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Odd primary homotopy types of SU(n)—-gauge groups

STEPHEN THERIAULT

Let G (SU(n)) be the gauge group of the principal SU(n)—bundle with second Chern
class k. If p is an odd prime and n < (p—1)2+ 1, we classify the p—local homotopy
types of G (SU(n)).

55P15; 54C35

1 Introduction

Let G be a topological group, B be a space and P — B be a principal G —bundle
over B. The gauge group G(P) is the group of G—equivariant automorphisms of P
that fix B. Crabb and Sutherland [2] showed that, even though there may be infinitely
many inequivalent principal G —bundles over B, their gauge groups have only finitely
many distinct homotopy types. However, their argument did not give an explicit
enumeration of the homotopy types. Using different methods, Kono [14] gave an
explicit enumeration in the case of gauge groups of principal SU(2)-bundles over S*.
He then asked whether this can be done more generally.

Since then there has been considerable effort to classify the homotopy types of gauge
groups in specific cases. Let G be a simply connected, simple compact Lie group
and let BG be its classifying space. The number of equivalence classes of principal
G -bundles over S* is in one-to-one correspondence with homotopy classes of maps
[S*, BG] = Z, and the correspondence in the case of G = SU(n) is given by the value
of the second Chern class. Let Py — S* be the principal G-bundle corresponding
to k € Z and let G; (G) be its gauge group. For integers a and b, let (a, b) be their
greatest common divisor. Then:

e Gr(SU(Q2)) ~ Gi/(SU(2)) if and only if (12,k) = (12,k") (Kono [14]);

e Gr(SUQB)) =~ Gi/(SU(3)) if and only if (24,k) = (24,k’) (Hamanaka and
Kono [6]);

* Gik(Sp(2)) ~(p) Gk’ (Sp(2)) if and only if (40, k) = (40, k) (Theriault [21]);
* Gr(SU(5)) ~(p) Gk (SU(5)) if and only if (120, k) = (120, k) (Theriault [23]);
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1132 Stephen Theriault

where the homotopy equivalence in the third and fourth cases is p—local for any
prime p or rational (using p = 0 to indicate rational localization). Bounds, but not
a classification, were obtained in the case of G (G,) in Kishimoto, Theriault and
Tsutaya [13], and classifications involving spheres of different dimensions or non-
simply connected Lie groups can be found in Hamanaka and Kono [7], Kamiyama,
Kishimoto, Kono and Tsukuda [10] and Kishimoto, Kono and Tsutaya [12]. In all cases
the fixed number in the greatest common divisor is the order of the Samelson product
S3AG A, G, where i is the inclusion of the bottom cell and 1 is the identity map
on G.

Here we consider G (SU(n)) for all n. There is a canonical map j,: XCP"~! —SU(n)
that induces a projection onto the generating set in cohomology. In what follows, while
spaces will be localized at a prime p, it is more illuminating to write the order of a
map as an integer m rather than the p—component of m. We prove the following:

Theorem 1.1 Localize at an odd prime p. Then:

(a) Ifn > 2, the composite S A XCP"! IAJn
order at most n(n*>—1).

(b) Ifn<(p—1)2+1, the composite S> AECP""! AT —5 §3ASU(n) 2L {i.1) —=>1>SU(n)
has order exactly n(n>—1).

() Ifn<(p—1)>+1, themap S ASU(n) -=-L> UAVIN SU(n) has order n(n*>—1).

(d) Ifn <(p—1)%+1, there is a homotopy equivalence G (SU(n)) ~ Gx/(SU(n))
if and only if (n(n*> —1),k) = (n(n> —1),k’).

INIng §3 A SUm) 2 SUn) has

Theorem 1.1(d) significantly improves on the known classifications of the homotopy
types of gauge groups. It is the first general result; all the previous results held for
specific Lie groups G and involved proofs that used particular properties of that Lie
group. It recovers the known odd primary information for SU(2), SU(3) and SU(5)
and gives exact information in a large range of previously unknown cases. For example,
Gk (SU(4)) ~(p) Gk (SU(4)) at odd primes if and only if (60, k) = (60,k").

Hamanaka and Kono [6], refining a result of Sutherland [19], showed that for any n > 2
the (integral) order of (i, 1) is at least n(n> — 1) by considering certain homotopy
sets [X, SU(n)] where X is a sphere or a suspension of CP?. Theorem 1.1(a)—(b)
are much stronger reformulations of their result at odd primes. We obtain part (a) by
closely examining a map constructed by Toda [24] to give a topological proof of Bott
periodicity. The restriction to n < (p — 1) + 1 in parts (b) and (c) arises from the fact
that for these 7 the space SCP"~! “generates” SU(n) in a sense that will be made
precise in Section 5. Part (d) follows as a consequence of part (c) and other general
results, to be discussed in Section 6.
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2 Gauge groups and function spaces

In this section we discuss some general results that translate the study of gauge groups
into that of function spaces, which is more suited to topological methods. This holds
for any simply connected, simple compact Lie group G, so it is stated that way. Since
[S*, BG] = Z, principal G-bundles over S* are classified by their second Chern
class, which can take any integer value. Let Py — S* be the principal G—bundle
corresponding to k € Z, and let G (G) be its gauge group. As this is a group it has a
classifying space BG(G).

