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Grid diagrams and Manolescu’s unoriented
skein exact triangle for knot Floer homology

C-M MICHAEL WONG

We rederive Manolescu’s unoriented skein exact triangle for knot Floer homology over
[, combinatorially using grid diagrams, and extend it to the case with Z coefficients
by sign refinements. Iteration of the triangle gives a cube of resolutions that converges
to the knot Floer homology of an oriented link. Finally, we reestablish the homological
o —thinness of quasialternating links.

57R58; 57M25, 57TM27

1 Introduction

Heegaard Floer homology was first introduced by Ozsviath and Szabd [16] as an
invariant for 3—manifolds, defined using holomorphic disks and Heegaard diagrams. It
was extended by Ozsvath and Szabé [15], and independently by Rasmussen [19], to
give an invariant, knot Floer homology, for nullhomologous knots in a closed, oriented
3—manifold, which was further generalized by Ozsvath and Szabé [18] to the case of
oriented links. Knot Floer homology comes in several flavors; its most usual form,
Pfﬁ((L) for an oriented link L, is a bigraded module over F, = Z /27 or Z, whose
Euler characteristic is the Alexander polynomial. For the purposes of this paper, we
shall only consider links in S3.

A combinatorial description of knot Floer homology over [F, was given by Manolescu,
Ozsvéth and Sarkar [11], and Manolescu, Ozsvéth, Szabé and Thurston [12], using
grid diagrams, which are certain multipointed Heegaard diagrams on the torus. In
this approach, one can associate a chain complex 66(@) to a grid diagram G, and
calculate its homology E}\ﬁ(G). Sign refinements for the boundary map d are also
given in [12] in a well-defined manner, allowing the chain complex to be defined over Z.
If G is a grid diagram for a link L of £ components, with grid number n, then

GH(G)~GH(L)® V",

where V' is a free module of rank 2 over the base ring R =, or Z, and Gﬁ(L) is
a link invariant, called the combinatorial knot Floer homology or the grid homology
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of L. Over [, aﬁ(L) is isomorphic to I-fﬁ((L); over Z, it has been shown by
Sarkar [21] that GH(L) is isomorphic to HFK (L, 0) for some orientation system o.

Ozsvath and Szabo [17] observed that Heegaard Floer homology of the branched
double cover HF( 3. (L)), like Khovanov homology Kh(L) (see Khovanov [6; 7]
or Bar-Natan [3]), satisfies an unoriented skein exact triangle. Manolescu [9] then
showed that over IF,, knot Floer homology also satisfies an unoriented skein exact
triangle. More precisely, let Lo, be a link in S*. Given a planar diagram of Lo, let
Lo and L be the two resolutions of L at a crossing in that diagram, as in Figure 1.
Denote by £+, £¢ and £; the number of components of the links Lo, Lo and L
respectively, and set m = max{{oo, {9, {1}.

AN S
NN

Lo Ly Ly

Figure 1: L, Lo and L; near a point

Theorem 1.1 (Manolescu) There exists an exact triangle

+ = HFK(Looi F2) ® V™ > — HFK(Lo: Fy) ® V"™~ %0
—HFK(L1;F) @ V"4 — ...

where V' is a vector space of dimension 2 over [F,.

Remark 1.2 The arrows in the exact triangle point in the reverse direction from those
in [9]; this is caused by a difference in the orientation convention. We follow the
convention in [15] and [11; 12], where the Heegaard surface is the oriented boundary
of the handlebody in which the o curves bound discs.

Manolescu observed that the exact triangle above is different from that of ﬁfl(L) and
ﬁf(—E (L)) in that it does not even respect the homological grading modulo 2, and
that it is unclear whether an analogous triangle holds for other versions of knot Floer
homology. He also used the exact triangle to show that rk PTF\K(L; F,) =21 det(L)
for quasialternating links, which explains the fact that Kh and HFK have equal ranks
for many classes of knots.

The goal of the present paper is to reprove Manolescu’s theorem in elementary terms
using grid diagrams, without appealing to the topological theory. The advantages of
this approach are threefold.
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First, Manolescu’s skein exact triangle was proven in [9] to exist over [F,. By assigning
signs to the maps between chain complexes, we can obtain an analogous exact triangle
in combinatorial knot Floer homology with Z coefficients, which was not known to
exist before. In other words, we obtain the following statement.

Theorem 1.3 For sufficiently large n, there exists an exact triangle
++—>GH(Loo; R)® V" b 5 GH(Lo; R)® V"% - GH(L;; A)Q V"™t ...,
where R =1, or Z, and V is a free module of rank 2 over R.

Second, the exact triangle was iterated by Baldwin and Levine [2] to obtain a cube
of resolutions; when using twisted coefficients, this gives a combinatorial description
of knot Floer homology, distinct from that provided by grid diagrams. In the present
context, knowing explicitly the maps between the chain complexes associated to the
grid diagrams, we can likewise iterate the exact triangle to get a cube of resolutions
complex CR(G) over F,, with untwisted coefficients. The higher terms in the resulting
spectral sequence are combinatorially computable.

Corollary 1.4 The cube of resolutions CR(G F,), which has no diagonal maps, gives
rise to a spectral sequence that converges to GH (L;Fy) @ Vm=t,

Note that the spectral sequence is presumably not a knot invariant; see [2, Remark 7.7].

The technique of spectral sequences was first used by Ozsvéath and Szabé in [17],
where a spectral sequence from ﬁl(L) to ﬁ?(—E(L)) was shown to exist. More
recently, Lipshitz, Ozsvath and Thurston [8] have found a way to compute the higher
terms in this spectral sequence using bordered Floer homology. Inspired by this work,
Baldwin [1] has found another method of computing these higher terms.

Third, there exists a 6—grading on HFK, and Manolescu and Ozsvéth [10] investigated
the §—grading changes in the skein exact triangle [10, Proposition 3.9]. This result
allowed them to apply the skein exact triangle to quasialternating links, to show that
such links are Floer homologically o—thin over F,. The §—gradings can also be
determined in the combinatorial picture; doing so, we prove a generalization of the
statement of Floer homological o —thinness to Z.

Theorem 1.5 Suppose that det(Lg), det(L) > 0 and det(L ) = det(Lg)+det(Ly).
Then with respect to the § —grading, the exact sequence in Theorem 1.3 can be written as

“_>GI\—I*—%U(L1)(L1;R)®VH_ZI _)@*—%U(Loo)(LOO’R)® Vn_eoo
— (/}ﬁ*_%U(LO)(LO; R)® V"—lfo — @*—%0(L1)+1(L1; R)® Vn—lil — e,

where R =F, or Z, and V is a free module of rank 2 over R with grading zero.
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Theorem 1.6 Quasialternating links are Floer homologically o —thin over Z..

This paper is organized as follows. We review the definition of knot Floer homology in
terms of grid diagrams in Section 2, and reprove the skein exact triangle in Section 3.
In these two sections, we will work only over F,. Sign refinements are then given in
Section 4 to establish the analogous result over Z. Next, we discuss how the exact
triangle can be iterated to obtain a cube of resolutions over [F, in Section 5. Finally,
we establish the homological o —thinness of quasialternating links over F, and Z in
Section 6.

Acknowledgements The author is very grateful to John Baldwin for his suggestion
of the topic of the paper, and is indebted to John for many essential ideas in the text.
He also thanks John Baldwin, Robert Lipshitz and Peter Ozsvéth for their guidance.
He thanks Ciprian Manolescu for a helpful conversation, and Gahye Jeong for pointing
out a previously missing case in the proof of Lemma 3.6. Lastly, he thanks the referee
for remarkably thorough and useful comments, and for pointing out a mistake in the
statement of the main theorem, Theorem 1.3, in an earlier version.

The author was supported in part by the Princeton University Mathematics Department.

2 Grid diagrams

We review the combinatorial description of knot Floer homology in terms of grid
diagrams. In this and the next section, we will work only over F, = Z/27.

A planar grid diagram G with grid number n is a square grid in R? with n x n cells,
together with a collection of Os and X, such that

e each row contains exactly one O and exactly one X';
e each column contains exactly one O and exactly one X ; and

e cach cell is either empty, contains one O, or contains one X .

Given a planar grid diagram G, we can place it in a standard position on R? as follows.
We place the bottom left corner at the origin, and require that each cell be a square of
edge length one. We can then construct an oriented, planar link projection by drawing
horizontal segments from the Os to the X's in each row, and vertical segments from the
Xs to the Os in each column. At every intersection point, we let the horizontal segment
be the underpass and the vertical one the overpass. This gives a planar projection of an
oriented link L onto R?; we say that Gisa planar grid presentation of L.

We transfer our grid diagram to the torus T, by gluing the topmost segment to the
bottommost one, and gluing the leftmost segment to the rightmost one. Then the
horizontal and vertical arcs become horizontal and vertical circles. The torus inherits
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its orientation from the plane. The resulting diagram G is a toroidal grid diagram, or
simply a grid diagram. G is then a grid presentation of L; we also say that G is a
grid diagram for L.

