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Detection of knots and a cabling formula for A —polynomials

Y1 NI
XINGRU ZHANG

We say that a given knot J C S is detected by its knot Floer homology and
A-polynomial if whenever a knot K C S has the same knot Floer homology and
the same A—polynomial as J, then K = J. In this paper we show that every
torus knot T'(p, ¢q) is detected by its knot Floer homology and A—polynomial. We
also give a one-parameter family of infinitely many hyperbolic knots in S3 each of
which is detected by its knot Floer homology and A—polynomial. In addition we
give a cabling formula for the A—polynomials of cabled knots in S3, which is of
independent interest. In particular we give explicitly the A—polynomials of iterated
torus knots.
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1 Introduction

One of the basic problems in knot theory is distinguishing knots in S3 from each
other using knot invariants. There are several knot invariants each powerful enough
to determine if a given knot in 3 is the unknot, such as knot Floer homology, the
A-polynomial and Khovanov homology; see Ozsvath and Szab6 [24], Boyer and
Zhang [6] and Dunfield and Garoufalidis [11] and Kronheimer and Mrowka [21]. In
other words, each of these invariants is an unknot-detector. It is also known that knot
Floer homology can detect the trefoil knot and the figure 8 knot; see Ghiggini [14].
In this paper we first consider the problem of detecting the set of torus knots 7T'(p, q)
in 3 using knot invariants. To reach this goal neither knot Floer homology nor the A—
polynomial alone is enough: The torus knot 7'(4, 3) has the same knot Floer homology
as the (2, 3)—cable over 7(3,2) (see Hedden [18]), while the torus knot 7°(15,7) has
the same A-—polynomial as the torus knot 7°(35, 3). However when the two invariants
are combined together, the job can be done. We have:

Theorem 1.1 If a knot K in S> has the same knot Floer homology and the same
A-polynomial as a torus knot T (p,q), then K =T (p, q).
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We then go further to consider the detection problem for hyperbolic knots. For a
one-parameter family of mutually distinct hyperbolic knots k(lx,—1,0,0) in S3,
where [, > 1 is integer-valued, we succeed in showing that each knot in the family
is detected by the combination of its A—polynomial and its knot Floer homology. A
knot diagram for k(/«, —1,0, 0) is illustrated in Figure 5. Note that k(2,—1,0,0) is
the (=2, 3, 7)—pretzel knot. Also note that the knots k(/«,—1,0,0) form a subfamily
of the hyperbolic knots k(I,m,n, p) (with some forbidden values on the integers [, m,
n and p) given in Eudave-Muiioz [12], each of which admits a half-integral toroidal
surgery (the slope formula is given in Eudave-Muiioz [13] and recalled in Section 4 of
this paper), and by Gordon and Luecke [17], these hyperbolic knots k(I/,m,n, p) are
the only hyperbolic knots in S3 which admit nonintegral toroidal surgeries.

Theorem 1.2 The knots in the tamily {k(l«,—1,0,0) : [« > 1, [« € Z} are mutually
distinct hyperbolic knots in S3. Let J, be any fixed k(lx,—1,0,0) with [, > 1. Ifa
knot K in 3 has the same knot Floer homology and the same A—polynomial as Jy,
then K = J,.

To prove Theorem 1.1 (resp. Theorem 1.2), let K C S3 be any knot with the same
knot Floer homology and A—polynomial as the knot 7'(p, q) (resp. J«). Applying
well-known results from knot Floer homology we get immediately the following
three conditions on the knot K: K is fibered since T(p,q) (resp. J«) is, K has
the same Alexander polynomial as T'(p,q) (resp. J«) and K has the same Seifert
genus as T(p,q) (resp. J«); see Ghiggini [14] and Ni [23], Ozsvath and Szabé [25]
and Ozsvéth and Szabé [24]. Combining these three derived conditions on K with
the assumption on the A—polynomial of K will be sufficient for us in identifying K
with T'(p, q) (resp. J«). The proof of Theorem 1.1 will be given in Section 3 after we
establish some general properties of A—polynomials in Section 2, where we also derive
a cabling formula for A—polynomials of cabled knots in S3 (Theorem 2.8) and in
particular we give explicitly the A—polynomials of iterated torus knots (Corollary 2.12).
The argument for Theorem 1.2 is more involved than that for Theorem 1.1, and so
we need to make some more preparations for it (besides those made in Section 2) in
the next three sections. In Section 4 we collect some topological properties about
the family of knots k(I,m,n, p); in particular, we give a complete genus formula
for k(I,m,n, p) and show that the knots k(l«x,—1,0,0) form a class of small knots
in S3. In Section 5 we collect some information about the A—polynomials of the
knots k(/,m,n, p) without knowing the explicit formulas of the A—polynomials, and
with such information we are able to show that if a hyperbolic knot K has the same
A-polynomial as a given knot J« = k(l«,—1,0,0), then K has the same half-integral
toroidal surgery slope as J. and K is one of the knots k(/,m, 0, p) with [ divisible
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by 2p — 1. We then in Section 6 identify each J.« = k(l«, —1,0,0) among the knots
of the form k(I,m,0, p) where (2p — 1) |/, using the genus formula and the half-
integral toroidal slope formula for k (I, m, 0, p). Results obtained in these three sections,
together with some results from Section 2, are applied in Section 7 to complete the
proof of Theorem 1.2.

Note that the A—polynomial Ag(x,y) (for a knot K in S3) used in this paper is
a slightly modified version of the original A—polynomial given in Cooper, Culler,
Gillet, Long and Shalen [8]. The only difference is that in the current version, the
A-polynomial of the unknot is 1 and y —1 may possibly occur as a factor in Ag(x, y)
for certain knots K contributed by some component of the character variety of the
knot exterior containing characters of irreducible representations, while in the original
version y — 1 is a factor of the A—polynomial for every knot contributed by the unique
component of the character variety of the knot exterior consisting of characters of
reducible representations (see Section 2 for details). The current version contains a bit
more information than the original one.

Acknowledgements Ni was partially supported by NSF grant numbers DMS-1103976
and DMS-1252992 and an Alfred P Sloan Research Fellowship.

2 Some properties of A —polynomials

First we need to recall some background material on A—polynomials and set up
some notations. For a finitely generated group I', the set of representations (ie group
homomorphisms) from I" to SL,(C) is denoted by R(IT"). For each representation
p € R(I'"), its character y, is the complex-valued function y,: I' — C defined by
Xp(y) =trace(p(y)) for y € I'. Let X(I') be the set of characters of representations
in R(I') and ¢: R(I') — X(I") the map sending p to y,. Then both R(I") and X(I")
are complex affine algebraic sets such that ¢ is a regular map (see [10] for details).

For an element y € T, the function fy,: X(T') — C is defined by fy (x,) = (x,(y))*—4
for each y, € X(I'). Each f, is a regular function on X(I"). Obviously y, € X(I")
is a zero point of f, if and only if either p(y) = %1 or p(y) is a parabolic element.
It is also evident that f, is invariant when y is replaced by a conjugate of y or the
inverse of y.

Note that if ¢: ' — I'’ is a group homomorphism between two finitely generated
groups, then it naturally induces a regular map 5 R(I'") — R(T) by 5(,0 y=p'o¢
and a regular map ¢ X(T) — X(T') by ¢()(p) = X3 (- Note that if X is an
irreducible subvariety of X(I'’), then the Zariski closure of d)(X 0) in X(I') is also
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irreducible. If in addition the homomorphism ¢ is surjective, each of the regular maps
¢ and ¢ is an embedding, in which case we may simply consider R(I'") and X(I'"’) as
subsets of R(I") and X (T"), respectively, and write R(I'") C R(T") and X(I'") C X(T').

For a compact manifold W, we denote R(xr;(W)) and X (w1 (W)), respectively,
by R(W) and X(W).

The A—polynomial was introduced in [8]. We slightly modify its original definition for a
knot K in 3 as follows: Let Mg be the exterior of K in S3 and let {4z, A} be the stan-
dard meridian-longitude basis for 71 (AM). Let ix: X(Mg)—> X (dMg) be the regular
map induced by the inclusion-induced homomorphism ix: 71 (IMg)—m1(Mkg), and
let A be the set of diagonal representations of 71(dMg), ie

A ={pe R(OMk): p() and p(A) are both diagonal matices}.

Then A is a subvariety of R(0Mg) and ¢|5: A — X(0Mg) is a degree-two, surjective,
regular map. We may identify A with C* x C* through the eigenvalue map

E:AN—C*xC*
given by

X

. . 0 _(y O
p>(x,y) if p(p) = (0 x—l) and p(A) = (0 y—l)'

For every knot in S3, there is a unique component in X (M) consisting of characters
of reducible representations, which we call the trivial component of X(Mg). (The
trivial component is of dimension one.) Now let X*(Mg) be the set of nontrivial
components of X(Mg) each of which has a one-dimensional image in X(dMg) under
the map ix. The set X *(Mk) is possibly empty, and in fact it is currently known that
X*(Mg) is empty if and only if K is the unknot. So when K is a nontrivial knot,
(t10) " (ix(X*(MK)) is one-dimensional in A and in turn E ((t |A) LG (X* (MK)))
is one-dimensional in C* x C* ¢ C x C. Let D be the Zariski closure in C?
of E((I|A)_1(?* (X*(MK))). Then D is a plane curve in C? defined over Q. Let
Ak (x,y) be a defining polynomial of D normalized so that Ag(x, y) € Z[x, y] with
no repeated factors and with 1 as the greatest common divisor of its coefficients. Then
Ag(x,y) is uniquely associated to K up to sign and is called the A—polynomial of K.
For the unknot we define its A—polynomial to be 1. As remarked in the introduction,
y — 1 might occur as a factor of Ag(x, y) for certain knots. Also by [6] and [11],
Ag(x,y) =1 if and only if K is the unknot (in fact for every nontrivial knot K, the
A-polynomial Ak (x,y) contains a nontrivial factor which is not y —1).

From the constructional definition of the A—polynomial, we see that each component X
of X*(Mk) contributes a factor fo(x,y) in Ag(x,y), ie fo(x,y) is the defining
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polynomial of the plane curve Dg which is the Zariski closure of E((7|)~!(7x(X0)))
in C2, and moreover fo(x, y) isbalanced, ie if (x, y) is a generic zero point of fo(x, y)
then (x~1,y~1) is also a zero point of fo(x,y). Also note that fy(x,y) is not
necessarily irreducible over C but contains at most two irreducible factors over C.
We shall call such a fy(x, y) a balanced-irreducible factor of Ag(x,y). Obviously
Ak (x,y) is a product of balanced-irreducible factors and the product decomposition
is unique up to the ordering of the factors.

We now define a couple of functions which will be convenient to use in expressing the
A-polynomials for torus knots and later on for cabled knots and iterated torus knots.
Let (p,q) be a pair of relatively prime integers with ¢ > 2. Define F{, 4)(x, y) to be
the polynomial in Z[x, y] determined by the pair (p, gq) by

14+x2?y ifg=2and p >0,
x72P 4y ifg=2and p <0,
—1+x?P4y2 ifg>2and p >0,
—x72P4 4 y2 ifg>2and p <0

(2-1) Foppx.y) =

and define G(, 4)(x, y) € Z[x, y] to be the polynomial determined by the pair (p, g) by

—1+xP%y if p >0,

22 Gipp(x. ) =
(&2) GV =) _pa iy i p <o,

Note that the ring C[x, y] is a unique factorization domain. The following lemma can
be easily checked.