Let Map(S*, BG) and Map*(S*, BG) respectively be the spaces of freely continuous
and pointed continuous maps between S* and BG. The components of each space
are in one-to-one correspondence with the integers, where the integer is determined
by the degree of a map S* — BG. By [3] or [1], there is a homotopy equivalence
BG(G) ~ Map (S*, BG) between BGy(G) and the component of Map(S*, BG)
consisting of maps of degree k. Evaluating a map at the basepoint of S*, we obtain a
map ev: BGr(G)-=% BG whose fibre is homotopy equivalent to Mapj (S* BG). Itis
well known that each component of Map*(S*, BG) is homotopy equivalent to QSG,
the component of Q3G containing the basepoint. Putting all this together, for each
k € Z there is a homotopy fibration sequence

(1) G5 Q3G — BGL(G) > BG,

where 0y, is the fibration connecting map. In particular, the gauge group G (G) is the
homotopy fibre of dy, and it is by understanding the map d; that information will be
deduced about G (G).

Note that, while the components of Map*(S*, BG) are all homotopy equivalent, the
same need not be true for the components of Map(S*, BG). For example, in [25; 26]
it was shown that there is a homotopy equivalence

Map, (S*, BSU(2)) ~ Map,(S*, BSU(2))

if and only if £k = +k’. However, many components become homotopy equivalent
after looping. In the SU(2) example, Kono [14] showed that QMapy (S*, BSU(2)) ~
QMapy/ (S*, BSU(2)) (ie Gk (SU(2)) ~ Gx/(SU(2))) if and only if (12, k) = (12, k).
This example also shows that Theorem 1.1(d) likely cannot be upgraded to a statement
about the classifying spaces of the relevant gauge groups.
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The triple adjoint of d; was described in [15, Theorem 2.7]. More precisely, the
homotopy class of a homotopy fibration connecting map is determined only up to
self-homotopy equivalences of its domain and range; in [15, Theorem 2.7] it was shown
that choices of self-homotopy equivalences could be made which allow for the triple
adjoint of dz to be described in terms of Samelson products. In fact, in [15] a four-fold
adjoint is taken using the fact that G >~ Q BG, and this four-fold adjoint is described
in terms of Whitehead products. We choose for ease of presentation to use only a
three-fold adjoint, which is described in terms of a Samelson product.

Let i: S3 — G be the inclusion of the bottom cell and let 1: G — G be the identity
map. In general, for an H—space Y, let k: ¥ — Y be the k""—power map.

Lemma 2.1 The triple adjoint of the map G e, q 3G is homotopic to the Samelson

productS3/\GM>G. m|

The linearity of the Samelson product implies that {(k oi, 1) >~ ko (i, 1). Taking adjoints
therefore implies the following:

Corollary 2.2 There is a homotopy d; ~ k 0 d1. |

In what follows we will prove results about the order of d; by proving them about the
order of (7, 1).

3 Properties of Toda’s map

Take cohomology with Z—coefficients. Recall that H*(CP*°) =~ Z|x], where x
has degree 2. Write ox’ for the image of x’ under the suspension isomorphism
H? (CP®) =5 H?+1(ZCP). In his topological proof of Bott periodicity, Toda [24]
constructed a map

f: 23CP® — TCP™®

3

with the property that f*(ox™) = mo3x™~! for m > 2. Composing, we obtain a

composite
2
g 235Cp® ZL, s3cpe L, yop®
with the property that g*(ox™) = m(m — 1)a>x™~2 for m > 3.

Let
gon+1: ES(CPn_z — XCP"
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be the restriction of g to (2n-+1)—skeletons. Then skeletal inclusions give a commuta-
tive square:

sscpr3 B2l s opr!

| l

sscpr-1 220, s oprtl

Let X"*t1 = CP"*!/CP""! be the stunted complex projective space. The commuta-
tivity of the preceding square implies that there is a homotopy cofibration diagram

»scpr3 £, siopr!

