:. Algebraic € Geometric Topology 17 (2017) 25-64
msp

On the cohomology equivalences between
bundle-type quasitoric manifolds over a cube

SHO HASUI

The aim of this article is to establish the notion of bundle-type quasitoric manifolds
and provide two classification results on them: (i) (CP? # CP?)—bundle type qua-
sitoric manifolds are weakly equivariantly homeomorphic if their cohomology rings
are isomorphic, and (ii) quasitoric manifolds over /3 are homeomorphic if their
cohomology rings are isomorphic. In the latter case, there are only four quasitoric
manifolds up to weakly equivariant homeomorphism which are not bundle-type.

57R19, 57825

1 Introduction

A quasitoric manifold M over a simple polytope P, which was introduced by Davis
and Januszkiewicz [8], is a 2n—dimensional smooth manifold with a locally stan-
dard T™ = (S!)"—action for which the orbit space is identified with P . Quasitoric
manifolds are defined as a topological counterpart of toric varieties. Actually, as the
toric varieties are in one-to-one correspondence with the fans, the quasitoric manifolds
over P are in one-to-one correspondence with a kind of combinatorial objects, called
characteristic maps on P . Moreover, any smooth projective toric variety turns out to be
a quasitoric manifold if we regard 7" as acting on it through the inclusion to (C*)”.

On the classification of quasitoric manifolds, Masuda posed the following cohomologi-
cal rigidity problem for quasitoric manifolds in [11], where he affirmatively solved the
equivariant version of it.

Problem 1.1 Are two quasitoric manifolds homeomorphic if their cohomology rings
are isomorphic as graded rings?

Since then toric topologists have studied the topological classification of quasitoric
manifolds from the viewpoint of cohomological rigidity, and now we have some
classification results which give partial affirmative answers for this problem. First, the
cohomological rigidity of quasitoric manifolds over the simplex A", forn=1,2,...,is
shown in Davis and Januszkiewicz [8]. Second, the cohomological rigidity of quasitoric
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manifolds over the convex m—gon, for m = 4,5, ..., is an immediate corollary of
the classification theorem of Orlik and Raymond [13]. Third, over the product of two
simplices, the cohomological rigidity is proved by Choi, Park and Suh [6]. Finally,
over the dual cyclic polytope C"(m)*, where n > 4 or m —n = 3, it is shown by the
author [9]. In addition, there are some results on the cohomological rigidity of Bott
manifolds, a special subclass of quasitoric manifolds over cubes, by Choi, Masuda
and Suh [5], Choi [2] and Choi, Masuda and Murai [3]. On the other hand, we have
found no counterexample to this problem.

In this article we mainly consider the cohomological rigidity of “bundle-type” quasitoric
manifolds over the cube 7", of which we give the precise definition later. Bundle-type
quasitoric manifolds form a large subclass of quasitoric manifolds. For instance, up
to weakly equivariant homeomorphism, the equivariant connected sum CP? # CP?
is the only quasitoric manifold over /2 which is not bundle-type (Proposition 3.1
and Remark 3.2), and there are only four quasitoric manifolds over /3 which are not
bundle-type (Lemma 4.10). Note that there are infinitely many quasitoric manifolds
over I", where n > 2, up to weakly equivariant homeomorphism.

The goal of this article is to show the following two theorems. Here a (CP2#CP?)-
bundle type quasitoric manifold means an iterated (CP2# CP?)—bundle over a point
equipped with a good torus action, of which the precise definition is given in Section 2.2.

Theorem 1.2 Suppose there is a graded ring isomorphism ¢: H*(M';Z)—H*(M;Z)
between the cohomology rings of two (CP? # CP?)—bundle type quasitoric mani-
folds M and M’'. Then there exists a weakly equivariant homeomorphism f: M — M’
which induces ¢ in cohomology.

Theorem 1.3 Suppose there is a graded ring isomorphism ¢: H*(M';7)— H*(M;Z)
between the cohomology rings of two quasitoric manifolds M and M' over I3. Then
there exists a homeomorphism f: M — M’ which induces ¢ in cohomology.

This article is organized as follows. In Section 2, we review the basics of quasitoric
manifolds and give the precise definitions of the terms bundle-type quasitoric manifold
and so on. In Section 3, we prove the key lemma of this article (Lemma 3.7) and prove
Theorem 1.2. In Section 4, we classify the quasitoric manifolds over /3 up to weakly
equivariant homeomorphism. Finally, we give the proof of Theorem 1.3 in Section 5.

2 Preliminaries

2.1 Basics of quasitoric manifolds

First, let us begin with the definition of a quasitoric manifold. The reader can find
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a more detailed explanation in eg Buchstaber and Panov [1] and [9]. Here we al-
ways assume that C” is equipped with the standard 7" —action, ie the action defined
by tz :=(t121,...,tnZn), Where t = (t1,...,ty) € T" and z = (z1,...,2,) € C".

For two T"—spaces X and Y, amap f: X — Y is called weakly equivariant if
there exists a ¥ € Aut(T") such that f(tx) =¥ (¢) f(x) forany t € T" and x € X,
where Aut(7") denotes the group of continuous automorphisms of 7". We say a
smooth 7" —action on a 2n—dimensional differentiable manifold M is locally standard
if for each z € M there exists a triad (U, V, ¢) consisting of a 7" —invariant open
neighborhood U of z, a T" —invariant open subset V' of C”, and a weakly equivariant
diffeomorphism ¢: U — V.

The orbit space of a locally standard T” —action is naturally regarded as a manifold
with corners, by which we mean a Hausdorff space locally homeomorphic to an open
subset of (R>¢)"” with the transition functions preserving the depth. Here depth x
of x € (R>¢)" is defined as the number of zero components of x. By definition, for a
manifold with corners X , we can define the depth of x € X by depth x := depth ¢(x),
where ¢ is an arbitrary local chart around x. Then a map f between two manifolds
with corners is said to preserve the corners if deptho f = depth.

An n—dimensional convex polytope is called simple if it has exactly n facets at each
vertex. We regard a simple polytope as a manifold with corners in the natural way, and
define a quasitoric manifold as follows.

Definition 2.1 A quasitoric manifold over a simple polytope P is a pair (M, 1)
consisting of a 2n—dimensional smooth manifold M equipped with a locally standard
T"—action and a continuous surjection 7: M — P which descends to a homeomor-
phism from M/T" to P preserving the corners. We omit the projection 7 unless it is
misleading.

Next we recall the two ways to construct a quasitoric manifold. In this section P
always denotes an n—dimensional simple polytope with exactly m facets and F(P)
denotes the face poset of P . In addition, we define " as the set of subtori of 77" .

Definition 2.2 A characteristic map on P is amap £: F(P) — T" such that
(i) dim{4(F)=n—dim F for each face F,

(i) €(F)C4(F') if F/CF, and

(iii) if a face F is the intersection of k distinct facets F1i, ..., F}, then the inclusions
L(F;))—L(F),i=1,...,k,induce an isomorphism £(Fy)x---x£(Fr) —>L(F).
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Remark 2.3 For each face F of P, we denote the relative interior of F' by relint F'.
Given a quasitoric manifold M over P, we obtain a characteristic map £js on P by

Ey (F) = (T")z,

where z is an arbitrary point of 7! (relint F) and (7"), denotes the isotropy subgroup
at z. Actually we can easily check the conditions of Definition 2.2 since the 7" —action
is locally standard.

Construction 2.4 For each point ¢ € P, we denote the minimal face containing g
by G(g). Then we obtain a quasitoric manifold (M (£), ) over P by setting

M) := (T" x P)/~.

where (¢1,¢1)~¢ (2, q2) if and only if g1 =¢» and t1t2_1 €l(G(q1)),and w: M(£)—P
denotes the map induced by pr,: 7" x P — P . Obviously the 7" —action on 7" x P
by multiplication on the first component descends to a 7" —action on M ({).

We can define a differentiable structure on M (£) as follows. We regard P as a subset
of R" and denote the hyperplane {(x1,...,x,) € R"? |x; =0} by H;,fori=1,...,n.
For a vertex v of P, we denote by U, the open subset of P obtained by deleting
all faces not containing v from P, and take n facets Fy,..., F, of P such that
v = FyN---N F,. Additionally, we take an affine transformation @, of R” which
maps U, onto an open subset of (R>p)” and F; into H;. If we take an automorphism
¥y of T" which maps £(F;) into the i™ coordinate subtorus for each i =1,...,n,
then the map ¥y, X @y: T" x Uy — T" x (R>0)" descends to a weakly equivariant
homeomorphism ¢, from 7~ (U,) to some T"—invariant open subset of C”. We can
check that the atlas {(z~1(Uy), ¢y)} gives a differentiable structure on M(£). Clearly
the T"—action on M () is locally standard and the orbit space is identified with P, ie
M ({) is a quasitoric manifold over P . Moreover, by definition, we have £ = {7().

In this article, we define an isomorphism of quasitoric manifolds as follows: for two
quasitoric manifolds (M, ) and (M’,n") over P,amap f: M — M’ is called an
isomorphism of quasitoric manifolds if it is a T" —equivariant homeomorphism such
that 7'o f = 7.

By using the blow-up method of Davis [7], we see that for any quasitoric manifold M
over P there exists a 7" —equivariant surjection 7" x P — M which descends to an
isomorphism M (€3s) — M of quasitoric manifolds. Thus we obtain the following.

Proposition 2.5 The correspondence { +— M({) gives a bijection from the set of
characteristic maps on P to the set of isomorphism classes of quasitoric manifolds
over P, and the inverse is given by M + £y .
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The second way to construct a quasitoric manifold uses a characteristic matrix and
a moment-angle manifold. Below the term facet labeling of P means a bijection
from {1,...,m} to the set of the facets of P.

Definition 2.6 An (nxm)-matrix A = (X1, ..., As,) of integers is called a characteris-
tic matrix on P with respect to the facet labeling F1, ..., Fy, if it satisfies the following
nonsingularity condition: if F;, ..., F;, meetata vertex, then det(A;,,...,A4;,) ==%1.

Hereafter, unless mentioned otherwise, we fix a facet labeling Fi, ..., Fy, of P.

Remark 2.7 Given a characteristic matrix A on P, we can define a characteristic
map £, by

E)L(Fil n---N F,'k) = im()t,-l e ,lik),
where we identify S! with R/Z and regard (A;,,...,A;) as a homomorphism

from 7% to T". Obviously, any characteristic map is obtained from some characteristic
matrix in this way.