Given a toroidal grid diagram G, we associate to it a chain complex (E}\é(G), ad)
as follows. The set of generators of /G\(/?(G), denoted S(G), consists of one-to-one
correspondences between the horizontal circles and vertical circles. Equivalently, we
can regard the generators as n—tuples of intersection points between the horizontal and
vertical circles, such that no intersection point appears on more than one horizontal or
vertical circle.

We now define the differential map o: GE(G) — GE(G). Given x,y € S(G), let
Rect(x, y) denote the space of embedded rectangles with the following properties.
First of all, Rect(x, y) is empty unless x, y coincide at exactly n — 2 points. An
element r of Rect(x, y) is an embedded disk in T, whose boundary consists of four
arcs, each contained in horizontal or vertical circles; under the orientation induced
on the boundary of r, the horizontal arcs are oriented from a point in x to a point
in y. The space of empty rectangles r € Rect(x, y) with x NInt(r) = & is denoted
Rect®(x, y).

More generally, a path from x to y isa 1-cycle y on T such that the boundary of
the intersection of y with the union of the horizontal curves is y —x, and a domain p
from x to y is a two-chain in T whose boundary dp is a path from x to y; the set
of domains from x to y is denoted 7 (x, y).

Given x € S(G), we define
)= > > y € GC(G).

yeS(G) r€Rect®(x,y)
Int(7) contains no Os or Xs

It is not too difficult to see that indeed 0o d = 0, and so d is a differential: we have

dodx)= Y, ) Nz

yeS(G) pen(x,z)

where N(p) is the number of ways of decomposing p as a composite of two empty
rectangles p = ry x 1, with r; € Rect®(x, y) and r, € Rect®(y,z). Let p =rq *7ry;
then r; and r, either are disjoint, have overlapping interiors or share a corner. If r;
and r, are disjoint or have overlapping interiors, then p = r, * ry; if they share a
corner, then there exists a unique alternate decomposition of p = ri * 1. In any case,
we obtain that N(p) =0 for all p € n(x, z).

Moreover, to the complex f}‘é(@) we can associate a Maslov grading and an Alexander
grading, determined by the functions M : S — Z and S: S — %Z. For reasons we will
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see in the next section, we will in general not be concerned with these gradings, unless
otherwise specified. We postpone their definitions to Section 6. It can be checked,
however, that the differential d decreases the Maslov grading by 1 and preserves the
Alexander grading.

We can now take the homology of the chain complex (GE(G), d), and define
GH(G) = H«(GC(G), 9).

It is shown in [11; 12] that, if G is a grid diagram with grid number #n for the oriented
link L with £ components, then

GH(G) =~ GH(L)® V"¢,

where V' is a 2—dimensional vector space over [F,, spanned by one generator in (Maslov
and Alexander) bigrading (—1, —1) and another in bigrading (0, 0), and Gﬁ(L) is
a link invariant, often referred to as the combinatorial knot Floer homology, or grid
homology, that is a vector space isomorphic to Pfﬁ((L). E}\ﬁ(G) can also be denoted
by GH(L,n).

Remark 2.1 While the proof that 0 is a differential is completely elementary, its
method is very useful to what we shall prove in this paper. In general, in order to prove
that a map defined by counting certain domains is a chain map, or to prove that it is a
chain homotopy, we juxtapose two domains and enumerate all possible outcomes.

3 Manolescu’s unoriented skein exact triangle

We now prove our main result over [F, in purely combinatorial terms.

Before we start our main discussion, we make a change in our notation. In the original
description developed in [11; 12], the Os and Xs were used to determine the Alexander
and Maslov gradings of the generators. However, given a link L, in S and its two
resolutions Lq, L atacrossing, we observe that L, L, L1 do not share a compatible
orientation. Since we shall soon combine all three grid diagrams into one, we must
forget the orientations of the links; this implies that we must also forget the distinctions
between the Os and Xs, and ignore the gradings. Notice that using markers of only
one type will not change the definition of E}\ﬁ(L, n), since without the gradings, the
definition of the chain complex aé(G) associated to a grid diagram G is symmetric
in the Os and the Xs. Therefore, we shall henceforth replace all Os with Xs.

With this new notation, the first two conditions for a grid diagram become the condition
that there are exactly two Xs on each row and each column. We denote by X the set
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of Xs on a grid diagram. The differential is then given by

x)= > > yeGC(@G).

y€S(G) reRect®(x,y)
Int(r)NX=o

To begin, we position Lo, Lo, L1 as in Figure 2, and make sure that their respective
grid diagrams G, Go, G; are identical except near the crossing, as indicated in the
same figure. Next, we let C, = fG\é(Gk) be the chain complex associated with Gy, for
each k € {00, 0, 1}. We endow the set {oc0, 0, 1} with an action by Z/3Z by identifying
oo with 2, sothat oo+ 1=0and 1 +1 = o00.

| o iJ""

1 . b

Loo Lo

X X X
XX XX XX

XX XX XX
X X X

Goo Go Gy

Figure 2: Grid diagrams for Lo, Lo and L; near a point

Remark 3.1 The leftmost and rightmost columns in each of the diagrams in Figure 2
do not need to be in the form displayed; the markers can be in any row in those two
columns, and the proofs in this and the next section do not rely on the positions of
the markers. In the figures in this section, we leave the markers there for ease of
visualization. However, in Section 5, it will be necessary to have the markers exactly
as they appear in Figure 2, to iterate the exact triangle.

Instead of drawing three different diagrams, we can draw Geo, Gg, G all on the same
diagram, as in Figure 3. We label by f; the vertical circle corresponding to Gy for
each k € {00,0, 1}, as indicated. These three vertical circles, together with all the
other vertical circles, divide T into a number of components; we let b be the unique
component that is an annulus not containing any X in its interior. Also, exactly three
of these components are embedded triangles not containing any X in their interior;
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we let 7 be the triangle whose B arc is disjoint from the boundary of b. Finally, B
and B4 intersect at exactly two points; we denote by uy the intersection point that
lies on the boundary of b, and by v the other intersection point. Then ugx = b Nty 4,
and vg =g Nigyg-

:Boo ,Bl ,30

|
X

t

X[X
XX

VUog
too / Uo
Figure 3: Combined grid diagram for L, Lo and L; near a point. The

annulus b and the triangles #; are shaded. The circles B and By intersect
at two points; uy are the ones on the right, and vy are those on the left.

In this setting and over >, Theorem 1.3 follows from our main proposition:

Proposition 3.2 There exists an exact triangle

-+ = GH(Goo: Fp) — GH(Gg:; F;) = GH(G;Fy) — --- .

We make use of the following lemma from homological algebra, first used by Ozsvéth
and Szabé [17], and used also in [9].

Lemma 3.3 Let {(Cg,0k)}kef{co,0,13 be a collection of chain complexes over an
arbitrary commutative ring, and let { fi: Cx — Ci41}kefoo,0,1} be a collection of
anti-chain maps such that the following conditions are satisfied for each k :

Algebraic & Geometric Topology, Volume 17 (2017)



Grid diagrams and Manolescu’s skein exact triangle for knot Floer homology 1291

(1) The composite fi+1° fx: Cx = Ck4o is chain-homotopic to zero, by a chain
homotopy ¢i: Cy — Cia:

Jik+10 fie + 04200k + @r 09 = 0.

(2) The map @g 410 frx+ fx+209k: Cx — Ck is a quasi-isomorphism. (In particular,
if there exists a chain homotopy V.. Cy — Cj, such that

Pi+1° Sk + Sr+20 0k + 0k 0 Vg + Vg 0 9 =1d,
then this condition is satisfied.)

Then we have an exact sequence

(i)« i+ 1)+
e > H*(Ck) L} H*(Ck+1) L) H*(Ck+2) —

We now define the chain maps fi: Cx — Ck41 by counting pentagons and triangles.

Given x € S(Gg) and y € S(Gg41), let Pentg (x, y) denote the space of embedded
pentagons with the following properties. First of all, Pent (x, y) is empty unless x, y
coincide at exactly n—2 points. Anelement p of Penty (x, y) is an embedded diskin T,
whose boundary consists of five arcs, each contained in horizontal or vertical circles;
under the orientation induced on the boundary of p, we start at the Bz —component of x,
traverse the arc of a horizontal circle, meet its corresponding component of y , proceed
to an arc of a vertical circle, meet the corresponding component of x, continue through
another horizontal circle, meet the component of y contained in B, proceed to an
arc in By 41, meet the intersection point uy of Bx and x4, and finally, traverse an
arc in fB; until we arrive back at the initial component of x. Notice that all angles
here are at most straight angles. The space of empty pentagons p € Pent (x, y) with
x NInt(p) = @ is denoted Pent} (x, y).