»Scpr! &2n+3 S Cprt!
2)

ZSX"_I 82n+3 EXn—H

s6Cpr—3 282l socpn-l

for some map g2,+3-

We describe some properties of X”+! and g5, 3. The quotient map CP"*t! - x7+1 =
CP"*!/CP"! induces amap H*(X"T1)— H*(CP"*!). A straightforward long ex-
act sequence argument immediately shows that H*(X"*1) =~ Z{y,, v,11}, where y,
and y, are the images of x” and x” T, respectively. The homotopy commutativity
of the middle square in (2) and the description of g* immediately imply the following:

Lemma 3.1 We have:

(a) (§2n+3)*(UJ’n) =n(n— I)USJ’n—Z-
) (Z2043)* (OYnt1) =+ Dno’y,_y. m]

It is useful to identify the homotopy type of X”T!. Observe that X”*! has a CW—
structure consisting of two cells, one each in dimensions 27 and 2n + 2. The structure
of the Steenrod algebra on CP” +1 (see [27, Chapter VIII, Theorem 9.2], for example)
implies that there is a S¢? connecting the two generators in H*(X"1;7Z/27) if and
only if 7 is odd. Also, S¢? detects the stable generator 1, of m,,41(S™) = Z /27
(see [27, Chapter VIII, Corollary 8.8], for example). As the cofibre of 7,, is =" 2CP?,
we obtain the following:

Algebraic € Geometric Topology, Volume 17 (2017)



1136 Stephen Theriault

Lemma 3.2 We have:
(a) Ifn is odd then X"+! ~ $2n=2CPp2,
(b) Ifn iseven then X"T1 ~ §27\ §2n+2, m]

At this point we localize at an odd prime p; the explanation as to why this is done will
be deferred to Remark 4.5. At odd primes, the map 71, generating the stable group
Tma1(S™) = 7 /27 is null homotopic. Thus " 2CP? ~ $™ v §™+2 for m > 3.
Consequently, Lemma 3.2 implies the following:

Corollary 3.3 Localize at an odd prime p. Then X1 ~ §27\ §21n+2 a

By Corollary 3.3, the map X7~ 1 £2253, 5 yn+1 g 4 self-map of $27+1 v 273,
This lets us determine the homotopy class of g,,+3. In general, suppose that there is a
map h: S™v §™t2 5 8™y §M+2 where m > 3. Let &y and /5, be the restrictions
of h to S™ and S™12 respectively. The map h: S™ — S™ v §™%2 is determined
by pinching to S™ and S”%2. The pinch map to S™ is a map of some degree,
say dy, and the pinch to ™2 is null homotopic for dimensional reasons. Thus & ~
dy + *. Since m > 2, the Hilton—Milnor theorem implies that 77,4, (S™ Vv S"12) ~
a2 (S™) ® 7 12(S™F2). Therefore, the map hy: S22 — S™ v §™+2 s also
determined by pinching it to S and S”2. The pinch map to S™ is an element of
Tm42(S™) 22 0 (at odd primes) and the pinch map to $™%2 is a map of some degree,
say d,. Therefore hy >~ * + d,. Thus h >~ dy v d,. In particular, the homotopy class
of h is determined by the map it induces in cohomology. Hence, from Lemma 3.1 we
immediately obtain the following:

Lemma 3.4 Localize at an odd prime p. The map £° X" &2nt3, 5 xn+1 s homo-

topic to the wedge of degree maps d; \V dy, where dy =n(n—1) and dy = (n + 1)n.
O

4 An upper bound for the order of 9, in the unitary case

We wish to estimate the order of the map SU(n) g (3)SU(n). By Lemma 2.1, it is
equivalent to calculate the order of the Samelson product S3 A SU(n) RULVIN SU(n).
Let SU(oc0) be the infinite special unitary group and let ¢ be the standard inclusion
t: SU(n) — SU(00). There is a homotopy fibration sequence

Q(SU(o00)/SU(n)) — SU(n) - SU(00) — SU(c0)/SU(n).

Since ¢ is a group homomorphism, it is an H —map, and so it commutes with Samelson
products. That is, o (i,1) ~ (¢t oi,t). Since SU(0c0) is an infinite loop space, it is
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homotopy commutative. Therefore the Samelson product (¢ oi,¢) is null homotopic,
implying that there is a lift
§2(SU(00)/SU(n))

o

1
S3 ASU(n) —————— SU(n)
for some map A.

There is a canonical map
Ju: TCP"! 5 SU@n),

which induces an epimorphism in cohomology (see [27, Chapter VII, Section 4.6], for
example). Let
gn: CP"1 5 xnl = cp"~l/cp"—3

be the quotient map. Observe that Q2(SU(c0)/SU(n)) is (2n—1)—connected. Therefore,
the restriction of the composite S3AZCP"™! Nin, g3 /\SU(n)LQ(SU(oo)/SU(n))
to S3 A XCP"3 is null homotopic. This implies that there is a homotopy commutative
diagram

S3ATX" ! 2, Q(SU(00)/SU(n))

LA jn i1
SIascpt A g3 A SU(n) ey SU(n)
for some map v. Hamanaka and Kono [5, Proposition 5.2] showed that A can be
chosen so that A* o (1 A j,)* is a degree 1 isomorphism in dimensions 2n and 2n + 2.
The homotopy commutativity of the left square in (3) therefore implies that v* is a
degree 1 isomorphism in dimensions 2xn and 2n + 2.

