a set {g} of double coset representatives for K \ G/H . Recall that for
any g € G, the conjugated subgroup gHg~! is denoted by §H . Further,

Kg: [EXG/H, PG/ KIS — [EXG/(H N K), G/ (6H N K)]¢

will stand for the map which is defined by the following commutative diagram:

[EXG/H, =G/ K]S SN [E°G/(EH N K), PG/ (EH N K)|¢

g*l T(rengﬂK)*

[E°G/¢H. 22G/K]¢ [EXG/¢H. 2G/((H N K)¢

(trg HN K) *
The aim of this section is to prove:

Proposition 5.1.1 The map

Ke)iee
[EPG/H, £26G/KI§ —01, O [£°G/(H N K), £2G/(CH N K)I
[eleK\G/H

is a split monomorphism.
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The author suspects that this statement is known to the experts. However, since we
were unable to find a reference, we decided to provide a detailed proof here. The proof
is mainly based on the equivariant Spanier—Whitehead duality (see [30, Sections III1.2
and V.9] and [35, Section XVI.7]) and on a combinatorial analysis of certain pointed
G —sets.

5.2 Induction and coinduction

Let H be a subgroup of G with inclusion i: H < G. The class of all finite-dimensional
orthogonal H —representations of the form i*V, where V is a finite-dimensional
orthogonal G —representation, contains the trivial representation and is closed under
direct sums. Hence, according to [33, Section II.2, Theorem III.4.2], there is a stable
model category SpgSG of H—equivariant orthogonal spectra indexed on the class of
such representations (compare Subsection 2.7). Since finite-dimensional orthogonal
H —representations that come from G -representations are cofinal in the class of all
finite-dimensional orthogonal H —representations, [33, Remark V.1.10] implies that the
Quillen adjunction

id: Sp§ _g == Sp% :id
is a Quillen equivalence. Next, recall that there is a Quillen adjunction
Gxpg—: Spy g == SpS :Resy).

where (Gxg X)(V)=GAg X(i*V) forany X € SpgsG and any finite-dimensional
orthogonal G —representation V'; see [33, Lemma V.2.2]. The functor Resg is just the
restriction along the map i: H < G. In fact, the functor Resg preserves weak
equivalences, and moreover, it is also a left Quillen functor as we see from the
Quillen adjunction

Resg: Spg = SPI?ISG :Mapgy (G4, —).

The right adjoint is defined by Mapg (G+, X)(V) =Mapg (G4, X(i*V)). Now since
the functor id: Spg <G Spg is a left Quillen functor, we also get a Quillen adjunction

ResIG{: Spg = Spg :Mapg (G4, —).
These Quillen adjunctions induce corresponding adjunctions on the derived level:

Gxpg—: Ho(Spg) ~ Ho(SpgSG) = Ho(Spg) :Resg
and
G. 0y —— 0, .
Resgr: Ho(Spg) <= Ho(Spy) :Mapy (G4, —).
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Here we slightly abuse notation by denoting point-set level functors and their associated
derived functors with the same symbols. Next, note that the equivalence

Ho(SpIO{) ~ Ho(Sp?ISG)

is a preferred one and is induced from the Quillen equivalence at the very beginning of
this subsection.

The adjunctions recalled here are, in fact, special instances of the “change of groups”
and “change of universe” functors of [33, Chapter V]. The functor G x iz — is usually
called the induction and the functor Mapg (G4, —) is called the coinduction.

Now let G xg X denote the balanced product G+ Ay X for any pointed G —set
(space) X . Consider the natural point-set level map

wg: Gxg X — Mapy (G4, X)
given by
ygx ifygeH,

wr (g, xD(y) = {* ifyg & H.

We remind the reader of the following result due to Wirthmiiller:

Proposition 5.2.1 (Wirthmiiller isomorphism; see eg [36]) The map wy induces a
natural isomorphism between the derived functors

Gxyg—: Ho(Spg) — Ho(Sp(O;) and Mapgy (G4, —): Ho(Spg) — Ho(Sp(G)).
That is, the left and right adjoint functors of
Resg: Ho(Spg) — Ho(Spg)

are naturally isomorphic.

As a consequence of the Wirthmiiller isomorphism, one gets that for any subgroup
L < G, the equivariant spectrum X%°G/L is self-dual. Indeed, the map

$®G/L = G xy S —=> Map; (G+.S) = Map(£°G/L.S) = D(SXG/L)

is an isomorphism in Ho(Spg ), where D is the equivariant Spanier—Whitehead duality
functor [30, Sections II.6, I11.2, V.9; 35, Section XVI1.7].

We conclude the subsection with the following well-known lemma and its corollaries.
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Lemma 5.2.2 (Double coset formula) Suppose G is a finite group with arbitrary

subgroups H and K. For g € G, let ¢g: 8H — H denote the map cg(x) = g~ 'xg.