Similarly, we let Trig (x, y) denote the space of embedded triangles with the following
properties. Trig(x, y) is empty unless x, y coincide at exactly n — 1 points. An
element p of Trig(x, y) is an embedded disk in T, whose boundary consists of three
arcs, each contained in horizontal or vertical circles; under the orientation induced on
the boundary of p, we start at the 8z —component of x, traverse the arc of a horizontal
circle, meet the component of y contained in By 41, proceed to an arc in B 41, meet
the intersection point v; of By and B 41, and finally traverse an arc in B to return
to the initial component of x . Again, all the angles here are less than straight angles.
It is clear that all triangles p € Trig(x, y) satisfy x N Int(p) = @. Furthermore, for
any generator x, there is at most one generator y such that Trig(x, y) is not empty.

See Figure 4 for examples of elements of Pent; (x, y) and Trig (x, y).
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| | | L

X >1>< X f}(

XX X XX XX

S

1>2>< X X X X X X
7

X X X /><
(( (K - ;

Figure 4: Two allowed pentagons in Pent; (x, y) and two allowed triangles
in Trig (x, y). The components of x are indicated by solid points, and those
of y are indicated by hollow ones.

R

Given x € S(Gg), we define elements of Cg4 1,

Pr(x)= Y >

YE€S(Gi+1) pePent) (x,y)
Int(p)NX=2

Tx)= Y, ooy

Y€S(Gp41) peTrif(x,y)
Int(p)NX=&

Jie(x) = Pr(x) + Tie (x).
Lemma 3.4 The map f, is a chain map. In fact, Py, and Ty, are both chain maps.

Proof The proof is similar to that of [12, Lemma 3.1]. We consider domains which
are obtained as the juxtaposition of a pentagon or a triangle, and a rectangle. There
are a few possibilities; in particular, the polygons may be disjoint, their interiors may
overlap, or they may share a common corner. If the polygons are disjoint or if their
interiors overlap, the domain can be decomposed as either r * p or p *x r, and so does
not contribute to dxyq o fx + fx o dx. If the polygons share a common corner, the
resulting domain always has an alternate decomposition, as shown in Figure 5. In
all cases, the domain can be decomposed in two ways, and makes no contribution to
Ok +1° fr + fr o0k . Note that each domain has exactly two decompositions, both of
which are counted in dx 1 o fx + fx o 0k ; this is not going to be the case in similar
lemmas later. a
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Figure 5: Two typical domains that arise as the juxtaposition of a pentagon
and a rectangle, and two that arise as that of a triangle and a rectangle. The
B curve is solid while the By curve is dotted.

Remark 3.5 In the proof above, every domain that arises as the juxtaposition of a
triangle and a rectangle has exactly two decompositions, one contributing to dx 1 o Tx
and one to 7z o d; . The analogous statement is not true for Py, .

Henceforth, when considering the composition of two maps that count polygons, we
shall ignore the cases where the two polygons are disjoint or have overlapping interiors,
since we can always decompose the domain as either p; * p, or p; * pp in these cases.

Next, we define the chain homotopies ¢j: Cy — Ci> by counting hexagons and
quadrilaterals.

Given x € S(Gy) and y € S(Gg42). let Hex(x, y) denote the space of embedded
hexagons with the following properties. First, Hex; (x, y) is empty unless x and y
coincide at exactly n—2 points. Anelement p of Hexy (x, y) is an embedded disk in 7T,
whose boundary consists of six arcs, each contained in horizontal or vertical circles;
under the orientation induced on the boundary of p, we start at the 8 —component of x,
traverse the arc of a horizontal circle, meet its corresponding component of y, proceed
to an arc of a vertical circle, meet the corresponding component of x, continue through
another horizontal circle, meet the component of y contained in B4 ,, proceed to
an arc in 4, , meet the intersection point ug 1 of B4 and B, traverse an arc
in By, meet the intersection point uy of By and B 41, and finally, traverse an arc
in B until we arrive back at the initial component of x . All the angles here are at most
straight angles. The space of empty hexagons p € Hexy (x, y) with x NInt(p) =
is denoted Hexj (x, y).

Similarly, we let Quady (x, y) denote the space of embedded quadrilaterals with the
following properties. Quady (x, y) is empty unless x, y coincide at exactly n—1 points.
An element p of Quady(x, y) is an embedded disk in 7', whose boundary consists
of four arcs, each contained in horizontal or vertical circles; under the orientation
induced on the boundary of p, we start at the Bz —component of x, traverse the arc
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N L L]
X X >}<
XIX XX XX
X| X E(<>< X X
ZEN GO G ]
[ [
B e —

Figure 6: Two allowed hexagons in Hex}, (x, y) and an allowed quadrilateral
in Quady (x, y). The hexagon in the middle figure is the only allowed empty
hexagon that is a left domain.

of a horizontal circle, meet the component of y contained in B4, proceed to an
arc in By 4,, meet the intersection point ug 1 of Bx41 and Br 4, proceed to an arc
in Br41, meet the intersection point v, of B with Bx 1, and finally traverse an arc
in By to return to the initial component of x . All the angles here are at most straight
angles. It is clear that all quadrilaterals p € Trig(x, y) satisfy x NInt(p) = @.

See Figure 6 for examples of elements of Hex} (x, y) and Quady(x, y).
Given x € S(Gy), we define elements of Cy, by

He(x)= Y Yoy

y€S(Gi42) peHexj (x,y)
Int(p)NX=g

Q)= >y,

Y€S(Gy42) peQuady (x,y)
Int(p) X =2

o (x) = Hi(x) + Qi (x).

We say that a domain p is a left domain if Int(p) N Int(h) = &, and a right domain if
Int(p) NInt(h) # @.

Lemma 3.6 The maps f;, and ¢ satisty condition (1) of Lemma 3.3.

Proof Juxtaposing a triangle and a pentagon appearing in P41 o T, we generi-
cally obtain a composite domain that admits a unique alternative decomposition as a
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quadrilateral and a rectangle, appearing in either dz 4, o Qf or Qg o dy, except for one
special case, which is described in (1) below. Juxtaposing two pentagons appearing in
Pk +1 © Pk, we generically obtain a composite domain that admits a unique alternative
decomposition as a hexagon and a rectangle, appearing in either dx ., o Hy or Hg o d,
except for one special case, which is described in (3) below.

There are three special cases. We consider domains p arising from juxtapositions of:

(1) A pentagon and a triangle appearing in 71 © Pk, such that the S —component
of x does not lie on the boundary of any annular component of T minus the vertical
circles (including B, Bo, f1)- Visually, the B —component of x lies on the central
vertical axis of the figure. The domain p can only be alternatively decomposed as the
triangle #; 4, and a pentagon, bounded by S, a horizontal arc, a vertical arc, another
horizontal arc and Bg 4, , in its induced orientation. The pentagon is in the opposite
orientation as one that would be counted in the map fj,, and its boundary meets
only the intersection point vg4,; such a pentagon is not counted in any map. The
triangle 7z 4, is not counted in any map either. Therefore, p is counted exactly once in
Jr+10° fr + 0k42 0 @x + @ 0 d . However, we can replace 5 4, with the triangle 7z,
and obtain a corresponding domain p’ that also connects x to y. The new domain p’
admits a unique alternative decomposition as a triangle and a pentagon, counted in
Pi+1 0 T . See Figure 7(1).

(2) A pentagon and a triangle appearing in 71 © P, such that the B —component
of x lies on the boundary of an annular component of T minus the vertical circles
(including Boo, Bo, B1)- Visually, the 8z —component of x lies to the left of the central
vertical axis of the figure. The domain p can only be alternatively decomposed as the
triangle 754, and a pentagon, bounded by S, a horizontal arc, a vertical arc, another
horizontal arc and By 4, , in its induced orientation. The pentagon is in the opposite
orientation as one that would be counted in the map fj 4, and its boundary meets
only the intersection point vg,; such a pentagon is not counted in any map. The
triangle f; 4 is not counted in any map either. Therefore, p is counted exactly once in
Jr+1° fx + Ok+2 © 0k + @k o 0 . However, we can replace 51, with the triangle 7,
and obtain a corresponding domain p’ that also connects x to y. The new domain p’
admits a unique alternative decomposition as a quadrilateral and a rectangle, counted
in 04, 0 Q. See Figure 7(2).

(3) Two triangles appearing in 74 o 7. The domain p can only be alternatively de-
composed as the triangle 7 and another triangle, bounded by segments of By, Bx+2
and a horizontal circle in its induced orientation, and having u; 4, as a corner. Since
neither triangle is counted in any of the maps f; or ¢, p is counted exactly once in
Jr+10° Jk + 0k 4200k + @i 00y . However, we can replace ;4 with the annulus b, and
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Figure 7: Three special cases. In each case, there are two domains p and p’,
each counted exactly once in fi41 0 fr + 0g42© @ + @k 0 O .

obtain a corresponding domain p’ that also connects x to y. The situation is similar
to the special case in the proof of [12, Lemma 3.1]. Depending on the initial point x,
the new domain p’ admits a unique alternative decomposition as two pentagons or as
a hexagon and a rectangle, counted either in P41 0 Py, in dg 45 0 Hy, or in Hy o dg .
See Figure 7(3).