Let Y be the (2n+2)—skeleton of Q(SU(c0)/SU(n)) and let v: Z4 X"~ — Y be the
factorization of v through the (2n+-2)—skeleton. An integral homology Serre spectral
sequence calculation for the homotopy fibration QSU(c0) — 2(SU(c0)/SU((n)) —
SU(n) immediately shows that Y can be given a CW —structure with two cells, one
each in dimensions 2n and 2n 4 2. Localized at an odd prime this implies that ¥ ~
S§21v §21+2 Thus v is a self-map of §27Vv§2"*2 5o arguing as for Lemma 3.4 shows
that v is homotopic to a wedge of degree maps. Since v* is a degree 1 isomorphism
in dimensions 27 and 27 + 2. Hence, including Y into Q2(SU(c0)/SU(n)) we obtain
the following:

Lemma 4.1 The map 24 X"~ ! 5 Q(SU(c0)/SU(n)) induces a degree 1 isomor-
phism in cohomology in dimensions 2n and 2n + 2. |
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We now assemble several pieces of information, aimed at establishing the homotopy
commutativity of (10). The naturality of the Samelson product implies that the compos-
ite S3ASCP! L0dny §3 4 SU(n) RULIN SU(n) is the Samelson product (7, jy).
Notice that the map Q(SU(c0)/SU(n)) — SU(n) is a loop map. So we can take the
adjoint of diagram (3) to obtain a homotopy commutative diagram

s5x7=1 ¥, SU(00)/SU(n)

4) zsqﬁ l
sseprt L pstm)

—_—

where (i, j,) and ¥ are the adjoints of (i, j,) and v, respectively.

On the other hand, by Corollary 3.3, £ X"~ 1 ~ R X"+l ~ §2n+1y §2143 and by
Lemma 4.1, ¥ induces a degree 1 isomorphism in cohomology in dimensions 27 + 1
and 2n + 3. So we may choose a homotopy equivalence X3 X"~ ~ £ X"+ 5o that
there is a homotopy commutative diagram

ESCPn_l ESXH_I

®) Lz \
X"t L, SU(00)/SU(n)

where ¢ is the inclusion.

Next, the map SCP""! LN SU(n) is natural with respect to the usual inclusion of
SU(n) into SU(n+1). Let j be the composite SCP"*! ﬂ>SU(n 4+ 2) = SU(00).
Consider the diagram:

Xqn+2
scpr! — »cprt! — 5 pyxntt —  w2epr!

O

SU(n) —— SU(c0) —— SU(c0)/SU(n) —— BSU(n)

The left square commutes by the naturality of j,. As the top row is a homotopy
cofibration and the bottom row is a homotopy fibration, the homotopy commutativity
of the left square induces the middle square and right square for some maps a and b. It
is standard that the CW—structure of SU(c0)/SU(n) is taken so that « is the inclusion
of the (2n+3)—skeleton. The Peterson—Stein formulas (see [8, Formula 3.4.2]) imply
that the map b may be taken to be the adjoint j, of j,. Therefore, reorienting the
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right square in the previous diagram, we obtain a homotopy commutative square:

X"t 2, SU(c0)/SU(n)

(6) l ~ l

s2cp! — " . BSU®)

The last preparatory step is to manipulate degree maps on X°CP"~!. By [17], there is
a p-local homotopy equivalence

p—1
SCP" ! ~ \/ A;,

i=1

where H*(A;;7Z/pZ) consists of those elements in H*(SCP""!;Z/pZ) that are
in degrees of the form 2i 4+ 2(p — 1)k + 1 for some k > 0. Select indices iy and i,
such that 2iy+2(p—1)kog+1=2n—3 and 2i; +2(p—1)k; + 1 =2n—1 for some
integers ko and k. Then A4;, and A4;, inherit the mod-p cohomology generators of
SCP"! in degrees 2n — 3 and 2n — 1, respectively. For dimension and connectivity
reasons, there is a homotopy commutative diagram

S
sCp! 1 T xn-!