Then for any pointed H —set X, the K —equivariant maps
K xegnk Resing(c;X) — ResIG((G xg X), [k, x]—[kg,x],
induce a natural splitting

\/ K xegnk ResignK(c;X) o~ ResIG((G xg X).
[gleK\G/H

Corollary 5.2.3 Suppose G is a finite group with subgroups H and K. Then for any
Y e Ho(Spg), there is a natural splitting

\/ K Xegnk Resing(c;,‘Y) o ResIG((G xpgY).
[gleK\G/H

Note that, if X is a pointed G —set, then there is a natural isomorphism
G xHRestX ~G/H N X
given by [g, x] = ([g] A gx).
Corollary 5.2.4 The maps
G/CHNK)y — G/Hy ANG/Ky,  [x] [xg]Alx],
of pointed G —sets induce a natural splitting

\/ G/CHNK)4 —>G/Hi AG/Ky.
[eleK\G/H

Proof By the last observation and Lemma 5.2.2, we have a chain of isomorphisms of
pointed G —sets:

V G/EHNK)r= \/ Gxg(K/CHNK)y
[¢]leK\G/H [¢]leK\G/H

~ G xg ( \/ K/(gHﬂK)+)

[gleK\G/H
%GIXK( \/ KIXgHmKSO)

[gleK\G/H
~ G xg Res$ (G xpg S°) = G xg Res$(G/H)
= G/K+ A G/H+ = G/H+ A G/K+
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Here the last isomorphism is the twist. Going through these explicit isomorphisms, we
see that any [x] € G/(BH N K) 4 issentto [xg|A[x]€e G/H+ ANG/K+. o

5.3 Proof of Proposition 5.1.1

As we already mentioned after Proposition 5.2.1, we have the isomorphisms
D(EYG/L)=X¥G/L, L=G,
in Ho(Spg) , where D is the equivariant Spanier—Whitehead duality. It follows from

[30, Sections IL.6, II1.2, V.9] (see also [29]) that, under these isomorphisms, the transfer
maps correspond to restrictions. In particular, for any g € G, the diagram

o D(trgHmK) o
D(Z¥G/(EH N K)) — 2%, D(3°G/K)
=T rengmK T=
=°G/((H N K) T®G/K

commutes. Combining this with the Spanier—Whitehead duality, for any g € G, one
gets the following commutative diagram with all vertical maps isomorphisms:

(trK )«
(S G/¢H, 22 G/ K]S R [E¥G/5H, £¥G/(*H N K))¢
sor /g o B T S o /g G
[EPG/EHAD(EPG/K), S|y —— [EPG/EHAD(X°G/(3H N K)), S|y

>~ >~

(1 /\rengmK)*

[Z°G/¢H A SG/K, SIS [E°G/¢H ASPG/HNK, SIS

>~ >~

K *
rengmK)

[S%°(G/$H, A G/K+),S]F — [£°°(G/$H4+ A G/SHN K1), S

Again using the Spanier-Whitehead duality and that ¥5°G/ L is self-dual for L < G,
we also have that, for every g € G, the diagrams
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[£°G/H, Z¥G/K|¢ [E°G/¢H. 22 G/ K]S

~ ~

[SXG/H A D(E2G/K).S]6 — ", [5G /8H A D(S2G/K). S|

~ ~

[SXG/H A £¥G/K,S)F — M0 [SXG/$H A£G/ K, S|¢
[£°°(G/Ha 7 G/ K1), SIS — 2 [599(G/2Hy A G/K ), SIS
and
(resgpyg)”

[EXG/8H, 2°G/¥HN K]S

[EXG/SHNK, X G/SHNK]S

~ ~

resiZmK/\l)*[

(
[EXG/8HAD(EX G/ HNK),S]¢ PG/ HNKAD(EP G/ HNK),S]¢

~ ~

g
(resgng AD)*

[EXG/8H AXPG/¢HNK. SIS [EXG/EHNK NS G/6HNK., SIS

~ ~

g
G (rengmK/\l)*
—>

[X°(G/8H+AG/8HNK +),S]; [Z°(G/8HNK + AG/$HNK +),S]¢
commute. Hence by definition, for any g € G, the morphism

Kg: [EXG/H, 2PG/ K] — [EXG/(BH N K), PG/ (6H N K)]¢
is isomorphic to the morphism induced by the composite

G/(gHﬂ K)+ A G/(gHﬂ K)+ _— G/H_|_ /\G/K+

SH
rengmK/\IJ/ . Tg/\l
eSg 1 K

1A
G/gH+ A G/(gH NKyy ———— G/gH+ A G/K+

after applying the functor [£%°(—), S]¢. To simplify notations let us denote this
composite of maps of pointed G-sets by 0,: G/(|H N K)+ A G/(*H N K);+ —
G/H4+ A G/ K4 . Thus, in order to prove Proposition 5.1.1, it suffices to check that the
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map of pointed G —sets

0e)igle K \G/H

\/ (G/EHNK); AG/EHNK)y) Gewekror, G/Hy ANG/K 4
[g]eK\G/H

has a G—equivariant section. This follows from the commutative diagram of pointed
G —sets

011
\/ (G/CHNK) 1 AG/EHNK)4) ORI, I A GIK
[]leK\G/H
A7
[¢leK\G/H

\/ G/EHNK)y
[gleK\G/H

where the vertical map is the isomorphism from Corollary 5.2.4, and
Ag: G/CHNK)y — G/CHNK)1 AG/((H N K) 4

is the diagonal defined by [x] > [x] A [x] for any g. O

6 A short exact sequence

This section constructs a split short exact sequence that will play a fundamental role in
the inductive proof of Theorem 3.1.3. The author thinks that this short exact sequence
is well-known to the experts. However, since we were unable to find a reference, we
decided to provide a detailed proof here.