Lemma 2.1 Among the polynomials in (2-1) and (2-2), the first two in (2-1) and the
two in (2-2) are irreducible over C, and the last two in (2-1) can be factored as the
product of two irreducible polynomials over C :

—1+x2P9y% = (=1 +xP9y)(1 +xP%y) ifg>2andp>0,
—xT2P4 4 2 =(—x"P1 4+ y)(xPI4y) ifg>2andp <0.
The set of nontrivial torus knots 7'(p, ¢) is naturally indexed by pairs (p, g) satisfying

Ip| >q =2, (p,q) = 1. Note that T(—p, g) is the mirror image of T(p,q). The
A-polynomial of a torus knot T'(p, q) is given by (eg [28, Example 4.1])

(2-3) AT(p.g) (%, ¥) = F(p,g)(x,7)
In particular the A—polynomial distinguishes 7(p, q) from T(—p,q).

For the exterior M of a nontrivial knot in S3, we can consider the set of elements
of Hi(0Mk;Z) = m1(dMg) as a subgroup of 7;(Mg) which is well defined up

Algebraic & Geometric Topology, Volume 17 (2017)



70 Yi Ni and Xingru Zhang

to conjugation. In particular, the function fy, on X(Mg) is well defined for each
class « € H1(0Mk;7Z). As fqy is also invariant under a change of the orientation of «,
the function fy is also well defined when « is a slope in dM g . Later on for convenience
we will often not make a distinction among a primitive class of Hi(dMg;Z), the
corresponding element of 71 (dMg) and the corresponding slope in dM g, so long as
it is well defined.

It is known (eg [4]) that any irreducible curve Xo in X(Mg) belongs to one of the
following three mutually exclusive types:

(a) For each slope « in dMg, the function f, is nonconstant on Xj.
(b) There is a unique slope «¢ in M g such that the function fy, is constant on Xj.

(¢) For each slope « in dM g, the function f, is constant on Xj.

Obviously a curve of type (a) or (b) has one-dimensional image in X(dMg) under the
map 7. Note that the trivial component of X(Mg) is of type (b). Hence a curve of
type (a) is contained in X *(Mg) and so is a curve of type (b) if it is not the trivial
component of X(Mg).

An irreducible curve of type (a) is named a norm curve. Indeed as the name indicates,
anorm curve in X(Mg) can be used to define a norm, known as the Culler—Shalen
norm, on the real two-dimensional plane H;(dMg;R) satisfying certain properties.
Such a curve exists when Mg is hyperbolic: namely, any component of X(Mg) which
contains the character of a discrete faithful representation of 71 (Mg) is a norm curve.

For an irreducible curve Xg in X(Mg), let Xo be the smooth projective completion
of X¢ and let ¢: Xo — Xo be the birational map. The map ¢ is onto and is defined at
all but finitely many points of Xo. The points of Xo where ¢ is not defined are called
ideal points and all other points of X, are called regular points. The map ¢ induces an
isomorphism from the function field of Xy to that of Xo. In particular every regular
function f, on X¢ corresponds uniquely to its extension f,, on Xo which is a rational
function. If fy is not a constant function on Xj, its degree, denoted deg( fy) is equal
to the number of zeros of fy in X counted with multiplicity, ie

deg(f) = 3" Zo().
ve)}:()
where Z, (f:,) is the zero degree of f; at the point v € Xo.
We shall identify Hq(dMg;R) with the real xy—plane so that H;(0Mg;Z) consists
of integer lattice points with u = (1,0) being the meridian class and A = (0, 1)

the longitude class. So each slope m/n corresponds to the pair of primitive ele-
ments +(m,n) € H (Mg Z).
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Theorem 2.2 Let Xo be a norm curve of X(Mg). Then the associated Culler—Shalen
norm || - ||o on H1(0Mg;R) has the following properties: Let

so =min{||a|lo:a #0,a € H(0Mg;7Z)}

and let By be the disk in Hi(dMg;R) centered at the origin with radius so with
respect to the norm || - ||o. Then:

(1) For each nontrivial element o = (m,n) € H1(0Mk: Z), the norm | - ||o satisties
lleello = deg( fa) # O and thus [e]lo = [|—ct]lo-

(2) The disk By is a convex finite-sided polygon symmetric about the origin whose
interior does not contain any nonzero element of Hy(dM g 7Z) and whose bound-
ary contains at least one but at most four nonzero classes of H{(0Mg; Z) up to
sign.

(3) If (a,b) is a vertex of By, then there is a boundary slope m/n of Mg such
that =(m, n) lie in the line passing through (a, b) and (0,0). (Thatis, a/b is a
boundary slope of dM for any vertex (a, b) of Bgy.)

(4) If a primitive class o« = (m,n) € Hi(0Mk;7Z) is not a boundary class and
Mk () has no noncyclic representations, then @ = (m,n) lies in dB (that is,
ll|lo = so) and is not a vertex of By.

(5) If the meridian class p = (1, 0) is not a boundary class, then for any nonintegral
class @ = (m,n), if it is not a vertex of By then it does not lie in dB and thus
lleello > [l ello = so-

Theorem 2.2 is originally from [9, Chapter 1], although it was assumed there that
the curve X contains the character of a discrete faithful representation of Mg . The
version given here is contained in [4].

Recall thatif fo(x,y) =3 a; jx'y’/ € C[x, y] is a two-variable polynomial in x and y
with complex coefficients, the Newton polygon Ny of fo(x, y) is defined to be the
convex hull in the real xy—plane of the set of points

{G,J) ai,j #0}.

The following theorem is proved in [5].

Theorem 2.3 Let Xo be a norm curve of X(Mg) and let fo(x,y) be the balanced-
irreducible factor of Ak (x, y) contributed by X¢. Then the norm polygon By deter-
mined by X is dual to the Newton polygon Ny of fo(x, y) in the following way: The
set of slopes of vertices of By is equal to the set of slopes of edges of Ny. In fact By
and No mutually determine each other up a positive integer multiple.
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We remark that although in [5] there were some additional conditions imposed on X
and the version of the A—polynomial defined in [5] is mildly different from the one
given here, the above theorem remains valid with identical reasoning as given in [5].
We only need to describe the exact relation between By and Ny as follows to see how
they determine each other up to an integer multiple: Let Yy be the Zariski closure of the
restriction 7x (Xo) of X in X(0Mg) and let dy be the degree of the map T X 0—Yo.
As explained in [5] (originally in [26]), the Newton polygon Ny determines a width
function w on the set of slopes given by

w(p/q) =k eZ
if k 4+ 1 is the number of lines in the xy—plane of slope ¢/p which contain points
of both Z2 and Ny. The width function in turn defines a norm || - ||y, on the

xy—plane H(0Mg;R) such that

I, Dl = w(p/q)
for each primitive class (p,q) € H1(0Mg; 7). Finally

I -1lo =2doll - | No-

Corollary 2.4 If every balanced-irreducible factor of Ax(x, y) over C has two mono-
mials, then K is not a hyperbolic knot.

Proof The condition of the corollary means that the Newton polygon of each balanced-
irreducible factor of Ag(x, y) consists of a single edge. On the other hand, for a
hyperbolic knot, its character variety contains a norm curve component Xo which
contributes a balanced-irreducible factor fy(x, y) to the A—polynomial such that the
Newton polygon of fo(x, y) has at least two edges of different slopes. a

An irreducible curve in X *(Mg) of type (b) (such a curve exists only for certain knots)
is named a seminorm curve as suggested by the following theorem, which is contained
in [4].

Theorem 2.5 Suppose that Xo C X *(Mk) is an irreducible curve of type (b) with ag
being the unique slope such that fy, is constant on X¢. Then a seminorm || - ||o can be
defined on H1(d0Mg;R), with the following properties:

(1) For each slope o # o, the seminorm || - || satisfies ||a|lo = deg( fy) # 0.

(2) |lagllo = O for the unique slope g associated to X¢, and the slope g is a
boundary slope of Mg .
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(3) If « is a primitive class and is not a boundary class and Mk (cz) has no noncyclic
representation, then A(o, o) = 1.

(4) Let so = min{||x|lo : o # ap is aslope}. Then |a|o = soA(w, ), for any
slope .

Note that for each torus knot T'(p, ¢), every nontrivial component in its character
variety is a seminorm curve with pg as the associated slope.

Remark If K is a small knot, ie if its exterior Mg does not contain any closed
essential surface, then every nontrivial component of X (M) is a curve [8, Proposition
2.4] and is either a norm curve or a seminorm curve [4, Proposition 5.7].

We now proceed to get some properties of A—polynomials of satellite knots in S3.
Recall that a knot K in S3 is a satellite knot if there is a pair of knots C and P
in S3, called a companion knot and a pattern knot respectively, associated to K,
such that C is nontrivial, P is contained in a trivial solid torus ¥ in S3 but is not
contained in a 3-ball of V' and is not isotopic to the core circle of V', and there is a
homeomorphism f from V to a regular neighborhood N(C) of C in S3 which maps
a longitude of V' (which bounds a disk in S3) to a longitude of N(C) (which bounds
a Seifert surface for C') and maps a meridian of V' to a meridian of N(C), and finally
K = f(P). We sometimes write a satellite knot as K = (P, C, V, f) to include the
above defining information (K still depends on how P is embedded in V).

Lemma2.6 Let K=(P,C,V, f) beasatellite knotin S3. Then Ap(x,y) | Ag(x,y)
in Z[x,y].

Proof The lemma is obviously true when P is the unknot in S3. So we may assume
that P is a nontrivial knot in S3. Let Mg, Mc and Mp be the exteriors of K, C
and P in S3, respectively. There is a degree-one map h: (Mg, dMg) — (Mp,dMp)
such that A~ 1(dMp) = Mg and hlopmy: OMg — OM p is a homeomorphism. The
map h is given by a standard construction as follows: From the definition of the pattern
knot given above, we see that if W is the exterior of P in the trivial solid torus V,
then Mp is obtained by Dehn filling W along 9V with a solid torus V' such that
the meridian slope of V' is identified with the longitude slope of V. Also if we let
Y = f(W), then Mg = Mc UY . Now the degree-one map h: Mg — Mp is defined
as follows: on Y it is the homeomorphism f~!: ¥ — W and on M¢ it maps a regular
neighborhood of a Seifert surface in M¢ to a regular neighborhood of a meridian disk
of V" in V' and maps the rest of M¢ onto the rest of V'’ (which is a 3—ball).

Algebraic & Geometric Topology, Volume 17 (2017)



74 Yi Ni and Xingru Zhang

The degree-one map 4 induces a surjective homomorphism /y: 71 (Mg) — 71 (Mp)
such that
h*|m(3MK)Z m1(0Mg) — m1(dMp)

is an isomorphism, mapping the meridian to the meridian and the longitude to the
longitude. In turn /4 induces an embedding By of X (Mp) into X(Mg) in such a way
that the restriction of /1 (X(Mp)) on X(0Mg) with respect to the standard meridian-
longitude basis {t g, A g} of IM g is the same as the restriction of X(Mp) on X(dMp)
with respect to the standard meridian-longitude basis {up,Ap} of QM p, that is, for
cach y, € X(Mp), we have 1,(1p) = ha(xp) (). 1p(hp) = hs(zp)(g) and
Xo(wpAp) =h«(xp) (K Ak). The conclusion of the lemma now follows easily from
the constructional definition of the A—polynomial. |

For polynomials f(x,y) € C[x, y] and g(y, y) € C[y, y] both with nonzero degree
in y, let
Resj(f(x,7).8(», 7))

denote the resultant of f(x,y) and g(y,y) eliminating the variable y. In general
Res; (f(x,), g(y,y)) may have repeated factors even when both f(x, y) and g(y, y)
are irreducible over C. For a polynomial f(x,y) € Clx, y], let

Red[f(x, y)]
denote the polynomial obtained from f(x, y) by deleting all its repeated factors.

Proposition 2.7 Let K = (P, C,V, f) be a satellite knot such that the winding num-
ber w of P in the solid torus V is nonzero. Then every balanced-irreducible factor
fc(x,y) of the A—polynomial Ac (x,y) of C extends to a balanced factor fx(x,y)
of the A—polynomial Ag(x,y) of K. More precisely:

(1) Ifthe y—degree of fc(x,y) is nonzero, then

fK(x?y) :Red[Res;(fC(xw,j),fw _y)]

In particular, if fc(x,y) = y + 6x" or fc(x,y) = yx" + 8§ for n some
nonnegative integer and § € {1, —1} (such a factor is irreducible and balanced),
then fx(x,y)=y— (—(‘i)wx"w2 or fx(x,y)= yx”wz— (—8)", respectively.