) Lz llz

-1 0 i Vi _ _
;-Dzl Ai —)Aio\/Ail —>S2n 3 \/Szn 1

where Q is the pinch map onto the two designated summands and ¢;, and ¢;, are the
pinch maps onto the top cells of A;, and A;, , respectively. Let ) be the composite

p—1
~ 4
7. BSCP 2 \/ 2y ZL wh g v st A, DY s v s,

i=1 p—1

< \/ %4, S 2cp

i=1
where d; =n(n—1) and d, = (n + 1)n are the degree maps. Notice that all the maps
in the composite defining y are suspensions and so they commute with degree maps.

Therefore, the definition of y and (7) imply that there is a homotopy commutative
diagram:
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sscpr!l Y ysopr!

JESqn JESQn

®) IED IED

f !

g2n+1 ., g2n+3 divds g2n+1 ., g2n+3

It is also useful at this point to define the map y by the composite
p—1 $40
y: DSCP s \/ 2t 2 wh gy v st ey, DY s, v Bty
i=1
p—1
— \/ 24, = £cp,
i=1
where d = n(n> —1). As before, the definition of y and (7) imply that there is a
homotopy commutative diagram:

sscp! L ssepr!

©) lESQn stqn

d
S X —— X,

Now we put things together. Consider the diagram:

sscp-! 7, sscpr!
qun
=5, ESXn_l

(10) ? v

82n+3

¥ xn-l yxtl 2 5 SU(c0)/SU(n)

L

s2cpl — 2 BSU®)

2 Xgon—
yocpr—3 22l

The upper left rectangle homotopy commutes by (8) and the description of g3,43
in Lemma 3.4; the upper right triangle homotopy commutes by (5); the lower left
square homotopy commutes by (2); and the lower right square homotopy commutes
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by (6). Thus the entire diagram homotopy commutes. In the upper direction around
the diagram, by (4) the composite

ssCpr! Zn, 55 yr=1 T, §U(c0)/SU) — BSU(n)

is homotopic to m , SO the upper direction around the diagram is homotopic to
(/i,\/jn) oy . On the other hand, in the lower direction around the diagram the left column
is null homotopic since it is two consecutive maps in a homotopy cofibration. Therefore
(i, ju) oy is null homotopic.

Lemma 4.2 Localize at an odd prime p. The map Z3CP"™! Abin) —==> BSU(n) has
order dividing n(n> —1).

Proof We wish to show that the composite X°CP"~! 4, sscprt lbin), —=> BSU(n)
is null homotopic, where d = n(n?> — 1). For convenience, label the map from
SU(00)/SU(n) to BSU(n) by §. Consider the string of homotopies

(i, juy od ~ 80V 0Xguod ~8oVodoXq, ~80V0X’g0oy =~ (i, ju) o).
From left to right, the first homotopy holds by (4), the second holds since maps which
are suspensions commute with degree maps, the third holds by (9), and the fourth holds
by (4). Observe that, by its definition, y factors through y . Therefore, as (i, ju) oy is
null homotopic, so is (i, j,) oy. Hence (i, j,) od is null homotopic, as asserted. O

Recall that, by definition, (i, j,) is the adjomt of the Samelson product (i, jn), which is
homotopic to the composite S A ZCP" ! An, 3 5 SU(n) UTVIN SU(n). Therefore
Lemma 4.2 immediately implies the following:

Corollary 4.3 Localize at an odd prime p. The composite S 3axcprt e
S3 ASU®n) AN SU(n) has order at most n(n> —1). |

Also, the map (i, 1) is the triple adjoint of the map SU(n) 1y QSSU(n). Therefore,
Corollary 4.3 implies the following:

Proposition 4.4 Localize at an odd prime p. The composite XCP" ™! LN SU(n) LN
QSSU(n) has order at most n(n*> —1). a

Remark 4.5 It is unclear whether an analogue of Proposition 4.4 holds at the prime 2.
Atodd p the splitting SCP" ! ~ \/p ! A; lets us work with the two different degree
maps dy =n(n—1) and dp = (n + l)n on $2"*1 and §2"*3 separately. However,
at 2 there is no such splitting of SCP"~! | so it is unclear how a map 7 can be defined
S0 as to obtain a diagram as in (8).
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5 Retractile Lie groups and an upper bound for the order
of 81

This section is aimed at proving parts (b) and (c) of Theorem 1.1. To do so we consider
those n for which SU(n) has the special property of being retractile (a term defined
in a moment). The results in this section hold in more generality than just the SU(#n)
case, so they are stated this way. Throughout this section spaces and maps have been
localized at an odd prime p and homology is taken with mod-p coefficients.

Definition 5.1 An H-space B is retractile if there is a space A andamap i: A — B
with the following properties:

(i) There is an algebra isomorphism Hy(B) = A(ﬁ* (A)).
(i1) ix is the inclusion of the generating set in homology.

(iii)) The map ¥4 ZL ¥ B has a left homotopy inverse.