6.1 Geometric fixed points and the inflation functor
To construct the desired short exact sequence, we need the geometric fixed point functor
o Spg — Sp?
associated to an extension of finite groups
El—N—-5G—>J—1.

This functor is constructed in [33, Section V.4] and has some useful properties. In
particular, the following holds:
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Proposition 6.1.1 [33, Proposition V.4.5] Let A be a pointed G —space and V a
finite-dimensional orthogonal G —representation. Then there is a natural isomorphism
of J—spectra

ON(FyA) = Fyn AV,

Also, the functor ®N: Spg — Sp? preserves cofibrations and acyclic cofibrations.
Corollary 6.1.2 For any based G —space A, there is a natural isomorphism of J-

spectra
N (2°4) = °(4N).

Next, we will also need the inflation (change of scalars) functor £*: Sp? — Sp(G)
associated to an extension of finite groups

E'l-—N—5G—5J—>1.

This functor is a left adjoint to the point-set level (categorical) fixed point functor. In
fact, it is a left Quillen functor.

By Proposition 6.1.1 and Ken Brown’s lemma, one can derive the functor ®V and get
the functor
o Ho(Sp(G)) — Ho(Sp?).

We can also derive the left Quillen functor ¢* and obtain the derived inflation
g*: Ho(Sp?) — Ho(Spg).

The following result follows from [30, Proposition I1.9.10] and [33, Sections VI.3-5].

Proposition 6.1.3 There is a triangulated natural isomorphism
viid —> @Ng*

of endofunctors on Ho(Sp?).

6.2 Weyl groups

Let G be a finite group and H a subgroup of G. Then H is a normal subgroup
of its normalizer N(H) = {g € G | gH = Hg}, and the quotient group W(H) =
N(H)/H is called the Weyl group of H. According to the previous subsection, the
short exact sequence

&

1 — H— N(H) W(H) —> 1
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gives us the geometric fixed point functor

oH. Ho(Sp]?,(H)) — Ho(SpVOV(H))

and the inflation functor

g*: Ho(Spg,(H)) — Ho(Spg(H)).

We will denote the composite functor
oH oRes%(H): Ho(Spg) —> Ho(Spg,(H))

by ® . 1t then follows from Corollary 6.1.2 that there is an isomorphism

H(S2G/H) = 22(G/H)?

re S

in Ho(SpVOV( H))' (This holds already on the point-set level.) Since (G/H)H = W(H)
as W(H)-sets, one gets an isomorphism

H(£%G/H) = SPW(H)

I'CS

in Ho(SpW(H)) Further, by definition, one has ¢*(EPW(H)) = XN (H)/H in
Ho(Sp¢ N( H)) and hence we get

Gxnun " (EFW(H)) = ELG/H.

Having these identifications in mind, we are now ready to formulate the following:

Proposition 6.2.1 Let W denote the Weyl group, W(H). The composite

H

GXN(H)E" res

(W, =W [E¥G/H,3°G/HIS —=— [22°W, zPW

is an isomorphism.

Proof By Proposition 6.1.3, we have the natural isomorphism
v:id —> &H e,

which is a triangulated transformation. Since (G X y(qr) —, Resg( H)) is a Quillen
adjunction (see Subsection 5.2), the derived unit map

LM
id — Resg(H)(G X N(H) —)

is a triangulated transformation as well; see Subsection 2.2. Hence, the composite

q,H *
oM pe*ov:id 2> @Fe* =" oH Res§ (G x ey €%)) = PEL(G w e €¥)
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is a triangulated transformation. Moreover, it follows from Proposition 6.1.3 and
the identifications we did before Proposition 6.2.1 that this natural transformation
is an isomorphism in Ho(SpW( H)) when applled to X°W(H). Consequently, by
Lemma 2.2.1, the restriction of the functor ®H (Res$ N H)(G X n(e) €¥)) to the localiz-
ing subcategory of Ho(SpW( H)) generated by X°W(H) is isomorphic to the identity
functor and thus an equivalence of categories. This implies the desired result. a

6.3 The short exact sequence

Suppose G is a finite group and .% a set of subgroups of G. The set .# is said to be a
Sfamily of subgroups of G if it is closed under conjugation and taking subgroups.

Recall that, for any finite group G and any family .%#, there is a classifying space
(G—CW complex) E.Z characterized up to G homotopy equivalence by the property
that E.#H is contractible if H € .% and EZH =@ if H ¢ .7 see eg [14].

Let & denote the family of proper subgroups of G. Consider the equivariant map
Ez, L P9, §O which sends the elements of E2 to the nonbase point of SO, The
mapping cone sequence of this map (called the isotropy separation sequence) combined
with the tom Dieck splitting [10, Theorem II1.7.7] gives the following well-known fact:

Proposition 6.3.1 Let G be a finite group. Then there is a split short exact sequence

G POJ*

0— (5. 52E2)S 2% 18,816 2% (s, 8], — 0.

Now suppose H is a subgroup of G. Then for any X € Ho(Spg), there is a natu-
ral isomorphism
G KHResg X =~G/Hy ANV X

given on the point-set level by [g, x] — ([g] A gx). In particular,
GxpgS=X¥PG/H.