Finally, the remaining terms in dg4, o Qf cancel with terms in Qg o dg, and the
remaining terms in dg 4, o Hy cancel with terms in Hy o dg . Table 1 summarizes how
the terms cancel each other. m|

We now define the chain homotopy ¥: Cx — Cj by counting heptagons.
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term in position cancels with term in special case
Ji+1° Ji | Pr10Px | left, right (B D) Op42 0 Hy or Hy o O
Hght ©b)  Tiy1oTh 3)
Ti+1°Px | left (central x) P07k (1)
left (left X) 8k+2 o Qk (2)
Prr10Tr | left (central y) Qp o0y
left (otherwise) Tiy10Pg (D)
right Ok+20Qk
Tie+1° Tk | left Pr+1°© Pk» Ok+2°Hi 3)
or Hjy, o 0y,
Ok+2°¢k | Ok420oHg | left Pr+1°Pk
right (2 b) Pr1 0Py or Hy o0y
Hght O ) Tig1oT 3)
Og+20Qk | left (central y) Qp o0y
left (otherwise) Tx41 0Pk 2)
right Pr+10 Tk or Qg 0
@k © Ok Hyodr | left Pr+1°Pr
right (3 b) Pr+10° Pk Or 0420 Hg
right (O b) 77¢+1 o Tk 3)
Qpodr | left Pr+10 Tk or k420 Qx
right Ok+2° Qk

Table 1: This table shows how the terms cancel each other in Lemma 3.6. A
left domain is indicated as “(central x)” if the 8z —component of x lies on the
central vertical axis of the figure, and “(left x)” if it lies to the left of this axis;
similarly for y. A right domain is indicated as “(D b)” if Int(p) D Int(b),
and “(2 b)” otherwise. The special cases are shown in Figure 7.

Given x € S(Gg) and y € S(Gg4»), let Hept (x, y) denote the space of embedded
heptagons. First of all, Hept; (x, y) is empty unless x, y coincide at exactly n —2

points. An element p of Hept; (x, y) is an embedded disk in T, whose boundary

consists of seven arcs, each contained in horizontal or vertical circles; under the
orientation induced on the boundary of p, we start at the §; —component of x, traverse
the arc of a horizontal circle, meet its corresponding component of y , proceed to an
arc of a vertical circle, meet the corresponding component of x, continue through
another horizontal circle, meet the component of y contained in Sy, proceed to an arc
in B, meet the intersection point ug ., of By and B4, proceed to an arc in Bx s,
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X| X

/

X

Figure 8: An allowed heptagon in Hepty, (x, y). Note that allowed heptagons
are necessarily right domains.

meet the intersection point ug 1 of Br41 and By, traverse an arc in fx 1, meet
the intersection point u; of i and Bxy1, and finally, traverse an arc in B until
we arrive back at the initial component of x. All the angles here are again at most
straight angles. The space of empty heptagons p € Hepty (x, y) with x NInt(p) = @
is denoted Hept} (x, y).

See Figure 8 for an example of an element of Hept} (x, y).
Given x € S(Gy), we define
Yr(x) = Ke(x) = > Y vy e

y€S(Gy) peHepty (x,y)
Int(p)NX=g

Lemma 3.7 We have
P+1° Jie + Jie+2 00k + 0k o Vi + Y 0 9 = 1d,
so that the maps f} and ¢y, satisfy condition (2) of Lemma 3.3.
Proof First, we see that juxtaposing either a triangle and a hexagon, or a pentagon

and a quadrilateral, does not contribute to @x 1 © fx + fk+2 © ¢k . In other words, we
first claim that Pg o0 QO + Q10 P + Hig1° Tk + Tie2 0 Hi = 0.

There are exactly four cases. We consider domains p formed by juxtaposing:

(1) A quadrilateral and a pentagon appearing in Py o Ok, such that p is a right
domain. In this case, p admits a unique alternative decomposition as a triangle and a
hexagon appearing in Hy 1 o T . See Figure 9(1).
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L] L] || ||
X X X X
XK1 XX X |
x| [x x| [x X X x| [x
X X X X
RS |l B
(1 2)
|| | ||
X X X X
X XX
x| X x| X x| X x| X
X X X X
| | | B
€)) 4)

Figure 9: The four cases when juxtaposing a triangle and a hexagon, or a
pentagon and a quadrilateral. All terms that arise cancel out with each other.

(2) A quadrilateral and a pentagon appearing in Py o Qg , such that p is a left
domain with height less than 7. Only this decomposition of p is counted. However, we
can replace the triangle #; inside p by the triangle #x,, and obtain a corresponding
domain p’ that can be uniquely decomposed as a pentagon and a quadrilateral appearing
in Q410 Pg. See Figure 9(2).

(3) A quadrilateral and a pentagon appearing in Py, o Qg , such that p is a right
domain with height n. This is in fact only possible when k& = 1. Only this decomposition
of p is counted. However, p contains the triangles #; and f; 41 ; we can replace 41
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<
by the triangle ;4 ,, and obtain a corresponding domain p’ that can be uniquely
decomposed as a hexagon and a triangle appearing in 7, o Hy . See Figure 9(3).

[ X

B R

Figure 10: Decomposing the identity map

The astute reader may find it strange that in this particular case, in p the triangle #;
is “attached” to the top of the rest of the domain, whereas in p’ it is “attached” to the
bottom. One way to convince oneself of the validity of the procedure of obtaining p’
from p, is to think of it as first replacing #; by #x1,, and then replacing #; 41 by #.

(4) A triangle and a hexagon appearing in Hy 1 © Tk, such that p is a left domain.
This is only possible when & = 0. Only this decomposition of p is counted. However,
we can replace the triangle #; inside p by the triangle ;4 ,, and obtain a corresponding
domain p’ that can be uniquely decomposed as a pentagon and a quadrilateral appearing
in Qg1 0Px. See Figure 9(4).

Juxtaposing a pentagon and a hexagon appearing in Hy .y o Pg or Piyo o Hy, we
generically obtain a composite domain that admits a unique alternative decomposition
as a heptagon and a rectangle, appearing in dy o K or Ky o 0y, except for one special
case discussed below.

Depending on the initial point x, there exists exactly one domain p connecting x to
itself that admits a unique decomposition, either as a triangle and a quadrilateral in
Ok +1© T (in which case p is the triangle 7441 ), as a quadrilateral and a triangle in
Ti+20 9k (p is the triangle ¢ ), as a pentagon and a hexagon appearing in Hy 41 o Py
or Py42oHy (p is the annulus b), or as a rectangle and a heptagon appearing in
K 00 or 0; o K (p is again the annulus b). Of course, in this case, the identity
map is counted once. See Figure 10.
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term in position cancels with term in special case
@k+1° Sk | Hi+10Pk | right (D) g © Ky or Ky 0 g
right (= b) Id
OQr+1°Pr | left(ht. <n—1) Prir09g )
left (ht. =n—1) Hyy10Th 4)
Hiv10Tg | left Qk+1°Px 4)
right Pr+2° Lk (1)
Qx0T | left 1d
Je+2°0k | PrvaoHy | right (£ D) g © Ky or Ky o g
right (= b) Id
Tk+20°Hi | left Pr+2°Qk (3)
PrazoQr | left (ht. <m)  Qpiqo Pk )
left (ht. =n)  TpgqoHx 3)
right Hiv10Tx (1)
Tiiao Ok | left 1d
Ik o Vi Ok o Kg | right Hi+1°Prs P20 He,
Ky o0y or Id
Vi © 0k Ky o 0 right Hi+10° Pk P20 Hpes
dy o Ky or Id
Id n/a Hk-i—l OPk, Pk+2 OHk,
0 o Ky, K 00,
Qk+10 Tk or
Tie+2° 9k

Table 2: This table shows how the terms cancel each other in Lemma 3.7.
The special cases are shown in Figure 9.

Finally, the remaining terms in dz oKy cancel with terms in Ky 09y . Table 2 summarizes
how the terms above cancel each other. a

The proof of Proposition 3.2 is completed by combining Lemmas 3.3, 3.4, 3.6 and 3.7.

4 Signs

Sign refinements are given by Manolescu, Ozsvath, Szabé and Thurston [12] to extend
the definition of combinatorial knot Floer homology to one with coefficients in Z.

Algebraic & Geometric Topology, Volume 17 (2017)



1302 C-M Michael Wong

In this section, we shall likewise assign sign refinements to our maps, to prove the
analogous statement of Proposition 3.2 with coefficients in Z.

Given a grid diagram, we denote by Rect® the union of Rect®(x, y) for all x, y. We
follow [12] and adopt the following definition.

Definition 4.1 A true sign assignment, or simply a sign assignment, is a function
S: Rect® — {+1}
with the following properties:
(1) For any four distinct ry, 72,7, 75 € Rect® with ry % ry = r{ *r, we have
S(r1)-S(r2) = =S(r}) - 8(r5).
(2) For rq, ry € Rect® such that rq * r, is a vertical annulus, we have
S(r1)-S(rz) =—1.
(3) For ry, ry € Rect® such that r; * r, is a horizontal annulus, we have

S(V])'S(Vz) = +1.