(2) If the y—degree of fc(x,y) is zero, ie fc(X,y) = fc(X) is a function of X
only, then fx = fc (x¥).

Proof Let Mg, Mc, Y, uc, Ac, ik, Ak be defined as in the proof of Lemma 2.6.
We have Mg = Mc UY . Note that H,(Y;Z) = Z[ug]® Z[Ac] and [Ag] = w[Ac]
and [uc] = w[ug]. Given a balanced-irreducible factor fc(x,y) of Ac(x,y),
let Xo be a component of X*(M¢) which gives rise to the factor fc¢(x,y). For
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each element y, € X, the restriction of p on 71(dMc) can be extended to an abelian
representation of 7r1(Y), and thus p can be extended to a representation of w; (M),
which we still denote by p, such that

plpc) =p(pg) and p(Ag) = p(A¢).

It follows that X extends to one or more components of X*(Mg) whose restric-
tions on dMg are each one-dimensional and thus together give rise to a balanced
factor fx(x,y) of Ag(x,y). Moreover the variables x and y of fx(x,y) and the
variables X and y of fc(x,y) are related by

(2-4) Xx=x" and y=jyp".

Therefore when the y—degree of fc (X, y) is positive, fx(x, y) can be obtained by tak-
ing the resultant of fc(x¥, y) and y"'—y, eliminating the variable y, and then deleting
possible repeated factors. In particular, if fc(x,y) =y + §x" or yx" + § for some
nonnegative integer n and § € {—1, 1}, then the resultant of y + §x™” or yx*”" +§
with y¥ — y, eliminating the variable y, is y — (—8)“’)6'“”2 or yx”wz— (—=6)%, re-
spectively (which is irreducible over C and is balanced). Also if the degree of fc in y
is zero, then obviously fx = fc (x%). O

Remark In Proposition 2.7, the y-degree of fx(x,y) is at most equal to the
y—degree of fc(X,¥) (and generically they are equal). This follows directly from the
definition of the resultant; see [22, Chapter IV, Section 8].

Next we are going to consider cabled knots. Let (p, ¢) be a pair of relatively prime
integers with |g| > 2, and K be the (p, g)—cabled knot over a nontrivial knot C . That
is, K is a satellite knot with C as a companion knot and with T'(p, g) as a pattern
knot which lies in the defining solid torus V' as a standard (p, g)—cable with winding
number |g|. As the (—p, —g)—cable over a knot is equal to the (p, g)—cable over the
same knot, we may always assume g > 2. The following theorem gives a cabling
formula for the A—polynomial of a cabled knot K over a nontrivial knot C, in terms
of the A—polynomial Ac (X, y) of C.

Theorem 2.8 Let K be the (p, q)—cabled knot over a nontrivial knot C, with g > 2.
Then

Ag(x,y) =Red[Fp 4 (x.y)Resi(Ac(x?, 7)., 77— y)]

if the y —degree of Ac (X, y) is nonzero and

Ak (x,y) = Fp,g(x. »)Ac (x?)

if the y —degree of Ac (X, y) is zero.
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Proof For a polynomial f(x,y) € C[x, y], define

Ext?[f(X, y)]
_ (Red[Resj(f(x?,7),y7—y)] if the degree of f(X,y) in y is nonzero,
N f(x?) if the degree of f(x, y) in y is zero.
Then Proposition 2.7 says that

fk(x,y) =Ext*[fc (X, y)],

and Theorem 2.8 says that

Ag(x,y) = Red[F(p,q)(x, y) Ext?[Ac (%, )7)]].

Note that Ext?[Ac (%, 7)] = Red[[TExt?[fc (%, y)]] where the product runs over
all balanced-irreducible factors fc(x,y) of Ac(x,y) and thus by Proposition 2.7,
Ext?[A¢ (X, ¥)] is a balanced factor of Ax(x, y). So we only need to show:

Claim 2.9 F(, 4)(x, y) is a balanced factor of Ak (x,y). (Note that each irreducible
factor of F(, 4)(x, y) is balanced.)

Claim 2.10 Besides F(, 4)(x,y) and Ext?[Ac (X, )], the A—polynomial Ak (x,y)
has no other balanced factors.

To prove the above two claims, let Mg, Mc, Y, uc, Ac, Uk, Ak be defined as
in Lemma 2.6 with respectto K = (P, C, f, V) where P =T (p, q) is embedded in V'
as a standard (p, g)—cable. We have Mg = M¢c UY and Y = 0M¢ U Mg . For
convenience in the present argument, we give a direct description of Y as follows: We
may consider N = N(C) as D x C, where D is a disk of radius 2, such that {x} x C
has slope zero for each point x € dD. Let D4 be the concentric subdisk in D with
radius 1. Then Nx = D, x C is a solid torus in N(C) sharing the same core circle C .
We may assume that the knot K is embedded in the boundary of N, as a standard
(p,q)—curve, where dN4 has the meridian-longitude coordinates consistent with that
of OM¢c = dN (ie {x} x C is a longitude of dN, for any point x € dD4). Then Y is
the exterior of K in N.

Note that Y is a Seifert fibered space whose base orbifold is an annulus with a single
cone point of order ¢, a Seifert fiber of Y in dM¢ has slope p/q, and a Seifert fiber
of Y in dMk has slope pq. Let yc be a Seifert fiber of Y lying in dM¢ and yg be
a Seifert fiber of Y lying in dM g . Up to conjugation, we may consider y¢c and yg as
elements of 71(Y ). Also note that y¢ is conjugate to yx in 71(Y). It is well known
that each of y¢ and yg lies in the center of 71 (Y), which is independent of conjugation.
It follows that if p € R(Y) is an irreducible representation then p(yc) = p(yx) = €l,
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for some fixed € € {1, —1}, where [ is the identity matrix. Hence if X¢ is an irreducible
subvariety of X(Y') which contains the character of an irreducible representation, then
for every x, € Xo, we have p(yc) = p(yk) = €I, which is due to the fact that the
characters of irreducible representations are dense in Xg.

Now we are ready to prove Claim 2.9. If |p| > 1, then by Lemma 2.6 and (2-3),
Fp,g)(x,y) is a factor of Ag(x,y). So we may assume that |p| = 1. Under this
assumption, one can see that the fundamental group of Y has the presentation

(2-5) T (Y) = (e, B:a?B = Bat)
such that
ug = op,

where « is a based simple loop free homotopic in Y to the center circle of N and f§ is a
based simple loop free homotopicin Y to A¢ in dM¢ . To see these assertions, note that
Y contains the essential annulus A, = N, NY with 04, C Mg of the slope pg (the
cabling annulus, consisting of Seifert fibers of ¥ ) and A, decomposes Y into two pieces
U; and U,, such that Uj is a solid torus (which is N NY ) and U, is topologically
dMc times an interval. The above presentation for 71 (Y) is obtained by applying
the van Kampen theorem associated to the splitting of ¥ = U; Uy, U, along A,. We
should note that as |p| = 1, a longitude in dN, intersects K geometrically exactly
once. It is this curve pushed into U; which yields the element o and pushed into U,
which yields 8. Also because |p| = 1, we have that {yc, 8} forms a basis for 71 (U3).
Therefore by van Kampen, 771 (Y') is generated by o, 8 and y¢ with relations o? = y¢
and yc B = Byc, which yields presentation (2-5) after canceling the element yc . With
a suitable choice of orientation for 8, ie replacing B by its inverse if necessary, we
also have wx = aff. See Figure 1 for an illustration when ¢ = 3.

By [15, Lemma 7.2], Ng(pgq), which denotes the manifold obtained by Dehn surgery
on K in the solid torus N with the slope pgq, is homeomorphic to L(q, p)#(D?x S1),
and Mg(pq), which denotes the manifold obtained by Dehn filling of Mg with
the slope pq, is homeomorphic to L(q, p) # Mc(p/q) (where the meaning of the
notation M¢ (p/q) should be obvious). M¢c(p/q) is a homology sphere since |p| = 1.
By [20], R(Mc(p/q)) C R(Mc) contains at least one irreducible representation pc .
Note that the restriction of pc on m;(dMc) is not contained in {/,—1/}. That is,
we have pc(yc) = I and pc(B) # £1 (we may consider S as the longitude A¢
of m1(dM¢)). If g > 2, we can extend pc to a curve of representations of 1 (Mg ) with
one-dimensional characters. In fact for every A € SL,(C), we may define p4 € R(Mk)
as follows: On 1 (Mc), let pg4 = pc, so that in particular p4(8) = pc(B), and
define p4(a) = ABA™! where B is a fixed order ¢ matrix in SL,(C). It’s routine to
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the fat base point

the boundary of N o K

the base point

the base point

Figure 1: The cross section D NY of Y and the elements « and S of 71 (Y)
when ¢ =3

check that p4 is well defined, the trace of p4(ux) = ABA ! pc(B) varies as A runs
over SL,(C), and p4(yx) = I. Hence we get a curve in X(Mg) whose restriction
on Mk is one-dimensional, and moreover this curve generates —1 4+ yx4 as a factor
of Ax(x,y) if p =1 or generates —x? 4 y as a factor of Ag(x,y) if p=—1.

We now show that 1 + yx9 is a factor of Ag(x,y) if p =1 or x4 + y is a factor
of Agx(x,y) if p = —1, for all ¢ > 2. For the representation pc given in the last
paragraph, define p;, € R(M¢) by

pc(y) =e(y)pc(y) for y € my(Mc).

where € is the onto homomorphism €: 7;(Mc) — {I,—1}. As puc is a genera-
tor of Hy1(Mc:Z), we have that pi(uc) = —pc(uc). Similarly, as A¢ is triv-
ial in Hy{(Mc:Z), we also have that pi(Ac) = pc(Ac). Hence we have that
pc(ve) = pe (k‘éu’é) = —pc(yc) = —I. We can now extend p¢ to p§ over Mg
similarly as for pc to p4, only this time we choose B as a fixed order 2¢ matrix
in SL>(C), so that the trace of p$ (k) = ABA™ ' pc (B) varies as A runs over SL,(C),
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and p%(yk) = —1 . The existence of the factor of Ag(x,y) that we set to prove now
follows. This completes the proof of Claim 2.9.

Last we prove Claim 2.10. Given a balanced-irreducible factor fo(x, y) of Ax(x,y),
let Xo be an irreducible component of X*(Mg) over C which produces fo(x, y).
Let X 3/ and X OC be the Zariski closure of the restriction of X¢y on Y and Mc,
respectively. Note that each of Xg’ and X, OC is irreducible. Also, X 3’ is at least one-
dimensional since its restriction on dMg is one-dimensional. If X 3’ does not contain
irreducible characters, then the restriction of X 3’ on dM¢ is also one-dimensional. So
the restriction of X g on dM ¢ is one-dimensional and X is an abelian extension of X OC
(since the character of a reducible representation is also the character of an abelian
representation). It follows that XOC cannot be the trivial component in X(M¢) for
otherwise Xo would be the trivial component of X(Mg). Hence X OC € X*(Mc¢) and
Xy is its abelian extension, which means that fo(x, y) is a factor of Ext?[A¢ (X, 7)].

Hence we may assume that X 3’ contains irreducible characters. Then, as noted before,
we have p(yk) = el foreach p with x, € Xg’. Ife=—1,then 1+xP%y or xP4+y
is the factor contributed by Xo to Ag (x, y) corresponding to whether p is positive
or negative, respectively. That is, fo(x,y) is a factor of F, 4)(x,y). Hence we may
assume that € = 1. It follows that X 3’ is a positive-dimensional component of Ng (pq).
Therefore g > 2 (because Ng(pq) = L(q, p)#(D? x S')) and X, contributes the
factor —1 4+ xP9y or —xP9 + y to Ag(x,y) corresponding to whether p is positive
or negative respectively. Thatis, fo is a factor of F(, 4)(x,y). This proves Claim 2.10
and also completes the proof of the theorem.