Having this preferred isomorphism in mind, we will once and for all identify G xg S
with ¥°G/H . Next, let 2[H] denote the family of proper subgroups of H. Note
that this is a family with respect to H and not necessarily with respect to the whole
group G . Here is the main result of this section, which is an important tool in the proof
of Theorem 3.1.3.

Proposition 6.3.2 Let G be a finite group, H a subgroup, and W the Weyl group,
W(H). Then there is a split short exact sequence

[S¥G/H, G wy SPE2[H)G 2% [£206/1H. s26/m¢ 25 [E°°W sewl”
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where the morphism proj: G xg X° EZ[H|— G/ H is defined as the composite
¢ .
Gwy SPEP[H] —, Gxp S = 5°G/H.

Before proving this proposition we have to recall some important technical facts.

6.4 Technical preparation

It follows from the definition that, for any K € Z[H], the set of H—fixed points of
G/ K is empty. Together with Corollary 6.1.2, this implies that @gS(E‘f G/K) = x
in Ho(SpLOV( H)). Since the classifying space E.2?[H] is built out of H—cells of orbit
type H/K with K < H and K # H, one obtains:

Proposition 6.4.1 Let G be a finite group. For any subgroup H < G, the G-CW
complex G xg E Z[H] is built out of G —cells of orbit type G/ K with K < H and
K # H . Furthermore, ®H (G x EPEZ[H]) = * in Ho(Spg,(H)).

res

Next, we recall that the functor Mapg (G4, —): Ho(Spg) — Ho(Spg ) is right ad-
joint to Resg. Recall also the map wg: G Xg (—) = Mapgy (G4, —) that induces
the Wirthmiiller isomorphism; see Proposition 5.2.1. The following proposition is a
consequence of the Wirthmiiller isomorphism.

Proposition 6.4.2 For any Y in Ho(Spg), the natural map

WH
[S.Gxp YIS —5[S.Mapy (G4 V)I¢ = [Res§ (S). Y1 =[S, v]H

is an isomorphism.

Corollary 6.4.3 Let G be a finite group with subgroups H and K. Then for any
spectrum Y € Ho(Spg), there is a natural isomorphism

[(EPG/K.Guxpg YIS~ @ [S.Resghey(ciWNIKTH.
[gleK\G/H
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Proof By adjunction, Corollary 5.2.3 and Proposition 6.4.2, one has the following
chain of isomorphisms:

[EXG/K,Gxg Y]¢ =[GxgS,Gxp V]S =[S, Resf (G xy V)E

lle

K
[S, \/ K xgnem Resghep (2 (Y))]
[gleK\G/H

D IS Kxxnem Resg ey (g (NIF
[gleK\G/H

P S Resfh. p(cry)EH, O
[gleK\G/H

lle

2

6.5 Proof of Proposition 6.3.2

In this subsection we prove that the sequence

res

[S°G/H, G xzy £PEZH]G L% [£06/H, s26/HIS =% (52w, s2w)Y

is a split short exact sequence. It follows from Proposition 6.2.1 that

[EXG/H, 2PG/HI — [22W, 22wV

res

is a retraction and thus, in particular, surjective. Further, Proposition 6.4.1 implies that

oH oproj, = 0.

res
Hence, it remains to show that the map
proj,: [EXG/H, G xg EPEZ[H|S — [S°G/H, 2 G/H|S

is injective and Ker @req C Im(proj,). For this we choose a set {g} of double coset
representatives for H \ G/H. By Corollary 6.4.3, the following is a commutative
diagram with all vertical arrows isomorphisms:

Proj.

[EXG/H,G x g SPEZ[H||¢ [Z°G/H, 2FG/H|¢

G r0j) %
[S°G/H. G w g 52 EP[H])G — T [S¥G/H. G x g SIO
) [g] I?iG/H(prOj)* i
g g gle g
D [S. P Resyney (G (E2[H)) ———— P [S.S™
[g]eH\G/H [g]eH\G/H
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We will now identify the summands of the lower horizontal map. For this, one has to
consider two cases.

Casel HNEH = H: In this case, Res%gH (cg (EZ[H])) = cz(E Z[H]) is amodel
for the classifying space of #’[H] (and hence G —homotopy equivalent to E Z[H])).
By Proposition 6.3.1, we get a short exact sequence

'* <I>H n8H
0 =[S, S Res oy (cE(E2[H)HOH 25 s s]I0H 2[5, 5], — 0.
Case2 H N&H is a proper subgroup of H: In this case, ResglngH (c;',‘ (EZ[H))) is
an (H N &8H)—contractible cofibrant (H N 8H )—space and hence the map

g Sf Projx« g
[S, EF Res e (cg (E2[H)I T — [S, ST
is an isomorphism.
After combining the latter diagram with case 1 and case 2, we see that the map

proj,: [EXG/H, G xg P EZ[H|S — [S°G/H, 2 G/HIS

is injective. It still remains to check that Ker CDr};IS C Im(proj, ). For this, first note

that H N8H = H if and only if g € N(H). Further, if g € N(H), then the double
coset class HgH is equal to gH . Hence the set of those double cosets [g] € H\ G/H
for which the equality H N8H = H holds is in bijection with the Weyl group W.
Consequently, using the latter diagram, case 1 (and hence Proposition 6.3.1) and case
2, one gets an isomorphism

[Z°G/H. 27 G/HIS / Im(proj,) = EDIS. Sl = [EFW. =¥ WY .
w
On the other hand, we have already checked that