Theorem 4.2 (Manolescu, Ozsvéth, Szab6 and Thurston) There exists a sign assign-
ment as defined in Definition 4.1. Moreover, this sign assignment is essentially unique:
if Sy and S, are two sign assignments, then there is a function g: S(G) — {£1} such
that Sy(r) = g(x)-g(y)-S1(r) forall r € Rect®(x, y).

Remark 4.3 In the construction of a sign assignment in [12], the sign of a rectangle
does not depend on the positions of the Os and Xs of the diagram. We can view each
generator X as a permutation oy : if the component of x on the i horizontal circle
lies on the s(i)™ vertical circle, then we let oy be (s(1)s(2)---s(n)). Then the sign
of a rectangle in Rect®(x, y) depends only on oy and oy .

The sign assignment from Theorem 4.2 is then used in [12] to construct a chain complex
over Z as follows. The complex Cf}\é(((}) = C?C(G; 7) is the free Z-module generated
by elements of S(G). Fixing a sign assignment S, the complex GTZ(G) is endowed
with the endomorphism ds: (f}\é(G) — Cf}\é(G), defined by

0s(x) = Y > S(r)-y € GC(G).
y€S(G) reRect®(x,y)
Int(r)NX=g2

One can then see that (GT?(G), ds) is a chain complex. Indeed, the terms in dsodgs(x)
can be paired off as before, by the axioms defining S. Moreover, given S; and S;, the
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map @: (GC(G), ds,) — (GC(G), ds,). defined by

d(x) =g(x)-x,

gives an isomorphism of the two chain complexes. Again, one can take the homology
of the chain complex (GC(G), ds), and define

GH(G) = H.(GC(G), ds).
It is shown in [12] that
GH(G) ~ GH(G) ® V"¢

for some Z-module éﬁ(G) that is a link invariant, where V is a rank 2 free module
over Z , spanned by one generator in bigrading (—1, —1) and another in bigrading (0, 0).
The link invariant éﬁ(@), also denoted by GE(L), is shown by Sarkar [21] to be
isomorphic to I-TFT((L, 0) for some orientation system o of the link L.

We are now ready to turn to the proof of the analogous statement of Proposition 3.2,
with signs.
Proposition 4.4 There exists an exact triangle
-+ — GH(Goo; Z) — GH(G¢; Z) — GH(G; Z) — -+ .
Our proof is reminiscent of that in [12, Section 4]. We adopt the strategy from Section 3;

to do so, we must specify the signs used in defining our various chain maps and chain
homotopies, and check that they indeed satisfy Lemma 3.3.

We begin by considering pentagons. First, we define the notion of a corresponding
generator. For each x € Cy, there exist exactly one x’ € Cy 41 and one x” € Cy 4,
that are canonically closest to x ; we require that x, x” and x” coincide everywhere
except on the B curves, and x’ and x” are obtained from x by sliding the fj—
component horizontally to the Bi4; and Bxy, curves respectively. We define the
maps c,j: Ck = Cg1 and ¢ 0 Cp —> Ciyn by
c,:r(x) =x" and ¢ (x)=x".
We can now define the straightening maps

dl: Penty (x, y) — Rect} (x,c (y)). ep: Penty(x,p)— RectzH(c;(x),y),

as follows. Given p € Pent; (x, y), we obtain d;:( p) by sliding the B —component
of y back to the f; curve, thereby postcomposing p with a triangle; similarly,
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we obtain e,f( p) by sliding the B;—component of x to the Bx.; curve, thereby
precomposing p with another triangle. Notice that by Remark 4.3, we have

S(df (p)) = S(ef (p)).
‘We now define

Pr(x) = Y Y &)y € Cryr,

YE€S(Gi41) pePenty (x,y)
Int(p)NX=>

where

?(1) S(d,f (p)) if p is a left pentagon,
¢ —
k —S(d,f (p)) if p is aright pentagon.

Turning to triangles, we again view generators as permutations. The signature sgn(x) of
a generator x is defined to be the signature sgn(oy ) of the corresponding permutation.
Then we define

T(x) = > Y Py € Cryr

Y€S(Gp41) peTrig(x,y)
Int(p)NX=g»

where
1 (p) = sgn(x).

Finally, we define
Jie(x) = Pr(x) + Ti(x) € Cpeyy.-

Lemma 4.5 The map f} is an anti-chain map. In fact, Pj and T}, are both anti-chain
maps.

Proof The proof follows from the proof of Lemma 3.4. We first consider the jux-
taposition of a pentagon and a rectangle. If the two polygons are disjoint or have
overlapping interiors, then the domain can be decomposed as either 7 * p or p’ *r’;
then by property (1) of Definition 4.1, S(r) - S(df (p)) = =S(d[ (p)) - S(r'), and
consequently S(7) - 617: (p)= —6,7; (p")-S(r'). If the two polygons share a corner, then
the domain can be decomposed in two ways; straightening the pentagons (with either
d ,f or e,?) and using property (1) of Definition 4.1, we again see that the terms cancel.

Consider now the juxtaposition of a triangle p and a rectangle r. Notice first that the
differential d always changes the signature of a generator; this means that S(r) -EZ( p)=
—EZ( p’)-S(r"). By Remark 3.5, such a domain can always be decomposed in two
ways, one contributing to dg 41 o 7%, and one to T o dx ; moreover, the two rectangles
involved correspond to the same permutation, and so in fact have the same sign. O
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We similarly define the straightening maps
d}': Hexy (x, y) — Recty (x, c;(y)), eft: Hexp(x, p)— Rect] ,(ci (x).y)
by sliding the appropriate component, and again notice that S(d IZ{ (p)=S (e;;‘ (p).

We define
Hi(x) = Y. Yo )y € Ceya

YE€S(Gr42) peHexp (x,y)
Int(p)NX=2
where

e (p) = S(dj*(p))-

For quadrilaterals,

Qx) = ) > e2(p)y € Crga
Y€S(Gp42) peQuady (x,y)
Int(p)NX=2

where
e2(p) = sgn(x).

Lemma 4.6 The maps f;, and ¢ satisty condition (1) of Lemma 3.3.

Proof Again the proof follows from that of Lemma 3.6. We say that a domain p is
rectangle-like if it is an allowed rectangle, pentagon, hexagon or heptagon, and we write
p € RL; we say that it is triangle-like if it is an allowed triangle or quadrilateral, and we
write p € TL. We say a domain p is Type I if p e RL*RL, Type Il if p e RL*TL,
Type 11l it p € TL«RL, and Type IV if p € TL « TL. (Recall that % and o compose in
the opposite order, so a term in Pxq o T is in TL % RL.) Refer to Table 1. Typically,
a domain can be decomposed in two ways; usually, it fits into one of these cases:

(1) Both decompositions are Type I In this case, we see that the terms cancel out
by straightening the polygons and applying property (1) of Definition 4.1.

(2) One decomposition is Type II and one is Type III The domain is a left domain.
In this case, the terms cancel out because the two rectangle-like polygons have the
same sign, but the two triangle-like polygons have opposite signs.

(3) Both decompositions are Type III The domain is a right domain. In this case,
the two triangle-like polygons have the same sign. However, the two rectangle-like
polygons are both right domains, and one is a rectangle while the other is a pentagon.
Since right pentagons have opposite signs as the straightened rectangles, the two
rectangle-like polygons are of opposite sign.

The only special cases are those that involve two different domains, which are exactly
the special cases in Lemma 3.6.
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(1) In this case, the two pentagons have the same sign, but the two triangles have
opposite signs.

(2) In this case, the rectangle and the pentagon have the same sign, but the triangle
and the quadrilateral have opposite signs.

(3) In one domain, the two triangles have the same sign, and so their composite is
positive; in the other domain, the composite of the straightened rectangles is a vertical
annulus, and so is negative by property (2) of Definition 4.1.

Since there are no other cases, our proof is complete. |

For heptagons, there is only one straightening map d ]’f: Hept; (x, y) — Recty (x, ).
Since the only allowed heptagons are right heptagons, putting ek’C (p)=-8d ,’f (p))
we define

Ke@)= Y ) &y el

yeS(Gy) peHepty (x,y)
Int(p)NX=2

Lemma 4.7 We have
P+1° Jie + Sier2 00k + 0k o Vi + Vg 0 9 = 1d,
so that the maps f; and ¢y, satisfy condition (2) of Lemma 3.3.
Proof The typical cases are as in the proof of Lemma 4.6. We check the special cases
in Lemma 3.7.

(1) This is actually a typical case; the two decompositions of the domain are both
Type 1L

(2) In this case, the pentagons have the same sign, but the quadrilaterals have opposite
signs.

(3) In this case, the pentagon and the hexagon have the same sign, but the triangle
and the quadrilateral have opposite signs.