Construction 2.8 Let Kp be the simplicial complex on [m] := {1, ...,m} defined
by Kp :={Jr | F € F(P)}, where Jg :={i € [m] | F C F;}. We regard D? as the
unit disc of C and define

(D%, SYHY i={(z1.....zm) e (D)™ | |z]; = 1 ifi ¢ J}
for each J C [m]. Then the moment-angle manifold Zp is defined as the union
U (D2,S1)J C (DZ)m’
JeKp

which is equipped with the 7" —action defined by

(tl,---,tm)'(zl,---,zm) = (l121,...,lm2m).

We can define an embedding e: P — Zp as follows. Denote the barycentric subdivision
of Kp by K. If we take by € relint F for each face F, then the correspondence
JF > bp gives a triangulation of P by K. Then we define &: |[K| — Zp so
that e(JF) = (c1(F), ..., cm(F)) for the vertices and it restricts to an affine map on
each simplex, where ¢;(F) = 0 if F C F; and ¢;(F) = 1 otherwise. Note that ¢
descends to a homeomorphism from P = |K},| to Zp/T™. If we define G(g) as in
Construction 2.4 and £p: F(P) — T™ by

Cp(F):={(t1,....tm) €T™ |t; = 1if F € F;},
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then the correspondence (¢, q) + t - e(g) will give an equivariant homeomorphism
from (T™ x P)/~ to Zp, where (t1,41) ~ (t2,q2) if and only if g; = ¢» and
iy 1 £p(G(q1)). Moreover, as in Construction 2.4, we can define a differentiable
structure on (7™ x P)/~ =~ Zp, and then the 7" —action on Zp is smooth.

Let A be a characteristic matrix on P. If we regard A as a homomorphism from 7
to T", then we can check that T :=ker A acts on Zp freely. Thus we obtain a manifold
M(}) := Zp /T, with a smooth action of 7™ /Ty =~ T", where the isomorphism is
induced by A. We can easily check that this 7" —action on M(A) is locally standard.
Actually, the map Axidp: T™x P — T" x P descends to an equivariant diffeomorphism
from M(A) to M(£,). We define w: M(A) — P as the composite of the quotient map
M(X) — M(A)/T" = Zp/T™ and ¢!, and then (M(A), ) is a quasitoric manifold
over P.

Clearly, we have the following proposition.

Proposition 2.9 For a characteristic matrix A on P, the two quasitoric manifolds
M(A) and M({,) are smoothly isomorphic.

Definition 2.10 For a quasitoric manifold M over P, a characteristic matrix of M
means a characteristic matrix A on P such that M (1) is isomorphic to M . In other
words, A is called a characteristic matrix of M if £; = {,y.

Next we consider the weakly equivariant homeomorphisms between quasitoric mani-
folds. We denote by [m]4+ the set of 2m integers £1, ..., £m and regard Z /2 as acting
on [m]+ by multiplication with —1. Additionally, we define a map sgn: [m]+ — Z/2
so that x = sgn(x) - |x|, where we identify Z /2 with the multiplicative group {£1}.

Definition 2.11 We define R,, as the group of (Z/2)—equivariant permutations
of [m]+ and p: R,, — &, as the canonical surjection to the symmetric group. In
addition, we define t: Ry, — GLy, (Z) so that e; -1(p) = sgn; (p)-eqy fori =1,...,m,
where {e1,...,en} is the standard basis of Z™, o := p(p) and sgn, (p) := sgn(p(i)).

Remark 2.12 The map ¢: R, — GL,,(Z) defined above is an antihomomorphism.
Actually, if we take p; € Ry, and put o; := p(p;) for i = 1,2, we can check that
t(prop2) =t(p2)-t(p1) as follows. For a fixed j € {1,...,m}, if we put k :=0,(j),
then sgn; (p1 0 p2) = sgn;(p2) - sgng (p1). Therefore
ej -L(p10op2) =sgn;(p10P2) " €q oa,(j) = SgN;(02) - (sgng (p1) - €5y (k)

= sgn;(p2) - (ex - t(p1)) = (380, (p2) - €qy(j)) - t(p1) = € - t(p2) - t(p1).
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Definition 2.13 For a simple polytope P, we denote by Aut(P) the group of combi-
natorial self-equivalences of P and regard it as a subgroup of the symmetric group G,
by using the facet labeling. Then we denote by R(P) the subgroup p~!(Aut(P))
of R,,. Moreover, we define A p as the set of characteristic matrices on P and a left
action of GL,(Z) x R(P) on Ap by (¢, p)-A:=v-A-1(p).

Definition 2.14 Let P be a simple polytope, A and A" be characteristic matrices
on P,and f: M(A) — M()") be a weakly equivariant homeomorphism. We denote
by f the corner-preserving self-homeomorphism of P induced by f. Then a pair
(Y, p) € GL,,(Z) x R(P) is called the representation of f if the following hold:

1) f@x)=v(@)f(x) forany t € T" and x € M (L), where we identify GL, (Z)
with Aut(T") through the left action on R" /Z" = T".

(if) If we denote by or the combinatorial self-equivalence of P induced by f_ ,
then o = p(p).

(i) A= (¥.p)-A.

It is easy to see that for any weakly equivariant homeomorphism f: M (1) — M(1')
there exists a unique representation of f. Conversely, we have the following proposi-
tion.

Proposition 2.15 For any pair (, p) € GL,(Z) x R(P) and a characteristic matrix A
on P, there exists a weakly equivariant homeomorphism f: M(A) — M(A") of which
the representation is (v, p). Here A" denotes the characteristic matrix (y, p)-A on P.

Proof First, by using the triangulation of P given in Construction 2.8, we can
construct a corner-preserving self-homeomorphism f of P which induces p(p).
Since M =y -A-1(p), we see Y (L(F)) C ¢'(o(F)) for each face F of P, where
0 :=p(p), £:=1{; and £’ :={},. This implies that (¥ (1), f (q1)) ~¢ (¥ (2). f (g2))
if (t1,91)~¢(t2,q2), where ~; and ~ are defined in the same way as Construction 2.4.
Thus we see that ¥ x ]7 : T"x P — T" x P descends to a weakly equivariant homeo-
morphism f: M({) — M({’), of which the representation is obviously (¥, p). |

Corollary 2.16 If we denote by M%eh the set of weakly equivariant homeomorphism
classes of quasitoric manifolds over P, then the correspondence A — M (L) gives a

bijection from Ap /(GL4(Z) x R(P)) to M}P™.

Then we consider the cohomology ring of a quasitoric manifold M = M(A) over P.
The following computation is due to [8].
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Let us define the Davis—Januszkiewicz space DJp as the union

|J BT/ < BT™ =(CP>)",
JeKp

where BT := {(y1,....ym) € BT™ |y =*if i ¢ J} and * denotes the basepoint
of CP®°. Kp is the simplicial complex defined in Construction 2.8. Denote the Borel
constructions of M and Zp by Brn(M) and Brm(Zp), respectively, ie Byn (M)
(resp. Brm(Zp)) denotes the quotient of ET" xM (resp. ET™ xZp) by the action
of T" (resp. T™) defined by ¢ - (x, y) := (xt,t~'y). Then we have a homotopy
commutative diagram

Zp——— M

L]

Brm(Zp) —— Brn(M)

| l

prm — 5%, prn
where the columns are fiber bundles, the middle horizontal map is a homotopy equiva-
lence, and the bottom one is the map induced by A: 7" — T". By using homotopy
colimit, we can construct a homotopy equivalence from DJp to Brm (Zp) such that
the diagram

Brm(Zp)
DJp — BT™
commutes up to homotopy, where the horizontal arrow is the inclusion.
Thus we obtain the following theorem.
Theorem 2.17 (Davis and Januszkiewicz) Let P be an n—dimensional simple poly-

tope with m facets and A be a characteristic matrix on P. Then M (M) is the homotopy
fiber of the map BA oincl: DJp — BT", where incl denotes the inclusion into BT™ .

Since it is also shown by Davis and Januszkiewicz (in the proof of [8, Theorem 3.1])
that any quasitoric manifold has a CW structure without odd dimensional cells, we

immediately obtain the following corollary.

Corollary 2.18 (Davis and Januszkiewicz) Let P be an n—dimensional simple
polytope with m facets, A = (A;,j) be a characteristic matrix on P, and put M := M ().
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Then the integral cohomology ring of M is given by
H*(M;7Z) = Z[vy,...,vm|/(Tp + Jy).

Here v; := j*t; e H*(M;Z) fori =1,...,m, where j: M — DIp is the inclusion
of fiber and the t; form the canonical basis of H*(Dlp;Z), and Tp and J, are the
ideals

Ip =(Ui| <V | Fil ﬂ'--ﬂFik =®),

Ty = (Ai,lvl +"'+/\i,mvm |i =1,...,n).

Lemma 2.19 Foreachi =1,...,m, the generator v; € H*>(M;Z) of Corollary 2.18
is equal to the Poincaré dual of the submanifold M; := 7~ 1(F;).

We make some preparations before the proof of this lemma. For the sake of simplicity,
we make the following conventions:

¢ Unless otherwise mentioned, a space means a Hausdorff space and a map means
a continuous map. An action is also assumed to be continuous.

e A structure group § of a fiber bundle with fiber F is always assumed to act
on F effectively. Moreover, § is assumed to have the following property: for a
space X and a possibly noncontinuous map f: X — §, the map f is continuous
if the map X x F — F defined by (x, y) — f(x)-y is continuous.

Definition 2.20 Let G and § be two topological groups and regard § as acting on a
space F. A G—equivariant fiber bundle with fiber F and structure group § is a map
p: E — B between G —spaces satisfying the following conditions:

(i) p is a fiber bundle with fiber F and structure group 5.

(i) p is G—equivariant.

(iii) Foreach g € G and x € B, if we take local trivializations ¢: U x F — p~1(U)
and ¢': U' x F — p~1(U’) around x and gx, respectively, then there exists
an f € § such that the following diagram commutes:

P ) —2 pl(gx)

¢|{x}><FT T‘lyl{gx}xlf
i x F 2 gxix F
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If G is a Lie group, then a G —equivariant fiber bundle is called smooth if it is smooth
as a fiber bundle, and the G —actions on the total space and the base space are smooth.
Here we say a fiber bundle is smooth if the fiber, the total space, and the base space
are differentiable manifolds and the local trivializations can be chosen to be diffeomor-
phisms.

Lemma 2.21 Let G be a topological group, H be a closed normal subgroup of G,
p: E — P be a G —equivariant fiber bundle with fiber F' and structure group §, and put
E:=E/H and B := P/H . If the quotient map q: P — B is a principal H —bundle,
then p: E — B induced by p can be equipped with a G/H —equivariant fiber bundle
structure with fiber F and structure group § so that the quotient map §: E — E is a
bundle map covering q .