OH: [S°G/H, SPG/HI — [SPW. 2P W]V
is surjective and this yields an isomorphism

[2XG/H,5°G/HIS | Ker o ~ 2w, 22wV

res —

Combining this with the previous isomorphism implies that the graded abelian group

[£3G/H, Y G/H]{ / Im(proj,)
is isomorphic to
[Z°G/H, 2 G/H|S | Ker ®H

Tes”

Now if the grading * > 0, then [E°G/H, ES’FOG/H]E is finite, and it follows that
Im(proj,) and Ker ®H

s are finite groups of the same cardinality; see Subsection 2.8.
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Since we already know that Im(proj, ) C Ker CI>reS (we have already observed that this is
a consequence of Proposition 6.4.1.), one finally gets the equality Im(proj, ) = Ker @res.
For % = 0, a five lemma argument completes the proof. We do not give here the details
of the case x = 0 as it is irrelevant for our proof of Theorem 3.1.3. a

7 Proof of the main theorem

In this section we complete the proof of Theorem 3.1.3 and hence of Theorem 1.1.1.

We will start by recalling from [33, Section IV.6] the .# —model structure on the category
of G —equivariant orthogonal spectra, where .% is a family of subgroups of a finite
group G.

7.1 The .7 -model structure and localizing subcategory determined by .%#

Let G be a finite group and .# a family of subgroups of G.

Definition 7.1.1 A morphism f: X — Y of G-equivariant orthogonal spectra is
called an .% —equivalence if it induces isomorphisms

fonHx = gHy

on H —equlvarlant homotopy groups for any H € .7 . Similarly, a morphism g: X — Y
in Ho(SpG) is called an .Z —equivalence if it induces an isomorphism on 1 for any
HeZ.

The category of G—equivariant orthogonal spectra has a stable model structure with
weak equivalences the .% —equivalences and with cofibrations the % —cofibrations; see
[33, Theorem IV.6.5]. By restricting our attention to those orbits G/H that satisfy
H € .7, we can obtain the generating .# —cofibrations and acyclic .% —cofibrations in
a similar way as for the absolute case of Spg [33, Section III.4]; see Sections 2.6
and 2.7. In particular, retracts of relative .% —cell complexes built out of generating
F —cofibrations are exactly .# —cofibrations. We will denote this model category by

Sp(G),gz.

The following proposition relates the classifying space E.# with the concept of an
ZF —equivalence.

Proposition 7.1.2 [33, Proposition IV.6.7] A morphism f: X — Y of G —equivariant
orthogonal spectra is an .% —equivalence if and only if 1 A f: EF 4 ANX — EF4 AY
is a G —equivalence, ie a stable equivalence of orthogonal G —spectra.
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By definition of .# —equivalences and .# —cofibrations, we get a Quillen adjunction
id: SpQ > == SpQ :id.
After deriving this Quillen adjunction one obtains an adjunction
L: Ho(Spg ») == Ho(Sp?) :R

on the homotopy level. We now examine the essential image of the left adjoint functor
L. Since a weak equivalence in Spg is also a weak equivalence in Spg - the unit

id — RL
of the adjunction (L, R) is an isomorphism of functors. Hence the functor
L: Ho(Spg’y) — Ho(Spg)
is fully faithful.

Proposition 7.1.3 For any X € Spg 7 » there are natural isomorphisms

LX)~ EZ A" X~ EZ, AX.

Proof Let Ay: X¢ — X be a (functorial) cofibrant replacement of X in Spgf. By
[33, Theorem IV.6.10], we have that the projection map E.%4 A X¢ — X€ is a weak
equivalence in Spg . On the other hand, Proposition 7.1.2 implies that the morphism
of G-spectra | AAy: EZ4 A X¢ — EZ4 A X is a weak equivalence in Sp(G). This
completes the proof. a

Next, note that the triangulated category Ho(Sp(G) ) is compactly generated with
{(XPG/H | He F};
see Subsection 2.2. Indeed, this follows from the following chain of isomorphisms:

0o Ho(Spg.g;) 00 G
[Z+G/H,X]* E[Eﬁ.,./\E_FG/H,Eﬁ_,_/\X]*

= [SPG/H EF ANXIS = al(EZ A X)=nfl X,

The first isomorphism in this chain follows from Proposition 7.1.3 and from the fact
that L is fully faithful. The second isomorphism holds since H € .%#. Finally, the

last isomorphism follows from the fact that £.% is pointed H -homotopy equivalent
to SO,

Proposition 7.1.4 The essential image of the functor L: Ho(Spg’ 7) = Ho(Spg ) is
exactly the localizing subcategory generated by {X°G/H | H € 7 }.
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Proof The functor L is exact, and as we already noted, Ho(Sp(O;’y) is generated by
the set {X9°G/H | H € #}. Next, by Proposition 7.1.3, for any H € .#