Perhaps we should note that in the above proof a consistent choice of basepoints can
be made for all the relevant manifolds, such as Mg, Mc, Y, Ay, Uy, Uy, dMc,
Mg, Nx(pqg), Mc(p/q), Mk (pq), so that their fundamental groups are all well
defined as relevant subgroups or quotient groups. In fact we can choose a simply
connected region in D NY (as shown in Figure 1) so that its intersection with each
relevant manifold listed above is a simply connected region which is served as the “fat
basepoint” of that manifold. |

Example 2.11 Let C be the figure 8 knot. Its A—polynomial is [8, Appendix]
Ac(x,y) =x*+ (=1 4+ x2 +2x* + x5 —x¥)y + x*y2.
If K is the (p,2)—cable over C, where p > 0, then
Ak (x.y) =Red[ F(,)(x. y)Resy (Ac (x>, 7). 7> — y)]

= (1+x2Py)[x"® + (=1 +2x* +3x8 —2x'2 —6x16
—2x20 4 3x24% 4 2x28 —x32)y +x16y2].
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If K is the (p,3)—cable over C, where p > 0, then
Ag (x. y) = Red[F(,3)(x. y) Resy (Ac (x*. 7). 7° — )]
=(-1 +x6py2)[x36 + (—1 +3x84+3x12 —8x 18 —12x2* 4 6x30 420436
+6x4% — 12x48 — 8x>* 4360
+3x%0 —x72)y + x3%y?].

Finally we would like to give an explicit formula for the A—polynomials of iterated
torus knots. Let

K =[(p1.92).(p2.92). .. .. (Pn.qn)]

be an n' iterated torus knot, ie T (pp., g») is a nontrivial torus knot and when 7 > 1, for
each i satisfying n >i > 1, the knot [(pi,qi), (Pi+1.9i+1)s-- -, (Pn.qn)] is a satellite
knot with [(pi+1,4i+1)s-- - (Pn,qn)] as acompanion knot and with T'(p;, q;), qi > 1,
as a pattern knot lying in the trivial solid torus V as a (p;, g;)—cable with winding
number ¢g; , where |p;| may be less than ¢; and |p;| = 1 is also allowed.

Corollary 2.12 Let K = [(p1,91), (P2.92), ..., (Pn,qn)] be an iterated torus knot.
If q; is odd foreach 1 <i <n, then

Ak (x,y)
= Fry 00 V) Fl s 0y XT0, DYFpe 0y (X9 ) o Fy o (001957001 y)
(P1,g)\ V) (p2,g) X705 V) I (p3,q3) (X Y (P gn) X V)

and if q; is even for some 1 <i < n and we let m be the smallest such integer, then

Ag(x,y)
= Fpy.a0) D) Fipnan K90 2) Fipa gy XITB y) o Fip gy (x0T y)
"G pm ,qm+1)(xq%q%mq'2” VG pis2.am2) (xq%q%mq'Z”Jrl . Y)
- Gp, ,qn)(xq%ﬁ"-q,%_l )

Remark (1) Inthe A—polynomial given in the corollary, each
Flppaqn@TE 01 p) or - Gpy g (x119279-1 y)

is a nontrivial polynomial even when |p;| = 1.

(2) The polynomial expression for Ax(x, y) given in the corollary has no repeated
factors.

(3) The boundary slopes detected by Ag (x, y) are precisely the following n integer
slopes:

P141, quzf]%, P3613f1%qg, Pn(]n‘ﬁfig'“qg—l-
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Proof The proof goes by induction on n, applying Theorem 2.8. When n = 1, the
proposition holds obviously. Suppose for n — 1 > 1 the proposition holds. Note
that K has C = [(p2,92),...,(pn,qn)] as a companion knot and P = T(p1,q1)
as the corresponding pattern knot (which maybe a trivial knot in S3, which occurs
exactly when |p1| = 1). By induction, the A—polynomial A¢(x,y) of C is of the
corresponding form as described by the corollary. Now applying Theorem 2.8 one
more time to the pair (C, P) we see that the corollary holds. We omit the routine
details. |

For instance the A—polynomial of the (r, s)—cable over the (p, g)—torus knot is

2 .

A(x,y) = Fir5)(x, ¥)F(p,gp(x*,y) if sisodd,
I 2 e
Fr5)(x,9)G(p,q)(x*",y) if s is even.

3 Proof of Theorem 1.1

Suppose that K is a knot in §3 with the same knot Floer homology and the same
A-polynomial as a given torus knot 7'(p, g). Our goal is to show that K = T'(p, q).

By (2-3) and Corollary 2.4, K is not a hyperbolic knot. So K is either a torus knot or
a satellite knot.

Lemma 3.1 Suppose that T (r, s) is a torus knot whose A—polynomial divides that of
the torus knot T'(p, q) and whose Alexander polynomial divides that of T'(p,q). Then

I'(r.s)=T(p.q).
Proof Since A7, ) (x.y) | Ar(p,q)(x.y), from (2-3), we have rs = pg. From the
condition A7) (1) | Ar(p,q) (1), ie

@ -De-1) | (P -D@-1)
=D =1 | @P =11 —1)

we have
(3-1) =D -1) " =D = 1).

Now if T'(r,s) # T(p, q), then either ¢ > s or |p| > |r|. If g > s, then from (3-1) we
must have ¢ | r. By our convention for parametrizing torus knots, |p| > g > 2. Thus
we must also have p | r. But since p and g are relatively prime, we have pgq | r, which
contradicts the earlier conclusion that rs = pg since s > 1. If | p| > |r|, again by our
convention |r| > s > 2, and we see that (1 — 1) does not divide (" —1)(z* — 1) and
so (3-1) cannot hold. This contradiction completes the proof of the lemma. a
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By Lemma 3.1, we see that if K is a torus knot, then K = T'(p, q).

We are going to show that it is impossible for K to be a satellite knot, which will
complete the proof of Theorem 1.1. Suppose that K is a satellite knot. We need
to derive a contradiction from this assumption. Let (C, P) be a pair of associated
companion knot and pattern knot to K, and let w be the winding number of P in
its defining solid torus V' (recall the definition of a satellite knot given in Section 2).
As T(p,q) is a fibered knot, K is also fibered (because by assumption they have the
same knot Floer homology). According to [7, Corollary 4.15 and Proposition 8.23],
each of C and P is a fibered knot in S3, the winding number w is at least 1, and the
Alexander polynomials of these knots satisfy the equality

(3-2) Ag(t)=Ac(t®)Ap(1).

We may choose C such that C is itself not a satellite knot, and thus is either a hyperbolic
knot or a torus knot.

Lemma 3.2 The companion knot C cannot be a hyperbolic knot.

Proof Suppose that C is hyperbolic. Then Ac (X, y) contains a balanced-irreducible
factor fc(x,y) whose Newton polygon detects at least two distinct boundary slopes
of C. As w > 1, by Proposition 2.7, fc(x,y) extends to a balanced factor fx(x,y)
of Ax(x,y) = Ar(p,q)(x,y). Moreover from (2-4) we see that the Newton polygon
of fx(x,y) detects at least two distinct boundary slopes of K. But clearly the Newton
polygon of Ag(x,y) = Ar(p,q)(x.y) only detects one boundary slope. We arrive at
a contradiction. a

So C =T (r,s) is a torus knot.
Lemma 3.3 The pattern knot P of K cannot be the unknot.

Proof Suppose otherwise that P is the unknot. Then as noted in [19] the winding
number w of P in its defining solid torus V is larger than 1. Equation (3-2) becomes
Ag(t) = Ac (™) for some integer w > 1. On the other hand it is easy to check that
the degrees of the leading term and the second term of Az, 4)(¢) differ by 1 and thus
Ak (t) = Ar(p,q) (1) cannot be of the form Ac (#*) with w > 1. This contradiction
completes the proof. a

If w =1, then by Proposition 2.7, the A—polynomial Ac (x,y) = A7) (x,y) divides

the A—polynomial Ag(x,y) = Ar(p,q)(x.y), and by (3-2), Ac(t) = Ar( (1)
divides Ak (f) = Ar(p,q)(t). Hence by Lemma 3.1 we have C = T(r,s) = T(p.q).
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By Lemma 3.3, P is a nontrivial knot. Hence from (3-2) we see that the genus
of C = T(p,q) is less than that of K. But the genus of K is equal to that of T'(p, q)
(because by assumption they have the same knot Floer homology). We derive a
contradiction.

Hence w > 1. By Lemma 2.6, Ap(x, y) divides Ag(x,y). Now if P is itself a
satellite knot with its own companion knot C; and pattern knot P, then again each
of C; and P; is a fibered knot and the winding number w; of P; with respect to Cy
is larger than zero. Arguing as above, we see that C; may be assumed to be a torus
knot and that w; > 1. Also we have

Ag(t)=Ac@®)Ac, ") Ap, (1),
from which we see that P; cannot be the trivial knot just as in the proof of Lemma 3.3.

So after finitely many such steps (the process must terminate by [27]), we end up with
a pattern knot Py, for P,,_; such that P,, is nontrivial but is no longer a satellite knot.
Thus P, is either a hyperbolic knot or a torus knot. By Corollary 2.4 and Lemma 2.6,
Py, cannot be hyperbolic. Hence Py, is a torus knot. Again because Ap,, (x,y)
divides Ag (x,y) = AT(p,q)(x.y) and Ap, (7) divides Ag(¢) = Ar(p,q)(2), we have
P, =T(p,q) by Lemma 3.1. But once again we would have g(T'(p,q)) <g(T(p.q)).
This gives a final contradiction.

4 The knots k(I, m, n, p)

In [12] a family of hyperbolic knots k(I,m,n, p) in S (where at least one of p and n
has to be zero) was constructed such that each knot in the family admits one (and only
one) half-integral toroidal surgery. To be hyperbolic, the following restrictions on the
values for [, m, n and p are imposed:

If p=0,thenl #0,+1,m#0, (I,m) # (2,1),(-2,-1),
(4_1) and (m’n)#(lao)a(_lil)’
ifn=0,then! #0,+1,m#0,1,and ([,m, p) # (-2,—1,0),(2,2,1).

From now on we assume that any given k(/,m,n, p) is hyperbolic, ie [, m, n and p
satisfy the above restrictions.

The half-integral toroidal slope r = r(I,m,n, p) of k(l,m,n, p) was explicitly com-

puted in [13, Proposition 5.3] as

4-2) . l(2m—1)(1—lm)—l—n(ZZm—l)z—% when p =0,
S lIem=1)(1—Im)+ pQ2im—1—1)2—L1 whenn =0.
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It turns out that the knots k(/,m,n, p) are the only hyperbolic knots in S3 which
admit nonintegral toroidal surgeries.

Theorem 4.1 [17] Ifa hyperbolic knot K in S 3 admits a nonintegral toroidal surgery,
then K is one of the knots k(I,m,n, p).

Proposition 4.2 The knots k(I,m,n, p) have the following properties:

(@) k(l,m,n,0) is the mirror image of k(—I,—m, 1 —n,0).
(b) k(l,m,0, p) is the mirror image of k(—I,1—m,0,1— p).
() k(I,£1,n,0)=k(—[£1,£1,n,0).

d) k2,-1,n,0)=k(-3,-1,n,0) =k(2,2,0,n).