Proof To summarize the setting of the lemma, we have the following commutative
diagram:

F——E-2.p

1
E-2.B

Let A be the set consisting of triads (U, s, 8), where U is an open subset of B,
s isasectionof g: g1 (U) — U, and B: V xF — p~1(V) is alocal trivialization of p
such that s(U) C V. If we define ¢q: U X F — p~1(U) by ¢ (x,y) :=GoB(s(x), y)
for each o = (U, s, B) € A, then it is clearly bijective. Note that, since E is a quotient
by a group action, ¢ is an open map and restricts to a quotient map g -1 w)—>w
for any open subset W of E. Since B o (s xidF) is a topological embedding and
GoBo(sxidp)og,! = idﬁfl(U) is continuous, ¢! is also continuous. Thus we see
that p is a fiber bundle with fiber F'.

Next, let us show that the transition functions associated with the local trivializations
{(U, ¢pq)}aen take valuesin §. Let o = (U, s, B) and o’ = (U’, s’, B’) be elements of A
and assume U N U’ # &. Due to the second convention made before Definition 2.20,
we only have to show that for each x € U N U’ there exists an f € § such that
Ga(x,y) = o (x, f-y) forany y € F. Fix x € UNU’ and take h € H such that
s'(x) = h-s(x). Since p is a G —equivariant fiber bundle, there exists an f € § such
that /- B(s(x),y) = B'(s'(x), f - y) for any y € F. Then, since g(h-B(s(x), y)) is
equal to g(B(s(x), y)), we have ¢g(x, y) = o/ (x, f-y) forany y € F. Thus we see
that p is a fiber bundle with structure group §.

Finally, we show that the condition (iii) of Definition 2.20 holds for p. Fix g € G
and x € B and let @« = (U, s, B) and ' = (U’, 5", B) be elements of A so that x € U
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and gx € U’. We can take h € H such that s'(gx) =h-(g-s(x)). If we put g’ := hg,
then there exists an f € § such that g’-B(s(x), y) = B'(s'(gx), f-y) forany y € F,
since p is a G—equivariant fiber bundle. Then, since G acts on E via G/H , we have
g -da(x,y) = o (gx, f-y). Thus the proof is completed. m|

Proof of Lemma 2.19 Fix i € {1,...,m} and let X be the inverse image of M;
under the quotient map from Zp to M = M(A). Then

X = {(21,...,Zm)eZp | zi :O}
(see Construction 2.8). We define a normal bundle v(X) of X in Zp by
v(X):={(z1,....2m) € Zp | |zi] < 1},

with the projection v(X)— X givenby (z1,...,zZm)—~(Z1,...,2i—=1,0,Zi4+1, ..., Zm).
Then pr;: Zp — D? restricts to a bundle map v(X) — int D? covering X — {0}.
By Lemma 2.21, since v(X) is a T™ —equivariant vector bundle and Zp — M(A) is a
principal Ty -bundle, v(M;):=v(X)/T) gives a T" —equivariant normal bundle of M;
in M . Moreover, by using Lemma 2.21 again, we see that Br» (v(M;)) — Brn(M;)
and Brm(v(X)) — Brm(X) also have vector bundle structures. Thus we have the
following diagram, where each square is a bundle map:

v(M;) — Brn(v(M;)) +—— Brm(v(X)) — Bpi(int D?)

L] | |

M; —— Brn(M;) «——— Bym(X) ——— BT

Then, let us put (A4, B)° := (A, A\ B) and By« (A, B) := (Brx A, Br« B) for a
pair (A, B) of T*—spaces, and consider the following commutative diagram:

H2(Br1(D2,{0})°) p—> H2(Brm(Zp, X)) < HX(Bra(M,M;)¢) — H2((M,M;)°)

| l l |-

H2(B1(D?) —2 s H2(Brm(Zp)) +——— H2(Bya(M)) —— H2(M)

Here H™*(-) denotes the integral cohomology and each vertical arrow denotes the
restriction. Let us denote the Thom class of By (int D?) by t and regard it as an
element of H2(By1(D?,{0})¢) through the excision isomorphism. Moreover, we
denote the composite of the upper (resp. lower) horizontal arrows by y; (resp. y2).
Due to the above diagram of bundle maps, y; maps t to the Thom class of v(M;), and
therefore r, o y1 () is the Poincaré dual of M;. Moreover, since r1(7) is the canonical
generator of H2(By1(D?)) = H?(BT'), we have y, ory(t) = v;. Thus the proof is
completed. |
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Note that, with the notation of Definition 2.14, a weakly equivariant homeomorphism f
maps 7~ 1(F;) to n’_l(Faf(i)) foreach i = 1,...,m, where 7 (resp. n’) denotes
the projection from M (L) (resp. M(A’)) to P. By taking into account the orientations
of the normal bundles, we have the following.

Corollary 2.22 Let A, A" be two characteristic matrices on P and f: M(A)—M ()
be a weakly equivariant homeomorphism represented by (¥, p) € GL,(Z) x R(P).
Then, taking generators vy, ..., vy, € H*(M(A);Z) and v, ..., v,, € H*(M(1); Z)
as in Corollary 2.18, we have

AL v ) =1, ) 1)

To close this subsection, we introduce two theorems which we will use for the classifi-
cation of quasitoric manifolds over 73.

Theorem 2.23 [8, Corollary 6.8] With the notation in Corollary 2.18, we have the
following formulae for the total Stiefel-Whitney class and the total Pontrjagin class:

wM)=[](+v) and pM)=][]1-v}).

i=1 i=1

Theorem 2.24 (Jupp’s classification of certain 6—manifolds [10]) Let M and N be
closed, one-connected, smooth 6—manifolds with torsion-free cohomology. If a graded
ring isomorphism «: H*(N;Z) — H*(M;Z) preserves the second Stiefel-Whitney
classes and the first Pontrjagin classes, then there exists a homeomorphism f: M — N
which induces o« in cohomology.

2.2 Bundle-type quasitoric manifolds

Given a quasitoric manifold M, we denote by (M) the group of smooth automor-
phisms of M equipped with the compact-open topology (recall that an isomorphism
between quasitoric manifolds (M, ) and (M’, ') means an equivariant homeomor-
phism f: M — M’ satisfying 7’ o f = 7). The following proposition is immediate
from the definition of a smooth equivariant fiber bundle (Definition 2.20).

Proposition 2.25 Let M; be a quasitoric manifold acted on by T;, fori = 1,2, and
suppose that p: M — M, is a smooth T, —equivariant fiber bundle with fiber M,
and structure group ©(M). Then there exists a unique T —action on M such that
t1 - ¢(x,y) = ¢(x,t1y) for any local trivialization ¢: U x My — p~Y(U) of p
and t; € T1. Moreover, this action of Ty on M is smooth and commutes with the
action of T .
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Definition 2.26 Let M; be a quasitoric manifold over P; acted on by 7;, fori =1, 2.
Then a quasitoric Mj—bundle over M, is a smooth T,—equivariant fiber bundle
p: M — M, with fiber M1, structure group ® (M), and total space equipped with
the action of 7 := T; x T» defined by (¢1,12) - x := t1(t2x), where the 77 —action is
the one defined in Proposition 2.25.

We prove later that the quasitoric bundle M is a quasitoric manifold over P; x P;.

Definition 2.27 Let M be a class of quasitoric manifolds and consider a sequence

Pi—1 Di—2 D1 Po
By B4 By By,

where By is a point. Then Bj is called an [ —stage M —bundle type quasitoric manifold
if pj,fori =0,...,]—1,is a quasitoric M;-bundle for some M; € M.

Now the term (CP2#CP?)-bundle type quasitoric manifold in Theorem 1.2 is defined
as follows: let us define M(CP2#CP?) as the class of quasitoric manifolds which are
homeomorphic to CP2#CP?, and use the term (CP? # CP?)—bundle type quasitoric
manifold instead of M(CP?2 #CP?)-bundle type quasitoric manifold.

Suppose that, for i = 1,2, the facets of P; are labeled by Fj 1,..., Fim; and A; is
a characteristic matrix of M; with respect to this facet labeling. If we give a facet
labeling of P1; x P by Fi, ..., Fin,+m,, where
F.— FlngPz forlfjfml,

TPy x Foj—m, formi+1<j<mj+my,

then we have the following.

Proposition 2.28 Let (M;, ;) be a quasitoric manifold over P; acted on by T;,
fori = 1,2, and p: M — M, be a quasitoric M1 —bundle over M. Then M is a
quasitoric manifold over Py X P, which has a characteristic matrix in the form

)t]*
0 A2/)°

Conversely, if a quasitoric manifold M over P1 x P, has a characteristic matrix in the
above form, then A; is a characteristic matrix on P;, fori = 1,2, and M is isomorphic
to the total space of a quasitoric M (A1)-bundle over M(15).

We use the following lemma to prove this proposition.
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Lemma 2.29 For i = 1,2, let (M;, ;) be a quasitoric manifold over P; acted
on by T;, and let p: M — M, be a quasitoric M|—-bundle over M,. Moreover,
take x € M, and put My, := p~'(x) and T’ := pr;l((Tz)x), where (T3)y denotes the
isotropy subgroup at x € M, . Then the action of T on M restricts to a T’ —action on
the fiber M, , and there exists a homomorphism p: T' — Ty such thatt-y = p(t)-y for
any t € T' and y € M. In particular, for each z € My, there is a split exact sequence

0 (T1): T (T2)x 0.

Proof Take a local trivialization ¢: U x My — p~!(U) of p around x and define
©: M1 — My by ¢(y) := ¢(x,y). Since p is a Tr—equivariant fiber bundle with
structure group D (M), thereisamap y: T/ — D (M) such that t-¢(y) = o(y(t)(y))
for any t € T' and y € My, which is clearly a homomorphism. Moreover, since T}
acts on 71! (int Py) freely and each y(t), where ¢ € T, descends to idp, , there is
a unique s4,y, € T7 for each triple ¢ € int Py, y € w17 Y(g) and t € T’ such that
y()(y) =Sq,y, - y. Since y(t) is T1—equivariant, 54y, does not depend on y and
therefore we can put s(q,7) := s4,y,,. Moreover, for each ¢, the correspondence
t +> s(q,t) gives a homomorphism from 7’ to T;. Thus we see that the correspon-
dence g + s(q, ) gives a map from int P; to Hom(7"’, T1), the set of continuous
homomorphisms equipped with the compact-open topology. Since Hom(7”, T) is
discrete and int Py is connected, this map is constant. If we define p as the value of
this map, then y(¢)(y) = p(¢)-y forany ¢t € T’ and y € 7y~ !(int Py). This identity
holds for any t € T’ and y € M, since 7y~ !(int P;) is dense in M;. Thus we obtain
the former part of the lemma.