Many simply connected, simple compact Lie groups are retractile. In [20] it was shown
that the retractile cases are:

SU(n). n<(p-D*+1; Gy, F4. Es, p>3;
Sp(n), 2n<(p—1)2+1; E;, p=>5;
Spin(2n + 1), n<(p—1>2+1; Es., p>T

Spin(2n), 2n—1)<(p-1)>*+1;
further, in each of these cases the space A is a co-H —space.

Let G be a simply connected, simple compact Lie group which is retractile. Recall the
map G —> Q2 G from Section 2. Define the map 9; by the composite

9456036,
We will prove the following, which relates the order of d; to that of 9

Proposition 5.2 Let G be a retractile, simply connected, simple compact Lie group.
If p" o dy is null homotopic then so is p” 0 0.

Proposition 5.2 is very useful, in practise it tends to be much easier to prove facts
about 9; rather than 9;. The proposition says that this is good enough. Granting
Proposition 5.2, we obtain the following corollary, which lets us go on to prove
Theorem 1.1(a)—(c).
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Corollary 5.3 Let G be a retractile simply connected, simple compact Lie group.
Then 01 has order p” if and only if d, has order p”.

Proof If 0, has order p" then, as 9, factors through 9, the order of 9y is at most p".
Conversely, if 9 has order p” then by Proposition 5.2 d; has order at most p”. Hence,
if @ and b are the orders of d; and 91, respectively, then a < b < a, implying that
a=hb. m|

Proof of Theorem 1.1(a)—(c) Part (a) is the statement of Corollary 4.3. For part (c),
SU(n) is retractile if 7 < (p—1)? 4+ 1, and in this case the space 4 is XCP"~! and the
map i is the map SCP"~'2>SU(n). Therefore the composite SCP"~! In ~SU(n )—>
QSSU(S) is 3;. Let p” be the p—component of n(n%—1). By Proposition 4.4, p” 09,
is null homotopic, so Proposition 5.2 implies that p” o d; is null homotopic. By [6,
Theorem 2.4 and Lemma 2.5], d; has order at least p”. Therefore the order of 0,
equals p”. This proves part (c), and part (b) now follows by Corollary 5.3. a

It remains to prove Proposition 5.2. To do so we describe a homotopy decomposition
of X G which is designed to behave well with respect to p” o d1. In [4] it was shown
that if G is retractile then XG ~ ¥ A v C, where C can be chosen so that it factors
through the Hopf construction on G. We need a refinement of this, so the construction
will be described in more detail.

In general, let X and Y be path-connected, pointed spaces and let / be the unit
interval. The reduced join of X and Y is the quotient space X Y = (X xY x[)/~,
where (x,y,0) ~ (x,),0), (x,p,1) ~ (x’, y,1) and (%, *,t) ~ (*,*,0) for all
x,x' €X, y,y €Y and t € I. The reduced suspension X (X x Y) is also a quotient
of X xY x1I,givenby Z(X xY)=(XxY x1I)/~', where (x, y,0)~ (x',),0),
(x,y, 1)~ (x',y',1) and (*, *,1) ~' (*, %,0). The relations imply that the quotient
map from X x Y x [ to (X x Y) factors through X * Y. Thus there is a map
X *xY - X (X xY). Note that thls map is natural in both variables. Note also that the
composites X x ¥ — X (X x Y) ——>¥X and X %Y — X (X x Y) —=>3Y are
null homotopic, where 7; and 7, are the projections onto the first and second factors,
respectively. There is also a natural homotopy equivalence XX AY >~ X % Y (see [18,
Proposition 7.7.1], for example), so we obtain a natural map

(11) SXAY - (X xY),

which composes trivially with ¥7; and Xm,. Iterating, if Xy,..., X} are path-
connected, pointed spaces then there is a map

(12) SX) A A Xe = S(X) % x Xp)
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which is natural in all k variables. In particular, if X *k is the Cartesian product of k
copies of X with itself and XK is the k—fold smash product of X with itself, then
there is a natural map X% — x>k

Suppose now that X is an H —space with multiplication pu: X x X — X . Let u* be
the composite

LESXAX 5D xX)ZA sx.

This composite is known as the Hopf construction on X . In particular, if G is

a simply connected, simple compact Lie group then there is a Hopf construction
*

TGAGES 3G,

Now we bring in the space 4. As G is homotopy associative, the James construction [9]
implies that the map 4 —> G extends to an H-map j: 254 — G. By the Bott—
Samelson theorem, there is an algebra isomorphism H,(QXA) = T(fl* (A)), where
T(-) is the free tensor algebra functor. Since G is retractile, there is an algebra
isomorphism Hy(G) = A(fl* (A)); observe also that A(Ii.< (A4)) = S(ITL.< (A)), where
S(-) is the free symmetric algebra functor. Since j is an H—map, jx is an algebra map
and so is determined by its restriction to the generating set H, (A) of T (FI* (A)). Since
j is an extension of i and i, is the inclusion of the generating set into A(H, (A)) =~
S(ﬁ* (A)), the map jx is therefore the abelianization of the tensor algebra. Let m
be the number of generators in H, (A). For 1 <k <m, let My be the submodule
of Hy(G) = A(fl* (A)) consisting of monomials of length k. Observe that there is a
module isomorphism Hy(G) =~ Py M.