Proof This follows from [12, Proposition 1.4]. O

Explicit closed braid presentations for the knots k(/, m, n, p) are given in [13]. Figure 2
shows the braids whose closures are the knots k (I, m,n, p). The left two pictures are
a reproduction of [13, Figure 12], but the right two pictures are different from [13,
Figure 13]. Here an arc with label s means s parallel strands, and a box with label ¢
means ¢ positive full-twists when ¢ > 0 and |¢| negative full-twists when # < 0. We
only give the picture for the case / > 0, since the case / < 0 can be treated by applying
Proposition 4.2.

p=0,m>0 0,m>0

n

Figure 2: The braid whose closure is k(/,m,n, p), where [ > 0
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Proposition 4.3 Suppose that [ > 0. Let

2ml —1 itp=0,n#0,m>0,
—2ml+1 ifp=0,n#0,m <0,
2ml—1—1 iftn=0,m>0,
2ml+I1l+1 ifn=0,m<0.
Then the genus of k(I,m,n,0) is
m212—Iml(l+5+1+1 ifm>0,n=<0,
—m22+iml(l+1)—1+1 ifm>0,n>0,
mzlz—%ml(l—l) ifm<0,n <0,
—m212+%ml(l—|—3) ifm<0,n >0,

g=3In|N(N 1)+

and the genus of k(I,m,0, p) is

m212—Iml(l+5+1+1 ifm>0,p =<0,
—m?2+iml(+1)+1 ifm>0, p>0,

m212 — Iml(l —1) ifm<0, p<0,
—m22+iml(+3)—1 ifm<0,p>0.

g=1IpIN(N —1)+

Proof 1In [13], it is noted that k(I,m,n, p) is the closure of a positive or negative
braid. Hence it is fibered, and the genus can be computed by the formula

gk) = 1(C =N +1),

where C is the crossing number in the positive or negative braid, and N is the braid
index.

When p =0, m > 0 and n <0, the braid is a negative braid, N =2m/ —1, and
C=—-nC2ml-1)2ml-2)+ml(ml-1)

+ml =2+ 1ml—I-1)+ (ml-1—1)(ml—[-2),
and so

g=-n@2ml—1)(ml—1)+m?**>—iml(l +5)+1 + 1.

When p =0, m >0 and n > 0, we can cancel all the negative crossings in the braid
to get a positive braid of index N =2ml — 1. We have
C=n2ml—-1)2ml —-2)
—(ml(ml—1)+ml—2+l(ml—l—1)+(ml—l—1)(ml—l—2)),
and so
g=n2ml—1)(ml—1)—m?I> + mi(l +1)—1 + 1.

Algebraic & Geometric Topology, Volume 17 (2017)



86 Yi Ni and Xingru Zhang
The computations for other cases are similar. a

Using Proposition 4.3 and parts (a) and (b) of Proposition 4.2, we can compute the genus
of k(I,m,n, p) when | < 0. For example, when p <0, the genus of k(/,m,0, p) is

—Lp@ml—-1-1)(2ml—-1-2)

+m?l* —Iml(I+5)+1+1 ifl>0,m>0,
—Lp(2mi+i+1)(=2mi+1) +m?1*> = Iml(I-1) ifl>0,m <0,
—Lp(=2ml+i+1)(=2ml+1) + m?1*> = imlI(I-1) ifl <0,m>0,
—1p@mi—1-1)(2ml—I-2)

+m?l* —Iml(+5) +1+2 ifl <0,m<0.

(43) g=

The r—surgery on the knot J = k(I,m,n, p) which was explicitly given in [12] is
the double branched cover of S with the branched set in S3 being a link shown
in Figure 3. From the tangle decomposition of the branched link one can see that
M j(r) is a graph manifold obtained by gluing two Seifert fibered spaces, each over a
disk with two cone points, together along their torus boundaries. For our purpose, we
need to give a more detailed description of the graph manifold M ;(r) as follows:

Let (B,t) denote a two string tangle, ie B is a 3-ball and ¢ is a pair of disjoint
properly embedded arcs in B. Here we may assume that B is the unit 3—ball in the
xyz—space R3 (with the xy—plane horizontal) and that the four endpoints of ¢ lie in
the lines z =y, x =0 and z = —y, x = 0. Let D be the unit disk in B which is
the intersection of B with the yz—plane. Then the four endpoints of ¢ divides 0D
into four arcs, naturally named the east, west, north and south arcs. The denominator
closure of (B, ) is the link in S3 obtained by capping off ¢ with the east and west
arcs, and the numerator closure of (B, 1) is the link in S3 obtained by capping off ¢
with the north and south arcs.

Let (B;,t;), for i = 1,2, be the two tangles shown in Figure 3 and let X; be the
double branched cover of (Bj, ;). The denominator closure of (By,?1) is the twisted
knot of type (2, p) (which is the trivial knot when p = 0 or 1 and the trefoil knot
when p = —1) and therefore the double branched cover of S3 over the link is the
lens space of order |2p — 1|. The numerator closure of (Bj,?1) gives a composite link
in $3 and in fact the composition of two nontrivial rational links corresponding to the
rational numbers —/ and (—I/m(2p—1)+ pl +2p—1)/(-m(2p—1) + p).

The double branched cover of the east arc (and also the west arc) is a simple closed essen-
tial curve in 0X 1, which we denote by 1, with which Dehn filling of X is a lens space
of order |2p — 1|. The double branched cover of the north arc (and also the south arc)
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(By:11)

[a] >xx-X

Figure 3: The tangle decomposition of the branched link in S3 for the half-
integral toroidal surgery

is a Seifert fiber of X;, which we denote by o7, with which Dehn filling of X is a con-
nected sum of two nontrivial lens spaces of orders |—/| and ‘—l mQ2p—1)+pl+2p—1 | .

Similarly the numerator closure of (Bs, f2) is the twisted knot of type (2, n) and the de-
nominator closure of (B2, t») is a composite link of two nontrivial rational links that cor-
respond to the rational numbers —2 and (2(2n—1)(m—1)+4n—1)/((2n—1)(m—1)+n).
So the double branched cover of the north arc of (B, 1) is a simple closed essen-
tial curve in dX», denoted p,, with which Dehn filling of X, is a lens space of
order |2n — 1|, and the double branched cover of the west arc is a Seifert fiber of X5,
denoted by o3, with which Dehn filling is a connected sum of two nontrivial lens
spaces of orders 2 and |2(2n —1)(m—-1)+4n—1|.

Finally M (r) is obtained by gluing X; and X, along their boundary tori such that
1 is identified with o, and o7 with .

Note that X is the exterior of a torus knot in S3 when p=0or1,and X, is the
exterior of a (2, a)—torus knot in S3 when n =0 or 1.

Lemma 4.4 Let J = k(l,m,n, p), let r be the unique halt-integral toroidal slope
of J, and let My be the exterior of J . Up to isotopy, there is a unique closed orientable
incompressible surface in M j(r), which is a torus.

Proof As discussed above, M j(r) is a graph manifold with the torus decomposition
Mj(r) = X1 U X5. We just need to show that any connected closed orientable
incompressible surface S in My (r) is isotopic to 0X ;. Suppose otherwise that S is
not isotopic to dX;. As each X; does not contain closed essential surfaces, S must
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intersect 0X1. We may assume that F; = § N X; is incompressible and boundary
incompressible, for i = 1,2. As X; is Seifert fibered, F; is either horizontal (ie
consisting of Seifert fibers) or vertical (transverse to Seifert fibers) in X;, up to isotopy.
So the boundary slope of F; is either o; (when F; is horizontal) or is the rational
longitude of X; (when F; is vertical). But o; is identified with u;, for i = 1,2,
where {i, j} = {1,2}. So the boundary slope of F; must be the rational longitude
of X; for each i. It follows that Hy(Mj(r); Z) is infinite, yielding a contradiction. O

Lemma 4.5 Foreach J = k(l,m,n, p), its meridian slope is not a boundary slope.

Proof If the meridian slope of J is a boundary slope, then the knot exterior M
contains a connected closed orientable incompressible surface S of genus larger than
one such that S remains incompressible in any nonintegral surgery, by [9, Theorem
2.0.3]. But by Lemma 4.4, M ;(r) does not contain any closed orientable incompress-
ible surface of genus larger than one. This contradiction completes the proof. |

(—

genus-2 surface
Figure 4: The elements g; and g, in 0H

Last in this section we are going to show that the knots k(/«, —1,0,0) form a class of
small knots.

Let H be a standard genus two handlebody in S3 and let g; and g, be oriented
loops in the surface dH as shown in Figure 4. As observed in [2, Figure 8], a regular
neighborhood of g1 U g, in dH is a genus one Seifert surface of a trefoil knot. Under
the basis {[g1], [g2]}, the monodromy of the trefoil is represented by the matrix

()

From [13, Figure 11], the knot k(/«,—1, 0, 0) has a knot diagram shown in Figure 5 (left),
which in turn can be embedded, as shown in Figure 5 (right), in the Seifert surface with
the homology class /«[g1] + (/x + 1)[g2]. For any knot J lying in the Seifert surface,
an algorithm to classify all closed essential surfaces in the knot exterior of J is given
in [1, Theorem 10.1(3)]. For simplicity, we only state the part that we need:
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genus 2 surface

Figure 5: The knot k(I«,—1,0,0) (left) and corresponding embedding (right)

Theorem 4.6 Suppose that L is a simple closed curve on the genus one Seifert surface
of a trefoil knot in the homology class a1[g1] +a2[g2]. The slope a1 /a» has continued
fraction expansion

al 1
— =[b1,....bg]=by ——,
an b _ 1
2 1
b
where the coefficients alternate signs, b; # 0 when i > 2, and |by| > 2. If by = 0 and
by = —1, then every closed essential surface in the complement of L corresponds to a
solution of the following equation:
0 if3eJ
4-4 0= —b; b; ’
(£ Z i Z Al {—1 otherwise,
iel jeJ

where I and J are subsets of {3, ..., k} each not containing consecutive integers and
3¢Ind.

Lemma 4.7 Each knot k(l«,—1,0,0) is small. Namely, the exterior of k(lx,—1,0,0)
contains no closed essential surfaces.

Proof In this case a1 =[x, az =1+« + 1 and a;/a; = [0, —1, l«]. Clearly, (4-4) has
no solution. So k(l«,—1,0,0) is small. O

5 Information on A —polynomials of the knots k(/, m, n, p)
To obtain explicit expressions for the A—polynomials of the knots k (I, m, n, p) could be

a very tough task. But we can obtain some useful information about the A—polynomials
of these knots without computing them explicitly.
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Lemma 5.1 Suppose a graph manifold W is obtained by gluing together two torus
knot exteriors X1, X5, such that the meridian of X; is glued to the Seifert fiber of X; 41
fori = 1,2, where X3 = X1. Then 71 (W) has no noncyclic SL,(C) representations.

To prove this lemma, we will use the following well-known fact whose proof is

elementary.

Lemma 5.2 Suppose that A, B € SL,(C) are two commuting matrices with A # £1 .
(1) If there exists P € SL,(C) such that

A0

-1 __
(5-1) PAP! = (0 o

) for some A € C\ {0, +1},
then
0 p!
(ii) If there exists P € SL,(C) such that

PBP~! = (M 0 ) for some p € C\ {0}.

(5-2) PAP™! = + ((1) cll) for some a € C \ {0},
then
PBP~! = + ((1) Zl)) for some b € C.

Proof of Lemma 5.1 As W has cyclic homology group, it is equivalent to show that
every SL;(C) representation of (W) is abelian.

We choose a basepoint of W on the common boundary torus 7 of X; and X».
Then 71(T), 71(X1) and 71(X>) are naturally subgroups of 71 (W). Suppose that
p: T (W) — SL,(C) is a representation.

Let f; € m1(T) represent the Seifert fiber of X; for i = 1,2. We first consider
the case that one of p(f1) and p(f2), say p(f1), is in {£1}, which is the center
of SL,(C). Since f; represents the meridian of X5, the Seifert fiber f; normally
generates 11(X>), hence p(m1(X2)) is contained in {£1/}. Since f> € m1(X2), we
see that p( f2) is also in {1}, and thus for the same reason as just given p(m1(X1))
isin {£/}. Hence p(sr(W)) is contained in {£1}.