For each z € M, the correspondence ¢ > (o(¢) ™!, ¢) gives a section of pry: T;—(T2)x,
and (71); clearly coincides with the kernel of pr,: 7, — T>. Thus we obtain the latter
part of the lemma. a

Proof of Proposition 2.28 First, we show that the 7" —action on M is locally standard.
Recall that any quasitoric manifold has a CW structure without odd dimensional cells,
and therefore it is simply connected and its odd-degree cohomology vanishes. By
using the long exact sequence of homotopy groups and the Serre spectral sequence
associated with p, we see that M is also simply connected and has vanishing odd-degree
cohomology. Then the local standardness follows immediately from the following
theorem of Masuda: a torus manifold with vanishing odd-degree cohomology is locally
standard [12, Theorem 4.1]. Here a torus manifold means an even-dimensional closed
connected orientable smooth manifold equipped with an effective smooth action of the
half-dimensional torus which has at least one fixed point.
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Next, we prove that M/ T is homeomorphic to P; x P, as a manifold with corners.
It is clear that p descends to a Th—equivariant fiber bundle p: M/T; — M, with
fiber P; and structure group {idp, } by the definition of ©(M;). Thus we see that
there is a Th—equivariant homeomorphism f: M/T; — Py X M», where T, acts
on P; x M, by the action on the second component, such that (i) for any local
trivialization ¢: U x Py — p~1(U) of p and any x € U the map P; — P; defined
by g > pry o f o (x.q) is the identity, and (ii) p = pr, o f. Then f clearly descends
to a homeomorphism f: M/T — P; x P». We can prove that f preserves corners
as follows. If we take x € M and denote by X € M/T the equivalence class con-
taining x, then depthx = dim 7 by definition. On the other hand, depth f(X) is
equal to depth X7 + depth X, , where f_ (X) = (x1,Xx2) € P x P,. If we take a local
trivialization ¢: U x M} — p~1(U) around p(x) and put (x3,x1) := ¢~ !(x), then
depthx; =dim(7;)y, , for i = 1,2, since X; = m;(x;). Then, by Lemma 2.29, we have
depth X = depth 1 (%).

Next, we consider the characteristic matrix A of M. We denote by 7 the projection
M — M/T=P;xP,. Take x € M and a local trivialization ¢: UxM;—p~1(U) of p
around p(x), and put S; :=4{p(Fj) for j =1,...,my +my, where {js denotes the
characteristic map associated with M . If x € 7! (relint ;) for some j € {1,...,m1},
then pr,(S;) € T» fixes p(x) € m; (int P,) and therefore S; C Ty. Since ¢
is Ty—equivariant on each fiber, we see S; = {ps,(F1,;) for j =1,...,m;. On
the other hand, if x € n_l(relint F;) for some j € {my +1,...,m; + m>}, then
(T1)x = {0} and pr,y(S;) fixes p(x) € nz_l(relint F>,j—m,). Therefore we have
pro(S;) = €am, (F2,j—m,). Thus we obtain the former part of the proposition.

Finally, we prove the latter part. It is clear that A;, for i = 1,2, is a characteristic
matrix on P;. We can assume that M = M(A) := Zp,xp,/ T (see Construction 2.8)
since they are isomorphic. Put m := m +m, and identify T™! with T™! x{0} C T™.
Then T;, € T, and T; =T, /T, is isomorphic to T, through the projection
to 72, If we regard T™ as acting on Zp, through the projection to 772, then,
since Zp,xp, = Zp, X Zp, and M(X) = (M (A1) x Zp,)/T ;, we have the following
commutative diagram:

M) —— M) % Zp, ——— Zp,
M) —— M(Ay)

Here the upper row is a 7™/ T , —equivariant fiber bundle with structure group D (M)
and the right vertical arrow is a principal T 4 —bundle. Thus the proof is completed
by Lemma 2.21. |
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Let P;,fori =1,...,/, be an n;—dimensional simple polytope with a facet labeling
Fii.....Fim;,andput n := ) n;, m:=Y m; and P := P; x---x P;. Given
Vi, pi) € GLy, (Z) x R(P;), for i =1,...,1, we define (Y1, p1) x -+ X (Y7, p7) €
GL,(Z) x R(P) as follows: define ¢ € GL,(Z) and p € R(P) so that

Wl 0O --- 0 L(Pl) o --- 0
v=| ] we = D
0 -~ 0 VY 0 - 0 o)

and put (Y1, p1)x---xX(¥y, p1) := (¥, p). Here we label the facets of P by F1,..., Fy,,
where

Fonytotmi 1+
=Py x-o X Py xF jxPigyyx---xP fori=1,...,land j=1,...,m;.

Lemma 2.30 Let M; be a quasitoric manifold over an n; —dimensional simple poly-
tope P;, fori =1,...,1, and consider a sequence

Pl—1 Pl—2 D2 P1
By B4 B, M,

where each p; is a quasitoric M; 1 —bundle. For each i, take a characteristic matrix A;
of M; and (V;, p;) € GLy; (Z) x R(P;), and put A’ := (Y;, p;) - A; . Then there exists
a sequence

’ ’ / /
P P> P P
/ / /
Bl Bl—l 32

M(AY),

where each p; is a quasitoric M (A 41)—bundle, and a weakly equivariant homeomor-
phism from B; to Bj represented by (Y1, py) X -+ % (Y1, p1).

Proof Put (¥, p;) := (Vi,pi) X (Yi—1, pi—1) X ---x (Y1, p1) for i =1,...,1. By
an iterated use of Proposition 2.28, we can take, for each i, a characteristic matrix u;
of B; in the form

Ai x eee %
0
0 -« 0 Ay

Then, if we put u; := (Y;, p;) - ; for i =1,...,1, we see that each M(u; ;) is a
quasitoric M(A] 4 1)-bundle over M (i) by Proposition 2.28. The proof is completed
by setting B] := M(u}). O
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2.3 Quasitoric manifolds over 1"

Now we restrict ourselves to the case P = [". Hereafter, we always use the facet
labeling F1, ..., F5, of I defined by

Fi={(x1,....,xp) €I" | x; =0} and Fuq;:={(x1,...,xp) €| x; =1}

fori =1,...,n. Note that this facet labeling is different from the one used in Section 2.2.
We easily see that Aut(/") is generated by p; j:= (i j)(i+n j+n) and pg 1= (k k+n),
where i, j,k = 1,...,n and we regard Aut(/") as a subgroup of the symmetric
group Sy, by using the facet labeling, as in Definition 2.13.

Definition 2.31 Let £ be a square matrix of order n. We call £ a characteristic square
on I if each diagonal component of £ is equal to 1 and (E, ) is a characteristic
matrix on /. We denote by E, the set of characteristic squares on /”. For the
convenience of notation, we identify a characteristic square § with the characteristic
matrix (Ep §); for example, we write M (§) instead of M((E, §)).

Remark 2.32 Due to Proposition 2.15, any quasitoric manifold over 1" is weakly
equivariantly homeomorphic to M (&) for some characteristic square £.

Definition 2.33 For a characteristic square § = (§;,;) on I", we define a graded
ring H* (&), canonically isomorphic to H*(M(£);Z), as follows. Let Z[X1, ..., X,]
be the polynomial ring whose generators have degree 2, and Z¢ be the ideal generated
by u;(§)X;, where i =1,...,n and u; (§) := Y_;_; &.;X;. Then H*(£) is defined
by

H*) :=Z[Xy,..., Xnl/Z¢.

Next, we consider the bundle-type quasitoric manifolds over 1”.

Definition 2.34 Let £ be a characteristic square on /" and ny,...,n; be positive
integers summing up to n. Then £ is called (&1, ..., & )—type if it is in the form

El % ... %

0 .

R

0 -+ 0 §&

where each &; is a characteristic square on /",
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Lemma 2.35 Let &; be a characteristic square on 1", fori = 1,...,[, and consider

a sequence

pI-1 pi-—2 P2 pi
B, Bi_1 B, By,

where By = M(&1). If each p; is a quasitoric M (€;+1)—bundle, then B; is weakly
equivariantly homeomorphic to M (§) for some (§;, . .., £1)—type characteristic square .

Proof Denote Zf=1 n; by n. By an iterated use of Proposition 2.28, we see that B;
has a characteristic matrix A in the form

En, % -+ % £ % - %
0 o0

: Tl ok Lo %
0 -+ 0 Ep, 0 -+ 0 £

We denote the left n x n part of A by A. Then, since A~! is also in the form

Ep, x -0 %

0

: R
0 --- 0 Ey

A7IA = (E, £) for some (£, ..., £1)—type characteristic square £. Thus the proof is
completed by Proposition 2.15. a

3 (CP?#CP?)-bundle type quasitoric manifolds
In this section we give the proof of Theorem 1.2. We use the facet labeling F1, ..., Fa,
of I" defined in Section 2.3. Let us begin with the following proposition.

Proposition 3.1 Any quasitoric manifold over 12 is weakly equivariantly homeomor-
phic to M(y), where y denotes a characteristic square in the following form:

1 12
) (0 Cll) or (1 1).

Proof Let A be a characteristic matrix of a quasitoric manifold M over I2. Since A
satisfies the nonsingularity condition, there is a pair (v, p) € GL(Z)x(Z/2)* such that

101a
w'k'p_(o 1 b 1)’

where a and b are integers satisfying ab =141, ie (a,b) = (0,b), (a,b) = (a,0)
(a,b) = =£(1,2) or (a,b) = £(2, 1). Moreover, by multiplying the first row, the first
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column and the third column by —1 if necessary, we can assume that b > 0. If we put
A :=v-A-pando:=(12)(34)cAut(/?), then we have

01\ ., . (1015b
(1 0)"\"(0)_(0 1 a 1)‘

Thus the proof is completed by Proposition 2.15. |
Throughout this section, we denote by «2 the latter characteristic square in (1).

Remark 3.2 We easily see that M («?) is homeomorphic to CP2#CP?2. For instance,
since (E, k?) is decomposed into a connected sum [9, Section 3.2] and CP? is the only
quasitoric manifold over A2 [8, Example 1.18], M (x?) is homeomorphic to CP2#CP?
or CP2#CP2. As H*(«?) (Definition 2.33) is not isomorphic to H*(CP2#CP2;Z),
we have M(k?) = CP2#CP?2. Note that, by [4, Proposition 6.2] of Choi, Masuda
and Suh, the other quasitoric manifolds M () of Proposition 3.1 are the Hirzebruch
surfaces. In particular, they are not homeomorphic to CP2#CP?2.