L(X¥G/H) = EZ4 ANXYG/H.
The projection map EZ1 AXPG/H — X G/ H is a weak equivalence in Spg . The
rest of the proof follows from the fact that L is full. a
Next, we need the following simple lemma from category theory.
Lemma 7.1.5 Let
L: 2 —= & :R.
be an adjunction and assume that the unit
id — RL

is an isomorphism (or, equivalently, L is fully faithful). Further, suppose we are

given morphisms

xSz 2ly

in & such that X and Y are in the essential image of L, and that R(«) and R(f) are
isomorphisms in 2. Then there is an isomorphism y: X —=> Y in & such that the

following diagram commutes:
x—r .y
VA

Proof One has the commutative diagram

LR LR
LR(Y) 22 1R z) 222 pr(y)
= lcoumt Jcoumt = Jcounit
X ¢ zZ b Y

where the left and right vertical arrows are isomorphisms since X and Y are in the
essential image of L and the functor L is fully faithful. We can choose y: X —=»Y
to be the composite

counit ™! LR(x) LR(B))~! counit

X T LR R Lrez) B LRy Sy, O
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Corollary 7.1.6 Let . be a family of subgroups of G and suppose X and Y are in
the essential image of L: Ho(Spgﬂ) — Ho(Sp(O; ) (which is the localizing subcategory
generated by {£°G/H | H € #} according to Proposition 7.1.4). Further assume that
we have maps

x5z >y

such that wf« and wH B are isomorphisms for any H € .Z (or, in other words, o
and B are .Z —equivalences). Then there is an isomorphism y: X —=> Y such that the
following diagram commutes:

x—r sy
N
Z
Proof We apply the previous lemma to the adjunction

L: Ho(Spg ») == Ho(Spd) :R,

and use the isomorphism 7 R(T) = n I T for H € 7. |

7.2 Inductive strategy and preservation of induced classifying spaces

Recall that we are given an exact functor of triangulated categories
F: Ho(Sp@ Ho(Sp&
: Ho(Spg» @) —> Ho(Spg, )
that preserves arbitrary coproducts and such that

F(S°G/H)=32G/H, H<G,

and
F(g)=g, F(res}?)=resg, and F(tr?)=tr§1, geCG, K<HZ<G.

We want to show that F is an equivalence of categories. Proposition 5.1.1 implies that,
in order to prove that F is an equivalence, it suffices to check that, for any subgroup
H < G, the map between graded endomorphism rings

F: [SG/H, 2P G/HIS —[F(SG/H), F(EXG/H)|¢ =[£°G/H, =X G/H|¢
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is an isomorphism. Indeed, there is a commutative diagram

[E°G/H, =G/ K¢ F [Z°G/H, =G/ K¢
g* g*
[2°G/¢H, £ G/ K]¢ F [Z°G/¢H, =G/ K|S
Cr o (g )+

[E°G/¢H. 22G/((BHN K)|¢ _F [E°G/¢H. 22 G/((HN K)]¢

(resgr )" (respr )
[£°G/((HNK), 2G/(CHN K)[¢ £, [£°G/(HNK). 22G/((HN K)]S.

for any g € G, which implies that the diagram

[sz/H,sz/K]EM D [5¥G/CHNK). SPG/(HNK)IS

[gleK\G/H
F l o F
[eleK\G/H

G «ediglek\G/H

[E9G/H. 5PG/KI ——5 P [ETG/(CHNK). =TG/((HNK))S
[g]eK\G/H

commutes. If we now assume that, for any subgroup L < G, the map
F: [Z2G/L,2°G/LI¢ — [£XG/L, 3G/ L]¢

is an isomorphism, then the right vertical map in the latter commutative square is an
isomorphism. Proposition 5.1.1 implies that the horizontal maps are injective. Hence,
by a simple diagram chase, it follows that the left vertical morphism is injective as well.
But now we know that, for * = 0, the morphism

F: [ZPG/H,2PG/K|¢ — [EPG/H, LG/ K]S

is the identity, and for * > 0, it has the same finite source and target; see Subsection 2.8.
Combining this with the latter injectivity result allows us to conclude that the map

F: [SPG/H,2PG/K|¢ — [ZPG/H, 22G/ K]S

is an isomorphism for any integer *. Finally, since the set {X°G/H | H < G} is
a set of compact generators for the triangulated category Ho(Spg ,»), Lemma 2.2.2
completes the proof of Theorem 3.1.3.
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Hence it remains to show that, for any subgroup H < G, the map between graded
endomorphism rings

F: [SG/H, 2P G/HIS —[F(SG/H), F(EXG/H)|¢ =[2°G/H, £ G/H|¢

is an isomorphism. We proceed by induction on the cardinality of H. The induction
starts with the case H = e. Proposition 4.2.1 tells us that the map

F: [Z°G, 226 — [276G, 2GS

is an isomorphism, and hence the basis step is proved. The induction step follows from
the next proposition, which is one of the main technical results of this paper.

Proposition 7.2.1 Let G be a finite group and H a subgroup of G . Assume that, for
any subgroup K of G that is proper subconjugate to H, the map

F: [Z2G/K,2PG/K|¢ —[F(ZG/K), F(EXG/K)I =[EXG/K, 2P G/K]¢
is an isomorphism. Then the map

F: [E°G/H,2¥G/HIS — [F(SXG/H), F(EG/H)I¢ =[2°G/H, 22 G/H|¢
is an isomorphism.