Let E: A — Q3 A be the suspension map. Let Ej be the composite
Ep: R ES @z Ak a4,

where the left map is the iterated loop space multiplication. In [4] it was shown
that if 1 < k < m then there is a retract Si(A4) of TA™¥ such that S;(4) = T A,
H,(S;(A4)) = ¥ M}, and the composite

dr: Sp(A) = SAN sk ZEk s o5 B v

induces an isomorphism onto the submodule XM of Hy(XG). Taking the wedge
sum over 1 <k <m gives a map

¢: \/ Sk(4) > =G
k=1

which induces an isomorphism in homology and so is a homotopy equivalence. Notice
that, when k = 1, we have S1(4)= X4 and ¢; ~ Xi. Thusif welet C =\/}_, Sk (A4)
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then there is a homotopy equivalence
s4vC -2 5B,

where ¢ restricted to X A4 is ¢; >~ 3i. The refinement on ¢ we need is to show that
its restriction to C factors not just through the Hopf construction XG A G £ £G, as
stated in [4], but through the composite

i*: G A A2 564G ES 36,

Lemma 5.4 The restriction of the homotopy equivalence ¥ A v C 2, G to C factors
through j1*.

Proof Consider the diagram

S (A) —s Ak ZE 5 o gy E s Gk

lkl

kZE s @z ayk 2 sk

Yk Epk

z
QYA — 2G

where iy is the iterated multiplication on 23 A4 and G (both of which are homotopy
associative, so the order in which the multiplication is taken is irrelevant). The two
upper squares homotopy commute by the naturality of (12), the left lower triangle
homotopy commutes by the definition of Ej, and the lower right square homotopy
commutes since j is an H—map. By the definition of ¢y, the lower direction around
the diagram is X¢y . On the other hand, since j o £ ~ i, if k > 2 then the upper
direction around the diagram can be rewritten as the composite

A(k—1)
Sp(A) = SAN T AL s grlk=D ) g mgxkeD ) g ZHN s G A

ZM, 56 A G 36,
Notice that the last two maps in this composite define *, so the homotopy commuta-

tivity of (13) shows that ¢y, factors through *. |

Now we relate the homotopy equivalence for £ G to the order of the boundary map
G QSG. In general, if QB — F — E — B is a homotopy fibration sequence
then there is a homotopy action

0: QBxF —> F
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such that the restriction of 6 to QB is d, the restriction of 6 to F is the identity map,
and there is a homotopy commutative diagram:

QBxQB -~ QB

(14) llxa la
9

QBXF —F

. d . . . .
In our case, since G —> QSG is a homotopy fibration connecting map there is a
homotopy action §: G x Q3G — Q2G.

Let ev: EQ%G — Q2G be the canonical evaluation map. For an H—-space X, recall
that p”: X — X is the p"—power map. For a co-H —space Y, let p": ¥ — Y be the
map of degree p”. Recall that d; is the composite

e A-5e 2l
Let
¢pc: C - XG

be the restriction of the homotopy equivalence X4 v C 2,%G to C.

Lemma 5.5 Let G be a retractile, simply connected, simple compact Lie group.
Suppose that p” o 0 is null homotopic. Then for 2 < k < m the composite

285620 5036 <% 26 25 Q26
is null homotopic.

Proof Consider the diagram

GxA—" .G

GxA i
1xi

1X31 3
GxG——GxQG
14 6

d
G ——— Q3G

where m; is the projection onto the first factor and i; is the inclusion of the first
factor. Since d; = d o1, the hypothesis that p” o d; is null homotopic implies that the
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upper rectangle homotopy commutes. The lower square homotopy commutes by (14).
Suspending and using the naturality of (11) and the definition of u*, we obtain a
homotopy commutative diagram:

SGAA —— 3 S(GxA) — T 56
lz(mﬂ) Z(1xp")
YSGAA—3Z(GxA) iy
»(1xi)
N\ E(Ex6) 2, 56 x 236)
zu X0
56— v —2 Q%G

By (11), the composite along the top row is null homotopic. Thus the lower direction
around the diagram is null homotopic. Observe that the map X1 A p” is homotopic to
the degree p” map on G A A, so we obtain a null homotopy for evoXd; o wr*oph.
In [X X, QY] the group structure induced by the comultiplication equals that 1nduc_ed
by the multlphcatlon SO we obtaln a null homotopy for the composite 3G A 4 TN
PNCRRLING y 93 G QZG LN Q2G. By Lemma 5.4, the restriction of the homotopy
equivalence EA vC -2 3G to C factors through *. Thus the composite

c2s 3620 50362 26 £ Q%6

is null homotopic. |
Putting all this together, we prove Proposition 5.2:

Proof of Proposition 5.2 Consider the composite

v 3AvC -5 356 -2 036 < 026 25 026.