(4) Also in this case, the pentagon and the hexagon have the same sign, but the triangle
and the quadrilateral have opposite signs.

We now check the decomposition of the identity map. If it is decomposed as a triangle
and a quadrilateral, we see that they are of the same sign, and so we obtain a positive
domain. If it is decomposed as a pentagon and a hexagon, we see that the composite of
the straightened rectangles is negative by property (2) of Definition 4.1, but the right
pentagon and its straightening have opposite signs; this means that the overall domain
is also positive. a

The proof of Proposition 4.4 is completed by combining Lemmas 3.3, 4.5, 4.6 and 4.7.
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S Iteration of the skein exact triangle

In this section, we will work only over [F,. Let Goo, Gg, G be grid diagrams that
are identical except near a point, as indicated in Figure 2. In Section 3, we constructed
the maps f: C,}E(Gk) — (f}\é(GkH) and ¢g: (f}\é(([}k) — &Z(Gk+2) that satisfy
Lemma 3.3. Now Lemma 3.3 and the five lemma together imply that GC (Go) is quasi-
isomorphic to the mapping cone of fj: GC(GO) — GC((GI) (see [17, Lemma 4.2]),
where the quasi-isomorphism is given by

foo + $o0: GC(Goo) = GC(Gg) ® GC(Gy).

We now wish to iterate this quasi-isomorphism to obtain a cube of resolutions that
computes the same homology.

Let the crossings of a link L be numbered from 1 to m. Start with a planar projection
of L, and convert it into a grid diagram. By applying stabilization and commutation as
described in [4; 5; 12], we can require that:

(1) Near every crossing, the diagram is as indicated in Figure 11. For the i crossing,
the associated 6 x 6 block of cells illustrated is referred to as the i™ block.

(2) If i # j, then the i™ block and the j™ block occupy disjoint rows and disjoint
columns.

Let the resulting grid diagram be G. To each sequence k1, k,, ...,k with k; € {c0,0,1}
for 1 <i < m, we associate a grid diagram Gy, g, . The diagram Gy, . is
obtained from G by replacing the i™ block by the appropriate 6 x 6 block as in

X

¢
ZaN

NE
ZAN

Figure 11: The grid diagram G of an oriented link L near a crossing. The
6 x 6 block of cells in the center is the block associated to this crossing.
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Figure 2 (where the central 4 x 4 block is shown), depending on the value of k;. In
particular, Geo,.. .00 = G. Let Cg, ., be the associated chain complex of G, . k.-
equipped with the differential map. For 1 <i < m, we let the edge map

.....

i .
fkl km* Ckly---yki—l,kiyki—i-l ,,,,, km = Ckls---,ki—l,ki+laki+ls-~-skm

.....

be the map f; defined in Section 3; this makes sense, since the two chain complexes
differ only near a crossing. Analogously, we have the map

i .
T I © SN S T TN Sl O SR SRR I3 SRR

which is just the map ¢j, defined earlier.

This allows us to define the big cube of resolutions of G to be the complex

(BCR(G),aBCR)=( B .o

k;j€{00,0,1}
J t
Z (akl ~~~~~ km+ Z fkl,...,km+ Z (pkl aaaaa km))’
ki €{c0,0,1} J ikj€{oo,0} t:ki=00

and the (small) cube of resolutions of G to be the complex
RE.00 = (D Carte 2 (Wbt X Hoo))
k;€{0,1} k;i€{0,1} Jjikj=0

which is a subcomplex of BCR(G). In the cube of resolutions CR(G), each vertex is
associated to a grid diagram in which all crossings have been resolved. The case when
there are two crossings is illustrated below:

2
$o0.00

Coo,oo 00,0
1 1
00,0 foo,l

1 1
¢c0.0 | Co,0 e Co,1| Poo.1
0.0

1 1
f0.0 fO.l

Cro——F—Ci1
1.0
The cube of resolutions CR(G) consists of the 2 x 2 square on the lower right. The big
cube of resolutions BCR(G) consists of the whole diagram, together with Cp o, Ci 00,
folo,oo, foloo’ fozoo’ flzoo, gpcl,o,oo, gogoo and golzoo, which are not shown. (These
would all be at the lower left of the diagram.)
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Remark 5.1 Neither BCR(G) nor CR(G) contains diagonal maps, eg a map that
goes from Cq o to Cp ; or Cy ;. This is in stark contrast with cubes of resolutions in
many other contexts. For example, in [17], where the technique of spectral sequences
was first applied to Heegaard Floer homology, there are diagonal maps in both the big
{00,0, 1}" cube and the small {0, 1} cube. Such diagonal maps are needed because
the edge maps f and ¢ only commute up to chain homotopy. Below, Lemma 5.3 will
guarantee that our edge maps commute on the nose, allowing us to define the diagonal
maps to be zero.

In the case with two crossings, observe that Coo oo 1S quasi-isomorphic to the mapping
cone of f 020,0 via fozo 0o +(p§o’ oo The fact that the diagram commutes now immediately
implies that

(1) the cube of resolutions CR(G) is a chain complex;

(2) the sum folo,O + fOIO’1 + (,0{1,0,0 + <péo,1 is a chain map from the mapping cone of
foz<> o to the cube of resolutions CR(G); and

(3) this chain map is a quasi-isomorphism.

(To see the last statement, observe that if f: C; — C, and f”: Cl’ — Cz/ are quasi-
isomorphisms, and if there exist maps g;: C; — C; and g,: C; — C; such that the
diagram

a1

I
Vi

GG

commutes, then f + f’ is a quasi-isomorphism between the mapping cone of g; and
that of g,.) Thus, we see that Coo o0 is quasi-isomorphic to CR(G).

The general case is similar; to be precise, our claim is the following.

Proposition 5.2 The cubes of resolutions BCR(G;F,) and CR(G;F,) are indeed
chain complexes. Moreover, CR(G;F,) is quasi-isomorphic to GC(G;F,). As a
consequence, BCR(G; F,) is acyclic.

As mentioned, the main ingredient in proving Proposition 5.2 is the following lemma.

Lemma 5.3 Al maps involved commute. Precisely,

iz i i i2

Ktseoskiy ek © Tkt seedim = Tk ik Lkm © ki ek

iz,...,
ir i1 _ o i2
Phseeeskiy ek © T ht ki eokin = TEteikity #2400k © PR ey seveskim”
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Proof Inspecting the 6 x 6 block in Figure 11, we see that there is an X near each
corner of the block, and so each allowed polygon defined in Section 3 counted in a
chain map or a chain homotopy can only leave the block either horizontally or vertically.
If it leaves the block horizontally, then it is contained in the rows that the block spans;
if it leaves the block vertically, then it is contained in the columns that the block spans.
This shows that if two polygons from two different crossings share a corner, one must
be long and horizontal, and the other long and vertical; in such cases, the composite
domain always has an obvious alternative decomposition. The cases where the two
polygons are disjoint or have overlapping interiors are obvious. |

Proof of Proposition 5.2 Exactly as in the case with two crossings, Lemma 5.3
implies that the cube of resolutions is indeed a chain complex, and that all appropriate
maps are chain maps. We proceed by induction: at each step, we claim that the chain
complexes

J
( @ COO,...,OO,k[J'_],...,k]/n’ Z (aooa"'aooakt+la"'skm+ Z fOO,...,OO,k[J,_l,...,kyn))

k;€{0,1} k;€{0,1} Jikj=0
and
J
(B ot X (Pt X Socotrn))
k;€{0,1} k;€{0,1} Jikj=0

are quasi-isomorphic. The quasi-isomorphism is given by

t t
Z f00,~~,00,k1+1,~~,km + Z Poo,...s00,k s 41 seeskim
ki€{0,1} ki€{0,1}

This map is a quasi-isomorphism by the induction hypothesis and by the comment
after (3) in the case with two crossings above. a

Corollary 1.4 follows from Proposition 5.2.

Remark 5.4 Over Z, for the cube of resolutions to be a chain complex, the analogue
of Lemma 5.3 over Z should presumably state that the maps involved anticommute.
However, if we denote by p’ (resp. 7') the maps defined by the rectangle-like (resp.
triangle-like) polygons associated to the i™ crossing following the definitions in
Section 4, then we have:

(1) p*op!=—plop?
(2) ,0201'1 — —‘L'l 0,02

(3) ‘L'20,01 =—,010r2

4) t2ot! =1lo7¢?
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Since only the maps defined by triangle-like polygons commute, the author has thus far
been unable to prove a version of Lemma 5.3, and therefore Proposition 5.2, over Z.

6 Quasialternating links

We now describe an application of the skein exact triangle. To begin, we must first
define the §—grading on knot Floer homology. The §—grading is closely related to
the Maslov and Alexander gradings; in view of that, in this section we revert to the
traditional notation with both Os and Xs, and denote the set of Os by O and that of
Xs by X.