Now suppose that neither p( f1) nor p( f2) is in {£7}. Then there exists P € SL(C)
such that Pp(f1)P~! is in the form of either (5-1) or (5-2). Since f; is in the center
of m1(X1), by Lemma 5.2, Pp(rr1(X1))P~! (including Pp( f>)P~1) is contained in
an abelian subgroup A of SL,(C) (A is either the set of diagonal matrices or the set
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of upper triangular trace +2 matrices). Since f5 is in the center of ;(X>), again
by Lemma 5.2, Pp(m1(X2))P~! is also contained in A. Hence p(my(W)), being
generated by p(m1(X1)) and p(rr1(X2)), is an abelian group. O

Corollary 5.3 The fundamental group of the half-integral toroidal surgery on the
knot J = k(l,m,0,0) has no noncyclic SL,(C) representations and has no noncyclic
PSL,(C) representations.

Proof By the discussion preceding Lemma 4.4, the half-integral toroidal surgery,
M (r), is a graph manifold satisfying the conditions of Lemma 5.1. Hence M (r)
has no noncyclic SL,(C) representations. The manifold cannot have noncyclic
PSL,(C) representations either since every PSL,(C) representation of My (r) lifts to
a SL,(C) representation because the manifold has odd cyclic first homology. |

Lemma 5.4 Let M be the knot exterior of a given hyperbolic knot J = k(l,m,0,0).
Let Xo be a norm curve in X(My) and By the norm polygon determined by X¢. Then
the half-integral toroidal slope r = d /2 of J is associated to a vertex of Bg as described
in Theorem 2.2(3), ie 2/d is the slope of a vertex of By in the xy-plane Hy(dMj;R).

Proof Suppose otherwise that r is not associated to a vertex of Bg. As the meridian
slope of My is not a boundary slope by Lemma 4.5, it follows from parts (4) and (5)
of Theorem 2.2 that u is contained in dBg but r is not, which means that we have
Zy( f:) > Zy( f,;) for some point v € Xo. As M (r) has no noncyclic representations
by Corollary 5.3, the point v cannot be a regular point of Xo (by [9, Proposition 1.5.2]
or [4, Proposition 4.8]). So v is an ideal point of fo. As r is not a slope associated to
any vertex of By, we have that f;(v) is finite for every class o in H{(0Mj;Z). Now
we may apply [4, Proposition 4.12] to see that M ; contains a closed essential surface S
such that if S compresses in My (r) and M (x), then A(r,) < 1. By Lemma 4.4,
S must compress in My (r) and of course S compresses in M (). But A(r, u) = 2.
We arrive at a contradiction. |

Lemma 5.5 Suppose that Aj(x, y) is the A—polynomial of a given hyperbolic knot
J =k(l,m,0,0). Let r = d/2 be the half-integral toroidal slope of J . If (xq, yo) is
a solution of the system

AJ(X’J’) =0
xdy2—1=0
then xo € {0,1,—1}.
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Proof Suppose otherwise that xo ¢ {0, 1, —1}. Then by the constructional definition
of the A—polynomial, there is a component X in X *(M ) which contributes a factor
fo(x,y) in Ay(x,y) such that (xg, yo) is a solution of

So(x,y)=0
xdy2—1 =0.

Let Yo be the Zariski closure of ix (X1) in X(0My). Then Y is an irreducible curve.
We > may find an irreducible curve X¢ in X; such that Y is also the Zariski closure
of 74(Xo). Now it also follows from the constructional definition of the A-polynomial
that there is a convergent sequence of regular points {vi} C Xo such that fr (v;)—0
and fu(vl) — (xo + X 12 _ 4, je if v is the limit point of v; in X, then

Fr@)=0 and fi(v)=(xo+x5")>—4#0.

Note that f; is not constant on X. For otherwise Xy would be a seminorm curve
with r as the associated slope, which leads to a contradiction with Theorem 2.5(3)
when replacing aop and o there by r and p here respectively (note that by Lemma 4.5
M 1s not a boundary slope).

So we have Zv(f;) > Zv(fu) = 0. Again v cannot be a regular point of Xo by the
same reason given in the proof of Lemma 5.4. So v is an ideal point of Xo such that
ﬁ(v) =0 and ﬁ(v) = (xo —|—xo_1)2 —4 is finite since x¢ # 0. Hence f;(v) is finite
for every class « in Hy(0M ;7). We can now get a contradiction with [4, Proposition
4.12] as in the proof of Lemma 5.4. a

Lemma 5.6 Let K be a hyperbolic knot in S3. For a given slope p/q, if every
solution (x¢, y¢) of the system of equations

Ag(x,y) =0
xPy?—1=0

has x¢ € {1,—1,0}, then Mg (p/q) is not a hyperbolic manifold.

Proof Some of the ideas for the proof come from [3]. Suppose otherwise that
Mk (p/q) is a hyperbolic 3—manifold. Then 71 (Mg (p/q)) has a discrete faithful
representation pg into PSL,(C). By Thurston [10, Proposition 3.1.1], this represen-
tation can be lifted to an SL,(C) representation pg. It follows from Mostow rigidity
that the character y,, of pg is an isolated point in X(Mg(p/q)). Note that py can
be considered as an element in R(Mg) and y,, can be considered as an element
in X(Mg) since R(Mg(p/q)) embeds in R(Mg) and X(Mg(p/q)) embeds in
X(Mk). Of course we have po(u?A?) =1 but po(u) # £1. Let X be a component
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of X(Mg) which contains y,,. By Thurston [10, Proposition 3.2.1], X is positive-
dimensional.

Claim 5.7 The function f,,»jq is nonconstant on Xo.

Suppose otherwise. Then f,»44 is constantly zero on Xg since f,»pra(xp,) =0. So
for every x, € Xo, the image p(u?A9) is either I or —/ or is a parabolic element.
Let X be an irreducible curve in Xo which contains the point y,,. For a generic
point x, € X1, the image p(u?A9) cannot be a parabolic element since otherwise
p() is either I or —1 or is parabolic for all y, € X1, and this happens in particular
at the point y,,, yielding a contradiction (since pg is a discrete faithful representation
of a closed hyperbolic 3—manifold, its image does not contain any parabolic elements).
For a generic point y, € X1, the image p(u”A?) cannot be —I either for otherwise,
by continuity, p(u?A?) = —1I for every point y, € X1, and this happens in particular
at the point x,,, yielding another contradiction. So for a generic point y, € Xy,
p(uPA?) = I and again by continuity, p(u?A9) = I for every point y, € X1. So
X factors though the p/g—surgery on K and becomes a subvariety of X(Mg(p/q)).
But this contradicts the fact that y,, is an isolated point of X(Mg(p/q)). The claim
is thus proved.

It also follows from the proof of Claim 5.7 that X¢ is one-dimensional. For otherwise
there would be a curve X7 in X such that y,, € X1 and f;,»¢ is constantly zero
on X1, which is impossible by the proof of Claim 5.7.

It follows from Claim 5.7 that the restriction of Xo in X(dMg) is one-dimensional
and thus X € X*(Mg) and contributes a factor fo(x,y) to Ag(x,y).

We may assume, up to conjugation of pg, that

X0 a yo b
= d A) = .
po (i) (0 XJO and  po(4) (0 Wf)
Note that xo # %1 (as po(u) # £ and cannot be a parabolic element of SL,(C)).
By the construction of Ag(x, y), the pair (xg, yo) is a solution of the system

{ Jo(x,y)=0
xPy?—1=0
and thus is a solution of
{ Ag(x,y) =0
xPy?—1=0.
We get a contradiction with the assumption of the lemma. a
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Proposition 5.8 If K C S3 is a hyperbolic knot whose A—polynomial divides the
A—polynomial of J = k(I,m,0,0), then K has the same halt-integral toroidal slope
as J and thus K is one of the knots k(I,m,n, p).

Proof Since K is hyperbolic, X(M) contains a norm curve component X which
contributes a balanced-irreducible factor fo(x, y) to Agx(x,y) such that the Newton
polygon of fo(x,y) is dual to the norm polygon determined by X by Theorem 2.3.
By the assumption that Ag(x,y) divides Ay(x,y), the factor fo(x,y) is also a
factor of Ay(x,y). Thus there is a curve X¢ in a component of X *(M ) which
contributes fo(x, y) and X must be a norm curve whose norm polygon By is dual to
the Newton polygon of fo(x, y). By Lemma 5.4, the half-integral toroidal slope r=d /2
of J is associated to a vertex of By and thus r=d /2 is also associated to an edge of
the Newton polygon of fo(x, y). Hence r is also a boundary slope of K.

Again by the assumption that Ak (x, y) divides Ay (x, y), together with Lemma 5.5,
we see that if (xg, yo) is a solution of the system

Ag(x,y)=0
xdy2—1 =0

then xg € {0, 1, —1}. Now applying Lemma 5.6, we see that Mg (r) is not a hyperbolic
manifold. Applying [9, Theorem 2.0.3] and [16] we see that Mg (r) must be a Haken
manifold and thus must be a toroidal manifold (as it has finite first homology). Finally
K is one of the knots k(I,m,n, p) by Theorem 4.1. a

Lemma 5.9 The half-integral toroidal r—surgery on J = k(/,m,n,0) withn # 0, 1
is a manifold with an irreducible SL;,(C) representation pg whose image contains no
parabolic elements.

Proof We know from Section 4 that My (r) = X1 U X», where X is an (a, b)—torus
knot exterior and X, is Seifert fibered with base orbifold D?(2,c) for some odd
integer ¢ > 1, such that the meridian slope 1 of X7 is identified with the Seifert fiber
slope 02 of X5 and the Seifert fiber slope o; of X7 is identified with a lens space
filling slope o of X5 (and |2n — 1] is the order of the lens space).

Perhaps it is easier to construct a PSL,(C) representation pg of 1 (M y(r)) with the
required properties. As M j(r) has zero Z,-homology, every PSL;(C) representation
of w1 (My(r)) lifts to an SL,(C) representation.

The representation py will send 71 (X>) to a cyclic group of order |2n — 1|, which is
possible by factoring through X5 (u2). So po(u2) = id. We claim pg(02) is not the
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identity element. For otherwise pg factors through the group
(x,y:x>=y"=1,xy=1),

which is the trivial group as ¢ is odd.

Hence the order of pg(02) is an odd number ¢ > 1 which is a factor of 2n — 1.

On the X; side, we need to have pg(o1) =id and po(it1) = po(02) of order g. So
po factors through the triangle group

(x,y:x® =yt =(xp)?=1).

Such a representation exists and can be required to be irreducible. Also, as at least
one of a and b is odd and ¢ is odd, we may require the image of pg to contain no
parabolic elements. In fact the triangle group is either a spherical or a hyperbolic
triangle group and so we may simply choose pg to be a discrete faithful representation
of the triangle group into SO(3) C PSL,(C) (when the triangle group is spherical) or
into PSLy(R) C PSL,(C) (when the triangle group is hyperbolic), and thus the image
of po has no parabolic elements. O

Lemma 5.10 For any given J = k(l,m,0, p) with p # 0,1 and | not divisible
by |2p — 1|, the half-integral toroidal surgery on J is a manifold with an irreducible
SL;(C) representation py whose image contains no parabolic elements.

Proof The proof is similar to that of Lemma 5.9.

We know that Mj(r) = X; U X5, where X, is a (2, a)—torus knot exterior and X
is Seifert fibered with base orbifold D2(|!|, |—Im(2p —1) + pl 4+ 2p —1|), such that
the meridian slope > of X, is identified with the Seifert fiber slope o1 of X; and
the Seifert fiber slope o, of X» is identified with a lens space filling slope @1 of X;
(and |2p — 1] is the order of the lens space).

Asin Lemma 5.9, we just need to construct a PSL, (C) representation pg of 1 (M j(r))
which is irreducible and whose image contains no parabolic elements.