Next, we consider the graded ring automorphisms of H *(«?). If we put x := X, and
yi=us(k?) = X1 + Xa, using the notation of Definition 2.33, then

H*(k*) = Z[x, y] /(x* =y, xy).

Let us denote by Aut(H *(k?)) the group of graded ring automorphisms of H*(k?)
and regard it as a subgroup of GL,(Z) by identifying an automorphism ¢ with the

matrix A defined by
X X
=A .
Y (y ) (y )

Lemma 3.3 Aut(H*(Kz))={(ié i?)’ (i? ié)}'

Proof Let ¢ be an automorphism of H *(k?) identified with

A:(j fl).

Note that @ and b (resp. ¢ and d ) are coprime. Since ¢(x)@(y) = (ac +bd)y*> =0
in H*(k?), we have ac = —bd . In particular, if a # 0, we see that a divides d and vice
versa, implying a = +d . We put € :=d/a = 1, and then obtain ¢ = —eb. Moreover,
since ¢ is an automorphism, det A = €(a? + h?) = £1. Thus we have a = ed = +1
and b =c =0. Similarly, if we assume b # 0, then we have |b|=|c|=1and a =d =0.
Thus the proof is completed. |
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Recall (Definition 2.11) that we put [m]+ := {£1,...,£m} and defined R, as
the group of (Z/2)—equivariant permutations of [m]i. Let us describe p € Ry,
by p=(p(1),..., p(m)). Then, if we put 71 := (—1,-2,-3,—4), 10:=(3,-2,1,4)
and 73:=(—1, 4, 3, 2), they belong to R(Iz) and there are ¥; € GLy(Z), fori =1, 2, 3,
such that (;, 7;)-(E2 k%) = (E5 k). By Proposition 2.15, there are weakly equivariant
self-homeomorphisms f;, for i = 1,2, 3, of M(x?) represented by (wi_l, rl-_l), and
by Corollary 2.22, we have

= (0 ) = (0 ) we = (07).

where we canonically identify H*(M(«k?); Z) with H*(x?) (note that, in the notation
of Corollary 2.18, x = v4 and y = —v,). Since these matrices generate Aut(H *(k?))
by Lemma 3.3, we have the following.

Lemma 3.4 Any graded ring automorphism of H*(M (k?); Z) is induced by a weakly
equivariant self-homeomorphism of M (k?).

Then we consider the isomorphisms between the cohomology rings of (CP2#CP?)—
bundle type quasitoric manifolds.

Definition 3.5 We denote by K, the set of (k2,...,k2%)—type characteristic squares
on I2". For £ = (§; ;) € K, and integers h and k such that 0 <h <k <n, we define
Etn.k) := (&i,j)2h—1<i, j<2k » Which belongs to Kg_p4 1. We identify H™*(§[5,,)) with
the subring of H*(§) generated by X551, ..., X2, and H* ([ k1) with the quotient
ring H*(&(p,n))/(X2k+1. - - - X21), where we use the notation of Definition 2.33.

Lemma 3.6 Any n—stage (CP? #CP?)—bundle type quasitoric manifold is weakly
equivariantly homeomorphic to M () for some & € Iy, .

Proof By Proposition 3.1 and Remark 3.2, if a quasitoric manifold M over 12
is homeomorphic to CP2 # CP?2, then M is weakly equivariantly homeomorphic
to M(k?). Therefore, by Lemma 2.30, any (CP?2 # CP?)-bundle type quasitoric
manifold is weakly equivariantly homeomorphic to a { M (k?)}-bundle type quasitoric
manifold. Then the proof is completed by Lemma 2.35. |

Thus we see that we only have to consider M (§), for £ € KCj,, to prove Theorem 1.2.

Next, let £ be a characteristic square on [", where n > 2, which is (2, £,)—type
for some characteristic square &) on / "=2 and denote the first and second rows of &’
by (1,2,s3,...,8,) and (1, 1,13, ...,1,), respectively. We continue to use the notation
of Definition 2.33.
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Lemma 3.7 Let ¢: Z[X1, X2] — Z[X4, ..., Xn] be a graded ring monomorphism
which maps T,.> into Ty . Alsoput o(X1) = _7_; a; X; and ¢(X2) =Y _;_, bi X; and
assume that for any prime p the mod p reductions of (a1, ...,a,) and (by,...,by)
are linearly independent. Then one of the following holds:

(1) aj=b;j=s;=t; =0fori =3,4,...,n;

(ii) a1:a2:b1=b2=O.

Proof We prove the lemma by showing that (i) holds under the assumption that
(al, as, by, bz) 75 (O, 0,0, O) . Since gD(Xl (Xl + 2X2)) and gD(Xz(Xl + Xz)) belong
to Zg/, we have

p(X1(X1 +2X2))
= ( i aiXi){ i (a +2bi)Xi}

i=1 i=1
n n
EOlle(Xl +2X2 + Z Sij)-{—ﬂle(Xl + X5 + Z lej) mod W,
j=3 J=3

p(X2(X1 + X2))
= ( i biXi){ i(ai +bi)Xi}

i=1 i=1

n n
=X (X1 42X+ X X))+ BXo(Xi+ Xo+ X 4X;) mod W,
=3 j=3

for some integers «; and B;, for i = 1,2, where W denotes the submodule spanned
by {XpX4 | p.g > 3}. Since the coefficients of X12 in p(X1(X1 + 2X>3)) and
in o(X2(X1 + X2)) are aj(a; + 2b1) and by(ay + b1), respectively, we obtain
a1 =ajq(ay; +2by) and o = by(a; + b1). Similarly, we see 81 = ax(az + 2b2) and
B2 = ba(az + by). Thus we obtain the following equations:

ay(az +2bz) +az(ay +2b1) = 2ai(ay + 2b1) + az(az + 2b3),

ay(a; +2b;j)+ai(ay +2by) =ayr(a; +2by)s; fori > 3,
az(a; +2b;) +aj(az +2by) = az(az + 2bs)t; fori > 3,
bi(az + b2) + ba(ay + b1) = 2b1(ay + b1) + ba(az + b2),
bi(a; +b;) +bi(ay +b1) =b1(ay + by)s; fori > 3,
ba(a; + b;j) + bi(az + ba) = ba(az + ba)t; fori > 3.

For convenience, we rewrite these equations as follows:
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2 (a1 —az)(az +2b) = (2a; —az)(ay +2by),

3) ay(a; +2b;) = (sjay1 —a;)(ay +2by) fori >3,
()] ar(a; +2b;) = (tiap —a;)(az +2by) fori >3,
&) (b1 —b2)(az + b2) = (2b1 —b2) (a1 + b1),

(6) bi(ai +bi) = (siby —bi)(a1 +b1)  fori =3,
(7 ba(a; +bj) = (tiby —b;)(az +b2)  fori >3.

First, we assume that a; —a», 2a1—as, b1 —by and 2b1 —b, are all nonzero. Let k >0
be the greatest common divisor of a; —a, and 2a; —as, and [ > 0 be that of b; — b,
and 2b; — by. Suppose that r divides a; + 2b; and ap + 2b5. If we assume that r
does not divide k, then there is a prime number ' which divides r/(k, r) but does not
divide k/(k, r), where (k, r) means the greatest common divisor. Then, by (3) and (4),
r’ divides a; +2b; for i =1,2,...,n, but this contradicts the assumption of linear
independence. Thus we see that any common divisor of a; + 2b; and aj + 2b;
divides k. In particular, a; 4+ 2b1, as + 2bs # 0. Similarly, we shall show that any
common divisor of a1 + by and ap + b, divides .

Let p > 0 be the greatest common divisor of a; +2b1 and a; +2b5, and ¢ > 0 be that
of a; + by and ap + by . Since (a1 —az)/k and (2ay —az)/k (resp. (a1 +2b1)/p
and (ap 4 2b3)/ p) are prime to each other, we obtain

(@1 —a2)/k _ (a1 —a2)/k _

(a1+2b1)/p (a2 +2b2)/p

from (2). This can be written as

— 2a1 — k
fimd iz K og
ay+2by  ax+2b; p

®)

Similarly, we obtain
bi—by 2by1—bs l

9 = =+—cZ.
© ai+br  ax+b q
Define b —b
1= N70 g ad V=22
ap +2b; ay+ by

Then, from (8) and (9), we have the following equations:

(l—k/)al—a2—2k/b1 ZO,
2611 + (—1 —k/)az —2k/b2 = O,
—'a; + (1 —l/)bl —by =0,
—l'ay +2by + (-1 —l,)bz =0.

(10)
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Since we assume a;, b; # 0 for i = 1,2, the determinant of the matrix

-k -1 =2k 0
2 —1-k 0 2K
=1’ 0 -0 -1
0 -1’ 2 —1-7

A=

equals 0. Therefore, since det A = (k' +1')?+ (k’l’ +-1)?, we obtain (k’,1') = (1, —1)
or (K, 1') = (1, 1).

If (k',1") = (1,—1), we have
a1 =by—2b; and ap,=-2b;

from (10). If by = 0, we easily obtain a; = b; =s; =1t; =0 for j > 2 from
(3), (4), (6) and (7). On the other hand, if we assume b, = 0, we similarly obtain
that a; = b; =s; =t; =0 for j > 2 (but this contradicts the assumption of linear
independence since (ay,...,a,) =0 mod 2).

Then we can assume that by, by # 0. Putting b, :=b; /[ for i = 1,2, we obtain the
following equations from (3), (4), (6) and (7):

(11) (b —2bY)(a; +2b;) = {si(by —2b1) —a;}by,  fori >3,
(12) bi(ai +2b;) = (—2t;b1 —a;)(by —by) fori >3,
(13) bi(a; + b;i) = (siby — b;) (b5 — b)) fori >3,
(14) bh(a; + b;) = (tiby — b;)(—2b} +by) fori >3.

If by is odd, b5 —2b| and b} (resp. b} and b} — b)) are prime to each other, and
hence we obtain the following:

(15) %;bizsil—b fizb/ €Z fori>3,
(16) %:—2”1—2—; cZ  fori=>3,
(17) Z;f:{ =sil—Z—2eZ fori > 3,
(18) b‘f’ +212, =tl-l—]bj—;eZ for i > 3.