The following formulation is found in [12]. Given two collections A4 and B of finitely
many points in the plane, let

J(A,B) = %#{((al,GZ), (by1.b3)) € AX B |ay < by and ay < by}
+ %#{((Cll,az), (bl,bz)) € AX B|by <ajand b, < 612}.
Treating x € S(G) as a collection of points with integer coordinates in a fundamental

domain for T, and similarly @ and X as collections of points in the plane with
half-integer coordinates, the Maslov grading of a generator is given by

M(x)=J(x,x)=-27(x,0)+J(0,0) + 1,
while the Alexander grading is given by
Ax)=T(x.X)-J(x,0)- 37X, X) + 17(0,0)— L(n—1),
where n is the size of the grid diagram. Now the §—grading is just
8(x) = A(x) — M(x):
in other words, we have
§(x) = =T (x.x) + T (x.X) + T (x,0) = 37 (X.X) = 37(0, 0) = 3(n + 1.

These gradings do not depend on the choice of the fundamental domain; moreover,
they agree with the original definitions in terms of pseudoholomorphic representatives.

It has been observed that, for many classes of links, the knot Floer homology over
R =T, or Z is a free R—module supported in only one §—grading, which motivates
the following definition by Rasmussen [19; 20] and Manolescu and Ozsvath [10]:

Definition 6.1 Let R =, or Z. A link L is Floer homologically thin over R if
Pﬁ?\K(L; R) is a free R—module supported in only one §—grading. If in addition the
d—grading equals —%O'(L), where o (L) is the signature of the link, then we say that
L is Floer homologically o —thin.
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Manolescu and Ozsvéth [10] showed that a class of links which is a natural generaliza-
tion of alternating knots has the homologically o—thin property over [, . Precisely, we
recall the following definition from [17]:

Definition 6.2 The set of quasialternating links Q is the smallest set of links satisfying
the following properties:
(1) The unknot is in Q.
(2) If L is alink that admits a projection with a crossing such that
(a) both resolutions Ly and L at that crossing are in Q, and
(b) det(Loo) =det(Lg) +det(L;),
then Lo isin Q.

The result of Manolescu and Ozsvath [10] is then the following statement.

Theorem 6.3 (Manolescu and Ozsvath) Quasialternating links are Floer homologi-
cally o —thin over FF,.

The proof of the theorem is essentially an application of Manolescu’s unoriented skein
exact triangle; the main work is in tracking the changes in the §—grading of the maps
involved. The same idea works in the current context as well: with grid diagrams, we
may similarly track the changes in the §—grading, defined by the formula above. Of
course, in our case, we will be proving the result for GH of a link instead of HFK,
as in Theorem 1.5. From this, we will obtain Theorem 1.6, a strengthened version of
Theorem 6.3.

To begin, fix a crossing c¢( in the planar diagram of a link Ls,. Let L4 be the link
with a positive crossing at cg, and L_ the link with a negative crossing; then either
Lo =Ly or Loo=L_.Let Ly and L, be the unoriented and oriented resolutions
of Lo at ¢cg respectively, and choose an arbitrary orientation for Ly . This is illustrated
in Figure 12. Comparing with Figure 1, if Loo = Ly, then Ly =Ly and L1 = Ly;
ifinstead Loo = L_,then Lo =Ly and L{ = L.

Denote by Dy, D_, Dy, Dy, the planar diagrams of L4, L_, Ly, Ly, differing from
each other only at ¢y. The following lemma is used in [10]; for L4, the first equality is

A X o0 X

Ly

Figure 12: L4, L_, Ly and L, near a point
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proven by Murasugi [13], while the second is also inspired by a result of Murasugi [14].
The equalities for L_ are similarly obtained.

Lemma 6.4 Suppose that det(L,), det(Ly) > 0. Let e denote the difference between
the number of negative crossings in Dy and the number of such crossings in D . If
det(Ly) = det(L,) + det(Ly), then

() o(Ly)—o(Ly) =1,
(2) o(Lp)—o(Ly)=e.
If det(L_) =det(Ly) +det(Ly), then
(1) o(Ly)—o(L-)=-1,
2) o(Lp)—o(L-)=ce.

Now we investigate the changes in the §—grading in the maps f; defined in Section 3
and Section 4.

Given two grid diagrams G, G’ of the same size n, we can think of them as being
on the same grid (ie consisting of the same horizontal and vertical circles) but having
different Os and Xs; therefore, we can write G = (n, 0,X) and G’ = (n, 0, X’).
This allows us to identify S(G) and S(G’), by viewing each generator x € S(G) as
the permutation o, referred to in Remark 4.3. In this point of view, we will write
dg (x) and dg/(x) to denote the gradings defined by applying the §—grading formula
to (0, X) and (O’, X’), respectively.

In particular, for the rest of this section, we will view G, Go, G; in this manner.

Lemma 6.5 Let x € S(G) be a fixed generator in a grid diagram G = (n, 0, X).
Then:

(1) If there is an empty rectangle r from x to y, possibly containing O's and X,
then g (y) = dg(x) + 1 —#(Int(r) N (O UX)).

(2) Suppose G’ = (n, O, X) is a grid diagram identical to G except in two adjacent
columns, where the horizontal positions of a pair of O markers are interchanged,
as in Figure 13. Then
(@) Sg(x)—dg(x) = —% if, in G, the component of x on the vertical circle

between the markers lies to the northeast of one marker and to the southwest
of the other (the component of x indicated in the diagrams by a solid point);
(b) bg/(x)—dg(x)= % otherwise (the component of x indicated by a hollow
point).
The same statement holds if, instead, the horizontal positions of a pair of X
markers are interchanged, with G’ = (n, 0, X’).
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(3) Ifthe diagram G’ is obtained from G by reversing the orientation of a component

K of L, then ég/(x) —8g(x) = —5, where € is the difference between the

number of negative crossings in G’ and the number of such crossings in G .

O Q

@) 1O

T T
G, x G, x

Figure 13: Moving two markers across a vertical circle. Observe that before
the move, the solid point lies to the northeast of one of the Os and to the
southwest of the other, thus forming two southwest—northeast pairs with the
markers that are destroyed in the move. The hollow point forms the same
number of pairs with the markers before and after the move.

Proof Recall that
§(x)=—T(x,x)+T(x,X)+ T (x,0)- 17X, X) -1 7(0,0) - L@m+1).
Observe that 7(A, B) is the number of southwest-northeast pairs between A and B,

divided by two. We make the following observations.

(1) Observe that the last three terms in §(x) and 8(y) are identical. Switching from
x to y destroys exactly one southwest—northeast pair, which is counted twice
and contributes +1 to J(x,x). For every O or X inside Int(r), switching
from x to y destroys two southwest—northeast pairs, each counted once, that
contribute +1 to J(x,X) + J(x, Q).

(2) Consider the first case, where G = (n,0,X) and G’ = (rn, Q’,X), as in
Figure 13. We first see that 7(Q’, Q') — 7 (0, Q) = —1. If the component of x
on the vertical circle lies to the northeast of one marker and to the southwest
of the other, then J(x, Q') — J(x, Q) = —1; otherwise, this quantity is 0. All
other terms in §g(x) and dg/(x) are identical. The second case is entirely
analogous.

(3) This is simply a restatement of [12, Proposition 5.4].

This completes the proof of the lemma. O

The following is an easy consequence of Lemma 6.5(1)—(2).
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Lemma 6.6 Suppose Gy and Gy, are grid presentations of two links with compati-
ble orientations (so Gy and Gy 4, have compatible sets of Os), and fi: Gy — Gp 4
is the map defined in Sections 3 and 4. If x € S(Gg), and y € S(Gy1) appears

in fi(x), then §g, () —8g, (x) = +%‘

Proof Note first that the grid diagrams G = (1, ©,X) and Gx4{ = (n, Q’,X’) are
related as in Lemma 6.5(2). Refer to Figure 14. Without loss of generality, assume that
the two relevant markers are Os. (The case where they are X's is completely analogous.)
Label the two markers in @ by O; and O,, so that O; lies to the northeast of O;;
similarly, label the markers in O’ by O} and O}, so that O lies to the northwest
of O). In the current framework, B, fo and B; are all represented by the vertical
circle B in the middle. Let x be the S—component of x.

Suppose y € S(Gg41) appears in f(x). Then
6Gk+1 (y) - SGk (x) = (SG/(+1 (x) - 5Gk (x)) + (SG;(+1 (.V) - SGk+1 (x))

There are two cases, as follows.

Suppose there is an empty pentagon p from x to y; in the framework described in
this section, it can in fact be viewed as an empty rectangle r from x to y in Gg4q.
Observe that the horizontal circles divide T into a number of components; let A be the
unique component containing both Oy in Gy and O] in Gy ;. Since the boundary
of p contains uy (cf Figure 3), which lies in A4, the boundary of » must contain SN 4.
Therefore, one of two scenarios must be true:

(1) The point x lies to the northeast of O, and to the southwest of O;. Then
Int(r) N (O UX) = @. By Lemma 6.5(2)(a), 8g, ., (x) — g, (x) = —3, and
by Lemma 6.5(1), éG,, ., (¥) — 3G, (x) = 1. This is illustrated by the top row
of Figure 14.