The representation pg will send 71 (X1) to a cyclic group of order |2p — 1|, which is
possible by factoring through X;(w1). So po(e1) =id. We claim pg(oy) is not the
identity element. For otherwise pg factors through the group

(x’y . xl — y—lm(2p—1)+pl+2p—1 =1, xy = 1)’

which is a cyclic group of order less than |2p — 1| since [ is not divisible by 2p — 1
by our assumption.

Hence the order of pg(02) is an odd number ¢ > 1 which is a factor of 2p — 1.
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On the X, side, we need to have pg(02) = id and po(u2) = po(o1) of order g. So
po factors through the triangle group

(x.y:x>=y"=(xy)?=1).

Such a representation exists and can be required to be irreducible. Also, as both a and ¢
are odd, we may require the image of pg to contain no parabolic elements. |

Lemma 5.11 The A-polynomial of any J = k(l,m,n,0) with n # 0,1 does not
divide the A—polynomial of any J' =k(l’,m’,0,0).

Proof Suppose otherwise that Ay (x,y)| Ay (x,y). Then, by Proposition 5.8, the
knots J and J’ have the same half-integral toroidal slope r = d /2 with d odd.

Let po be an irreducible representation of My (r) provided by Lemma 5.9. Then
po(r) =1 but po(n) # =1. We know that y,, is contained in a positive-dimensional
component X1 of X(My). Let Xo be an irreducible curve in X1 containing y .

Claim f; is not constant on Xj.

Otherwise f; is constantly equal to 0 on Xg. If £, is not a constant on X, then Xg
would be a seminorm curve with r as its associated boundary slope, which is impossible
by Theorem 2.5 as p is not a boundary slope and A(u,r) =2. So f;, is a constant not
equal to 0 on X since po(w) # 1 and is not parabolic. So for any point y, € X,
p(r) cannot be a parabolic element (for otherwise p(u) is also parabolic and thus
Ju(xp) =0). So p(r) =1 for any y, € Xo. We now get a contradiction with [4,
Proposition 4.10], which proves the claim.

So f, is not constant on X¢ which means that the component X; D X belongs
to X*(My) and thus contributes a factor in A;(x,y). Moreover the point y,,
contributes a root (xg, yg) to the system

{AJ(x,y)=0
xy2 =1

such that xg # £1,0. As Ay (x,y)| Ay (x,y), the pair (xo, yo) is also a solution of
the system

{ Ayr(x,y)=0
xdy? =1,

which contradicts Lemma 5.5. O

With a similar proof replacing Lemma 5.9 by Lemma 5.10, we have:
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Lemma 5.12 The A—polynomial of any k(/,m,0, p) with p#0, 1 and [ not divisible
by 2p — 1 does not divide the A—polynomial of any k(I’,m’,0,0).

Lemma 5.13 Let K be a hyperbolic knot in S3. For a given slope p/q with p odd,
if every solution (x¢, yo) of the system of equations

Ag(x,y) =0
xPy?—1=0

has xg € {1,—1,0}, then Mg (p/q) cannot be a Seifert fibered space whose base
orbifold is a 2—sphere with exactly three cone points.

Proof The proof is similar to that of Lemma 5.6. Suppose otherwise that Mg (p/q) is
a Seifert fibered space whose base orbifold is a 2—sphere with exactly three cone
points. As p is odd, the base orbifold is either spherical or hyperbolic. Hence
w1 (Mg (p/q)) has an irreducible PSL,(C) representation pg which factors through
the orbifold fundamental group of the base orbifold such that the image of pg contains
no parabolic elements. As p is odd, the PSL,(C) representation pg lifts to an SL,(C)
representation pg. It is well known that the character y,, of po is an isolated point
in X(Mk(p/q)). Considered as a point in X(Mk), the character y,, is contained in
a positive-dimensional component X of X(Mg). Arguing exactly as in Claim 5.7 we
have f,,» 4 is nonconstant on Xo. Hence X is contained X*(Mk) and contributes
a factor fo(x,y) to Ax(x,y). Exactly as in the proof of Lemma 5.6, the point y,
provides a solution (xg, yo) to the system

Ag(x,y)=0
xPyd—1=0

such that x¢ ¢ {1, —1, 0}, giving a contradiction with the assumption of the lemma. O
6 Distinguishing k(/,,—1,0,0) from k(I, m,0, p)

The goal of this section is to prove the following proposition:

Proposition 6.1 Suppose that two knots k(l«,—1,0,0) and k(/,m,0, p) have the
same genus g and the same half-integral toroidal slope r, where [« > 1 and (1—2p) | .

Then k(l«,—1,0,0) =k(l,m,0, p).

Let

s=r+% and d =-—s5—2g.
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For k(l,m,0, p), by (4-2),

(6-1) —s=—p@ml—1—-1)2+Q2ml-1)(ml —1).

When p <0, using (4-3) , we get

6-2) J— —pCml—1—-1)4+3ml—1—-2ua %flm>0,
—p(2ml+1+1)—-3ml +1 ifIm <0,

where
{1 if >0,m >0,
o=

2 ifl <0,m<0O.

Consider the family of knots k(l«x,—1,0,0), where [« > 1. In this case, d and s are
given by

d - 41*,
6-3
SO
(6-4) s+ 1=(2a+1)%

Lemma 6.2 Suppose that p < 0 and (1 —2p)|l. Then the knot k(/,m,0, p) has
different (g, r) from the knot k(l«,—1,0,0), where [, > 1.

Proof Otherwise, assume k(/,m, 0, p) has the same (g,r) as k(/«,—1,0,0). Using
(6-2), we see that
d+2>—p2ml—1—1|+2ml -1 —-1|.
Using (6-1) and (4-1), we have
—s+3 <—p@2ml—1—1)*+@2ml—=1)(ml —1)+1 < (1-p)2ml -1 —1)%
Using (6-4) and the previous two inequalities, we get
La-p2eml-1-12 < (ld+1)°
= —%s +1
4 2

<3(I=p)C2ml—-1-1)".
Sol—p< 176, and hence —p < 4.
If p=—1or —4, then 3|/. By (6-1), 3} — s, which contradicts (6-3).

If p=-3,then 7|[. By (6-1), —s = 3 (mod 7). It follows from (6-4) that 5 is a
quadratic residue modulo 7, which is not true.
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If p=—2,then 5|/ and —s =2 (mod 5). It follows from (6-4) that 2 is a quadratic
residue modulo 5, which is not true. O

For the family of knots k(/,m, 0, 0), the following proposition expresses / and m in
terms of s and d .

Proposition 6.3 For the family of knots k(I,m,0,0), the pair (I, m) is determined
by s and d by the following formulas:

If Im > 0, then

_d+20+3-3/(d+2a—1)>+4s

) )
2

1( 2d +4a )
m=— +1).
3\d + 20 +3-3/(d +2a—1)2 + 45

If Im <0, then
. —d +3+4+3/(d+1)2+4s
= 5 ,

( JaE)
m==(1- .
3 —d +3+3/(d+1)2+4s

Proof Using (6-2), we can express m/ as a linear function of d and /. Substituting
such an expression of m/ into (6-1), we get

%(—l—i—Zd +4a)(+d+2a—3) iflm>0,

(6-5) -5 = { . )
5(=1—=2d)(I —d -3) if Im < 0.

If Im > 0, by (6-5), [ is a root of the quadratic polynomial
(6-6) (x —2d —4a)(x +d 4+ 200 — 3) — 9s,

whose two roots are

d+20+343/(d+20—1)2+4s
> .
By (6-2), d > 0 and |2/| <d + 2«, so

)

_d+20+3-3/(d +20—1)>+4s
= 5 )
Using (6-2) again, we can compute m as in the statement.

If Im <0, then [ is a root of the quadratic polynomial

(6-7) (x +2d)(x —d —3) — 9s,
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whose two roots are

—d +3+3/(d+1)2+4s
3 :

By (6-2), d >0 and |2/| <d, so

- —d +3+43/(d+1)2+4s
- > ,

Using (6-2) again, we can compute m as in the statement. a
Lemma 6.4 Suppose that two knots k(I,m,0,0) and k(l«, ms,0,0) have the same g
and r . Suppose further that

Im>0, lime>0, [>0>I.
Then the quadruple (I, m, [+, my) is either (2,2,-3,—1) or (6,m,—2,—3m + 1) for

some m > 2.

Proof Using Proposition 6.3 and (4-1), we get

— 2
_d+s 3‘/(2d+1) T,

(6-8)
and
d _ 2
69) L= +7-3/(d +3)2+4s -
2
Hence
(6-10) Hd+11)>—(d +3)* <4s <-8(d +1)%

which implies
Jd-7? <@+ 1) +4s < 3@+ 1)

From (6-2) and (4-1), we can conclude that

(6-11) d > 8.

By (6-8), (d 4+ 1) + 4s is a perfect square which has the same parity as d + 1, hence
(6-12) (d+1)>+4s=3(d +1-2¢)?

for some ¢ € {0, 1,2, 3,4}. Then

d+c+4

l—c+2 and m=2T¢t?
creoand m=T
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Using (6-10), we also get

$(d +11)* < (d +3)* +4s < 5(d* +38d +73) < §(d +19)*.
By (6-9), (d + 3)? + 4s is a perfect square with the same parity as d + 3, so
(6-13) (d+3)?+4s = 3(d + 11 +2c4)?

for some cx € {0, 1,2, 3}. Then

d—cs+2
Iy =—cx—2 d =
* Cx an M 4 3(6* +2)
Comparing (6-12) and (6-13), we get
(6-14) d—cx—c)d=0B+cx+c)(6+cx—c)—18.

Moreover, since both %(d—|—1—2c) and %(a’—i— 1142cx) are integers, %(10+2c*+2c)
is an integer, so

c+cx€{l, 4,7}
If c +cx =7, then ¢ =4 and ¢« = 3. By (6-14), d = —14, a contradiction to (6-11).

If ¢ + cx =4, using (6-14) we get c =4 and cx = 0. Hence [ =6, m = %(d +38),
ly =—2and my = —4(d +2) = —-3m+1.

If ¢ + c« =1, using (6-14) we get d = 6+ 2(c« —c). Using (6-11), the only possible
caseis ¢ =0, cx =1 and ([,m,lx,myx) = (2,2,-3,—1). a
Proof of Proposition 6.1 When p < 0, this result follows from Lemma 6.2.

When p >0, from (6-1) itis easy to see s >0 for k(I,m, 0, p),but s = =3[ (lx«+1) <0
for k(l«,—1,0,0).

Now we consider the case p = 0. By Proposition 6.3, for any given (g, r), there are
at most three knots, k(/;,m;,0,0) for i = 1,2, 3, having this (g, r). There is at most
one pair (/;,m;) in each of the three cases

e [>0, m>0,

e /<0, m<0,

e /m<0.
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The pair (/4«,—1) is in the third case. By Proposition 4.2(c), k(—l+—1,—1,0,0) is
equal to k(l«,—1,0,0), and the pair (—/x—1,—1) is in the second case. Suppose
that there is also a pair (/,m) in the first case with the same (g, r), then Lemma 6.4
implies that (/,m) = (2,2) and —I«—1 = —3. By Proposition 4.2(d), the three knots
k(2,2,0,0), k(—3,—1,0,0) and k(2,—1,0,0) are the same. O

7 Proof of Theorem 1.2

Recall that the unique half-integral toroidal slope of k(l«,—1,0,0) is r = %(2s -1,
where s = —3[(l« + 1). Hence the knots in the family {k(/«,—1,0,0) : [« > 1} are
mutually distinct.

Suppose that K C S3 is a knot which has the same A—polynomial and the same knot
Floer homology as a given knot Jx« = k(l«, —1,0,0) with I, > 1. Our goal is to show

As J4 is hyperbolic, K cannot be a torus knot by Theorem 1.1.