In particular, b} divides a; and b; for i = 3,4,...,n. Putting a} := a;/b} and
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b} :=b;/b] for i >3, from (15) and (17) (resp. (16) and (18)), we obtain
(19)  {(aj +2b})(by —2b7) + a;by}(bs — by)by

= {(a; + b))b] + bj (b5 — b))} (b — 2b))b5,
(200 {(a; +2b))b) +a;(by =)} (by = 2b1)by

= —2{(a;j + b})3 + bj (b3 —2b1)}b1 (by — ),

for i =3,...,n. Since b] is prime to each of b} —2b/, b} and b) — b}, we see
from (19) that b} divides b] for i = 3,...,n and from (20) that b} divides a}
for i =3,...,n. Repeating this procedure, we see that any power of b} divides a;
and b; for i = 3,...,n. By similar arguments, we can show that any powers of b/,
2by — b, and b} — b}, divide a; and b; for i = 3,...,n. Since b}, b, 2b] — D)
and b/1 —bé cannot be +1 simultaneously, a; =0 and b; =0 for i =3,...,n. Then

we obtain s; =0 and ; =0 for i = 3,...,n from (15) and (16).
Otherwise, if b} is even (and hence b is odd), put b5 := b/ /2. Then we have
(by —by)(ai +2bi) = {si(ba —2b1) —a;}b,  fori >3,
b (a; +2b;) = (=2t;iby —a;) (b} —2b) fori >3,
bi(a;i + bi) = (siby —b;i)(2b5 — b)) fori >3,
by (a; + b;i) = (tiby — b;) (b5 — b)) fori > 3.

By an argument similar to that above, we again obtain that a;, b;, s; and ¢; are all 0
for i =3,...,n. We obtain (i) in the same way if (k’,!") = (-1, 1).

Finally, we consider the case where at least one of a; —as, 2a; —az, by — by
and 2b1 — by equals zero. Note that X22 and X, X4, where p=1,2and g =3,...,n,
form a basis of H*(£")/ W . Then, by considering the equation ¢(X»(X1 + X2)) =0
in H*(£")/ W, we see that (a;,az) = (0,0) implies (b1,b2) = (0,0) and vice versa.
Since we assume (ap,az, b1, b2) # (0,0,0,0), as mentioned at the beginning of this
proof, we have (a1, az) # (0,0) and (b1, b2) # (0,0).

If a1 —ay =0, then we have 0 = ay(ay + 2b1) by (2), which implies a; +2b; =0
since (a1, az) # (0,0). Similarly, we obtain a; 4+ 2b; = 0 for i > 3 by (3), but this
contradicts the assumption of linear independence since (a1, ...,d,) = 0 mod 2.

If 2ay; —a; = 0, then we have a + 2b, = 0 by (2), which implies b, = —a;.
By (4) and (3), we have a; + 2b; = 0 for i > 3 and then s;a; —a; = 0 for i > 3.
Moreover, a; + tib, = 0 by (7). We have bj(a1 + b1) = 0 by (5). If by = 0, then
(6) implies b; = 0 for i > 3, and therefore we obtain a; = s; = ¢; for i > 3, since
both a; and b, are nonzero. If a; 4+ by = 0, then (6) implies a; +b; =0 for i > 3,
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and therefore a; = b; =s5; =t; =0 fori >3. Wecanshow a; =b; =s; =t; =0
for i > 3 similarly in the other two cases. |

For p € &,,, the symmetric group, and a positive integer k, we define p[k] € &, so
that plk](ik—j)=p()-k—j fori=1,...,mand j =0,...,k—1.

Lemma 3.8 Let £’ € K, andlet s;,; be its (i, j) entry. Suppose that there exist two
integers p and g which satisfy the following:

(@ O<p<gqg=<n;
(b) s;,;=0ifi=2p—1,2pand j=2p+1,...,2¢q.

Then there exist ' € K,, and a weakly equivariant homeomorphism f: M(n') — M (§')
such that f*(X;) = Xq[2)(;) fori =1,...,2n, where o denotes the cyclic permutation

(gg—1... p).

Proof Recallthat p; ; :=(i j)(i+n j+n)eAut(J"). If we put wg := pg x+1[2] and
Wp.q = Wg—10-+-0wp, then w, 4 € Aut(1?"). Also, we put ¥ :=1(c[2]) ! € GLx(Z)
and oy := (k k + 1) € &,. Since ¢ is an antthomomorphism,

(v, a)p,q) (E2n 5/) = L(Uq—l [2])_1 T L(Up [2])_1 “(E2n Sl) : L(a)p) Tt ‘((Uq—l)-

We can easily check that ((0,[2]) ™1 (E2n &) -t(wp) = (Ean ") where £’ = (slf,j) €Kn
and the following is satisfied: slf’j =0ifi=2p+1,2p+2and j =2p+3,...,2q.
By induction, we see that (V, wp.q) - (E2, €') = (E2, 1) for some 1’ € Kp,. Then the
proof is completed by Proposition 2.15 and Corollary 2.22. a

Lemma 3.9 Leté&, & €K, and ¢: H*(§) — H*(§') be a graded ring isomorphism.
Then there exist ' € K, and a weakly equivariant homeomorphism f: M(n') — M(§')
such that f* o ¢ preserves the ideal (X2;—1,...,X2,) foreachi =1,...,n.

Proof First, by Lemma 3.7 and Lemma 3.8, there are n” € K, and a weakly
equivariant homeomorphism f’: M(n”) — M(§&’) such that f’* o ¢ preserves the
ideal (X2,—1,X2n). Therefore, without loss of generality, we can assume that ¢
preserves (X2n—1, X2n)-

We prove the lemma by induction on n. The lemma is trivial if » = 1. Sup-
pose that the lemma holds for n — 1. If ¢ preserves the ideal (X2,—1, X25), then
it descends to a graded ring isomorphism @: H™*(§[; ,—1]) — H*(Sfl,n_l]); see
Definition 3.5. By the induction hypothesis, there are 1, € K,—; and a weakly
equivariant homeomorphism fo: M(n) — M (éfl’n_l]) such that f" o preserves the
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ideal (X2;—1,..., Xon—p) foreachi =1,...,n—1. Let (Y, po) be the representation
of fo, and put (¥, p) := (Yo, po) X (E2,e) € GL,(Z) x R(I?"), where e denotes
the identity element of R(/2). The product (g, po) X (E2,e) is defined before
Lemma 2.30, but we should note that now we use a different facet labeling. If we define
a characteristic square 1’ on 2" so that (Y, p) - (E2, ') = (E2, £), then there exists
a weakly equivariant homeomorphism f: M(n’) — M (') represented by (¥, p). We
can easily check that n’ € K, and f™* o ¢ preserves the ideal (X2;—1,..., X2,) for
eachi=1,...,n. O

Corollary 3.10 Let &, £’ €K, and ¢: H*(§) — H™* (&) be a graded ring isomorphism.
Then there exist )’ € K, and a weakly equivariant homeomorphism f: M(n') — M(§')

such that

Ey, x - %
X1 o X1

X Tl Tl % X'
2n 0 .. 0 Ez 2n

Proof By Lemma 3.9, there exist " € K,, and a weakly equivariant homeomorphism
f1: M(n”") — M (&) such that

o] ok cee %
X1 0 e X1
firog f =1 . ' : )
X R AP ¢
2n 0 ... 0 an 2n
where each of the «;, for i = 1,...,n, gives an automorphism of H*(k2) since
i) = S[/l. = 2. Furthermore, by Lemma 3.4, there is a weakly equivariant self-
homeomorphism h;: M(k?) — M(x?) such that h* =a;. Fori =1,...,n, take

the representation (v, p;) of h;, and put (¥, p) := (Y1, p1) X -+ X (¥, pn). If we
define a characteristic square n’ on 12" so that (E2, ') = (¥, p)- (E2, 1”") and take a
weakly equivariant homeomorphism f>: M(n') — M(n") represented by (v 1, p~ 1),
then n’ € K, and

afb 0 .- 0
X1 . : X1
3 . O .
f 2 . = 0 :
X : N %
2n 0 .. 0 0(;1 2n
If we put f := f1 0 f>, then it satisfies the condition of the lemma. |

Lemma 3.11 Let £ be a characteristic square on 1"~2, where n > 3, let £ and £’
be two (k2, &y) —type characteristic squares on 1", and let ¢: H*(§) — H*(¢') be a
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graded ring isomorphism such that

X1

X1

e _(E2 4 ) .
. - O E_ N ’

X, "2/ \ x,

where A denotes some (2% (n—2))—matrix of integers. Then we have A=0 and § =§'.

Proof We denote the first rows of A, € and &’ by (as,...,an), (1,2,53,...,5,) and
(1,2, s’3, ..., 5n), respectively. Similarly, we denote their second rows by (b3, ..., by,),
(1,1,t3,....,t,) and (1,1,75,...,¢;). Then, in H*(¢’), we have
P(X1(X1+2X2 +53X3+ -+ 5, Xn))

= (X1 +aszXs —|—---—|—aan){X1 +2X5 + (az +2b3 +53) X3

+ -+ (an + 2Dy +Sn)Xn}
= X1{(2az +2b3 + 53 —55) X3+ -+ + 2an + 2by + 5n — 5,,) Xn}
+2X2{az X3+ -+ anXn}+ (a polynomial in X3,..., X,)
=0,

P(X2(X1+ X2 +13X3+ -+ 1, Xn))
= (X24+b3X3+ -+ by Xp){X1 4+ X2 + (a3 + b3 +13) X3
4+ (an + bn + ta) Xn}
= Xo{(az +2b3+1t3—15) X3+ + (an + 2bp +tn — 1) X}
+ X1{b3X3+ - -+ by Xy} + (a polynomial in X3,..., X;)
=0.
If we define W as the submodule of H*(£’) generated by X pXg, where p,q > 3,

then X22 and X;X;, where i = 1,2 and j = 3,...,n, form a basis of H*(¢')/ W .
Therefore we obtain a; =b; =s; —s. =t; —t/ =0,ie A=0and § =§'. 0

Corollary 3.12 Let &, £’ €Ky, and ¢: H*(€) — H* (') be a graded ring isomorphism
such that

E+ A A
X1 g ‘1’2 . o X1
. 0 . : .
¢ : - . t. .. A :
X . . . n—1,n X
2n 0 0 E2 2n

Then A;j =0 for 1 <i < j <n,and § =& . In particular, ¢ is induced by idps).
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Proof We prove the corollary by induction on n. If n = 2, the corollary is immediate
from Lemma 3.11. Suppose the corollary holds for n — 1. Since ¢ restricts to a graded
ring isomorphism from H™*(§[, ,1) to H *(sz’n]), by the induction hypothesis, we
obtain 4; ; =0 for 2 <i < j <n and & 5 = sz’n]. Then we have A;,; =0
for 1 < j <n,and £ =¢ by Lemma 3.11. O

Then the following theorem is immediate from Corollary 3.10 and Corollary 3.12.

Theorem 3.13 Let &, £ € Ky, and ¢: H*(§) — H*(&') be a graded ring isomorphism.
Then there exists a weakly equivariant homeomorphism f: M(§') — M(&) such
that p = f*.