(2) The point x lies elsewhere. Then Int(r) N (O UX) is either {O]} or {O}}. By
Lemma 6.5(2)(b), éG,,,, (X) — g, (x) = +%, and by Lemma 6.5(1), we have
8Gx11(¥) = 8Gy 4, (x) = 1—1=0. This is illustrated by the middle row of
Figure 14.

Either way, we get that 8g,., , (¥) —dg, (x) = ~|—%.

Suppose there is a triangle p from x to y; then, in the framework of this section,
x =y, and 50 G, ,(¥) —8G,,,(x) = 0. Since the boundary of p contains v
(cf Figure 3), we see that Int(p) C Int(f;) U Int(#; 41). This implies that x cannot lie
both to the northeast of O, and to the southwest of O;. Thus, by Lemma 6.5(2)(b),
8Gpq1 (¥) —bG, (x) = +%. This case is illustrated by the bottom row of Figure 14. O

We can now prove a graded version of Theorem 1.3.

Algebraic & Geometric Topology, Volume 17 (2017)



1316 C-M Michael Wong

B B B
- - o
o) oy | r oy | r
~¢ ¢ o—
0, ‘1o, 0,
-t -t -

Gk’x Gk-‘rhx Gk-i—l’y
B B B
¢ & -

01 0, 0,
*— *— o—
0, "o "o
B B 7
Gk’x Gk-‘rhx Gk-i—lvy
B B
I S
0 0,
— o—
0, 0,
B -
Gkax Gk+13x=y

Figure 14: Computing the §—grading change under f; when Gy and Gg 4
have compatible orientations. The top and middle rows show the case when
the polygon p being counted is a pentagon, while the bottom row shows the
case when p is a triangle. In both cases, y appears in fi(x). Note that there
may be multiple horizontal circles between the O's, which are omitted for the
sake of simplicity, in each of the figures above.

Proposition 6.7 With respect to the §—grading the skein exact sequence in Theorem 1.3
can be written as

NN GI\{*_%(LU; R)®@ V"t 5 GHy(L4; R) ® V't

—GH, ¢ (L B V"™ - GH,_y (L )@ V"™ — ...
and

+++—> GH,_¢(Lp: B)® V"™ — GHL(L_: Ry @ V"t
- GE*JF%(LU; R @Vt Gﬁ*_%H(Lh; RV ...

where R =¥, or Z, V is a free module of rank 2 over R with grading zero, and e is
as in the statement of Lemma 6.4.
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Proof Suppose L has a positive crossing at cg, so that L = Lo, Ly = L1 and
Ly = Ly. Let Goo, Gg, Gy be grid diagrams for Lo, Lo, L respectively, differing
with each other only at ¢( as in Figure 2. Note that in Figure 2 only Xs are used as
markers, whereas in the present context both Xs and Os are used. Then we are to
prove that in the exact sequence

5 GHG) L2 GH(Go) L2 GHGo) L2 GHG) — -

the map f; shifts the §—grading by +§, Joo by =%, and fo by —i—%(e +1).

Refer to Figure 15. Since L and L, have compatible orientations, Lemma 6.6 shows
that the map f; shifts the —grading by +%.

jL il

Ly=1L, Li=Ls

O O
X|O X|O
X|O X 1O
X X

G Goo

Figure 15: A straightforward application of Lemma 6.6 gives the §—grading
shift of f;

Let us now focus on foo. Let x € S(G) be a generator, and suppose y € S(Gy)
appears in foo(x). We proceed according to whether the two strands of the link L
meeting at the crossing ¢ belong to different components, or to the same component,
of Ly, as follows.

Suppose the strands belong to different components; see Figure 16. Starting from G,
we can reverse the orientation of one of the two components to obtain a new dia-
gram G/ ; then we can write

Gy (¥) =86 (x) = (b, (¥) =G (x)) + (Bg, (¥) —dgy, (X))

By Lemma 6.5(3), we have §g/_(x)—8G, (x) =—5, where € is the difference between
the number of negative crossings in G/, and the number of such crossings in Goo
(which represents L ). Now observe that G, and G( have compatible orientations;
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|
=

O X X
X|O X|O X0
X 1O X 1O X0
X O O

Goo, X Gl..x Go, y

Figure 16: Computation of the §—grading shift of fo, when the two strands
meeting at ¢y belong to different components. The generators x and y are
not shown, as their positions do not affect the argument.

also, G/ has one more negative crossing, near cg, than does G¢ (which represents Lj,).
Therefore, ¢ = e + 1. Furthermore, the fact that G/, and G, have compatible
orientations implies that Lemma 6.6 can be applied, so dg, (¥) —dg,_(x) = +% . Thus,

8Go (V) —dg (x) = —%(6 +1)+ % = _%'

Suppose now the strands belong to the same component. As in the proof of Lemma 6.6,
we write

5@0 (.V) - (SGOO (x) = (SG() (x) - SGOO (x)) + ((SG() (y) - SG() (x))

Note that this is different from the equation we use when the strands belong to different
components. We first compute dg, (x) —dg, (x); see Figure 17. Since the two strands
in L4 belong to the same component, the two strands in L, must belong to different
components. Therefore, we can reverse the orientation of one of these components
in Gy (which represents L,) to obtain a new diagram G/ ; then

8Go(X) —8Goo (¥) = (8, (¥) —8G o (X)) + (g (¥) — g, (x)) + (8g, (x) — g/ (x)).
Let x be the f—component of x. We can now compute, by Lemma 6.5(2),

if x lies at the hollow square in Figure 17,

8G, (¥) = 8G o (¥) = {

1
+ 5
—é otherwise.

Now by Lemma 6.5(3), SG/I (x)—dg, (x) = —5, where ¢ is the difference between the
number of negative crossings in G/ and the number of such crossings in G;. Observe
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that G| and G, (Which represents L ) have compatible orientations and hence the
same number of negative crossings. Similarly, G| and G, have compatible orientations
and hence the same number of negative crossings. Therefore, we see that € = e¢. Next,
again by Lemma 6.5(2), we have

if x lies at the solid point, hollow point
8Go(x) —dg (x) = or hollow square in Figure 17;

N|—

—i—% otherwise.

Combining these calculations, we conclude that

—%(e +2) if x lies at the solid point or hollow point
3Gy (x) —8G . (x) = in Figure 17;
e

-3 otherwise.

We now return to computing 8g, (¥) — 0G., (¥).

Suppose there is an empty pentagon p from x to y; in the framework described in
this section, it can in fact be viewed as an empty rectangle r from x to y in Go. By
an argument similar to that in the proof of Lemma 6.6, one of two scenarios must hold:

(1) If the point x lies at the solid point or at the hollow point in Figure 17, then
Int(r) N (O UX) = @. By Lemma 6.5(1), ég,(y) —8g,(x) = 1.

(2) If the point x lies elsewhere, then Int(r) N (O U X) contains exactly one point.
By Lemma 6.5(1), ég,(y) —6g,(x) =1—-1=0.

Combining with our earlier calculation, we get that dg, (¥) — G (X) = —5.

Suppose there is a triangle p from x to y ; then, in the framework of this section, x =y,
and so 4G, (y) —dg,(x) = 0. Since the boundary of p contains v (cf Figure 3), we
see that Int(p) C Int(ts0) U Int(#p) . This implies that x cannot lie at the solid point or
at the hollow point in Figure 17. Therefore, by our earlier calculation, again we have
8Go () =G, (x) = —3.

Finally, a calculation analogous to that for fo, can be done for fy, and we obtain, in
this case, that the shift in the §—grading is +%(e +1).

The case when Lo, = L_ has a negative crossing at cq is similar. O

Remark 6.8 The proof above only shows that the maps fj are graded chain maps in
the exact sequence. To show that Gé(Gk) is graded quasi-isomorphic to the mapping
cone of fr4; (cf Section 5), we would have to show analogous statements for the
chain homotopies ¢; also. The proof of such statements are omitted here, but are
completely analogous to the proof of Proposition 6.7.
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1 gL 9L -

-

Ly=Lo Lp=1Lo
p g p
(o MIDco @ Do & MNP0

O IXIO IOX IOX
X X X

Goo, X Gy, x Gl.x Go, x

!

Figure 17: Computation of the §—grading shift of fo., when the two strands
meeting at ¢y belong to the same component. The computation depends on
the position of x, the B—component of x ; the special cases are indicated by
the solid point, the hollow point, and the hollow square.

Proof of Theorem 1.5 This is just a restatement of Proposition 6.7, taking into account
the result of Lemma 6.4. i

Proof of Theorem 1.6 By definition, every quasialternating link has nonzero deter-
minant. It can easily be checked that the unknot is homologically o—thin. If Ly and
L are resolutions of Lo that are quasialternating, then by induction, Ly and L are
homologically o—thin. The exact sequence in Theorem 1.5 collapses into short exact
sequences, all but one of which are zero. Thus L is also homologically o—thin. O
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