Before starting to prove this proposition, one has to show that, under its assumptions,
the functor F preserves the object G xg X E Z[H]. More precisely, let Z[H]

denote the family of proper subgroups of H. This is a family with respect to H and
not necessarily with respect to the whole group G . Next, let

proj: G xg P EZ[H]— X¥G/H

be the projection (as in Subsection 6.3). The following holds:

Lemma 7.2.2 Suppose G is a finite group and H a subgroup of G . Assume that, for
any subgroup K of G that is proper subconjugate to H, the map

F: [ZFG/K,2PG/KI¢ — [2FG/K, =G/ K¢
is an isomorphism. Then there is an isomorphism
y: F(Gwy SPEZ[H]) —> G xg 3°EP[H]
such that the following diagram commutes:

F(G x g S EZ[H]) % Gxpg EPEP[H]

F (PrOj)l lprOj

F(EXG/H) =———=S%G/H
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Proof Let 22[H|G] denote the family of subgroups of G that are proper subconjugate
to H. By Proposition 7.1.4, the essential image of the fully faithful embedding

L: Ho(SpG f[HlG]) —>H0(SpG)

is the localizing subcategory generated by the set {3°G/K | K € Z[H|G]}. Ob-
viously, the spectrum G xg X5° E Z[H] is an object of this localizing subcategory
as the H-CW complex E 2[H] is built out of H—cells of orbit type H/K with
K < H and K # H. Next, since the endofunctor F: Ho(Spg )— Ho(Spg ) is exact,
preserves infinite coproducts and F(X9°G/L)=X%°G/L forany L <G, the spectrum
F(G xg X%° EZ[H]) is contained in the essential image of L: Ho(SpG @[H|G]) —
Ho(SpG) as well. Hence by Corollary 7.1.6, it suffices to show the maps in the zigzag

(p 0j)

F(G xg SPEP[H]) ——> F(EXG/H) = $°G/H &= G xy £ E 2[H]

are 2[H|G]-equivalences (which means that they induce isomorphisms on 7 X ()
for any subgroup K € #[H|G]). First, we check that the map

proj: G xg XL EZ[H) — XFYG/H

is a Z[H|G]-equivalence. Indeed, by Corollary 6.4.3, for any K € Z[H|G], one has
the following commutative diagram:

Proj

7K (G x g SPEZ[H)) K (2XG/H)
l | |=

[E°G/K, G x g £ EZ[H]| P [5°G/K,G x g S|

% @ (prope l;

[¢leK\G/H :
P 8.2 Resifley (g (EL[HYIEH ——— P [s.51"H
[¢leK\G/H [¢]leK\G/H

I

If L is a subgroup of K N€H , then g~ ! Lg is a subgroup of H. In fact, g~ 'Lg
is a proper subgroup of H since K € &2[H|G]. This implies that, for any subgroup
L < KN&H, the space

(Resghep (i (E2[HN)E = (E 2[H)#

is contractible. Hence, Res}%g o (cz,‘ (E 2[H))) is a (K N &H)—contractible cofibrant
(K N&H)—space and we see that the map

proj: £° Res}%gH (cg(E2[H]) — S
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is a (K N&H)—equivalence. From this, we conclude that the lower horizontal map in
the latter commutative diagram is an isomorphism. Hence the upper horizontal map is
an isomorphism for any subgroup K € 2[H|G], and one concludes that the map

proj: G xg XPEZ[H]— X°G/H
is a Z[H|G]-equivalence.
It remains to show that the morphism
F(proj): F(Gxg X EZ[H])) - F(XYG/H)

is a Z[H|G]-equivalence as well. We first note that the assumptions imply that, for
any K € Z[H|G] and any (not necessarily proper) subgroup L < H, the map

F: [SPG/K,2FG/LIS —[F(EG/K), F(ZG/L)¢ =[E¥G/K, 2FG/ LIS

is an isomorphism. Indeed, this follows from Proposition 5.1.1 as well as from the
following commutative diagram:

(k)M 1eK\G/L
[52G/K.2¥G/LI ———"5 P [EF6/*LNK).3°G/*LNK)S
[AleK\G/L

F F

l o
[L€K\G/L
G W)mer\G/L

[5°G/K. 22G/LI ———5 P [EF6/CLNK).22G/*LNK)E¢
[AleK\G/L

The right vertical map is an isomorphism since AN K s proper subconjugate to H
for any A. In particular, the map

F: [Z2G/K,2PG/HIS — [£G/K, 2 G/H]®

is an isomorphism. Next, using a standard argument on triangulated categories, we see
that, for any K € #[H|G] and any X from the localizing subcategory of Ho(Spg)
generated by {X9°G/L | L < H}, the map

F: [ZG/K, X1 — [F(Z°G/K), F(X)|¢

is an isomorphism (recall F(X°G/L) = X%°G/L forany L < G). As a consequence,
we see that the morphism

F: [S°G/K.G xg SPEZ[H||S — [F(SG/K), F(G xy S E 2[H))|¢
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is an isomorphism. Finally, for any K € £[H|G], consider the following commuta-
tive diagram:

Proj.

[E°G/K.G xg XL EZ[H||S [£2°G/K, =°G/H|S

| r |

[F(SG/K). F(G wg STEZH)IS — 0, [F(8%2G/K), F(SG/H)IS

F (proj) «
[E°G/K, F(G x g £ EZ[H])|¢ (pre}) [E°G/K, F(S¥G/H)|¢

As we already explained, the upper horizontal map is an isomorphism. Thus the lower
horizontal map in this diagram is an isomorphism as well, and therefore, the map

F(proj): F(Gxyg X EZ[H]) — F(X°G/H)

is a Z[H|G]-equivalence. o

7.3 Completing the proof of Theorem 3.1.3

In this subsection, we continue the induction started in the previous subsection and
prove Proposition 7.2.1. Finally, at the end, we complete the proof of Theorem 3.1.3
and hence prove the main Theorem 1.1.1.