By Lemma 3.6 and Theorem 3.13, we obtain Theorem 1.2.

4 Computation of M5
Toward the proof of Theorem 1.3, in this section, we list all the quasitoric manifolds
over I3 up to weakly equivariant homeomorphism. We denote by M}“g’h the set of

weakly equivariant homeomorphism classes of quasitoric manifolds over 73, as in
Corollary 2.16.

Notation 4.1 To compute M;Vgh, we use the following notation. Recall that we denote

by E3 the set of characteristic squares on /3.

e We denote by ¢: E3z — ./\/ly_%h the surjection given by & — M(§).
o For Vi, Va, V3 C 72, we define

1 X1 X2 i
EV1, Vo, Va):=3y1 1 x3|€Es (yf)el/,-fori:l,2,3
y2 y3 1 l

e r (S ezl pin](0) ezl
L 0 B O]

C0:= P+UP_, C2 = N+UN_.
e Weput C¢ er,e5 := B(C¢, Ce,, Ce;) for (€1,€2,€3) € {0,2}3.
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e We define 0;, 7; € Aut(/3), fori =1,2,3, by
01:=(12)45), 0,:=(13)(46), 03:=23)56), 17:=0Gi+3)
and 8; € GL3(Z), for i =1,2,3, by

010 001 100
61:=1100]), 6:=1010 and 63:=1001
001 100 010
Additionally, for i = 1,2, 3, we take p; € (Z/2)® such that the i™ and (i +3)™
components are —1 and the other components are 1 and take v; € GL3(Z)
which acts on Z3 by multiplication by —1 on the i component.

Remark 4.2 Since (§;,0;)-(E3§) and (v;, u;) - (E3 &) (see Definition 2.13) are in
the form (E3 £’) foreach £ € E3 and i = 1,2, 3, we can regard (§;,0;) and (v;, ;)
as acting on Z3.

Lemma 4.3 The restriction of ¢ to Co,0,0 U Co,0,2 U Co,2,2 U C2 2 2 Is surjective.

Proof Let £ be a characteristic square on /3 and write

1 x 1 X2
E=|y»y 1 x3
y2 y3 1
From the nonsingularity condition, 1 —x;y; = £1 for i = 1,2, 3. This implies that
each ’(x;, y;) belongs to Co or C,. Therefore we obtain

3= U Cei,er,65-

€1,€2,63€{0,2}

(]

Since (81,01) - Cey,es,65 = Cey 63,62 > We have ¢(C er,e5) = P(Ce e3,¢,) . Similarly,

we have ¢(Ce, er,e5) = P(Ceze0,¢;) aNd P(Ce; er,¢5) = P(Ces.e;,¢e5). Hence we see
that

M= | #(Ceperes) = $(Co.0,0) Ud(Co0.2) Up(Coz2)Ud(Car ).
€1,€2,63€{0,2}

Thus we obtain the lemma. O

Let us put Py, 5, 55 := E(Ps,, Ps,, Ps;), where s; € {+,—} fori =1,2,3. Then we
have

Co,00 = U Py 5,53

51,82,53€{+,—}
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Moreover, (8;,0;) for i =1,2,3 act as follows:

(61,01) (62,02)

Py — P 4y e—— P 4 Py +
(3%,03) W‘ ‘W 1(8502)
Py P _ P Py

Thus we obtain the following lemma.

Lemma 4.4 #(Co,0,0) = d(Py 4+ + U Py 4).
Suppose that
1 X1 0
E =10 1 x3]¢€ P+,_’+.
X2 0 1
Then, from the nonsingularity condition, we have x;x;x3 = —1=+£1.

o If xyxpx3=0,then £ € P+ UPy L UPL .

o If x;xpx3 =—2, then there is a ¥ € GL3(Z) such that (¥, t1)-(E3 §) = (E3 &),
where
1 X1 0
5, = 0 1 X3 | € Co,o,z.
—X2 —X1X2 1

Thus we obtain the following lemma.
Lemma 4.5 Put A; := P4 . Then we have ¢(Co,0’0) Cp(A)U ¢(C(),0’2).

For Co,0,2, we prove the following lemma first. Put

1 X1 X2
C(/),O,Z = yvi 1 2 ]¢€ C(),(),z
Y2 1 1
Lemma 4.6 $(Cp0,2) = #(Co,2)-

Proof Since (§3,03) gives a bijection between E(Cy, Co, N+) and E(Cyp, Co, N-),
we have ¢(Co,0,2) = ¢(E(Co.Co. N+)). By using (v3, u3), we see that we also
have ¢(Cg 4 ,) = ¢(E(Co, Co, N4)). =
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Suppose that
1 x1 0
E=10 1 2])eChpo-
y2 11
From the nonsingularity condition, we have 2x;y, =1+ 1.
e If x;y =0,then £ € E(Py, P+, Ny)UE(P-, P_,N4).
e If x;y,=1,then x; = =1 and

1 X1 0
E=10 1 2
X1 1 1
Similarly, if we assume
10 X2
g“: yl 1 2 € C(;’O’z,
011
then we see that £ € E(Py, P+, Ny)U E(P_, P_,N4) or
10 2a 1 0b
E=lal 2 or £=|2b1 2],
011 011

where a and b are +1. By using the action of (vq, (1), we obtain the following.

55

Lemma 4.7 Put A :=Cg o, N E(Py, Py, Ny), A3:=Cg,NE(P-, P, Ny),

102 101 110
x1:=1112], x2:=1212 and y3:=[012
011 011 111

Then we have ¢(Co,0,2) = ¢ (A2 U A3 U {x1, x2, x3})-
For Co,2 2, we have the following.

Lemma 4.8 Put
111

xa:=10
2

—_—

1
2
142 112 122
xs: =011}, xo:=1012 and y10:=|01 2
121 111 111

Then we have ¢(Co2,2) = d({x4,-... X10})-

Algebraic € Geometric Topology, Volume 17 (2017)

121 111 122
, x5 =1011]), xe:=1012], yxy7:=1011],
221 211 121



56 Sho Hasui

Proof Take £ € Co2,2. By using (61,01), (v2,2) and (v3, u3), we can assume
that £ is in one of the following forms:
1 x 1 1 x 1 1 x 2 1 x 2
E=1011}), &=]012]), &€=|011 or £=]012
221 211 121 111
If & is in the first form, then we have x = 1 or 2 by the nonsingularity condition.
Similarly, x =1 if £ is in the second form, x =2 or 4 in the third form, and x =1 or 2
in the fourth form. Thus we obtain the lemma. O

Similarly, we have the following lemma for Cz 2 5.

Lemma 4.9 Put

— NN

12
xi:=\|11
11

Then we have ¢(C22.2) = {¢p(x11)}-
Proof Take
1 X1 X2
E=|y1 1 x3]|e€Cpp.
y2 y3 1
By using (81,01), (v2, 2) and (v3, 3), we can assume x; =2, y; =1 and x2, y>0.

From the nonsingularity condition, we have that 2y,x3 + xpy3 = 5=+ 1. Then it is
straightforward to obtain

122 122 121
E=1112}, &=|111 or £=[111
111 121 221

Moreover, if we set the above to be &1, & and &3, then we have (83,03) - &1 = &
and (82,02) 52 =§3. |

Taking t; for i = 1,2, 3 into account, we have the following diagram:

7] £5) o1
X1 Y1 V2 X3 X4 X6
o NN P

030072
V3 V4 Vs — X2 Y6 V7
RN == ]
03 3 03001 o1
X7 X11 X9 X3 X8
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Here the arrow &; —2> &, means that there exist ¥ € GL3(Z) and u € (Z/2)% such
that (Y, op)-(E3&1) = (E3&), and y; for i = 1,...,7 denote the following
characteristic squares:

1 02 102 122 102
mi=l-110], p=110], ys:=(112], ya:=[112],
111 111 011 111

122 1
)/51=110,)/63=0
011

Summarizing Lemma 4.3, Lemma 4.5, Lemma 4.7, Lemma 4.8, Lemma 4.9 and the
above diagram, we obtain the following. Note that y3 appears twice in the diagram
and y5 and yj0 do not appear.

Lemma 4.10 MY = p(A1U A2 U A3 U {x1. 15, X6 X10})-

Definition 4.11 For s,7 € Z, we define &, and £5' by

€4, and £ =

—_— N ™
~ U

1 s

SS,I = O 1

01

Note that Ay = {&5¢}srez and Az = {5} ez

5 Strong cohomological rigidity of M3

In this section, for £ € B3, we denote the generators of H*(£) by X, Y and Z instead
of X1, X, and X3 (see Definition 2.33). Also, we define H*(¢;7Z/2) :== H*(§)/2,
wa(§) 1= Y0 ui(§) € H2(§:Z/2) and p1(§) := — Y 0_, ui(§)? € H*(§) and
identify w,(§) and p;(§) with wo(M(€)) and p1(M(§)), respectively, through the
canonical isomorphism between H*(&) and H*(M(§);Z) (see Theorem 2.23).

Definition 5.1 Let M3 be the set of homeomorphism classes of quasitoric manifolds
over I3 and ¢ be the canonical surjection from M}“g’h to Mj3. We define subsets
M1, My and M3 of M3 by

My :=¢10¢(A1), Maz:=¢10¢(A2\{50,0}) and M3 :=¢10¢(A43).

Additionally, we define M;iq as the quotient M;3/~, where M ~ M’ if and only
if H*(M;7Z) =~ H*(M';Z) as graded rings, and we denote the quotient map by
pa: Mz — M5
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Definition 5.2 A class C of topological spaces is called strongly cohomologically
rigid if for any graded ring isomorphism ¢ between the cohomology rings of X,Y €C
there exists a homeomorphism f* between them such that ¢ = f*.

Remark 5.3 By [4, Proposition 6.2], we see that M; corresponds with the class of
3—stage Bott manifolds. Then we obtain the strong cohomological rigidity of M by [2,
Theorem 3.1] which shows the strong cohomological rigidity of 3—stage Bott manifolds.

Lemma 54 M(xs5), M(x6), M()10) € M2. Thus M3 = M1 UMaUM3U{x1}.

Proof Define graded ring automorphisms a5, ag and 19 of Z[X, Y, Z] so that

X X
g |lY|=4]Y],
V4 Z

where A; for i = 5,6, 10 denote the following matrices:

100 —-100 100
As:=]100 1], Ae¢:=1 2 10 and A1p:=[1110
110 0 01 001

The «; descend to isomorphisms as: H*(5—1,—2)—>H *(x5), a6 H*(61,1)—H*(x¢)
and o10: H*(6—2,—2)— H *(x10) and they preserve the second Stiefel-Whitney classes
and the first Pontrjagin classes. Thus we obtain the lemma by Theorem 2.24. O

Lemma 5.5 Let Z[Y, Z] be the polynomial ring generated by Y and Z of degree 2,
and R be the quotient ring Z[Y, Z] /(Y (Y +2Z), Z(Y + Z)). Then R has no nonzero
element of degree 2 whose square is equal to 0.