Suppose K is hyperbolic. Then by Proposition 5.8, K has the same half-integral
toroidal slope r as Jx« and K is one of the knots k(I,m,n, p). Applying Lemma 5.11,
we have n = 0 or 1. Since the half-integral toroidal slope of k(/,m, 1, 0) is positive
while the half-integral toroidal slope of Jx« = k(lx, —1,0,0) is negative, we see that n
must be zero. Similarly applying Lemma 5.12, we have p is nonpositive, and 2p — 1
divides /. Thatis, we have K =k(I/,m,0, p) with (2p—1) |/. Now by Proposition 6.1,
we have K = J,.

It remains to show that K cannot be a satellite knot. Suppose otherwise that K is a
satellite knot. We are going to derive a contradiction from this assumption.

Lemma 7.1 The A-polynomial Ay, (x,y) of J« =k(l«,—1,0,0) does not contain
any factor of the form x/y +8 or y +8x~/ for j € Z and § € {—1,1}.

Proof Suppose otherwise that Ay, (x,y) contains a factor of the form x/y + §
or y 4+ 8x~7/. As this factor is irreducible and balanced, it is contributed by a curve
component X in X*(My,). Moreover Xy is a seminorm curve with /A as the
unique associated boundary slope.

We claim that ;7 A is either £SA or u*~'A. From Theorem 2.5(3) and Lemma 4.5, we
see that the meridian slope u has the minimal seminorm sq¢. To prove the claim, we
just need to show, by Theorem 2.5(4), that for the half-integral toroidal slope r of J,
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we have ||r]lo = ||t]lo, which is equivalent to showing that

Zo(F1) < Zo(fu)

for every v € Xo. As M Ly, (r) has no noncyclic representation by Corollary 5.3, at
every regular point v € XO we have Z, (fr) <Zy (fu) If at an ideal point v of X,
we have Zv(fr) > Zv(fu) then fa(v) is finite for every class « in Hy(0M,;Z)
(as both fr and f )5 are finite at v). We can now derive a contradiction with [4,
Proposition 4.12] just as in the proof of Lemma 5.4, and the claim is thus proved.

On the other hand it is shown in [13, Proposition 5.4] that My, (s) and My, (s —1)
each are small Seifert fibered spaces. As Jy is a small knot, each of u*A and =12
cannot be a boundary slope by [9, Theorem 2.0.3] and thus cannot be the slope /A
We arrive at a contradiction. O

Since Jy is a fibered knot by [13], K is also fibered. Hence if (C, P) is any pair of
companion knot and pattern knot associated to K, then each of C and P is fibered
and the winding number w of P with respect to C is larger than zero.

Lemma 7.2 The satellite knot K has a companion knot C which is hyperbolic.

Proof As is true for any satellite knot, K has a companion knot C which is either a
torus knot or a hyperbolic knot. So we just need to rule out the possibility that C is a
torus knot. If C is a (p, g)—torus knot, then by (2-3), Ac (x, y) contains a factor of
the form yxk 48 or y 4+ 8x~* for some integer k and § € {1, —1}. As the winding
number w of the pattern knot P with respect to C is nonzero, by Proposition 2.7,
Ak (x,y) contains a factor of one of the forms yx“’zk — (=" or y— (—8)wx_w2k.
But this contradicts Lemma 7.1. O

We now fix a hyperbolic companion knot C for K which exists by Lemma 7.2 and
let P be the corresponding pattern knot.

Lemma 7.3 For any hyperbolic knot C in S3, any surgery with a slope j/k, where j
and k are relatively prime, k >2 and j is odd, will produce either a hyperbolic manifold
or a Seifert fibered space whose base orbifold is S? with exactly three cone points.

Proof Mc(j/k) is irreducible [16] and atoroidal [17], as k > 2. Thus M¢(j/k)
is either a hyperbolic manifold or an atoroidal Seifert fibered space. In latter case,
the Seifert fibered space has noncyclic fundamental group [9]. As j is odd, the base
orbifold of the Seifert fibered space cannot be nonorientable. Thus the base orbifold is
a 2—sphere with exactly three cone points. a
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Lemma 7.4 The integer d = 25 — 1 is divisible by w?.

Proof Suppose otherwise. Let d1/q; be the rational number d/(2w?) in its reduced
form, ie dy = d/ ged(d, w?) and g1 = 2w?/ gcd(d, w?). Then g; > 2 and d; is
odd. So by Lemma 7.3, the surgery on C with the slope d1/q; will yield either a
hyperbolic manifold or a Seifert fibered space whose base orbifold is a 2—sphere with
exactly three cone points. Applying either Lemma 5.6 or Lemma 5.13, we see that the
A-polynomial A¢ (x,y) of C has a zero point (Xg, o) such that xf)i ! ygl =1 and
Xo ¢ {0,1,—1}. Now from Proposition 2.7 and its proof, we see that Ac (X, y) can be
extended to a factor f(x,y) of Ag(x,y) with the variables of Ac (X, y) and f(x,y)
satisfying the relations x = x% and y* = y. In particular, for some (xg, yo) we
have Xo = x§’ and y§ = yo, and (xo, yo) is a zero point of f(x,y). Obviously
xo ¢ {0,1,—1}. From (xo1 va' )W = 1, we have x, 1y(q)l =1,ie xdy2=1.

As f(x,y) isafactorin Ax(x,y) = Ay, (x,y), we see that the system
Ay (x,y)=0
xdy2 —-1=0
has a solution (xg, yo) with x¢ ¢ {0, 1, —1}. We get a contradiction with Lemma 5.5.
O

Note that s — 1 is a cyclic surgery slope of Jx (provided by [13, Proposition 5.4]).

Lemma 7.5 If (x¢, yo) is a solution of the system
Ay (x,y)=0
x¥ly—1=0

then xq is either 1 or —1.

Proof If x¢ is neither 1 nor —I, it follows that there is a curve component Xg
in X*(M) such that Xo has a point at which fuv 1, = 0 but fM ;é 0. This is
impossible as fus 1, has the minimal zero degree at every point of Xo (because
Js« is a small knot, the cyclic surgery slope s — 1 cannot be a boundary slope by [9,
Theorem 2.0.3]). O

Lemma 7.6 The integer s — 1 is divisible by w?.
Proof The proof is similar to that of Lemma 7.4, only replacing Lemma 5.5 by

Lemma 7.5. First note that s — 1 is an odd number (as s = —3/«(/« + 1) is even).
So if s — 1 is not divisible by w?, then the reduced form di/q; of the rational
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number (s—1)/w? has denominator g1 > 2. Now arguing as in the proof of Lemma 7.4
starting from the d/g1—surgery on C, we see that the system

A5 (x,y)=0
¥*ly—1=0

has a solution (xg, yo) with xg # 1, —1. This gives a contradiction with Lemma 7.5. O
Corollary 7.7 The winding number w equals 1.
Proof This follows immediately from Lemmas 7.4 and 7.6 a

Lemma 7.8 The companion knot C has the same half-integral toroidal slope as J«
and C is one of the knots k(I,m,0, p) with p nonpositive and with 2p —1) | 1.

Proof It follows from Corollary 7.7 and Proposition 2.7 that Ac(x, y) is a factor
of Ax(x,y) = A, (x,y). So Proposition 5.8 says that r is also a toroidal slope
of C, and C is one of the knots k(/,m,n, p). Now arguing as in the case when K
is hyperbolic, we see that C is one of the knots k(/,m, 0, p) with p nonpositive and
with 2p—1)|!. a

Lemma 7.9 For C = k(l,m,0, p) given by Lemma 7.8, we have m = —1 unless
C =k(2,2,0,0) or C =k(-2,m,0,0).

Proof If m # —1, then by [12, Theorem 2.1(d)], the (s — 1)—surgery on the knot
C =k(l,m,0, p) is a Seifert fibered manifold whose base orbifold is a 2—sphere
with exactly three cone points, except when C is one of the knots k(—2,m,0, p),
k(2,2,0,0), k(2,3,0,1), k(3,2,0,1) or £(2,2,0,2). As we know that p is non-
positive and 2p — 1 divides /, these exceptional cases can be excluded except for
k(2,2,0,0) or k(—2,m,0,0). So we just need to deal with the case when the
(s —1)—surgery on C is a Seifert fibered manifold whose base orbifold is a 2—sphere
with exactly three cone points. Note that s—1 is odd. Hence by Lemma 5.13, the system

Ac(x,y)=0
x¥ly—1=0

has a solution (xo, yo) with xo # 1,—1. As Ac(x,y) is a factor of Ay, (x,y), the
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point (xg, yo) is also a solution of the system

x*"ly—1=0,
which yields a contradiction with Lemma 7.5. O
Lemma 7.10 |s —2| < 4g(C).

Proof Recall that C is one of the knots k(I, —1, 0, p) with p nonpositive, k(2,2,0,0),
or k(—2,m,0,0) and has the same r slope as J4 and thus has the same s slope as Jx.
From (4-2) and (4-3) we have that for k(/,—1,0, p) with p nonpositive, its s slope
and genus g are given by

s ==31(1 +1)+ p(=31 —1)?

and ) 2 1 .
_ —5pBL+ 13+ 12+ 311 —1) if [ >0,

—Ap(=31=1)(=31-2)+ 12+ LI +5)+1+2 ifl <O0;
for k(2,2,0,0), its s and g values are

s=—18 and g=25;
and for k(—2,m,0,0),

4m2 —3m ifm >0,

=22m—-1)Q2m+1 d g=
s @2m—-1)2m+1) and ¢ 4m2 +3m ifm <O.

In each case, one can check directly that |s — 2| < 4g holds, keeping in mind some
forbidden values on /, m and p given by (4-1). a

As noted in the proof of Theorem 1.1, when the winding number w equals 1, the
pattern knot P is a nontrivial knot. We also have, by Lemma 2.6, that Ap(x, y) is a
factor of Ax(x,y) = Ay (x,y). Combining this fact with (2-3) and Lemma 7.1 we
know that P cannot be a torus knot. So P is either a hyperbolic knot or a satellite
knot.

If P is a hyperbolic knot, then arguing as in the proofs of Lemmas 7.8, 7.9 and 7.10,
we have that P has the same half-integral toroidal slope as Ji, that P is one of
the knots k(I’,—1,0, p’) with p’ nonpositive or k£(2,2,0,0) or k(—2,m’,0,0), and
that |s —2| <4g(P).
Now from

Aj, (1) = Ak () =Ac()Ap()

we have that the genus of the given satellite knot K (which is equal to that of Jy)
is equal to the sum of the genus of C and the genus of P. So the genus of one

Algebraic & Geometric Topology, Volume 17 (2017)



Detection of knots and a cabling formula for A—polynomials 107

of C and P, say C (the argument is the same for P ), is less than or equal to the half
of the genus of J, ie

g(C) < 38(Js).
So
(7-1) |s — 2] < 2g(Jx).

But s = =3/, (l4+ +1) and g(Jx) =12+ %l*(l* — 1), which do not satisfy (7-1). This
contradiction shows that P cannot be hyperbolic.

So P is a satellite knot. Let (Cy, P1) be a pair companion knot and pattern knot
for P. Once again, as P is fibered, each of C; and P is fibered, and the winding
number w; of P; with respect to C; is larger than zero. Making use of the fact that
Ap(x,y)| Ay, (x,y), one can show, similarly as for the pair (C, P), that C; can be
assumed to be hyperbolic, that w; = 1, that C; has the same r and s values as J, that
Cy is k(I”,—1,0, p”) for some nonpositive p” or k(2,2,0,0) or k(—=2,m"”,0,0),
and that |s —2| <4g(C;). Now from the equality

Aj (1) = Ak () = Ac(®)Ac, (AP, (1)

we see that one of g(C) and g(Cy) is less than or equal to %g(J*). This leads to a
contradiction just as in the preceding paragraph. So P cannot be a satellite knot, and
this final contradiction completes the proof of Theorem 1.2.
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