Proof of Proposition 7.2.1 Recall (from Section 6) that W denotes the Weyl group
W(H), and that the extension

| — H—> N(H) = W — 1
determines the inflation functor
g*: Ho(Spg,) — HO(SPJQI(H))
and the geometric fixed point functor
o Ho(Sp]?,(H)) — Ho(SpVOV).
Let F: Ho(Spﬁ,) — Ho(Spg,) denote the composite

&* GXNH)—
Ho(Spg,) — Ho(Sp]?,(H)) _— Ho(Spg)

F Resg(H) ®H
— Ho(Spg) — Ho(Sp](\),(H)) — Ho(SpI(,)V).
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It follows from the identifications we did in Subsection 6.2 and from the properties of
F that the functor F is exact, preserves infinite coproducts and sends W to itself.
Moreover, it also follows that the restriction

ﬁ|Ho(Mod_239W): Ho(Mod-X%° W) —> Ho(Mod-X° W)

of F on the localizing subcategory of Ho(Spg,) generated by YW satisfies the
assumptions of Proposition 4.2.1. Hence the map

F:[22W, 22W] — 52w, s2ew W

is an isomorphism. Next, by the assumptions and Proposition 5.1.1 (like in the proof
of Lemma 7.2.2), we see that for any proper subgroup L of H, the map

F: [E°G/H,2°G/LI¢ — [EXG/H, 237G/ L]¢

is an isomorphism. This, using a standard argument on triangulated categories, implies
that for any X which is contained in the localizing subcategory of Ho(Sp(O; ) generated
by {XG/L | L € Z[H]}, the map

F:[S¥G/H. XI] — [F(STG/H). FX)I
is an isomorphism and hence, in particular, so is the morphism

F:[S2°G/H, G xgg SPEZ[H|S — [F(S°G/H), F(G g S E2[H))S.

Finally, we have the following important commutative diagram:

[£°G/H, poj.  [SRG/H,  Gxnune*
Gx gL EP[H|C 2XG/HI¢

;lF JF ~| 7

(W, 5w

[F(Z°G/H), Ferop« [F(EPG/H), 28 = o0 i1
FGrpSREAHNSE — F(S®G/H)|S [FEEW). WL
[E¥G/H, o, [EPG/H, Dl

—_— TOW, Tew W

Gx gSPEP[HS XPG/HIS (EEW.EZW
Lemma 7.2.2 implies that the lower left square commutes, and the lower left vertical
map is an isomorphism. Other squares commute by definitions. Further, according to
Proposition 6.3.2, the lower row in this diagram is a short exact sequence, and hence
so is the middle one.
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Now a simple diagram chase shows that the map
F: [SG/H,2PG/H|S —[F(SG/H), F(EXG/H)|¢ =[£°G/H, =X G/H|¢

is an isomorphism. Indeed, assume that * > 0 (the case * = 0 is obvious by
the assumptions on F'). Then the latter map has the same finite source and tar-
get, and hence it suffices to show that it is surjective. Fix % > 0 and take any
a €[F(EG/H), F(£°G/H)|¢ . Since the map

F:[SPW, s2PW — [F(EXW), F(s2w)Y
is an isomorphism, there exists B € [XPW, X° W] such that
F(B) = D (@).
By definition of the functor F, the element
F(G wnam € (B) —a € [F(SYG/H). F(SYG/H)IY
is in the kernel of
®H: [F(Z®G/H), F(EXG/H)|S — [F(SXW), F(Z2wW)7.
But the kernel of this map is contained in the image of
F: [EXG/H, 32G/HIS — [F(S°G/H), F(S2°G/H)|¢

since the middle row in the commutative diagram above is exact and the upper left
vertical map is an isomorphism. Consequently, F(G Xz € (B)) —a is in the image
of F, and this completes the proof. a

Proof of Theorem 3.1.3 Recall that our aim is to show that for any subgroup H < G,
the map
F: [SG/H, 2P G/H|S — [SXG/H, 22 G/H¢

is an isomorphism. We have already shown (in Subsection 7.2) that this, together with
Proposition 5.1.1, would imply that the map

F: [39G/L,2°G/L¢ — [E¥G/L, 2PG/ LS

is an isomorphism for any integer * and subgroups L, L’ <G . Finally, by Lemma 2.2.2,
Theorem 3.1.3 will follow.

The strategy to prove the last claim about the graded endomorphisms was indicated
in Subsection 7.2. We proceed by induction on the cardinality of H. The induction
basis follows from Proposition 4.2.1 as we already explained. Now suppose n > 1,
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and assume that the claim holds for all subgroups of G with cardinality less than or
equal to n — 1. Let H be any subgroup of G that has cardinality equal to n. Then,
by the induction assumption, for any subgroup K which is proper subconjugate to H,
the map

F: [SPG/K,2PG/K|¢ — [2PG/K, =G/ K¢

is an isomorphism. Proposition 7.2.1 now implies that
F: [SG/H, 2YG/HIS — [SPG/H, 2 G/HIS

is an isomorphism and this completes the proof of the claim. a
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