Proof Let W =sY +¢Z be an element whose square is 0. Then
0=W2=(sY +1Z2)? = (252425t —1t)YZ = —{s> + (s —1)*}Y Z,

sowehave s =5s—t=0,1e W =0. O

Remark 5.6 For any £ € E(Z?2,72,C5), since H*(£)/(X) is isomorphic to R, the
set {W e H?(£) | W? =0} isequal to ZX or {0}.

This remark immediately yields the following lemma.

Lemma 5.7 Let M be a quasitoric manifold over I13. Then there exists a nonzero W
in H>(M;Z) such that W? = 0 if and only if M € My U M3. In particular,
$2(M1UM3) Na(M2U{)1}) = 2.
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Lemma 5.8 Po(M1)Npa(M3) = 2.

Proof Let & € A; and &3 € A3 and suppose that there exists an isomorphism
a: H*(&1) — H*(&3). Since a preserves the elements whose squares are zero, o de-
scends to an isomorphism a: H*(&1)/(Z) — H*(&3)/(X). However, H*(&1)/(Z)
has nonzero degree-2 elements whose squares are zero, but H*(£3)/(X) =~ R does
not. This is a contradiction. O

Lemma 5.9 Let & be a characteristic square on I"~!, where n > 3, let £ be a
(1, &) —type characteristic square on 1", and let ¢: Z[X, Y, Z] — Z[X1, ..., X,] be
a graded ring monomorphism which maps X, Y and Z to Z?:l a; Xi, Z;;l b; X;
and Y 7_, ci X;, respectively. Moreover, we assume the following:

(a) ¢ maps Iy, into T¢.

(b) The mod p reductions of (a1,...,a,), (b1,...,by) and (c1,...,cp) are linearly
independent for each prime p.

Then we have a; = by = ¢1 = 0. In particular, there exists no graded ring isomorphism
from H*(y1) to H*(&s,) for any integers s and t .

Proof Denote the first row of € by (1, s2,53,...,5,). Since & is (1, &) -type and

(p(X(X +ZZ)) = ( i a,'X,'){ i (a; +2Ci)Xi}

i=1 i=1
n
=X {01(01 +2c1) X1+ Y _{ai(a; +2¢) +ai(ax +261)}Xi}
i=2
+ (a polynomial in X5, ..., Xp)

n
= X1 > _{a1(a; +2¢i) + (a; —siar1) (a1 +2¢1)}X;
=2
+ (a polynomial in X5, ..., Xp)

=0 in H*(),

we obtain aj(a; +2¢;) = (sia1 —a;)(a1 +2cy) fori =2,...,n. Note that, by the
assumption of linear independence, a; 4+ 2c; =0 if a; = 0 and vice versa. If a1 and
a1 + 2cy are nonzero, denoting by k the greatest common divisor of a; and a; + 2¢q,
we see that a;/k and (a; + 2¢1)/k divide s;a1 — a; and a; + 2c¢;, respectively,
for i =2,...,n. By assumption (b), we obtain a;/k = +1 and (a; +2c1)/k = £1,
namely, a1 + c¢1 = 0 or ¢; = 0. This holds also in the case a; = a; +2¢; = 0.

Similarly, for i =2,...,n we have by(a; +b; +2c¢;) = (sib1—b;)(a1 +b1+2c1) and
c1(bi+c¢i) = (sici—ci)(b1+cy) from p(Y(X+Y 4+2Z)) =0 and ¢(Z(Y +Z)) =0,
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respectively, and then obtain that a; +2¢; =0 or a; +2b; +2¢; =0 and that by =0
or by + 2c; = 0 in the same way as above. We solve these equations to see that
a1=b1=c1 =0. O

Remark 5.10 By Remark 5.3, Lemma 5.4, Lemma 5.7, Lemma 5.8 and Lemma 5.9,
to show the strong cohomological rigidity of M;3, we only have to show that of
Mz, M3 and {M(x1)}.

Lemma 5.11 Let & be a characteristic square on 1"~', where n > 2, let £ be a
(1, &) —type characteristic square on 1", and let ¢: Z[X1, X2] — Z[X1,..., X,] be a
graded ring monomorphism which maps X1 and X, to Z;;l a; X; and Z:;l b; X;,
respectively. Moreover, we assume the following:

(a) ¢ maps I, into Zg.

(b) For any prime p, the mod p reductions of (a1,...,a,) and (by,...,b,) are
linearly independent.

Then we have a1 = b; =0.

Proof Denote the first row of £ by (1,s2,53,...,5,). Since £ is (1, £p)—type and

i(ai‘f’zbi)xi}

i=1

O(X1(X1+2X2)) = (é ain.){

n
= X; {al(al +2b1) X1+ Y {ai(a;+2b;)+a;(a; +2b1)}X,'}
=2
+ (a polynomial in X5, ..., Xy)

n
= X1 ) {a1(a;j +2bi)+(a;i—siar)(a1+2b1)} X;
i=2
+ (a polynomial in X5, ..., Xp)

=0 in H*(),

we obtain aj(a; + 2b;) = (s;a1 —a;)(ay + 2by) for i =2,...,n. In the same way
as the proof of Lemma 5.9, we obtain a; + b; = 0 or b; = 0, which implies that
the coefficient of X; in ¢(X1 + X») or ¢(X>3) is zero. Then we easily see that
@(X2(X1 4+ X2)) # 0 in H*(&) unless both by and a; + by are zero. |

Lemma 5.12 M5 is strongly cohomologically rigid.
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Proof Let ¢: H*(&5,) — H*(£x,y) be a graded ring isomorphism. By Lemma 5.11,

X alb c X
elY =10 Y],
Z 09 Z

where @ = +1 and 6 is an automorphism of H*(k?). By Lemma 3.4, 6 can be
realized as a weakly equivariant self-homeomorphism of M (k?), and therefore we can
construct a weakly equivariant homeomorphism f from M (§y ;) to some M(§x,y)
such that

X al0 0 X
lr|=1\o Y|,
Z 09 V4

in a way similar to the proof of Corollary 3.10. Thus we see that we can assume a = 1
and 0 = E,. Since ¢ maps Zg_, into Ze, s

(XX +sY +tZ2) =X +bY +c2){ X+ +b)Y +(t+c)Z}
= X{(s—x+20)Y +(t—y+2c)Z}
+{-2b(s+b)—c(t+c)+b(t+c)+c(s+b)}YZ
=0 in H*(éx,y).
Thus we obtain
b= %(x—s), c= %(y—z) and (s—1)2+5%=(x—y)%+x2

In particular, s = x and # = y modulo 2. Then we have

p(w2(6s,0) = (s + DY +12)) = (s + DY +1Z =w2(Ex,y) in H"(Ex,y:Z/2).
Similarly, since p(2X +sY +tZ)— (2X +xY + yZ) =0, we have
P1Gx,y)—0(p1(€s,t))

=X+ 0(X +5Y +12)> = X?—(X +xY +yZ)?

= QX +sY +1tZ2)>—Q2X +xY +yZ)?

={pRX+sY +tZ2)+ X +xY +yZ){oQRX +sY +tZ)—2X +xY +yZ)}

:0 iIl H*(gx’y).
Thus we obtain the lemma by Theorem 2.24. O
Lemma 5.13 Any graded ring isomorphism between the cohomology rings of two

members of ¢(Az) is induced by a weakly equivariant homeomorphism. In particular,
M3 is strongly cohomologically rigid.
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Proof Note (V32,03002)-£5! isa (k2, 1)-type characteristic square. Let £ and &’
be two (k2, 1)—type characteristic squares and ¢: H*(§) — H*(£’) be a graded ring
isomorphism. Since ¢ preserves the elements of degree 2 whose squares are zero, we
have

X a X
elY |= Qb Y
4 00|c Z

As in the proof of the previous lemma, we can assume ¢ = 1 and 6 = E;. Then we
have £ =& and ¢ = (idps(¢))* by Lemma 3.11. O

Lemma 5.14 Let ¢ be a graded ring automorphism of H*(y1). Then ¢ = % id.

Proof Take A € GL3(Z) so that
X X
plY |=4|Y
Z Z

and denote the i™ row of 4 by (a;,b;,c;) for i =1,2,3. Then the entries of A satisfy

(21 (a1 —b1)(b1 + 2b3) = —b1(a1 + 2a3),

(22) (c1=2b1)(D1 +2b3) = (c1 —b1)(c1 + 2¢3),

(23) (c1 —2a1)(ar + 2a3) = —ai(c1 + 2¢3),

(24) (a2 —b2)(by + b2 +2b3) = —bs(ay + az + 2a3),
(25) (c2 =2b2)(b1 + b2 + 2b3) = (c2 —b2)(c1 + 2 + 2¢3),
(26) (c2 —2az)(a1 + a2 + 2a3) = —az(c1 + ¢c2 + 2¢3),

(27) (a3 —b3)(b2 + b3) = —b3(az + as),

(28) (c3—2b3)(ba + b3) = (c3 —b3)(c2 + ¢3),

(29) (c3—2a3)(az + az) = —asz(c2 +¢3).

By solving these equations modulo 2, we obtain

1 00
A=]01 0 mod 2.
0 b3 1

Since a; is odd and b; is even, we have
%bl + b3 = —%bl mod 2

from (21), which implies b3 = 0 mod 2.

Algebraic € Geometric Topology, Volume 17 (2017)



On the cohomology equivalences between bundle-type quasitoric manifolds over a cube 63

Moreover, we obtain that ¢, — by, ¢3 — b3 and ¢3 —2b3 are equal to £1 as follows.
Note that ¢, — by, ¢3 —b3 and c3 —2b3 are odd. Let p be an odd prime, and consider
equations (21)—(29) and det A = £1 modulo p. Then, by a direct calculation, one
can show that there exists no solution with ¢c; —b, =0, ¢c3—b3 =0 or c3—2b3 =0
modulo p. This implies that no prime divides them, ie they are all equal to +1. Then
we can solve (21)—(29) straightforwardly and obtain the lemma. O

The following theorem, which is a paraphrase of Theorem 1.3, is immediate from
Remark 5.10, Lemma 5.12, Lemma 5.13 and Lemma 5.14.

Theorem 5.15 /\/ll;%meo is strongly cohomologically rigid.
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