The restriction of ¢ to XA is homotopic to Xi, and by definition 9 =09,0i.So
the restriction of ¥ to £ A is homotopic to p” oevo ¥9d;, which is null homotopic
since p” 09 is null homotopic. By Lemma 5.5, the hypothesis that p” o 91 is null
homotopic implies that the restriction of ¥ to C is null homotopic. Thus ¥ is null
homotopic. As ¢ is a homotopy equivalence, this implies that p” oevo X9 is null
homotopic. Taking adjoints, we obtain that p” o d; is null homotopic. |
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6 Applications to gauge groups

The first application is to prove Theorem 1.1(d) by counting the number of distinct
homotopy types of gauge groups. This requires two known results. Hamanaka and
Kono [6] proved the following:

Theorem 6.1 If G;(SU(n)) =~ Gy (SU(n)) then (n(n>—1,k) = (n(n®>—=1),k'). O

Theorem 6.1 improved an earlier result of Sutherland [19] by a factor of 2 in the case
where 7 is odd. On the other hand, the author [21] proved the following. For positive
integers a and b, let (a, b) be their greatest common divisor.

Theorem 6.2 Let X be a space and Y be an H —space with a homotopy inverse.
Suppose there is a map X ¥ of order m, where m is finite. For a positive integer
k >0, let F;, be the homotopy fibre of k o f. If (m,k) = (m,k’) then F} and Fy/
are homotopy equivalent when localized rationally or at any prime. |

Proof of Theorem 1.1(d) Consider the map SU(n) RIN QSSU(n). By Lemma 2.1,
k 001 ~ 9y, and recall that the homotopy fibre of d; is Gx(SU(n)). Localize at an odd
prime p. If n < (p—1)? 4 1 then Theorem 1.1(c) says that d; has order n(n?> —1).
So, by Theorem 6.2, if (n(n>—1), k) = (n(n>—1),k’) then Gx(SU(n)) =~ G (SU(n))
when localized at any odd prime. The converse is Theorem 6.1. |

The next application is to a p—local homotopy decomposition of G (SU(#n)). Assume
from now on that all spaces and maps are localized at p. In [16] it was shown
that there is a homotopy equivalence SU(n) ~ ]_[f:ll B;, where the generators of
H*(B;;Z/] pZ) are those of H*(SU(n); Z/ pZ) which occur in dimensions of the form
2i+2(p—1)t+1 forsome ¢t > 0. Let iy and i; be such that 2n—3 =2ig+2(p—1)ty+1
and 2n—1=2i1 +2(p—1)t; + 1 for some integers ¢y and #;. In what follows, when
we write By, andi = p—2 or p—1 we mean By or B;, respectively. In [22] in
the retractile case and in [11] in the general case it was shown that there is a homotopy
equivalence
p—1

(15) Gr(SU(n)) ~ ( I] Bix QgB,-+2) X Xiy % Xi, .

i;é?)}i 1
where for j € {ig,i;} there are homotopy fibrations QgBj+2 — X; — Bj.

The extra information we can now add is when the spaces X;, and X; decom-
pose as products. If SU(n) is retractile and k is a multiple of n(n?> — 1) then,
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by Theorem 1.1(c) and Lemma 2.1, d; >~ k o d; is null homotopic. Therefore,
G, (SU(n)) ~ SU(®) x QéSU(n), implying that there are homotopy equivalences
Xiy > BiyxQ2* B 42 and X;, ~ B; xQ¢ B;, 4. On the other hand, by Theorem 1.1(d),
there is a homotopy equivalence Gy (SU(n)) >~ SU(n) x QgSU(n)) if and only if k is
a multiple of n(n? —1). Hence if k is not a multiple of n(n? — 1) then there cannot be
simultaneous homotopy equivalences Xj, =~ Bj, xQ*B; 4> and X;, ~ B;, xQ23 B, 4».
Thus we obtain the following:

Theorem 6.3 Localize at an odd prime p and suppose n < (p —1)%> + 1. Then in (15)
there are homotopy equivalences X, >~ Biy x Q*Bj 4> and X;, ~ B;, x Q4 B; 4, if
and only if k is a multiple of n(n®> —1). |
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